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Ecau mol xomum mo4Ho pewumes xoms 66/ cameil npocmol
Bonpoc, kacanwulcs 08uxcerus mBepobix unu HUdKUX mes, Mol He
Mmoxcem obolmuce 6€3 nomMouju aHanu3a 6eCcKOHeYHo MANbIX ...
MocHo ckazams, ymo Bo Bcex obnacmsx Hayku amom Boicwul
QHGAIU3 NPUMEHAEMCS MAK WUPOKO, Ymo BCE ye20 MoxcHO docmuye,
He npubezas K HeMY, MOJCHO CYUMame NOYMU HUYeMm (3a Hu4mo).

Jl. Ednep

BaxcrHeuwue Bonpocsl HU3HU — 3mo B 0CHOBHOM mMOAbKO
npobaems Beposmrocmu. B mom Hebonsuiom yucne (KonuyecmBe)
Bewell, komopsie mol Moxcem nozHaBame ¢ yBeperHocmero, daxce 8
Mamemamuyeckux Haykax, oCHOBHbImMu cpedcmBamu omKpbeImus
ucmuHel ABaaomMcs UHOYKYUS U aHano02usi, OCHOBAHHbIe HA
BepossimHocmax. Takum obpazom, Bcs cucmema 4enoBeyeckozo
3HaHus cBsa3aHa ¢ meopuel BepoamHocmu.

[1. Jlanaac




Yeaaseaemovie cnapmuexnacenux!

Anrebpa 1 Hayasja agajau3a — y4eOHEBI mpeamer,
KOTOPBIA PACKDHIBAET BaXKHEWIINEe TeMbI ajredps,
MaTeMaTHYECKOr0 aHANIN3a, TeoOpun (PYHKIMHA 1 Teo-
pun BepoaTHOcTe.C MOMONIBIO ATOTO YYEOHNKA BBI
OyzeTe 3aBepIaTh H3y4YeHUe aJirebpel 1 HaYaJ aHAJIH-
3a B cpejgHei mKoue.HToOGbl INpeACTABUTH BeCh
€6 KypC U IIOHATH, KaKOe MeCTO 3aHMMAaeT B Heit maTe-
puan 11 knacca, pacCMOTPUTE HOMEIIEHHYIO HUMKeE
auarpammy.llBeToM BBIZIESIEH MaTepuas, KOTOPEII
BEI OyZieTe U3y4aTh B 9TOM TOAY.

Anre6pa v Hayana aHanusa

DyHKUMW, MHOTOYNEHBI, YPABHEHNA

W HEepaBeHCTBa.

CrenexHas GyHKums.

TpuroHomeTpuyeckue GyHKUMUK.
TpUroHoMeTpu4eckne ypasHeHUs M HepaBeHCcTea.

MokasaTtensHas u norapudpmuyeckas GyHKUUN.
Mpenen n HenpepbIBHOCTb.

lMpoussoaHas v €€ npuMeHeHne.

WHTEerpan u ero npuMeHeHune.

ONeMeHTbl TEOpUM BEPOATHOCTEN U
MaTemMaTU4eCcKOM CTaTUCTUKM.

YpaBHeHusi, HEPaBEHCTBA U UX CUCTEMb!.

B yuebHHKe mpejasaraercs ecTeCTBeHHAs ITOCJIe-
A0BaTeIbHOCTh M3JokeHusa rem.CHauana 3aBepina-
anre6phl (IoOKasaTebHEIE U Jorapud-
[MH;ayDaBHeHUSA ¥ HepaBeHCTBa),
5 1 HeHIIIe TeMbl MaTeMa-
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HBI AJisI YYeHHUKOB l'IpOd)HJILHHX KJjaccoB, HO C MaTe-
pHAaJIOM, COAEPIKAIMMCSA B HUX, MOT'YT O3HAKOMUTE-
CsI CAMOCTOATENbHO U YIYEHUKH APYTUX KJIACCOB.
3HaTh MAaTEMaTUKy — 3TO, MpEX/Je BCero, ymMeThb
€€ MCII0JIL30BaTh. A JJIA 3TOro CleAyeT pemaTh MHOTO
3a7a4. YIIpa)KHeHUsI ¥ 3aJa4y B y4eOHUKe pa3/ieIeHbl
Ha Tpu ypoBHA: A, B, B.Ilogasinsaiomnee 60J1bIINHCTBO
yOpaskHeHU# ypoBHA B azpecoBaHO yYeHHUKaM IIPO-
¢unapHEBIX KaaccoB. ECTh TakiKe yIparKHEHUA IS
YCTHOT'O PEIeHUsl ¥ YIPaXHEHUSA AJIsA IIOBTOPEHUA.
ViupakHeHus s JOMAIIHEro 3aJaHus 0003HAYEeHBI

3HA4YKOM t .

Kaxaeiit maparpag yueOHUKA COAEPIKUT PYyOPUKY
«BBIIOJTHUM BMecCTe», B KOTOPOIl IIpPeACTABJICHO
HECKOJIPKO 3a/1a4 ¢ permeHusMu.CoBeTyeM IIpOCMOT-
PeTh UX, IPEesk/ie YeM BBIIIOJTHATH JOMAIIIHee 3aJaHue.

OrBeuas Ha Bonpockl pyopuku «IIposepsTe cebsi»,
BBl MOJKeTe JIy4ille 3aKPenuTh, 0000IUTh U CHUCTeMAa-
TU3UPOBATH HOBbIE 3HAHUA.

IIpoBepuTs, KaK BbI YCBOWJIM MaTepHaJl pasiena, u
XOPOIIO IOATOTOBATHCS K BHEIIHEMY HE3aBUCUMOMY
OLIEHWBAHMIO BBl CMOJKETE, peruas 3ajadd ¥ BBIIOJ-
HAsA 3agaHus u3 pyopuk «TecroBrie 3agagua» u «TH-
IIOBBIE 3aa4u JJIsd KOHTPOJbHOU paborsl ». ITomesno
MOCMOTPETh COAep:KkaHme, (hops3ambl W IIOCJIELHIOIO
9acTh y4eO0HMKA, 4TOOBI BBIICHUTH, KaKHe B HHUX
€CTh CIIPABOYHEBIE MAaTEpPHAJBI: TaOJMUIEBI, (GOPMYJIEI,
IpeaMeTHBIN yKa3aTeJb i T.k.

Hapneemcsi, uTo usydyenue aiarebpsl 1 Hadas aHAJIN3a
10 3TOMYy Y4UeOHHUKY OyzeT IJisi Bac MHTEPECHBIM H

HECJIOXKHBIM.

Aemoput



OcHoBHble TeMbl pa3gena

MoBTOpeEHHe cBefeHWH O hyHKLUAX
CreneHu c AeHCTBUTENbHBIMKU NOKa3aTeNsMK
MokasatenbHble hyHKLWUK

MokazarenbHbie ypaBHEHUs U HEPABEHCTBA

Jlorapudmbi ¥ Mx CBOMCTBA
Jlorapudpmuueckue hyHKLMM

Jlorapudmuueckue ypaBHeHHs

1 HepaBeHCTBa

@ [MokazatensHbie U norapucmuyeckre i g REE P =} |
YPaBHEHWS, HepaBeHCTBA . ' e

M MX CUCTEMbI C NapamMeTpamu

Hukaxoe dpyzoe noHamue nHe ompaxcaem aBneHull peansHol
delicmBumeneHocmu ¢ maxkol HenocpedcmBeHHOCMbIO U ¢ MaKol w
KOHKPEemHOCMbIOo, KaK NOHAMUEe QyHKYUOHaNbHOU 3aBucumocmu, 8
Komopom BonsnoueHsl u NOOBUNCHOCMb, U OUHAMUYHOCMb PEASLHO-

20 mupa, u BzaumHas o6yca0BaeHHOCMb PEanbHbIX BeauduH.
A. A. Xunyur l



3TOM paspgene Bbl 0O3HAKOMWTECH C ABYMSA BUOAMMU BaXKHbIX YMCNOBbIX
yHKUMI: Y = a” u y = log, x. OBe OHU TECHO CBA3aHbI CO CTEMEHSIMHU C
M3BONbHLIM [EHCTBUTENbHBIM nokasatesnieM. [NoaTomy B pasgene cHa-
BTOPSAIOTCS OCHOBHbIE CBEAEHUA O (DYHKLIUAX M YTOUHAETCA, UTO Crie-
OHWUMATb NOJA CTENEHBIO C NIOBObIM AEHCTBUTENLHBIM NOKa3aTenem.

§ 1. DYHKLUU U UX OCHOBHbBIE CBOMCTBA

IToBTOPUM Ba)kHeiIIe CBeAeHUA O (DYHKITHH.

Ecnu KaXK oMy 3HaAYE€HHUI0 nepeneuuoﬁ X U3 HEKOTOPOro MHOXe-
creaD cooTBeTCTBYyeT €eUHCTBEHHOE 3HaYeHue nepemennoﬁ Yy,T0
TaKoe COOTBEeTCTBME Ha3biBaloT ¢yﬁkuuei/'.

9 ———

ITpu 5TOM X Ha3BIBAIOT HE3ABUCUMOIL NLePeMeHHOU, UIIU AP2YMeH-
mom, Yy — 3a8UCUMOL NePeMeHHOU, UIHA PYHKYUELL.

MHO€eCcTBO BceX 3HAYCHUM, KOTOPbIE MOKeT NIPUHUMATh apry-
MEeHT, Ha3bIBAIOT 001acmblo onpedeieHus NaHHOU MYHKIUHA U 060-
3HauaroT OyxBou D.

MHoKecTBO BcexX 3HAUEHUH I, KOMOopbLe MOMKEeT IPUHAMATD (DYyHK-
s, Ha3BIBAIOT 001aCMbl0 3HaxeHull u obosHavaroT Oyksoit E (puc. 1).

YA

Puc. 1

IIBe QYHKIINH CUNTAIOTCS PA3HbLMU, €CIA Y HUX pasdHble obJac-
TH OIpeJieIeHUA MU IpaBuiia coorBercTBus. Hanpumep, GpyHK-
nusa y = x°, 3afjaHHas Ha IpomMexxkyTke [—3; 3], u dyHKIUa §y = x°,
3amanHas Ha R, pasHble. A 3agaHHbie HA R QyHKOuu y = sin 2x u
Y =2 sin x cos X OAWHAKOBEIE, IIOCKOJIBKY BBIPAXEHHA Sin 2x u
2sin x cos X TOXK/eCTBEHHO PABHEL.

Yro6b!I 3aaTh QYHKOUIO, JOCTATOYHO YKAa3aTh €€ 06s1acTh onpe-
JleIeHus ¥ TPaBUJIO cooTBeTcTBUsA. Eciu 001acTh onpeaeieHus He
YKasbIBAIOT, TO CYATAIOT, YTO OHA TAKAHA JKe, KaK U 00J1aCTh Oy CTH-
MBIX 3HAYeHUN (hOpMYJibl, KOTOPOH 3aaérca hyHKIus.



e ' Paspen |

BazaBaTh PYHKIUHE MOKHO PasHBIMU CIIocobaMu: (hopmyiamMu,
Tabanmamu, rpaguKaMu U T. 1.

I'pagurom GyHKYUL Ha3EIBA€TCA MHOYKECTBO BCEX TOUEK KOOP-
JUHATHOM JIOCKOCTH, aOCIIMCCHI KOTOPLIX PABHBI 3HAUEHHAM apry-
MEHTAa, & OPAUHATEI — COOTBETCTBYIOIIUM 3HAUYEHUAM (DYHKIUH.

I'paduyeckuit cnocob 3aganusa GyHKOUU yaobeH cBOel Ha-
rasigHOoCThIO. ['1a1a Ha rpaduK, cpasdy MOYKHO OLEHUTH (DYHKIIUIO,
KOTOPYIO OH 3a/Ia€T, T. €. BRIABUTH €€ BayKHeHUITue CBOMCTBA: HAUTH
06JacTh onpeiesIeHu A, 001aCTh 3HAYECHU N ; BRIACHUTED, ABJISAETCH JIU
JaHHaA (DYHKIUA NePpUOAUYECKOM, YETHOM WM HEUETHOM; HAUTH
TOYKY IlepecedyeHUA rpauka GyHKIUHA ¢ OCAMHA KOOPAUHAT
M MHTEPBaJbl 3HAKONOCTOSHCTBA; OIPEAEJUTH NPOMENKYTKHU
BO3pACTAHUA U YOLIBAHUA.

Ecau dysknusa sagana rpadudecku, To 00JaCTh OnpeeeHns
GyHKOUM — IpoeKIus eé rpaduka Ha ock Ox; 00J1aCTh 3HAUCHUNA —
npoeknusa eé rpaguka Ha ock Oy (cM. puc. 1).

! ®yHKyus Ha3biBaeTca yémHol (Heyémuod), ecnu obnactb eé onpe-
. AeNneHUs CUMMETPUYHA OTHO-
cutenbHo yucna 0 u ans kaxgoro
3Ha4yeHus x U3 obnactu onpepene-

Hua f(=x) = f(x) (f(—x) =—f(x)).

TI'paduk y€éTHOU HYyHK MU CHMMeT-
pu4eH oTHOCUTEeNabHO ocHu Oy (puc. 2), o]
a HeYETHON — CUMMETPHUYEH OTHOCH-
TeJbHO Havayia KoopauHat (puc. 3). Puc.
Hanpuwmep, us Gpysknmii, 3agas-
HEIX HAR, y=x% y=cosx,y = || — Y
4ETHEIE, Yy = X",y =sin x — He4ETHEIE,
ay=x+3,y=x>+x — Hu yéTHLIe, 1
HU HEYETHEIE.

rY

N et

o
o
rY

I DyHkuusa y = f(x) Ha3biBaerca
nepuoduyeckoii c nepuopom T =0,
ecnu ans nwboro x U3 obnactu eé
onpegenenus f(x)=f(x—T)=f(x+T). Puc. 3

I'pacduk meprogmUecKoil QYHKIUN 4
¢ iepuojgoM T’ orobparkaercs Ha cedsa
IapaJuIeIbHBIM IIEPEHOCOM Ha PACCTO-
auaue T Broas ocu Ox (puc. 4). Pysk-
VMK Y = Sin X ¥ y = COS X IEPHOANYEC-
KHe ¢ HAMMEHbBIIIUM II0JI0KATETBEHBIM Puc. 4

“LOVS LN B A5 R
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nepuonoM 27, a GyHKIuM y = tg x u y = ctg ¥ — ¢ HAUMEHBIIUM
IOJIOKUTEJIbHBIM IIEPUOJIOM TT. 5

ObsacThb onpeneseHus: IEPHOAUIECKON PYHKIUHN — BCSA YHUCJIIO-
Bas IpsaMasi, UWIH IepUOJUUeCcKH IMOBTOpPAoIleecss 6eCKOHeYHOe ¢
00erx CTOPOH MHOKECTBO YMCIOBBIX IPOMEIKYTKOB.

' DyHKkuus y = f(x) Bo3pacraer (yObiBaeT) Ha HEKOTOPOM NPOMEXYT-

s Ke,ecnu ans nobbix ABYX 3HAYEHWH apryMeHTa X W3 3TOro npome-
)KyTKa 6onblieMy 3HaYEHHIO X cOOTBeTCTBYeT 6onbluee (MeHbluee)
3Ha4YeHue y.

Hanpumep, QyHKDUA Y = x% Ha npomesxyTke [0; =) Bo3pacTaer,
a Ha (—o0; 0] yopIBaeT. DyHKIHUA Y = X° BO3pacTaeT Ha Bceil o6racTu
onpenenesus R.

Onumewm pAasi mpumepa csoiicTBa GyHKnum y = sin |x|,
x € [—2m; 2 1], rpadMK KOTOPOM IpeCcTaBJIeH HA PUCYHKE 5.
. O6nacts onpenenenus: D(y) =[—2n; 2n].
. O6nacte 3navennit E(y) =[—1; 1].
. DyHKIUA YETHAA,
. DyHKIUA He IepuogudecKas.
. 'padur pysrmuu ¢ ockio Oy nepecekaercs B Touke (0; 0).
. DyHKIMUA UMeeT NATh HyJeu: x =nk, ke {-2,-1,0, 1, 2}.
. f(x)>0,ecan x € (—m; 0) U(0; 7);

f(x)<0,ecnu x € (—2n; —n)U (m; 2m).

8. ®yuxknua yosiBaer, ecnu x € [—2m; —1,5n], x € [-0,56m; 0] u
x € [0,5m; 1,57];

byHKIUA Bo3pacTaer, ecau x € [—1,5m; —0,571], x € [0; 0,57] u
x € [1,5m; 2mt].

9. ®yHKnua uMeeT HauboIbIIee 3HaYeHue Yy = 1, ecan x = = 0,57
U HaUMeHbIIee 3HaYeHue y = —1, ecotu x = = 1,57

HccnenosaTh PYyHKIMIO MOKHO U 0e3 mocTpoeHuA rpaduka — ¢
IIOMOIIBIO0 (DOPMYJIBI, KOTOPas eé 3aaéT, U CIemUAaJIbLHBIX METOLOB
MaTeMaTudeckKoro aHanusa. C TaKUMU MeTOJZAMU HCCIEJOBAHUA
(byHKIIHI BEI 03HAKOMUTECH B CIEAYIONIAX pasiesax.

1O Ot D=

y
//'\\1 /—\
—2n\\\—/—“ 0 ﬂ\\_’/ J2n%

=1

Puc. 5
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dysxkuus y = f(x) HaswmiBaercs YA
payuonanvrou, ecau f(x) — pauuo- ¢ y=c
HAaJbHOE BHIPAa/KeHHEe OTHOCHUTEJIHHO
nepeMeHHO x. TaKOBBIMU, B YaCTHOC- 1l
TU, €CTh JUHEHHBIE, KBalpaTUYHLIE U \ {
cTerneHHble QYHKIUY C IEeJbIMA I0Ka- ol 1 T
zarTensaMu. VI3 BceX palMOHAIbHBIX
byHKIHHA TONBKO QYHKIHUA Y = ¢ MO- Puc. 6
sKeT OBITH mepuoguYeckoi (puc. 6).

Dyuxuudg 3agana dopmyoi y = 0 (Ha obacTu, CHMMeTPUYHOMN
OTHOCHUTEJIEHO HYJIA) — OZHOBPEMEHHO YETHAA W HEUETHAS.

@ MPOBEPLTE CEBS

1. Yro takoe chyHkuus? Kak 0b6o3HaualoT dyHKUUM?

2. Yro takoe obnactb onpeneneHus U obnactb 3HaueHui hyHKUUN?

3. Kak MoXxHO 3agasatb hyHKLMIO?

4. Kakue suabl hyHKUMI Bbl 3HaeTe? KakoBbl Wx rpagmku?

5. Kakue hyHKUWM Ha3bisaloT Bo3pacTaiowmmu? A ybbisaiowmummn?

6. Kakue thyHKUMM Ha3bIBRIOT 4ETHBIMU? A HeuéTHbiMK? MpuBegHTe NpUMepsi.

7. Kakue cpyHKUMM HasbiBaloT nepuoguyeckumu? MNpusegute npumeps ne-
PHOAUYECKUX (DYHKLMM.

8. Yro 3HauMT UcchepoBatb thyHKUUIO?

&4 BbINOIHMM BMECTE

>

1. s dysxnum y = x°® — 5 maiiaure:

a) 3HaueHMe (DYHKIIUY, ecIM 3HaUeHue aprymMenTa passHo 10;

0) 3HaYeHMe apryMeHTa, IIPY KOTOPOM 3HaueHue (DYHKIUU pas-
HO 120.

Pemenue. a)Ec.rmx 10,0y = 103—5 1000 - 5 = 995;

0) ecaim y = 120, T0 x®-5= 120, o'rcro,uax =125,ax=5.

2. [loxakuTe, 4TO QYHKIUA I = XCOS X — HEUETHAA.

Pemenue. O6sacts onpeaenenuss GQyHKOHUA § = XCOS X —
MHO’KECTBO BCeX JeHCTBUTENHHBEIX uyuces R — CHMMETPHUYHOE
OTHOCHUTEJIbHO HavaJsia KoopauHar. Haiiném y(—x), yIuTHIBasA, 94TO
Y = x — HeyéTHaA QyHKIMA, a Yy = cos x — 4yéTHadA pyHKIusa, Umeem:
Y(—x)=—xcos (—x) = — xcos x = —y(x). Utak, QyHKIHUA J = XCOS X —
He4YeTHasd.

3. ITocrpoiite rpaduk byHxknuu y =[x — 3| (x + 1).

P eme v ue. Packpoem MozyIb B hopmyJie, 3aa10IIel QyHKIUIO:

_{(x—3)(x+1), ecan x> 3,

—(x-3)(x+1),ecnu x < 3.
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I'padmrom hysxmm y = (x— 3)(x + 1),
ecJu X > 3, ABNAETCA YacTh HapadboJbl,
KOTOpas ImpoxouT uepes Touku (—1; 0),
(3; 0) u umeer BepiiuHy B Touke (1;—4).
Ecau x < 3, To rpadpukoM QyHKIUHA
SABJIAETCS YacTh mapabosbl, KOToOpasd
mpoxoauT yeped Touku (—1; 0), (3; 0) u
uMeeT BepinuHy B Touke (1; 4).

I'padpmxom pgaHHONH QYHKIUUA
y = |x — 3|(x + 1) aBnsercs oobeguHE-
HUe 00oux rpadukos (puc. 7).

2 |

Puc. 7

| BbINONHUTE YCTHO AT ey Al

*__"AW

1. ®ysKIua y = x? sajana Ha npomexyTke [-2; 5]. Haiizure eé
obsacTh 3HAYEHU .

2. Haiigure obsiacts onpejeieHud QyHKOUHA Y = x3, ecoim eé obnacTs
3Havenui [—8; 27].

3. Kakoii u3 rpagukoB, n300pakKEHHBIX HA PUCYHKe 8, He ABIAETCSH
rpaduKoM GyHKIUN?

4. Cpeau pyHKOuUiA, rpa@ UK KOTOPLIX 1300pakeHbl Ha PUCYHKe 8,
VKa)XuTe: a) Y46THBIE, 0) HEeUYETHHIE.

5. Kaxue u3 QyHKIui y = x2, y=cosx,y=sinx,y= 2x%+3,y= Jx
yéTHBIE, 8 KAaKUe — He4ETHhIe?

6. Mosxet Jix OfHA 1 Ta Ke (PYHKIHUA OBITh Y6THOUN M HEYETHOMH ?

7.Kaxkue n3 QyHKOuii y =sin 2x,y=—cos x, y = 1 nepuoauyeckue?
x
YA
Jr]k
x o1 .%
8
Y
1
x 1 %
e
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i = Nege s 3'71: ; x
n 5 (0] ) n = 2n
il Puc. 9

AR NRTTRAES

8. Yuenuk rosopur: «Eciau ansg ABYX HEKOTOPBIX 3HAYEHHUM
aprymMeHTa x 60JIbIIeMy 3HAUEHUIO X COOTBETCTBYET HoIbIee 3HA-
yeHne QYHKIIUY, TO TaKad PYHKINA BO3pacTaeT Ha IPOMEKYTKE
(a; b)». IlpaBuabHO 1 9TO?

9. Ha pucynxke 9 usobpaxén rpadpux bysxnuum y = [sin x|, sagannoi
Ha npoMexyTKe [—7; 2 1t]. OTBeThTe Ha BOIIPOCHI:

a) KakoBa 00J1acTh 3HAYEHUI QYHKIINHA;

0) CKOTBKO HYJIeil mMeeT PYHKIUA;

B) ABJIAETCA JIU (DYHKIIUA YETHOM;

T') ABJIAETCH U QDYHKIIAA IIEPUOAUIECKOIT;

J1) Ha KAaKUX IPOMEXKYTKaxX (DyHKIUA Bo3pacTaer?

R N SR DS R R~ £

110 Hatigure sHauenns GyHxnuit y = f(x) u y = g(x) B rouxkax —3; —2;
-1;0; 1; 2; 3, ecaim:
a) f(x) = 2x - 3, g(x) =|2x - 3|;

6) f(x)=x2+2x+1,8(x)= Vx2 +2x+1.

PegynsTaTe! IpeacTaBbTe B BAZE TAGIUIIBI.

| rx | -3 | -2 ‘ U 1 2 3 1|
| e | e
b by —
| £() | | ke
) AU R R L) | N O] TS ) =y PN 30 TN 0 PO AR 1 L LR S R

l 11. CroumocTsb KcepoKkca mocJie ¢ JIET UCIOoIb30BaHuA 3a1aéTcsa Ghop-
| mysioit B(t) = 8940 — 745t (rpu). Ykaskure:

| a) Kakyio (yHKOUIO 3aaéT aTa hpopmyia;

| 6) uTo o3HAUaeT u uemy paBHO B(5);

' B) 3HaueHwe {, ecyt B(t) = 4470 1 06'bACHATE, HA YTO ATO YKA3HIBAET;
I') IePBOHAYAJBHYIO CTOUMOCTh KCEPOKCA.
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ﬁ2. Conporusiierre R NIpoOBOAHHUKA ompezeisieTcs o ¢popmye,

l b
R=p 5’ rae lu S coOOTBeTCTBEHHO AJIMHA ¥ IIJIOM[AAhb IOIIePeYHO-

ro CeueHHus IMPOBOAHUKA, & 0 — Y/AeJbHOEe COIPOTHBIIEHE Bele-
CTBa, 13 KOTOPOI'0 OH U3TOTOBJIEH. 3ajaiiTe 3aBUCUMOCTE: a) S oT R;
0) S or [. Kakoii rpaduk uMeeT Kaxkaas U3 dTUX QYHKIUAI?

13. Beruncsinre 3Hauenue Buipaxkesud f(5) — f(3) —1, ecan:
a) flx)=x°-2x +1; 6) f(x) = (x® — 2)(x + 5).

14. dyaxnuio 3agago Gopmynon y =2x% - 1. Haiiure sHaueHns:
a) QyHKIUH, ecId 3HAYeHUA apryMeHTa paBHEI 2, 4, 6, 8; 10;
0) aprymeHTa, eciu 3HaueHus GQyHKOuU pasHel 1, 3, 5, 7, 9.

Haiigure obnacTs onpeaenenus Gyaxkmuu (15—16).

W5.2)y=\2x; 6)y=2>-5; By=x73 )y =z ;

8 Uy B Sy (Il T My
n)y—x2+2, e)y ViR ey 1+x, x) Y i
16.a)y=Vx; 6Gy=x%  By=3-x 1)y=Vx’+l;
x+4 i o 2 4 x
RNY=,3 ©OU= f3; SJYmEd =i WY = e

17. ITns xax ot u3 GyHKIHUMA, rpad KU KOTOPHIX IIPeACTaBIeHEl Ha
pucyuke 10, ycrasoBure: a) obsacts onpezneiesus; 6) obracts
3HAUEHUU; B) HYJIM; I') IPOMEKYTKH 3HAKOIIOCTOAHCTBA; ) IIPO-
MEeXXyTKH MOHOTOHHOCTH.

Kaxosa ob6sacts 3Hauenuit Gysxnguu (18—19)?

Ti8.a)y=\/4—; 6)y=x2—1; B)y=3-x; r)y=2+\/;.
19.a)y=x2+4; 6)y=+v1+x; B)y=3x; r‘)y=9—\/;.

ITocrpoiire rpaduk pyarnuu (20—21). C nomotbio rpaduka omnpe-
JIeJnTe, KaKue U3 9TUX QYHKIUHA YETHBIE, a KaKUe — HeYETHHIe.

7 0 0 7
et e
| | [ |
C oo B P m
i" 11 \ AA%‘_‘ — ) ‘['_ ! ! ‘ 1 - |
I l > : 1 :
’. - i. -—i‘(]? i —12% 7[ m=n5a } 4-;_—‘.‘% Q T —%_T%__A_ X j
15 5 1 Y0 9l 1

a 0

Puc. 10

e
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1
20. a)y=x3; 6)y=—x2; B)y=x_2; r)y= x2.
21.a)y=sinx; 6)y=-—cosx; B)y = tg x; r)y = ctg x.
| Yposens B T N D s A ! L

ITocTpoitte rpad@uk GYHKINA ¥ YCTAHOBHTE €€ IPOMEKYTKH MOHO-
ToHHOCTH (22—23).

&2. a)y=x%  6)y=2x% ! B)y=2x>-3; r)y=|[2x*-3|.

12 12 12 12
Ty et R = - - = T - . == || em—— 4
23.a)y=""35 Oy=_--4 By=}j-4 1y | . l.
24, CooTBeTcTBHE MEMXAY JINHOM MaATHUKA [ M ero nepuoaoM KoJjie-

l
Garus T 3axaéres opmysoit T' = Zﬂ\/; ,raen=3,14, g=9,8m/c?.

Kaxyio pyHKImio 3a1aéT ata 3aBucuMocTh? Kakoi ¢pyHKIMel 3a-
JaéTcs 3aBUCUMOCTD JAJIMHBI MAATHAKA OT IEPUO/a ero Kosebanusa?
@5. JBroKeHHe JBYX MOTOIIMKJIMCTOB B OZHOM CHUCTEME KOODAWHAT

3afiaHo QyHKIUAMHA X (1) = 0,2t>+ 2t u xy(t) =80 -4t (x(t)— B
KHJIOMeTpax, { — B MHHYTax). YCTAaHOBUTE: a) BpeMs BCTPEUYH
MOTOIMKJIMCTOB; 0) pacCcToOAHUE, IPOMEHHOE UMHU 1O BCTPEUH.

26. Ha pucynke 11 nzobpakén rpadpuk byaxuuu y = f(x). IlocTpoii-
e rpadukn Gyskmaii y = f(x +1); y = f(x) + 1; y = f(|x[); y = [f(x)].
C moMOIIBI0 TOCTPOEHHBIX I'PAMHUKOB I KaXKA0H QYHKIIUH yC-
TAHOBUTE: a) TPOMEKYTKH MOHOTOHHOCTH; 6) MHTEPBAJIbI 3HAKO-
MOCTOSHCTBA; B) HamOOJbIlIee U HAUMEHBbIIee 3HAUCHUA (PyHK-
IHU7; I') KaKkad u3 GyHKUAN ABIAeTCA YETHOM.

27. Mokaxkure, 94To PyHKIMA Y = x? + 2x Ha npoMeskyTke [0; <)
BO3pAacTaerT. :

28. Haiignre NIpoMeKyTKH, HA KOTOPBIX IPUHUMAET IOJIOKUTEb-
HbIe 3HAYEHUS QYHKI[UA:
a)y=38x-x% 6)y=(x-3)% B) y = sin (x — 0,5m).

YA YA

1 1 /\

X x

0| 1 X 1 X

Puc. 11
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]_29. Joxraxkure, uro GyHKIUA Yy = f(x) yéTHas1, ecJu:
a)f(x)= x* + 3x%; 6) f(x)=3 x(x3 — 2x9;

2
x“+1

4
B)f(x)="2_4; Df®)="12

30. Jlokaskure, 4T0 QYHKIUSA Iy HEUETHASA, CCJIH:
a)y = x(1 - x%); 6)y=7x3+x;

3

3
B)Yy= 2 1 r)y=

O3 %
x3'

{ Yposens B T

31. Haiigure nmepuos GyHKIIAM:
a)y = 5sin 0,5x; 0) y = cos (2x — 3); B)y =3tg 0,25x.
'[32 DYHKIUO I = ]1 = x2! 3azaHo Ha npomexkyTtke [—2; 2]. IIpogoa-
JKHUTe eé rpaduK nepuogudecKu ¢ nepuogom T = 4 Ha BCIO YHCII0-
Byio npamylo. Haitgure: a) y(10); 6) y(100).

Haiiiute obnacts onpenenerus Gysxknuu (33—34).

33.a)y= \2sinx; O)y=(*-5"% B)y = (n+sin x)
_3 8 i
T84 a)y — ﬂljfL e L L AR GG SR
-10 |«|-2 x*-4x+3
Hoc'rpom‘e rpadpuk pysrmnu (35—37).
35.a)y=|x—3|+]x—4  6)y=|x"—|x-2;
B)y=|}‘|j+2; r)y=’\/|x|+4—3].
186. a) y = 3sin > ; 6) y = —3sin [2x]; B)y = cosg +1].
VBN acit k20 cos2x,ecau x < T,
37.a)y=1" s &)yt 4
3cosx—3,ecau x >0; —§,ecnnx> .
E‘IB. Haso f(x) = x2, YpocTuTe BEIpasKeHUe:
f(x)-1(3) f2+h)-f(2) . f(l+e)+f(1-¢)
B E e Bttt gy

39. Yopocrure BeIpaskeHue 142+9)/(8) , ECIIH:
x

a)f(x)=x% 6)f(x)=1-2% B)f(x)=(2x*-1)(1 +2x?).
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ftiO.Ecma J00aBIATH BOAY B KOHTEHHED C IOCTOAHHON CKOPOCTHIO, TO
BBICOTA BO/IbI B KOHTeHepe OyaeT hyHKIuel oT BpeMenH (puc.12).
W3o6pasure cxeMaTHYeCKH rpa) MK 3aBUCHMOCTH BBICOTHI BOJI
OT BPEMEHU HAIIOJHEHHUsA KOHTeilHepa, M300pakKEHHOTO Ha pHU-
cyake 13.

LT o

Puc. 13

41. Haiigure HambosblIee U HaMMeHbIIee 3HAYeHAA PYHKIUHA
y= 2x%—12x-3nHa orpeske: a)[-10;0]; 6) [-5;5]; B)[0;10].
42. Havipure HanboJiblliee 1 HaMMeHbIllee 3HAYCHAA QYHKIUY IS
KasKJoro 3HA4YeHHA IapamMerpa:
a)y=x’+4x+anaorpeskax: 1)[-3;1]; 2)[0;5];
0)y= ~x? 4+ 4x-2aHa orpeskax: 1)[-1; 3]; 2)[-5;0].
.YnpaxHenus ans nosTopenus

e

43.3adava An-Kapxu. Haiigure niomans npaMOyTroJIbHUKA, OCHO-
BaHUE KOTOPOTro BABOE OOJIBIIIE BEICOTHI, & IIONIAb YUCIEHHO PaB-
Ha MEePUMETDY.

44. Ina muoxects A=1{-3,-2,-1,0,1,2,3},B={3,5, 7} n
C ={2, 4, 5} naiigure:
a)(AUB)UC; 6)(ANB)NC; B)(ANB)UC; Tt)(AUuB)NC.
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45. PemuTe ypaBHEHUE:

x+1 x+1 x+5 2x
AN g [AId g f_ i f____ = noh
%) x x 4 6) 2x 2 x+5 2

B) x%2 —4x—2x%-8x+12=6; 1) 8x2-3x+2Vx%-x-5=20.

§2. CTENEHU C JEUCTBUTE/IbHBIMU MOKA3ATEISIMU

BenoMHUTE, KAK MOCTENIEHHO PACIIMPAJIOCH TIOHATHE CTEIeHH.
CuauaJia BBOAUJIOCH TOHATHE CTeIIeHU YNCIa ¢ HATYPAJIbHBIM MOKA-
3areyeM n:

a"=a-a-a-...-a; a'=a.

3aTeM pacCMaTPHBAJIMCH CTENIEHH C IIeJIbIM TOKA3aTeIeM:
- 1
a®=1; a™" =a—,,(a¢0);

HaKOHeIL[ — C IIPOM3BOJIbHBIM pallMOHAaJIbHBIM IIOKa3aTeJIeM CTEeIIeHH’

a® =%a™ (a>0).

MareMaTNKH 9aCTO MCIOJB3YIOT TAKKE CTEIEeHHU C IPOU3BOJb-
HBIMH IeCTBUTEIbHBIMHE IIOKa3aTeaaMu. MH0KeCTBO IeCTBUTEIb-
HBIX YUCEJI COCTOUT U3 YHCEJ PAIMOHAIbHBIX U UPPALUOHATbLHEIX.
Yro TaKoe CTeIIeHb C PAIMOHAIBLHBIM IIOKA3aTeJIAM, BBl yoKe 3HaeTe.
BBeném nouATHe cmeneru ¢ UppayuoHaibHbLM NOKA3AMeNeM.

Ilycrs

1,4;1,41;1,414;1,4142;1,41421; ... (*)
OecKOHeYHAs ITOCIeJOBATEIBHOCTh PAIMOHAILHBIX IPHOJIHKEHTH
ymucsa \/2 € TOYHOCTBIO JO AECATHIX, COTBIX, THICAYHBIX U T. 1. To
€CTh 9TO MOCJIEOBATEILHOCTh PAIMOHAJBHBIX UHCEJ, OCTATOYHO
61M3K0 IpUbIMKAIHXCA K /2 . Toraa

31.4; 31.41; 31.414; 31.4142; 31.41421, (**)

9 sen

oCcJIeJ0BATEIbHOCTD YHcesI (CTeneHel ¢ paruoHAJbHBIMH IOKAa3a-
TeJIAMM), KOTOPhIe KaK YrOAHO OIN3KO0 IPUOIMKAIOTCA K HEKOTOPO-
MY JeCTBUTEJIBHOMY YHUCIY. DTO JeHCTBUTEIbHOE YUCIIO ¥ IPUHSA-
/2
TO CUMTATH 3HAUEHMEM cTemeHn 3Y2 .
IIpubansxkéHHEbIe 3HaAYEHUA (C TOYHOCTHIO J0 JAECATHIX, COTHIX,
TBICAYHBIX U T. JI.) VIS CTeIIeHeH 3‘/5 o1 5‘/5 IIpe/icTaBJIEHEI B TA0IU-

Iie, BRIIIOJIHEHHOM ¢ moMombio nporpaMmel Excel (puc. 14).

e —
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23 Microsoft Excel - crenexu

i@a Pain [paska Bua Beraska “Popmar Cepsuc Qar’
{2
[

LT EN B A

NB - SNV y
' A Bl C D E F G
L4 \(2 141141[01414[1.4142]1,41421(1,414214 j
| { 3 i
‘ 2 3 471473147294 ,7268|4,72880(4 728804
1 '3 5‘(i 9,7(9,74{9,739(97385|9,73852|9,738518
LA

‘ Puc. 14

‘T’ 3ameuanue. [IpuBenéHHOE BhIlIe 00BACHEHUE IOHATHA CTeE-
[IeHU C UPPAIMOHAIbHEIM IIOKa3aTeJIeM C TOYKHU 3PEHUs MaTeMa-
THKH He COBCEM KOPPEKTHOE, IIOCKOJIbKY B HEM HCIOJIb3YyeTCA He-
MaTeMaTHYecKoe IMOHATHE «0IU3K0 IOAXOAUT» . B MaTemMaTuke eMy
COOTBETCTBYET MOHATHE npeden nocaedosamenvrocmu. Jucno
|l @ HA3BIBAIOT Ipe/ie oM 0eCKOHEUHOMN MMOCIeJ0BATEIbHOCTH a4, Ay,
.” Agy +ee s Ay, v 5 €CIIN JJIA JTIIOOOTO TOJIOKUTENBHOTO YHCIIA € HAUAET-
l ¢S TaKOe HaTypajbHOe YUCa0 N, 4TO AJ1s BeeX 1 > N BBINOJHACTCA
HepaBeHCTBO |a, — a| < €. [loaromy npaBuiIbHEe GBLIO GBI CKA3ATH,

YTO ecJy npenesyioM IIOoCHeJOBaTeJIbHOCTHU (*) eCThb 4YHCJIO \/5 TO

|
‘ IIpeeJIOM OCIeI0OBATeIBHOCTH (*%) ABJIAETCA YNCIIO 3‘/E . Boobe,
! ecnu a > 0 — 4YHCJIO AeHCTBUTEIBHOE, a 0. — UPPALHOHAILHOE, TO
O/l CTeNIeHbI0 a” IIOHUMAIOT Npe/ies] 6eCKOHeYHOH MoCae[0BaTe b
HOCTH ¢”1,4%2,...,a"",..., THE O, Oy, +.., Oy, ... — GECKOHEUHAS
II0CJIeI0OBATEIbHOCTD, IIPEEJIOM KOTOPOM ABJIAETCA YucIo o.. Kop-
| PEKTHOCTH TAKOI'0 OTIpe/ieIeHusi 000CHOBaHA B CTPOTUX Kypcax mMa-
I TeMaTuyeckoro anamusa. B § 9 6yayr npejcraBieHb! MoApoOHEIE
CBEJIEHUA O TPAHUIIE YHMCJIOBOH IIOCIEL0BATEIEHOCTH.

Kakumu 661 HU OBLJIH IeWCTBUTEIbHEBIE yucaa a > 0 u o, cTeness

a” Bceria UMeeT CMBICI, T. €. PAaBHA HEKOTOPOMY AeHCTBUTEILHOMY
YUCTY. IIJm TaKMX CTEIeHeH BRITOJHAIOTCA CBOMCTBA:

1)a"~a*="g" % 2)a":at=a "% 3)(a") =a" "%
il aY _da

4) @by =at; 5[] =%,
” )(a) a )(b) br

3aTeJigMu, MOXHO npeoﬁpasonmna'rh TaK e, KaK BbIpa’KeHusd CO

\‘ BripaskeHus, cofepsKalue CTeleH: ¢ AeCTBATENbHBIMYU [TOKAa-
CTEIEHSAMH C PAIMOHAIHHEIMY IIOKA3ATEIAMH.
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g ——~omaa —— —
IIpumep.
2 ; X
2 1 1 - 1
/._ = i [
g d (7‘2) = a® 7V _gx || 72 g :
21 2—an= = =7‘6—a5.
1 1 1
== /_ oA ~
7‘/§+a" V2 4 a7 7‘/§+a"

Kax BBI yKe 3HaeTe, CTEIIeHHU C ]Ip06HbIMPl IIoKas3aTeJasMHu pac-
CMaTpHUBaT TOJBKO IIPH YCIOBHUHU, YTO UX OCHOBAHUA — YHUCJIA I10-
JoxxuTenbHbIe, Yl cTerieHu ¢ UppaingyuoOHAJbHBIMU IIOKa3aTeJIAMHA pac-
CMaTpUBawT TOJIBKO IIPHU YCJIOBUH, YTO OCHOBaAHU A CTeleHel — Juc-

1
J18 TIOJIOKUTeIbHEBIe, A, HanpuMep, Beipaskenus 070, (-2)8 | (—m)b3,

V2
(-3)"" — me umeroT cMBICTa. DTO 3aIUCH, KOTOPEIE He 0003HAYAIOT

Buxaxkux uncen. Ho, ecau oo > 0, To 0% cymectsyer u 0%= 0.

3Has TOJIBKO CTEIIEHH C PAIlHOHATHHBIMY II0KA3aTeIsMHU, BbI PaHb-
1lle ¥ CTeleHHble (DYHKIMY PACCMaTPUBAJIM HE BCe, a4 TOJBKO TaKue,
IIOKAa3aTes! CTeleHed KOTOPHIX ObLIN PAallMOHAIBHBIMY ynucaamu. Te-
Iepb NOHATHE CTeNEeHHON (DYHKIMM MOYKHO pacIIupUTh. CmenenHou
nasee OyzeM HasbBaTh QyHKIMIO y = X%, rj1e oL — npon/:_z_BonLHoe Jeii-

2 v
CTBUTEJBHOE Yucio. B wactHOCTH, QyHKIMM Yy=x"°, y=x " —

creneHEbIe. CBOMCTBA 3THX (DYHKIMI TAKHE YKe, KAK U CBOMCTBA CTe-
MEeHHBIX PYHKIUHN ¢ pamUOHAJbHBIMY IIOKA3ATEIAMI CTEIIeHeH.

IIpu kamxa0M ZeHCTBUTEIBHOM O, CTEIIEHHAS QYHKIMS Y = X
omnpeziesena Ha mpoMeskyTKe (0; o). CBoiicTBa TakuX PyHKIUI yKa-
3aHBI B TaOIHIE.

o

CsoiicTBa crenennoil pynkmun y = x*, . € R

xu
a>0 o<0
D(x) [0; =) (0; =)
E(x) [0; =) (0; <)
y>0 (0; =) (05 =)
ybbisatolas - (0; =)
BO3pacTatoLLas [0; <) =3

Ecnu 00 — moJIo)KUTEIBHOE UPPALIMOHAIBHOE YHCJIO0, PYHKIHA
y = x” onpesenena Ha mpomeskyTKe [0; 0); TaKOE Ke ¥ MHOKECTBO eé
3HaveHui. Eciu uppamuoHaabHOE YHUCJIO 0. OTPULIATeJIbHOE, TO 00~
JIACTBIO OIIPe/IeIEHUsI ¥ 06JIaCThIO 3HAUCHUH QyHKIUY y = x* ABIA-
erca nmpoMeKyToK (0; o). HeckonbKo rpadukos Takux QyHKIUN
n3obpaskeHb! Ha pucyakax 15, 16.



YA YA A
o1 34
y=x" .
24
1t 1 3
ol 1 2 % (oY [l R e R !
a [ b
Puc. 15 1
YA vA X

2 2+

1.4 lq-

75 T T (5 R O T A 3
a 0

Puc. 16

Inst oTAeNnbHBIX 3HAUEHHUHA (L cTeneHHAA (DYHKIUA MOMKeT pac-
cMaTpuBaThHCA U Ha OoJiee IIUPOKOIL obiacTu onpeereHus. B gact-
HOCTH IIPY HATYPAJbHEIX (L OHA onpesieneHa Ha R (puc. 17, a), a npu
LeJBIX OTPUIATENBHBIX — Ha MHOXKecTBe (—oo; 0) U (0; =) (puc. 17,06).
B aTHX cyuasx Npyu Y6THEIX 3HAYEHUAX O hyEKnus y = x* yérHas,
a IIPpU HEYETHEIX (L — HedéTHasd.

YA YA

3t y=xt
2--
14

——i—o—t——> + P

Do
<
I
Y

«
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C) MPOBEPLTE CEBA
=’y
2

Yro Takoe CTeneHb YCNa C HaTypasibHbIM noKasaTtenem?
. KakuM paBeHCTBOM MOXKHO OnpenesnnTb CTeneHb YMcna C LenbiM oTpuua-

TenbHbIM nokasartenem? A ¢ ApobHbiM nokasatenem?

3. Y10 noHUMaIOT noj CTeneHbio NOJOXKHUTENbHOrO YKWCna C UppPaLUoHab-
HbIM nokasarenem?

4. Kaxkue CBOWCTBA UMEIOT CTENEHW C NPOU3BOJIbHbIMU AEHCTBUTEIbHbIMU
nokasarenamu?

5. Kak MoxHO npeobpa3oBbiBaTh BbIpaXKEeHHWs, COaepKaLuue CTeneHu ¢ npo-
M3BONIbHBIMU AEMCTBUTE/IbHbIMW NoKa3aTenamu?

498 BBIMONHMM BMECTE

1. IIpoxoauT jix rpaduk GyHKOIUHA Y = £%75 yepes Touxky M (16; 8)?
Pemernue. Ecimx=16,T0Yy = 16%7° =163 =8.
OrBer. IIpoxogur.

2. izBecTHO, 4T0 rpaduk GyHKIUM y = x” IPOXOAUT Yepe3 TOUKY

P(2; ij . Uemy paBHO 0.7

Pemenue. —=2% 272 = 2% orciona o. = —2.

1
4
OrBerT. —2.

3. VpocTuTe BeIpaskeHue

(5Jé —5@‘):5&.

Peome s (5J5-5J§“):5J§=5J5(1—5'1):5J5 -0,8.

OrsBerT. 0,8.

s 0)2;8)Tua(5:2) ",

7\Y3
7 4

4 NE]
4. CpaBHHUTe 4KCAa: a) (—) " (—

PemeHnue.a) Pyaknua y = ."C‘/§ (x> 0) — Bo3pacrarmas, Tak

NES V3
KakK V3 > 0. ITocKkoabKy % <;1- , TO [%) <(%) :

6) Pyarnuay=x " (x> 0) — y6siBaomas, Tak Kak —7 < 0, 1oaTo-
my (2,5) "> (5,2) .
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Brrauciaure (46—48).

1 1
46.2)811;  6)e25i;  8)0,00161; 1) IA.
47. a) 49°%; 6) 6,25%%  8)0,0016"% r) 0%5,
48.2)47; 6)27; 8)0,5°%; 1))

A" 6)2% 85" DD G e 032
I 50. Yraxxure obsacTsb onpesieeHusA QYHKIHN:
| a)y=2%  6)y=x;  By=1T;  Dy=x

u 49. Kakoe 13 cieAyonux BEIpaKeHUI He CyleCcTBYeT:
|
!

0,5

| Beruucaure (51—52).
I 51.a)(-4)'-2% '6)2%2-0,5%; 8)5%°-51%; n)ptiqalth,
| 52.2) 5°76.5°"5;  6) (28" m) (5207 (52)0500%,

Yposennb A AR e SRR RN s o

e

53-IIpenCTaBBTel)BHReCTeneHH(:OCHOBaHHeN[Z‘QHCHO:
| a) 8; 6) %; B)V2;  1)0,25;

J - m1024; €05 & Y4;  x)0,0625.
il [} @ IIpencrasbTe B BUJIe CTEIIEHH C OCHOBAHHUEM 3 YHCJIO:

1l 2)81; 6)27; 1) 9%2; r)81°%;
‘ m 39; e)1; 8) 72925, x) 277,
55. Beruucaure:
2)82%%  6)27°: 9% 8)§16-¥4; 1) (817H)"%,

2
) (9*/5) s e)25"-57%%  §)49%%. f7;  x)27-0,5%,

56. BerumcauTe ¢ MOMOMIBIO KATBKYJISTOPA MK TporpaMmel Excel ¢
TOYHOCTBIO 10 COTBIX

n
2)2% 6)3,8% 8)52; 18t 10,57 e)2092
57. imeer i1 3HAUeHUe BRIpAXKeHHE:

.
-

11

&) (-5); O TH; )07 ) (1)
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NEDE 0 §oB; wn®
Yupocrure Beipaxkenue (58—»59).
158.a) (a - x*%)a+x%%;  6)(x—4): (x*®+2);

B) (a—b):[a2+béJ; r) (cé—p‘ )[c“rp‘].
59.2) [x's -1][:& +43 +1]; 6) [né +2]{n3 —on3 +4];

1 1 2

B) (a-8):[a®-2|; r) (1-x):| 1+x% +x3 |.
f60. Bospacrawomei win yosiBaonei aBJmeg'ca byHKIHA:
ay=x"% 6 y=x"; py=xT; y=2z"%

IToctpoiire rpaduy OAHON U3 HYHKIIUI.
61.CpaBHuTe UKCHA:

2)8%3n 9" 6) 7 BB, 5)8Y2 w92, 1)0,5"m0,4"

‘]162. IIpoxoxut siu rpaduk GYyHKIHUA y = % 05 yepes TOUYKY A, eciu:
a) A(4; 5); 6) A(4; 0,5); B)A(4; -0,5);  r)A(25;0,2)?

63. ITpoxoauT nu rpaduk GyHKIUMN Y = ;Jc‘/5 yepes Touky M, ecou:
a)M(1;1);  6)M(v3;3); B)M(3; V3); ) M(0;0)?
64. ITpu xakoM 3HAYEHHUH O. rpaduK QYHKIUHA y = X IPOXOAUT Ue-

pes3 TOYKY K(2; i) ? A gepes Touxky M (25; 0,2)?
65. Haiiure ¢, eciu U3BeCTHO, uTo rpaduk Gyaknum y = x* npoxo-

auT yepes Touky: a) P(2; 8); 6) P(0,2; 5); B) P( \/‘3—, ; 81).

féﬁ. Ha npomesxyTtke [1; 10] ¢ mmarom 0,5 ¢ TOMOIIBIO KAJIBKYJIATOPA
unu nporpaMmmsl Excel cocraBbTe Ta0IMAIy 3HAUCHUH (DYHKIIAN:
a)y= x%25; 6) y=x 025 Tlocrpoiite rpaduku 9TUX QYHKI UM HA
MUJLITEMETPOBOM Oymare.

67. ITocTpoiiTe cxeMaTHIeCKH rpadUK CTEIIeHHON (QyHKI[HU:

a)y=2"%  Gy=2"% Byy=x% ny=2%5

TES. Hoxkaxkure, 4ro rpaduK KaKHoil cTeNeHHOW (PYHKIUU IPOXO-
auT yepes Touky A (1; 1).
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69. IIpeacTaBbTe B BUJE CTEIIEHHA YUCIO:
yABT, de SEE
AT J125° ( )

{
1 1\ 19 3%
.b S e

; , Buruucaure (70—71).

2
I o 8
l 70.a) 343 3; 6) (125 ] 243704, ) g73.81075,

| A
I 644 8 1 1 2 ~05 151
(%) e e o
' V8 1-V2
| Tita)8%.85; o) [(0,5)ﬁ) ; ) (B8]
il
| ‘ r) 32V2.9V2, ) 92-3V5 gV5, ¢) (52_J5)2+JE_(\/§)0.
f

| 72. Beruucaure, MoJb3ysiCh MEKPOKAJIbKYIATOPOM:
0 (B)% o(2)’s  mb;
e+t w(V2-1); e (3v2).

w Yupocrture Bripaxkenue (73—74).
' .
It 173. 2) (2‘/5"1 oL ): AT 6) (3" +3"2): 3™,

V3-1
J a2 97! : 91(-1 k

9

75. Haitiure o61acTs onpejie/IeHHsA BLIPAKeHNA:

8 5
a) (x+5)7;  6) (a-8)4; B) |x+2[®

!
[ s
' 74. a) ((\/E)Jé) —gV2:982, o8 .{l

| ¥
J r) ag +¥z5 A (8+x)§; e) |x2-4|
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IIpexncraBbTe B BUjie cTelleHH BhIpaxkenue (76—77).

al-lla g . 5 1 V241
‘—. 2,5 BN —2 2
76.a) ag A (y )(‘/;) ? i i [ iy 1]
R, 2 J3+1 =
x 3x3 o e aV3 q-1-V3
i AT W 6) (/y_[y “J; B)[ %) T
x3 a a
Yposenn B
YupoctuTte Bripaxkenue (78—81).
0,5
(xzﬁ_l)( 2‘/_+x‘/-+x‘/§) Mg 1 22“
78.2) — ) (") || 47 ;
243 _ 3
X 1 11 1 14
a-1 a’+al = ab 2 b3
B) =078, 0.1 Xy ' e (a2+b2J.
a2 +1 a+a?b?
0,25 0,25
L o S s 2(x%%° -~y )_ ik
i c+Je+1 -1 A w S R e U AT
X 2y 4_x 4y 2
1 = 1 =n
¥ BT 4 AL e g \:3
B) 3 !fn'xyx-*—xly 3 T) b11+ 111_2‘1 " 2
s oo el o < - - a“+ab+b
Xt pxtyt. @l gy a+a?b? a-a?b?
x 14
. om 2n n ctg: 0812 ). 2n
80.a) 2" 5.2°" 54{3”7’) 6)[ 2ein g ] +(0,92“‘é]1“tg e
. cos?® zn cos2®
81.2) 257" 625" 009 009 33
2T
6) 64:64°5120° _13% “15.19% 18

&

82. zBecTHO, uTO QyHKIUA y = X' ° OPH X = ¢ UMeeT 3HAYEeHUEe m
Yemy paBHO 3HAUECHHE 9TOM QYHKU MU IpH: ) X = 2¢; 0) x=c %
83. Ha npomesxkyTke [1, 5] ¢ marom 0,5 ¢ moMOoImbio KaJIbKyJIATOPA
wian nporpammsel Excel cocraBeTe TaOMANYy 3HAYECHUH QYHKITHH:
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a)y= x‘/"; ;0)y= x"‘/5 . ITocrpoiiTe rpaduku aTux GyHKIHAH HA
MUJIJIAMETPOBOI OyMare.

T§4 Ha pucynke 18 npencrasien rpadux dynkmun y = x°°°, mo-
CTPOEHHBIH ¢ IOMOIIBIO IIpOorpaMmMHoro obecreuenus. [Tocrpoiite
rpaduxn ynknmit: a) y = 2x°*!; 6)y=1+x°%; p)y=-x",

3! " & Granl
Pain O6exr Bunpasnewra [padi Onepaui 7

fF

| =
o ;:‘ M= T Haiis © [
| : '_P' Y ,
|‘ -f '
I' Ma. y= xcosl
| [* brme
Mo ;
| %
| ’ :: ‘ =xcosZ
il " 4
=2 /.
‘ =] |
i 3

85. Ha pucyske 18 npeacrasien rpaduk byHkmmm y = x°°%2, mo-
CTPOEHHBIH ¢ IIOMOINBIO0 IporpaMMHOro obecrevenus. [loctpoiite
rpadurm GyHKIuiA: a) y = —x°%%; 6) y = x°°°2 - 3; B) y = 0,5x°2,

86. ITocTpoiiTe cxemaruyecku rpaduk QyHKIHA:

a)y=x""1; 6)y= 23, By=x""1%
r) y=x"3; ) y=x2-x‘/§; e)y=x""*
n 3

87. Hokaxwure, uro rpaduku GyHKIUA y=x3 m y=xT", 3afaHHbIe

Ha [0; =), cuMMeTpUYHBI OTHOCUTEJILHO IPAMOMH I = X,

’ .
Puc. 18

m-p_a_xmeuwu NOBTOpPEHMA b

3 88. 3adaua uz ppanyysckozo mamemamuieckozo gonvrnopa. He-
[l CKOJIBKO 4eJIOBeK J0JxHBI 3artatuTsb 800 (hpaHKoB cyqeOHbIX 13-
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nep:xex. Ho Tpoe He MMEIOT AeHer, II0ITOMY KaXK/[(blif 13 OCTABIINX-
cs1 sarraTiir Ha 60 ¢hparKoB 6oJbile, yeM IIaHUPOBAIOCE. CKOJIb-
KO YeJIOBEK IPUHSAJIO YYaCTHe B IIOTallleHUH CyeOHbIX N3JieprKer?

89. Pemure cucreMy ABOMHBIX HEPABEHCTB:

0<1-2x<1, 1<5-3x<3,
) 13<3x+4<5; 6) |_3<3-2x<1.

90. ITocTpoiiTe rpaduK ypaBHEHUA:
a)2x+3y=6; 6)xy=12; B)x>+y’=4; r)y’-x=0.

53. MOKA3ATHIbHbBIE ®YHKLIUU

Pacemorpum GyHKIMIO, 3aaHHEYIO paBeHcTBoM y = 2%, CocTaBum
TabJIUIy €€ 3HAYEHUH AJI HeCKOJIbKHX 3HAUYEHUH apryMeHTa:

x -2 =1 0 1 2 3

1 1
Y P 1 2 4 8

Ha pucyske 19, a 0603HaYeHBI TOYKH, KOOPAUHATHI KOTOPBIX COOT-
BEeTCTBYIOT 3Toi Tabaune. Korjga Ha aTOM 3Ke KOOPJAUHATHOM ILJIOCKO-
cTi 0603HAYUTE OOJIBIIE TOUEK ¢ KOOPAUHATAMY X, I, VAOBIETBOPSIO-
IUX PaBeHCTBY Y = 2°, OHM Pa3MeCTATCS, KaK MOKA3aHO HA PUCYHKe
19, 6. A eciu 17151 KaKI0r0 AeMCTBATEJIHLHOTO 3HAUEHUA X BHIYUCIUTD
COOTBETCTBYIOIIEE 3HAYEHHE I 1 0003HAYMTH HA KOOPAMHATHOMH ILJIOC-
KOCTH TOYKHY C KOOPAUHATAMMU X U I/, OHA PA3MeCTATCA Ha OJHOH 6eCKO-
HEeYHOM KpuBoii (puc. 19, 8). Ira kpusasag — rpaduk Gpyaxum y = 2%,

YA YA YA
o 8 o

6+ 6+ :

4+ . 41 <
Oidk e 2...'
14 L
‘ . PP
-2-10] 1 2 8 x -2-10] 1 2 8 %
a 0 8
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I'padpuk pyaxuuu y = 2% pasmewmés B I u II KoopAMHATHBIX YeT-
Beprax. Korpa x — —oo, OH Kak yrogHo 6/1m3Ko noaxoaut Kk ocu Ox, HO
o6mux TouYek ¢ Hei He mmeeT. ['oBopAT, uTo rpaduk GpyHKRIAHA
y =2% acuMnroTuyecku npubamxkaerca Kk ocu Ox, 4To och Ox —
acumnmoma sToro rpaduka. Korza x HeorpaHnYeHHO yBeJINYUBALT-
cd, rpaduk Gyaknuu y = 2% Beé gansie orxogut ot ocu Ox. Kak Bu-
nuM, GysRoua y = 2 onpejesneHa sl BCeX AeUCTBUTENbHBIX UM~
ces1, eé 00acTh 3HAYeHHH — npoMekyTokK (0; «). Ha Bceit obracTu
onpezeseHuA (GYHKIUA BO3PACTAET, OHA HY YETHAA, HU HEeUeTHAdA,
HU ODepuofrdecKasd.

PaccmarpuBaemas QyHKOUA y = 2¥ — npuMep HOKa3aTeJbHON
GyHKIUM, a IMEHHO — IIOKasaTejbHasdA QYHKIUA C OCHOBAHUEM 2.

" lTokazamensHol pyHkyueld Ha3biBaeTca PyHKLMUSA, 3afaHHan hop-
« Mmynoy=a*,rpea>0na#1.

IIpumeps! ApYyrux mMoKasaTeNbHBIX QyHKnui: y = 3%, y = 0,5%,
y= (\/5 )x . Ux rpaduku msobpakensl Ha pucyske 20. Corsacuo
onpezenenuio GyEKnuA y = 1% He ABIAETCA IOKA3aTEIHLHOM.

YKaXeM OCHOBHBIE CBOMCTBaAa MNOKAasaTeJbHOU HyHKIIUM.

1) O6racmv onpedenenus pynkyuu y =a* — muoxcecmeo R, n6o
IPYU KaXKIOM IIOJIOIKHATEIFHOM @ U JEeMCTBUTEIBHOM X BBIPDAXKEHUE
a® onpepeneHo.

2) O6aacmb 3navenuil pyrnryuu y = a* — mroxcecmao (0; =), mo-
CKOJIBKY, €CJI OCHOBAHWE @ CTEIIEHU IIOJIOKHUTEIHLHOE, TO MOJIOMKH-
TeJbHAA U cTeneHb a”. CiefoBaTenbHO, QYHKIUA Y = a* IPUHAMAET
TOJIBKO IIOJIOYKUTEIbHBIE 3HAYEHH .

3) Ecau a > 1, ¢pynryus y = a* eospacmaem, a ecau 0 <a <1 —
ybbleaem. ITO CBOMCTBO XOPOIIO BUAHO HA rpadukax hyHKIuii (puc. 20).

-5-4-3-2-10

Puc. 20
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4) Pynryua y = a* kaxdoe c60¢ 3HaueHUe NPUHUMACT MOLLKO
00uH pas, T. €. NPAMYI0, HapajuiensHyo ocu Ox, rpaduK moKasaTesb
HOM (DYHKIIUU MOYKET Iepecedb TOJbKO B OJJHOM TOUKe. ITO CIeyeT
U3 CcBOiicTBA 3.

5) Dynryus y = a* Hu wémuas, HU HewémHuas, Hu nepuoduyec-
Kasa. IIoCKOJIBKY Ka)kJgoe CBOE 3HAUYEHUE OHA NIPUHHUMAET TOJbKO
OJIMH pas, TO He MOXKeT ObITh YETHOU MJIu nepuoandeckoii. He mo-
JKeT oHa OBITh M HEUETHOM, TAK KaK He MMeeT HU OTPUIATEIbHBIX,
HY HYJIEBBIX 3HAYEHHU.

6) I'pagpur kaxdoil noxasamenvHol GyHKYUL npoxodum yepes
mouky A (0, 1), mockonsky ecmaa#0, Toa = 1.

IIpu pemeHMM 3a7a4 ¥ yIPaKHEHU, CBASAHHBIX C IIOKA3aTeb"
HOU (yHKIMEH, 0COOEHHO YacTO MCIOJIb3yeTCs TPeThe CBOMCTBO, B
KOTOPOM YKa3bIBaeTCsa Ha MOHOMOHHOCMb IOKA3ATENFHOM (QYHK-
IIVH, TO €CTh €€ Bo3pacTaHue Uiy yoriBanue. B wacTHOCTH M3 HEro
BBEITEKAIOT CJeAYIONe YTBEPIK T HU A .

1.Ectma>0,a#1u g™ = g™, 10 X; = X,.

2.Ecmua>1u g1 > g*2 , 10 X, > X5,

3.Ecim0<a<1m g™ > g*2 ,10 x; < x,.

IIpucmoTpuTecs K rpadMKaM MOKAa3aTeabHbIX QyHKIuH y = 2* u
y = 3% (puc. 21). YrioBoit Koa(pUnueHT KacaTeabHOH, NIPOBENEH-
Ho# B Touke A (0; 1) ¥ rpadury dyaxuun y = 2, merme 1, a K rpa-
buxy bysxnuu y = 3 — 6oasme 1. CymecTByeT 11 TaKad IOKasa-
TenbHaA QYHKIUA, Y KOTOPOH YIIOBOM K0a((HHUIUEHT KacaTeIbHON
K eé rpaduxy B Touke A (0, 1) pasen 1? Cymectsyer (puc. 22).0cHo-
BaHME 9TOM IOKa3aTeNbHOU (DYHKIHUH — HPPALUOHAILHOE YHUCIIO
2,71828..., koTopoe NIpUHATO 0003HaAUATH OyKBO¥ e. [TokazarenbHAS
GyHKIMA y = e B MaTeMaTHKe ¥ MHOIMX IPUKJAJHBIX HayKax

2X

12 3 x
a

Puc. 21




T’ K nokasaTesbHOM QyHKIAI WHOT/A 0T- 1
H

Pazpen |

BCTpeuaeTcs JOBOJIBLHO YacTo, eé Ha3biBa- YA
10T dKcnonenmol (J1aT. exponens — BbIC-
TaBJIATH HAOKA3). 5+

ocAT TaKsKe GYHKINH BAAA Y = ca' " £
ITpu nomomu TakuX (PyHKIUHE OUCHIBA-
IOT MHOTO PasHbIX IPOIECCOB, CBA3AH- |
HBIX ¢ (DMBUKOM, XUMHUeH, OHoJorue,
5KOHOMMKOM, commojoruei u T. aA. Ha-

npuMep, Ipolecchl HOBOOOPA3OBAHUSA U e ee le TN
pacrajia BeliecTsa MOJKHO onuearbcmo- -2 /-1 0| 1 2 «x
MO0 opMyJIbl P = Poe‘". 3necs P —

KOJIMYECTBO BHOBb 06pa3oBaHHOTO (MM Puc. 22

pacnannnnoca)BenmmTBaarwomeHTBpe-

MeHH t, PO — HadaJIbHO€e KOJIN4YeCTBO BelllecTsa, k — nocrosiHHaA,
3Ha4YeHHue KOTOPOHM olpejesdeTcsa AJd KOHKPETHOU CHTyalluu.
Hop;ﬁepm'e CaMOCTOATEJIbHO COOTBETCTBYIOIIIHE IIPDUMEDHbI.

QJ MPOBEPBTE CEBSl

1. Cchopmynupyiite onpegeneH1e nokasaresnbHOW (OyHKUUH.

2. Kakosa obnactb onpefeneHus nokasaresbHou thyHKuuu? A obnactb 3Ha-
YeHHUn?

3. Yepes KaKylo TOYKY NPOXOAMUT rpathmK KOKAOM NOKa3aTenbHON hyHKUMK?

4. Moxet N1 3Ha4yeHWe nokasarenbHoK (yHKUMM ObiTb oTpUuarensHbiM? A
PaBHATLCS HyNio?

5. MNpy kakoM ycnoBum nokasarenbHas pyHKUus Bo3pacTaer? A npyu Kakom —

ybbisaet?
#4594 BbINONHMM BMECTE

1. CpaBHHTE C eAMHUILIEHA YNCIIO: a) 0,51'5; 6) (Jg) 0

Pemenue. a) I[IpegcraBum unciio 1 B BUJie CTEIEHH C OCHOBA-
auem 0,5. Umeenm: 1 = 0,5°. IMockonbky byaknusa y = 0,5 — y6mI-
paromaa u 1,5 > 0, To 0,51'5 < 0,50, oTCIO/Ia 0,51'5 < s

0)1= (\/3)0; y= (\/E)x — (ysKIua Bospacraomasn u —0,2 <0,
II03TOMY (\/5 )-0'2 < (JE )0 , OTCIO/ZIa (\/5 )—0’2 < q.

2. ynknusa f(x) = 0,5" sagana na npomexyrre [-2; 3]. Haiigure
eé HauMeHbIllee U HauboJIbllee 3HAUeHNA.

Pemenue. ITockonsky 0,5 < 1, To 1aHHasa GQyHKIUA yObIBAIO-
mas. [loasTomy eé HauMeHbIee U HauboIbIIee 3HAYCHUA:
f(3)=0,5%=0,125; f(-2)=0,5">=4.

SR S S
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3. IlocTpoiiTe rpaduk GpyHKIHUHA EEEN Y
y=0,5". e

Pemnienue. Oyaxkuus y=0,5"d— o
yérHas (mposepsre). 'padux 4éTHOM b
GYHKOHHA CHMMETPUYEH OTHOCUTEIHHO _—__/\
ocu Oy, TO3TOMY JOCTATOYHO IIOCTPOUTE —t Tre— WS
rpaduk 3afaHHON QYHKIUY Aaa x = 0 n 2. Ol G x
0TOOpPa3UTh €r0 CHMMETPHYHO OTHOCH- Puc. 73

rensHO ocu Oy. Ecom x> 0, 10 0,5 =0, 5%
IToctpoum rpadpur dpysxnuu y = 0,5% ana x > 0 u orobpasum ero
CHMMETPHUYHO OTHOCUTEJILHO ocu Oy (puc. 23).

! BoinonHMTe YCTHO e L

5; T x5-—x; Y= nts Yy = V2 nokasa-

91. Kakue u3 QyHKOMH y = xb
TeJbHBIE?
92. MoXHO M CYMTATh MOKAa3aTeabHOM QyHKIHUL Yy = (—2)*? A
bysaknuo y = 27*?
93. Bospacraromei niu yosiBaomen apiasercs GyHKIu:
| a)y=2,5"; 6)y=e% B)y=0,% r)y=8"% ny=n*?
94. MosxeT 11 HoKas3aTeabHas QYHKIUA OBITh: a) 4éTHOM; 6) HeUeT-
HOM; B) IEPUOAAIECKOM 7
. 95. UneroT u o61ue TOYKH rpaduky QyHKIHIN:
a)y=2"ny=2; 6)y=2"uy=2x;
) B)y=2"uy=-2x; r)y=2"ny=-2?

' Yposenb A S —

96. BeruucauTe KOOPAMHATHI HECKOJBKHUX TOYEK rpaduka (pyHK-
nuu y = 1,5% 1 HaRecHuTe UX HA KOOPAMHATHYIO ILJIOCKOCTb.

97. IlocTpoiiTe rpaduk GyEKIUMN:

a)y= %)x; 6)y=(\/5)x-

98. Ucnonb3ysa pucyHOK 24, HaiauTe NpUOIMKEHHEBIe 3HAYCHUS

x

byHKOHH Y = g% B TOYKaXx ¢ abcouccamu:

_a)—4;-2;0;1;3; 4; 6)-3,5;—1,5; 0.5; 2,5.

@_9. WUcnons3ys pucyHOK 25, HalijuTe NpUOIMKEHHBIe 3HAYCHUA
X

] byEKOHNE Yy = g B TOYKaX ¢ abcouccamu:
y
f a)—4;-2:0;1:3; 6)-3,5; -1,5; 0,5; 2,5; 4.

A i s G o )
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Puc. 24 Puc. 25

TIOO Ilo pucyHKyY 24 ycTaHOBHUTE, IPH KAKHX 3HAYEHUAX apryMeH-
2 x

Ta X 3HAYeHHe PYHKIHUH Y = | 5 | PAaBHO:

a)0,25; 6)0,4; 8)0,5; r)1,2; n)1,5; e)2,8; ¢&)3,5.
101. ITo pucysKy 25 ycTaHOBATE, IPH KAKUX 3HAYEHUAX apryMeH-
X

Ta X 3HaYeHue QPYHKIHUH Yy = | 3 | PAaBHO:

a)0,25; 6)0,4; 8)0,5; r)1,2; nx)1,5; e)2,8; ¢&)3,5.

‘ L 2
102. Onumure cBoiicTBa QyHKIUU: a) Y = (E) ;6) y= (5) I
103. C nomMoImp10 KaabKyJIATOPa HAWAUTE C TOYHOCTHIO 10 107 3na-

_ uenne ynrnun y=1,7%, ecru: a) x=0,5;6) x=1,3; B) x = V3.
1104. TlepepucyiiTe B TeTpa/b TAGIAILY ¥ 3aII0THATE (C TOTHOCTHIO 10 107%).

-1,5 1,5 2,5 3

)

T 0

105. Boapacraronieit uim yosiBaomei apiseTcs QyHKIuI:
Ay=07% 6 y=(v2); By=-5 ny=(5-1);

n)y=(%) : e)y=(%) ;@ y=27; m)y:(—‘/?l-—z—) ?

106. CpaBHuTE C AMHULEH YHCIO:
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; r) (\/5)3;

e i 1 ¥ n)
n)(;] ;@175 é)[g) ; m)(gj.

ﬁ07. CpaBHuTe yucaa:

1,4 J2 0,2 1,2
a) 4“/5 H4"/§; 0) (%) u (%) 3 B) (%) u (%) H

n 3,14
r) 2¥8 u 217, n) (1) u (lj s e) 592 y 5712,

V5-2
98B  6)038% 3 [{f)

9 9
108. IIpoxoauT nu rpadpuk dyaxkuuu y = 4* yepes Touky A, ecau:
a)A(4;16); 6)A(4; 256); B)A(—2;—0,5); r)A(-2;0,0625)?
ﬁos. IIpoxozuT i rpaduk GYHKIHHA Y = (\/5 )* uepes Touxky M,
ecyIu:
a)M(1; V3);  6)M(3;3); B)M(2;8); 1) M(0;0)?

110. Haiizure a, ecan u3BeCcTHO, 4T0 rpaduk Gysxknuu y = a* npo-
XomuT 4epes Touky: a) P(2; 9); 6) P(0,5; 0,2); B) P(—1; 0,5).
111. Haiizure Haubospiee ¥ HaUMeHbIIee 3HAYEHUA QYHKITAN:
a) y = 3" ma npomesxyrke [—1; 4];
X

0)y= (%) Ha npoMmexyTke [—1; 4];

B) y = 4™ na npomexyrke [-0,5; 3];
r) y = 0,25 ma npomexyrke [-0,5; 3].
112. ITocrpoiire rpadux GyHKIMU:
a)y=3% 6)y=0,5% B)y=37
r)y =-2% )y = 2%% e)y=-2"%,

{Yposens B — Lo

fil& Haiiure oCHOBaHME MOKA3aTENBHOM PYHKIMY § = a”, ec/u eé rpa-

(ux mpoxopuT uepes Toukry: a) A (5; 32); 6) B (—1; 2); B) C (—2; 4).

114. CymecTByer 11 noKasateabHas GyHKIUA y = a*, rpaduk KoTo-

poii mpoxoxuT uyepe3 Touky: a) A (1; 5); 6) B(2; 1); B) O (0; 0);
r)C(0; 7)?

115. Iocrpoiite rpadux GysxuumM y = 4 - 22, SIpnsercsa nu ara

L ¢bysKIUA MokasaTenbHO? OnuinuTe €€ CBOMCTBA.
&16. ITocrpoiite rpadpux pyaxouu y = 0,5 2%, Onummure eé cBoiicTaa.
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117. Ioctpoiite rpadpuk dyaxouu: a) y =1%; 6) y = 0. Cunraior 1u
3TH (QYHKIMH TOKA3ATEIbHBIMHY ?

118. JlokakuTe, uTo rpadMK mOKasaTeabHOU GyHKIUHU y = a” He
nepecexaeT och abCouce, a OCh OPAUHAT IlepeceKaeT B OMHON 1
TOM 3xe Touke (mpu gobom 3Hagennun a > 0, a # 1).

Tﬁg. ITocTpoiiTe rpaduk GyHKIUA:
. a)y=2°-8; 6)y=2+2% B)y=2""3;
r)y=2-2% Ry=2":4; e)y =2%".
120. Haiigure obnacTs 3Ha4eHUH QYHKIUA:
a)y=3"-2; 6)y=0,5"+1;  B)y=2"°~
@1. Haiifure HanMeHbIIee ¥ HauboabIIee 3HAYEHUA QYHKIHH
f(x) = 25" ma npomesxyTKe:

S T AV [ A N |

122. Pemure rpadmuecky ypaBHEeHHE:
a)3*=4-x; 6)4*+x=5; B)2*'2=3x+5;

r) 05 =Jx+5; Me*=Vl-xz; e)yn*+x%°=1.
123. Pemure rpadgmyecky HepaBeHCTBO:

a) 2% > 4; 6)0,5°>8; ») (v2)" <0.5.

124. MoryT i nepeceraThes rpaduxn Gysxmmii y = 2 my =212
@5. Wcrons3ys CBOMCTBO Bo3pacTanusa GyHkmuu y = 2%, pemmure

yPaBHEHHe W HepaBeHCTBa:
a) 2* = 16; 2> 16; 2¥ <16;
6) 2* =0,25; 2* >0,25; 2* <0,25;
) 2°=4/32; 2*>/32; 2* </32.

126. Ucnons3ys cBoiicTeo yonBanua pysxnuu y = 0,2%, pemmre
yPaBHEHMe ¥ HepaBeHCTBA:
a) 0,2 =0,04; 0,2 > 0,04; 0,2 <0,04;

’ 0 21 ST
625 6 >625

B) 0,2" = 25; 0,27 > 25; 0,2" < 25.

Pemure ypaBaenne (127—128).
1i27.2)3*=81; 6)5°*%2=625; B8)6"=-2; )7 =1.
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e =

& 2x x x+3
(3 1 of8f "4 oft] o (4]

PemuTe HepaBeHcTso (129—130).

429.2)3*>1; 6)5*1<125; B)5*>-2; r) 7% < 49,
!
2-x % x+3
1 2 9 1 7 24
. x< R - T —y o . D2 < pratod
130. a) 0,5 —4,6)(3) >4’B)(2) < 4,1')(5) S15:
{¥posens B e

ﬁl3l BHTOMOJIOI‘, H3ydas HallleCTBHE CAapaH4|, UCCJIe0BAJ, YTO ILJIO-
mazs (B M2), 3apa)kK€HHasA capaH4dOi, HU3MEeHsAeTCHA 110 GopMyJe
S, =1000 - 2%%" rre n — KoMMUECTBO HEEH IIOCTE 3apAKe-
HuA. Haligure: a) mepBoOHAYANBHYIO IJIONAAb 3aPaKeHUd;
0) xakada miuomaas ObLIa 3aparkeHa Yepes3 5 He/lesib; B) KaKkas

f mromans 6sLna 3apaskena yepes 10 vegenn?

ﬁ32. Korzpa CD-nipourpsiBaTeNb BHIKJIIOUAIOT, TO CHJIA TOKA B HEM
yMeHbImaercsa no dopmye I(t) = 24 - (0,25)" (ammep), rue t —
BpeMs B ceKyHaax. Haigure:
a) CHJIy TOKa B MOMEHT oTKJaodYeruss CD-npourpsiBaresis;
6)I(t),ecmut=1, 2, 3,4 (c);
B) KaK JIOJII'O CHJIA TOKa B BeIKJIOUYeHHOM CD-nipourpesisarese
npeBbIIaeT 4 aMmnepa (BoCIoab3yiTech rpa KoM 3aBHCHMOC-
a I(t) = 24 - (0,25)")?

133. Bo BpeMs BhIpamuBaHuA OaKTepUil Macca KyJIbTyPhl U3MEeHA-
t

ercs mo opmyne m(t)=2-e? (r), rae t — BpeMs B 4acax, mpo-

mejIee ¢ Havaja pasMHOKeHus. Haligure Maccy KyJIbTyphl
yepes: a) 30 mun; 6) 40 mun; B) 1 4; 1) 3 u; 1) 4 u; e) 6 u. ITo-
CTPOMTE COOTBETCTBYIOUINH rpaduk.

" Hocrpoiite rpadux dymxmuu (134—135).

WB4.0)y=[3"-1; 6)y=2,5M my=3Ft py=2H*=
135.2)y=[0,5*-2; 6)y=0,2%; B)y=@*""; r)y= -2~
136. Uzobpasure cxemaTuuecku rpaduk QyHKIUM:

a)y=0”5[x—2|+lx+2|; 6)y=3lx—l|+lx+3l; B)y___2|1—2|+lx+1|;

9%y 9* -1 o T W
PUUE s R et il ————.
2 +2 3 =1 4% +2
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137. Hauigure:

a) HauMeHbIllee 3HAYeHUEe QYHKIUU Y = 0,25‘/6'“"’5"“‘/5sinsx~3 :

6) HaubobIIee 3HAYCHHE QYHKIAN y = 550 2x + dcos 2x+4,

138. YerasoBUTE, CKOJBKO 00IUX TOUEK (B 3aBUCUMOCTH OT 3HaYe-
HUS IapaMeTpa a) UMeloT rpaduKy ypaBHEeHUH
2251 _gy=1- 9% ~2% y |yl + |y| = a.

JYnpaxuenus ans NOBTOpPEHMA

139. B reomerprueckoii nporpeccun by = 0,25, ¢ = 2. Haiigure b, 1 Sy

140. UccnenyiiTe Ha YETHOCTH (PYHKIIUIO:

a)y=1-cosx; 0) y = 2sin (x — 1);
sl
B) y=x+—; r) y=,/|2x|.
141. ITocTpoiiTe rpaduK HyHKIUA ¥ OIIPE/IeIATE €€ OCHOBHBIE CBOMCTBA:
a)y=x2—2x—1; 6)y=1+4x—x2;

B)y=4x2—4x+5; r)y=5x2+10x+4.

S4.NMOKA3ATEIbHbIE YPABHEHUSI U HEPABEHCTBA
{1 Vpasueune Ha3biBaETCA NOKA3AGMENbHbIM, €CNNK €ro NepeMeHHbIe
ni» BXOAAT TONILKO B NOKasartenum creneneﬁ.

IIpumeps.

9% =3, 4%+ 2571 =3, (\/3+2\/§)x —(\ls-zﬁ)x ey

Cy1iecTByeT MHOT'O BU/IOB IIOKa3aTeJbHBIX YPAaBHEHUH ¥ Pa3iny-
HBIX IOAXO0JO0B K MX pemeHuio. OCHOBHBIMU METOJAMH pelleHUsd
IIOKAa3aTeJbHbIX YPaBHEHUI ABIAIOTCH:

I. MeTox npuBeseHus 06enX yacTeil ypaBHEHUA K CTEIIEHAM C OfiU-
HAKOBBIMHM OCHOBAHUAMMU. 3

II. MeTo BBeJeHUA HOBOU ITIepeMeHHOM.

III. ®yHEKIUOHAJBHO-TPa(UUECKUA METOJ.

PaccMoTpuUM KarX/blil 13 3THX METO/OB NoApobHee.

I. Meron npuBegerus obeux yacreil ypaBHEHHA K CTENEeHAM C
OXMHAKOBBIMHM OCHOBAHMAMM IIPUMEHSAETCA B IBYUJIEHHBIX ypaBHe-




MOKA3ATENIbHBIE U JIOTAPUGDMUYECKME DYHKLIN 39

T T il e

HUAX, KOTOPBIE MOKHO CBeCTH K BUAY @' ¥= a®®, Taxue YpPaBHEHHSA

pelaloTca Ha OCHOBE MOHOTOHHOCTHM ITIOKA3aTeNbHOU PYHKINH.
Ecmua>0,a#1, 10 ypaBHEeHNA a/®= g% 4 f(x)=@(x) — paBHO-

CHJIBHBI.

: i
IIpumep 1. Pemure ypaBaeHuE: ) (5) =3g ;6) 3% =T~
PemeHue. a) [IpeacraBum npaByio 4acTh YpaBHEHU B BUe He-

X
" 27
IPaBUJILHOM ApoOm: (5) g

BaImmeM_ IIPpaByIO M JIEBYIO HaCTH YpPaBHEHHSA B BUJE CTEIIeHH C

3 3

6) Ilockonsky 7* > 0, paspenum obe uacTn ypapaeHuda 3° = 7* Ha

2x 3
2
ocHoBaHMEM 7 . [Tomyunm: (—) = (5) ,orcopa2x=-3,x=-1,5.

x

3 g
7*. Ilonryuum: 7—x =1, win (7] = 1. 3anuiuem yucio 1 B Buje cre-

7
CymiecTByIOT JBY4YJ€HHbIE YPDABHEHUA, YJIEeHBl KOTOPHIX BhI
IOKAa He MOKeTe CBECTH K CTEIEHAM C OAMHAKOBEIMY OCHOBAHUSAMHU,
B o6mem Buze NX MOKHO 3anucarts Tak: a '™ = b, rne b # a®®,
Ecnu b <0, To ypaBHeHHE PELIEHUN HE UMEeT, IOCKOJbKY I10Ka3a-
TeJbHaA (DYHKINA IPUHUMAET TOJIBKO IOJOKUATEIbHEIe 3HAUCHU .
Ecma b > 0, To ypaBHeHUE HMeeT OAHO PELIeHUe, IOCKOJIBKY IIps-
Mas y =b (b> 0) Bcerpa nepecexaer rpaduK MOKa3aTeTbHOM QYHKIIM.
Kaxk sanucars rakoe pemenue, Hanpumep ypasaenus 3* =1,5 (puc. 26),
BBI y3HAETe II03Ke.
II. MeTonom BBeeHHA HOBOM IEpeMeH-
HOM peIarTCs MHOTHE BUABI ypaBHeHu. Pac- YA
CMOTPUM pelleHre HEKOTOPHIX M3 HUX HA KOH- 1 Y= 3"
KDeTHEIX IpuMepax. 3.
IIpumep 2.Pemmure ypasHeHue: 9
g) 2% + 25771 4 95%= 2.1 9B~ 8. 1 90; -
1
6) 52— 5*=600; B) 27" +12°=2-8*. —
Pemenue. a) B nokasarene kaxjoi cre- 0]

HEHH 9TOro YPaBHEHUSA CONEPIKUTCH OAHO U TO
e Beipaskerune 5x. 0603HAYUM HAMMEHBITHH Puc. 26

B e e e e ——————

0
3 X
IeHU C OCHOBaHueM - , Torga ("7‘) =(7) ,orciona x = 0.
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nokasaresasb crernenu 6yksoii t (bx — 3 = t). Torga ypaBaenue 6yger

uMeTh BU.
git3 4 gt+2 L ot+l | ot = 120, mam

2'-2%+ 2 .22+ 2" - 21 + 2" =120.
1 BrireceM o6muit MEHOMHTENH 2 38 ckoOKH. [Tomyamnm:
g | 22+ 2%+ 2' +1) =120, nam 2' - 15 = 120. Orciona 2 =8, unn
| 2' = 23, CnenosarensHo, t = 3. ITockoabKy t = 5x — 3, T0 5x —3 =3,
orcioga x = 1,2.

Pemras Takue ypaBHeHUs, He 003aTeJIbHO BBOJUTH HOBYIO Ilepe-
MEHHYIO, 8 MOXKHO CPa3y BRIHOCUTH O0IAI MHOMKUTENb 38 CKOOKH.
, 25*-3 (23 + 22 + 24+ 1) = 120, mm 2% 3. 15 =120.
| | Orciopa 25" 3=8, 2573 =23 x=1,2.

VIMeHHO ITO3TOMY 3TOT CIOCO0 HA3BIBAIOT CNNOCOOOM BbLHECEHUSA
it o6uw,ez0 MHONCUMENS 3a CKOOKU.

i 6) ITycrs 5° = y, Torna 52* = y?. Iloacrasum y B faHHOE ypaBHe-
Hue. Uveem: y2 -y =600, mian y2 —y — 600 = 0. KopHH nocienHero
| ypaBHeHudA: Y, = —24; y, = 25 (npoBepsTe).

] Iockonbky y = 5% > 0, To Y, = —24 — mOCTOPOHHMI KOpeHb. Eciu
i y = 25, 10 5* = 25, mam 5* = 5%, CreosaTensHo, X = 2.

B) Banuurem faHHOe ypaBHeHue B Buge 3°F + 22%- 3% - 2. 2% =0,
Pasjenum Kax bl 4ieH ypaBHEHUA Ha 2%*, Monyamm:

\ 3 3x 3 x 3 x
i (5) +(§) —2=0.I'ch'rb(§) =y(y>0),'rornay3+y—2=0.
1‘

| Hocxo.ubxyy3+y—2=y3—1+y-1=(y—1)(y2+y+2),'ro
‘ ypaBHEHHE y3 + y — 2 =0 umeer oxuH KopeHs y = 1. CnenosaresbHO,

| I 3\* 3\* 3 0
Il P =1, wim 32 =32 ,orciona x=0.

.|

‘ III. ®yskunonanbHO-rpaMIecKHi MeTO COCTOMUT B CIeyIO-
‘ ' mewM: 1) ¢ momompio mocTpoeHus rpadukos (uim myTém noxbopa)
| | HaXOJAT OJJMH KOPEeHb YPaBHEHUs; 2) JOKA3BIBAIOT, YTO APYTUX KOP-

|| Hell ypaBHeHMe He HMeeT.

| IIpumep 3.Pemmure ypasuenue: a) 1,5° =1+ 0,5%.

) Pemenue. 'padpuveckn uiau MeTogom npob ybexpaemcs, 410

x =1 — xopens ypasHenud. [Tockonbky y = 0,5*— Bospacraomas
J dyuknua, Tak kak 1,5 > 1, ay =1 + 0,5 — y6eisaromasn (0,5 < 1),
ﬂ TO APYTUX KOPHe! ypaBHEHHE HE HMEeT.
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Eciu B nOKa3aTeJIbHOM YPaBHEHHMH GHAK PABEHCTBA UBMEHHUTH Ha
3HaK HEPABEHCTBA, TO NOJIYYUM IOKa3aTeJIbHOe HePpaBeHCTBO.

‘ Hepaneucrno Ha3blBACTCA NOKA3AMENbHbIM, €CNNN €r0 NepeMeHHbIe
. ' BXOAIAT TONbKO B NOKAa3aTe/Nu CTeNneHen.

Jnsa pemeHUs NOKA3aTeNbHBIX HEPABEHCTB MCIIOJb3YIOT TE Ke
MEeTO/bI, YTO ¥ JJIS PEeIlIeHU ITIOKa3aTebHbIX YPABHEHU . A TaKKe
[paBUJIa pelleHus n&)oc'reﬁmux IOKas3aTeJbHbIX HEPABEHCTB, T.€.

fix P(x) fix) 5 9x) 0 1
HEepaBeHCTB BHAa a' ' >a"™ 'mwmma "' z2a"™’,rpea> 0, a # 1.

Pemasi mpocTeiine MoKasaTejbHbIe HEPABEHCTBA, UCIIOJIL3YIOT

MOHOTOHHOCTb (BO3pacTaHue NIu yObIBAHUE) IOKA3aTeJIbHOMU YHK-

nu#. A IMEeHHO:

1. Ecim a > 1 1 a™® > o), 1o f(x) > ¢(x).

2. Ecmm 0 <a <11 a’™ > a®®, 10 f(x) < 9(x).

IIpumep 4.Pemure HepaBeHCTEO:

a)2*-3*>36; 6)3-7**-2-7*-1<0.

Pemenmne. a) [IpegcraBum npaByio 1 JIEBYIO YACTH HEPABEHCTBA
B BH/Ie CTEIIEHH C OCHOBaHUEM 6:

6* > 62,

ITockonbky 6 > 1, T0 x> 2, Mim x € (2; ).

6) IIycrs 7% = y, Torga 72* = y2. IogcraBuM y B JaHHOE HEpABEH-
c1Bo. ITomyuum: 3y2 —2y—1<0.ITockoabKy KBaAPATHBINA TPEXUJIEH

1 3
3y2 — 2y — 1 umeeT KOpHHU —; ¥ 1, TO MHOKECTBOM pEILIEHUN COOT-

3
1 y<1,
BETCTBYIOIIEro HepaBeHcTBa Oyier: — 3 <y<1, mim 1
y>--.
3
IMockossky y="T7*>0, To ycaosue y > — 3 BBINOJIHAETCSA BCeT/a. Ecmm

y<1,10 7* <1, mm 7° < 7°. Cnegosarensno, x <0, wim x € (=03 0).

IlokazarenpHBIe YPAaBHEHUSA U HEPABEHCTBA — OTAEJIbHBIN BUJ
TPaHCUEH/IeHTHLIX YPaBHEHUI U HepaBeHCTB. Bel yike 3HaeTe, UTO
K TPAHCIEH/IeHTHBIM OTHOCATCS TPUTOHOMETPUUECKUEe YPABHEHUSA
¥ HepaBeHCTBA. TPaHCIEHIGHTHBIMY CYMTAIOT TAKIKE YDABHEHUSA U
HepaBeHCTBA, B KOTOPBIX COYETAIOTCHA TPAHCIEHJEHTHLIE BhIpaske-
HUA ¢ aarebpandyecKUMu:

5**145x>10, 2= [x+2, °—1=sin x.

TOoNBKO AJIA HEKOTOPLIX M3 NOA00HBIX YPaBHEHU M MOKHO YKA3aTh
TOYHBIe pemieHuA. X npubnukéHHbIe KODHU HAXOAAT B OCHOBHOM
rpapudyecKuM CrocoboMm.
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Vpasuenus suza (f(x))* = (f(x)"?, rae f(x), o(x) m y(x) —

“ yHKIUA nepememioﬁ X, HA3bIBAIOTCHA NOKA3AMeJNbHO-CIMeneHHbvlmMu.

Hx pemaior, IpoBepsd, He Oy Ay T JIK pellleHUAMH JaHHOIO ypas-
HeHus KOPHU YpaBHEHUM:

f(x) =1, f(x) = -1, f(x) = 0, ¢(x) = y(x).
TlonyueHnHble TAKUM 06PAa30M KOPHHU IOAJIEKAT IPOBEPKe.
Mpumep 5.Pemmnre ypasrenue x' % =x* "2,

Pemenue. 1) [Togcrasum x = 1 B ganHoe ypaBaeHue. UmeeMm:
1°=13 wmm 1 = 1. CenosarensHo, X = 1 — KOpeHb JAHHOTO YPAB-
HEeHUuH.

2) Ecim x = 0, TO uMeeM IIPaBUJIbHOE PABEHCTBO 0! = 0%, Crezo-
BaTEJbHO, X = 0 — KOPEeHb JaHHOT'O YPaBHEHH .

3) Eciiu x = —1, mosyuuM paBeHCTBO (—1)2 =(-1)!, mm1=-1.
PaBeHCTBO HENIPaBUJILHOE, CJIEA0BATEIBHO, X =—1 — IOCTOPOHHUI
KOpEeHb.

4) Pemium ypaBHenue 1 —x =x + 2.

Ero xopess x = —0,5 < 0. 3T0 IOCTOPOHHUI KOPEeHb, TaK KaK
(—0,5)1'5 He CYIIeCTBYeT.

OrBer.0;1.

P9 . MPOBEPBLTE CEBS

>

1. Kakue ypasHeHus Ha3biBaloT nokasarenbHbiMk? [puseante npumepsi.

2. Kakve HepaseHCTBa Ha3blBalOT nokasaresnbHbiMu? [pusegute npumepsbl.

3. CKONbKO pelueHnit MoXeT uMeTb ypasHeHHe a* = b (a > 0, a # 1)?

4. Kakue MeTogb! pelueHus nokasatenbHbiX ypaBHeHHH Bbl 3Haete?

5. Kakue HepaBeHCTBA Ha3blBalOT NPOCTEMILWMM NOKa3aTeNbHbIMU HepaBeH-
creamu?

6. Kak pelwatot npocTeilume nokasarenbHble HepaseHcTsa?

#44 BbINONHUM BMECTE

1. Pemmure ypasrenne 4~ 5 = 8%*,

Pem e H ¥ e. 3anumeM NpaBylo ¥ JIEBYIO YACTH KAK CTEIIEHU YUC-
na 2: (22)* 5= (2%%*, wm 22* ~1°=2%% Orcioma 2x - 10 = 6x,
4x =-10, x =-2,5.

2. Pemnre Hepasencrso 3° 71— 232> 75,

P e m e u u e. 3anumem HepaBeHcTBOBBUAE 3* + 3—2+ 3% - 372>75,
wm3-3%— %-3"2 75. BeireceM 3* 3a cKOOKHM M YIIPOCTHM IOJIYYEHHOE

2
HepaBeHcTBo: 3" (3“5)275, 3*- §9§ >75,8%227,x 2 3, mm x € [3; ).
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3. Pemure ypasrenue 32 1 + 4155 =3 - 52¢*1,
PenreHue. 3anuimeM ypaBHEHHE B BUJIE
3:3%%+4-3%.5"=15-5%,

Pasie/iuM JIeBYIO ¥ IPABYIO YACTH ypaBHEeHus Ha 52", MeeM:

2x x
3 3
3-(3) +4-(3J =15.

3 x
O6o3Haunm ( —) =y (y > 0) 1 moacTaBUM Y B JaHHOE YPaBHEHUe.

5

Ionmyunm: 3y2 +4y—-15=0, orciona y, = g. Yo = —3 (HOCTOPOHHMIA

(3]

x x
4. Pemm'eypaanenne( 3—\/—8_) +( 3+\/§) = 6.

KOPEHB).

w | ot
ot
vl

x =1
5 3
Ecan V= 5 , TO g - . Cnenona're.nbno,

x=-1.

Pemenue. Haiifém npoussefieHre OCHOBAHUN CTeIeHEMH:

J3—J§-J3+J§=\/(3-J§)(3+J§)=\f£>—_8=1.

To ecTh \/3—\/—= . 3
3+\/8_

x

X
Oﬁosnatmm( 3+~/§) =y(y>0),'ror,na( 3—\/5) =

|-

ITepeiifém K ypaBHEHHIO C IEPEMEHHOM Y+

1
;+y=6,unny2—6y+1=0,o'rcxona y=3+ \/g,y2=3— V8.

IMonyaum:

(J3+_J§)’=3+J§, -
(W)x =3-48; ‘|#2=-2

I. /
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5. Pemmure rpaduyecKy HepaBeH-

ctBo 2 <x+1.

Pemenue. IToctpouMm B 0HOM
cucTeMe KoopAuHAaT rpaduku GyHK-
nuity =2"uy=x+1(puc. 27). Oun
nepecexaioTca B Toukax 4 (0; 1) y=2%
u B (1, 2) (mpoBepbTe NOACTAHOB-
Koit). 3nauenus 2* MmeHbIIe COOTBET-
CTBYWOIIMX 3HAYeHu# x + 1, ecau
0<x<1.

Orser. (0;1).

| Boinonuure ycrHo R e, T Bet
142, CKoJIbKO pelieHnit UMeeT ypaBHeHUe:

a)12°=38; 6)1+2°=0; 8)5°=0; 1)8**=4?
143. imeer 4 pellleHUs HEPABEHCTBO:

a)10*>10; 6)7*<-9; B)5*<0,5; r)56*>-5; M) 4*<0?

144, Pemure ypaBHeHME!
a)8*=81; 6)7*=1; 8)5°=625; r)6*=-2; nx)4*=16.
145. Peuure HepaBeHCTBO:

a)3*>1; 6)7*<49; B) 5*<125; r)15*>-2; 1) 4*<0,25.

|Yposenn A LG B N v

R ——

Pemure ypaBuenune (146—149).

146.9)4* 2= 2; 6) 9° *=3; B) 521 =125,
= 1
147, )82~ 1-22; 6)0,42¢*1=0,16; B)(sﬁ)“ =49,
S\~ raY: . od 27 2187 1 9 Y. 27
148. .7 (3] . (8] = &4, 27 _ 2187 119 ) _ 27
2|2 (9) g7 6)(8) 128 ° ¥ 2(25] 250 °

O |-

fia9 TS Bdalog! iR
-a) e ; 0) 2 Lk ’

3)4 +3x

| ov
(N
|
[
=
1]
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1
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o
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eIIATE YPaBHEHUSA 1 HepaBeHcTBa (150—151).
150.2)2* " 1=16; 2**'>16; 6) 32 *=27; 32 *<27;
B)4* 1=32; 4*1<32; r)8*+t2=128; 8**%2>128.
1561.2) 9 *=27; 97*>27; 6) 8*=16; 8 *<16;
B)38—2.t=1; 38-21<1; r)48+5x=1; 48+5I>1.

Pemure ypaBHeHHE, HCIOJIL3Y A CII0COD BEIHECEHHU S 00II[ero MHOMKM -
e 3a ckoOkm (152—153).
ézz.a)a““+3"=108; 6) 2* "2+ 2%=5;
B) 2*-2°"%=12; r)8**2+3**14 3% =39,
153.2)2-3**1+3*t3=-33; 6) 5*"2+11-5=180;
B)3*t1-2.3*"2=175; r)5-0,5° " 2+0,5""1 =162.
PemuTe ypaBHeHHe 3aMeHOH nepeMenHo# (154—156).

154.2)6** - 4-6*-12=0; 6) 64* — 8% — 56 = 0;
B)9*—-8-3"=09; r) 72+ 7=8-7%
155. ) 22* - 3- 2% + 2 = 0; 6) 32*—2:3*—3=0;

B)9*—6-3*—27=0; r)4*-14-2*-32=0.
156.2a) 100* - 11-10*+10=0; 6) 4 -9-2*+8=0;
B)5%*-8-5*-10=0; r)3%*-12-34+27=0.

Pemure HepaseneTBo (157—160).

1157. a) 2% < 32; 6) 0,2* > 0,008; 8) 10* < 0,001.
158. a) 52x<25x+ 1; 6) 0,13x<0’121—3; B)7tx<7t2+3x.
169. a) 3** 2 - 3* < 8; 6): 8%t 4q-3%s L 08,

160. a) 5 ! + 5% > 150; 6) 2-3*"1-3*<15.

{¥posens b T
= S e

161. [Tpn kaKkux 3sHAYEHHAX IEPEMEHHON 3HAYCHHE BBIPAYKEHUA:
1) paBHO efuHUILE; 2) HE NIPEBBLIIIAECT eAUHUAILY:

2_ 2 27! o
" a) 0,31' x; 6) 7x 4; B) 5.’((1’+3); I‘) 0’51' 3x+2; JI) 4\/; 1 ?
KGZ. IIpu kaKuX 3HAYEHUAX NEPEMEHHOU 3HAUEHUE BhIPAIKEHNUA:
1) paBHO eguHUIIE; 2) He MEHbINE eAUHHUILHI:

2
A % 6) V5 5 80,15, 1) (m-e)F; ) 3vrro
Pemure ypasnenne (163—169).

2 1 2 i 1
883 5) 0,5% -22%t2___. 6) 25 6x+05_ /
) 64’ ) 16\/5 ’

2
8) 16 .38 "3*-5_128; 1) %-4\/93"‘1 =273,

=
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L Paszpen 1
TH64.2)8% ' =51 6) 18*73-113"*=0;
B) 5% - 2%* = 400; r) 2% - 3%* = 324.
1165.8)2** 1 +3-2"1-5.2+6=0;
6) 8*t1-2.8*71_4.83*"2 =17;
)731+3+73x+2+73x+1 57
r)44x 1+44x 2+44x 3_168
166.2) 2% - 6.2+ 12-2*-8=0;
6) 33x+l 4- 27x 1+915x 1"80=0;
B)zz 1 3::_3: 3 | 2x+2
r)52x 1+22x 52.t+ 22x+2__0
n)33x+3 33x+2 33x+l+33x_432,
e)3x+2+3x+1+3x=4x+2_4x+1+:1x
167.2) 4V*~2 116=10.2¥*"2;  6) g4+2l*V* = 4V*;
1 2x-1 1 x
= —a
B)(E) +3=10-3""; r) 6+5-6 =(§) 1
168.a) 4Vx+1 _g2+x+1_ 4. 6) (2% +10)- 2* %= 36;

2)9"71-86-3"343=0; 12T _5(y2)"  +2=0.

1169.a)3-16"+2-81*=5-36%  6) 32" 4 +45:6°=9-22*%
B)18°-8:6"-9-2*=0; r) 12*°-6*"14+8-8*=0.

Pemure HepaBescTso (170—172).

170.a) 3"+ %%- 3% %> 3; 6).0,654 0,5 ndd < 23
x x+l3 1 x-2 4l+x l

B) 8" -4 16 : r) 2 4 > 3"
171.2)13%**1 - 13* < 12; 6)3%**1>10-8*-3;

B) 9% + 31> 108; r)4*+ 21> 80,
72.0) 5% -24 < 25; 6) 25+ <16,5.

5% 2%

{Yposens B ' A BTy U, B

Pemure ypaBaenue (173—176).

1730 (5-202)¢ +(3+242)¢ =34 0 (V25 +({2-5)
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174. a)(\/3+\/—_)x—(\/\/ﬁ—3)x=6;6)(\/2:1-_\/§)x+( 2—\/§)x=2.

- 2~ 2 !
175 a) 321’ 6x+3 6x 3x+1 1i) 221‘ 6x 4 3;

6) 32,!2 32x+12 2_3x2+x+6,
B)3l X 221+7 2x=6.3x;
r)27-27%%49.2°-2%%_27.2%=8,
18: 6 3 8 6
176. a) 32% - -8 +—|=2; 6)2°- —-6:2"+ =1;
) 3 ( 31) ) 23x 2

x -1 L

B) 53* +9-5% + 27 (5% + 57%) = 2T;
r)3%-12-37%-2(3*+8%)=1
Pemure HepaBeHeTBO (177—179).

B)(cos 6)°* **< 1-gin%6;  r)(sin 2)** 54850 5(1 - cos 4).

2
3x—-4
178. 5x+0.5_9x29x—1_5x—0,5; 6 SXLkOXTE 20;
a) )4"+2"*‘—80
2x+1 x
ok ke
B)“ 9%t 148:477 1+— 9*<6-45 1) 5——"<0.
x“+4x-5

ﬁ79 a) (\/5+2\/_) ( 5—2\/§)x2 10; 6)4-4*-6*<18-9%;
) (\/7+4\/§)x+(\/7-—4\/§)x5 14; 1) 2%*+155.6%—32+1,

Pemure rpadpuuecku sepasenctso (180—181).

180. a) 2° < 3*’1‘, 6) 0,5°> [z73; B)3+x2>4.
181.a)e*+1>sinx; 6) 3 '<xl; B) (x—1)%+ 2% > 2.

182. Haiifure mesble pelIeHNs HEPABEHCTBA:
a)0,04<0,2*<125; - 6) 0,1 <2*"3<10;
B)0,1 <n*<10; )01 <e"<10.

183. Pemmure ypasrenue:

a)x1+l=xx2-l; 6) (x_l)x= (x_l);} ;B)(x_2)1012=(x_.2)31"l.

e ——
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Pemmute cucremy ypasHenui (184—185).
35+ 27, {32:—_1; g 63:—y & \[6-,
)

184 a) {4x._y = 0’25; . 2x +2y = 12; B) 2!/-21 = 2-1.

x+y=>5, 2% 42%.y=10, |7%-T%.y=28,
ﬁ85.a) 4% +4Y = 80; y2+y-2"= 15; yz—y'7x = -12.

186. MeTa/uimyecKknii MapykK, TeMneparypa koroporo 120 °C, mome-
cTHM B moMemieHue ¢ Temnepatypoit 20 °C. Yepes CKOIBKO
MUHYT TeMIIepaTypa mapuka 6yzer cocrasasaTs 84 °C, ecou 3a-
KOH OXJIaXK/IeHUA TeJia BeIpaxkaercsa opmynoi D =D, b*, rae
D — pa3HOCTB MeXy TeEMIIEPATYPOH OXJIaKAaI0Ierocsa Teja u
TeMIIepaTypoil oKpyKalmei cpensl; D, — HavajbHas pas-
HOCTH TEMIIEPATYP TeJia ¥ cpefbl; ¢ — BpeMsd (B MUHYTax), b 1
k — MOCTOAHHBIE BEJIMYUHEBI, KOTOPHIE 3aBUCAT OT (DOPMEI TeJsia
R martepuasa? Ilna gagaororenab=0,8, k=0,1.
‘[187 . @opmyJia BEIBEIEHMS MEAIMHCKUX IIPEIIapaToB U3 OPraHus-
‘ Ma UMeeT BHJ C = coe”", rjie ¢ — KOHIEHTPAUUsa MeJUIIUHCKO-
il | ro mpenapara B OpraHusMe depes t 4, ¢, — HadaJbHasd KOH-
’ ‘ | LeHTpanus npenapara. Haigure npubaiusuTesibHOE BpeMs, 3a

: KOTOpPO€ KOHIEHTPA A MEJUIIMHCKOTO IpenapaTa B OpraHus-
‘ i Me genoseka ymenbmurcs Ha 20 %, ecam KosddunmeHT
[ k BEIBeIeHUA JAHHOTO IIpenapara u3 OpraHusMa paBeH 2.

' |! \Vnpaxnenus ans nosropeHus ..

e ———

. 188. JIns nmepedrcIeHHBIX HAKe DYHKIMHA 3anumuTe odpaTHbIe U
' "‘ nocTpoiiTe ux rpaduKM:
| a)y=3x+1; 6) y=x°;
[‘ B) y=x; r)y =tg x.
189. YupocTuTe BHIpaXKeHHe:

|

s

a) gi+V3 g1~ 323, 6) (251+Jé _52J§) : 5-1-2J§;

5) 432 g1-2 2—4—J§; & (22J§ _4J§—1) _ 2—2\/5.
‘ 190. IIpu KaKoM yCJIOBHH IIOJIOKEHHBIN B 6aHK II0J IIPOCTHIE IIPO-
| eHTHI KanuTaj yeeauuurcs Ha 44 % depes aBa roga?
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§5. JIOrAPUPMbI U UX CBOMUCTBA

B npeasiayimem naparpacde Bel HAXOAWJIN KOPDHY YpaBHEHUA BHIA
a®=b.Hanpuwmep: 2* =4, x = 2; 2 =8, x = 3. A KaKoil KOPEHb UMeeT
[ ypasHenue 2° = 5? I'papuuecKuM METOZOM MOMK-
HO yOeAuTHLCHA, 9TO OHO UMeeT eIUHCTBEHHOe pe- yA
menue (puc. 28). Iro uyncio Gosbie 2 ¥ MEHbIIE
i 3, HO KaK ero sanucarb? /y
Inst 3aITMCH KOpPHEH MMOKAa3aTeJbHOI'0 ypaBHe- 6
HUSA UCIIONB3YIOT IIOHATHE «JIOrapu(dM» ¥ COOTBET- ]
cTBytomuii cumBos. Kopaem ypasaenus 2° = 5 saB- 21
JIeTCHA 9UCJI0, KOTOPOE 3aIMCHIBAIOT B BUje log,5 .—// .
YHATAIOT «J0rapudm gucia 5 1o OCHOBAHHIO 2» . -2 0
PaccMoTpuM o0Iuii caydait:
IlycTs a u 0. — felicTBUTENbHEIE ynCaa; a > 0, Puc. 28
a#1.Ecmu a®=b, To YHCIIO (L HA3BIBAKOT 102APUP-
mom umcia b 1o OCHOBAaHUIO .

—9x

[

Jlozapughbmom yucna b no ocnoBaruw a (a >0 u a #1) Ha3biBaOT
nokasarvesib CTENeHH, B KOTOPYIO HY)XHO BO3BECTH YMCNO @, 4TOObI
nony4ursb b. :

7 @ e—

Jlorapudm uncia b 1o ocHOBaHHIO @ 0603HaYAI0T cUMBOJIOM log, b.
ITpumeps log, 8 =3, rak Kax 2° = 8;

-2
log, 9=-2, rax xax [%) =9; log;4=4,rak Kax (\/5)4 =4
3

OcHosaHuem nozapupma moxcem OblMmb NPOU3EOJbHOE NOJLONCU-
menvHoe wucno, kpome edunuybt. Kax usBectHo, ecma > Qua# 1, 1o
06JIaCTh ONpe/ieIe U MOKa3aTe N bHOM QYHKIMH § = @° — MHOMXKe-
CTBO BCeX JeMCTBUTENBHEIX unces R, a 001acTh 3HaAYeHUA — MHOMKe-
CTBO BCEX MOJIOMKHUTEJBHBIX NeHCTBUTENbHBIX duces. [loaTromy npu
TaKAX 3HAYCHUAX @ JJIS JII0O0T0 IMOJ0KUTEIHLHOTo YKcia b Haigérca
Takoe o, 4To a” = b. JIpyrumMu cJaoBaMu: Ipu J060M OCHOBAHUH a, T7ie
a>0wua# 1, cymmecrByer JorapudM Ka’kJ0r0 IOJIOKUTEJILHOTO
yuca. JIozapugm ompuyamesbHo20 YUcaLa U HYLs He cyujecmayem.

Ilone3H0 TOMHUTSE, YTO AN Kaxkaoroa >0ua+#1

log,1=0mulog, a =1 (nmouemy?).

Haxoxnerue jorapudma Yuciia Ha3bIBaIOT JL02APUDMUPOBAHUEHM.
Jra onepanusa odpaTHAA K OIepalliy BO3BEJIeHMSA B CTEIIEHb C COOT-
BeTCTBYIOIIIUM OCHOBaAHHEM.

| ORI D I A R I
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BosBesnenne B cTenenb Jlofapntl)nmﬁonme
2%=32 log,32 =5
4
(v5) =25 log j; 25=4
|
| 0,1% = 0,001 log, 10,001 = 3

| CoruiacHO onpeieIeHHIo Jorapudma, ecau a”=b, To oL = log, b.9r0

. !‘ pPasHbIe 3aIIMCH OZHOM 3aBUCUMOCTH. VI3 HUX clleyeT paBeHCTBO
log,b __

a"®’=h,

' KOTOpPOE Ha3bIBAIOT OCHOBHbLM Jl0zapudmuieckum moxdecmaom. OHO

IIPaBUJILHOE JJIs JIIOOBIX IOJMOXKHATENbHEIX a u b (a# 1).

—_————

log 25
Hanpuwmep: 2]°5232=32; (\/g) B =25,
; , log, 10,001
| 0,1 %01 = 0,001.
| C nmoMoIb0 OCHOBHOTO JIOTapu(pMHAIECKOr0 TOXKAeCTBa J0boe
MOJIOYKHATEILHOE YHCJIO MOYKHO IIPEICTABUTE B BU/Ie CTEIIEHH, UMEI0-
i e 3aJaHHOE OCHOBaHHE.

[ 1 7.
1 Hanpumep: 7=5%"; 7=12"%27; 7-0,5"%0s",
IloxakeM emié HeCKOJBKO BAXKHBIX CBOMCTB JorapudMoB (A1

! 1 TOJIOKUTENBHBIX X, Y, @, a# 1 up € R):
} - 1) log, (xy) =log, x + log, y;

3) log, x’ =p-log, x.

1) ITo ocHOBHOMY JIOrapU(PMUUIECKOMY TOKIECTBY X OCHOBHOMY
i CBOMCTBY CTEIIeHH
(|

log, x

' x
\ :’l 2) 108'4; =log, x —log, y;
|
\
|

xy=a _alogay =alog,x+logay.

9HCJIO @, YTOGHI MOJYYIHUTH XY, TO €CTh

| log, (xy) = log, x +log, y.

r ‘ Hrax, log, x +log, y — nmokasarens, B KOTOPbI# HY’KHO BO3BECTH
|
' I Ity hopMyIy MOKHO 0606IIUTE HA TPY U 60JIee MHOMKHTENA:

‘ log, (xyz) =log, x + log, y + log,, 2.

1 KpaTtxo roBopar: nozapugm npouseederus pageH cymme 102apug-

MO8 MHONCUmMeell.
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2) JoxasaTenbCTBO aHAJOTMYHOE MPeAbIAYIIEeMY:

i___alogax :alogay =alog,,x—log,,y ;
Yy
OoTCroaa

log, % =log, x-log,y .

KpaTKo roBopaT: 102apu@m 4 acmHozo paéeH pa3HoCcmu Lo2apup-
M08 Oenumozo u derumens.

3) BosBeiéM o6e 4acTH TOMKAECTBa x =g °%e¥ B cTeneHb p:

xP = (al"g“’ )p =qP%8a*

Urak,
log, x’ =plog, x.
IToxazauHkbIe (POPMYJIBLI MOXKHO MCIIOJIH30BATH U CIIPDABa HAJIEBO,
HaIpuMep:
log,,3 +1log,,4=1log,,3-4=1log;, 12=1;

! 0
log; 50~ log; 2 = logs > =log; 25 = log ; 5% = 2.

B srorapudMax nepexoauTs OT OJHOI'0 OCHOBAHHSA K JPYTOMY MOK-
HO IIPH IIOMOILU (YOPMYbL nepexoda

1
log,a
rnea>0,a#1,b>0,b#1,x>0.

IMoxaxxeM Ty hopmyry. IIOCKONBKY IIOJIOMKUTENIBHBIE YHCIIA X U
a'%8a* paBHEI, TO PaBHBI ¥ UX JorapudMsl 1o ocEoBasmio b. IToaTomy
A4 log, xy _ :
log, x =log,, (a*%**) = log, x  log, a,

OTKYJa U CIeyeT foKaseiBaemMasi hopMyia.
O6parurte BEuMaHUe! Kak cinencrBus us opmysisl nepe-
X0/1a MOYKHO IIOJIYIHUTE Claeayionue GopMyJIbl:

log,x=

4 logbx,

o e |
log, b= logu,, b= 5 log b.

log,a :
JokaKkure uX CAMOCTOATENBHO.
IIpumep 1. Vopocrure Beipaskenue log;6-logg7-log, 8 logg9.
Pemenue. CBeiéMm Bce storapudMsel K ocHOBaHMIO 5. NMeem:
log,7 log,8 log,9
. log, 6 { log, 7 . log, 8

"

log; 6

= logs 9.
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Oco6eHHO YacTo UCIIOJIB3YIOT Iorapu@dMEbI 110 ocHoBaHuAM 10 u e,
UX HA3BIBAIOT 0€CAMUYHBLMU A HAMYPALbHbLMU J0zapupmamnu. Bme-
cro log,,a u log, a numyT coorBercTBeHHO Ig @ u In a.

PaccmoTrperHBIe B naparpade cBoiicTBa J0orapudMoB IPaBUIb-
HBIE IIPH YCJIOBUH, YTO IePEMEHHbIE€ IPUHUMAIOT II0JI0KUTEIbHEIe
3HavyeHUA. C IOMOIIBIO MOAYJIA MOYKHO PACHIIMPUTE UCII0JIb30BAHUE
HeKOoTOopHIX hopmysn. Hanpume p:

log, x*"=2nlog,|x|,n€ Z,a>0,a#1;

log, xy =log, |x| +log, |y, xy > 0,a>0,a#1.

Ina npeo6pasoBaHusA BHIDAXKEHHUI, DEIIEHUs YPABHEHUU U
HepaBeHCTB UCIOJb3YIOT U JApyrue (opMyJibl, cCOAepIKaIIue Jo-
rapu@mer:

logau xB — %logax; alogc b = blogc a g

I[OR&XCHTG HUX CaMOCTOATEJIBHO.

@ MPOBEPBTE CEBS

" 1. Yro takoe norapudm uucna a no ocHosanuio b? Kak ero sanucbisaior?
2. Kakum MoxeT 6biTh OCHOBaHWe norapudma’?
3. Cywectsyet nm norapuchm oTpuuaTensHoro uncna? A Hyns?
4. Kakoe paBeHCTBO Ha3blBalOT OCHOBHBIM NIOrapHMHYECKHM TOXKAECTBOM?
5. Yemy pasen norapucm npoussenenun? A yactHoro?
6. Kakue norapudmbl HasbiBaloT fecaTUuHbIMU? A HaTypanbHbiMu? Kak ux
3anucbiBaioT?
7. Kakoe paseHCTBO Ha3bisaloT hopMy/oi nepexoaa?

S99 BbINONHMM BMECTE

PH
1. Boruncoure: a) 251 0919410, 6) 3105 4.0,51g64; B) 81'%%53 |
Pemenmue. y

a) 251 08108510 _ 95 . (950:5)l0g5 10 _ 955 . 508510 _ 95 . 10 = 2,5,
6)3lg5+0,51g 64 =1g 5% +1g 64°° =1g 125 +1g 8 =1g 1000 = 3;

B) SIﬁ = ()™ =(3'°"=*5)4 =5% =625.

2, Pemmnte ypasrenue: 32 —5-3% + 6 =0.

Pemenue. [Tycts 3° = y, roraa 3%* = y2 INogcrasum y B ganHOe
ypaBHEHHe.

ITonyumnm: y2 -5y +6=0,orciona y, =2; y,=3.
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Iockonsky y=38",103"=2,x=1log,2, mm 3" =3,x=1.
Orser.1;logg2.
3. HaiiguTe x 13 paBeHCTBA:

logy 3 x =0,5log, ga — 21og, 3 b +log 5 c.
Pemenmnue. logo‘ax =0,5logyza—2log,;b+logyzc=

\/_c \/;"

[Tockonbky log 3 x = logg 3 , TOX = b_z
b?
J— ac

4. Beruucaure logg 16, ecu log, 2 = a.
Pemenne.

OTrBer.

log;,16 _ log,, 2* 4log, 2 _ 4a

log,16=
8600 = Tog1,6 logy,(12:2) logyz12-log;2 1-a°

OTrBer. 4_a.
l1-a

| Boinonuute ycrHO e o

Brruucaure (191—194).

191.a)log,1; 6)log,32; B)log,0,5; r)log,4; n)log,2.
192.a)log;3; 6)logg81; B)logs27; r)logz1; a)logg9.
193.a)log, 5 2; 6)log,s1; B)log,;0,5; r)log,s4; A)log ;8.

194. a)log,; 5; 6) log 55; B)logy3; 1)1g0,01; x)logz9.
Pemure ypasaenue (195—196).
195.a) 3" =8; 6) 7* = 5; B) 125 =6; r)4*=6.
196. a) log;x=2; 6)log, x="5; B)loggx=0,5; r)lgx=3.
197. YuopocruTe BhIpakeHue:

a) 3 033.!; 6) 71087 (y+ 1); B) 321033 x; I‘) 49‘037 (y+ l).
Haiigure x (198—199).
198. a) log, x = log, a + log, ¢; 6) log,x = 2 log,a + log,c.
199. a) log, x =log, 15— log,3;  6)log,x=0,5log, 64 —log, 4.

{¥posenn A ) T

200. [Toxaskure, uToO:
a)log, 16 = 4; 6) log 5 125 = 3; B) IogJé 81 =8.

_
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201. 3anumuTe UCIOAb3Ys JOrapudM COOTHOLICHUE:
a)5*=625; 6)9%°=3; 8) 4% =8;
r)6°=1; x)107%=0,001; e)a®*=c.
2- 3armmn're KCIIOJ[E)YH IIoKas3aTeJib CTelIeHU COOTHOIIIeHHue:

1

!h r) log, x = 3; m)logs2x=2;  e)log,49=2.
J} f 203. BepHO /11 paBEeHCTBO:

a)log 59 =4; 6)logy;4=—2; B)logyV3 =0,25?

‘ Beruuciure (204—206).
i 204. a) log, 64; 6) log, 256; B)log,0,25; r)log,; 5;
|
‘ ‘ n) log;,100 000; e)log,,0,01; €) logs V3; x) log, 8.
. .;‘ ’ @5- a) log, 64; 6) log, 128; B) log; 25; r) log; 125;
1 1) log,0,125; e) logy 3; €) log, 16; ) log s 6.
| ili 206. a) 1g 10 000; 6)1g0,001;  B)lg 10; r)1g0,1;
il PRI |
| %) 1g+\10 5 ) 1g¥10; & legs; ) lg 1007,
f | t 207. Beruuciure 3HaYeHHMe BHIPAYKEHHA, BOCIIOIb30BABIIHCH OCHOB-
l' HBIM JIOTapHOMUIECKUM TOIKAECTBOM:
| a) 3log3 25; 6) 7log7 0.3; B) 31033 1; ‘1) l’llogm 10;

II) 2!032 6; e) 3log3 3; e) 4log4 16; )K) 0’5logo,5 7.
208. Yupoc'm'i'e BeIpakeHue. IIpyu KAKUX 3HAYEHUAX @ HTO BOBMOMKHO?
| a) log, 8 +log, 2; 6) log,, 8 —log,, 2; B) log, , 40 —log, , ; 5;
| r)log,4+log,5; n)log,5+log,0,4; e)log, 2 +log, 3 +log, 4.
‘ IIpencrasTe BeipaskeHue B Buze gorapudma (209—210).
ﬁ09. a) 1 +log; 3; 6)log; 4 -1; B) log; 9 + log; 4 + log; 2;
r) 2 +logy 2; n)log; 40 —-2;  e)log; 6 —log, 2 —log; 3.
210.a)51g2+1g3; 6)3lg4-1g8; B)2lg3+3lg2;
| n2lg5-3lg2; 1) ylgd+1g3; o) zlg8-2lg2.
|

211. BeryucuTe 3HAYCHUE BBIPAYKEHUA:

a) 5'%s4 + 1; 6)1,2'°612"-2;  8)0,3'%03%3 + 3;

i
I
r)log,;3+log,s5; m)1g300-1g3; e)lg50-2igy5.
' r212- Brruuciure, mob3ysch MUKPOKAJBKYJIATOPOM:
[

a)lg 23; 6)In 48; B)1g 0,378; r)lg1,3.
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PemnTe ypaBHeHue (213—214).

213. a)log,x=3; 6) logy 5 x = —2; B)lg x=3.

214. a) 4% = 5; 6) 6* = 2; “B)5* " 1=8,

215. I1o kakoMy OCHOBaHUIO Jorapudm gucaa 729 paBeH 6?7
{Yposenn B AT

fﬁlﬁ. HaitguTre norapudM mo OCHOBAaHUIO 3 IPEACTABIEHHOIO HUMKE

gucJa:
i 20 . e i J3
a) 575 6)729; B) 49 ; r)ﬁ, n) 3Y8,

217. Ilopa#iTe uncaa —2; —\/5; -1; -0,5; 0; 0,5; 1; J§; 2 B BHJE

~ Jorapu(MOB [10 OCHOBaHHIO: a)5; 6)0,1; B)11; r)2,5; n) \/5 ;
‘]ifl& Haiigure uncio, Jorapu¢m KOTOPOTo 10 OCHOBAHUIO 5 PaBeH:

a)5; 6)-1; B)0; 1)0,5; 1)— V4.
Brruuciure (219—223).

219. a) log, (logz27);  ©6) log,| log, 1—125- ;  B)logg (8log,4)’;
3 5
8\ log, (logs /81): 1g (51g 100)®
r) log, (log5 \/5), n) logy 3 3 e)lg(slg 100)°.

1220. 2) 2log ; 25+ %logz 64;  6)4logg 216 - 2log, ; (log;81) ;

B) 2log, %+3log1 27 ; r) 5log, 625 +8log, (log,; 256) -
3 5
logy + logs 10
~logg 2, 3 T8 1 -
221. ) 27 108s2, o(z] B)(I%J ;
r) 22 + 1032 5; JI) 32 + logs 10; e) 52 = log5 10.

@2' a) 25l~log2515; 6) 5 , 3log34—1; B) 4 S 51035 10—2;

log, 3+1 lgl-2

100
223, 5) 2 log,3 ) %1328 logy L +logy5
3.8) ¢ - (logs 814167 )", 6) glomag+ioms
logg=3
5) =-(1g10+9°%%) ™" r) 902+ otz
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224. 3nas, urolog, b=8(a>0,a#1, b > 0), Beruncaure:

a) log, ab; 6) log, % : B) loga L/ ;
r) log, (a°b); 1) log, Jab ; ) log, (ab)s -

T225 HssectHo, uto log, 2 =p,log, 3 =¢,log, 5=r(b>0, b#1). Haiiaure:
a) log, 60; 6) log, 108; B) log, 45;

r) 1ogb(5~f ] 2 logb(3—52); e) log, (0,2).

Haiinure x u3 paBeHncTsa (226—227).
. 1 1
f226. a)log; 27 + logs(g) =logg x; 6) log; x = 3 log; 8 - 2;

B) log; 125 —log; \/5 =log; x; 1) logy, x =1+ log,, 10.
227.a) logg x =3 —log, 2 — 2log, 5;
6) log; x =1 — 3log; 2 + log,; 20;

1
B)logs x=2— Elog3 4 - log, 5;

r)log; x = log5( )+ log; 3 + log;; 8;

n) log, x =3 log,; 2 + 0,5log, 25 — 2 log, 2;
e)lnx=2In5a+1Inb-0,5Inc—Ina’

Pemmure ypaBHeHue (228—229).

228.2)9°-5-3"+6=0; 6) 72**1-6-49* = 5;
B)2-4*t14+10=8-2%3; r)9**116=189-3*" 2

1229.2)9*-6-3*+5=0; 6)2-52*—-3-5%+1=0;
8) 15%**1_ 15% =2; r) 5% 72 5% = 40.

230. IIpu KaKuX 3HAYEHUAX [IEPEMEHHOM MMeeT CMBICJI BHIDAXKeHNUe:
a)log, (8 -5x); 6)1g(9 - x%); 8) In (x® - 2x);
2x + 5

r) lg= 1) logg |xl; e)log, (4- x%)?

231. quucnn're.
a)log, 3 -log; 4 -log, 5 log; 6 - logy 7 - log, 8;

6)1g5: (logs4 - logg 5 -log, 6 logg 7-logy8 - log,,9).
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Yposenn B 35 —— =5
232. IIposnorapudmupyiire ob6e yacTy ypaBHeHUs ¥ HAAUTE €r0 KOp-
HH:
-+ -
a)2**1=6; 6)8" "' =3% B) 8% %=10%;

x-1 % x+1
p)(é) =5% . n)lz"“:(%); e)3’=(§) :

Lé33. Hoxaxxure, uroecaua >0,a#1,b>0,b#1,n#0, To:
a)log,b-log,a =1; 6) log,.b" =log, b;

lga Ina
lgb_ 3lga, s I
B)GC =b r) lgb Inb "
234. lokaxure, 4TO:
a) 310(25 o 510823; 6) 7!035 4 = 41035 7;
logls

B)logg 7+10g;3>2; 1r)7 7 =0,2.

1235. Beipasure yepes a:
a) log,g 32, ecnu log, 14 = a; 6) logyg 28, ecnu log, 7 =a.
236. BerpasuTe uepes a u b:
a) log,549, ecin log, 9 = a, log, 45 = b;
6) logg, 240, ecu log , 5 =a; log , 3=0.
237. Beraucaure:

log, (\/§+ \/5)

i s~ logg5 3 logs T .
2 logg (5+24)° 6) 7°%° ~logg, 55 ¥4 5"
lg(lg2)
B) log, logy (V5 +/2)-log; logy (7+/40); r)g le2 ;

1) 1g (sin 15°) - 1g (sin 30°) - 1g (sin 45°) - ... * 1g (sin 120°);
_ e)lg(tg1°) +1g (tg 2°) + ... +1g (tg 89°).
"1238. Yupocrure Bhipaskenue, ecima > 0,a#1,6>0,b# 1:

a) \/log, b+log, a+2(log, b-log,,b)-\log, b , ab+1;

6) |[6(log, alog,» b + 1)-logy; b +log? b-log, b, a> 1.
239. IlokaxuTe HEPaBEHCTBO:

a) LT A U

logom logzm lgm

6) In1+In2+In3+In4+In5+In6
6

S b e G

>4;

< In3,5.
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JYnpaxHeHus QNS NOBTOPEHMA

240. ITocTpoiiTe rpaduK HYHKIHHA:
a)y=2*"L  6)y=2+1; Bm)y=2"; r)y=[0,5-1|.
241. PemuTe HEpaBEHCTBO:
a)3**+8:9"-9>0; 6)3-2"-16"-32<0;
B) 5% — 25* "3 < 0; r) 0,2 "% -0,04% > 0.
242, V13 nepeBépHYTHIX 28 KOCTAIIEK AOMUHO Hayraj 6epyT ofHy.
KaxoBa BepoATHOCTb TOT'0, YTO HA HEM OKAYKETCs BCEro:
a) 2 ouka (cobriTue A); 6) 5 oukos (codwrTHE B)?

8 6. IOTAPUOMUUYECKUE PYHKLIUU

Kax usBectro, ecmua > 0ua # 1, To KaXKAOMY IOJIOKUTEIBHOMY
BHAYEHHMIO X COOTBETCTBYET e/MHCTBeHHOe 3HaueHue log *. IToaro-

MY PaBEHCTBO Y = loga X 3ajaéT HEKOTOPYIO (QYHKIUIO C 06J1aCThIO
onpeznenesus (0; o).

' ®yHkumio, 3apaHHyl0 hopmynoii y = log, x (a > 0; a # 1), Ha3siBa-
| 10T 102apugpmuyeckol pyHkyuel c ocHoBaHueMm a.

IIpumeps jorapudmuyeckux pysknmis: y = log, x, y =g x,
y=Inx.

Kax casanbl Mexk 1y co6oit Gynkmuu y = log, x ny = a*?

PaBeHCTBO y = a” BBIpaskaeT Ty ke 3aBUCUMOCTb MY X | Y, UTO
u x = log_ y; oTMM IByM DaBEHCTBAM OTBEYAeT OMH U TOT e rpaduk
(puc. 29). YrobrI OT paBeHCTBA X = loga Y IepeuTu K y = loga X, Hy®K-
HO IOMEHATh MeCTaMH nepeMeHHBIe X H Y. IToaTomy m Ha rpaduxe
ciaenyer noMeHATH MectaMu oc Ox u Oy (puc. 30). 3TOT pUCYHOK —

x A
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Puc. 31

rpadpux dysKknuu y =log x, TOJIBKO €ro ocu pa3MelleHbl He TaK,
KaK OpUHATO. YT0O5I naogpasn'rb rpapuk pyuxnuu y = log, x B 06-
IEeNPUHATON CHCTEMe KOOPAMHAT, HY>KHO BeCh PUCYHOK OTPa3UTh
CUMMETPUIHO OTHOCHUTEJIBbHO NpAMOil y = x (puc. 31).

WUrak, zpaguru pyrkyuily=a*ny= log,, x, nocmpoennuie 6 00HOU
cucmeme KoopoOuHam, CUMMEMPUYLHbL OMHOCUMELbHO NPAMOL Y = X.

IlociiemoBaTeIbHOCTH ONMCAHHBIX IPE00Pa3oBaHUI paccMaTpHu-
BaeMbIX GyHKIm# 1 0 < a < 1 cxemaTuuecKku n3odparkeHa Ha pa-
cyHKe 32.

Dyakuuy, rpadMKH KOTOPHIX CHMMETPHYHBI OTHOCHTEJIBHO
NpAMOH y = X, ABJSIOTCHA 63aAuMHO o6pamubimu. B gacTHOCTH,
dyuknus y = log, x o6paTHas ANA QYHKIUH Y = a%

Ecnu 0se pynryuu 83aumno obpammuvie, mo obracmsy onpedeJie-
HUS 00HOIL U3 HUX A8]18eMmCs 001aCMbI0 3HAYeHUll Opy2oll u Haobopom.

Cnenyer o6paTuTh BHUMAHHUE U Ha Takoe. Ecau o0Ha u3 08yx 63a-
UMHO 00pamHubLX QYHKYUL Ha 6ceil obaacmu onpedesieHus 803pac-
maem, mo u dpyzas 6ospacmaem. Hanpumep, eciu GyHKOuA y = a™
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Bo3pacTaeT, To 6oJpImIeMy 3HAYEHHIO X COOTBETCTBYeT GoJsibniee
3HaYeHHe Yy, a bonpmemMy 3adYeHuio y — Goapmee 3Hayenue x. Torga
U B cooTHOmeHuAX X =log, y u y = log, x Gosbmemy 3HAUYEHHIO
X cooTBeTcTBYyeT GosbIee 3HAYEHUE Y, T. €. QyHKIMA Y = log X Tak-
’Ke BOo3pacTaer.

W3 Bcero ckasaHHOTO BBITEKAIOT CJeAyiomue cBoicTBa
byaknun y=log x.

1. O6racmo onpedenerusn — npomexcymox (0; o).

2. O6aacmb 3HaveHull — mHoxcecmaeo R.

3. PynKyus 6o3pacmaem Ha 6ceil obaacmu onpedeseHus, ecau
a>1,aecaul<a<1— ybveaem.

4. PyHKYUA HU YémHaa, HU HeYémHas, HU nepuoduieckas.

5. Ecau a > 1, mo 3HaueHus GyHKyuu y = loga X NOLONHUMENLb-
Houte npu x > 1 u ompuyamenvrvie npu 0 < x <1.

6. Ecau0 <a <1, mo snavenus pyrnryuu y =log, x nonoxumen-
Hote npu 0 < x <1 u ompuyamenvhvie npu x > 1.

7. I'pagpur pynryuu 6cezda npoxodum uepes moury A (1; 0).

Heckounbko rpadukoB JorapudmMuyecKkux GQYHKINN IOKA3aHO HA
pHucyHKe 33.

Ecyiu u3BecTHO 3HAYE€HHE OCHOBAHMA Jorapudma, To rpadux Jjio-
rapudMuIecKoi GYHKIIHHA MOKHO IIOCTPOUTE 110 TOYKAM, COCTABUB
npeaBapuTeNabHO Tabnuny 3Hadenmii. IlocTpoiiTe TakuM obpaszom
rpaduku QyEKOHAH Yy = log5 xuy= logo' 5 X ¥ yOezuTech, 4To nepsas
M3 HUX — BO3pacTraomas, a Bropas — yOsIBaromas.

O6paTuTe BHUMAHUE HA TAKWE Y TBEPIK J€ HH A:
1)ecima>0,a+#1nlog , x, =log, x,, To x; = X,;
2)ecmua > 1ulog, x; > log, x,, TO X > Xy;
3)ecmn 0 <a <1mulog, x; >log, x5, T0 x; < x,.

YA

y=log,x

y=lnx

y=lgx

>

1
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B! yoxe 3Haere, uTo rpadukn dyaknuii y =log, xn y = a* —
CUMMETPHUYHBI OTHOCUTEJIBHO OPAMOH J = X. A KaK pacnojIoKeHbl

rpaduxn pysxnuii y = log, x my = log, x ?

a

INockonbky log, x =log, 1 x=-log, x , TO IOHATHO, YTO dyHK-
a

nuu y = log, x m y = log, x 1A OAMHAKOBLIX 3HAUYEHHUI apryMes-
a
TOB IPHHUMAIOT IIPOTHBOIIOJIOKHEIE 3HAYEHUA. ITO 03HAYAET, YTO

uX rpadMKy CHMMETPUAYHEI OTHOCUTENbHO ocH Ox. IIpumepom saB-

aaioTea rpabukn QyEknmii y =logg x my = log, x , n3obpaxxéHnbIe

Ha pUCYHKe 34. 2

7k I

||

|

= |0,

<
i

3%

\
\
\

|l T —— I
Yy

= log, x

Puc. 34

IToxasaTenbHBIE U IorapupMuIecKue QyEKIUA YAOOHBI AJIA MO-
JIeIMPOBAHUSA IIPOIECCOB, CBA3AHHBIX C POCTOM HACEJICHUA, Kallu-
Taja, pasMHOXKeHHeM OaKTepuil, H3MeHeHHeM aTMochepHOro 1as-
JICHU S, PAIMOAKTHUBHEIM PACIAZ(OM M T. II.

" @ [POBEPHTE CEBSl

1. Cchopmynupyiite onpegeneHue norapudMUUecKon hyHKUUK.

2. Kakosa obnactb onpepenenus norapudmuueckon dyrkuuu? A obnacte
3HAYeHHUH?

3. Yepes kakyio TOUKY NPOXOAUT rpathuK KXKA0H I0rapudMUUecKon hyHKUMK?

. Moxer nu aprymeHT norapudmuueckon dyHKuMK Bbitb oTpuuarenbHbim?

A paBHATLCA HYNO?

5. MNpu kakom ycnosun norapudmuyeckas yHkuus sospacraet? A npu
Kakom — ybbisaer?

6. Kakas cdyHkuus ssnsercsa obpartHon K norapucgpmuueckon? Kak
PacnonoXeHbi rpadmku 3TUX OYHKUWH?

H
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44 BbINONHUM BMECTE

1. Haiizure o6acTs onpenenerus Gyakmun y = 1g (2 + x — xz).
P e m1 e H u e. O6sacThIo onpeieNieHus JorapuMIudecKoi (hyHKIuu
ABJISIETCS IIPOMEYTOK (0; o), ToaTOMy 2 + x —x° > 0wy x2— x — 2 < 0.
KopHau ypaBHeHus x“ — x — 2 = 0 paBHBI —1 U 2, I09TOMY MHOKECTBO
pelIeHnii HepaBeHCTBa Takoe: —1 <x < 2.

OrBer. (-1; 2).

2. Cpasuurte uncna: a) log, ; 9ulog, ;0,9; 6) log, 10u log; 10,
2 3
Pemenne. a) Pynxnusa y = log, ;x — ybsBaromasn, u6o
0,1 <1. ITockoasky 9 > 0,9, To log,,; 9 <log,,0,9.
6) IIpuBeém BTOpOii TorapudM K ocHoBaruo 0,5:

log, 10=—— - 1ogy510,, rze logys = > 1.
3 logg 5 =

W3 mociejHero HepaBeHCTBA CIEAYET, UTO < 1. ITockonbKy

1

10g0'5 5
log, 10<0, 0 ik logg 510 >log, 10. Urax, log, 10 < log; 10.
2 1080'5 5 2 2 3
{ Boimonuute ycrio T ey AN -

e ——— >
243. Bospacraomieii uiu yObIBaoIei aBasgeTca GQyEKIus:
a)y=logyzx; 6)y=Inx; B)y=log,x; r)y=Igx?
244. TIom0XKATETHHBIM UJIN OTPULIATEIBHBIM SBIAETCS 3HAUEHUE

bysxnun y=1log /3 X B TOUKeE X

a) x,=5; 6) x,=0,1; B) x,=1,5; r) x,=e?
245. T10/10KUTENBHBIM UJIN OTPUIATEJbHBIM ABJIACTCS 3HAYEHUE
Gbyuxnun y = log, | X B TOUKe X

2)x=T;  6)xy=0,1; B)xo= 1,25 1)x=0,le?
246. YxaxuTe 061aCTH ONIpEeaeHUsA (QyHKIUN:
a)y=log,(x—-3); 6)y=In(x+1); B)y=log,x*r)y=1g(-x).

247. CpaBHUTE C €ANHULIEH YUCIIO:

a)log,3; 6)log,14; B) loggg 128; r) log,e.
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248. OnuH U3 YYEHNKOB YTBEPIKAAeT, YTO Ha PUCYHKE 35 n300parkéH
rpaduk dyrknun y = |log, ,s/x|, a Bropoit roBopur, uro aToT rpa-
dux coorsercryer pynkiyn y = |log,|x|. Kro ns aux npas?

YA
1y
n 11\ .
~0 B
Puc. 35
~ (¥posens A B i

HeMu.

. 249.Tlocrpoiite rpadukn yaxnuu y = 3" u yHKouU, 06paTHOM K

200. BanmosauTe TA6MMIY ¥ OCTPOITE rpaduK dyEKnuM Y = logg x.

. 0,25

0,5

1 2 4

8

- loggx

byaxnun y = log, sx B TOuKax ¢ abcruccamu:
a)l;2;3;4;5;6;7;

0)0,4;1,4; 2,5; 3,8; 6,25.

“2

=

Puc. 36

- 251. Ucnonbays pucyHoK 36, HaliiuTe NpubIMKEHHbIE 3HAUCHUA
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252. Ucnonb3ys pUCyHOK 36, ycTaHOBUTE, IPU KAKUX 3HAYEHUAX
aprymesTa X 3Hauenue Qynxknuu y = log, 5 x paBHo:
a)—1;—-2:;-3;0;1;2; 0)-0,5;-2,2; 0,4; 1,4;2.

253. IlocrpoiiTe rpaduk HyEKIAA:

a)y=log, x; o)y=Ilgx; B)y=Inx.

1254. OnummuTe cBoiicTBa hyHKIMM:

a) y =log, 5 x; 6) y =logg 5 x.

255. IIpoxoaut jiu rpaduk Gyaxnun Y =log /3 X 4epes3 TOUKY:

~ a)A(6;27); 6) B (27; 6); B)C(V3;1)?
‘1}_256. Haiinure a, eciu U3BeCTHO, 4TO rpaduk pysknun y = log, x
IPOXOJHUT Yepes TOUYKY:
a) M(8; 3); 6)M(8;-3); B) M(121; 2); r) M(81; —4).
CpaBHHuTE ¢ HyJIEM yucyao (257—258).
257.a)log, 55; 6)log50,1; B) log,0,5; r)lg 4.

1258.8)logys7;  6)log £50;  B)loggsV3;  1)In0,01.

! Yposeun b T AR, SRS NN aS 4
259. CpaBHuTe UHCIA:
a) log,0,4 nlog , 0,6; 6) log, 3 ulog, m;
B) log, , 1,4 1 log, , 4,1; r)log,senlog 5 7;
n) logg 2,7 u logg 2,5; e) log, 5 4 m log, 5 5.
260. Haiinute o6acTs onpefereEns GyHKIIAU:
a) y =logs 2x; 6)y=In(x-3);
B) y = logy (x + 5); r)y=Ilg(1-x).
11261. Kaxoe u3 uuces 6osbire:
a) log, 0,4 nnu log, , 0,4; 6) log, 3 mam In 0,01;
B) log, , 4 nnu log, 1,6; r) logys 0,7 uan 1g 4;
n)In 3 min lg m; e) log, 8 uim log; % ?
7
262. Kakoe U3 4YHuCeJI MEHbIIIE:
a) log, 10 unu log; 30; 6) logg o V2 nmu log, 7 0,3;
B) log 3 2 nam logy 3; r) log ; 0,25 nam log 5 0,25;
n) logg 5 unu log, 4; e) logg 10 mm logg 577

263. CpasHuTe yHca a U b, eclii BEpDHO HEPABEHCTBO:
a) log; a > log; b; 6)lga<lghb; B) logg a <log; b;

r) log,a <log,b; x)lna>Indb; e)log,,a>log,,b.
5 5
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Haiigure obsacts onpegenesnsa Gyakouun (264—265).

264. a) y = logy (x2—3x- 4); 6) y=logJ§ (—x2+ 5x — 6);

2 x-4
) x -9, _ log, 5—
B) y = logy; P ry %x2+4
1265. a) y = log, (2% -2); 6) y =log, (3% 1 - 9);
&
B)y= log"’%;; r) y=log, (x - 0,5).

ITocTpoiite rpaduk pyaxnuu (266—267).
266. a) y =log, (x —1); 6)y=1logysx—1; B)y= logl(x+1) :
3

r)y=1+logy,(x—1); my=1+log,x; e)y=1+%log3x._
f267 a)y = loggz (x — 2); 6) y =logz x — 2;
B)y =logz x—logz2; r)y=log;(2—x).

268. CKOJIBKO pelIeHnil HMeeT ypaBHeHHe:

a) 2log, x =-2x + 3; 6)2=log, x; B)lgx= Jx;
' 2
r) log, x = sin x; a)log, x =2x-5; e)lgx=2"%?
3

'§69. Pemure rpaduyecku ypaBHeHUe:

a)logzx=1-x; 6) x — 1 =3log, x;

2

B)log, x= V3-x ; r)logy s x = T
270. Pemure HepaBeHCTBO:

a) log; x > log; 3; 0)lgx<lgd; B) logg x < 2;

log,x <lo L

r) g% 3 g%g; x)Inx>1In0,5; e)log, 4 x> 2.
!Yposeunn B TR ey, o 8 o o 0
271. Pemure rpadmuecKky HEPABEHCTBO:
a)log,x <3 —x; 6)lnx<x®+1;

. 1

B)log4x>§—§; r)x<11-lgzx,

s
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272. CpaBHHUTE YHCIA:
a)lg12wulog,;16; 6)log; 61 1,5; 8) log} 5 ulog, 20;
30T g 7V g 1051 log, (45 + V/2); e) 2logy 2ulog, 3.
@73. Haiigure obiacTh onpejeneHEnsa QyHKIAN:
log 3
a)y=—|2L+5'—-—; 6)y=tgx-1 - logtgx(.?coszf——l);
logg(x” —x-2) 2
logy(x® +x-2)+4
log|x & 4l(x+ 8)

TTocrpoiire rpaduk dyarmuu (274—275).
1274.a)y=|Inx|; 6)y=Ilglx; B)y=log,|3—x|; r)y=|1-Ilog,xl.

; r)y= IOgs‘mx+ 3cosx(3+2x—x2)‘

B) Y=

275.a)y=log, 1; 6) y =log 2 x%; B)y=log, x
r)y = \[log, cosx ; n) y =log, 5 tgx + log, 5 ctgx.

1276. Haitgure f(-4), eciu log, f(x) = 3 + x.
277. Haligure HauboIbIIee ¥ HaMMeHbIIee 3HaueHus GyHKIuH f(x)
Ha IpoMexyTKe I:

a) f(x) = logg x, I = [%; 8} 5 6)f(x)=logy(1+%°),I=[-1;2];

B) f(x) = log 5 |x|, I =[i'; 1]; r) f(x) = log, |x® - 4x|, I =[1; 3].

278. loxakuTe HEPaBEHCTBO:
a)log,(n+1)>log,,,(n+2),ne N,n22;
0) logg(m +n) + logg(O,Smn) + 1 2 2logs(m + n)»
m >0, n> 0. BeigcHuUTe, IPA KAKUX M U N BRIIOJHAETCHA pa-
BEHCTBO.

JYnpaxsenus Ans moBTOpeHME . .

279. Beiuuciure:

a) 24!og2 3; 6) glog3 5; B) 8log2

r) 571%%s%; T e) 1027182,
280. IIposiorapudmMupyiite, MCIOJIL3Y A CBOMCTBA JOrapudMOB:

' 2 3 R?
a) 1og2[P2f2J; 6) logz(Q—\[EJ; B) logz( \/—]
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281. YpocTuTe BEIpaXKeHue:

- 2
’m2~/§_n2\/§ '(m‘/é +n‘/§)
—+1; 6)1 -

a) (mﬁ _nﬁ)“’

m2V8 _ p2V3

§ 7.IOTAPUPMUYECKUE YPABHEHUSA
U HEPABEHCTBA

YpaBHeHHe Ha3bIBaCTCA J1020PUPMUYECKUM, €CIA €ro NepeMeHHbie
cofepxarcs TONbKO NoJ 3HaKaMu norapugmos.

& -

Ilpumeps: loggx=2,lgx+1g4=2,In(8x—-2)=1-1nx.

Ilpumeuanue. YpaBHeHHs, COfepIKaliue TePEeMEHHYIO HE
TOJBKO N0/ BHAKOM JlorapudmMa, Hanpumep x + In x =0, x'€* =1, ne
ABJAITCA Jorapupmuueckumu. Ho 0HY CBOAATCSA K Torapudmudec-
KHUM, WK IPU UX PEHIeHMH MCIOJb3yIOT CBOMCTBA JIOTapU(PMOB.
IloaToMy U TaKue YypaBHEHU S, a TAKKe HepaBeHCTBa, Oy/ieM paccmar-
PHUBATH B 9TOM H CJIeAYIOIeM naparpadax.

ITpocmeiiwumu n02apupmuiecKumu YpasHeHUAMU HAZBIBAIOT
YpaBHEeHHUA BU A

log,x=b,rrea>0na=1.

ITo onpezenernuro Jorapudma npu J0O60M ZeHCTBUTEIBHOM b Ta-
KOe ypaBHEHUE MMeeT eINHCTBEHHOe PelleHne X = a’.

Pemrenue Apyrux jorapudMUYecKUX yPaBHEHUH OCHOBBIBAETCS
Ha CBOMCTBAaX Jorapu(pMudeckoi (hyHKIUM, ONpPeIeIEHUN U CBOM-
cTBax Jorapudma.

Pemas norapudMudeckue ypaBHEHHUs, HYKHO YCTAHOBHTH 00-
JIaCTh JOMYCTUMBIX 3HAYEHUH yPaBHEHHUS MJIH OCYIECTBUTH IIPO-
BEPKY MOJIYYeHHBIX KOPHEMH.

Inst norapuMUYECKUX YpPaBHEHUH 00IIero MeTosa pemieHus
HET, OJHAKO MOYKHO BBIJIEJIUTH HECKOJIBKO I'DYNIl YDaBHEHUM, AJIs
pelIeHus KOTOPBIX HCIIOJB3YIOTCA OIpeesiéHHble criocober. Pac-
CMOTPHM 3TH CIIOCOOBI HA KOHKDETHBIX IPHUMEpax.

I. ITo onpexnenenunio Jorapudma.

ITpumep 1. Pemure ypaBuenue log, (x2 —4x+12) = 3.

PemeHnue. Ilo onpexeneruro yorapudma 2% = x% - 4x + 12.
Pemum nosryuyeHHOE ypaBHEHHUE: x2-4x+12=8,x>-4x+4=0,
orciona (x — 2)2= Oux=2.

IIpoBepka. log2(22—4 *2+12)=log,8 =3.

OrBerT. 2.
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IIpumep 2. Pemure ypasaenue log, (Jc2 - b5x + 2,25)= 2.
Pemernune. O6macTh AONYCTUMBIX 3HAYEHUN HEH3BECTHOTO
OIpeessaeTCa U3 YCIOBUM:
x-1>0,
x-1#1,

x?-5x+2,25>0.
CrnenoBaresibHO, X € (4,5; ).
Pemenne 3a/JaHHOTO YPaBHEHHUS CBOAUTCS K PEIIEHUIO YpaBHEe-

HHUA

x2—bx+2,25=(x—1)% umu -3x=-1,25, x = 1% 3

5 2
H= E He IIpUHaIJIeHHuT obiacTu JAONYCTHUMBbBIX SHAYEHUU.

OTBeT. YpaBHEHUE HE UMEET JEeHCTBATEIbHBIX KODHEH,

1I. ITo cBoiicTBaM Jorapu¢MoB H JorapupmMuyeckoi QyHKINHA.

IIpumep 3.Pemure ypaBHeHHE

log, (x — 3) +log, (x — 1) =3 + log, (x — 4).

Pemenue. [IpegcraBum uncso 3 KaK Jorapudm 1o OCHOBaHAIO
2: 3 = log, 8. Bocnosnbayemces cBoitcrsoM log, a + log, b = log, ab u
3anuileM ypaBHEeHUe B BHLE

log, (x —3) (x— 1) =log, 8(x — 4).

CoruiacHo yreepaesuio 1 (cMm. c. 60) umeem: (x —3)(x — 1) =8(x—4).
Pemum 910 ypaBHEHHE:

x*—4x+3=8x-32, mm x>~ 12x+35=0, orciona x, =5, x,= 7.

IIpoBepry caenaiiTe cCaMOCTOATEJIHLHO.

OrserT. 5; 7.

II1. Beenenue HOBOM NMEepPEeMEHHOM.

Muorue sorapudmMuyeckue ypaBHeHUs 3aMenoit log, f(x) = y
MOJKHO CBECTH K ajrefpan4ecKoMy YPaBHEHUIO C HEM3BECTHBIM V.

IIpumep 4. Pemure ypasuenne (Igx—6) ' +5(Igx+2) ' =1.

Pemenue. Bamvenus lg x Ha Yy, NOJyYUM ypaBHEHUE

y-6 y+2
uMeoee KOpHHU: ¥, = 2, y, = 8. Urak, 1g x =2nm lg x =8, orciona
A S
x; =100, x,=10".
IIpoBepka noxassIBaeT, 4To 00a 3HAUEHUSA YI0BIETBOPAIOT ypas-
HEeHHe.
Orsert.100;10%,
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‘ IV. I'pacdmueckuii croco6.

Hexoropeie sorapudMudecKrue YpaBHEHUA MOKHO peliarh rpa-
pUuYeCcKHu.

IIpuwmep 5. Pemure rpaguuecku ypasaenue log, x =3 —log, x.

Pemenwue. IToctpouM B 0JHOM cucTeMe KOOPAUHAT IpaduKu
{ dyaxnuit y =log, x u y =3 —log, x (puc. 37).Kax Bugnwm, rpadu-
KU 3TUX QYHKIUYN IepeceKkaroTcsa B TOUKe ¢ abcrnuccor X = 4. 9106561
ybenuThed, 4TO X = 4 — KOPEeHb JaHHOT'0 YPaBHEHU S, CIeJIaeM I1po-
‘ BepKy: log,4=3-log,4; 1=8-2;1=1.

OTBer. 4.

i

ey [l XS | | \
e ‘ Y logyx|
ML L . 2
w | ‘ | T i
i 1 I .-
WEREERRY
1 255 1y 19 ) e
|

V. Jlorapudmuposanmue.

PaccMoTpuM ypaBHEHUS, COiepIKalilye IEPEMEHHYIO He TOJbKO
II0J] 3HAKOM Jiorapu¢ma, HO U B OCHOBAHUM CTeneHu. X pemarmoT
€NOCOOOM N102APUPMUPOBAHUA.

IIpumep 6. Pemmure ypasaenue x'%%2* = 16.

Pemenue. Haiigém sorapudmMsel 0T 00enx dyacTeil ypaBHEHUSA
II0 OCHOBAHUIO 2 ¥ YIIPOCTHM IIOJIYYeHHOEe ypaBHeHue. Umeem:

logzx

log, x =log, 16, nim log, x *log, x =4, (log, x)2 =4, Orcrozna:

1
1)logy,x=2,x;=4;2)]log,x=-2,x,= Z=0’25'

IIpoBepkoit yoesxgaeMes, 9TO 9TH YUCJIIA ABJISAIOTCA KOPHAMU YPAaB-
HEeHHud.

Ecuu B rorapuMuuecKoM YypaBHEHNH 3HAK DABEHCTBA UBMEHUTH
Ha 3HaK HEPABEHCTBA, TO OJIYYUM JIOTapU(DMUUECKOE HEPABEHCTBO.

HepaBeHcTBO Ha3biBaeTCA 1020PUPMUYECKUM, €CNIH €T0 NepeMeH-
* Hble ColepXXaTCH IMilb NoA 3HAaKOM norapudgma.

F
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Jlns1 perieHUsI JJOTapu(MUIECKUX HEPABEHCTB HCIIOJIL3YIOT TE JKe
METOJBI, 9TO U JJIs PelIeHH s Jorapu(pMUIeCKUX YPaBHeHHH, a TaK-
Ke IIPABUIIA PEIIeHU NPOCMelulux 102apUPYMULeCKUX HepaseHCcms,
T. e. HepaBeHCTB Buja log, x > bumlog, x <b, a>0,a#1.

it perieHUus NPOCTENIIIX JIOTapU(PMUIECKIX HEPABEHCTB HC-
II0JIB3YIOT MOHOTOHHOCTS ¥ VYU THIBAIOT 00JI1aCTh OIIpPe/e/IeH I JIoTa-
pudmMugecKor QyHKIUHA. A UMEHHO:

1. Ecmma>1ulog, x> b, o x> a’.

2.Ecim0<a< lnlogax>b,'r00<x<ab.

PaccMoTpuM nDpuMeEpHI.

IIpumep 7.Pemmure HepaBencTso log, s x > 3.

Pemenue. Cocob 1. ITockoasky 0,5 < 1, To x < 0,5%. Yuursr-
BadA obsacTh onpexesenus, umeem 0 < x <0,125.

Croco6 2. log, s x > log 5 0,5°. Oynknus y = log 5 x Ha Bceit
obnactu onpeznenerusn (0; «) yoriBaer, Taxk Kak 0,5 < 1. ITosaromy
2 < 0,53. CnenoBartensHO, X € (0; 0,125).

Orser. (0;0,125).

IIpumep 8. Pemmurte HEpaBeHCTBO

lg(x—-1)+1g(8—x)<1.

Pemenne. Haiiném caavana 061aCThb JONYCTUMBIX 3HAYEHUH X.
Pemennem cucreMbl HepaBeHCTB X — 1 > 0 u 8 — x > 0 ecTh HHTEPBAIT
(1, 8). Ha aToM MHOK€eCTBe JaHHOE HEPABEHCTBO PABHOCUJIBHO HeE-
paBeHCTBY lg (x—1)(8—x)<I1g 10 mmu (x—1)(8 —x)<10. ToecTs
x2-9x+18>0.

M=uoKecTBO peresni 00pa3soBaHHOIO KBaJPATHOI'O HEPABEHCTBA:
(=03 3) U (6; ). YuursiBas, uro x € (1; 8), monyumm pemerme 3a-
masHOTO HepaBeHcTBa: x € (1; 3) U (6; 8).

Orser. (1;3)U(6;8).

IIpumep 9. Pemure HepaBeHCTBO (loggx)2 —logy,x+2>0.

Pemenue. Ceeném BTOpOI Jorapudm K ocaosanuio 8. IToay-
YUM HEPaBEHCTBO, PABHOCHJILHOE 3aIaHHOMY

logg x
(logg Jc)2 logg 2 +2>0, unu (logsx) —3loggx+2>0.

ITycrs logg x =y, gor,na (logg x)? = y . CocraBUM HEPaBeHCTEBO C
HOBO#M nepemMeHHO# y~ — 3y + 2 > 0 u pemuum ero. KBagpaTHbIii TPEX-
4IeH y2 — 3y + 2 umeeT KOpHHE 1 ¥ 2, a MHOYKECTBO PeIIeHUI COOTBET-
CTBYIOIIEr0 HEPaBEeHCTBA U300paskeHo Ha pucyHKe 38.

-
v

1 2
Puc. 38
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Cnenosarensno, y < 1 mum y > 2. Toraa logg x < 1 mam logg x > 2.
PemuMm KaXk/0e 13 HEPABEHCTB, YYNUTHIBAA, 4TO X > 0.
Ecimloggx <1,700<x<8. -
Eciu logg x > 2, To x > 8%, mnu x > 64.
OTrBer. (0; 8)U(64; ).

Pemas HepaBeHCTBA, COiepPIKalllie IIEPEMEHHYIO U 110 3HAKOM
JiorapudMa 1 B OCHOBaHUM JiorapudMa, ClIeiyeT pacCMaTPUBATh IBa
cayuas: 1) ocHoBaHHMe Jorapudma Gosbine HyJId, HO MEHbIIIE €1~
HUIBI; 2) OCHOBaHME Jiorapugma 6osbIIe e JUMHUILEL.

ITp u M e p. Pemure Hepasencrso log; _, (x — 2,5) > 0.

} PemeHue. 3anuiieM HEPaBeHCTBO B BUJE
\ logg_ . (x—2,5)>logs_. 1.
‘ 1) Eciu 0 <3 —x <1, To HepaBeHCTBO PABHOCHJIBHO CHCTEME:

e, 0<3-x<1, -1<x-3<0, 2<x <3,
0<x—-25<1, 2708 1o cx—-25<1, 2 |2 5:5<3.5.

Penrenuem aT0i cCUCTEMBI HEepPaBeHCTB ABJIACTCA INIPOMEXYTOK

(2,5; 3).
2) Ecnu 3 — x> 1, To HepaBeHCTBO PABHOCHJILHO CHCTEME:
. $ 3-x>1, x<2,
2-2,5>1, 777" 1 £ 53,5,

Cucrema pelieHU# He MMeerT.

MHosecTBO pemenuit HepasencTsa logs . (x —2,5) >0 — obsbe-
JVMHEeHNe MHOKECTB PEeIleHH KaKJ0i N3 paccMaTpPUBAEMbIX CHC-
TeM, TO €CTh IIPOMEIKYTOK (2,5; 3).

MPOBEPBTE CEBA

1. Kakue ypaBHeHHsi Ha3biBalOT norapumuyeckumu?

2. Kakoe ypaBHeHWe Ha3biBaloT NPOCTENLLIMM JIOrapuhMUYECKUM ypaBHeHHem?
3. Kakue cnocobbl pelieHus norapuMUUecKux ypaBHeHWH Bbl 3HaeTe?

4. Kakue HepaBeHCTBa Ha3blBAIOT /IOrapuMUUECcKUMI?

5. Kakue cnocobbi peleHus norapudMU4ecKux HepaBeHCTs Bbl 3HaeTe?

$4%% BbINOJHWUM BMECTE

1. Pemure ypaBHeHHE
In(x-8)+In(1-x)=1.

P e 1 e 1 u e. YToOBI MMesH cMBIC BhipaskeHus In (x —8) uIn (1 —x),
HYKHO, 4TOOBI OJ{HOBPEMEHHO BBINIOJHAIMUCEH HepaBeHeTBa X — 8 > 0
11— x> 0. CucreMa 3TUX HEPpAaBEeHCTB PELIeHUN He UMeeT.

OTBeT. YpaBHeHHE He UMeeT PEeIlleHUuH.




e Paspen |

2. Peniure ypaBHeHHE
log; log,logs x =0.
Peme s ue. Ilepenumem ypaBHEHHE Tak:
log; (log, logs x) = 0.

Torza 4uciio, CTosAIIee B CKOOKAax, 110 OIpeeIeHuIo Jorapudma

PaBHO 5% 1. e. 1:
log,logs x = 1.

Banumenm 310 ypaBHeHHe Tak: log, (logs x) = 1. Orciona monyda-
em logy x =4, mmm x = 3* = 81,

OrsBer. 81.

3. Pemure HepaBeHCTBO

logh 5 x-420.

Pememnue. Ilyers log, 5 x = y, Toraa y2 -420.

ITonyueHHOE HEPABEHCTBO YAOBJIETBOPAIOT 3HAYEHHSA Y > 2, a TAK-
xe y < —2. Uraxk, log, s x 2 2, orciona log, s x 2 log, 5 0,52,
0 <x<0,25ulog s x<-2, orciona log, ;x< log0‘50,5‘2, x24.

OrBer.(0;0,25]U[4; ).

4. Pemure cucTeMy ypaBHeHHH

log, x—log,y=2,
log; x+log,; y=4.

Pemenue. O13: x > 0, y > 0. IIpeo6pasyem cucremy, HCIIOIb-
3yd cBoiicTBa Jorapudmos. Mmeem:

log2£=2, £=4v x=4 >
y y
oTcraa 3R 8%

log, xy =4, xy =81, xy=81.

Ilocnenuss cucrema nmeer asa pemenusd (18; 4,5) u (—18; —4,5).

C yuérom OJI3 3azanHas cHCTeMa MMeeT eJWHCTBeHHOe pere-
Hue (18; 4,5).

OrBer. (18;4,5).

5. Pemute HepaBeHcTBO Ig (x + 3) + 1g 2 < 2lg x — 1g (x — 4).

Pemernue. O3: (4; «).

ITepenecém 1g (x — 4) u3 npaBo¥ YaCTH HEPABEHCTBA B JIEBYIO M
IpeBPaTHM IIOJyYeHHOe HEePAaBEeHCTBO, MUCIIOJIb3Ysl CBOMCTBA Jiora-
pudMOB. '

lg(x+3)+1lg2+1g(x—4)<2lgx,

lg (2(x + 3) (x — 4)) < 1g x2, orcioza:
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2(x+3)(x—4) < x2%, wm 2% — 2x — 24 < 0. Pemennem IOCJaeTHEeT0
HEPaBeHCTBAa eCTh IPOMEXKYTOK (—4; 6).
YuureiBasa OJ13, HaliiéMm MHOXKECTBO pémexmi«'x 3aJlTaHHOT'0 Hepa-
BeHCcTBA: (—4; 6) N (4; ) = (4; 6).
| OrBer.(4;6).

| BoinoNiHUTE YCTHO TR el

PemuTe ypasaeHue (282—284).

282.a)log; x=1; 6)Inx=1; B) log, x = —1;
r)lg x=0; n) log, x = 2; e) log, x =—2;
5 1
€)Inx=-1; x) 10g0‘1x=—2; 3) logg x = -3

283.a)log, 16 =2; 6)log, 5=-1; B) log, 81 = —4.

284.a)lg (x+3)=1g2; 06)log,6=1log,2x; 3B)lgx’=1g4.
Pemnre HepaBeHCTBO (285—286).

285.a)lg x>1g 2; 6)Inx<In2; B)lgx®<l1g9;
r)lg(x—3)>1g2; x)ln3x<In6; e)lg(x?+ 4)<lg 20.

286. a) log, x> 2; 6) log, x < 3; B)lg x <0;
r)logy, x> 1; a) log o x <0; e)logy s x22.

| Yposeunn A T

. — —

Haiigure KOpHM ypaBHEHHS, UCIOJL3YS OIpelesieHrAe Jorapudma
(287—288).
287. a) logy (x — 1) =2; 6) log, (x* + 3x) = 2;

B) log, (x2-1)=38; r) logI(x2—3x+6)=2.

]:588. a)log, (x+5)=1; 6)log, (x®+x)=1; B) log, (x®2+2)=3;
r)log, (16 -x%)=3; n)log, (1-2x) =—2; e)log;q(x*—3x)= %
3

Hcnonsaysi ceoiicTBa JorapudMoB, pemuTre ypaBaesue (289—290).

289. a) log, (x —3) +log;, (x —2)=1;
6) 1 +log; (2x — 1) =log; (Tx + 4);
B) log,(x+1)=1+log, (x — 3);
r) 2log; x =1 +logg (2x — 3).

1290. a) log, (x + 3) + log, (x +2) = 1;
I 6) logs (x + 1) —logs (x +2) =1 + log, 4;

B)lg(x+1)-lg(x+3) =lg3-lg(x—1);
r) log, (x + 3) —log, (x —1)=2 - log, (2x — 8).

"
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Pemure ypaBHenue (291—292).
291.a) log5(x—1) —log,(x—1)-6=0; 6)lg°x+2lgx—3=0;
B) logj(8x~1)-log ;(3x-1)+1=0;

r) log2(x+2)+log, (x+2)-2=0.

3 3

1292. a) 2logj(x+5) —3logg(x+5)+1=0;  6)In*x—2lnx=0;
B) logg(x+2)—log\/§(x+2)—8=0;

r) logi(x+1) + log, (x + 1)~ 0,5 =0.
PemuTte HepaBeHCTBO (293—294).

293. a) logz (2x - 1) < 3; 6) logg » (x® - 4x)= —1;
B) log, (3x — 8) > log, (2x + 1); r) log 5 (1 — 2x)<log, 3 (x + 7).
1294. a) log, (3x + 4) < 2; 6) logy 5(x*+ 3x)<-2;

B) log,(5x —13) <log,(2x + 5); 1) log,(1-2x)>log,(3x—-2).
3 3

! Yposennb b A i S S S SR B
295. Pemnre ypaBHeHHe:

a) log; x + log, 25 =3; 6) log, (2x—12)-log,2=1;

B) 2log, x —3log, 4=1; r)log; (3x —4)-log,9=2.
296. Peurure HepaBeHCTBO:

a) logj(x-1) 2 9; 6)1g’ x-lgx <2;

B) logg(x—Z) 5 r) log§x~5log3x >6.

HaiiguTe cyMMy mensix pelneHuit HepaseHcTsa (297—298).

297.a) 3 —log,(4—x)=0; 6) logl(x2 -6x+18)-2log,(4—-x)<0.
1 : |

Fa 3
1298.a) 1+log, (2-x)>0; 6)log,(x*+10x + 24) — logs (6x + 36)<0.
3

299. Pemure ypaBHEHUE:

1 6 » 21g x

+ =1; P
1+lgz 5+lgz 6) lg(bx —4)

a)

t]

1 2 7 b
) 5-log, x i +log, x s r) Igl0x=

3.
lgx-1
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Pemure ypaBuenue (300—303).
300. a) logs (x + 1) + logg (x + 1) + logg, (x + 1)=

6) logglog,log, (x — 1) =0;
3
B)log,2-log,, 2=1log,2; 1) log,(2"-T7)=3-x.
1801. a) log, (x — 2) + log, (x — 2) + logg (x — 2) = 11;

6) logslogzlog, (x +1)=0;
2

B) 2log, 3 logy, 3 = log, ;; 3; r)log; (3" —8)=2-x.
302. a) x'°82**2=g; 6) x! T 1083 % = 9 ?;
2
B) € *"38¥=0,01; 1) 5% +x°%" =10,
B03 a)xlog33x=9’ 6) x2+log2x=4x3;
B) X' *~18x_ 100; r) TIOBTE |, (0BT 14

304.Halijure CyMMY IeJIBIX PEIIeHUH Hepé.BeHCTBa:

-1 2x-1
log, 2==>1. 2
a) log;7—21;  6) log% 3—x = 1
Pemute sHepaBerncTBO (305—306).
305. a) log, (x + 2) < log, (3 —x); 6)log, _,(2x-T)<1;
B)log, _, (2x 1) 2log, ,(x+6); r)log, ,(4-x)>1.

1806. a) log, _, (x* —x-2)<log, ,(x+6); O)log,,,(5-1)>1;
B) log;,_ Jr(.7c +x—2) < logyo_,(Tx—17); r)log,(2x—-3)<1.

Pemute cucremy ypasHenui (307—308).

307. a) { logy x+log;y=4, 5) {108'0,2 x+logy,y=-2,

log, x—log, y=2; x+y=26;

log?_x log 5 y=0, logxy+logyx 2,

x+y®-8=0; x?+y=42.

1308. a) 6)
log; x+logz y=4; el ey T

log; x +log,, y* =0, log, y+2log, x=3,

B) r)

{1 g, x—logsy=-2, {loglx log,y——5

2x+y*-12=0; xy=8.

—
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Pemnre ypaBaerue (309—312).
309. a) 2lg x2 +1g% (-x) = 5; 6) x—lg (2* + x — 3) = xlg 5;

B) log; x° —5loggx® = 10; 1) logZ4x—log2x =log, x+5.
1510. a) 3log, x*+ logZ(-x)=17; 6)x—logg (3" +x—2)=xlogy 2;

B) log2 x®-log, x = 5; r) log516x—log, 4x=log? x +6.
3
311. a) logl(x—8):2 +log;(2-x)=log, 27 ;
9 3 3
6) log, _,,(6x* —5x+1)—log, 5, (4x*—4x+1)=2;
2

log x+§— ;
8 x

r) log, xlog; xlog; x = log, xlogg x + log, xlog, x + log, xlog; x.

B) log, (x*+8)=3+ loggx —

312. a) log, cos 2x — log, sin x —log,cos x = 1;

ctg—‘ logrz 0;
=X

B) lOgsinxcosx sinx - 1Ogsinxcosx cosx =

0)

W[ -

r) smx—— - logg(x—-2)=0.

Pemmure HepaBeHcTBO (313—315).

3 log (3x)
‘E?'13 a) logl(logz 12x+6)<0’ 6) (0 4) 3( J°8'3 x >(6’25)1083x2+2;

x2 -4

B) \/logg x+logy s x* -3 > \/5(log4 x* —3);
r)log, . x(x+ 1)logx+2(2—x)s 0.

314. a) l0g:¢+3 < log,,32; 6) 10gx+4

315. a) \/4+11x—3x2(tg2x+tgx) <0;

+3 s 10gx+4 2
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3 B
log, | sin x| :

6) log,  (x* —8x+23) >
B) Vx? +5x+4|log,,  (V4-x+1)| < 0;

r)log, ,cosx + 2 < 3log,,, ,sin x.

316. Pemure cucTeMy YpPaBHEHUI:

log, log, logzlog, |x|=0, lgx+lgy _4
a) 1 6) : lg(x+y)
logy,2=5: x2+y%=8;

r)

2log, 2+82°6 ¥V _log _(2x?)-xy, [y loBsVyylo%eT _ g
B) 2%. 4Y =8; log, x-log,y=1.

317. Pemmure cucTeMy HEPaBEHCTB:
2 ; 2
-2x
log, | logg =—=% |<0, log?; x+log, x* -8>log ; =,
a) g%[ i "‘3J i ke L I

log, |x-10|<1; ’logﬁx—31+|10g2x—3]23.

,YnpaXHeHMs ANs NOBTOpeHMs .

318. Haiigure oboacTs onpegeneHus GyHKIUN:

a) 1o : 6z = . _ [xf-x-2

)y BT )y tEon )y =
319. Pemure ypaBHEHHE:

a)3x2"=1; 6)4x2+"=1;

i -9 ) x%-25
= =1 Tl /
JE R b

320. CpaBHUTE 3HAYEHUA BHIPAKEHUA:

a) 342 1 V20 ; 6) 35 u /44 ; B) V13 u 2V3;
r) 3J7 u8; ) 45 n9; e) 5J2 u 7.

i} I
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3 8. MOKA3ATHIbHBIE U JIOTAPUDMUYECKUE
YPABHEHMS, HEPABEHCTBA U UX CUCTEMbI
C MAPAMETPAMM

HanmomaMM, 9TO IIOJ 3aa4aM¥ C IapaMeTpaMy IOHKUMAIOT Te 3a-
Jlaud, B KOTOPBIX XOJ PEIIeHUs ¥ OTBET 3aBUCAT OT BEJIMYHUH, BXOI A~
IIUX B YCJIOBUA 3a/aU¥, HO YMCJIeHHEIe 3BHAUYCHUA KOTOPHIX He 3aj1a-
HBI. DTH BeJIMYUHEI HA3LIBAIOTCS NAPAMEMpPami i MOT'YyT IDUHUMATH
IIPOU3BOJIbHbIE 3HAYEHU S, MJIM 3HAUYEHU A, KOTOPbIE YI0BJIETBOPAIOT
‘ YCJIOBHE 3aa4Yu.

Yr0o06sI pelaTs JorapudMuIecKue ¥ IOKa3aTebHbIe YDABHEHUS,
HEpPaBEeHCTBA U MX CHUCTEMEI C TapaMeTpaMu, HYyXKHO, IIpexx /e Bce-
ro, yMeTh XOPOIIO periaTh 0ObIYHbIE IOKAa3aTeJbHBIe U JIoTapud-
i . MHYeCKHe yDABHEHMSA ¥ HepPaBeHCTBA, 3HATH PA3JUYHBLIE METO/bI
‘ HX pellleHus, He 3a0bIBATh 00 00JACTH ZONYCTUMBIX 3HAUYEHUIM.
Taxike Hy’KHO IOMHHUTH CBOMCTBa KBAJPATHOI'O TPEXYJIEHA U YCJIO-
I BUS Pa3MeIleHusa ero KOpHei Ha YUCJIOBOM IPAMOi, He 3a0BIBATH O
| rpauyecKux MeToaxX PelIeHus 3a1a4d, 0COOeHHO B CIIydasax, Korjaa
TpedyeTcs HAWTH KOJIUYECTBO PEIIeHUH ypaBHeHU .

PaccMoTpUM HECKOJIBKO IIPUMEPOB.

{ INpumep 1.IIpu Kakux 3HAUEHHUAX IApaMeTpPa @ ypaBHEHUE
r‘ 9% — 2(a + 1)3* - 3a® + 2a + 1 = 0 umeer xBa Pa3JIMYHEIX AEHCTBU-
il TeJIbHBIX KOPHA?

Pemenue. 3amenoit 3 =t, t > 0 fagHOE ypaBHEHHNE CBOJUTCA
’ K KBaJIpaTHOMY YPaBHEHUIO 2 - 2(a + 1)t — 302 +2a+1= 0, B

D
KOTOpOM - = (a+ 1)2 +8a® - 2a — 1 = 40> Haiizem KOPHU ypaBHe-

HuA:t,=a+1+2a=38a+1,t,=a+1-2a=1-a.
I1J12 TOT0 YTOOBI MCXOJHOE YPABHEHHE UMEJIO ABA PA3JIMYHBIX Jei-
CTBHUTEJILHBIX KOPHSA, JOJYKHA BHIIIOJHATHCS CHCTEMA YCIIOBHUMA:

. 1
t, >0, 3a+1>0, @>~os
tp>0, 1. e, {1-a>0, am6o g <1,

CrnemoBaTesIbHO, @ € (—%; OJ U(0;1).

OrBeT.QE (—%;0) U(0;1).
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IIpumep 2. [lna KaXA0T0 3HAYEHUA IapaMeTpa @ HaiuTe Ko-
JMYecTBO KOpHeil ypasHenus log,  (ax +1) = 0,5.
Pemenue. [JanHOe ypaBHEHUE PAaBHOCHJIBHO CHCTEMe

2x>0, x>0,
221, nmu 4 x#0,5,

ax+l=\/2_x, ax+1:\/2_.

O6o3naunm: f(x) =ax +1, g(x) = V2zx

ITocrponnm rpadpuku dyaxouit f(x) u g(x) (puc. 39).

W3 pucyHKa BUAHO, YTO AAHHOE YPaBHEHUE MOXKET UMETh OJHO
pellieHue, JBa PeIIeHUA WX He UMeTh HUA OHOTO.

1) Paccmorpum ycaosue x # 0,5. Eciin x = 0,5, 10 0,52 +1 =1,
1. e. a =0, cregosaTenbHo, ecau a = 0, ToO ypaBHeHHE PelIeHU He
AMeer.

2) Haiiném, Ipu KakKuxX 3HAYeHUAX a rpaduku GyHKIHUNA cOnpH-
Kacarorcs. 'padukn 6yayT IMeTh OZHY OOIIYIO TOUKY, €CJIU ypaBHe-

Hue ax + 1 = V2x uwmeer oxguo pemenue. Haiiném oTh 3HaUeHUA a.

a’x® + 2ax +1 = 2x, wmma a®x® + 2(a— 1)x +1 =0.

B parHOM ciyuae ypaBHeHHe OyjeT UMETh OJUH KODPEHb, eCIH
a = 0 (4T0 HEBO3MOXKHO, TOCKOIbKY Toraa x = 0,5), minu ecaau D = 0.

D
ITockoabKy PEis (a— 1)2 -a?=-2a+1,10 D=0, ectma=0,5.

CunepoBarensHO, eciu a = 0,5, TO ypaBHeHHe UMeeT OJHO pelle-
Hue. [lasee u3 pucyHKa BUAHO, uTo ecau a € (0; 0,5), To ypaBHeHHe
“MeeT /Ba pellleHus, ecau a € (—oo; 0) — OZHO pemieHUe, eCaU
a € (0,5; «©) — ypaBHeHHE PEIIeHUH He UMeeT.

Orser. Eciu a € (—; 0) u a = 0,5 — ypaBHeHUHe UMeeT OLHO

penieHue;
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ecau a € (0; 0,5) — ABa penreHUs;

ecau a € (0,5; ) u a = 0 — ypaBHeHUe pelIeHuil He UMeeT.

IIpumep 3.Pemure sepasercTso (a —2) - 3% < 2a — 5.

Pemenue. Paccmorpum ciayyan:

1)a =2, rorga 0 - 3* < -1, uro HeBoamoxkHO. Ce[oBaTENBLHO, €C-
JI4 @ = 2, TO HEPABEHCTBO HE UM€EeT PeIIeHuM.

2a-5

x
2)a> 2, torga 3" < a2

2a 23
a) ecan T <0, T.e.a€ (2; 2,5], To HEPAaBEHCTBO PEIIECHUMN HE

nMeer, Tak kak 3* > () npu Bcex 3HAYEHUAX X}

0) ecou E:T‘zé >0,T.e.a€ (—=; 2)U(2,5;)ma>2,T0ac€ (2,5; ).
2a-5

B arom ciryuae umeem x < log, ST

a-2

2a-5 2a-5
HEpaBeHCTBO — - > 0.CnezoBarensHo, ecnua < 2, To x >log, el

3)a < 2, rorga 3¥ > . ITockoneKy @ < 2, TO BBINIOJHAETCS

2a -

OrBerT. Ecima € (—; 2), TOo X 2 logaa—;z- ;ecaua € [2; 2,5],
TO HEPABEHCTBO pEIIeHUM He uMeeT; ecau a € (2,5; «), 10
2a-5
a-2 "

IIpumep 4. Pemwure HEpaBeHCTBO

2log (x—a+1)+log, s (x—2a-3)22.

x <logg

Pemenue. IIpeobpasyem faHHOE HEPABEHCTBO:
log, (x—a+1)—log,(x—2a-3)>2,

log, (x—a+1)>2+log,(x—2a - 3),

log, (x —a+ 1) >log, 4(x — 2a — 3).

Ilocneanee HEPaBEeHCTBO PABHOCHJILHO CUCTEME

{x—Za_—3>0, {x>2a+3, x>2a+3,

x-a+124(x~20-3), " |38x-7a-18 < 0, O™\ _7a+13
S,
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e
NGO 5 Ne. LLLLy
2a+3 Ta+13 ¥ fa+13 . 2a+8 %
3 3
a 0
Puc. 40

Ecan 2a + 3 < 72+13 (pue. 40,a), . e. a > —4, 10
3

(2a+3 7‘”13]Ecnn2a+3> 7a+13 (puc. 40,6),1.e.a <-4,
3 3

TO HEPABEHCTBO pelneHui He umeeT. Eciu @ = —4, To, IOJCTaBUB 3TO
3HAUYEHUE B yCJI0BUE (CAeaiiTe 3TO CAMOCTOATENHHO), TOJIYIUM, YTO
HEPABEHCTBO DEIIeHUH TOXKEe He UMeeT.

OrBer. Ecnu a £ —4, To HepaBeHCTBO PelIEeHUU HE UMEeT; eCIU

7a+13
3

c MPOBEPBTE CEBSl .

" 1. Yro o3nauaer BbIpaXXEHUE «3ajauya c napameTpom»?

2. Ob6bscHHTE, 4TO TaKoe napamerp.

3. Kakve MeTogbl HCNONb3YIOT NpU peLUeHrU 3a4a4 C napameTpamu?

4. Y10 HY)KHO NMOMHWUTb NPU PELUEHUU NOoKa3aTesibHbIX U SIoraputhMUUECKUX
ypaBHEHWH, HEPaBEHCTB U UX CUCTEM C napameTpamu?

a>—-4,Toxe (2 R

/%%%2-':5‘: BbIMOJIHUM BMECTE -

1. ITpu xaKom 3Haqennn a HepaBeHCTBO

108,225 vaxi (2x +(2a + 3)x + 8) > 1 BeimonHsIeTCA AJIA IIPOU3-
BOJIBHOT'O 3HAYEHHU X7

Pemenmne.

1) PacecmoTpum cayuaii, korga 0 < ax’+2x+a+1<1.Tlockons-
Ky KBasipaTuuyHas GyHKIUA He OTpaHWYeHa, TO ABOMHOE HepaBeH-
CTBO HE MOJKET BBIMOJHATHCA IJIA BCeX 3HAUEHUH X, IOITOMY 3TOT
cJIyuyai pacCMaTPUBATE AAJbIIE HET chIc.ua.

2) Ecnu ax’+2x+a+1>1,roectsax’+ 2x+a> 0, 1o 3agauHOE
HepaBeHCTBO MOYKHO sanuca'rb B BUJIE

2x? +(2a+3)x+8>ax +2x+a+1, nanm

(2- a)x +2a+1)x+T7—a>0.

Ciiez1oBaTeIbHO, TAHHOE HEPABEHCTBO PABHOCUJIBHO CUCTEMe He-
PaBEeHCTB

ax?+2x+a>0,
2-a)x®+(2a+1)x+T7-a>0.

i, /)
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ITockoNbKY KBaZpaTHBIN TPEXYICH IPUHIMAET ITOJIOXKUTEJIbHbIE
3HAYEHUA JJIA BceX X € R mpu yCiaoBHHM, YTO BETKH Iapabosbl Ha-
npasJieHbl BBepX U D < 0, TO HOJTYYUM CHUCTEMY

(I>0, a>0,
2"‘a>0, a<2, 3
4-4a4® <0, HIH {4251 OTCIONaaE (1; 15)_
(2a+1)% —4(2-a)(7T-a)<0, a<;_;’

3
OTBeT.a€ (1; lg).

2. HaiifuTe Bce 3HAUEHHUSA IapaMeTpa @, IPU KOTOPHLIX CHCTEMa

2y—3.t+1 +4 ! 5y =53.t,
HMeeT pelIeHud.

YPaBHEHUI
{x2 +y*=2a-1
PemeHue. Banumem nepsoe ypapHerue B Buge 5 5% 3% +
+ 4 -5Y= 5% y pasnenum ero na 5°. Iosryuum ypasrenne 5 - 52 %+

+4-5Y73% =1, Bamenoii 5Y 3* =1, t > 0 npuBesEM ero K KBaAPATHO-

1
My ypaBHeHuI0 5% + 4t — 1 = 0, KOPHA KOTOPOTO I 5 t,=—1(ue
yrosiersopsier yeaosuio ¢ > 0). Torga 5Y 3* =571, orcionay —3x=-1,
wmy=3x— 1.
Uraxk, cucteMy MOYKHO 3alIiCaTh B BUJE
y=3x-1, y=3x-1,
Bhidet e 2
x“+y“=2a-1, x“+(8x-1)"=2a-1.
Pemmm BTOpOE YypaBHEHHE:
x*+9x%-6x+1=2a-1, 10x*-6x+2-2a=0, wn
5x2-3x+1-a=0.
YpaBsHeHUe, a CIe0BaTeIbLHO U 3a/laHHAaA CUCTeMa, Oy1eT UMeTh
peurenue, ecau gucKkpumuaaar D=0 .
D=9 - 20+ 20a = 20a — 11. ITockoaeky 20a — 11 = 0, ecnu

11
az % , TO IIPH 3THUX 3HAYEHHUAX @ CACTeMa UMeeT PellleHus.

11
>_
OrBeT.a2 20
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S —le 8 ke b= b xi . -

{Boinonuure yctho : :
321. [Ipy KaKuX 3HAYCHUAX IapaAMeTpa @ ypaBHeHne HMeeT PeleHuA:

a)2*=a; 6) 3 =2a?
322. Pemunre ypaBHEeHUE:
a)log, x =2; 6) log,, x =0.
323. [lis Kax/10r0 3HAYEHU A TapaMeTpa @ pelluTe HePaBeHCTBO:

a)2*<a; 6) 8% >8; B) log,x <log,2.

 f¥posens A KR NN, “Se S| , -

E 324. HaiiinTe Bce 3HAYEHUS IIaDAMETDA @, TP KOTOPBIX yDABHEHHE
. AMeeT eIMHCTBEHHBIN KOpPEeHb:
a)(x—2)log;a=0; 6)(x—a)lgx=0.
1325. Ilpu KaKuX 3HAYEHUAX IIapaMeTpa a UMeeT eJUHCTBEeHHOe pe-
menue ypasaerne 22% — (@ + 3) - 2* +4a -4 =0?
326. IIpu kakux 3HAYEHUAX mapaMeTpa b uMeeT e IMHCTBEHHOE pe-
menue ypasaeane 9° — 2(b+ 1) - 3* - 3b% + 26+ 1 =0?
327. Ilpu KaKUX 3HAYEHUAX ITapaMeTpa @ UMeeT ABa Pa3INYHbIX JAei-
‘ CTBHTENBHBIX pelnenus ypasaeaue 4 — (a + 3)+ 2* +2a+ 2 =07?
i Haiigure aTH pemieHus.
i §28. IIpn KaKUX 3HAUEHUAX apaMeTpa b uMeeT [Ba pa3JInIHbIX JAei-
CTBUTEJbHBIX PEIIEHUS YPABHEHUE 9ix_ (5-b) 2%% L 6—2b=0?
~ Haiigute aT! perueHus.
329. IIpu KaKUX 3HAUYEHUAX IIapAMeTpa p UMeeT eJUHCTBEHHOE pe-
menue ypasaenue 2log, (x + 3) = log, px?
330. IIpu kaKux 3HAYEHUAX TapaMeTpa ¢ UMeeT eJHHCTBEHHOEe pe-
[eHue ypaBHeHue 1g (:’c2 —2¢x)—1g (4x—6¢—3)=0?
. 331. PemnTe HepaBeHCTBO:

1
i

K

¢

2 x

a -3
332. PemmuTe HEpaBEHCTBO:
a)log, (x—3)—1>log,(x+1); 6)log, x<log, m.

}‘j ax-5 x
B 5 (1) <4 6) “-22"1> 0, ecmua>0.

_{¥posenn B L Tl

e ! 2m S

333. Ilns KakJ0ro 3HAYeHUs apaMeTpa a PelInTe ypaBHEHUe
log, (x®-ax)= log,(2x — 4a + 8).
[534. s Ka)Xaoro 3HayeHUA napamerpa b pemurte ypaBHEHHUE
log; (b + 4)x) = log, (x* + 2x).
335. HaliiuTe Bce 3HAUEHUS IapaMeTpa a, IpH KOTOPLIX yPaBHEHUE
log, (4" — a) = x uMeeT ABa PA3IUIHEIX PEIIEHUS.

N
- /
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336. Pemuure HepaBeHCTBO log, (x2 —2x+a)>78.
2
1?3"37 . IIpu Bcex 3HAUEHUAX IIapaMeTPa @ PelIuTe HePaBeHCTBO:
a)a®-4*"14+52-2°>9; 6)25°-a-5"-a-1<0.
338. PemuTe HepaBeHCTBO:
_ a)log,, . 3(a-2)<1; 6) log, x +1og, (x — 2)> 1.
B39. HajinuTe Bce 3HaUEHUA IapaMeTpa a, IIPH KaKJI0M U3 KOTOPBIX
HEePaBEeHCTBO BHITIOJHAETCSH AJIA BCeX X € R:

)4~ +2(2a+1)-2° +4a>-3>0;  6)log, (x*+2)> 1.
ot

340. HaiiguTe Bce 3HAUEHUSA NapaMeTpa @, IPH KOTOPBIX CHCTEMa
VDaBHEHHUI MMeeT pelIeHus:

) 32y+3x+3 +9. 3y+l s 3—3x, 6) logx y+ logy %=2:b,
a

22 +y?=2a-3; x+y=a®+4.
!Yposeun B P AL

e SRS S

T ————

341. Pemure ypasrenue log, x +log, x +log, x = 1.
342. Ilpu KaKuX 3HAYEHUAX TapaMeTpa p He UMeeT KOpHel ypaBHe-
ane log,(log,(x® + 2x)) = log,(log,(p + 4)x — 1)?

1343. Haiigure KoIMuecTBO peleHnil ypaBaenus xlg x = 3 — alg x.
344. HaiimuTe Bce 3HAUYEHUA IapaMerpa a, IPpXA KOTOPBIX AJIA BCEX
JIeICTBUTEIbHBIX 3HAYEHUI X BBINOJHAETCA HEPABEHCTBO
_ gkindly9g—g).gknd 4 52150,

1345. Pemure cucTeMy HepaBeHCTB

8+log, x logﬂ2 x
$? GfaNreds
81 3
O<x<l1.
346. Haﬁnn're BCe 3HaAYeHHU A [apaMeTpa a, ipyu KOTOPBIX UMeeT eITuH~

log, x +log, y =6,

CTBEHHOE PeIlleHHe CHCcTeMa HEeHUH
P FDAR {y+6a=8+ax.

347. Ilns kakA0ro 3HAYEHUA IapaMeTpa a HauauTe 00JIacTh onpe-
nesleHus (DYHKIIUKA

2 2
f(x)=\/ x“+2ax+a” +1

3a%.3%% _5q.3% +2
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348. Pemure ypaBHeHMe:

: 2 ] e S (U
a) (sin x + cos x)“ = 2sin 4+x sin| x |3
6) arctg (1 + x) + arctg (1 — x) = 0,25m.
349. Peminte HepaBeHCTBO [x?‘ +x+1|< 2(.‘1(2 +.1).

350. Beruuciute 3HaYE€HUE BEIPAYKEHUSA (4 + \/1_5 )(\/E - \/5 ) 4 - \/1_5 .

" TOTOBUMCS K TEMATUYECKOMY KOHTPOJIIO

'[g] TECTOBDBIE 3A0AHUA

1. Kaxwue us y'rnepmnennﬁ npaBuJIbHLIE A1 QYHKIHM Y = a”:
a)y=a* —uérnas; 6) D(y)=R; B) nepuoaudeckas; r) E(y)=R?
2. Kaxue u3 yTBepK/eHUH NIpaBuiIbHbIe 1ia yHKIUN y = log, x:

a) D(y) =R; 0) rpaduk — mapaboia;

B) HEUETHAS; r) Bodpacraer (a > 1)?

3. O61acTeio 3HaUYeHMI QyHKIUM y = 3" — 2 ABnsAerca:
a) R; 6) (05 ) ; B) (2;2); .  1)(=2;).
4. Boruncsare 92987,

a)7%  6)7% B)7%; r)7°.

» 2x-5
L T abx4l0
p 5. Kopess ypaBHeHUS 9 =3 IIPUHAJIEIKUT IIPOMEIKYTKY s

B a3)(-3;-1); 6)(-1;1); B)(1;3); r) (3; 5).

6. Haiiure nonoBuBy KOpHA ypaBHeHUd log, (x +1) =log, (3x).
a) 0,75; 0)0,25; B) 0,5; r) 0.

7. KopeHb ypaBHEHUA log(,'2 (2x + 5)=1 npuHAIEIKUT IPOMEIKYTKY :
) x<=-2,6;  0)—2,6<2<0;11B)0<x<2,5; r)x>2,5.

* 1
8. Kakoe Hanbo IbIIIeE YUCJIO YAOBIETBOPSET HEPABEHCTBO (\/5 ) < e

a) —6; 0)—17; B) —5; r) —4?
9. Kakoe HamMeHbIIIEE [[eJI0€ YHCIIO YA0BJIETBOPSAET HEPABEHCTBO
log, , (x +2) <-2:

a)24; 0)23; B) 22; r)21?
10. Haitnure sgauenue log, (9b), ecnu logg b = 5.
a) 3; 0) 5; B)7; r) 9.

|
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A +8=C TUNIOBBIE 3AIAYM 15l KOHTPOJILHOM PABOTBI

1. Haliiure 3HaUeHHE apryMeHTa, IIPA KOTOpoM GQYHKIUA TP~
HUMaeT YKasaHHOe 3HaAYeHHe:

1 x
! a)y=2%y=16; 6)y=(-15-) ,y=625J5. |

2. CpaBHHUTE UHCIa:
16,2 -3
35 a1, ! & <
a)2,3°u2,3"; 6)(9) u (9 . i
3. Haiigure ob6siacTh onpezesieHUusA (DYHKIIAN:
| a)y=lg(x+5);  6)y=log, _5(6+5x—x>.
i 4. TlocrpoiiTe rpaduk HYyHKIAMA:

a)y=2% 6)y=2"+1; B)y=[0,5"-1|. |
5. PemuTe ypaBHeHHE: '
a)2x+3—2”+2=32; { 0) 3log§(x~2)—1010g2(x—2)+3=0.
6. PemnuTe HepaBeHCTBO U HaujguTe HamboJbIIee MeJoe YHCJIO,
VAOBJIETBOPAIOIIEE ero:
I 3
' a) 0,7x2'4" >(1—70-) 5 6) 16°<6-4%-5.

7. PemuTe HEPABEHCTBO M YKAIKATE, CKOIHKO HATYDATBHBIX UH-
ceJI IBJISIeTCA ero PelleHuAMU:

a) log,(2-x)>log,(2x+4);  6)log,(x*—6x+8) <1.
5 5

S

8. Beruucaure:

a) log, Vb +8log, Ja ,ecmmlog, b=2;

L n
6) logn\(4sm EJ+ log, ( cosﬁ) ‘

9. Pemure cucremy:

2_. -
3% bx 4<9’

log, (x* +8)>log, 4x.

5 5

log, x-1o =1
{ g ga Y 6)

longx+logJEy=2;
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10. PemuTte ypaBHEeHUE:

6 2 1

6)2:9+3- 4" 5-6%.

11. 3axoH pocTa IOMyJaAnUYN 3a1aéTcsa (POPMYJIOA X = xoe’“, rie
X — YHMCJIEHHOCTb MONYJIANNH Yepe3 IPOMEXKYTOK BDEMeHH & X, —
HaYaJIbHASA YMCJIEeHHOCTh MONYIAnuN; £ —K0a(GUIUEeHT pocTa o~
nynsoun. Halinure koadgdunuesHT pocTa MONYJIANUAN KUBOTHBIX,
ecyu 3a 5 et oHa yBeauumniaack Ha 50 % .

T/ICTOPUYECKME CBEOEHMA

ITorarue Gysxuu nossBuiIock B MaremaTuke B X VII 8. Ero Beze-
HUIO CIIOCOOCTBOBAJIH, IIPEXK e Bcero, paborsl P. Ilekapra, I1. @epma,
U. Heiorona. Tepmun «pyHKmua» npemnoxui I'. Jleitbaun,. 3atem
W. Beprymiu, A. Jlonurans, K. I'ayce u gApyrue MareMaTUuKu yTo4-
HAJYU U PACIIUPSAIN 3TO moHATHe. OCHOBHBIE CBOMCTBA YHUCIOBBIX
(GyHKIMHA, B YACTHOCTHA UX YETHOCTH, HEUETHOCTH, IIEPUOJUYHOCTD,
HENpPEepPBIBHOCTh, AUu((epeHIupyeMoCThb U T. ., HCCIEI0BAJ B ABYX-
TOMHOM TpyZe « BBe/eHue B aHAIN3 6eCKOHEYHO MaJIbIX» JI. Ditrep.

CreneHn ¢ HeOOIBIIMMHU HATYPAJIbHBIMY IIOKa3aTeJIAMU BABUJIOH-
cKue yuénslie paccmarpuBasu emé 6osee 4000 ser Hazan. Crenenu ¢
JAPOOHBIMH, HYJE€BEIMUA X OTPHIIATEIbHBIMH IOKA3aTEJIAMU BXOJH-
Ju B matemaTuky B XIV—XVII BB. mocTenesHO, pa3Hble MaTeMaTH-
K1 0603HaYa M X 1mo-pasHomy. Ilocie nybnukamuii pabor Y. Hero-
TOHA COBPEeMEHHbIe 0003HAYEHUSA ITUX CTENeHel cranu obimenpu-
HaTeiMu. Torga jxe HaYaau paccMaTpPUBATh CTENEHH C IIPOUBBOJIb-
HBIMH JEeHCTBUTEIbHEIMH IIOKA3aTeIAMH.

Yuenue o Jorapudmax B 0CHOBHOM ObLI0 pa3dpaborano B X VI Beke,
HO B IPAKTHUKY BOIILJIO TOJIBKO IIOCJIE CO3/a~
HuA Tadaun gorapudmoB. IlepBrie Takue
TaOJIUIBI COCTABIJI IOTIAHACKHAI MaTeMa-
Tuk [l. Hemep. B kauecTBe 0OCHOBaHUA JIO-

1 s
rapi(MOoB OH BISAJ IACIO — . Hemnep BBén 1

TEepMUH «JIOrapudm» (0T TPEYECKHUX CJIOB
Aoyol — orHomenue, oplOpol — umcio).
ITepsrie TaGaMUEBl JECATHYHEBIX JOrapud-
MoB coszan B 1617 r. I'. Bpurc, a HaTypais-
HBIX — B 1619 1. [I3x. Creiigens. O6a — aH-
rauiickue maremMaTuku. Jlo cepeauHBI
XX B. morapudMuyecKue TabIUIILI ¥ JIoTa-

HEMEP OxoH
(1550—1617)
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pudMHUYeCKHe JUHEHKH ObLIN HAUTyd I -
Mu cpexcrBamMu BeiumcaeHuii. C pac-
IpPOCTPAHEHUEM DJIeKTPOHHBIX CPEJACTB,
0C0OEHHO MUK POKAIBKYJIATOPOB, JIOTapud-
MHUYECKHe BEIYUCJIEHUS YIILJIA B IIPOIILIOE.
®pannysckuit maremaTuk I1. Jlamnac
CKAasaJI, 4To u300peTeHue JorapudmMos Ipo-
JITAJIO JKM3Hb BEIYHMCINUTEICH.
IToxkasarenpHBIe U JiorapuMUUYECKHE
(hyHKIMM OCHOBATEIBHO HccemoBas JI. Dit-
Jiep, Ha3blBad UX «II0KA3aTeJIbHBIMU U JIO-
rapupMUYECKUMHA KOJINIECTBAMH» .

EWNEP ﬂeouapu
(1707—1783)

’ brmqﬂor_ B PA3AEIE 1

f’ IToHsaTHe cTenieHN 0000IIaeTCA TAKUMYU PABEHCTBAMU:
|

=a;a°=1(@#0);a "= 2 (a#0);

an
m
i a” =Il’am (a>0).

‘ Ecau a> 0 — peiicTBUTENILHOE, & 0L — UPPAllHOHAIBHOE, TO IO/
| CTeNneHblo @ MOHUMAIOT HEKOTOPOe AeHCTBUTEIbHOe YUCTI0, KOTO-
“ poe ABIAETCA rpanuIeil 6eCKOHeUHO mocaenoBaTe bHOCTH at, a*?,
wery @7, oiiy THE Oy, Oy, ouey Oy, ... — GECKOHEUHASA TIOCIENOBATE D"

HOCTB, IPEJIeJIOM KOTOPOU ABJISETCS TUCIO OL.
Jlorapudmom uucia b mo oceoBasuo a (a > 0; a # 1) HazsIBAIOT
IoKAa3aTe]b CTEIeHH, B KOTOPYIO HYKHO BO3BECTH YHCJIO @, YTOOBI

a"=a-a-a-...-a;a’

‘ IOJIY4YHUTh b. :
| To ects, ectn a* =b, Tox =log,b (b>0,a>0,a#1).
1 CaoiicTBa JorapudMos:

1

| log,1=0; log,(xy)=log,x+logy; logub= %loga b;

" logaa=1; loga$=logax—logay; logab=logba N
I —
' alogab =b; logaxp =plog,,x; logax = log, @ . logbx.

i YcoBus, IpU KOTOPBIX 9TH PABEHCTBA IIPaBUJIbHbIE, YKa3aHbI B
: Tekcre (c. 49—51).
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‘ = —
; y=x" rpe o € R — cmenennan QyHKYus ¢ 1eHCTBUTETHLHEIM

poxasaTresieM;

y=a*,rnea>0,a#1— nokazamenvnan Pyrnryus;

y=log, x,rnea>0, a#1— nozapugpmunecxkan pynrxyua.

IToxasarenbHas 1 JorapudmMudeckas GYHKIUY C TEM )K€ OCHOBA-
HAEeM — B3aumMHO obpaTHbIe. IX rpaduKu CHUMMETPUYHEI OTHOCH-
TeJBbHO IPAMOM Y = X.

YpaBHeHUe (HEPaBEeHCTBO) HABLIBAETCH NOKA3AMELbHbLM, €CIIN
ero NepeMeHHbIe BXOAAT TOJbKO B IIOKA3aTeIH CTEIIeHeH.

OcHOBHBIE METOJBI PEeIIeHU A IOKA3aTeJbHBIX YPABHEHUH 1 He-
paBeHCTB

e [IpuBezenue obeux yacTeil ypaBHEHUA K CTEIIEHSAM C OJUHAKO-
BBIMU OCHOBAHHUSIMH.

e Bee/leHue HOBOM IMEPEMEHHOM.

e OyHKIIUMOHAIBLHO-TPahUIECKUl METOx.

i CpoiicTBa MoKa3aTeJbHOM M JorapupmMuuecKon hyHKImMA

y=a" y=log, x
I’ 0<a<l1 a>1 0<a<l1 a>1 [
i N ‘
| D(x) | (o5 ) (-5 ) | (0; ) (0; ) |
| E(x) (9; =) (0; =) (=203 ) (=05 )
f‘ y>0 (o035 ) | (=005 =) (0; 1) (1; =)
Hy<0 - o (15 =) (0; 1)
| Bospacraomasn — | (—o0; ) e (0; =)
‘; y6BIBaomasn (—o0; ) i =5 (0; =) T

B — I .

. Ypasrenwue (HepaBeHCTBO) HA3LIBACTCA L02APUPMULECKUM, €CITH
' €r'0 mepeMeHHBIE COZePIKATCA TOJBKO DO 3HAKAMM JOrapu(MOB.

- OcHOBHBIC MeTObI PEIICHU JIOrapH(PMUYECKHX YPABHEHUN M
HepaBeHCTB

- e Jlo onpexpenenuio gorapudma.

e ITo cBoMicTBaM JorapudMoB 1 JJorapuGMUIECKoN QyHKIIUHA.

e BeesieHue HOBOM IIEPEeMEHHOM.

e 'pachuueckuii.

e JlorapuMupoBasue.




OC_HOBH bieé TeMbl pasjena

Mpenen nocneposaTenbHOCTH
Mpepen dyHKuUK
HenpepbiBHOCTb hyHKLMUH
MpoussogHas yHKUWH
Mpasuna aucbepeHunposaHms
MUccnenoBanue hyHKLUMUK
Mpoun3soaHas kak CKOPOCTb
Bropas npou3sogHas
MpumeHeHe Npor3BOAHOM

Ymo moxcem 6oime npouwse dupPepeHyuansHozo ucyucnenus!
M. Ocmpozpadckuil




TOM pa3jienie Bbl HA4WHaeTe u3yyarb Hauyana MaTemMaTMyecKoro aHanu-
a — obnacTu MaTeMaTuku, B KOTOPOW UCCNeAYIoTCA (DYHKUMM pasnny-
NPUPOAbI HAa OCHOBE aHA/IU3a BECKOHEYHO Mablx. Bbl 03HaKoMUTECH
1OULHBIM MaTeMaTUYeCKUM annapatoMm — dughghepenyuanoHoim
UCAIEHUEM, KOTOPbIW CYLLECTBEHHO PacLUMpUA rpaHuLibl NPUMEHEHUS
eMaTuki. MeToabl MaTeMaTHiecKoro aHanu3a no3BONSIOT UCCNeA0BaTb
0/1bKO COCTOSAHUSA, HO U NPOLEcChl.

" §9. NPEADT NOUIEAOBATUIbHOCTH T

~ C moHATHEM IOCJEJ0BATEJIHLHOCTH Bbl O3HAKOMUJINCH €IE B 0C-
"L-‘ HOBHOM IIIKOJIE, KOI'/la M3ydasid apu(pMeTUIecKyio U reoMeTpuyec-
Kyio mporpeccun. HecKoJIbKO mMOCIefoBaTEeIFHOCTEH paccMaTpuBa-

. jwuch B § 2. A HMEHHO:
1) 6GeckoHEUHASA TIOCIEHOBATEIHLHOCTH PAIIHOHAIBHBIX TPHUOIMIKe-

. Huii yucsia \/2 ¢ TOYHOCTHIO A0 AECATHIX, COTHIX, THICAYHBIX U T. J.:
' 1,4;1,41;1,414;1,4142;1,41421;...; (*)
2) mocJieIoOBATEILHOCTD CTEIIEHEH ¢ OCHOBaHUEM 3, ITIOKA3aTes -

MM KOTOPBIX ABJAIOTCA PAIMOHAJIbHBIE IPUOIAIKEHUA YucIa J2 ¢

A ' TOYHOCTBIO J10 IeCATHIX, COThIX, THICAYHBIX U T. X.:
31,4; 3 1,41; 31,414; 31.4142; 31.41421,

,',' i Yuc.n080il nociedosamenvHocmyo HassiBaeTea Gyaxrnua y = f(n),
KOTOpas 3a/laHa Ha MHOYKeCTBe HaTypaIbHBIX uncel. IIpu Takom 3a-
\ pasun y; = f(1), y, = f(2), ..., y, = f(n), ... — COOTBETCTBEHHO IIep-
BEIA, BTOPOM, ..., N-#, ... YWIEHBI YACIOBOM II0CJIEJOBATEIHLHOCTH.
O6o3HaualoT YUCIOBLIE TocaegoBaTeabHOCTH (a,), (X,), (¥,)-
. Ymucnosbie OCIE0BATEILHOCTH 3aJAaI0T OIIUCATEILHO, IIEpeYHEM
| WIEHOB, MO0 ¢ ITOMOIIBIO GOPMYJIBI (11-T'0 YIeHA WY PeKyPPeHTHOI).
Hanpuwmep:
a)y,=(-1)",ne N: =3 a0 Fp W e L IS

LdthL . 84
6) Yn i sne N: 2, E, 5, vesd

B Y=L ys=14, 0= Ypt¥ps1:1:1,2,3,5,8, ...
B kypce reomeTpuu, 4T0OBI BIBECTH (DOPMYJIBI AJTUHEI OKPYIKHO-
i | CTH ¥ IJIOIIAAX KPYra, PACCMaTPHBAIOT MOCJIE0BATETbHOCTH BIIH-
- CaHHBIX B KPYT ¥ ONIMCAHHBIX BOKPYT KPyra MEOTOyroJbHUKOB. [Ipn
~ 9TOM OTMEevaioT, YTO NPY HEOrPaHUYEHHOM YBeJIMYeHHUH YUCIa CTO-
" POH MHOTI'OYTOJIbHHMKA €ro IepUMeTp BCE OauiKe u 61mKe mpubamxa-
{ eTcs K AJuHe OKpyKHOocTH (puc. 41).




Paspen 2

-

Taxk mosy4aoT NepBoe HHTYUTUBHOE IOHATHE Npedena Yuciosoi |
~ nocaedosamenvHocmu. B Kypce MaTeMaTHYeCKOro aHAIN3a — 3TO
OZHO M3 BaXXHEHIIUX NOHATUMI. PaccMoTpum ero nmoapobHee.

2n +1
ITycrs 3a1aH0 YMCIOBYIO IIOCIEI0BATEBLHOCTD Y, = SraTa e Bri-

YHCJIUM €€ IIepBhIe NATH YJIEHOB U U300pa3uM UX HA KOOPAUHATHOMN |
npamoi& (puc. 42) Nmeem:

U =—~06 y2——~0 L, y3=—~0 78, y4———~0 82, y5=—~0 85. |

Rax BUJIMM, C YBeJIM9eHUeM HOMEPA YJIeHa II0CIe0BATEIbHOCTH
caM# 4JIEHBI IIOCJIe0BATEIHHOCTH BCE OamoKe 1 Oimixe npubimKa-
1oTca K gucay 1. ITockonbKy paccTossHUEM MeXKAy TOUKaMu, KOTO-
phble COOTBETCTBYIOT YMCJIAM Ha KOODAWHATHOM IPAMOIL, €CTh MOAYIh |
Pa3HOCTH 3TUX YHUCEJ, TO MOXKHO YTBEPIKAATh, UTO AJIS JaHHOMK I10-
ciegoBatenbHocTH |y, — 1| <y, —1|.

OueBHZIHO, YTO IPU POCTE YMCJIA N YIeHBI 3aJaHHOU IIOCIe0BAa-
TEeJIbHOCTH BCE MEHBIIIe U MeHbIIIe Oy AyT oTimdaThes oT yucaa 1. Ha-

. = ArdVUF L radl o 2001
npumep: Y100 =5 0072 =503 0,990, a y,, Shat =0,999.

B marHOM ciydae 1A J1060T0 ZOCTATOYHO Majoro uucia € > 0
(emCcMIIOH) MOXKHO HAWTH Takoe yucyo N (HoMep djieHa MocaenoBa- |
TEeJBHOCTH), YTO JJISI BCeX IOCJIeAYIOIINX YJIEHOB 9TOM IIOCIEN0Ba~
TeJLHOCTH OY/ieT BBIIOJIHATHCA HEPABEHCTBO |y, — 1<e.

Hanpuwmep, B pacCMOTPEHHO# BBIIIE IOCTE0BATENBHOCTH IS
—-1

& = 0,2 raxum wiesom Gyzer y; (N = 5), nockombky lys — 1|= <0,2;

agaae =0, 01 rakum wienoM 6yzeT Y400 (nponepb're)
B 5TOM cityuae roBOPAT, UTO UUCIO 1 ABIASAETCH npedenom 3anan-
HOM YHMCJIOBO# IIOCJIeJOBATEILHOCTH.

=Y
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_____ et B A 2 el P
E Yucno A HassiBaloT npedesom yucnoBoii nocnedoBamensHocmu y,,,

ecnu pns noboro e > 0 cyuwecTeyer Homep 4uneHa nocsedoBamens-
- Hocmu N(€) Takoi, 4YTO ANA BCEX 1L > N(e) Boinonsiercs HepaBeHCTBO
ly - Al <e.

! Ob6osunauator: lim y, = A . YuraioT: npejes YUCIOBOA MOCIEL0"
n-—»oo
BATEJILHOCTH Y, TIPH 1, CTPeMAIeMcs K 6eCKOHeYHOCTH, paBeH A.

IIpumep 1. Beruaucaure npeaen nocjIe OBaTeIbHOCTA Y, = L

f PemeHue. 3anuineM HECKOJbKO YJIEHOB 3aJIaHHOﬁ mocJyenosa-

) £ TeJIBHOCTH: L) Kak BuguM, €€ 4JIeHbl CTPeMATCH K
& LN ST s T X
~gpueay 1. IlposepuM Hame npeanosoxesue. I1o onpegenesuio npe-

. jesia Hajo HaWTH Taxkoe yucio N, 4To s Bcex n > N(g) Oyner BeI-

L_l "
n+1 < €. Mmeem:

. IOJHATHCA HEPaBEHCTBO:

n-n-1 -1 1 =
|_| |_ <g,ne+e >1,ne >1—e,n>1——£.

n+1 | |n+1| n+1 €

CreoBaTeIbHO, TaKOE YKCJIO cymecTByer. Hanpuwmep, npu € =0,01
1-0,01
0,01
To ects, HaumHadA ¢ 100-10 YIeHa TOCTE[0BATETLHOCTH PACCTOAHIE

- MeXxnay JIIOOBIM YJIEHOM Imocjie10BaTeJIbHOCTH X YHUCJIOM 1 6y,zxe'r MEeHb~
e 0,01. '

. IocJeiHee HepaBeHCTBO Oy1eT uMeTh BUA n > , amu n > 99,

n
hm —=1
CrnenoBaTesbHO, AT

1

® J[oKasKuTe CAMOCTOATENIHHO ¥ 3aIIOMHUTE, UTO hm i

I Ecau yucioBas mocienoBaTeabHOCTD Y , UMeeT Ipejes, TO OHa

h xaamaae'rca cxodaweiicsa. Eciu yucioBas Mocjaef0BaTeIbHOCTE IIpe-
JleJia He MMeeT, TO OHA HagbIBAETCHA PACX00AULelCA.

| PaccmorpuM cBO M ¢ T B a CXOAAIIUXCA ITOCIEAOBATEILHOCTEH.

1. Ecsin mocie1oBaTe IbHOCTDL UMEeT IIPeIesI, TO 9TOT IIPEee)I eIuH-

CTBEeHHBIN.

2. Ilpeses MOCTOAHHON IOCJIEA0BATEILHOCTH PAaBeH 3HAYEHHIO
1506010 YJIeHa 9TOM ITOCIe0BATEILHOCTH, TO €CTh

| limC =C.

n—ee
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3. Ilpepes cyMMbl (PA3HOCTH) ABYX CXOAALMAXCH OCTIEA0BATE N b-
HOCTe¥# paBeH cyMMe (Pa3HOCTH) IPEIeJIOB 9TUX II0CIeL0BATEILHOC-
TeM, TO eCTh: i

lim(x, ty,)=limx, tlimy,
n—eo n-—yoo n—ce
4. ITpepsen Ipou3BeieHUA ABYX CXOAANIMXCA ITOCTIEA0BATEIBHOC
Tel paBeH IPOU3BEeHUIO IIPE/IeJIOB 9TUX IOCJIef0BATEILHOCTEH, T.€.

lim(x, y,)=1lim x, -lim y,
n—yee n— e n—ee °
5. Ecnn nocnenoBarensnoct# (x,) u (y,) — cxopamuecd, (y,) #0,

X
n
n e N, To YACJIOBas IMOCJIE0BATEJILHOCTh y TOXe CXoadamasnacsa 1
n

BBRINOJIHACTCHA PABEHCTBO

lim x,,
lim =" i
T Tlmy, |limy,#0).
n—eo
" 2n+1
IIpumep 2. Haiiaure nipeses mocaeAoBaTeIbHOCTH &, = T

Pemenue. 9Ty nocIef0BaTeJIbHOCTE MOXKHO IIPEeJACTaBUTE B
BHJIe CYMMBI IBYX CXOAAIIIUXCA nocne;xona'renbnoc'reﬁ Y= 1

n &
X, =—— (upoBepsTe). Ha oOcCHOBaHUH CBOMCTB 2 U 3 HMeeM:
n+1

n—e| n+1 n—eo N+ n—eo

1im(L+1)=1imL+1im1=1+1=2,

J1s BEIYUCJIEHU A IIpefiesia IIoCaef0BaTeJIbHOCTH, KOTOpas 3aa-

P, (n)
Qk(n)

€TCA KaK OTHOIIeHUE JABYX MHOI'OYJIEHOB , HCIOJIB3YIOT Cclie-

JyIolee NPaBmJIo.
Hns mozo wmobst 8bitiuciums npeden HUcL080i nocredosamelib-
Hocmu, Komopas 3adaémes KaK omHoweHue 08Yyx MHO204IEHOE

P, (n)
Q,(n)
KaxOblil U3 KOmMopsLX umeem npeden, pasHbulii 6eCKOHEYHOCTU, He-
00x00uMm0 KaxObLil wieH 3a0aAHHbLX MHOZOYNEHO8 pa3deiumb Ha
HAUBbLCULYIO CTENeHb 1L U BbLACHUMb, K YeMY CMPEeMUMCL KANObLil
U3 NOLYHYEHHbLX YeH08 3a0AHH020 OMHOULEHUA.

(00noiL nepemennoil n, cmeneneit m u k coomeememeerHo),
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2
IIpumep 3.Brruucaure lim §f—§——ﬂ+—§ :
n—w n°—-8n -
. Pememnue. 3xech P(n) = 3n°— 4n + 5, Q(n)= n® — 8n. Ilpegen
. Ka’KJ0r0 MHOTrO4YJIeHa paBeH GeckoHeuHOCTH. IlocKOMBKY m = 2,

8114 .5t
2 _ 2 3 s
ML el oy O il o B e\ LA
n—eo n3_8n n-—ye ) 8 1-0
' 9
n
IIpumep 4. Beruncaure:
1. . 5n®—-Tn®+3 I 1 i ]
lim~——————. ¢) lim——————
2) n—e 8—nb +3n? n—e  p®43n?
I 5_1 -3.
g VL 5 6
Pemenue. a) lim 22 Tn"+8 _y Hiin =i=_5;
nse 8-n%4+3p® no=8 ;. 3 -1
. n® nt
) [P
5-=+—
S e 1 S n 8 5-0+0_
6) li =lim = =co,
n—seo n5+3n2 n—e 1 +i 0+0
S

3aMeTuM, 4TO 3/[eCh He IPOMCXOAUT JleJIeHUe Ha HOJIb, IOCKOJIb-
. Ky 3HaMeHaTeJIb JIMIIb CTDEMHTCS K HYJII0, HO eMy He DaBeH.

- IIpoarasm3upyeM mojJydeHHbIe 0TBeThl. B npumepe 3 creneHb
| UpCJIUTeNIs MEHbIIe CTelIeH! 3HaMeHaTe Id. JTO 03HAYAeT, YTO 3Ha-
~ MeHaTeJIb CTPEMHUTCA K 0eCKOHEeYHOCTH ObICTpee, YeM YUCIUTeNb, &

. CJIe0BATEJBHO, IIPeJesl UX OTHOIIeHU:A Oy/eT paBHATHCA HYJI0. B °
. Ipumepe 4, B 3a/JaHUU a) CTEIIEHU YHUCIUTEIA U 3HAMEHATeId OfH-
.~ HAKOBBI ¥ B PE3YJIbTATE IIOJYYMUIN OTHOIIEHIE KO3 (DUIHEeHTOB IPH
. Crapmmx creneHax. B sajanum 6) creness ynucauTes 60ble cTe-
' NleHU 3HAMEHATeJsd. ITO 03HAYAET, YTO YUCIUTENb CTPEMHUTCHA K
-_: OeckoHeYHOCTH OBICTPEE, YeM 3HAMEHATEJIb, & IIOTOMY IIpe/iesI UX OT-
. HomeHM#A paBeH GeckoHeuHOCTH. MTaK, MMeeM ele TaKkoe IpaBuio.
s mozo umobvlL 8bL4ucaums npedest Lucai080l nociedosamens-
HOCMU NPU N — 0, KOMOPas 3a0aémca Kax omHuouleHue 08Yx MHO20-

P, (n)
Q,(n)

. WeHose (00HolL nepemennoil n, cmeneneit m u k coomeem-
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HOCTMU, He006X00UMO cpasHumb amu cmenenu. Ecau:
\ 1) m = k, mo npeden pagéern OMHOWEHUIO KOIPPUYUEHMOE npy
CMapuiux cmeneHax 3a0aHHbLX MHOZOYJEHO8;
2) m < k, mo npeden pager HYLIO;
l 3) m > k, mo npeden pagen 6eckoOHeYHOCTMU.

| MPOBEPBTE CEBS
i1 . th

|
l CMEEeHHO0), KaNObLil U3 KOMOPbLX umeem npeden, pashulil 6eCKkorey-
\

i 1. Yto Ha3blBaeTCH YHCNOBOW NOCNEAOBATENbHOCTBIO?

(M 2. [puBeguTe npuMepbl NocnesoBaTe/ibHOCTEH.

il 3. Kak 0603HaualoT YucnoBble nociefoBareslbHoCTH?

‘ 4. Kak 3a4ai0T YHC/IOBbIE NOCNEA0BATENBHOCTHU?

’ 5. Yro Takoe npegen nocnegoBaresibHOCTH?

Il 6. Kakue nocnenosaresbHOCTU Ha3blBAIOT CXOAALLMMUCA?

7. CchopMynupyiTe CBOMCTBA CXOASLUMXCS NOCAE[0BATENBHOCTEN.

8. CchopmynupyiTe NpaBuIo HAXOXKAEHUSA NPeaesia OTHOLEHHUS ABYX MHOrO-
Y/IEHOB.

‘ 484 BBINOJIHUM BMECTE Y

1. HOJIBSYSICI: ompejeJyieHueM nnpejeia YUCJIOBOM nocienosaTelib-

li 2n+1
| HOCTH, JOKa»xHUTe, uTo 11m
n—e N+3

A
Pemrenue. HyxxHo n0oKasaTh, 4To cymecTByer Takoe N(€), uro

2n+1

-2
n+3

s BceX 1 > N(€) BBIIOJIHAETCSA HEPABeHCTBO <€ TIIpeob-

pasyeM BEIpajKeHHe, CTOsIIee B JIEBOU YaCTH:

2n+1
-2
n+3

2n+1-2n-6
n+3

-5 X 5
n+3| n+3°

5 1
Hyc'rbm<€,'roma5<ne + 3¢€,a n>5 8

. [Lns no6oro € MoxkeM

5-3¢
Ha#WTH cooTBeTcTByIOmee N(g), Hanpumep N(g) = [ = ] :

| Wrak, npezsesiom 3aJaHHOM MOCJIE[0BATEILHOCTH ABJIAETCH YUCIIO 2.
!
I

3/ 3 3/ 3 2
! | 2. Beruncsure: a) lim(\/n+l—\/;); 6) lim \/ﬂ +3nI\/n -3n"
n-—ee N—o n

‘ ' PemeHue. a) YMHOXHM U Pa3/ieJIMM BEIDAYKEHUE, CTOAIIEE IO
3HAKOM IIpejieia, Ha CONPAKEHHOE.
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(V+1- = Jorteds) i g
e m:m;;) i sre Ty

=lim —————=0, rak kak lim(Jn+1 +\/;) = oo,
nﬂm(Jn+1+Jr) n—e

0) PasznesnM guciuTe b ¥ 3HaMeHaTe b Apobu Ha n. Umeem:

3/ 3 3/ 3 2
lim \/n +3n+\/n -3n o

n—seo 4n n—eo 4n
41+——+#1-~
+1 _ 1
hm =
4 2
{ Boinonuure yctrho BEn SR
351. Kakue 13 nocie0BaTeIbHOCTEH CXOAAIUECH:
a8)2,4,:6;8;10; .43 0)=15=2,58, 45505k
AT g S 12345
B) 1, E, 5: Zv g, eeny P) E)ﬁyl,gygy SN
352. MaBecTHo, uto lima, = 2 u lim b, = 10. Haiigure:

n—oa n—ee
a) lima, + hm b,l ; 6)lima,— limb,; B)lima,: limb,.
n—oo n-—oo n—o n—eo n—ee

353. Kakoii u3 mpeziesioB paBeH HYJIIO:
5n —-Tn® +3 . n°-Tn®+3 5-Tn®+3
—_— IO T T ) [0 e e

nend +3n+1
354. Kaxoit u3 npeie/1oB paBeH 6eCKOHETHOCTH:

RO ) e x ~In*48 7n2+3n 1

a) hm——?——-; 6) 11m———— ) lim————

n—oe n“4+3n n—=3n% +3n% - n= 3 +3n+1
{Yposenn A T ¥ =S S

355. Uso6pasuTe Ha YMCIIOBOM IIPAMOM IEPBEIE BOCEMb YJIEHOB ITOCJIe-
nosaTenbHOCTH (Y,). K KaKomy yuciry cTpeMATCA e€ 4IeHbl, eClIu:

6n+2 )y, = 4n+3

2n-1’ B A2n

n+2

1
a)yn=~’;; ﬁ)y,.=T; B)Y,= ?

lIl-----i--------Il-l-llllllnllllnllllll
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1361. BanummuTe npuMep yObIBAIOIIEH IOCIEA0BATEIBHOCTH, IPeaes

356. UssectHo, uro lim x,= 0,51 lim y, = 20. Haiigure:

n—oo n—eo
a) lim2x, + limy, ; 6) limx,—3 hm 0 Yy 5
n-—oo n—o n—o
B) lim5x, *+ limy,; r) limx,: limy,.
n—oe n—»ee n—oeeo n—eo

Haiigure npeneis (357—359).

357.a) 11m23—nai—’i; 0) 11mn3—+'—l—ntl Byl = 3n“ s

n—=n® —4n+1 n—e 503 —4n+17 n=n?® +2n°
58,0 ;,g———z"j;f";;l 0 itw—”?;iz" e et 31‘25 = |
Yposeus b e MR DR RBENEN OB 2 DR

360. BanuinuTe NpuMep BO3pacTaloniei nocjIef0BaTeIbHOCTH, IIpe-
JleJ1 KOTOpO# paBeH guciy 1.

KOTOPOU paBeH Yucay 3.
362. BanumuTe IpUMep pacxoAAmieics Mocae 0BaTeIbHOCTH.
363. Ilonwp3yschk ompefesieHUEM mpejea, AOKaKUTe, 4TO

.. b5n-1
lim =2,5, ¥ yCTAaHOBUTE, HAYMHAA C KAKOTO 7 BHIIIOJIHA-
n-—oo
- |5n-1 1
eTCs HEPABEHCTBO -2, < 00"

IMonbaysck onpeie/ieHueM Ipejesia YuCJI0BOH I0CIeJ0BATeIbHOCTH,
NoKa)kuTte paseHcTsa (364—365). { ‘

£ . 5n-1_5 e
I 5 s alcs SN
364.a) lim - tre e R b it
i § . bn-1 3n®-1
- l — =14 lim ——=3
365, a) lm 1 3 ; 6) 7111—9125n+1 2 )n]ﬂn2+n+1 f

ITonsaysack cBOMCTBAMMY IIpe/esioB U peayabTaTamu Ne 364 u Ne 365,
HaliuTe npejelisl mocaenosarenasaocTeit (366—367).
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. —

) 1 g 3(n2—1) b li (5_"‘_1__”_J
+5 |3 60) lim—————=2;  B) 1 5
) )nﬂng+n+1 B) e 5+l 2n+1

4 - n
B6. 2) ;lll—?l( 2n +1

X 5n-1 1 n Sn-1
367.2) 11_1)2( 1); 6),111.52(2n+1+nj’ B)nl—rg’(3n—1+ 2n+1)'
368. YuureiBas, uro lim V;z- =1, HalIUTe IpeJeJInl:
n-—oo
a) lim ¥5n ; 6) lim(%/n)*; 8) 1im(9%n +%9n).
n—o N—co n—e
Haiinure npegens: (369—371).
2 3
B00.2) 1im 2200 ) gy, (@AY ) gy BnfAL
nen® —4n+1 nse  5nd—4n n—en3(1+2n%)
1370 a) lim nt2 6) lim 5\’/;_2; B) Jim 2=Vn+2,
nse3n+2 n—e \fn +2 n—eo \/'+2
371.2) lim (Vn+2-vn);  ©) lim(\/n2+2—n).

{¥posennp B SAAEeY EUn i

372. ITonb3yAck onpeseseHueM IIpejiesia YHCJI0BOH ITOCIe0BATE b~
HOCTH, JOKAKUTE:

) i SR BT L R e e
: n=2n% —1 n—e QN ns=3Jn+2 3
Haiigure npenensr (373—377).
2
B%3. ) lim Eratidoan) 6) lim 37" +DBr*-1)
' nse  p348 nse  2n%-1
2 2 4 b ) 3
874.2) lim| 20°43n=1 ). 6) ;[ 3n-1 ); B) 1im(————25" 1 )
n—e|  5p2 42 n—e| 5p% 42 n-=\ n°+n+1

1875. a) lim +2, 6) l gfn” +2n* +2n B) lim 42 +2n
nsm S\ 1-8n? noe\ 141

2 —
P) lun\/n +2+\Jn 4. 11) lim X% *1 \)n +1 )]imMn_‘I.

n—e n—e n+1 n—oo n4+2
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stecett = n—ee 2n g

377.a) lim Vi (Vn+2 V) 6) 1imn(\/n2+1—\/n2—1),

n—eo

;anaxmeuml Ui NOBTOPEHMUN

-

S ——

2 p—
378. Haiture o6siacTh onpejeeHns QyHEKIun: y = In J;__ 11 .

379. ITocTpoiite rpaduk yaknuu: a)y =2 1, 0) y= Yx .

380. Yepes nsATh JeT 3a KPeAUT, BeIgaHHbN B pasmepe 10 000 rpx,
6ank moayumna 30 500 rpa. [log Kakyio IPOIEHTHYIO CTaBKY
BBIZIAH KPEIUAT?

310. MPEAET U HEMPEPBIBHOCTb ®YHKLUU

YacTo roBOpAT 0 3HAYEHUAM (DYHKIINY B TOYKeE, IIpejese QyHKIUN
B TOUYKe, MpUpAIleHnu (DYHKIUU B TOYKe, HEIPEPBIBHOCTH (DYHK-
nuu B Touke. O Kakux Toukax uaet peub? O Toukax ocu abcmucce —
3HAYEHHUAX apryMeHTa.

3uavenune (pyaxknuu B Touke. [IycThs 3aano, Hanpumep, GyHK-
muio f(x) = x2 + x + 1. Ecam x = 1, TO COOTBETCTBYIOIIee 3HAYCHHE
dyexnuu paBHo 3. 'oBOopAT, 4TO B

Touke X = 1 3Hauenue GyHKIun f(x) y A
paBHO 3. B Touke x = 0 eé 3HaueHue
paBHo 1, B Touke x = 10 3Hauenue hyH-
kuu f(x) pasao 111. IMumryt: f(1) =3, 41 y = f(x)
7(0) =1, f(10) = 111. l
Ilpenen ¢pynxuun B Touxe. Pac- 3
CMOTPHUM Ty e GyHKIuIO f(x) = 2+ T
+ x + 1. Ecim 3HaYeHUA €€ apryMeH- 24
Ta X AO0CTATOYHO OJIM3KO U ¢ 00eux CcTo-
POH npubamxanTesa K 1, To cooTBeT- 1
CTByIOIIME 3HAYEHHUA (QYHKIUHU Kak
yrofaHo 6JIM3KO NPUOIMIKAIOTCA K 3
quciay 3 (puc.43). O6 aToM cBUIETEIb- _i o= 2 x

CTBYIOT HaHHEIE Tabaunsl (puc. 44), B
KOTOpPO# cojepKaTcid 3HAYEHHA
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(paska fra  Borgexs Qopwar  Copesc  Aaeswe (oo Crpssca

B B0 8 3 - i imucw 2 10 :1: ﬁ aii!i

= o B £ =CTENEHb(D2:2)+02+1
A v B lc RN € ] F o6 [ HoO e TSI oK T oM [N Y
1
| 2= +x+1  |x 05| 09| og7| oo o0se| 1| 1p1| 102 103] 1p4] 10|
i | 28525l 28816 29100 29404] 20701] 3| 30301| 30604] 30900] 31216 3,152
4
Puc. 44

dyEKROUM Y = x? + x + 1 gus 10 3HAYeHNMIT apryMeHTa, GIUBKHAX K
yucay 1, u rpaduk, A300paKEHHBIA Ha pUCYHKe 43.

Jlpyrumu coBaMu: pasHocTs | f(x) — 3 | MoskeT cTaTh M OCTABATHCS
CKOJIb YTOZHO MAJIOi, ecii pasHocTs | x — 1| 6yzer gocraTrouno ma-
J0it. B aToM coryuae roBopsAT, 4To npeaest GyHEKmuu f(x) B Touke x = 1

paBeH 3. ITnmyT: ecau x — 1, To f(x) — 3, mm lin} f(x)=3.
x—

CymecTBeHHAs AeTalb: QYHKINI MOMKET UMeTh IIPeZieJI JajXke B Ta-
KOI TOUuKe, B KOTOPOU OoHA He ompexneneHa. Hanpumep, GyHKIUA

3
x° -1
3 B TOUKe X = 1 He UMeeT 3HAUEHU s, IIOTOMY UTO 3HAMEHA-

; TeJIb He MOJKeT PABHATHCA HYJII0. BO BCEX OCTAJIBHBIX TOUKAX (QYHK-
nua @(x) AMeeT TaKkHe JKe 3HAYEeHUA, KaK U GyErnusa f(x), ubo
D 2 -1):(x-1)= x% 4 x + 1, eciu x # 1. Tpaduk dyErIuE @(X)
i n300pakeéH Ha pucyHKe 45. XO0Tsa 3Haue-

k. Hue GyHKOHuHA @(x) B Touke x = 1 He YA
¢ CYIIIeCTBYET, a e€ Ipejes B 9TOH TOYKe
’ v CYIIIECTBYET U PABEH 3.
Onpeznenenue npejesia QyHKIIUU 4T y = 0(x)
MOKHO ¢()OPMYJIUPOBATH TaAK.
' Yucno b HasbiBaeTcsa npedesom pyHK- 8
* * yuuf(x)BTouke x,,ecnu ansa nioboro

NOJIOXKUTENIbHOTO YUC/IA E MOXKHO YKa- 2T
3aTh TaKOe NONOXUTEeNbHOE YUCNO
&(€), uTO a5 BCEX 3HAUYEHHUH X U3 NPO- 1
MexyTKa (x, — §; x, + 8) kpome, BO3- -
MOXXHO, CAMOH TOUKH X ), CNpaBeanu- ; L
BO HEpaBeHCTBO I f(x)—b | <E. _i (0] 1 x
IMumyT Tak: lim f(x)=b. Puc. 45

X=X,
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Onpepenenne npepena GyHKIUN yA

WMeeT IIPOCTOe N'eOMEeTPHUECKOe TOTKO- y=f(x)
BaHUe: Kaxkoe ObI HU OBLJIO OCTATOYHO
MaJIoe HAIlepéT 3aJaHHOe ITOJIOKUTE b b+ € hagnans V/ 7 / 7 / / 7
HOE YHCJIO €, MOJKHO YKa3aTh TAKO0e I10- b L
JIOJKUTENbHOE uucio §(€), uTo AnsiBcex | vl / [ /
TOYEK X, KOTOPbIE YAAJNEHbI OT TOUKU p—g |--- -/ R S
X, He jfajee yeM Ha O, rpaduK QyHK- § ;
Uy Yy = f(x) n€KUT BHYTPH IIOJIOCHI 0 ' - >
IIUPHUHOK 2 €, OTPAHNYEHHOMN IIPAMBI- %p=0. . %0 Xo+35 *

Muy=b—-euy=>b+ e (puc.46).
IIpenen (hyHKIMMA MMeeT HHTEpeC-
HbIe cBoMcTBa. Hanmpumep:
® QYHKIUA HE MOXKET UMEeTh ABYX Pas3JIMYHBIX IIPEJIeJIOB B TOYKE;

® eCJIM ¢ — 4YMCJIO, To lim c=c;
x—-»xo

HeckoabKo CBOMCTB CHOPMYJIHPYEM B BHE TEOPEMBI.

T eopewma. Ecarnkamxnas usd pysxnuii f(x) u g(x) umeer mpexen
B TOYKE X, TO B 9TOM TOUKE CYIIeCTBYIOT npejenasl pyaxuui kf(x),

f(x) + g(x), f(x)-g(x), ;_((?) (g(x) #0) cnpaBegIuBBI paBEHCTBA:

1) lim kf(x)=F lim f(x);
XX, X%,

2) lim (f(x)+ g(x)) = lim f(x)+ lim g(x)3
x—-)xo x—-)xo x-—)xo

3) lim (f(x)- g(x))= lim f(x)- lim g(x);
x—xg x—rxg X%y

fxy  Nimf()

. x—')xo .
4) }LTO G }l,‘}}o P ecau }LT,, g(x) #0.

JpyruMu cIoBaMU MOYKHO CKa3aTh TaK.

TIoCTOAHHBIN MHOKHUTEIb MOYKHO BEIHOCUTH 32 3HAK IpejeJia.
IIpenen cymMEl (pa3HOCTH, IPOU3BEJeHUA) (DYHKIIMYA PaBEeH CyMMe
(pasHOCTH, IPOU3BEAEHUIO) IPEAEIOB AaHHEIX GyHKI A, IIpexen
OTHOIIEHUA ABYX GYHKIMI paBEH OTHOIIEHHUIO UX IPEJeIOB, eCJIH
Ipejiest JeJIUTENS He PaBeH HYJII0.

OTH CBOMCTBA HCIIOJB3YIOT AJIA BEIYUCIEHUS IPEAeIoB hyHKIIHI
B 3aZJaHHBIX TOYKaX.
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IIpumep 1.IIpuycnoBum,YTo X — 5, BEIYUCIUATE IPEAeN PyHK-
muu f(x), ecnu:

a) f(x) = 2x - 3; 6) f(x) = x*-10x +17.
PemeHnue. a) lim(2x-3)=1lim(2x)+1lim(-3)=2limx-3=
x5 x5 x—b x5
=2.5-3=T;

6) lim(x*-10x+17) =lim(x?) +1im(-10x) +1im17 =
x—5 x—5 x5 x—5

2
| e (limx) ~10-limx+1lim17 =52-10.5+17=25-50+ 17 =—8.

x5 x5 x—5

pasoBaHUA MOYKHO BBIIIOJIHATH YCTHO.
B npeAbIAVIONX IIpUMepax IJid HaXO0XKAeHHUA IIpejaesa JocTaTou-
HO OBLIO IIOACTABUTH B NaHHOE BhIDasXe€HHeEe IIpe/leJIbHOe 3HaueHue

I
\
‘ 3amMeuaHue. Pelmasg Takue yIpakKHeHUs, HEKOTOPhIE IPeod-
|
‘ aprymenTa. Ho yacTo Takasd MOACTaHOBKA IMPUBOAUT K HeoIpexe-

4 0 w
JEHHOCTH BUAA o, —, 0" o0, 00 —co, 0%, %, 1”. B rakux caydaax

cHavaJia HeoOX0AMMO MpeobpasoBaTh JaHHOE BEIPAKeHNE, a YIKe 10~
TOM BBIYUCIATH npenes. HaxoxxaeHue npegena Takum o6pasoM Ha-
3BIBAETCA PACKPBITHEM HEOIpPeAeEHHOCTEMH.
2
IMpumep 2.Haitaure limx;—x_G
x—=3 x“-9

Pemre Hue. [JockoIBKY Ipu X — 3 Ipefies 3HaMeHaTe A paBeH
HYJII0, TO UCIIOJB30BATh TEOPEMY O IIpejieie YacTHOro Heab3d. He-
ToCpeACTBEHHASA MIOJACTAHOBKA B JJaHHOE BBIPAXKEHHE IIPeAeIbHOTO

:: 0
] 3HAUYEHHS apryMeHTa X = 3 IPUBOJUT K HEOIIpeAeJJéHHOCTH BHA 0"

Yr00BI €€ PACKDPBITH, PA3JIOKUM YUCAUTENb U 3BHAMEHATEIb APobu
Ha MHOXuTeau. MMeeM:

\ a8 [0 e (=8N xH2) i 242 5

i _[6]_£§%(x—3)(x+3) e i

IIpupamenwsa aprymenTa u pysxum. ITycTs nano, Hanmpumep, (hyHK-
o f(x) = x2. B Touxe X, = 2 eé sHauenwue f(2) = 4. YeauuuMm 3Ha-
yenue aprymesTa Ha 0,01, To ecTs, nycTs x = 2,01. CooTBeTCTBYyIOIEE
3Hauenue pyakuuu f(2,01) =4,0401. ITo cpaBHEHMIO ¢ TPEABIAYIIIIM
3HayeHueM oHO yBesmumiock Ha 0,0401. 3xecs 0,01 — npupawerue
apeymerma, a 0,0401 — cooTBeTcTBYIOIIEE NPUPAUCHUE PYHKUUL, &
MMeHHO: npupamesue Gyaxkuun f(x) = x° Ha npomexxyrtke [2; 2,01].
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ITpupamenueM apryMesTa B TOUKe X, Ha3bIBAIOT PA3HOCTD X — X,
rjie X — IPOM3BOJILHOE YHCJIO, KOTOPOe MAJIO OTJIMIAETCSH OT Xy M MO-
9KeT OBITH IOJIOXKUTENBHEIM MM OTPHIATeTbHBIM. COOTBETCTBYIONIIE
npupamesue Gyaxknuu f(x) — passocts f(x) — f(x().

IIpupanieHue aprymeHnTa X 0003Ha4a0T CHMBOJIOM AX, a Ipupa-
menne GyHxmuu Af, Ay (4JATAIOT: AeNbTa MKC, AeabTa a(, AenbTa
urpek). Tak, B paccmaTpuBaemom npumepe Ax = 0,01, Af = 0,0401.

T'eomeTpuYecKu IpUpaIeHUe apryMeHTa n300pakaeTcs npupa-
IeHneM abCIICChl TOUKHM KPUBOM, a Ipupaniesue GQyHEKIUYT — OpU-
paleHueM OpAUHATEI 9TOM TouKu (puc. 47).

CBoiicTBA 3TUX NOHATHHI ITOKa3aHo Ha pucyHKax 47 u 48. Ecan
dyerousa f(x) — Bospacraiomas u Ax > 0, To Af(x) — umcI0 mMOJI0-
JKUTETBHOE, 8 ecyu f(x) — yopiBaromas pyaxnus u Ax > 0, To Af(x) —
YHCJIO OTPUIATETHLHOE. '

YA yl}
Y= f(x)
y=f(x)
f(x0+ Ax)
Af(x)
f(xq) f(xo)
¥ f(xo+Ax) Aftz)
/
Ax 48 Ax W
0 Xo. XoE A%, % 0 Xy XytAx %
Puc. 47 Puc. 48

HemnpepsiBrOCTS (hyHKmun. Kax cBasasabl Mexxay coboit nmpupa-
IMIeHUusA aprymesTa x u Gysrnoun f(x) = x2 B TOuKe Xy = 2?7 Ecan
Ax = 0,01, To Af=0,0401; ecoim Ax = 0,001, To Af = 0,004001 u 1. 7.
Boobie, eciu Ax — 0, tou Af — 0, T. e. npupaiesue GyHKIUA CTPE-
MUTCH K HYJIO, KOTZAa CTPEMUATCA K HYJIIO IpUpalieHue apryMesTa
(coeBa mnu cripaBa). B TakoM ciiy4ae roBopsT, 94To GyHKOu f(x) He-
IpepLIBHA B TOUKeE X = 2.

' DyHkuua f(x) HasbiBaeTca HenpepsiBHOU B TOUKe X, €C/IH B ITOM
® TOYKE OCTATOYHO MasbiM NPUPaLIEHHUAM apryMeHTa COOTBETCTBY-
10T CKOJib YrOHO Masiblie NpUpaleHHA PYHKLUH.

Hrave: lim Ay=0.
Ax—0
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IIpeo6pasyem mocenHee paBeHCTBO:

EgloAy = Ali_",‘o (f(xg +Ax) - f(x()) = Aljigo(f(x)—f(xo)) =
- Alxi—r?{)f(x)_AlJicr—I)]Of(xo)=Al_1i:T0f(x)—f(x0)'

ITockoneky lim Ay=0 iAx — 0, xorga x — X, TO MOJYYHM
Ax—0

lim f(x)-f(x,) =0, orciona
Ax—0

X—=3Xq

l ®ynkuusa y = f(x) HasbiBaeTca HenpepsiBHOU B TOUKeE X, €CNHU CY-
wecTsyer npegen pyHKUHH B ITOH TOYKE U OH PaBeH 3HAYEHHIO
(pyHKLHMHM B TOUKE X,

|
\ lim £(x) = (x,)

Hcnonb3oBanue mocaenHei GopMyJibl CYIIECTBEHHO YIPOIIaeT
BEIYMCJIEHUE IPEIEJIOB AJIA HeIPEePhIBHBIX (DYHKIUIMA.

DYHKIUA HA3bIBACTCHA HEeNnpPepbuléHOl HA NPOMeNYymre, eCciin
OHA HeNpephIBHA B KaKJ0M ero Touke. I'paduk raxkoii hyHKImum —
j HenpeprIBHAA KPUBas (€€ MOMKHO IPOBECTH, He OTPHIBASA KapaH/aIl
ot Oymarm).

Ha pucynxe 49 nzobpakeHs! rpaduku QyHKIUHA, TMEIOIIAX pas-
PEIBEI B TOUKE X = 1; OHH He ABJISAIOTCA HEIIPEPHIBHEIMU B 9TOM TOYKE.

HenpepsIBEHEIME B KajKZ0# TOYKE CBOeH 00JIaCTH OIpe/eseHUus
€CTh dJIeMeHTapHble GYHKIUKA — panuOHAJIbHEIE, TPUTOHOMETDH-

Heckue, y = #/x (ne N), arakxe QyHKIUH, 06pa3OBAHHEIE U3 HUX C
IOMOMIBIO YETHIPEX apudMeTHYeCcKuX AeiicTBuil. I'paduku anemeH-
TapHbIX QYHKIUI HA KaXKIOM IIPOMEKYTKe U3 06J1acTH onpezeie-
HUSA ABISAIOTCA HEPA3PBIBHBIMY JUHUSMH.

- N W e

=Y

A/10™2 ' 8

Puc. 49




Ty Teopus npe/es10B — GOMBIIONH 1 MHTEPECHBIN pasjes Kypca MaTe-
| MATHYECKOr0 AHAIN3A, KOTOPBI H3yYaeTCs B yHUBEPCUTETaX. B mxo-
| JIe 9TOT MaTepUa U3y 4akoT 0630pHO, HA OCHOBE HATVIAJHBIX IIPE/ICTaB-

| nenuit ¥ uaTYNOMHA. IIpeacTaBieHne 0O IpefiesiaX ¥ UX CBOMCTBAX ke~
JIaTeIbHO MMETh AJIA U3YUeHUs MPOU3BOJHOM U €€ IPUMEHEeHUN —

| MOIIJHOTI'O ANNapaTa AJIs UCCIeJ0BAaHNA MHOTMX PeasbHBIX IIPOIIeCCOoB.

IIpexnaraeM BaM O3HAKOMUTHCH C OJHIM U3 MHTEPECHBIX Y BaXK-
| HBIX (haKTOB Teopuu npejgesioB. PaccmorpuTe Tabiuny, CoOCTaBaeH-
| HYIO C IOMOIIBI0 Excel.

TSR : | ,
| [ ‘50,1  -001 | -0001 | 0001 | 001 | 01

! ‘ L85

e s

__ A S Iu L AL

|

sin t | -0, 0998 -0, 00999 -0, 009999 0,009999 | 0 0099 0,0998

| , R

| 4 | | ‘ |
| u i e
|

R i ‘ int
| =55 0,098 | 0,999 09999 | 0,999 | 0,999 | 0,998

. : ! si

l‘ ' Kax BuiM, IIpy JOCTATOYHO MAJIBIX 3HAYeHUAX ¢ sint={, a TR =1,
|
|
‘ [} ~ B Kypce MaTeMaTH4eCKOr0 AHAJIU3a CTPOT0 JOKA3LIBAETCH, YTO

Hl ‘ . sint
\ ; lim ——
‘ ‘ t—0 1
; ‘ 9TO paBeHCTBO HA3LIBAETCH NEPBLIM 3aMe4amenbHblM npede-
|!| | om. Ero MCIIOAB3YIOT AJIS HAXO0MACHUAA IpeiesoB (QyHKIUI, CBA-

=10

1 | 3aHHBIX C TPUI'OHOMETPHYECKHUMH.

fl ' . 1-cosdx
Il p u M e p. Baraucaure npegen lim RN
x—0 X

| |
’. : Pemenue.

=lim Clewtanlndd
50 x x0  x° %30 x2 x—0 % x

o1 2
1-cosdx .. 2sin®2x —9]jm SiN 2X _o1im (s1n2x sm2x)=

2sin2x 2sin2x . 28in2x 2sin2x _
. =2lim lim =
2x 2x x—0 o x—0 2x

= 2.21im 02% o1, 8022 _4.9.2.1=8.

x—0 X -0 2x
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| Q MPOBEPLTE CEBS

~ 1. Yo Takoe npepen dyHKuuH B Touke?
2. Yro Takoe npupalueHue aprymenTa? Kak ero o6o3Havaor?
3. Yro Takoe npupalenue dyHkuuu? Kak ero obosHauaor?
4. Kakylo hyHKUMIO Ha3blBaIOT HENpepbIBHOW B TOuKe?
5. Korpa roeopsT o HenpepbiBHOCTH (hyHKUMM Ha NPOMexyTKe?

- % BbINONHVM BMECTE

1. Beruucaure:

a)llm( & : ] 6)lim————x2_3x+2' B)lim——zx+1—3.

x—3 -1 x-1 ; x4 \/3_5-2

x?-9 x-38
i Pemenue. a) B Touke x = 3 npezes Kaxaoi us apobei He cy-
. IIeCTBYeT, I03TOMY BOCIOJIb30BATECA TEOPEMAaMHU O IIpeJiesIaX MbI He
MOXKeM. YpocTuM GYHKIIHIO, COAEPIKAINYIOCA 110/ 3HAKOM IIpeje-
. JIa, BBEIIOJIHUB JieficTBUe BEIUNTaHuA. UMeeM:

f 6 1 . 6-x-3 3 =%
lim - =[e0 —o0]=1im lim =
5:) x—3 (xz_g x—3J [ ] x—)B[xz_QJ 258 x2_9
&
v N o) NP R e MR, DL
Ll -3 (x-38)(x+8) =x-3x+3 3+3 6°

6) B rouke x = 1 faHas QyHKUUA He ompeneneHa, HO APoOb

x°-3x+2 x*-8x+2 _(x-1)(x-2) _
- 1‘—' MOYKHO COKPaATUTh: x—1 s -1 iy

W

x-2.

DI ——

L
e

HOCKOJILKY AJIA BBIYHMCJIEHUA NIpegeJia npu x — 1 caMy TOYKY
X = 1 MOXHO UCKJIIOYUTH U HE paccMarpuBars, TO

i x°~ 8x + 2
x-1 x -1

=[9}=lim (x-2)=lim x-lim 2=1-2=-1,
0 x-1 x-1 x—-1

B) YMHOXMHM YUCIUTE]b U 3HAMEHATE]b Apo0u HA BEIpaXKeHud,
CONpPAXKEHHBIe K JaHHBLIM,

\/2x_+ 3_[] (\/H—3)(\/2x_+1+3)(~/;+2)=
x—M Jx -2 0 )( x+2)(\/m+3)

(Ve
L 2x+1- 9)(\/_+ ) 2(x - 4)(\/;+2) b
—*1—'4(x—4)( 2x+1+3) x—+4(x 4)(\/2x+1+3)—

i

lim
x4




2(Vx+2) 2.242) 4

=1i = :
s Rrrl+8 Bk8y . 8

2. Haiinure npupamesue QyHKIUA y = x? npu mepexoze sHave-
HUA apryMeHTa oT 3 10 3,5.

Pemenmne.

Cnoco6 1. Umeem f(x) = %%, a flx+Ax)=(x+ Ax)?‘, TOrZAA

Af(x) = f(x + Ax) — f(x) = (x + Ax)® — x? = x% + 2xAx + (Ax)® — 2% =
= 2xAx + (Ax)?,

Af(x) = 2xAx + (Ax)?.

ITo aToit hopMyJIe MOYKHO BEIYUCIUTD 3HaYeHue Af(x) Ansa J100b1X
x # Ax. B wacTHOCTH, B Hamewm npumepe x = 3, Ax = 3,56 -3 =0,5,
noaromy Af(x)=2-3-0,5 +0,5% =3 + 0,25 = 3,25.

Cnoco6 2. f(3) = 3%, f(3,5) = 3,5
Af(x)=f(3,5) - f(8)=3,52-3%=(8,5-3)(3,5+ 3)=0,5-6,5=3,25.

3. Ina GyHKIUHA Yy = x® maiigure:

a) mpupaiesue GYHKIUH IPH IIepPeXo/ie OT HEKOTOPOM TOYKH X K
TOUKe X + Ax;

6) mpejes OTHOUIEHUS NPUpPAIeHus (PYHKIUM K IpUpalleHuio
apryMeHTa IIpU YCJIOBHUH, YTO IIPHPAIeHUe apIyMeHTa CTPeMUTCH K
HYJIIO.

Pemenue. a)f(x)= x>, flx + Ax) = (x + Ax)®.
Af(x) = f(x + Ax) — f(x) = (x + Ax)3 —x3 =23+ 3x%Ax + 3x(Ax)2 +
+ (Ax)® - %2 = 8x%Ax + 3x(A::c)2 + (Ax)3 =Ax(3x% +3x Ax + (Ax)z);
A _ Jim Ax(3x* +3xAx +(Ax)?)

0) Em——=
Ax—0 Ax Ax—0 Ax

= lim (3x2 + 3xAx + (Ax)z) =3x2 s
Ax—0

MOCKOJBKY Ax — 0, a X — He 3aBUCHUT OT AX.

| BoinonnuTe ycTHO >

381. [lnsa ka)kaoit u3 GyHKOMI, rpaduK KOTOPOH M300paKeéH Ha
pucyuKe 50, ycTaHOBHUTE:
a) ompejesieHa Jiu 9Ta PyHKIUA B TOUKE X3
6) cymjecTByeT Jiu npezies QYHKIUM B TOYKE X3
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7y YA

el Eaest Aoy DEA
__~°\ $ )/:.5\

‘ g yA

Puc. 50

‘ B) €CJIM TIpeJiell B TOUKe X  CYIIeCTBYeT, TO PABEH JIH OH 3HaYe-
HUIO (DYHKIIUY B 9TOM TOUKe?

5
382. Nmeer su pynakmua f(x)= . TIDefien B TOUKe:

a) x,=2; 6) x,=—-10?

383. Kaxasa u3 GyHKIMi, rpaduKy KOTOPHIX M300pakeHbl HA PH-
cyHke 50, ABIseTca HeNpPePLIBHOM: a) And Beex x < 0; 6) nus
Bcex x > 0; B) Ha Bceit 06J1aCTH OIIpeesIeHusA?

384. Beruuciure npegen GyHknuu y = f(x) B Touke x, = 0, ecau:

a) f(x)=x — 5; 6)f(x)=x*-x+T;  B) f(x)=+2x+1;

Df@)=3x"~x g fl®)=_"; e) f(x)=£:—7.
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| YpoBenn A

L I ‘

385. Haiinure snauenue pyaxknun f(x)= x? B Touxe:
1
a)x=25; 6)x=—§.

1
386. CpasuuTe snauennsa pyaxmun f(X)= L H% Broukax x =-2u

x =-0,5.

¥ 3
1387. Mansr pyrkmun f(x)=x*—x+1n ¢(x)= %11 . ITepepucyiire

B TeTpaAb U 3aI0JTHUTE TA0IUIY.

‘p(x) | [ { ;

o KSR SRS SR RTINS SERNETERE T 0T ST e

388. MzBectHO, 9T0 lim f(x)=1, lim @(x)=2, lim g(x)=3.
xX—xg x—x0 x—3Xg

Brrauciure:

a) lim (f(x)+9(x)-g(x));  6) lim (2f(x)-¢(x)+&(x));
XX XX

B) lim (f(x)-9(x)-g(x)); r) lim (7(2)-0*(x)-g(x)) .
: x—x0 xX=3X0
1389. Brruncamre npesesn dyEknum y = f(x) B TouKe Xy =1, ecan:
a) f(x)=2x-5; 6)f(x)=3x2—x+ 3 (SRR ) f(x)=% :

390. Beruucaure npesen GyHknnm y = ¢ (x) B TOUKe X, = 2, ecau:

8)o(x)=3x°-x; 6) (p(x)=i—;§—; B) 0(x) = x° - Tx + 3.

[391. Beruucanre npejes GyEKImun:
a)f(x)=2x*-3BrouKe x =5; x = 10; x=50;
6) ¢ (x) =(1 + x)® Brouke x=0,5; x=1; x =—0,5;

1
B) (p(x)=x+? BTOUKe x =—2; x=—-1:x=3.

— bai e — HEYSS
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Brruucaure (392—393).

392.a) lim(12x-30); 6) lim(8—-3x) ;. B) lim(2x% -0,5);
x—10 x5 x—5
2 2 2
r) im*=1; B lim 2% 6) lim = =%,
21 x-1 x-2 x“ -4 x—>03x+5x2
1393. a) lim(2+x +x%); 6) lim(7 -3x%); p) lim x(x +5) ;
x—0 xr—1 x—3
VoAl il L 5x li 9—x*
r) }fl—)n;l) 3x—x2 ; n) !’(l—l'}} x2 ._5 ; ) xl—{}:li 3“x >
394. HaligjuTe npupanjeHue apryMeHTa Ipu Iepexoie ot 5 f0:
a)5;5; 6) 5,1; B) 5,05; r) 5,001.

395. Haiigure npupalesye apryMesTa Ipy Iepexoie OT TOYKH X, K
TOYKE X, €CJIH:
a)x,=1,x=1,8; 0)x5=3,x=3,5; B)x;=2,1,x=2,7.
1396. Haiingure npupamenue GyHKnuy y = 3x + 1 npu nepexoje oT
i TOYKH X, K TOUKE X, eCJIH:
ty a)xy=2,x=2,3; 06)x;=05,x=5,5; B)x;=2,5,x~2,7.
L, 397. Mns pysrnuu y = 0,5x — 3 HaiiguTe X U Ay, eciu:
H a)x,=1,Ax=0,2; 6)x,=3,Ax=0,4; B)x;,=2,1,Ax=0,9.
| 4 398. na pysxuuu y = 10x — 1 maiigure Ax u Ay, ecyn:
¢ a)x,=1,x=1,2; 6)x,=3,x=3,1; B)x;=2,1,x=2,5.
399. IlpuBenuTe npuMep Bo3pacraiomeil GyHKIUN, HeOIPePhIBHOA
Ha Bcey obsacTu onpexnesenus. IlocTpoiite eé rpaduk.
; 400. IlpuseauTe npuMep yoObIBalomen (HYyHKIUH, HEIPEPEIBHOU HA
& Bcelt obnactu onpenenenuda. IlocrpoiiTe eé rpaduk.

= 401. ITocrpoiiTe rpaduK QyHKIUEA, KOTOPAsS HE ABJISAETCS HEIPEPhIB-
¥ HOM B TOYKax:

a)-1ml; 6)-1;0m1; B) 0 u 2; r)—-3ul.
' Ypoeens b 8 L
402, UsBecTHO, 4TO lim f(x)=-1, lim@(x)=5, limg(x)=2.

x—a x—a x—a
Brrauciaure:
L lim . 2(®)
A ) e 8(x)-9(x)
g(x) . f(x)+9(x)
SACASA L lim %2+ @
B) x—al-5¢(x)°’ r) xll)r; g(x)-9(x) *




P(x)

| _ P(x) _ P(x,)
| 1 7 =
| oy QE) | Q(x,)

| wﬂﬂ—x o

i Il x—1 x—l x-1

“’r .@07 a) lim x2+8x— 10 ,
22 3x%-5x-2°

x—-2 ( +2)(x 3)

TgOQ.a) it 2x*-5x+2

LAl 2’
x->;8 —4x

a)x=2;  6)x=
a) Xo =4

T T,
8’ 42

epBhI€ IATH He/leJIb.

. Hoxasxure.

1 Brruucaute npepens! (406—409).

W 406a)11m( 2 —1_)-

3 2

eV,
» 12t
ﬁll.]_[nﬂ Gysaxnun y = 0,5 (cos 4x + 1) maiigure Ax u Ay, ecou:

6) xo—_."E’ L=

403. [lokasxure, 9To IIpeAes MHEOTOwIeHa P(x) = a,x" +a, x" '+
+ ... + a, 1pm x — X, paBeH 3HAYEHHIO HTOTO MHOTOUJICHA TIPH

x =x,, Toects lim P(x)=P(x,).
x—xq
404. Ecnu P(x) i Q(x) — MHOTrOYJIEHBI, IPUUYEM Q(x,) #0, To mpeznen

Apobu Q(x) TP X — X PaBeH ero 3HAYCHHIO IPH X = X, TO €CTh

405. BeruuciuTe npeiesa QyHKIun f(x-) B TO! TOYKE, B KOTOPOH (PyHK-
U He OIIpe/ieJIeHa, eCJIu:

x“—1 x*-2x+1

& B) f(x)= i

6) hm( . 26 J
x—-3 x+3 x“ -9

3 2
6) lim fe +23x +2x 2
x>-2 x°—x-6

2
—3

6) lim —

)xl,/—x +x2-12°

6) lim x%-5x? +2x+2
x—-1 o o +5x 6

410. Haiinure npupatiienne GyHKIuY y = 2 sin X cos X IpU mepexoze
OT TOYKH X, = 0 K TouKe x, ecim:

T

B)x=—g.
LS I T
12° B) %o =G ¥ =g

412. KonndecTBo MBIIIEH B KOJOHHY 3aITMCHIBATH €3KEHENeIbHO 1 110~
! CTPOMJIM COOTBeTCTBYIOMMY rpaduk (puc. 51). OuernTe cpegHIO0
| CKOpOCTb pOCTa MONYJIANWY MbIIIei: a) ¢ 4 no 6 megemo; 6) 3a
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. Puc. 51 Puc..52

413. Ha pucynke 52 npezcrasiieH rpaduk ABmKeHus Tesa. OnenuTe
CPeIHIOI0 CKOPOCTh JIBHIKEHHUS 3a BpeMs ¢ (BpeMa [ — B CeKyH-
© ax; OyTh § — BMeTpax), ecam: a) 1 <1<4;6)4<t<8.
' 414.V3BeCTHO, UTO /I HEKOTOPO# (UPMbI 3aTPAThHI HA BEIITYCK X ezm~
HHAIL ngozxyxnun onuceiBaloTcA pyrrnueit: K(x) =0, 002x° -
: . —0,3x"+20x + 100 (rpH), aZ0X0, HOJIYIEeHHEIA OT PeATU3aIHT
| 1 X eJAMHHUI npouyxnnn MOYKHO BBIYMUCJIHUTE IO (hopMmyJie
\ # R(x) = 200 x — 0,05x2 (rpu). OnpepennTe NpupalieHne 3aTpPaT U
“ 4 JIOXOo/ia IPHU YBEJIMYEHUH BBITYCKA IIPOAYKIHUU: a) C 20 o 100;
_ 6)c30 n050.
1415. ITo HeKOTOPEIM MOACYETAM ONpEEJeHO, YTO IPH MPOH3BOJ-
I CTBe X €JUHUI] IPOAYKIINH €3KeMeCAIHO (hpupMa UMeeT pacxo-
- 161 K(x), Beipaskaromuecs gopmynoit K(x) =150 + 30 x (rpn), a
- noxop R(x), mony4eHHBIN OT IPOAAYKH X exmnnn 9TOM e Ipo-
, Ryxmun, cocrasaser R(x) = 90 x — 0,02 x? (rpr). Ecin ¢upma
. VBEJIUYHUT eXKeMeCAYHBIN BeITycK npoaykmuu ¢ 300 1o 320 exn-
.~ HHI[, KaK U3MEHATCS e€ PaCX0Abl, JOXOAbI, IPUOBLIL?

B TOYKe X, = —17 A B Touke x, = 27

s 2
17. Onpenenena mu pyaxnusa f(x)= i_:;

CTBYET JIM Ipezies fJaHHOo# (hyHKI Y B aT0# Touke? Ecau na, To

YyeMy OH paBeH?

418 Uzobpasure rpaduk ni060it GyHKIHNH, KOTOPasi He ABJIAETCA

HeNpepLIBHOM B TOUYKax X =n,raene N.

419, W3zo6pasure rpaduk 060 GYHKOUEH, KOTOPAsa He ABJISAETCS

B Touke x¥ = —37? Cyme-

n
eIpephEIBHOM B TOUKax X=—+7n ;rnenec Z.
4
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420. Ina pysxkoun y =1 — 5x2 HauuTe Ipejiesl OTHOIIEHU A Ipupa-
mieHus GyHKOUY K IPUPaN]eHUI0 apIryMeHTa IIPDU YCIOBUAH, YTO
IpUpalleHue aprymMeHTa CTpeMUTCA K HYJIIO.

'421. Haiipure npejes OTHOIMIEHHWS IpHpaIneHus QyHKuun y = f(x)

K IIpUpAaIeHUuI0 apryMeHTa MpPHU YCJIOBUH, YTO IIpPUpaIieHue

aprymMeHTa CTPEeMUTCS K HYJIIO, eCJIN:

a)f(x)=-x+3; 6)f(x)=3x% B)f(x)=x*+1.

Ypopseun B

422, Ina Gysroum y = Jx maiigure:
a) npupaliesue (hyHKIUH IPHU Iepexo/ie OT HEKOTOPOMi TOYKH X
K TOYKe X + Ax;
0) ImpezieJt OTHOLIEHU A IPUPAINeHUuA PYHKIIUHE K IPUPALLeHUIO
apryMeHTa IIPDH YCJIOBHH, UTO IPHUpAaIleHUe apryMeHTa CTpe-
MUTCHA K HYJIO.

3. Haiimure npeses OTHOIIEHUS Ipupamesnsa GQyskoun y = f(x)
K IPUPAIIeHUI0 aPIryMEHTa IPH YCIOBUH, UYTO IpPUpPAIleHUe
apryMeHTa CTPEeMUTCS K HYJII0, eCJIH:
a)f(x)=ax+b;  6)f(x)=ax’;  B)f(x)=x

124, TTosb3ysACk OIIpeieIeHHEeM, JOKAXKUATE, 4TO (DYHKITHs f(x) 2x2-1

HeIpephIBHA HA BCEi 00JIacTH ONpe/ie/IeHu .
125. Ilonw3ysAchk ONpeeeHHueM, JOKAYKHATe HeIIPePhIBHOCTE (DYHK-
nuu ¢ (x) Ha uHTEpBaJe (—«; «), eciau:
a)p(x)=5x+3; 6)(p(x)=x3+x; B)(p(x)=x2+2x—1.
Beruucaure (426—427).

W
o
(V]

2—Jx-3 ,/1 +3x -2
$26. a) lim ———; 6) lim :
-7 x°—49 x—1 \/_ 1

,/5 X - 2x+2 tim x +x - 12
3 x—-1 x? —4x+3 ’ I‘) _’3\/ = _\/4 X

127, o) lim 1255 6) lim %% ;
—0 X x—)O xsinx
cosx — cos® X o \/x+2—\/§
B) lim ——— r) lim N — ==
x—»O xsin2x x—0 sin3x

o YIPOKHEHMS IS NOBTOPEHUSA

428. Ha CKOJILKO IPOLEHTOB YBEJIUYUTCS MJIOMAAb IPAMOYIOJbHHA-
Ka, ecJiy ero JummHy yBeauduTts Ha 20 % , a mupuay —Ha 10 % ?
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429. YupocTuTe BhIparKeHue:
5_gy,2 9xdyt
g = x+2x°Y* +
8) 5 3 6) 27 i n)\ = el il
x2 +y§ x-4y x2 +y2

430. Pemrure HepaBeHCTBO:
a)|x|>2x; 6)|x|2-x; B)x|x+1]|20; r)x|x-1]|<0.

- §11. MPEAET ®YHKLUUU HA BECKOHEYHOCTH #

TTomaBnsromee 60JIBIINHCTBO (DYHKI MM, C KOTOPBIMHU BBl 03HAKO~
. MUJIUCH paHee, onpezeseHbl Ha 6ECKOHEYHBIX IpoMeskyTKax. Hc-
. caenyd Takue QYHKIMHY, dKeJaTeabHO YCTAHOBUTD UX ITOBEJEHUE A
. CKOJIb yTOAHO 60OJBINHUX 110 MOAYJIIO 3HAYEHU APTIYMEHTA X, T.e. IpH
X — o0 ¥ TIPHA X — —o0,

Ilycrs pysknua y = f(x) onpeznesnena Ha naTepBae (a; +o).

! Yucno A HasbiBaetca npedesom pynkyuu y = f(x) Ha b6ecko-

- % HeyHocmu (npu x — +e0), ecnu gna nioboro € > 0 cywecrsyer ra-

~  Koe uucno M(e) > 0, uro ansa Bcex x > M(E) BbINONHAGTCA Hepa-
. BeHcTBoO |f(x) — A| <e.

Mumyr: lim f(x)=A.
X400
Ilycrs pyuknusa y = f(x) onpeznenena Ha uHTEepBaJe (—oo; b).

Yucno B HasmiBaerca npedesom gpynkyuu y = f(x) Ha 6ecko-

HeyHocmu (npu x — —eo), ecnu gna nwboro € > 0 cywecrsyer

Ttakoe yucno M(e) > 0, uto ana Bcex x < —M(g) BbinonHsercs
' HepaBeHcTBo |f(x) — B| <Ee.

4 on e

Iumyr: lim f(x)=B.
ITycts @y%?c'ﬁ"ua y = f(x) onpeeneHa Ha UHTEPBAJIE (—o0; +o0),

Yucno A HasviBaetca npedesom ¢pyHkyuu y = f(x) Ha 6ecko-
Heynocmu (Npu x — =), ecnu gns nwboro £ > 0 cywecreyer rakoe
uucno M(g) > 0, uto ans Bcex |x| > M(€) BoinonHaerca HepaBeH-
creo [f(x) — A| <e.

e T S —

Mumyt: limf(x)=A.
X—yo0
T'eomeTpuUecKH 9TO 0O3HAUAET, UTO A5 1I06oro €> 0 cymecTByeT
uuciso M(e) > 0 Takoe, 4To 41 Bcex X € (—oo; —M)nnu x € (M; +o0)
COOTBEeTCTBYIOINHE 3HAYEHUA GYHKIUYN ¥y = f(x) momagaioT B
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€-0KPECTHOCTE TOYKHU A, TO €CTh COOTBET- YA
CTBYIOIE TOYKHU rpaduKa aToi GyHK- A+s
UM JIeKaT B I0JOCe, OPPAHUYEHHOM ' A ;

npaMbiMu Y =A+eny =A—¢ (puc. 53). “\\ ‘A‘_‘e’""ﬁ

Jnsa npepena pyExnuna Ha 6ecKkoHeu- : :
HOCTH BBIIOJIHAIOTCSA Te YK€ CBOMCTBA M y=f(x) ;
TEOPEMBI O IIPeZiesIax, 4To | AJIsA Ipejeia g :
¢dyarIuM B Touke (cM. c. 102), a Taxxe -M M
Te IPaBUJIA, KOTOPHIE UCIIOJIb3YIOTCSH IIPU
BBIYMCJIEHUH IIPeJesia YUCIOBOM IoCe-
JIOBATEJLHOCTHA. A UMEHHO:

1. [na mozo umoObsl ébiyucaumsy npedes OpoOoHO-PAUUOHANLHOU
PyHKYuU 6 cayyiae, K020a NPU X — c YUCAUMELb U 3HAMEHAMENLb
0pobu umerom npedeJivl, KOMOPbLe PABHbL OECKOHEYHOCMU, Heo0X0-
OuMO cHAYANA KAHObLIL YIeH MHOZOYNeHO6 YUCIUMENS U 3HAMEHA-
meas 0pobu pasdeiums HA CMeneHb X ¢ HAuboIbW UM noxKasame-
Jem, a 3amem Haxo0umo npede..

Puc. 53

2 4.8
IMIpumep 1.Beruucaure Iim3x—3—4—x——+—fl
e QI =8

3
2 3 i
M=[f]=limx—x=_4

oo

Pemenue. lim

xoe  x® 8y el i AN *

X
2. [lns mo2zo wmobbL 8bLiucaiums npeden QyHKyuu, cooeprcauieit up-
PAYUOHANbHDLE BbIPANCCHUS, 68 CAYYae, K020a KaHcObLil U3 CLa2aemMbLx
umeem OeCrKOHeuHbLiL npeden, HeobX00UMO YMHON UMb U pa3denums
svlpadcerue, 3adaujee PYHKYUIO, HA BbLPANCCHUE, CONPANCEHHOE K
HeMY, NocJe 3Mmoz0 blNOJHUMb Heobxo0umble ynpowenus (npusede-
HUe NO0OOHBLX YNeHOE, COKPaerHue U m. 0.) U 6blHuUcIumb npede..

IIpumep 2. Beruaucaure lim(\/x2 +5—x)-

X—o0

Pemenmne.

pn (75521 (L—z(ms .

5

=0.
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Uccaenysa QyHKIHUU, JKeJaTEeJTbHO TAKKe YCTAHOBUTH UX ITOBE/Ie-
HUe JIVIA TeX 3HAYeHUI apryMeHTa X, B KOTOPBIX PYyHKI M OeCKOHeY-
HO BO3pAacTaeT W yObIBaeT.

Pyaxnuda y = f(x) HaspIBaeTCa 6ECKOHELHO O0NbULOUL TIDU X — X
(AMeromIell IpesieI «), eciIu A IpousBoasHoro M > 0 cymjecTByer
taxoe umcso S(M) > 0, uro ana Beex x Takux, 4ro 0 < |x — x| < §
BBIIIOJTHAETCA HepaBeHeTso |f(x)| > M.

IIuryT: xl}-,m f(x) =00, ma; f(x) — oo IpH X — X,,.

b,

xo
IlousaTue npegena GyHKIHY HA OECKOHEYHOCTHA U HECKOHEYHOTO
Ipejesia UCIOJAb3YIOTCH AJNA HAX0XKJeHUA aCUMIITOT.

g

Mpamas | Ha3biBaeTcs acumnmomod kpuBol, ecnu paccroaHue d ot
Touku M(x; f(x)) KpUBOM A0 3TOH NPAMON CTPEMHUTCA K HY/IO NPH
yAaneHuu Touku M B 6€CKOHEYHOCTb.

15ty Ge—

AcumnToraMu, HaIpuMep, €CTh OCH KOOPAMHAT A rpaduka

1}
dyHKOUU Y= P

x = (0 — BepTHUKaJIbHAA aCUMIITOTA;
y = 0 — ropu3oHTaNIbHAA ACUMIITOTA.
' Kpusas y = f(x) umeer zopuzonmanvryio acumnmomy y ="b, ecinu
CyIIeCTBYeT KOHEUHBIH npejes GyHKIuA f(x) mpu x — +oo (X — —)

¥ 5TOT npezes paseH b, To ects  lim f(x)=b mwau lim f(x)=b.
xX——oo X400
IIpumep 3. Haiiure ropusoHTAJIBHYIO ACHMITOTY KPUBOMA
|
(x+1)

PemeHue. Boruucoum npegen lim f(x)=1lim —12— =0. Cie-

x—o x—300 (x + 1)
AOBaTeJNbHO, Y = 0- TOPHM30HTAJIbHAA aCHUMIITOTA.

@ MPOBEPBTE CEBSl

1. Yro HasbisaloT npegenom tyHKumn y = f(x) Ha 6eckoHeyHOCTU?

2. MpuseauTe NpUMepbl (YHKUWH, UMEIOLMUX Npeaen Ha BeCKOHEYHOCTH.

3. Kak obo3zHavaioT npeaen gyHKuuu y = f(x) Ha BeckoHeuHOCTH?

4. Kax sbiuMCnnTb npesen ApobHO-paunoHanbHOM hyHKUMK Ha GeCKOHeYHOo-
cTn?

5. Kakas yHkuus Ha3biBaeTcs HeckoHeyHo 60bwon?

6. Yro Takoe acumnToTa KpUBOM?

7. Kakue 6biBaloT acumMnToTbi?

8. lNpu KaKWx YCNOBUAX KPUBAA UMEET rOPU3OHTasIbHYIO acHMNTOTY?
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e ———— ST

1. Hccnenyiite noBesenue Gpysxknum y = 5%, ecan: a) x — +eoo;
6) x — —oo,
im x

1
Pemenmne.a) lim 5% = 55 =+4o0;
X340

6) x_)_lmw o 5x§»m°°x i

2. Beruucaure lim (\/ x% +2x —x) .

X—)oo

Pemenue.

_ - ¥ ) (\/x2+2x—x)(\/x2+2x+x)_
tim (Vi + 22 ) = oo =] = im (aesd

22 4+2x—x2 : 2x 2 2

=tim F X oy B (=l 22
"’”(\/x2+2x+x) "’“(\lx2+2x+x) W x”“( ,1+§+1] g
x

3. Haiiaure ropusoHTaIbHEIE ACHMITOTEl KPUBOM:

fR)=2+8;  6) /()= 2%,

PemeHue. a) Beluncaum npesesst npu x — oo, Hmeem:

hm f(x)— hm (2" +8)= lim 2* 4+ lim 8= 2*‘"" 4+8=0
X—+o0 X400

lim f(x)= lim (2* +3)= lim 2* + lim 8= 04+3=3.
X=—)=co X—y=c0

X—y—o0 X—y—oo

CrnenoBarenbHO, Y = 8 — roOpHM30HTANbHAS ACKMIITOTA LA X — —oco,
a 1g X — +o0 — aCUMIITOTHI HET.

8 1%
S
1 <lim AcEigex g 0=k Sy
e A s R sviwz 8 140
X x

CnenosatensHo, y =1 — ropnaon'ra,nbx-xan ACHMIITOTA.
'BuinonHute yctHo 45 =

s s S N 2 PR .
R ——

431. Kaxaa us QyHKOU, IPUBEASHHEIX HUXKE, NMEeT KOHeUHbIHA
npeznes, eciu X — +oo;

a)y=x O)y==x ol B) y = arctgx; r)y =sinx?
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e —
. 432. Kakas us (GyHKUOMA, IPUBEAEHHBIX HUKE, UMEeT KOHEYHBIN
' pejes, eClIy X — —oo! A ,
i a)y=x% 6)y=x"'; B)y=arcctgx; 1)y=0,5%?
. 433. Kakasa u3 QYHKIOMHA, TPUBEIEHHBIX HUIKE, UMeeT GeCKOHed-
HBIH IIpeses, eciu X — +oo!

. 'a)y=~/;; 6)y=x; B)y = Inx; r) y = arctg x?
| 434. Brruucaure:
a) lim —1— 6) hm -5— ;  B) lim . ; r) lim 2%,
Xx—oo x X0 D xX—ye0

!/ 435 IlpuBexuTe npuMep Q)ymcunn, KOTOpasi UMeeT ropu30HTaJb"
HYIO ACUMIITOTY.
436. IIpuseauTre npuMep HYHKIUHE, KOTOPad UMeeT BePTUKAJIbHYIO

ACHMIITOTY.
] A)’ponem; A

" BrryucianuTe, HCIOJAL3YA TEOPEMEI 0 Ipegesnax (437—438).

6) lim( 65+—+9) 5) hm(—43-+—-—2)
X

X0 ¥ X0 &

L 437.9) lim(%+4);
) X0 x

& 14 : 1).16 . & 14 1y1_ 1 1
. 1438.a) ’l‘ﬂ(IZ—x—z}x—w 0) l"__:(‘“'x)( 3),3) lim —- (l—x—zJ.

X300

E Haitgure npenen (439—442).

' . -4 . 3x-4
. g l a3 lim 2=
Je9-0) 0~ 0 e B) L
3 T440 a) 11m2—3x;' 0) llmi_—l———' B) lim—éz—i.
» X9 x“ +Tx+5 x>0 3x% —4x+1 2 2x“ —Qx
— 3-—-
Ma1 o) ti 42001, gy i, B By 218
X Gx” —2x x> 3x” +2x xoex® +18
2
T:l42 a) lim 4x2 +9 6) lim 3x2 —8; B) lim M.
x—e x4 19 X x4 =1 x> 622 +5x-1
- Yposen» b o e AR RSN A U <o

443. TlocrpoiTe rpadpuk GyHKIUK, KOTOpAd B TOUKe X = 1 umeer
~ DeCKOHEYHBIX IIpejel.
T444 IToctpoiite rpaduk GYHKIUHU, KOTOpas Ha 6ECKOHeYHOCTH UMeeT
npefies, PABHBIN YHCTy 2.
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445.3) lim ____.xz+6—3;

X x“_3x

T446.9) 1im(J2x+3—J2x—7);

X—)oo

447.a hm
) \/2x+ 3

448.2) lim (\/5-3x—\/—ﬁ);

x——o0

449.a) lim
T—roo 2F +1

‘[250 a) hm

x+l ;

Haiigure npenen (445—450).

3
6)lim 2221

X=y%e =1

/2
6) lim Nx_+1 s ) I

x—e X+1

6) lim

x>209% 41"

6) lim

x—+o0 ¥ 1

Haiiqure ropusoHTaJbHBIE ACHMIITOTEI KPpUBOii (451—452).

1 2 3x+5
451. = : R = i
Ciy (x+1)%’ o (x-2)(x-1)’ B) y x+3
A2 = 4 =9—2.7:
gsz'a)y—x+3v 6)y 5(x+2)9 B)y x_3 ¢
{ Ypoeenn B R s L &

453. VizBecTHO, 4TO HEYETHAA (DYHKIUA MMeeT eMHCTBEHHYIO [OPH-
30HTAJILHYIO ACUMIITOTY. SaIIUIINATE YPABHEHNE TOM ACHMITTOTHI.
454. Haiiiure ropu3oHTAIBHbIE ACUMIITOTHI KPHBOM:

I |
a) f(x) =xsin—=;

Haiinure npenen (455—457).

455. a) lim \l1+x -\/4+x

x—yo0

- _3x
f‘i56-a) lim 56%-2 ;

xX—y00

6) f(x)= e**-1;

6) lim 6% *3;
X0

1

mﬂn=fl

6) lim \/l+9x +\/x —1.
"*”\/1+9x -\/xz 1

x-7 xz
B) lim 0,1%-1 .

X0
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= A
457. a) lim Mf_; 6) lim (x+1)arctgx ;
X~—)—o0 X G x
B) lim __“"2'*8; r) lim Vx?+8 \
x-o0 X+3 x—+0 X+3

~_ﬂ}§npmenun AN NMOBTOPEHMA

458. PazinoxuTe MHOTOYJIEH HA MHOXKHTEJIH ;
a)2a*-13a%>+6;  6)64a®-1; 8) 3a* + 12.

459. Yro 6oreme 2010 —+/2012 mau V2011 -+/2013 ?

460. PemuTe ypaBHeHUe:
a)lg(8—x*)-lg(x—3)=0; 6)x2"8¥*=1000.

§12. CBOMCTBA ®YHKLH, HENPEPBIBHDBIX ﬂ'
B TOYKE M HA NPOMBXYTKE

C mepBBIMU CBEJIEHUAMY O HENIPEPBLIBHLIX U PA3PhIBHBIX (DYHKIU-
AX BbI ObLIM 03HaKOMIIEHE! B § 10. PaccMoTpuM mOHATHE HENIpephIB-
HOCTH (DYHKIIMM ¥ CBOMCTBA HENIPEPHIBHLIX (DYHKIUU oApodHee.

Ilyers dyEEDMA Y = f(Xx) OIpe/iesIeHa BO BCEX TOYKAX HEKOTOPOTO

. mpomeskyTKa (a; b) u Xy — BHYTDEHH#AS TOYKA BTOTO IIPOMEIKYTKA.
. @yuxnuda y = f(x) B Touke X, 6ysleT HeNPepLIBHOM TOr/a U TOJIBKO
. TOTrJla, KOT/la BEIIOJHAIOTCSA YCIOBUA:

1) BTouke x, yaxnusa y = f(x) onpesesena (CymecTByeT IHucIo f(xy));
2) B TOUKe X, CyIecTByeT npejesa dyEKuun y = f(x) (cymecTsy-

~er lim f(x));

X0
3) B TouKe X, npefes GYHKIMHU PaBeH 3HAYEHUIO QYHKOUH
(llm f(x) = f(xy))-

Plocnonbsosanne 9THX YCJIOBHH CYIIECTBEHHO YIIPOIAeT BEIUMC-
JIeHUe IpeJieJIOB HeIpPepPHIBHEIX (MyHKOuA. [ BEIUNCIeHUA Ipe-

Aena lim f(x) mempeprIBHOI B TOuKe X, GyHKIHHE Yy = f(x) KocTa-
x—

- TOYHO BHIYMCJIUTH 3HAYeHUEe PYHKIUHU B 3TOH TOUKe, T.e. f(x,).
' Han HenmpepbIBHBIMU (QYHKIUAMA MOYKHO BEINOJHATEL apudme-
THYECKUeE OIlepalyu.

Teopema. Ilyers y = f(x) m y = g(x) HenpepLIBHEI B TOUKE X,
- Torpa ux cymma, pasHOCTH, IPOU3BEeHHEe H YacTHOE (IIPH yCIO-
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BHH, UTO 3HAMEHATeJIb He pPaBeH nymo) TOMe HelIPpePhIBHEBI B TOYKe

=)

2(%) (g(x) # 0) — menpe-

xg, T. €. f(x) + g(x), f(x) — g(x), f(x) " g(x),
PHIBHEIE B TOUKe X, DYHKIHH.
IHoxasaTedbcTso. [JOCKOJBKY II0 OIIPEeIeHUIO HEIIPEePhIB-
HEIE B TOUKe X ; yHKIuu f(x) 1 g(X) ©MeIoT npeessl, KOTOPhIe PaB-
HEI f(x,) 1 g(x,), TO 110 CBOUCTBY IIPe/iesia CyMMbl, DA3HOCTH, IIPOU3-
BeJIeHUA ¥ YaCTHOI'O IIPe/ieIbl YKa3aHHBIX (OYHKIUH CYIIECTBYIOT U
COOTBETCTBEHHO paBHHI f(X,) + &(xy), f(xq) — 8(xy), f(xy)* &(xy),

f(xo
g(x)

crByromux pysrnuit. CiefoBaTesnbHO, yKadaHHbIE (DYHKIIUY IO OII-
peJiesIeHUIO HeIIPDePEIBHOCTH ABJIAIOTCA HEIIPEPLIBHBIMHU B TOUKE X ()

(g(:)c0 ):#0) . Ho a1 BesimuuHEBI paBHBI 3BHAYEHUSAM COOTBET-

3x%+x+5

IIpumep 1. [lna Kakux 3HaAYEHNHA X QyHKOUA f(X) = :
x“-6x+8

OyZeT HelpepbIBHOM?

Pemesue. [Ipo6HO-panuoHaibHas QYHKIIUSA HEIPEPLIBHA IIPH
YCJIOBHH, UTO 3HAMEHATEJIb He PaBeH HYJII0. ¥ paBHEHUE x2-6x+8=0
uMeeT KOPHH X, = 2, X, = 4. CiiefioBaTe1bHO, QYHKIUA HEPEePhIBHA
Ha MHOXKecTBe (—oo; 2) U (2; 4) U (4; =0).

CroiicTBa (hyHKIHI, HeIIPEPHIBHBIX HA NIPOMEIKYTKe.

DyHKIUA HA3BIBAETCA HENPepbl8HOU HA NPOMeENCYMmIce, eCIu OHA
HeIpephLIBHA B KAXK/J0M ero Touke.

Teopema Boanbnauo—Komu. Eciu pyaxuus y = f(x) me-
npepsiBHA Ha [@; b] M HA KOHIIaX 3TOr0 OTPe3Ka NPMHUMAET 3HaYe-
HHA Pa3HBIX 3HAKOB, TO Ha MHTepBaJe (a; b) o6s3aTeabHO CylIe-
CTBYeT TOYKA ¢, Takasd, 4o f(c) = 0.

T'eomerpuuecKkuit cMuIck (puc. 54) aToil TeOPEMEI COCTOUT B TOM,
YTO HElpPephIBHAS KPUBAA IIPU IIepexofe U3 OTHOM MOJYIIIOCKOCTH
B ApPYIyi0, I'PDAHUIENA KOTOPHIX ABIA-
ercsa ock Ox, mepeceKkaeT aTy oChk. JTa
TeopeMa IPUMEHAETCA NIPH PeIIeHuN
YPaBHEHUM.

Teopema Boarmamo—Ko-
mu (0 nPpoOMeHYMmOLHOM 3HALEHUU

Ry

dynryuu). Ecin dyskousa y = f(x)
HeIpephIBHA Ha oTpeske [a; b] u npu-
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y B 8 v_§~————~"""i
. EUMAaeT Ha ero KOHIAX pasHble 3HAYeHHHd, TO AJA J0b0oro yucia
. A, saxoaamerocs me:xay uucaamu f(a) u f(b), na uaTepsane (a; b)
. 00A3aTeJbHO CyIeCTBYeT TOYKA C, TaKas, 9T f(c) = A.
' T'eoMeTpuUYeCKy 9TO 03HAYALT, YTO IPAMAA I = A IIepeceKaer rpa-
 duk pysrnuu y = f(x) mo KkpaiHel Mepe B OAHOM TOYKE.
Teopema BeliepmTpacca (00 02paHuieHHOCMU Henpepsle-
ol pynryuu). Ecian pyaxuusa y = f(x) menpepsiBHA Ha OTpe3Ke
- [a; b], To oBa Ha 3TOM OTpe3Ke OrpaHMYEeHa.
) Teopema BeitepmrTpacca (o Hauboavuiem u HAuMeHbULEM
“ 3Havenuax pynrxyuu na ompesrxe). Ecim pysxknus y = f(x) menpe-
. piBHA Ha oTpe3ke [a; b], To oHAa Ha 3TOM OTpe3Ke HMeeT Haub0Jb-
| IIee U HaMMEeHbIIee 3HAYeHU .
3amveuadnmue! PaspeiBHBIe (QyHKIIMH, BOOOIEe IOBOPHA, 9TUX
. CBOMCTB HE UMEIOT.
- Touxu pa3psiBa ¥ MX Kaaccudukanusa. Touka, B KOTOpoii GyHK-
| M He ABJIAETCHA HeIIPEPLIBHOM, HA3BIBACTCH MOYKOIL PA3PbLEA PYHK-
| yuu, acama (PyHKIUA HA3bIBAGTCHA PA3PLLEHOU B OTON TOUKE.
~ Touxka X, Oyzaer Toukoi paspeiBa QYHKIUHA Y = f(X), €CJIH BBIIOJI-
. HAETCS OHO M3 YCIIOBUM:
1) bysxnusa B TOUKe X He OTpejesIeHa;
. 2) He cymecTByeT npefiesa QYHKIUU B TOUKE X, UM OH PaBeH
DECKOHEYHOCTH;
. 3) npeze GYHKIMM B TOUKE X, He COBIIAJIaeT CO 3HaueHneM QyHK-
| UM B 9TOH TOUKE.
~ Pagyimualor Ba BU/Ia TOUEK pa3phiBa — MEPBOro Pojia ¥ BTOPOTO
poxa (puc.55).
~ Hccnenys TouKy paspeiBa, HCIOAB3YIOT OJHOCTOPOHHUE IIPE/IeIBI.
'9T0 03HAYAET, YTO PACCMATPHUBAIOT IOBeeHNe DYHKIUMU JJIs 3HAYE-
Huii X TOXBKO CIIPABAa WJIA CJIeBa OT TOUKH x,, Takum o6pazom mosryua-
. 10T COOTBETCTBEHHO IPABOCTOPOHHUI MJIU JIEBOCTOPOHHUMA IIpeIeIbI.

Touxu pasprisa l

[ |
p
ll'Iepnoro po.zxa] [B'roporo po;(aj
1
[Yc'rpannmue] [Heyc'rpannmue]

Puc. 55
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O6o3HavaloT:

x—l-)i.gl+0 f(x) — npaBocTopoHHMIA Ipeae GyHKIMH y = f(X) B TOYKE X}

lim . f(x) — neBocToporHMIT Ipesies GyHKIMM Y = f(X) B TOUKe X,,.
XXy~ 4

TouKy X, HA3BIBAIOT MOYKOU PA3PbLEa Nepeozo poda, eciu B Hei
CYIIeCTBYIOT KOHEUHBIE OJHOCTOPOHHME npeaessl (puc. 56, a).

Touky x, Ha3BIBAIOT MOYKOU PA3PbLEA MOPO20 POJA, ECIA XOThH
OJIVH M3 OJHOCTOPOHHHUX IIPEEJIOB ABJIAeTCA OeCKOHEYHBIM, U0
BOOOIIIe He cyiecTByeT (puc. 56, 0).

Ecyii 1eBOCTOPOHHM ¥ IPABOCTOPOHHMI NIPe/iesibl B TOUKe X —
KOHEUYHBIe ¥ PaBHBIE MEXAY c000i1, HO He PaBHBI 3HAUYEHUIO QYHK-
IMM B DTON TOUYKE, TO TOUKY X HA3BIBAIOT YCMPAHUMOU MOYKOU
paspuiea (puc. 56, 6).

1
IIpumep 2.Haigure TOYKU pa3pbiBa QyHKIUUA Y = S B BB

SICHUTE UX XapakTep.

PemeHue. IIoCKOJBLKY HA HOJB JEJUTH HEJIb35A, TO TOYKOH pas-
pbiBa faHHOM MyHKIMU sapiserca X = 0. [L1a BeIACHeHUA e€ XxapaKkTepa
BBIYMCJIMM OJJHOCTOPOHHME 'PAHUIIE] JaHHOU (DYHKIIUA B 9TOM TOUKe.

cra]i e |
lim —=—co  lim —=c  Mrak, 0HOCTOPOHHUE NIPeeJbl PABHEI
x—->-0X 4 x40 X » O p pea p

0ECKOHEYHOCTH, IIO9TOMY X = 0 — Touka paspbiBa BTOPOIo poga.

2 <
IIpumep 3. HUccnenyiire yErnuio f(x)= e Rt Ha He-
x+1, x>0

IIPEPBIBHOCTH ¥ MOCTPOITE €€ rpaduk.

Pemenue. Hakaxnaom us uarepBanoB (—eo; 0) 1 (0; +o0) hyHK-
U HeIpephiBHA KaKk MHOro4wiIeH. ITockonbKy Besa obsacTs onpeze-
JeHusA GYHKIMA pasjesieHa Ha ABa IIPOMeXyTKa ToOuKou x = 0, To B
3TOM TOUKe QYHKIUA MOYKET UMETh Pa3phiB. BEIACHUM, CyIIeCcTBY-
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S ——

eT JIU nipejies1 QYHKIMHA B 9T0M Touke. Eciiu
x — 0 cieBa, To QyHKIUS HMEET BHJ

f(x)=x>+2u lim (x2 +2)=2, ampu x — 0
x—-0

cupasa f(x)=x+1u lim (x+1)=1. Cre-
x—+0

JloBaTeNbHO, X = () — TOoYKa pa3phIBa IIePBO-
T0 poza, Heycmparnumblit pa3pwvle. I'paduk

pb = -

-
>
aT0i (hyHKI MK M300pakEéH HA PUCYHKE 57. = &

OXHOCTOPOHHUE TIPEeesbl HCIOJIb3YIOT
JIIA HaXOXKJIeHUA BePTUKAJIbHBIX aCHUMII- Puc. 57

TOT KPUBBIX.

IIpsamasi X = a Ha3bIBAETCS 8ePMUKANLHOU ACUMNMOMOU KPABOH,
ecJiM Ipu X — a (cIIpaBa WK cjeBa) 3HaYeHHue (DYHKIIUUA CTPEMUTCH
~ K 6ECKOHEYHOCTH, T.€. BEIIIOJHAETCA OJHO U3 YCIOBUIA:

lim f(x)=c uau lim f(x)=oo
x—a+0 x—a-0 5
, Hanpuwmep, ock Oy ABIIsIeTCA BEPTUKAIBHOM aCHMIITOTOM AJIdA I'pa-
- ¢uxoB pyrruuit y =x ", n € N (cm. puc. 17, 6) my = log, x (cM.
puc. 33).
IIpumep 4. Hafigfure BepTUKAJIbHbIE ACUMITOTH KPUBOH

: Pemernne. [IockonbKy GYHKIIMA He onpejieieHa B TOUYKe
X = —2, TO B 3TO! TOYKE KPUBAA MOXKET UMEeTh BePTUKAJIBHYIO aCUMII-
TOTY. BEIUHMCINM IIpeers::

—— =00 o

lim lim ——=+eo
x—-2-0x+2 ? x-240X+2 s
CuiefoBaTeNIbHO, X = —2 — BepPTHKAJIbHAA aCUMIITOTA JaHHOU KPHU-
BOH.
3ameuanue! Eciu x =a — BepTuUKanbHAA acUMITOTa QYHK-
nuu y = f(x), To X = a — TOYKa pa3phiBa BTOPOT0 Poja.

[MPOBEPBLTE CEBS

>

1. CchopmynupyiTe HeOBXOANMbBIE H [OCTATOYHbIE YC/IOBUSA HEMPEPbIBHOCTH
(PYHKLUHK B TOUKE.

2. Cchopmynupyite onpegenerue yHKLUWH, HENPEPbIBHOW Ha NPOMEXYTKE.

3. Cchopmynmnpyiite cBOMCTBA (DYHKLIMH, HENPEPbIBHbIX HA NPOMEXYTKE.

4. Yro Takoe Touku pa3pbiea? Kakue ectb BHAbI TOUEK paspbisa?

5. Kak HaiTh BepT1KaibHble aCHMNTOTbI KpUBOW?
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“40 BbINOJIHVMM BMECTE

1. Uccnenyitre 3aganabie GYHKIUHA HA HEIIPEPLEIBHOCTH U BBISC-
HUTE XapaKTep UX TOYEK pasphiBa:

1
a) f(x)="38% . 6) f(x)=e* .

Pemenu e. 3ajjaHHbBIe B YCJIOBUU (QYHKIUU 3JIeMEHTapHbIE, a
IIOTOMY HEIpepbIBHBIE B KaXKJ0H TOYKe 00JIACTH OIIpEAesIeHU:A, a
MMEHHO Ha MHOKecTBe (—=; 0) U (0; <0).

sinx
a) Pyaxnua f(x)=—— He onpejzeneHa B Touke x = 0, cienosa-
X

TeJbHO, 3Ta TOYKA ABIAETCA TOUKOM paspsiBa. HOCKOJIbRy

sinx 5
11m f(x) = lim i 1, 70 x = 0 IBJIAETCA TOYKOM pPa3priBa IIePBO-
x—10

I'o pojia, yCTPAaHUMEIN Pa3phIB.
1
6) ®yuakmua [(X)=e* me onpesmenena B Touke x = 0, aTa TOYKa
1 1)

ABJIAETCSA TOYKOU paspbiBa. ITockonbky lim e* =0 u lim e* =+co ,
x—-0 x—+0

T0 X = () ABJIAETCSA TOYKOM paspbiBa BTOPOro POAA.
2. 3ajasHbIe (DYHKIUHA HOOIPEJENINTE B TOUKe X = 0 Tak, 4T00BI
OHHM CTAJIM HEIIPEPLIBHLIMU B 9TOM TOUKE:

a) f(x)=tg7"; 6) f(x):—"4+xx—2.

Pemenmne.

a) Umeem llm—-t lim 222 = lim( - 'Smx)= 1. ITonoxus
-0 X x—0COSXX x—0| COSX X
f(0)=1, nonyuum, 94To 1in(1) f(x) = f(0), r.e. byHKIUsA HEIPDEPBIBHA B
- e 4

tg_x’ x#0,

R e =0

6) Beruncoum npezes 3agasHoi GyEKOuU B Touke X = 0. Umeem:
Vd+x -2 .. X 1 1

m =lim =lim ———
2—0 x x—aox(,/4+x+2) 204 +x+2 T

Touke x = 0. Urak, f(x)=




g
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SR
] f Ecnu Telephb 3a 3HaYeHUue (PYHKIUHA B TOUYKE X = 0 B3ATH YHCJIIO

1 12 &
4 30T (hYyHKIUsS CTAHET HeIIPEPBIBHOM B 9TOM TOYKE.

'. i Vad+x -2
. HUrak, f(x)= %

. 1

| ] = —

i i\ 4’ x=0.

. 3. Umeer im ypaBHEHHUE x® — 3x — 1 = 0 x0T GBI OAMH AeiiCTBH-
- TeTbHBIN KOpeHb Ha orpeske [0; 2]?

- Paccmorpum dpynknuio f(x) = x2—3x—1.9ra byHKIUA Henpe-
. peiBHa Ha otpeske [0, 2] u Ha ero koHIax npuobperaeT pa3auYHbIE

1o 3naKy 3Havenus: f(0) = -1 <0, f(2) = 1 > 0. Urak, cornacHo

=0,

Pemenune. 1) Haiifém BepTUKAJIbHBIE ACUMIITOTEI. 3aJaHHAA
| I 1
(byHKIHA He onpeziesieHa B Touke X = (. IIocKoIbRY hné 2x+= =00,
k' x— X

i
‘7O npAMas x = 0 — BepTUKAJbHAA ACUMIITOTA.
~ 2) Haiigém ropusoHTaJLHBIE ACUMIITOTEL.

2
lim(2x+%)=limgix—+1=co

X—yo0 X—yo0 x

I‘opnaon’ra.nbnmx ACHMIITOT HET.

| BbinonHUTE YCTHO T R ol

: 461. ITpusegure Tpu npuMepa QYHKIHAN, HEIPEPLIBHEIX B KAXKA0K
TOYKe 00JIaCTH ONIpe/ieIeHU .
' 462. O6ocHYITe HEIIPEPLIBHOCTL (DYHKIIMIA:

a)y=x’+sinx; 6)y=xe; B)y=Yx —cosx; r)y=5%*.
- 463. HasoBuTe HECKOJBKO (DYHKIMI, KOTOPBIE HMEIOT TOYKY pas-
PBIBA BTOPOT'O POJia.
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464. imeeT J1u TOYKHU PA3phIBA DYHKITAA:

-3
ay=Vr;  Oy=1  By=T7; Dy=tg?
465. CKObKO TOUEK pas3phbiBa UMeeT PYyHKIHA:
x—3 x2—4 4
a)y—.vt:z—Q’ O x+2° B)y_.7::3+1’ U sin x

—

' Yposenb A

IIpu xaxux 3Ha4YeHUAX x GyHKIUA OyaeT HenpepbiBHOM (466—467)?

8x%+x+5 x*-16
e VI =
2x% +6x+4 ) x°-6x+8

‘]367. a) f(x)=vVx®-4; 0) f(x)=Vx®-6x+9.

468. [Toxaxkure, 9T0 QyHKOUA f(x)= ; %

466. a) f(x)=

5 HeIpephIBHA IIPH IPO-

HM3BOJIBHOM 3HAYE€HHUH X.

. 1
1469. Haitnure Touxku paspbiBa QYHKOHAA Y = ©_o M BBIACHHTE HX

-2
XapakTep.
470. Uccnenyiire dyaruuio y = f(x) Ha HEIPEePHIBHOCTH B TOYKax 1,
2,-1, 0, ecn:
2
~x =1, e e i _2
a)y_ 9 ’ G)y_x+1’ B)y_x2+1’ P)y—x'
! Yposeus B o LT
‘Ei71. Haiigure BepTHKAIBHBIE ACUMIITOTHI KPUBOM:
O S a, 20 1f = B
a) Y=y, O)y=—T7' B) Y=_"3;
y —3 4 = x—s- y =
P) 1_x2 ’ A)y x2_4, e) 4_x2 .

472. Beeraa v 6yieT pa3peIBHO B 3aJaHHOM TOUKe X ; cymMMa (11po-
HU3BeJieHHE) ABYX (QYHKIUM, ecau 00e GYHKIUUA B 9TOH TOYKE
paspeiBEBIe? [IpuBeguTe mpumep.
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s o s
V,em® A

1088
1067

100 200 327 500 t,°C
Puc. 58

473. Beera i 6yzieT paspbIBHOM B 3a/JaHHOM TOYKe X , CyMMa (Ipo-

. u3BeJieHNe) NBYX (GYHKIMH, €CIIH TOJBKO OJHA U3 QYHKIUUA B

‘ aToM# TouKe paspeiBHaA? IIpuBenuTe npumep.

} ﬁ74. Ha pucynke 58 n3o0paskéH rpaduk 3aBUCUMOCTH 00bEMa KyCKa
CBHHIIA OT TeMIIepaTyphl Harpesa. SIBJsieTcs Jiu 9Ta 3aBUCUMOCTh
byaxnueit? Umeer u GyHKIUA TOUKM pa3pbiBa? Y CTAHOBUTE HX
xapaxrep. IIpuBeuTe IpUMEPHI APYIUX Pa3phIBHBIX (DYHKIUMH,
KOTOpbIEe OIUCHIBAIOT (DU3UUECKHE WA XUMUYECKHE IIPOIECCHI.

475. Uccrepyiire (DyHKIIUIO HA HEIIPEPBIBHOCTD U IIOCTPOMTE €6 rpaduK:

3
2x% -1, x<1, Hoceth

a) f(x)={°% * 6) f(x)=1 4
x—4, x>1; 5 x<0

X

’

Hoonpenenure pyaxmuio f(x) B Touxke x = 0 Tak, 4Tob6LI OHA cTaNa
HeIpepbIBHOM B 9TOM Touke (476—477). .

3
1476.) f(x) = 2= _~2%, 6) f(x) = £

x 5 _ 1-cos2x

= ) f(x) = =5

478. [lokaxcuTe, 4To ypaBHeHme X' — 3x — 1 =0 umeer X0oTs 651 ONVH
JleACTBUTEIbHBII KOPEeHb Ha oTpeske [1; 2].

479. [loka)xkuTte, 94TO ypaBHEHHE x% +4x + 3 =0 umeer x0T 611 OIVH
JleiCTBUTEbHEINA KOPEeHb Ha oTpeske [—1; 0].

.!D’pone'nb B e R Susuns: sy

HUccrnenyitre 3agannble GyHKIUN HA HENPEPLIBHOCTh U BHIACHUTE

XapaxkTep Touek paspbisa (480—481).

Ix 4| .
A48

477.a) f(x) =

——

480. a) f(x) =

6) f(x) = —5 -

e ———————————————————
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481.a)f(x)={ -1 7" 6) f(x) = ex*2,
PR w=1s

UccnenyiiTe GyHKIHUIO HA HENPEPHIBHOCTH M IOCTPOMTE CXEeMaTH-

YecKH eé rpatbmlc (482—483). ]

482, a) f(x) = 927 ; 6) f(x)= 43"%;
x+2, x<-1, x+4, x<-1,
B) f(x) = 12% +1,-1<x <1, r) f(x) = {x%+2,-1<x <1,
-x+3, x>1; X w2k
; R ks
1483. a) f(x) = 12* ; 6) flx) = 34 ;
cosx, x<0, -x, x<0,
B) f(x) = {x® +1,0<x <1, r) f(x) = {-(x-1)},0<x<2,
x, x21; r—8, | x=22.

484. VccrenyiiTe (yHKIMIO HA HEINIPEPBIBHOCTD B TOUKE X!

2) f)=—D—,x,=2  6) f(x)=8+——,x,=1.

2+432% 1+31-*

1
485. Jlokakure, 4TO ypaBHEHHE x°+ x — = =0 uMeeT x0T 6bI OAUH
X
JelicTBUTENbHBIN KOpeHb Ha oTpeske [0,5; 1].

486. [oonpexnenure GysKuio f(x) B rouke x = (0 TaK, 4ToOBI OHA CTA-
JIa HeIPEepPBLIBHOM B ATOM TOYKE:

1+x-1 : 18§51
a) f(x) = Yrxl’ 6) f(x) = sinx - sin .
@7 . Ilpn xakom 3HaueHnu napamerpa a GyErnus f (x) Oyaer He-
IIPEPLIBHOM: :
B3 =0 Inx, %21,
a) f(x)={ 2

6 =
A Ja-x, x<1?

e, <0

-
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-— e e — =

‘tanax(nenml ANA NOBTOPEHMS )

488. PemuTe HepaBeHCTBO: s
a) x(x — 5)(x + 3)(x2 — 1) > 0; 6) (x — 1)(x + 3)(x*-1)>0.
489. Haiinure npeziest mocjiei0BaTeJILHOCTH

2 3 3 Al
a) lim ® 3 _100n% +1 . 6) lim n° +2n-1 J
n—= 100n° +5n n—e  n+2

490. I3 nysKTa A OZHOBPEMEHHO ¥ B OJHOM HAIIPABJICHUH BhIEXAJIHA
JiBa BeJIOCHIIeAUCTA cO ckopocTsaME 18 km/4 u 24 xm/4. Yepes
1 gac Besies; 32 HUMU BBIEXaJ ABTOMOOWIIb, KOTOPBIA HACTHUT CHA-
YyaJia OZHOI0 BeJIOCHIeuCTa, a yepes 10 Mmur — u BToporo. Hait-
JHUTe CKOPOCTH ABTOMOOMIIS.

§13. KACATUIbHASI K TPA®UKY OYHKLUU
M NPOU3BOIHASA

Br1 yoxe 3HaeTe, KaKyIo IPAMYIO Ha3bIBAIOT KACATEIHHOMN K OKPYIK-
HOCTH. A YTO MOHUMAIOT, HAIPUMED, IMOA KacaTeJbHOH K CHHY-
coupie? IIpamas a moskeT OBITH KacaTeabHOM K CUHYCOHJIe B KaKOM-

‘b0 eé Touke T M mepecekaTh 3Ty CHHYCOUAY B APYIHX TOYKAX

(puc. 59). Yto e HOHEMAIOT O/ KacaTeJIbHO’ K rpaduky GyHKmmmu?

ITycTte gausi rpaduk Gyskoun y = f(x) 1 Ha He#t Touka T, KoTopas
He ABJIseTCsA KOHIOM rpaduka (puc. 60). O603HaYnM Ha JaAHHOM I'pa-
(puke 1o pasHble cTOPOHBI OT T npousBoabHbIEe TOYKU T u T,.
Hpsawveie TT) u TT, — cexymue. Ecmu ke Touxku Ty u Ty zmnraacs

' o rpaduKy, IPUOIMIKATE JOCTATOYHO OIU3KO K T, 'ro TT; uTTyxrax

yroxHo 01u3K0 Oy Ay T NpubIuKaThCs K HEKOTOpOou npsamMoi a. Takyio
IPAMYIO a (ec/ii OHa CYIeCTBYET) Ha3bIBAIOT KACAMEAbHOU K 2pa-
QPury pynryuuy = f (x) B rouxe 7.

Ecnu rpaduk GyHKIUK TAKOM, KAK TOKa3aHO HA pucyHKe 61, T0o
Ipyu HeorpaHu4YeHHOM npubnvxenuu Toyek Ty u Ty K Touke T mpe-
AeJIbHBIE N0J0XKeHusA ceKymux — npsameie 7T, u TT, — He coBma-
Ayt. 'oBopAT, 4To B TouKe T KacaTeJabHOU K rpadmKky QyHKIHYA He

y

/Io e >
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0 Xq

Puc. 60 Puc. 61

i
|
1 cymectByet. Y ecniu T — KpaiiHAsA TouKa rpaduKa, To KacaTeJbHOM
| K HeMy B TouKe T He CyIIeCTBYeT.
| IToraTHe KacaTeJLHOU K rpa)uKy 4acTo UCIIOIB3YIOT AJISA UCCIe-
] ‘ JoBaHMA (DyHKIUI. PaccMOTPUM 9TOT BOIIPOC CHAYAJIa B OOIIIEM BHJE.
KacarenpHasa — aTo npamas. Eé ypaBHeHue umeer BUa y = kx + b,
| rae k — yzn0601 K0a(h)huyuerm — TAHIeHC YIJIa MeXXAY JIYIOM Kaca-
: TEJILHOM, PACIIOJIOMKEHHBIM BbIiIe ocu OX, 1 HOJIOKUATETEHBIM HAIPAB-
) JeHueM 9Toi ocu. O6paTuTe BHUMaHUE HA YIJIOBOH Koa(hdumueHT
k KacaTeJIbHOM, IPOBEIEHHOM K rpapUKy Kakoi-1n60 (GyHKIIUH B ero
TOYKe ¢ abcruccoi x . Eciim uncio x, npuHaJIe’KUT IPOMEKYTKY BO3-
| pacTaHusa (PYHKIMH, TO COOTBETCTBYIOIIEEe 3HAYEHUE R TOJI0XKUTEeIb-
Hoe (puc. 62). Eciu x, NpUHAJIEKUT IPOMEKYTKY yObIBaHUA (DYHK- |
“ nuu, To k — orpunarensHoe (puc. 63). I Hao60poT: eciu Kaxkaomy i
| 3HAYEHMIO X, U3 HEKOTOPOTrO IPOMeKyTKa (a; b) CoOTBeTCTBYeT 10JI0-
JKHUTEeJIbHOE 3HaUeHue k, To Ha (a; ) naHHaA QyHKIUSA BO3PACTAET; €CIIN
Ka)X/I0My 3BHAYEHUIO X, U3 HEKOTOPOT'O IPOMEXKYTKa (¢; d) COOTBETCTBY-
€T OTpUIIaTeJIbHOe 3HaueHue k, To Ha (¢; d) GyHKIuA yObIBaeT. 3aciy-
YKHBAIOT BHUMAHUSA U Te TOYKU rpadmka (hyHKIMH, B KOTOPBIX Kaca-

YA YA

a<90% k>0 % y=7F(x) a>90°% k<0
—_ ‘

{f(x) y=kx+b

y=kx+b

R

=Y

\
o
=Y
o
Ve

Puc. 62 Puc. 63
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TeJbHAS He CYIEeCTBYeT, ¥ B KOTOPBIX vA
ona napasutensaa ocu Ox (k= 0). y="1(x)

Wrak, 3Has yriioBbie KodhGuIueH- ] T k
ThI KACATEJILHBIX K I'PadUKy QyHKIIUN
B TeX MJIM MHBIX TOYKaX, MOXKHO cJie- i
JIATh BBIBOJI, BO3pacTaeT JaHHadA QyHK-
[UA B 9TUX TOYKAX, UK yObIBaeT. 4 A% K

IIoCKONBKY AJA MCCIEeJOBAHUSA
(GYyHKIUI Ba}KHO YMETh ONpeAeaTh
yIJIOBOM KO2(h(hHUIIMEHT KacaTeJ bHOU
K eé rpahuKy, TO pACCMOTPHAM IIOAPOO-
Hee CBA3b 3TOI0 Ko huuueHTa ¢ uc-
caenyeMoit GpyHKIUen.

ITycrs nausl rpaduk GysKun y = f(X) 1 Ha HEl TOYKY A, B KOTO-
po¥ cyllecTByeT KacaTeJbHadA K rpadury (puc. 64). Ecimun abenucca
TOYKHM A paBHA X, TO eé opauHara — f(x,). lanum 3HaYeHUIO apry-
MeHTa X ( npupamesue Ax. Torza 3HaYeHUI0 aprymenrTa x, + Ax Ha
rpaduke GYHKIHUH COOTBETCTBYeT Touka T ¢ abecmuccoit x, + Ax u
opauHaTOH f(X, + Ax).

Yepes Toukn A u T npoBeném npsameie AK n TK, napajjieabHble
ocaM abcomucc m opaumHaT. OHU IepeceKyTcss B HEKOTOPOH
Touke K. Torga AK = Ax — npupalinesue aprymenra, a TK = Ay —
npupamienne GyHKmun Ha [x4; X, + Ax].

Yruosoit kKoapdunuenT cexyineir AT paBeH TaHreHcy yrua f3,
T. e. oTHOIIEeHUIO Ay K Ax.

Ay f(xo +Ax)— f(xo)

t
B Ax

Ecnu Ax — 0, To cekymasa AT, ToOBOpaYMBasCh BOKPYT TOYKHK A,
npubMKaeTcsa K KacaTeJIbHOM, IPOBEAEHHOM B TOUKe A K rpaduky
AaHHOW (pyHKIuu. Utak, eciu B — yriaoBoi KoaUIIUEHT dTOH
KacareabpHOu 1 Ax — 0, TO

flxg +Ax)—f(xg)
Ax

/ Xo X, tAx X

Puc. 64

_aa_AB y
(0]
A

-k, T.e.

Ay f(xq +Ax)—f(x)
k=tgo= hmth-hm—=l < L
Ax—0 Ax Ax—-)O Ax

Tak onpezensiercss yriioBoit KoaUIHEHT KacaTeJbHOU K Ipa-
buky QyEKnuu y = f(x) B HEKOTOPO# TOUKeE X,), €CJIM KacaTeJbHasd B
He#l He nmapaJyutenbHa ocu Oy. Ecinu kacarenbHad K rpaduky GyHK-
LUK B HEKOTOPOH TOYKe mapasienbHa ocu Ox, To yriioBoi Koaddu-
IUeHT 3TOU KacaTeJbHOU PABEH HYJIIO.

>
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B
e =

Xo +Ax)—f(x
K BEIUMCIEHNIO 3HAYECHUA BRIPDAYKEHUA |im f(xo )~ (%)
Ax—0 Ax

nuimn

s TN
llm —y IPpUBOJUT PEIlIeHrWe MHOI'MX 3aJa4 10 MeXaHHuKe, aJIeKTpK'
Ax—0 Ax
9yecTBy, 6HOJIOI‘HH, 9KOHOMHKE, CTATUCTHUKEe U T. 1. I/IMeHHO II09TOMY

9TO BhIPaXeHue IOJIYYHJIO ClIeIIMaJIbHOe Ha3BaHue — npouseo@uaﬂ.

' lMpou3Bodnol gpyrHkyuu f(x) B TOUKe X, HA3bLIBAIOT Npefen OTHO-

* WeHHWA NpupaleHun yHKLUM B TOUKe X, K NPUpPaLLEHHIO apry-
MEHTa, eC/IH NpUpalleHHe apryMeHTa CTPEMUTCSA K HYNI0, a npeaen
cyujecTByer.

ITpoussoxaryIo GyHKIUH f(x) B TOUKe X, 0603HAUAIOT £ (xy). Eé
ompezieJIeHIEe 3alIMCBIBAIOT TAKJKe B BU/Ie PABEHCTBA:

f(xg) = lim [0 +A0) (%) | g F(x) = 1im
Ax—0 Ax Ax—0

Ay
IIpumep 1. Haiigure npousBoanyio GyHKIHHU f(X) = x% B ToU-
Ke x = 3.
PemeHnue. lagum aprymenTy x = 3 npupamjesue Ax. Coorser-
cTByIOIIee mpupalnenue GyEkmun Ay = (3 + AJc)2 -32=6Ax+ (Ax)2 :

6A A

Torzma syl —xﬂ =6+Ax. Ecim Ax — 0, T0 Ay — 6.
Ax Ax Ax

CremoBaTenbHO, f(3) = hmoX; hm (6+Ax) 6.

OrBer. f(3)=6. ,

Tax pemaroT 3asady, MOJAb3YACH OIpeJeIeHUEeM IIPOU3BOLHOMN
(GYHKIO MM B TOUKE.

J1o cux mop peus I11a 0 TPOU3BOAHOM (GYHKIIUM B TOUKE. A MOXK-
HO pacCMAaTpPUBATh IPOU3BOAHYIO (DYHKIMHY 1 KaK pyHKIuio. IlycTs,
Hanpumep, JaHa QYHKIUA Y = x2. Haiiném e€é npou3BOAHYIO B IIPO-
HM3BOJILHOM TOUKe Xx. [[J1s1 9TOr0 fafuM 3HAYEHUIO X TpUpaIneHue Ax.
CooTBercTByIOIIee eMy IpUpamenue QyHKnun

Ay=(x+ A:)c)2 - x> =2x-Ax+ (Ax)z.

=2x+Ax. EcmuAx— 0, T0 % — 2x.
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v 1 DY ;
Hneem f(x)= lim === lim (2x +Ax)=2x .
Ax—0AX  Ax—0 p

CnenoBarenbHO, IPOM3BOJHAA QYHKIUHU Y = x% s Ka}xJou eé
\ rouke x pasua 2x. [Tumyt: (x°)’ = 2x, wim, ecan y = 22, To y’ = 2x.
O6parurte BHuMAaHHUe! [IpoussosgHas QyHKIHHA B TOUKE —
aro uncao. Korga ke roBopsAT 0 IPOU3BOAHOM, HE YKA3KIBAA «B TOY-
Ke», I10/pa3yMeBaiOT IPOU3BOAHYIO KaK (DYyHKIHMIO: IPOU3BOAHOM
byBEKIMHA y = x° eCTh QYHKIUA y' = 2X, IPOU3BONHON (DYHKIIHHU
y = x° ecTh pyHKIMA Y = 38x%ur. a.
3Hasd 9T0, IPOM3BOAHYIO QYHKIIUA B TOYKE MOYKHO BEIYMCIATH
MpOIIe, YeM I10 OIPEeeIEHUIO ITPOM3BOAHON (DYHKIIUYU B TOUKE.
IMpumep 2. lana byrxmus fx)=x". Haitgure £'(3), £(0), £(-2).
Pemenue. [IpousBoguoit pyuknuu f(x) = x° apasgercs GyHK-
nus f(x) = 2x. Iosromy f(8) =2:3=6;f(0)=2:0=0; f'(-2) =
=2+ (—2)=—4.
! HaxoxgeHue npon3asoaHoM HasbiBaeTca dugghepenyupoBaruem.
. DyHKYKA, KOTOpas UMeeT NPOH3BOAHYIO B TOUKE X, Ha3biBaeTCA
dugpgpepenyupyemoii 8 mouke x,. Pynkuus, auddepeHyupyemas
B KQ)KA10H TOUKE HEKOTOPOTO NPOMEXYTKa, Ha3biBaeTca dughghepen-

i
£
-
| yupyemol Ha 3mom NPoOMeNCYmKe.

IoxasxeM, HAIpIMED, YTO JUHelHaA PYHKYuULY = ax + b dude-
peryupyema 6 kaxdoi. mouxe x. [[eAiCTBUTEIHHO, IPUPAIEHAIO AX
€€ aprymMeHTa X COOTBETCTBYeT IpHUpameHue (YHKOUH

Ay = a(x + Ax) + b — (ax + b) = aAx. IloaTromy % =‘f—; =@a; ¥ ecJIn

A o
Ax — 0, T0 A_i — @. A 3TO ¥ 3HAYHUT, YTO B KAXKJOH TOUKe X QYHK-

nusa y = ax + b ©MeeT NPOU3BOAHYIO Y = a.

IMumyT (ax + b)’ = a.

B wacrrOocTH: x” =1, b"=0.

ITpou3eodnas nocmosHHOU PAGHA HYLID.

W3 xypca ILITaHUMETPUH U3BECTHO, YTO YPABHEHUE IIPAMOM, IIPOXO0-
AsAmei yepes 3alaHHYI0 TOUKY M (X3 Y,), UMeeT BUA Y — Y, = k(x — X),
rae k — yriioBoi Koa(OUIUeHT IPAMOM.

ITockonbKy 18 KacaTeJIbHOM K rpaduKy QyHKIuU y = f(x) yriioBoi
K03 (GHUIHMEeHT paBeH 3HAYEHUIO IPOM3BOAHOMA B TOYKE KAaCAHUSA
(k = f'(x,)), To MOsxeM 3anACATS 00WULL 6UO YPABHEHUS KACAMENbHOL,
npoeedénnoll k zpagury pyrryuu y = f(x) 6 moure kacanua (xy; yo):

¥ — Yo =1 (x)x — x0), mmm y = f'(x)(x — x0) + f ().
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ITo cux 1Iop peysb L1 0 KacaTeJIbHBIX K KPUBOJIUHEHHBIM rpadu-
kaM. Ho rpadpuxomM hyEKIIHH MOKeT OBITh ¥ IPSAMAas UJIXA YacTh IIPs-
‘ moii. IToaromy aiist 06061eHUA JOrOBapUBAIOTCA KACATEIILHON K IIPSA-
| MO B JII000M €€ TOUKe CUHUTATh 9Ty camMyIo npsmyio. KacareiabHoi K

" OTPe3Ky WX JIy4dy B JIF000¥ ero BHYTPEHHE! TOYKe CUMUTAIOT M-
MYIO, KOTOPO# IIPUHALIEKUT 9TOT OTPE30OK WJIM JIYY.

Brimie 6110 YCTAHOBJIEHO, YTO IPOM3BOJHAS JUHEHHON (QyHK-
il UM paBHA KOa(hHUIMEHTY IpU IepeMeHHo, T.e (ax + b) = a.

‘ ITonyueHHEBIN pe3ybTaT UMEET OYEeBUAHBIA reOMeTPUUYECKUHI
f N CMBICJI: KacaTeJabHas K NpAMOM — rpaduky QyHKOIuu y =ax +b —
I ecTh 9Ta caMas IpAMas, eé yrJIoBoi Koa((UIueHT paBeH a.

1 Q/ MPOBEPBLTE CEBS

i ') %" 1. Uro TaKoe KacatenbHas K rpadmKy OyHKUWM B JaHHOW TouKe?

. Yro TaKkoe yrnoson KoahULUMEHT KacaTenbHOW?

. Cchopmynupyite onpegeneHve Nnpou3BoAHOM (OYHKLMK B JaHHOW TOYKeE.
. Kak HaabiBaioT onepauuio HaxoXKaeHWs NPOU3BOAHON (PYHKLMK?

. Yem sBnsetca nponssogHas yHKUWK B Touke? A npou3BogHas hyHKUUK
‘Al Ha npomMexyTke?

. Yemy paBHa npousBogHas MNOCTOSHHOW?

. Kako# g umeet ypaBHeHHe KacaTesibHOW, NPoBeAEHHOM K rpachuKy yHK-
| umm f(x) B Touke x,?

d 8. Yro o3Hauaet 3anuch (ax + ¢)’ = a? Kakos e€ reomeTpuuecKkuit cmoicn?

| S84 BbIMONHMM BMECTE

TR WN -

~ o

TouKe X, = 1.

'} 1. Haiiiure yroj, KOTOPbIA 06pasyeT ¢ I0JI0XKUTEeJIbHBIM HallpaB-
: Pemenue. OnpesenuM cHavasa yrjoBOH RO:BQ)Q)HIIYIeHT aTOMH
i

neHueM ocu Ox KacaTeJbHadA K rpauky QyHKOUU Yy = 0,5x> - 28

KacaTeJbHOU 10 (hopmyiie k = f(x) = Alim0 % ,rae Ay m Ax — npupa-
e

IeHus PYHKIUA U IPUPAIIeHUs apryMeHTa COOTBETCTBEHHO.
Haiinem npupaniesue GyHKIUA Y = 0,5x% — 2 B Touxe Xg-

| Ay = f(xg + Ax)— f(xy) = 0,5(xy+ Ax)> - 2 - (0,5 x7 —2) =

1 =0,5(x2 + 22, Ax +Ax®)—2-0,5x2 +2=

| ’ = 0,522 + %y Ax+0,5Ax*—2-0,5x2 +2=1x,Ax+0,5 Ax®.
” Haiizém yriioBoit Koa(h(puueHT KacaTeILHOM:

XgAx +0, 5Ax>

| k= lim 2% = lim = lim (x, +0, 5Ax)

Ax—0 AX  Ax—0 Ax Ax—0
‘ Iockoabky xo=1,T0 K =1.
H3BecTHO TaKKe, 4To k = tg 0, mosTomy tg o.= 1, orcrona o = 45°.




APEAENT U HEMPEPBIBHOCTb QYHKUMVI NPOU3BOAHASA VIWH—!ME 137

R T e————— v

2. ,I[oxaxm're 9TO A1 DYHKIHHA § = X° nponanozmon ecTb QyHK-
may = 3x2.
Pemenne. Ay =(x + Ax)® - 2% = 8x% Ax + 3x(A%)% + (Ax)%;

Ay

A

A—i/c =3x%+3x Ax + (Ax)z. Ecau Ax — 0, To N — 3x% Asron

03HAYaeT, 4YTO IIPOU3BOAHON (DYHKIUM Yy = x® aBnsercs byHKIHAA
’ 2

y =3x".

3. HanumuTre ypaBHeHNE KacaTeJbHOU K rpaduKy QyHKIHAA
y = x* B ero TOUKe ¢ a6CIHCCO Xg=195.

Pemernue. Cnoco6 1. YpaBHeHHEe KacaTeJIbHON HMeeT BUJ
y = kx +b. Yriosoii Koadunuent k PaBeH 3HAYEHUIO IIPOU3BOAHOM
dyEKOUHN Y = x% B Touxe X 0. (x Y =2x, k=2-5=10. 3uauur,
ypaBHeHHe KacaTeabHO y = 10x + b. KoopauHATEI TOYKH KacaHUA
X5 =9, Yo = 25. Touka ¢ TAKMMH KOOPAMHATAMY NPUHAIEKUT Ka-
caTenbHOM, moaTomy 25 = 10-5 + b, orciona b =—25. CiegosBareib-
HO, YyPaBHEHHE KacaTeJbHOI nmeer Bua: y = 10x — 25.

Cnoco6 2. BanumeM 001N BHJI YPaBHEHU S KacaTeJbHOM:

Y= F (o) — xg) + f(x,).
Haiiném f'(x), f'(x,), f(x,):
f(x)=2x, f(x5)=2:5=10, f(xy)=5%=25.
ITopcraBuM HalileHHBIE 3HAYEHNS B yPDABHEHUE KAacaTeJIbHOM:
y=10(x —5) + 25, mau y = 10x — 25.

| @unommre YCTHO : = ;

491. HaszoBuTe yriioBoi KoaG@UIHEeHT IPAMOI, 3aJlaHHON ypaBHe-

‘ HHeM: a)y=2x; O6)y=-x+3; B)y=2+0,5x; r)y=2.

- 492. Mosxer i npAMas, n300paxénHas Ha pucyHKax 65 u 66, 6u1Th
KacaTeJbHOH K rpadury Gpysrnun g(x)?

493. M0:xHO JI¥ IPOBECTH KACaTeJbHYIO K rpaduky QyHKmum y = |x|
BTouke: a)(—1;1); 0) (0; 0); B)(1;1)?

494, MosxHo ju B Touke (0; 0) mpoBecTH KacaTeJbHYIO K rpahuKy

dyaxmun: a) y = Vx ; 6)y=-§; B) y = tg x?

YA
y=g(")/ & )

—ﬁ% //'/ s

Puc. 65 Puc. 66

-
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495. Haligure sHaveHne NPOU3BOAHOM QyHKIMM Y = 2X + 5 B TOUKeE:
a)x,=1; 6) x, = 0; B) Xy = 10; r) x, =-10.

496. Haliiure 3HAYECHUE IPOUSBOJHOM QYHKIMHU y = x? B Touke:
a)xo=1; 06)xy=5  B)x,=10; r) X, =-15.

497. Yemy paBHa NPOUBBOAHAN DYHKIMMU:
ay=38 Oy=x By=x5 r)y=x?

{Yposenn A N Tys.... S XS 85 88 8 S n 585" <

498. Yraure HECKOJBKO TOUEK, B KOTOPHIX KacaTelbHas K rpadu-
Ry Oyarouu f(x) (puc. 66) oOpasyer ¢ HONOXKUTETBHBIM Hallpas-

JenueM ocu Ox:
a) OCTPHIH yroJ; 6) Tymoi yroJ.

499. B rakMX TOYKaAX KacaTeabHasd K rpadury dyaxuuu f(x) (puc. 67)
napannensaa ocu Ox?

]'500. VRaxuTe NIPOMEXYTKH, Ha KOTOPHIX YIVIOBOM Kod(GHUIUEHT
KacaTenbHOH K rpadury dyarouu f(x) (puc. 67) npuobperaer:
a) MOJIOKUTeIbHbIe 3HAUeHUA; 0) OTPHUIATEIbHbIe 3HAYCHU A,
501. Kakue yriossie Koah(PUIUEeHTHI UMEIOT KacaTeJbHbIe K Ipa-
dury dyaruuu ¢(x) (puc. 68), mpoBeI€HHBIE B TOUKAX X;, Xy?
502. YrioBoit Koo GUIUEHT KacaTeIbHOM K rpadury GyHrmus ¢(x)
(puc. 68), npopeIéHHOM B HEKOTOPOH TOUKe, paBeH k. CymiecTsy-
_ IOT JIX TOYKH, B KOTOPHIX: a) k < 0; 6) k=0?
']503. SanuiuTe ypaBHeHUe NPAMOI, NPoXoAAIei yepes Touky A (2; 5).
504. Haiigure yraosoi KoaGdUIMEHT IPAMOM, 3aJaHHOM ypaBHe-
HUeM: a)y—x+5=0; 6)x+2y+3=0; B)3x—5y=1.
505. Haitaure yrorosoit KoaGOUIUEsT NpAMOi, IPOXOAAIIeH yepes
Touku A (—3; 3) u B (2; 5).
506. Haiizure yriioBoi KoahdUIUEHT NPAMOM, IPOXOAANIeH Yyepes
rouxn: a) O (0; 0) u A (5; 3); 6) K (0; 5) u P (4; 3).

4
507. ITocrpoitre rpaduk GyERIUM Y = M IpoBejuTe K HeMy Kaca-
TeapHyI0 B Touke T (2, 2). Hadigure 3HaK yrioBoro Koagdunu-
€HTa 9TOM KacaTeJabHOM,

A
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g 608. Dyrrnuda y = f(x) 3agana Ha npoMexxyTke (—3; 5). Yriosoit

¥ Koa(h(UIHeHT KacaTeJIbHOH K €€ rpa)uKy B KaXXZ0# TOUKE IIPo-
MeXKyTKa (—3, 2) HOJMOKUTENBHEIN, 8 B KAXK/I0U TOYKe IIpoMe-
JKyTKa (2, 5) orpunarensauit. Haiiiure npoMexyTKHU Bo3pac-
TaHUA U yORIBAHUSA JaHHON QYHKIIUH.

509. IIpoBeanTe KacaTeJbHYIO K rpapuKy QyHKOUY Y = x? gepes ero
TOYKY ¢ abcnuccoit x, = 2. Onenure, yemy MoeT GbITH paBeH
eé yrioBoit koahdunuerT. Bocnons3oBasmuck GhopMyron
(xz)' = 2x, HAUJATe TOYHOE 3HAYEHME YIJIOBOTr0 Koa(hdumueH-

. Ta KacaTeJIbHOH K rpaduKy QyHKOUH Y = x% B Touxe xXo=2.
- 510. ITonpaysck onpeneneHueM IIPOU3BOAHON PYHKIMHU B TOUKE,
) BEIYMCJIHATE:
a) f'(2), ecmu f(x) =x%;  6) f(~8), ecm f(x) = 5x*;
B) f'(4), ecnu f(x)=—x; 1) f'(1), ecam f(x) = —x°.

~ 511. 3gas, uro (x2)' = 2x, BRIYUCJIATE 3HAYEHHE IIPOU3BOJHOMI
i byHKIMHE Y = x? B Touxke: a)xy=-2;6) x,=3;8) x,=0,7.
b 12. 3naga, uro (x3)' - 3x2, BBIYMCJUTE 3HAYEHHE ITPOU3BOLHOMN
= byEKIUM Yy = x° B Touxe: a) xo = 1; 6) x, = 5; B) x, = 10.

]{Yponenb B s (B sk

R
- 513. Haitaure yrioBoil KoadduueHT KacaTeabHOM K rpadury
& dynrmun y = x° B TOUKe: 8) Xo=2,5; 6)xy=-2,5; B)xo=+5.
g | ‘]'514. HanmmuTre ypaBHEHHE KacaTeJNbHOU K rpaduKy GQyHKIUHN
b y = x" BeroTouke c abenuccoit: a) xo=1; * 6)x,=-2; B)x,=0.
- 515. HaiiauTe KOOPAMHATEI TOUKHY KacaHUA KacaTeabHOH K rpadu-
' Ky GyHKIUHU Yy = x%, ecm yriioBoi KoadduUIUeHT 9TO¥ Kaca-
TeJILHOU paBeH 6.
\  916. Ha rpaduke pyHKIUHU Yy = 0,5x% oTMeTbTe TOUKK T, Ty Tgc
abcuouccamu 0, 1, 2 u HaiguTe YyrioBble KOahOUIUEHTEI CEKY-
mux T,Ty, T T3, TyT3.

'1517. JloKkaskuTe C IOMOIIBIO ONPEAENIeHNU s, UTO A QYHKIUH Y =

R |-

1
npousBo/HO¥ Gyaer dyukmua y' =—— (x#0).
x

518. JlokakuTe ¢ TOMOIBIO ONpPEAENeHHUA, YTO ANA DYHKIMH

1
y= Jx npoussoxHoi 6yaer byskmua y = _ — (x> 0).
2x

]519. HaiiuTe ¢ IOMOIIBIO oIpezieJIeHUs 3HAUYEHUE IIPOU3BONHOM
dyakmun y = x° + 2x — 1 B TouKe xo=10.
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520. JToxauTe ¢ HIOMOIILIO OIPEAEIeHUS, YTO I (PDYHKIUA Y = ax’+
| + bx + ¢ mpousBoaHOU OyzeT GyHKIuUA Yy = 2ax + b.
f521- HaitiuTe NPOM3BOAHYI0 GYHKIMK ¥ = x° + 5x + 6 B TOUKe:

a)x,=-1; 6) x, = 0; B)x,=1; ) Xy =95.
522. HUcnonsaya peayasrar 3agaum 520, HaiguTe NPOU3BOAHYIO
GYyHKI UM

a)y=3x2+x-7; 6)y=—x2+5x; B)y= 1-6x—x%.
523. [TepenumuTe B TeTpaab NPeACTABICHHYIO HUKe TaOIUIy Ipo-
M3BOAHBIX HEKOTOPBIX (PYHKIIUI U BEIYUUTE €€ HAaU3yCTh.

a’=0; x'=1;
(ax+b) =a;
(%) =223 " (2% =38x%

’

Blaen oo

-\ ~

—

! Yposeun B

524. Jloka)xuTe ¢ MOMOINBIO ONPEAEJeHHus, YTO AJIA QYHKIUU
y= ax®+e IpoM3BOAHOH OyaeT dyHKIuA y = 3ax>.

T_g25. Hajigure Npou3BOAHYIO QYHKIUH Y = 0,1x% + 5 B Touxe:

a) xo=-1; 6) %™==2; B) xo=1; r) x, = 2.
526. Ucnonpaysa peayabTar 3ajauu 524, Ha#AuTe NMPOU3BOJHYIO

GDYHKIIUU:

a)y=5x3—7; 6)yé—x3+5; B)y=1—6x3.

f527- ITokakuTe, 9TO IPOUSBOAHAA 3aJaHHON (QYHKIIUM IPUHUMAET
HeOTpUIATeJbHbIe 3HaYeHNEe IIPU BCeX JONYCTUMBIX 3HAYEHH-

AX apryMeHTa:
a)y=3x-17; 6)y=x3+1; B)y=\/;,

528. Haiiaure Npou3BoAHYI0 GYHKIMH B TOYKE X, = 5:
a)y =(x+2)(x—2); 6) y = (x—1)(x%+x +1);

2
-5x+6
B) y=vx!+2x%+1; r)y=£—£%.

1)529- BanumuTe ypaBHeHMe KacaTeIbHOM K rpabuky QyHKIUH y = —

B TOYKe: a) X, = —1; 6) x,=—2;
530. Jlna nansOR QyHKIMM y = 2x° + 4
a) mOJIb3YACH OIIpejieIeHueM, HaliuTe IPOU3BOLHYIO;

R |

B) Xo = 3; r) x, = 6.
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0) HanmUImIUTEe YpaBHEHH KacaTeJbHBIX, IIPOBEAEHHBIX K I'pa-
¢bury QYHKIIMHA B TOUKaX ero nepecedeHusi ¢ ocsio Ox;
B) HaliuTe, B KAKAX TOYKAX KacaTeJbHas K rpaduKy QyHKIUHA
obpasyer ¢ IoJI0KUTeTbHBIM HanpasaerueM ocu Ox yroa 45°, 135%
r) HAalguTe, B KAKOU TOUKe KacaTeJdbHasa K rpaduky QyHKIIHN
napaJuiejabHa npamoii 2x +y — 6= 0;
1) Ha¥auTe, B KAKOU TOYKe rpaduka GyHKIIUN MOYKHO IIpOBeC-
TH FOPU30HTAJBHYIO KacaTeJ bHYy0. Hanunimre ypaBHeHNE 9TOM
KacaTeJIbHOM.

531. KacarenpHad K rpad@uKy QyHKIUY y = x? IpoxoxuT Yepes Tou-
Ky A (4, 7). HaiiiuTe KOOpAUHATEI TOUKH KAaCAHUA.

JYnpaxHeHus Ans NOBTOpeHMs .
532. Pemure ypaBHEeHUE:

a)x3—x2—6x=0; 6)5x4—3x2—2=0.
533. YupocTuTe BhIpaKeHHe:

a)(l1- tg2 x)cos2 x5 0) (ctg x + tg x)sin 2x.

534. CpaBHUTE 3HAYEHHUA BHIPAYKEHUMA:

1 1305, L AN 8
a)ngnzx/ﬁ, 0) \/514 T

~ 514. TEXHUKA TUDPDEPEHLIUPOBAHMUS

i Br1 yixe ymeeTe BEIYUCIATH HIPOU3BOHEIE HEKOTOPBIX 2JIEMEHTAaP-
.~ HBIX QYHKIOMI, moab3ysack Gopmyaamu: a’ = 0; x" = 1; (ax + b)' = a;
(%) = 22; (£°) = 82% [l =L (Vx) ===
X x2 2\/;
B aTom naparpade OyayT paccCMOTPEHEI TeOPEeMbI, KOTOPhIE IIOMO-
I'yT HAXOAUTH IIPOU3BOAHBIE CIOKHBIX PyHKIUU. [ yopomesns
sammceit BMecTo u(x), u'(x), v (x), ... 6yaem nucats u, u’, v, ... .
Teopema (onpoussodnoii cymmut). Ecom dysxuun u u v gud-
thepeHnMpyeMEI B TOUKe X, TO B 3T0ii Touke (u +v) =u’ +v'.
- JloxkasareasbcTso. Haligém npupamenue A(z + v) cyMMsl
JaHHBIX (GYHKIUA Ha IPOMEKYTKe [x; x + Ax]:
Alut+v)=u(x+Ax)+v(x+Ax)—u(x)—v(x)=
=(u(x+Ax)—u(x))+ (v(x+Ax) - v(x)) = Au + Av.
IToaTomy

Ax Ax Ax”

J

A(u+v) _Au+£
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A Av
Ecau Ax — 0, To XE —u'n e v’. CegoBaTensHo, (1 + v) =

=u' + .

AHaJOrMYHO MOKHO JOKAa3aTh, uro (u —v) =u’ —v’.

Teopema BepHa TakKe AJd TpEX U 6osee hyrknmii. Hanpumep,

w+v-w)Y=(u+v)-w)=@w+v)y-w=u'+v"'-w'.

Teopewma (o npoussodnoit npouseedenus). Ecim pyskouu u u
v nuddpepeHIMPYyEeMEBI B TOYKE X, TO

(wv) =u'v+uv'.

HoxasaTenscTso. Haligém nmpupamenue A(uwv) npoussese-
HUSA JaHHBIX QYHKIOUNA HA IPOMEXYTKe [x; x + Ax], y4uThIBasA, 94TO
u(x + Ax) = u(x) + Au 1 v(x + Ax) = v(x) +Av:

A(uv) = u(x + Ax) * v(x + Ax) — u(x) - v(x) =
= (u(x)+Au)(v(x) + Av) —u(x) - v(x) = Au - v(x) + u(x) - Av+ Au - Av.
IToaTomy : ;

A(uv) _ Au-v(x) i u(x)-Av + Au-Av
Ax Ax Ax Anie

Au Av Au-Av
EcmuAx— 0,70 ——u’, — —v’, —— — 0, rak kak Av — 0.
Ax Ax Ax
CremoBaTebHO,
’ / /’
(wv) =u'v+uv.

CunepngcrBue. ITocmoaHHbLL MHONCUMELb MONCHO BbLHOCUMb 3Q
3HaK npouseodnoil. Bexs eciim u = C, rae C — MOCTOSAHHBIN MHOMKH-
Teas, To u’ = 0 ¥ Mo TeopeMe 0 IPOU3BONHOH npouaBenenus (Cv) =
Cv+Cv =CvV,.e.

(Cv)'.=Cv's

Teopema (0 npoussodnoit wacmnozo). Eciu u 1 v — QyHKIUMH

oT x, Tu(pdepeHMpPyEeMBI B TOUKE X, IPHYEM B 3TOM Touke v # 0, TO

’

’ /
u) _uv-uv
v e BN

JlokaszaTeabCTBO TEOPEeMBI MOYKHO IIPDOBECTH AHAJOTHYHO ABYM
npeapAymuM. A camy HopMysTy IpPOM3BOAHOM YACTHOTO MOYKHO
BBIBECTH IIPOIIIE.

u .
IIycrs 5w Torpga u = vw U 110 TeOpPeMe 0 IPOMU3BOHON IIPOU3BE-

’ ’ ’ ’
JeHudA U =vw+ow. BblpaaHM oTcroga w :

-
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’ U-—-v- —
v uU—-vw v uv—uv
f w = 2
v v v

Nrax,

R T

(3

N
]

:\

o [
[\

s

(5]

Teopema (o npouseodrnoit cmenenu). Ecim n — uucno Hary-

paasHOe, TO
") =nx""L.

IoxkasaTreascTso. [Jokaxkem popmyay (x") = nx"",neN
METOJAOM MaTEeMATHYECKON MHIAYKIHHA.

1. ITpoBepuM HCTUHHOCTH paBeHCcTBa IpH = 1: X’ = 1 (paBeHCTBO
IIPaBUJIBHOE).

2. IIpeAnonoxuM, 94TO JaHHOE paBeHc'rBo anomme'rca npu
n=~k,k>1,ke N, To eCTb PABEHCTBO (x ) = kx* ™! — uerunno.

3. JlokakeM HCTHHHOCTH Eanenc’rna npun=Fk+1,T.e. fokaxxem
paserctso (x* 1) = (& + 1)x".

Paccmorpum JIeBYIO qac'rb ¥ IIPAMEHAM rc Hel TeopeMy O nponaBon-
HOM nponsaenenna (x ) =(x- lg) =x-xf+x (x") ]g+x k"
=x*+k-xF=(k+1)x"

CrnemoBaTenbHO, (xk * l)’ =(k+1) =*.

4. ITo npuEOUOY MAaTEeMATAYECKOA HHAYKINY JaHHOE PABEHCTBO
f CIIPaBEIJIMBO AJIsI IPOM3BOJILHOTO HATYPAJIBHOI'O YHCJIA 7.

Ilos:ke OyzeT moKasaHo, 4To 9Ta GOpMyJIa BepHA He TOJBKO AJs
HATypPaJLHBIX 3HAUYEHUH 1, HO U JJIs JIIOOBIX JeACTBUTEIHLHEBIX.

IIpumepsl.

1.Ecimy = x5, roy’ = 8x".

gl.v 2. Ecmmy =5xt, roy’ =5+ (x*) =5- 4x® = 20x3.
. 3. Ecmn y = 2x° + 3x — 7, To IO TEOPEME O IPOU3BOAHON CYMMBI
Sy =(2x%) ' +8x) -7 =10x*+3.

s T

S A

2
, 4. Ecou y= il , TO IIO TeOpeMe O IPOU3BOAHOM Apodu

l L5
(3x Y(x—-2)— 3x> (x-2) 6x(x 2) - 3x> 3x —12x

(x-2) (-2  (e-2)

y'=

W3 noxasaHHBIX TEOPEM CIEAYeT, 9TO Kaxdas pyrnruua y = f(x),
20e f(x) — mHozouneH, Qudppepernyupyema Ha 8cem MHOICECMEe
R. ITosmomy xax0blii zpagur marxoil QyHKYuUL — AuHUS 6e3 pa3pbl-
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I 608 u uznomos. Ecinu 661 rpadur GYHKIIMU B KAKOH-TO TOYKe UMeJI
‘ i Pas3phIB MJIM IIEPEJIOM, TO B 9TOI ToOUKe (DYyHKIUA He uMesa 66l mpo-
HM3BOJHOM, TO eCTh He ObL1a 051 fuddepernupyemoii. J[pobHo-pamnmo-
HaJgbHAsA QYHKOUA oT X auddepeHIupyeMa B KaXKJA0H TOUKe X eé
| I obacTH onpeaeeHus.

1
1 C?J MPOBEPBTE CEBA

1. ChopmynupyiTe 1 JOKDKUTE TEOPEMY O NPOM3BOAHOM CYMMbI ABYX (hYHKLWH.
i 2. Kak HaxoAsT NpoMU3BO/HYIO MPOU3BEAEHUA ABYX (DYHKLMHA?

1 ‘d‘ 3. Kak HaxogsaT nporM3BOAHYIO YacTHOro?

| 4. Yemy paBHa NpoM3BOAHANA CTENEHMU C HATypasibHbIM NoKasatenem?

| S5 BbINONHMM BMECTE

I 1. Haitaure npoussoanyio dyskman f(x) = 3x°(1 — x2).
] Pemernue. Cnoco6 1. Bocnosb3dyeMcsi TeOpeMOM O IIPOU3BOJ-
| HOM IIPOM3BENEeHUA:
| F@) =33 -x) = (32" - (1= 2) #82° (1 ~ o) =
| =15x* (1 - x%) + 8x°(-2x) = 15x* - 15x° - 6% = 152" - 2145,
1 Cnoco6 2. CHauaia pacKpoeM CKOOKH, a 3aTeM IIPUMEHHUM Teope-
MY O IIPOU3BOAHOM CYMMBI.
f(x) = (8x°(1 - x%)) = (8x° — 3x")'= 15x* - 215.

I 2. Boluuciure 3HaYeHUE NPOUBBOAHOM MyHKI MU f(X) B TOuKe
x+12 .

3x. .’

0) f(x) =2+ Jx :

| Xy =4, ecau: a) f(x)%-

Pemenue. a) f’(x)=(x+12)’ = (x+12)"3x—(x+12)(3x)'=

3x 9x?

| =1.3x-(12+12)-3=3x—3x2—36=_iz; f'(4)=_1éé=—i’
9x Ox x
@fu%4ﬁ+wEY=(ﬁY+hEY=2x+:%;

| ] f(4)=8 %=8%.

‘ ‘ 3. BanumuTe ypaBHeHHE KACATEIbHONW K rpaduKy QyHKIUM
A y=x4+x23'r01ucexo=—2.
‘ '

|

|

Peménmne. YpaBHEeHHE KacaTeJbHOU UMeeT BHU/I:
Yy = f'(xo)(x —.x0) +(x).
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Haiiném f(— 2) n f'( -2).

f(=2)=(- 2) +( 2)2 =16+ 4 = 20;

f(x)=(x*+ x%) = 423+ 2x; f(-2) = 4(~ 2) + 2(-2) = -36.
CnepgoBaresbHO, Yy = —36(x + 2) + 20, nim y = —36x — 52.

bINOJHUTE YCTHO AT

—

Haiigure nponsBoguyio Gyakmuu (535—536).

535.a)y=x'%; 6)y=x'"; B)y=-5x22% r)y=0,1x".
536.a)y=x5—7_x; 6)y=1-x"; B)y=x'+x2% r)y=x+5x.
BeruuciuTe 3HaYeHMe IPOU3BOAHOM B Touke X, = 1 (537—538).

537.a)y=%x1°+3; 6)y=§x6+2; 'B)y=%x2—7.
' 538.a)y=2x; 6)y=2+ Jx; B)y=2x— Jx.
posens A ST e L L
Haiigure npounsBofauyio GyHKIuHU (539—545).
- 539.2)y=2" Oy=—z% L y= Sny-—x
Ky =3x% e)y= 2x7, 8)y=-7x% x)y=0,1x.
O 540.a)y=x%+x% 6)y=x"-x% B)y=4x"-2; r)y=-5x>+4.
B41.a)y=3x>— 52+ T; 6)y=2-3x—8x%;
.- B)y=x"+3x®-5x+4; r)y=>5-2x+ Tx% - 3x°.
542.a)y=x Jx; 6)y=(+x3) Jx; B)y=x°1-Vx).

§43 a)y= %(2x+1); 6)y= i(x“—S); B)y=(1-x") i

2 x-3 x+1

.-  Sd.a)y=;5 B)y=—_—% B = e
e 2x+1 a J
4500y = 5 B) U = By="—2_,-

ancnn’re 3HAUYEHMe IPOU3BOJHOM B JAHHBIX TOuKax (546—548).
f(x)—x2—5x,x0— L5 y=05057=2:

@7 f(x) = 3x* + 22— 10, xy =—2; X, = 0; xo= V2.
b 548, f(x)=-8x"1+38,x,=-2; xy=1; xy="T.

| Yposeus b 7 L e O

Onpeznennute AByMs criocodaMu IPOU3BOAHYIO DYHKITAM (549—550)
549.a)y—x(x -5); 6)y—x(3x -1); B)y=(x—2)(x+3).
1650. a) y = 3x%(5 - x°); 6)y=—-Tx(x>—4); B)y=5(x+3)°.

—
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Hanummure ypaBHeHHe KacaTeJbHOU K rpaduKy JaHHONW DyHKIHH
B ero Touke ¢ abenuccoii x (551—>552).

551.8) y = x* - 2x, xo = 3; xy=—2; 6)y=\/;,x0=1;x0=4.
ﬁ52.a)y=3x4+2x,xo=—2; xy=0; 6)y=x2,xg=—1;x9=1.

t Haiiaure npousBoguayo Gyaxknun (553—557).

! 3
| 553.a)y=%+3x; 6)y=5—:2-; 3)&-}-%;

: ny= 20wy (o321

x

[ 554.a)y=(1-x+x°) 5Vx +x); 6)y=(5-Vx) (x*+4x).

i’ @5.&)y=(i—x2°)(l—2\/;); 6)y=(~/§+%)[5x“-i)-

| 2 ,8x- 5xt -1 5-0,1x'°

| 556.a)y= 2 332-7. gy=—X 1. B 5 2

Il )y 2x+1 )y 2 —x+4 B)Y 2%-x+5

| Jx +2% 5Jx -1 2 +8x-7
1 557. it i O)y=—"; .

| f a)y 1-Jx 4 x®-x+2 4 2\/—+x

| 558. Pemure ypasuenue f'(x) = 0, ecou:

{ a)f(x)=x- 12x3; 0) f(x)= x5 -15x3+ 4;

1 n)f(x)=—§x3+x2+12; r) f(x) = —x —%x +62.

Il ‘]"559. Pemure mepasenctso f(x) < 0, ecan:
‘{‘l a) f(x)= 2x° - 8x% - 12x; 0) f(x)=12x— x3;

1’ B) f(x)= -5 r) f(x) = x2x+4 .
w Yposenn B /\‘.___74—»

CKOJIBKO pemieHui uMeeT 3a1a4da?
561. HanumuTe ypaBHeHHS KacaTelbHOH K rpadury GyHKIHH

'} 560. Haiiaure hyaruumo y = f(x), ecin eé npoussoxrasn f (x) = 2x + 3.
|
\
L y = f(x) B Toure c abcnuccoit x,:

W= 1+5%=5 0= 5(V*-5),x=25
2 ' 1 2
B) f(x)= ’;++x2,x0=7; r) f(x)= 5(0,51:2—\/;) » Xo=4.
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562. Haiiqure abcuuccy TOYKH, B KOTOPOM KacaTeabHasa K rpaduky
bysxmun f(x) na;z)a.rmenbua ocu Ox:
a)f(x)=3x4—6x +2; 6)f(x)=x3—3x+1;
B) f(x) = x2(2x -9); r) f(x)=2x(3 - 8x3).
f q‘ ‘[5;63. Haiiure KOOpAMHATHI TOYKH, B KOTOPOU KacaTejabHas K rpa-
huxry pysrnum y = f(x) mapauienbHa OpamMoi y = 4x + 3:

a) f(x) = 0,25x* + x® + 1; 6) f(x) = 4Vx —x+0,5x°
564. HaiiguTe abcuuccy TOYKH, B KOTOPOH KacaTeJbHasa K rpaduky
dbysroun y = f(x) nepnesauKyIspHaA TpaMoi y = 11x + 3:
2
x"+2

a)f(x)= -~ 6)f(x)=ﬁ—2\[;+\/§.

565. Beruucaure miomanb TPeyrojbHUKa, 00pa30BaHHOIO OCAMU
KOODJAMHAT ¥ KacaTeJbHOU K rpadury GyHRIum y = (2x—

) — 1)(4.1c2 —4x + 1), B Touke ¢ abenuccoit x, = 1.

' 666. Hanummure ypaBHEHHA KacaTeJbHBIX K rpadpury GyHKIUU

{ y= 22 -5x+17, KOTOpPBIE BMECTE C OCAMHU KOODAUHAT 00pasyroT
paBHOGeAPEeHHEIH TpeyroabEuK. Haliaure miomans sToro Tpe-
YrOJIbHUKA.

567. Hanumure ypaBHEHHUS KacaTeJlbHBIX, IPOBEAEHHBIX K rpadu-
Ky GyHKIUHN Y = x? + 2x — 1 ua rouru A(-1; —3). BermosauTe

. . DHCYHOK.

: 668. C rouku A(2; 6) K KpuBO# Yy = —x? + 2x + 2 npoBexeHHI Kaca-
" TenbHBIe. Haiijure paccTossHUE MKy TOUKAMUA KacaHUs.
569. CocraBbTe ypaBHEHUA 00IMX KAacaTENIbHBIX K rpadukamM GyHK-

mmit y=—x*+2x—2m y=x%+2x.

570. Haiimure TOYRY IlepecedeHuA KacaTeNIbHBIX K rpaduky GpyHK-
uun y = x2 - [5x — 1|, mpoBeAEHHBIX Yepes TOUKH ¢ AGCIUCCAMH:
a)xy =1, 25 =2; 6) o =2, x5 =2; B) %5 ==1; 29==2.

571. Ilpu xaKuX 3HAYEHUAX IDapaMeTpa a KacaTeJbHas K rpaduxy
byHKRIUN §y = x° + ax? BrTouke ¢ abcuuccoit x, = —1 npoxoaut
yepes TOUKY:

a) A(0; 5); 0)A(3; 4)?

. |YnpaxueHus ans nosTopenus

872. Ilocrpoiite rpaduk HyHKIAM:

y! a)y=sinx; 6) y =2 sin x; B)y=2sinx—1.
- 873. VupocTuTe BeIpasKeHue:

a)cos 3x —sin 4x — cos 5x; 6) sin 10x —sin 6x — 2sin 4x.
~ 874. Pemute ypaBHeHUE:

: a) x—Jx+8=4; 6)x2—3x+1=2 x2-3x.




315. MPOU3BOJHBIE TPUTOHOMETPUYECKUX
®YHKLUUU

PaccMOTPUM NPOM3BOJHBIE TPUTOHOMETPHYECKUX (DYHKIHIA.
ITpaBuIBHEI cleAyIomue (hOPMYJIIbL:
(sin x)’ =cos x; (cosx) =—sin x;

! 1
3 (ctgx) =-T—3

sin

(tgx) =

IJis [oKas3aTeJbCTBA ABYX HEPBBIX (DOPMYJI BCIIOMHHUM II€PBBIN
3aMevaTeNbHBIN mpenea (cM. ¢. 106), a mmenso: Korga x — 0, To

cos? x x°

y v gin
sin x Bce MeHbIIIe OTJIMYAETCS OT X, T. e. lim =1,
x>0 X

Teopewma (0npousgodrnoit cunyca). LI KamaOro xeicCTBH-

TEJHHOTO X
(sin x)" = cos x.

HoxasareunscTso. Haiiném npupamienne GyHKIIUYT Sin X Ha

npoMeXxkyTke [x; x + Ax]:

Asin x =sin (x + Ax) —sinx = Zsin%cos(x+%) :

; 2sin~~2£cos(x+?x) sin 2~
HOS’I‘OM}' As1nx= = 2 -cos(x+A—x).
Ax Ax

Ax Ax
2
PR A%
AW sin ——
Ecau Ax — 0, Ton i — 0. Barom cayuae Ne — 1. UsBecT-
2

HO Takxke, 4To (DYHKIMsA cos X HenpepbiBHA HA R. Iloatomy ecsiu
Ax Ax
D — 0, To cos(x+—2-) — cos X.

CJle,lIOBaTeJIbHO, JAJIS IIPOU3BOJIBHOIO X

sin ——
. Asinx ¢
lim ——= lim =
Ax—0 Ax Ax—0

i Ax
-cos(x+—2—) =1-cosx=cosx.

. / 2
To ecTs, Bcerga (sin x)’ = cos x.



MPEAENT U HEMPEPbIBHOCTb ®YHKUMW. MPOU3BOAHAS U EE NMPU E— 149
e —

Teopewma (0 npoussodnoi kKocunyca). JIjIs Kamaoro feicTBm-
TeJHHOTO X k
(cos x)" = —sin x.

JoraszaTeabCcTBO.

Acos x = cos (x + Ax) —cos x = —Zsin(x+%)sin% s

sin—
Aeoid. —sin x+£ Fua iyl
Ax 2 Ax

2

Ax : ;
Ecnu Ax — 0, Tom ke 0,a sm(x+éz—x-) — sin x, TOCKOJIBKY

¢yukuua sin x HenpepeiBHA Ha R. CiieoBaTeIbHO, IPH KaXKI0M Jleii-

CTBUTEJLHOM X
sin—
.. Acosx ;. ; Ax 2
lim ——==lim | —sin| x+— |- —— 5 e
e A e P A sinx-1 sin x.
2

To ecTs (cos x)' = —sin x.
@opMyJIbl TPOU3BOJHBIX TAHTEHCA U KOTAHTEHCA MOYKHO JOKa-
3aTh, UCIIOJIB3Y S TEOPEMY O IIPOM3BOHOM YACTHOTO:

; 2 = ’
0082 X cos X 0082 X:

sinx], ke (sinx)/ cosx—(cosx)’ sinx cos® x +sin’ x 1

(tgx)'= (

CosXx

2

cosx ) _(cosx) sinx—(sinx) cosx
) i sin® x

(ctgx)' = (

sinx
—sin? x - cos® x 1
sin® x sin®x
Hraxk, B KaK/0i TOUKe X 00/1aCTH ONpeesieHHA (QyHKIHA:

(sin x)’ = cos x; (cos x)’ = —sin x;

1

1
tgx)y=—7—: (ctgx)=——7—.

cos x sin x
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11 c MPOBEPBTE CEBSl
1 i 1. Cchopmynupyiite U fOKaXKWUTE TEOPEMY O NPOU3BOAHOM CHHYCA.

( 2. CchopmMynupyiTe U AOKKUTE TEOPEMY O NPOU3BOAHOM KOCHHYCa,
3. Yemy pasHa npoussogHas TaHreHca? A KotaHreHca?

11 $49% BbINOJHUM BMECTE

5 -

1. Haiizgure mpousBoauyio GyHxmun f(x) = Jx tgx .
Pemenue. BocmonbsdyeMess TeOpeMOii 0 IIPOU3BOJHOM IIPOU3-
11 BEJCHUS:

1l f(x)= (x/;-tgx),= (\/;)’-tgx +\/;-(tgx)' =

1 \/— 1 sinxcosx+2x 0,25sin2x+x
i =—=tgx+Jx-—5—= S5 3
.}[ f 2\/; cos“ x 2\/; cos” x \/; cos“ x
‘ 1‘ 2. Beruncmire 3HaYeHUe IPOM3BOAHOM QYHKIMH i = 3sin x + 5cos x

—

( n

: I B TOUKE X( = 7 .

: % ‘ Pemenue. BocnosbpsyemMes TeOpeMoOit 0 IPOU3BOAHON CYMMBI:
| ‘ Yy’ =(8sinx+ 5cos x) =(3sinx) + (5 cos x)' =3 cos x — 5 sin x.

V2. V2
= 3'—2—'—5'7:'“\/5 .

Ecam x, = g , TO y'(§)= 3cos§ - 5sin§-

Orser. 2.
3. B kaxoii TOYKe KacaTeJbHas, IPOBEeAEHHANA K rpaduKy QYHKIIUU

Pemenue. B uckoMOi Touke yrioBoi KoadduiueHT k xaca-
TeJIbHOH paBeH 2, nb0 napaJesbHble IPAMbIE UMEIOT PABHBIE YIJIO-

|
l
|
‘ “ flx)= J3 sinx—cos x + 5, x € [0; ], mapastesbHa IpsAMOi Y = 2x —17
i
"»
‘ BbIe K0a(h(pUIMeHTEI.
|

Kpowme sToro, yriosoit koahdunuenT k xacaTeabHOM, IPOBENEH-
HOM K rpaduky Gysxnum y =f(x) B TOUKe X,), onpeseasaeTcs Gopmy-
Il no#t k = f'(x,). Mosxem cocraBurs ypasaerue f'(x,) = 2.

‘ Haiizém f(x): f/(x)=(+/3 sin x — cos x + 5) = /3 cos x + sin x.

'\ Abcuccy HICKOMOM TOYKY HA/IEM, pEIINB ypaBHEHHe V3 cosx+
»
\

2

£+2nn,neN. |

/ 3 (L8,
+ sin x = 2. meem: % cosx+ - sinx =1, uan cos(x—g) =1, ,

oTCIONA X =

6
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IIpomesxkyTry [0; T] NpUHALIEIKHUT TOMBKO O/{HA TAKAA TOUKA: X( = g <

T - E = i E— .1_t =.\/_§-—_\/§ =9.
orzaa y, f(s) \/§sm6 coss+5 e +5=b5

f Orne'r.(g;5).

Buin Te ycTHO T T L
Haitaure npoussoguyio Gyaxrnuu (575—576).
575.a) y = 3sin x; 6) y = 2tg x; B) y = —5cos x.
576.a)y=2+cosx; O)y=1+ctgx; B)y=\/§—sinx.

577. Haitiure sHaueHMe NIPOU3BOAHOM QYHKIMM ¥ =f(X) B TOUKE X,
ecan:
a) f(x) =sin x, x, = 0; 6) f(x) = cos x, x,= 2; B) f(x) = tg X, X, =T.

578. Bepuo su, 9TO nMpom3BofHAs QYHKIMH y = ctg X npuHUMaeT
TOJILKO OTpUIATe bHbIe 3HaYeHnsA? A QyHKIUHN Y = cos X?

A ?Ypoaem, A SR S st L AT e

el e
Haiigure npoussoanyio pyaruuu (579—586).
579.a)y=2sinx+1; 6)y=3cosx+2; B)y=4tg x - 3;

r)y=sinx+2x; p)y=-cosx+3x; e)y=tgx+4x.

‘. Tgsooa)y=x2+cosx; 6)y==3x4—sinx; B)y=2x5+tgx;
r)y=\/;+ctgx; n)y=2\/;—sinx; e)y=—\/;+cosx.

= 581.a)y=2sin x + 3cos x; 6) y = 4tg x — 3cos x;
B) y = bsin x — ctg x; r)y = 1llcos x — 2tg x.

1 1. U RS ) g
582-a)y=3cosx+-§smx, 6)y= 5tgx— gcosx;
B)y=0,5cos x +tg x; r)y =—4sin x +ctg x.

583. a) y = xsin x; 6) y = xtg x; B)y = V/x cos x.

@4- a)y = x°sin x; 6)y=x’ctgx; B)y=x>cosx.

COSX |

6)y=

sinx ’ x-5" cosx




Paspen 2

! Yposeus b

Haiinure nBymsa criocobamMu mpousBogHy0 GyHKIuT ( 58;7—588).
587.a)y=(1-x)sinx; 6)y=(x+3)cosx; B)y=x(2+ctgx).
588.a)y = (x2+ 1)cos x; 6)y =(\/;- 1)sinx; B)y= \/;(tgx—3).

BriuucauTe 3HaYeHHE NPOM3BOAHON (PYHKIIMU B JAHHOH TOYKeE

(589—590).
589. a) y = 2sin x — 13cos x, xo=§; 6)y=4cosx+x\/§,x0=g.
sinx Pl cosx
f590 a)y= %= 5 B)y= > Xo=T

591. Buraucaure f(0), (1), f’( ] f'(8), ecau f(x) = x cos x.

Hanummure ypaBHeHHe KacaTeabHOM K rpaduKy AaHHON DYHKIUK
B TOUKe ¢ abcnuccoit x (592—593).

1592-a)y=2+sinx, x0=§; 6) y = 4tg x, xo=§.

593. a) y =sin x + cos x, x,=T; 6)y=tgx—cosx, x,=m.

1594. B kakux Toukax KacareJbHasd, IPOBeAEHHAS K rpaduKy QyHK-
OUH Yy = 2sin x, mapajiieabHa IPAMOM:

a)y=2x —5; 6)y=x+3?
595. Haiture npousBogHYIO (DYHKIUA:
j a) y =sin 2x cos x — cos 2x sin x; 6)y=sin2::c+cos2 23

. : X
‘ B)y=cos 3xcos 2x +sin3xsin2x; r)y= cos2 =~ —sin?>
|

2 2
Brruucnure (596—598).
596. £(0,5m), ecim: a) f(x)=x%+x+sinx;  6)f(x)=x+x’sin x.
ﬁ97- f'(n), ecom: a)f(x)=1+x+cos x; 6) f(x) = x(1 + cos x).
2 52

| 2
| 598.f'(—g),ecnm a) f(x)= xcosx+—+— 0) f(x) = S

cosx 3 °

| Haitaure nponssoanyo dyakuuu (599—600).
I 599. a) y = sin x cos x; 6) y=sin 2x.

600. a) y = cos %x; 0) y = cos 2x.
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Haiiaure npou3BOAHYIO (DYHKIIMHA ¥ BEIYMUCIUTE €€ 3HAYeHUEe B TOU-

~

Ke ¢ abcruccoit x, = % (601—604).

601. a) y = 5tg x(sin x + 2); 0)y=(3x+ Jx )(cos x — 5);

. B)y=Jx(l-ctgx) r)y=(4 - tg x)(cos x + 7).
1602. a) y = (5 + 2cos x)(1 - tg x);  6)y = (4x - m)(ctg x + tg x);

: 1 1
B) Yy = (sin x + ctg x)(;+3); r)y=(tgx—25inx)(;‘°°sx].

1+sinx o cosr =1, _ 2x-tgx
pod.a)y = 2tgx o)y 5+tgx ’ By cosx
- cosx+2x o8 ctgx | =
ﬁ04 )y i, 2 O tg x+2cosx ’ B)Y 2tgx+x’
/poBenn B T i SN 3!

‘505. Pemrute ypaBuenue f'(x) = g'(x), ecn:
a) f(x)=sinxcos x, g(x)=0,5x+5;
: 3 6) f(x)=xcosx, g(x)=sinx.
- 606. Pemure HepaBencTso f(x) > g'(x), ecom:
a)f(x)=x+sinx, g(x)=x-cosx;
~ 0)f(x)=sinxcosx, g(x)=1-0,5x.
07. IIpu KaKMX 3HAYEHUAX X BBIIOTHACTCSA PABEHCTBO Y * Y + y2 =0,
ecJyIn:
a)y = 2sin x; 0) y = 3cos x; B) y = 4tg x?
608. ITpu kakux 3HAYEHUAX X BHIIOJIHAETCA PABEHCTBO ( y')2 + y2 =1,
eCcJIn:
a)y=1-sinx; 6)y=1-cosx; B)y=sinx+cosx?
3 ﬁ09_. Hanuninte ypaBHeHHEe TaKOU KacaTeJbHOM K rpaduKy QyHK-
' nuu y =f(x), x € (0, ™), KoTopas o6pasyer ¢ 0ChI0 abCIUCC Yo
45°, ecou:

a) f(x) =x+ 2sin x, 0) f(x) = 2x + sin x cos x.

610. K rpapury dysxnuu f(x) = sin x cos X TpOBEJEHBI KACATEb-

HBIE€ B TOUKaxX ¢ KoopauHatamu (a; f(a)), a k¥ rpadpury GyHK-

' nun g(x) = 2 + sin x — B Toukax (a; g(a)). Haiigure Bce Takue

mapsl TOYEK, KacaTeJbHBIE B KOTOPHIX, IPOBEeAEHHEIE K rpadu-

Kam pyaxmui f(x) i g(x), napajiienabHsl MexAy coboit. 3amu-
[IUTe YPABHEHUE OJHOM U3 Iap TAKMX KacaTeJIbHBIX.
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611. Kaxoii ¢opMyJioii MOKHO 3aaTh QyHKIUIO Y =f(x), ecin:

a)y’ =2x-sinx; 6)y =x+ 3cos x; B)y'=—12———2§—-?

612. Haiigure pyaxkmuio y =f(x), ecau:
a) f'(x) = 2cos x u f(n)=3; 6) f'(x)=sinxnf(n)= 2;

5) /() = nf( ) 0,8; 1)f(x)=4- nf( )
Ssm x cos x

613. HaiiguTe yroa MexXAy KacaTelbHBIMH, IPOBEAEHHLIMHU K I'pa-
¢bukam pyHKNMil y = sin X 1 y = cos x B Touke X, = 0.

——

:AVanaxmenml AN NMOBTOPEHUN tH
614. BeruncyiaTe npenesisl:
a) lim—f;l; 6) lim 2x+1
*—>-1x%-3x+4 xo-1x% -3x— 4

615. Ilpu KaKUX 3HAUYEHHAX X JaHHASA (PYHKIUS DPUHUMAET Hau-
MeHbIllee 3HAYCHUE:
a)y=x2—6x+9; 6)y=x2+4x+T; B)y=4x2—12x~3?
616. Pacxozbl Ha M3roTOBJIEHHE U3eusa cocTaBisaioT 1250 rpH, a ero
nesa — 1750 rpye. Berauciure HaleHKY Ha TOBAp B IPOIEHTAX.

§16. NPOU3BOAHAA CJIO)KHOW ®YHKLIUU

Jlo cux mop paccMaTpUBAIUCh IIPOU3BOLHEIE Q)yﬂmmn aprymes-
TAMH KOTODBIX OBLTA EepeMeHHas X, HanmpuMep y =x", y =sin x
A Kak HAXOQUTh NPOU3BOAHBIE GYHKIUK Yy = (2x + 1)

y= sin(§+§) ? KaKkayio U3 HUX MOYKHO PACCMOTDETH KaK (PyHK-

nuo y = f(u), rge u = h(x), v. e. y = f(h(x)). Takyo pyHKIHIO -
HA3BIBAIOT CLONCHOU, a QyHKIuK 1 = h(x) u (1) — COOTBETCTBEHHO
BHYTPEHHE! ¥ BHEIIHEN (PYHKIHUIMHU.

Paccmarpusas B yHKIuE Y = f(1) HIEPEMEHHYIO U KaK apryMeHT,
MOYKHO HAWTU ¥ IIPOU3BOAHYIO 3TOM MYyHKIMUU 1o u. Eé MbeI Oyaem
obosnauars sHakoM Yy ,. [Ipoussoansie QyHKUMIA 110 X MO-TIPEIKHE-
My 6yzem o6o3HavaTs cuMBoIaMu Yy, u'.

T e o p e M a (0npoussodrnoii croxcroit pynryuu). Ilyers nana pyHK-
oA Yy = f(u), 20e u = h(x). Eciin B KaKOH-TO TOYKE X CYIIECTBYET IIPO-
M3BOHAA U’ M B COOTBETCTBYIOMIEH TOYKE U CYIECTBYeT IIPOU3BOHA
y’,» T0 cymecTByer Tak:xe npoussomuan y, mpuaem y’ =y’ - u’
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i : ————————
CTporoe I0Ka3aTeILCTBO 9TOH TEOPEMEI CJIOMKHOE, ITIOITOMY Orpa-
HUYMMCS TOJIBKO ero cxemoii. Ilpoussoguas y’ pasHa npejesy OTHO-

A
IIeHUu A K:% , korga Ax — 0. Cumrasn, uro Au # 0, yMHOKUM YUCIU-

TeJb ¥ 3HaMeHAaTeJb 3TOI'0 OTHOIIEeHUA Ha Au:

ﬂ:& . % k (*)
Ax Au Ax
Ecmm Ax — 0, Tom Au — 0, IOCKOJBKY pedb UzeT 0 GyHKIAU
u = h(x), nuddepernupyemoii B Touke x. [losTromy ecia Ax — 0, To

%—) v, %—%—)y'u, i—;—) u
u u3 paBeHcTBa (¥) cieayer pasencrso y =y’ - u'.

ITo cux Top peys IIJIa O HPOU3BOAHOM iy’ B HEKOTOPOH (DUKCHPO-
BaHHOM TouKe x. Eciu ke manHas ciaoxHas GyHrousa y = f(h(x))
nuddepeEnIEpyeMa B KaX/J0M TOUKe X HEKOTOPOI'0 IIPOMESKYTKAa, TO
pasencTso y' =y, * u’ BrImONHsEeTCA HA BcéM npoMexxyTke. Urak,
I0JIb3YSCh 9TUM PAaBEHCTBOM, MOYKHO HAXOAUTh IIPOU3BOAHYIO AaH-
HOYM QYHKIUY ¥ KaK QYHKIHUIO, 3aJaHHYIO HA 9TOM IIPOMEKYTKE.

Il p ume p. Haigém npousBogayio GyHKIuU y = (2x +1)1°. 910
GbyHKIUA Y = ulo, rae u=2x + 1. 9 Gyuxnun 1uddepeHIupyeMbl
ma R,y =10u°, u' = 2.

Urak, y’' = 10u° - 2 = 20u° = 20 (2x + 1)°.

He o6s13aTesibHO, pelias TaKue yIpasKHEeHUs, BBOJUTE II€ePeMeH-
HyI0 u. E€ MOYXHO TOJILKO IPEICTABIATE U Cpasdy MUACaTh, HAIIpUMep:
(sin 3x)" =cos 3x - (3x)' =3 cos 3x;

(sin x)’ = 2 sin x * (sin x)’ = 2 sin x * cos x = sin 2x.

IIpousBozHOM AaHHON QYHKIUH Y = f(x) ecTh HeKoTOPasa HyHK-
U OT TOTO JKe aprymenTa x. y = @(x). Eé rakske mosxHO fuddepen-
OUPOBAaTh: HAXOAUTH IPOU3BOAHYIO IPOM3BOAHOM. B aToM ciydae
TOBOPSAT O HAXOXKAEHUH NPou3600H0l 6mopozo nopadka. IIpoussos-
HYIO OT IIPOX3BOIHOX BTOPOT'O MOPAAKA HA3bIBAIOT IIPOU3BOJHOM Tpe-
THEro MOpPAAKa.

Jlnsa nmpuMepa paccMOTPUM (QYHKIHIO Y = x* + 2x% + 1. Haiiném
IIPOM3BOAHYIO 3TOM PYHKIMHU, IPOU3BOJAHEIE 00PAa30BaHHBIX (QYyHK-
M U 3aIIMIIEM COOTBETCTBYIOIME HA3BAHUA!

y= (;vc4 +2x% + 1y = 4x° +4x =y’ — IIPOM3BOHA IIEPBOTO IOPSAAKA;

W)= (4x® + 4x) = 12x* + 4 = y” — nponsBOHA BTOPOTO OPAKA;

()= (12x2 + 4)’ =24 x =y"”— IPOM3BOAHAS TPETHETO OPAAKA;




W)= (24x) =24 = y“) — IIPOM3BOAHAA YETBEPTOTO HOPAAKA;

(y(4))’= (24) =0= y(s) — IIPOMBBOJHAS MATOTO MOPALKA.

IToHATHO, YTO BCe IPOM3BOAHBIE CICAYIOIUX HTOPAIKOB y(") (n>5)
GyHKIUU Yy = x* 4+ 2x% + 1 raxsxe PaBHBI HYJIIO.

IIpousBOZHBIE BTOPOTO ¥ BBHICIIMX IIOPAAKOB MCIIOJB3YIOTCS JIs
HccJIeloBaHUA (PYHKIINI pas3iundyHoi npupoasl. O6 9TOM BEI y3HaeTe
B CJeAYIOmuX nmaparpadax.

@ MPOBEPBTE CEBS

1. Kakyio chyHkuuio Hasbisatot cnoxkHon? lMpuseaute npumepsbl.
2. Kak Haxoast npou3BOAHYyIO CNOXHOM (pyHKuMK? MpuBeauTe npumepsL.
3. Kak 0603HayaioT npon3soaHyio BToporo nopsaka? A tpetbero?

4. Kak HalT1 npou3BoaHyto BToporo nopsaka? A tpetbera?

S84 BbINONHUM BMECTE
\

1. Haitpure f(g(x)), ecau:

a) f(x) = Jx , 8(x) = sin x; 0) f(x)=1In x,8(x)=x2+1.

Pemenue. a) Ilo ycinosuio f(x) = Jx — BHemHas byHKIHA, a
g(x)=sin x — BHyTpenHAA. CleqoBaTeIbHO, ApI'YMEHTOM BHEIITHEeH
byHKIUM JoNKHA cTaTh MQYHKIMUA g(x) = sin X, TO eCTh BMECTO X B
BBIpAXKEHUH VX clefyer 3anucath sin x. Umeem: f(g(x)) = Vsinx;

©) o ycsioBuio f(x) = In x — BHemrHasa GpyHKnus, a g(x)=x“+1—
BHyTpeHHAA. ClefoBaTensHo, aprymesTom Gysxmuu f(x) = In x
JoJKHA cTaTh GyHKIuA g(x) = x° + 1, T. . BMECTO X B BBIPAXKeHHU
In x cenyer sanucars x> + 1. Umeewm: f(g(x)) =1n (x2 +1).

2. BeiBeniure (hOpMyJTy AJIsl BEIYUCIIEHUA IPOU3BOAHOM QYHKITUHI

y=+u.

Pemenne. VI3 1anHOrO paBeHCTBA MIOJIYYAEM U = y2, u'=2y-y,

’ u, u’
oTCcroAa y ='2—y=2\/_.
u

Sram

/’

1
Buacraocru, ecniu u = x, ro u’ = 1. CiienoBaTesabHO, (\/; ) = E\/‘"—‘ 3
X

3. Haiigure 3HAUEHVE TPOUBBOAHOM QYHKIMA Y = \ 2 +x?+x+1
B TOUKe X= 1.
Pemenwue.

3, .2 @
2 x°+x"+x+1 2
y = (\/x3+x2+x+1)= ( ) 88 TAXHL
2\[x3+x2+x+1 2\/x3+x2+x+1
Ecnm x, =1, To y'(%y) = y’(1) = 1,5.

Paspen 2
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4. Haiiaure y”, eciu y = cos(x® — 1).
Pemenmue.
Y = (cos(x® - 1)) = —sin (x® - 1) - (x2 - 1) = —sin (x> - 1) - 2.
y’ = (-sin (x*—1)- 2x) =—2(x - sin (x®* - 1)) =
=—2(sin(x“— 1)+ x-cos (x2 -1):2x)= —2sin(x2 =1)= 4x% - cos (x2 =),

~ ! Boinonnure ycrho s, e EansRR e o
!‘ - 617. Haiigure f(g (x)), ecam:
| a)f(x)=x’ng(x)=tgx; 6) f(x) = tg x m g (x) = x5

| B)f(x)=2x—-1ug(x)=ctgx; r)f(x)=ctgxug(x)=2x-1.
& 618. Haiigure f(x) u g(x), ecou:
a) f(g (x)) = sin(x* - 5); 6) f(g (x)) = J1—43 5

! | B) f(g (x)) = (tg x + 1)°.
Haiigure npoussonuyio pyaxmuu (619—620).
619. a) y =sin 3x; 6) y =cos 2,5x; B)y=sin x2; r)y=tg (x2 i)

‘ 620.a)y=\/2_x; 6)y=+V2x+3; B)y=+V2-3x; r)y= sinx.

Haiigure Bropyio npousBoauyo GyHKmuu (621—622).

621. 2) y = 3x; 6)y=2,5¢% B)y=56x+T; r)y=-x°.
= 622.a)y=sinx; 6) y = cos x; B) y = sin 5x; r) y = cos 3x.
Yposens A U e Gl :
i~ ———_

- Haiigure f(g (x)), ecnu uspectus! Gynxmun f(x) u g(x) (623—624).
623.a) f(x)=x’ug(x)=2x+T; 6) f(x)=2x+ Tug(x)=x%

B) f(x) =Vx m g (x) =38 — 4x; r)f(x)=3—4xng(x)=~/;

B24.0) /()= 2 ug()=x2+3;  6)f(®)=2*+3ng(®)= >

B)f(x)=sinxug(x)=3x+4; r)f(x)=3x+4 ng(x)=sinx.
ITo usBecTHOU hyHKIUY Y = f(g (x)) HaliguTe f(x) 1 g(x) (625—626).

\ 625.a)y=(3x+10)3; 6)y=(x2+5x—1)4; B)y=\/x2—3x.

1 1 10
626.a)y = R ) 7 B)Yy=——=.
1 T6: )_y oo VU= 5a )y Gr—22)
‘ Haiigure npoussonuyo Gysxnun (627—632).
627.a) y = (x + 3)%; 6)y=(2-x)"; B)y=(1-x%>%
r)y=5(1-2x); ny=3+x%°% e)y=(2x+1)".
628. a) y =sin 4x; 0) y =ctg 2x; B) y = tg 3x;

3x % 2x
r)y=tg7; u)y—sm3—; e)y=cos?.
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S — - = -.-»"’ — TS
T§29.a)y=2+sin3x; 6)y= 1+1tg3x;
B)y=sin x +sin 2x; ') Yy = COS X — cOoS 2X.
T m
630. a)y=sin(x+g); 6)y=cos(g‘x);

8) y=sin(2x—§); 1)y =tg (3x+1).

g3l.a)y=xsin2x; 0) y = xcos 3x; B)y=xtg§; r)y=xctg§.

632.a)y= Jx?-5; 6)y=\/x+3~\/33;;
B)y=(x-1)(x+2); r)y= Jx®-5x+6:

633. BeruucinTe 3HaUeHNE TPOU3BOAHON (GYHKIIUH B TOUKE X = % :
s T
a)y=sin(2x‘§); 6)y=cos(§"4x);
b3 b
B)y=ctg(§‘x); r)y=tg(3"‘zJ-

634 Brruuciure 3HaueHUe NPOU3BOHON QYHKIMH B TOUKE X,).
a)y=0Bx-4),x=2; 6)y=+25-9x,xy=1;
B)y=(4-5x)°% xy=1; r)y=Tx+1 s %g=5.

{Yposens B T 111

V
3anuinuTe ypaBHEeHUE KacaTeJIbHOM, IPOBEAEHHOM K rpaduKy dhyH-
Kuuy y = f(x) B Touke ¢ abenuccoit x, (635—636).

635.a)y=sin(2x—g),xo= %; 6)y=V2x+3 3 X9 =8

TE36.a)y=cos (3x—§),xo= '2‘; 6)y=Jbx-1,x5=2.

Yupocture popMyiry, KoTopas 3ajaéT GYHKIMIO, U HAWAUTe eé IIpo-
u3BoAHyI0 (637—639).

637.a)y = 2cos® x - 1; 0)y= 2sin? x cos? x;
B)y =1 - 2sin® 3x; ry= sin® 8x cos® 8x.
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i Ky v’
- 638. a) y = sin 8x cos 5x — cos 8x sin 5x;

6) y = cos 4x cos 6x + sin 4x sin 6x.

‘@9 a) y =sin 2x cos 3x + cos 2x sin 3x;

: 6) y=cos o ol R s O
3 6 3 6
. Haitanre f”(x) (640—643)
r 540 a) f(x) = 3x —6x+2; 6) f(x) = 2x% — 8x% — x + 5.
1 1.a)f(x)=x" -T2+ 5% 6) f(x) = 5x* — 4x® + 3x% - 2.
642 a) f(x) =sin 5x + x%; 0) f(x) =cos 2x + x.
643. a) f(x)=1—cos (2 — x); 6) f(x)=0,5x —sin (5 + 3x).
- Haiipure npoussoanyio Gpyaknun (644—646).
644. a) y = sin x cos 2x; ~ 6) y = cos x sin 3x;
! X
B) Y= smxcosz, r)y=cosxcos§.

|
"@5. a)y=sin4 x; 0)y= 5tg® x; B)y = Vsinx ; r)y=.tgx.

cos2x cos2x

646.2)y =~ " 6)y=
\Vposenns B T B o uR TEler

' 1647. BeruucsinTe 3HaUueHHE IPOU3BOAHON QYHKIMH B TOUKe X, = 0.

a)y=(x*-3x+1)7; 6)y = (x-1)(x-4);
2 3
x+4’ x%+3

. 648. BrruucauTe 3Ha4eHNe IPOU3BOHON (DYHKIIUM B TOUKE X.

: T
a)y=(x+2sinx)2,x0=1t; 6) y= Vsinxcosx , =g
x 4 \3

B) Y= 1-sinx » LA r)y= 1+sinx " Tl
y \] cosx ~ 0 4° l-cosx )’ "0 4°

. BanuuuTe ypaBHEHHE KacaTe/bHOM, TPOBEAEHHOM K rpaduKy (hyH-
. knumu y = f(x) B Touke ¢ abenuccoit x, (649—650).

|'649.a)y=tg6x,xo=%; 6)y=ctg2x—1,x0=7zt,
T650. a)y=ctg§,xo=7t; 6)y =sin’x, x, = g.
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1651. Haiiure miIomaas TpeyroJbHUKa, 00pasoBaHHOI'O KOOPAMHAT-
HBIMHU OCAMM M KacaTeJbHOM, IPOBeAEHHON K rpaduky hynk-

2

Ouu Y = cos® x — 3cos x sin® x B Touke ¢ abenuccoit xXo= % A

652. Hajigure miiomaas TpeyrojibHuKa, 06pasoBaHHOr0 OucceKTpu-
caMHU KOOD/IMHATHBIX YTJIOB M KacaTeJbHOH, IIPOBEJIEHHOM K I'pa-

bury pysrnun - y = 2 JVx? -5 B TouKe ¢ aberuccoit xXo=3.
Tfi53. Iokaskure, 4To rpadpuru GyHKIUH y = V3x+1lmy= V5x - x?

B TOUYKe IepecevyeHuss uMeloT obmyio kacareasnyo. Hanmmu-
Te €€ ypaBHEHHeE.

2 6x
654. KacarenbHas, TpoBeIeHHAA K rpad@uKy QYyHKIUHN Y = J1—2— B
-2x

TouKe ¢ abeipecoit x, = —3, umeer Bug 3x + by = a. Haiigure a u b.
655. HaliiuTe BTOPYIO IPOUBBOJHYIO (DYHKIUK:

1 n 1
a)y=ztg(2x+zj; 6)y= RO
11656. HajiguTe MpOU3BOAHYIO YETBEPTOIO MOPAAKA PYHKIIHK:
a) y = x sin x; - 0) y = xcos x.
657. BeiseguTe GOpMYJIBI A Haxom,uénus TIPOU3BOJHOM 72-T'0 11O~
pAAKa A8 QyHKIAR: :
a)y =sin x; 6) y = cos x; B)y=(x+1)"1.

JYnpaxHeHus ANs NOBTOpeHMs RESESTARaRENeC o
658. Ilocrpoiite rpaduk HyHKIUU:

1 x-1 %
a)y=(§) ; 6) y=(V2) +1.
659. Haiigure nepnos GyHKIIHA:

a) y = sin x cos x; 6)y=2tg 5x +1; B)y=1—-23in23x.
660. Pemunre cucTeMy ypaBHEHUH:

> P R ST 6) | 3 _2.
x-2 y-6 x+3 y
3 2 4 5
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 §17.MPOM3BOJHBIE MOKA3ATEIBHOW _
M JIOTAPUOMUYECKON DYHKLMUM

HoxkaxeM cieayromue (hopMyaIbl TPOU3BOAHBIX
1) (&%) =e%; 2)(@*Y =a*Ina;

1
xlna’

B(nx'=7;  4)(og,x) =

1. ITyers gana pysxnus y = e*. 3apurcupyem NpOU3BOJIbHOE
3HAYEHHUeE X e€ apryMeHTa U JaguM eMy npupamieane Ax. Torga npu-
pamesue PyHKIUU

Ay =e* +Ax &&= (eAx L l)ex.

CremoBaTesIbHO,
Apidiers =Ly
Ax Kograia &
s |

Ecnu Ax — 0, To — 1. 9o caexyeTr U3 TOro, YTO YrI0BOM

K03 PUIMEeHT KacaTeabHON K rpaduky QYHKIUK y = €° B TOUKe
A (0; 1) paBes 1 (cm. § 3, puc. 22. B maTemaTuuecKoOM aHau3e /10~

X
e -

1
KasblBaIOT CJIe/yloliee yreepkaenue: ecau x — 0, To —1).

Ecau 3navenue x 3apuKcupoBaHo, To Korjga Ax — 0, 3HadeHnue e

A
He MeHsAeTCHd. CJIeZIOBaTeJILHO, ecau Ax — 0, TO ﬁ - ex. 3’1‘0 U
0O3Ha4aeT, 4YTo QYHKIUA § = e* auddepeHIUpyeMa B KaXK [0 TOUKe
xXeERmn
(®)=¢".
2. Kax HU3BECTHO, IPpU KaxxXJ0M a > 0 BBIINNOJIHAETCA paBeHCTBO

a=e™% Tloatomy

In a)x xlna

a*=(e = ¢
ITo Teopeme 0 IPOU3BOAHON CIOMKHON QyHKIINHA
@y =™ =e"*lna=a*Ina.
Hrak, dhopmyna 2 fokasaHa.
3.Ecimx>0,r0e™*=xu (™% =x"=1.
A 110 TeopeMe 0 IIPOU3BOHOM CIOMKHON (PYHKITUH
(e™*Y =e"*(Inx) =x(nx).

1
CrepoBarensHo, 1= x(In x)’, orcioga (In x)’ = Z-
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4. Ilpu xkaxxaom x > 0 o hopmyJie mepexona

log, x= “Inz.

Ina
CrenoBaTebHO,

] 0 HE Sl S
(log, x) = (—-lnx) R (Inx) =

Ina

ITo moxazaHHBIM (hOPMYJIaM MOXKHO HAXOAUTH IIPOUSBOJHEIE JIIO-
OBIX MTOKA3aTEJbHBIX HJIHU JIOTapUMHUYEeCKHX (PYHKIHAM, 8 BHAYMT,
M MCCJE0OBATE 9TH (DYHKIUH,

O6patuTre BEuMaHHUE! Ecan QyHKIHUA COLEPIKUT Jora-
pH(M CIIOKHOTO BEIPDAYKEHU A, TO IIPEK e YeM HAXOAUTh €€ IIPOU3BOJI-
HYI0, I[eJIecCO00Pa3Ho 3TO BEIPAYKEeHHE IIPOJIOrapudMUPOBATh.

2
I1 p u M e p. Haiiziure nponsBozHyio GyHKIHH y = In m A

x2

Pemenue. In (_x:—2)(—x:3—5

=2lnx—-In(x+2)—-In(x—3).

In x% — In ((x + 2)(x - 3)) =

2 1 1
¥=Clnx-In(x+2)-In(x-3))'=—-———F5-——5.
Teneps MOXHO BBIBECTH ()OPMYJIY IIPOM3BO/IHOM CTEIIEHHOM (DYHK-
nuu y = x%, rje 0. — NpPOU3BOJIBHOE JeHCTBUTEILHOE YUCIIO.
Ecau x> 0, 10 x = ™% i x% = (e *)* = ™ *, TToaTomy
1 i
&%) = (*™*) = e *(auIn x)’ = x%0t = = o’ i
HWrak, popmyna (x%) = ox®” 1 noxasaummas paHee TOJNBbKO AJIs
HAaTypaJbHOrO IIOKA3aTeJsaA CTEIeHH O, BepHA ¥ AJA J1060T0
JIeHCTBUTEILHOTO (L ¥ IIOJIOKUTEIHHOTO X.

Dopmyny JiA HAXOKACHUSA IPOUIBOAHON JOTapA(GMHAIECKON
(GpyHKIUM MOXKHO BBIBECTH MHAYE, UCHOJb3YA TOT QAKT, UTO
byaknusa y = log, x obpaTHas k GyHKnun y = a”.

BrisicHUM, Kak CBSA3aHBI MEXKAY CO00M IPOUBBOJHBIE B3AMMHO
obpaTHBIX (hyHKIUIA.

Teopema. Ecim pyaxnus y = f(x) obparuma (cTporo MoHo-
TOHHAA) HA MHTepBae (a; b) H UMeeT OTIMYHYIO OT HYJAA MPOM3-
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e

poHYIO ['(x) B IPOM3BOJILHOM TOYKE 3TO- U,

| ro MHTEpPBaJia, TOrja cymecrByer obpar- { y = f(x)
1 Haa Qysxkous x = g(y), KoTopasa Takxe x=g(y)
MMeeT IPOU3BOXHYI0 g'(y), mpuuém: M(x, y)
1 FA A
=—— ,WJIN Y, =—. >
fW-75 Vet @ OV >
O6ocHyeM 3T (HOPMYJIIBI, UCIIONB3YS
TeOMEeTPHUYECKHAM CMBICJI IIPOU3BOJHOM. Puc. 69

Ilyers y = f(x) 1 x = g(y) — B3auUMHO
obparabie Gpyaknuu. Torga oHE 3a5al0T OAHY U Ty K€ KPHUBYIO
(puc. 69). Ecm kacaresbHAs K 910i KpuBoi B Touke M(x; y) obpasyer
¢ ockio Ox yrou o, a ¢ ockio Oy yrox B, To f(x) =tg o u g'(y) = tg .

o b4 1
= == _—a — arlincEs
‘ ITockonbKy o + P 5 TO tg B tg( 2 ) ctg o tg o’ Ms

3TOI'0 COOTHOIIIEHUS caenyer, 94To g'(y)= f’—(lx; !

Crporoe i0Ka3aTeJIbCTBO 9TOM TEOPEeMbI DACCMATPUABAETCA B YHH-
BEPCUTETCKOM KypCe MaTeMaTHIeCKOro aHaJIu3a.

ITpumernum hopmyry y; = L, s puddepeHIuPOBaHuA QYHK-
X
y

nuu y = arcsin x (x € (—1; 1)), obpaTHO# K dyHKIUM X = sin y,

T.T
ye (__2.’5) . IToryuum:

l 1 5 1 1 1
(arcsin x)’ = = L

(siny), o0y \/l—sinzy \E—xz
IIpousBoxHbie APYruX 0OPATHBEIX TPUTOHOMETPUUYECKUX (DYHK-
Ui HalauTe caMocToATeabHO (cM. Ne 695).

@ [IPOBEPBTE CEBSI

1. Yemy paBHa npouasogHan yHkuum y = e*?

2. Kak HaxogsT npoM3BOAHYIO NOKa3aTebHOM hyHKUUK?

3. Yemy pasHa npoussogHas dyHKuuu y = In x?

4. Kak HaxopaT NpoM3BOAHYIO NorapudMuueckon yHKUuu?
5. Yemy pasHa npoussogHas dyHkuuu y = 1g x?

6. Yemy paBHa npoussogHas dyHKuuu y = x“?

7. Yemy paBHa npou3sogHas pyHKUMM y = arcsin x?
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%4 BBINONIHYIM BMECTE

1. Haitaure IIPOM3BOAHYIO (QYHKITUN:

a)yzex+2; G)yzex+sinx; B)y=lnx3.

Pemenue.a)y =e* 4(x+2) =¢""%

6)y’ = e* " *(x + sin x)’ = (1 + cos x)e* " 5" ¥;
3x”

’ 1 3.7
B ——. - 0 =
)y E (x7) )

,amy =3 Inx) = =
X

8w

2. 3anuiuTe ypaBHEHHE KacaTeJbHOU K rpaduky GyHKIAN
} y = In x, eciu TouKa KacaHUA UMeeT OpAUHATY Y, = —1.
Pemenue. Haligém abcuuccy TOYKH KacaHUA:
In x=-1,orclona x,=e
' . Haiizém npousBogayo GyHKIHK ¥ = In X 1 €€ 3HaYeHUE B TOUKE

falnc]
xo_e .

’ 1 0 = 1
¥ =nx)=—:pfe )~ T e

YpaBHeHHe KacaTeJbHOM 3alUIIeM B BUJe Y — Y, = y'(xo)(x =x5):
y—(-1)=e(x - e"l), nmmy+1=ex—1,orciona y =ex — 2.

3. Haitgure npou3BOAHYIO QYHKIUM §y = X" + T,

PeureHue. 3ajanHasa QyHKIUA ABIAETCA CYMMOU CTEIIeHHOM
¥ IOKa3aTeJbHOM QyHKIuiA. [J1a HaX 0K IeHu A e€ IPOU3BOAHOM BOC-
IIOJIB3YEeMCsI COOTBETCTBYIOIAMH (hOPMYJJIaMu:

: Y =" +n%) =" + (@) =nx™ "' + nInm.

| Boinonuure ycruo e

——
Haiigure npousBoanyio Gysknuu (661—664).

661.a) y = 2¢%; O)y=e; B)y=e""%; r)y=—e".
662.a)y=¢"; 6) y = €%; B)y =e' %% r)y = é‘.
663.a) y = 3%; 6) y = 4%%; B)y=0,5"2% r)y=x_2.
664.a)y=5lnx; 6)y=Inbdx; B)y=Ine; r)y=-lg x.

665. MooskeT Ji TPOM3BOAHAS ITIOKA3aTeIbHOM DYHKIIUY DABHATHCS
HyJ10? A torapudmMudeckoin?

{Yposenn A TR AR A

B
Haiigure npousBoiuyio pyakuun (666—673).
666.2)y = (Te)"; 6) y =3%; B)y=m".
X
667.2)y = (V2) ; 6)y=4%— x; B)y=0,5+0,5.
668. a) y = 8In x; 6) y=—ln x; B)y=lg x.
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1 i U
669 a)y=log,x; 6)y=lg(x+3); B)y=3-lgx.
670.8)y=x*%  6)y=-x"% By=2x""; ry=-x".
W 071 a) y = <™ 6)y= xﬁ; By=x% ny=x2"*L
) 672.a)y=3"—2In x; 6) y = In (7x); B) y = log, (4x);
r)y =eln (x + 5); ) y=xlnb5; e)y=2"+1n2.
| 873. a)y=e—Inx; 6)y=In(10-5x); B)y=1-23%
1
r)y=3-4In(1 - x); n)y=ln =10 e)y=log3%.
Haiizure 3Hauenne nponaaounon byHkum B Touke x, =1 (674—676).
74.a)y =e* + x5 6)y=x +lnx, B)y=x—log, x.
75. a) f(x) = xe™; 6) f(x)=x2-27%; B) f(x)=e* +1In x.

. 676.a)f(x)=xlnx;  6)f(x)=2"+1nx; B)f(x)=x '+Inx.

'
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Hanumure ypaBHeHMS KacaTeJbHOH K rpaduky Gpysxknuu f(x) B
TouKe ¢ abcnuccoi x, (677—678).

677 a) f(x)=2%, xy=1; 6) f(x)=e*, x,=0.

378. a) f(x)=2In x, xg=e; 6)f(x)=logy(x—1), x,=2.

679. Haitiure yroa Mexay ocmo Oxu Icaca'renbnon NPOBEIEHHOM K
rpadpuKy QyHKIuuM y = e - ¢ 2% B TouKe ero nepeceyeHus ¢
ochio abemuce.

~ Haiinure nponssoanyio Gyaknuu (680—684).

680-3)!/:‘/27; 0)y= 1,5Sinx; B)y=3":1n3;
r)y= Vx> ; my=x""x; &) y=x"3,
s ! !
"‘@l.a)y=3x3; 6)y= —2x2; " B)y=x-x3;
‘ ry="4x; Ny =2¥x; e)y=Yx+2.
) 682. a)y=e_x+x2e; 6)y=e‘[;cos2x; B)y=ex_esin_r;

r)y=x38x2+1; ny=3x1-x)*; e)y=3:¥2x%-x .
@3 a) (e* + 2)%; 6) 1_ : B) Ve?* +10;

1=

ry=In@’)+(nx)% Dy=(n@'+2)% e)y= Jxlg(2x).

1 1 =
W.a)m; G)W; B) xV1-2¢7* ;




e i Pazpen 2
3 3, _ In@x), _ 2
r)y =(In(2x + 1)) ny et QU x
{Yposens B T s e v
IIpoguddepernupyiite GyHKIHUIO PAAOHAJIBHBEIM cIIOoCcO60M
(685—687).
685.a) f(x)=In((8x—4)%);  6) f(x)=In (x(x*+ 1)).
o x +2x x3
1686. a) f(x) =1n R J 6) f(x)=1n ] 1
(2-3x)

Jx+1 (x+1)(22-1))

687.a)f(x)=In| /75 |3 0) f(x)=1In
688. HaiiiuTe NpOoU3BOAHYIO HDYHKIUMU:

a)y = 3pert [or 1 ; 6) y = 61g2(0, 5x+1)3,/1g(q, 5x+1) 3

cos® x+2 R 3In® (5x+4)

= Siomie il
i 5(sin2x—3)4 T D)

]'589. Pemmure ypaBrenue y’ = 0, ecomn:

y=___lnx__ 6)y=i- )i _ 2+lnx
N+Inx J22* _9 In? x
690. Haiigure yros Mexxay KacaTeJbHBIMHU, IPOBEIEHHLIMHA K I'Da-
duxam pyaxnuii f(x) u g(x) B Touke ¢ abenuccoit x, = 0, ecim:

2x+2

8) flx)= V3sin 23 g(x)= [

2x+0,5

6) fx) = S g(x)=cos(2x+§).

11691. HanumuTte ypaBHeHHe TaKOM KacaTeJbHOU K rpahuxy GyHK-
OUH Y = & KOTOpas napaJulejibHa IPAMOH y = 2X.
692. Hanumure pmnenue TAKO# KacaTeJbHOU K rpadury QyHK-
ouu Yy = = ’KOTODas NPOXOAMT Yepes HavaI0 KOOPAMHAT.
693. Haitzure y', y”, y’”, ecnmuy = a - €.
694. BriBezuTte (hopMysTy A HAXOMXKAEHUS IIPOU3BOJHOM 12-TO 110~

paaKa 1A GYHKIAK § = a - €%
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695. lokaxkure:

a) (arccos x)’ =— 5 X € (—151); .

1-x

6) (arctg x)' = % ;  B) (arcctg x)' =— =
1+x

1+x

]'596. Beruucaure g'(0), econ:
a) g(x)=arccos 3x + 3 arcsin x; 0) g(x)=arcsin bx —0,5arctg x;
B) g(x) = arccos x? - arcctg 2x;r) g(x)=2arcctg x — arctg (1—x).

697. Haiinure f(x), ecan:

a) f(x) = arccos 3x; 0) 3arcsin x; B) f(x) =0,5arctg 5x;
r) f(x) = xarccos x; I) x? arcctg x; e) f(x)= arcsin? x.
_ |YnpaxHenus pis nmoBTOpeHMs :

698. ITocTpoiiTe rpaduk GYHKIUU B YKAXKUTE €€ IPOMEIKYTKHA MO-
HOTOHHOCTH:
a)y =|2x + 3J; 6)y =4 - x2.

699. Pemure ypaBHEeHHE:
a)9—2*=2%"7% 6) 4% - 0,25 " 2=15;

x

B) (%) 1 g*¥h8 =19, p)5-5"2~5“’2=24.

700. Pemure HEpaBEHCTBO:
a)—-5(x—1)<3— Tx; 6)2(8 —x)—x < T+ 3x;
B) 3(2—x)> x — 6; r)—3(2+x)+5x<2x+1.

3 18. NPUMEHEHME NPON3BOJHOM
K MCCIELOBAHMIO  ®YHKLMI

Hccnedoeamsv pyHKyuio — 3TO 3HAYUT YCTAHOBHUTH €& CBOM-
CTBa: yKas3aTh eé 00JIacTh onpejiesieHusi ¥ 00JIaCTh 3HAYEHUU; IIPO-
MEXYTKUA BO3PACTAHUA U YOBIBAHHUSA; IPOMEKYTKH, HA KOTOPBIX
GyBEKIuA TpUOOPETAeT HOJOKUTEIbHbIE 3HAYEHU S, HA KOTOPBIX —
OTpHIIaTeJIbHbIE; BEIICHUTD, HE ABJIACTCS JIA AaHHASA QYHKIUA YET-
HOM WA HEYETHOM | T. 1.

. Onna us BaXKHBIX 33129 UCCIe/I0OBAHAA QYHKIUM — ONpesee-
'HUe IPOMEeIKyTKOB e€ Bo3pacTaHudA U yOsiBaHuA. Kak oTMedasioch B
§ 13, B Tex Toukax, B KOTOPEIX (DYHKIMA BO3PACTAET, €6 IPOMBBOJ-
Has (yryioBoit KoahdHUIUeHT KacaTeIbHOM ) TOJI0XKUTeIbHAdA, a4 B TOU-

#
<
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f(x)>0 f(x)<0 f(x)>0
y = f(x)

=Y

o X Xy
Puc. 70

Kax yosIBaHUA (DYHKIIUY €€ IPOU3BOJHAs oTpunarenbHad (puc. 70).
IIpaBuIbHBEIME OYAYT CIeAYIOIHUEe YTBEP K e HH 4.

Ecau npous3godnas QyHKyUU 6 Kaxcdoil moiKe HeKonmopozo npo-
MeNCYmra noJOHUMeNbHaAL, MO PYHKUUSL HA IMOM NPOMeHCYymice
sospacmaem.

Ecau npous3sodnasn 8 kax0oil mowKe npomescymra ompuyameiisb-
Has, Mo QYHKYUSL HA IMOM npomedxcymice ybvleaem.

Ecau npou3eodnas 6 kax0doii mowke npomescymra moioecmeeH-
HO PAGHA HYJLIO, MO HA IMOM NPOMeHcYmKe QPYHKYUSL NOCTNOAHHAL.

Crporoe 0Ka3aTeJabCTBO 3TOr0 YTBEPIKAEHUSA HOCTATOUYHO
CPOMO3JIKOE, [I03TOMY MBI €r'0 He IPUBOUM. 3aMEeTUM TOJBKO, YTO B
HEM BBIPA’KAeTCs JOCTATOYHBINM IPU3HAK BO3pACTaHUSA WK yOBIBA-
HUA QYHKIIAN, HO He HeoOxoaumblid. IToaTromy GyHKRIIHA MOKET BO3-
pacraTh U Ha IIPOMEXKYTKE, B HEKOTOPBIX TOYKaX KOTOPOTO OHA He
uMeeT npousBoAHoii. Hanpumep, dpyaknua y = 2x + |x| Bospacraer
Ha R, xo1# B TouKe X = 0 € mpousBogHas He cymecTByeT (puc. 71).

W3 cka3aHHOTO CJIEAYET, YTO /B COCETHUX IIPOMEXKYTKA, Ha Of-
HOM U3 KOTOPSIX (DYHKIIASA BO3PACTAET, 4 HA [PYTOM — yOBIBaeT, MO-
I'yT pasfeNaThCsd TOJBKO TAKOW TOYKOM, B KOTOPOW IPOM3BOJHAA
¢GyHKIUYM paBHA HYJIIO WX HE CYIeCTBYeT.

BayTpenHue TOYKH 00JIaCTH ONIpeieSIeHusA (PYHKIUH, B KOTOPBIX
€€ IPOM3BO/IHAS PABHA HYJIIO UJIH HE Cy-

IIECTBYeT, Ha3hIBAIOT KPUMUYLECKUMU y
mouKamu PyHKyuU.

CrnenosaresibHO, ¥mobbL onpedesums 3
nPOMeNCYMKU 603pACMAHUA U YObLEAHUS
dyuryuu f(x), HyrcHO peusums Hepa- 2 y=2x+|«
sercmea f(x)> 0 u f'(x) <0 nwm naitmu 1

6ce Kpumuyeckue movKu QYHKYUL, pas-
‘Oumb umu obracmp onpedesenus PyHi-
YuUu HA NPOMENYMKU, @ NOMOM UCCle-
doeamb, Ha KAKUX U3 HUX PYHKYUA 603
pacmaem, a Ha KaKux — ybbLeaem.
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IIpumep 1.Haiigure IpOMeKYyTKH BO3pacTaHUA U yOBIBAHUSA
byHKRIUU Y = %3 - 3x% + 2.

Pemenue.y = 3x%— 6x = 3x(x - 2).

‘ Ypasaenne 3x(x — 2) =0 umeer KopEH X =0 1 X = 2. IT0 — KPUTH-
- geckue ToukH. O6sacTs onpefeNeHUA JAHHOU QYHKIMHA — MHO-
sKecTBO R — oHM pasdbuBaioT Ha Tpu npoMekyTKa: (—o2; 0), (0; 2), (2; o)
(puc. 72). IlpousBojiHad (PYHKIIUM HA OTUX NIPOMEIKYTKAX UMeeT CO-
‘OTBETCTBEHHO TaKHe 3HAKHU: +, —, +. CregoBaTesbHO, faHHAA DYHK-
U Ha npoMesxkyTrax (—oo; 0) 1 (2; o) Bo3pacraer, a Ha (0; 2) yObiBaer.
3amMeuaHue. Ecin QyHKIMA HenpepbiBHA B KAKOM-HUOY b
KOHILE IPOMEKYTKA BO3PACTAHUA HJIN YOBIBAHU S, TO 3TY TOYKY MOYK-
. HO IPHCOEJMHHTE K pacCMaTpuBaeMoOMy IpoMeXyTKY. IlockonbKy
 (yHKUOUA Y = x? - 3x® + 2 B Toukax 0 U 2 HeNpPEPLIBHA, TO MOYKHO
YTBEPKAaTh, YTO OHA BO3PACTAET Ha MPOMeKyTKax (—o0; 0] u [2; =0),
aHa[0; 2] — yOnIBaer.

2
II p 1 M e p 2. Haiiiure DpOoMeKyTKH yObIBAHUA QYHKITNN I = 2L3
x—
Pemenue. D(y) = (—=°; 3) U (3; =0).

i 4:c(x—3)—2x2 =2x2—123¢: _ 2x(x-6)
(x-3)° (x-3)  (x-3)°

Kpurnueckne rouku: x =0 u x = 6. OHHA BCIo 06J1aCThH ONIpeieIeHus
¢dyHKIUE paszdbuBaT Ha mHTEpBaabl: (—<o; 0), (0; 3), (3; 6), (6; =)
(puc. 73). IIpousBosHas y Ha HTUX NIPOMEIKYTKAX HMEET COOTBETCTBEH-
HO TaKue 3HaKu: +, —, —, +. CiemoBaTenbHO, (DyHKIHA yObIBaeT Ha IIpo-
mexxkyTrax (0, 3) u (3, 6). [Tockonsky B Toukax x =0 u x = 6 ganHas
(yHKIUA HenpephIBHA, TO OTBET MOKHO 3anucaTh n Tak: [0; 3) u (3;6].

y o+ - + A SRRt
R —e——0 o
Bl 7ol il 2 7 x y /'0\3\6/"
Puc. 72 Puc. 73

@ MPOBEPBTE CEBSl

. Y10 03Hauaet uccneposarb GyHKUHIO?

. Mpu Kakom ycnoeuu yHKUMs Bo3pacTtaet (ybbisaer) Ha HEKOTOPOM Mpo-
MexyTke?

. Yro Takoe kputuyeckue Touku dyHkumn? Mpuseaute npumepsi.

. Kak onpeaenutb NpoOMeXyTKH, Ha KOTOPbIX AaHHas yHKUWA BO3pacTaer
unu ybbisaet?

Hw N -
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#4 BbIMONHUM BMECTE

1. Haﬁ,im're kpwmmecxue TOYKHU PYHKIHHA Y = e
b

Pemenrnue. D(y) = (—e; —2) U (—2; ). Haiiém npous3BoaHYIO

1 2

‘1 2.78 A5
PR L S A e R T
ALGF 1 2 eritieL T a3 2
i (x+2) s TS 3Yx(x +2)

Haiiném TOYKH, B KOTODPBIX IIPOM3BOJHAS paBHA HYJIIO MM He
4-x
33/x (x + 2)

Yy’ — He CymIeCTByeT, eCJii 3HaMeHaTeJb PaBeH HyJI0, oTciona X =0 u
x =—2. Touka x =—2 He BXOUT B 06J1acTh onpeenenusi hyarnmu. Cie-
JIOBATEJILHO, (DYHKIINS MMEeT IBe KpUTHIEeCKHe TOUKH: Xx =0 u x =4.

OrBer.0ud.

2. Toxaskure, 4TO PyHKIUA Y = x°+ 2x Bo3pacTaer Ha R.

Pemenue. y = 3x% + 2. ITpu n1060M 3HAUEHUH X BEIpasKeHHe
3x% 4 2 umeer monoxkuTenbHOE 3HAYEHUE. ClIeIOBATENLHO, JAHHAS
(GYHKIMA BO3pPACTaeT Ha Bceil o0JIacTH oIpe/ie/IeHnus, T.e. Ha MHO-
sxecTBe R.

3. YcranoBuTe, HA KAKOM IPOMEXYyTKe GpyHKIuaA y = X In x Bo3-
pacraer, a Ha KaKOM yObIBaeT.

Pemenmue.

Cnoco6 1. D(y) = (0; ). Haiiném npousBogHyo0 GyHKIUH:

cymectyet: Yy’ = 0, eciu =0, orcroza x = 4.

y’=(x1nx)’=1nx+x-~i—=1+1nx.

Haiifém KpuTHYeCcKyre TOYKU QYHKIUH:

yY=0,eciul +Inx=0,mnulnx=-1, orciona x = e

91a TouKa pasbusaer 06saCTh onpeeeHus (DYHKIIUA HA JBA IPO-
MexxyTKa (puc. 74). Onpenenum 3HaK IPOU3BOAHON Ha KAYK/IOM M3 HUX.

yY(e)=1+Ine=1+1=2>0;

ye?H=1+lne?=1-2Ine=-1<0.

CrnenoBaTenbHO, QYHKIHAA Y = X In X Bo3pacTaeT Ha IPOMEKYTKE
[e_l; o), a yosisaer Ha (0; e_l].

Cnoco6 2. Pemmum HepaBeHcTBO Y <0 m

y'>0. — e
1+Inx<0,mmnx<Ine’,orciona0<x<e ; 0 el

1+lnx>0,mlnx>h1e"l,o'rcxonax>e—l. Puc. 74
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OTrBeT. Bo3dpacraer, ecau x € [e'l; «); yOBIBaeT, eciu

x € (0; e_l].

- |Bomonnure yctno L e o z

' Lj{!)'posenb A 5k | LR
. Haiiaure kpurnueckue Touku Gyaknuu (706—710).

w
~ 701. Haiizure KpATHIECKHE TOYKH GYyHKIUM:

a)y=x° 6)y=sinx; B)y=\/;; r)y=x2+2x+1.
702. Kaxas u3 QyHKI U BO3pacTaeT Ha BCeil 00J1aCTH ONpe/IeIeHUA:
a)y=Ilgx; 6)y=x> B)y=2"%  1n)y=0,5x?

~ 703. Kaxas u3 Qyaknuit yobiaer Ha Bcei 001acTH onpe/eeHust:

a)y= Vx; 6)y=log, sx; B)y=0,5"; r)y=-5x?
704. Victiosib3ysi pUCYHOK 75, onpefiesiuTe: .

a) KpUTHYECKHe TOYKH DYHKIIUM;

0) IpOMEKYTKH BO3PACTAHUSA; IPOMEIKYTKHA YOLIBAaHUS.

' 705. MosxeT i HMETh TOJAbKO OJHY KDATHYECKYIO TOYKY DYHKIIHAA:

a) MOHOTOHHAs; 6) mepuoAUUYeCKasi; B) YETHANA; I') HeUeTHAsA?

—— ;

. 706. a) f(x) = 2x% - 12x + 5; 6) f(x) = %xs —4x.

\ ; @7. a) f(x)=x—2sin x; 6) f(x) = 3x" + 6x.

708. a) f(x) = 2x° - 32+ T; 6) f(x)=x —In x.

', ﬁOQ. a) f(x)=2x*—x%+1; 6) f(x)= Vx-x.
B 710. 8) f(x)= ¢ +x; 6) /(x) = cos 2x.

penenus (711—712).

-'(‘ 711.a)f(x)=x3+3; 0)f(x)=4x—-1; B) f(x)=5+1n x.
D W12.8)f(x)=2x-3; 6)f(x)=x+2,5; B)f(x)=5x.

YA
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Hoxkaxkure, 94To QyHKIUA Yy = f(x) yObIBaeT Ha Bceit 06J1acTH onpeje-
neansa (713—714).
713.a) f(x)=1- x5 6) f(x)=—-4x+ 3; B) f(x) =—In x.
T714. 8) f(x) = 0,5% + T; 6) f(x) = logy,; x; B) f(x) =5 — €.
! Yposenn b A e e ns _
I e ——
715. ITocTpoiiTe rpad MK HeNPEePLIBHOM QYHKIUH, KOTOPas BO3pac-
| TaeT Ha KaXKJ0M M3 IPOMEXYTKOB (—oo; —1) 1 (3; =), HO yOBIBaET,
Q‘ ecam X € (—1; 3). Yraxkure, KaKue 3HAYCHUA IPUHUMAET PYHK-
1 ¥ B KDUTUYECKHUX TOUKAX.
il Haiigure npomexcy’nm BO3paCTaHUA U YOLIBAHUSA d)ymcxnm (716—718).
1 716. a) f(x) = 3 2x%; ; 6) f(x) = 3x — x*
ll  T17.0) f(x)=x - 22% 6) f(x) = £3(x + 5).
1! 718. a) f(x) =x® - 3x* - 9x — 1; 6) f(x) =8 — 6x% — x%,
| ” Tf?lQ. HUcnoassysa rpaduku Qyaxmuit y = f(x), y = g(x) (ans kaskaoro
|‘ U3 PUCYHKOB 76, a, 6), peniuTe HEPaBEHCTBA:
a) f'(x) > 0; 6) f'(x) <0; B) f(x) 2 0;
’ r) g'(x) > 0; R) g'(x) < 05 e) g'(x) <0.
| |l 720. [Tokaxkure, 9TO Ha BCei 0b6acTy onpenenenus Gyskoua y = a™:
- ’ a) Boapacraert, ecau a > 1; 6) yosrsaer, ecan 0 <a < 1.
| .} 721. [loxkaskure, uTo Ha Bcel obacTu onpesiesiens GyHknus y = log,, x:
a) Bo3pacraer, ecau a > 1; 6) youiBaer, ecou 0 <a < 1.

[722 JlokakuTe, 4TO Ha Bcell obyacTHu onpejgeeHAA QYHKIUS

I‘ cosXx
j y= BO3pacTaer.
i cos| x+ 7~
| [++3)
' 1 Haiiiure IpoMesKyTKH BO3pacTaHuA U yobiBanuA QyHKImH (723—726).
L 3
723.a)y="73; 6)y="3; B)y=(x—2)Jxr-1.
] YA
’ = ™ = BUX
A y=i(x ._-F._
\ ™ == I CEZ T T T\ EE)
o WA s HE CLACENE
15 ];_ IL 9 L -? 11 1A 10 \2 \t
\ I :_q;('\ i L NET | 7_-~l|_\__ b
a (1]

Puc. 76
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e it —— g

Gt 5x% y = x2+1 § s
24.0)y= s Oy="3.: By-ze+l.
. 725.a)y=5+sin 3x; 6)y=7—cos§-.

| 726.a)y=2x>+Inx; 6)y=(x-1)%(x+1)>
- 727. Kakas u3 fassbIX (QYHKIIUIA BO3pacTaeT Ha Bcei obracTu orpe-

| JeJIeHHA:
a) f(x)= 0+ 2x3; ;6) f(x) = x +sin x; B) f(x)=—2x —cos x?
~ |Yposenn B e 00! e

‘ Haiiure npoMeXyTKY Bo3pacTanusi ¥ yobiBaausa hyaknuu (728—729).
’ ﬁ28. a)y=cos’x+sinx; 6)y=e*—e 2% B)y=(3"+4)(3*-9)%
729.a)y=tg x +ctg 2x; 6)y=x’e¢ 5 B) y = cos” 0,5x sin x.

730. [JokasxkuTe, 4TO IPH KAXKAOM JeACTBUTEILHOM 3HAYEHU & yPaB-
HEeHUA 2x + sin x = a 1 cos X — 4x = @ IMEIOT 110 OTHOMY KOPHIO.
ﬁz’,l. IIpu KaKKUX 3HAYEHHAAX HapamMeTpa a (pyHKIus Bo3pacraer Ha R:
a)y=x3+ 2ax+1; 6)y=ax—2cos x?

- 732. Ilpu kakuX 3HAYEHUAX MapaMerpa a GyHKOusa yosiBaer Ha R:
a)y=ax—x2—x3; 0)y=(a— 1)x3—3(a+ 1)x2+3(a—4)x+2?
NpaXHeHUusi A NOBTOPEHHUs = — Y
733. Haiigure HOK u HOJT uncen 175 u 280.
- 734. Vimeet s CMBICJ BBIDAXKEHHE:

a)log,(3-2v2);  6)log,(5-3v2); B)log,,.., (4 —m);

7
ll r)log, 5 4; n) logs_Jio rt e) ylog,0,9 ?
! 735. Pacnosio)uTe B MOPsA/[Ke YOBIBAHAS YHCIIA:
a) 4,1%%; 4110 ; 4,195, 4,1% 6)0,2"7; 0,2% ; 0,2%% 0,2'°.

'§719. SKCTPEMYMbI ®YHKLIUU

BBe/IéM HECKOIBKO HOBBIX IOHATHIA. OKPECTHOCIbIO MOUKU X,
' HaswIBaeTcs JI000H IPOMEIKYTOK, ISt KOTOPOT'O X, ABJIAETCA BHYT-
PEeHHe#l TOYKOM.
Touka x, HasbpIBaeTCA MOLKOU MUHUMYMA (MaKcumyma) DYHK-
oun y = f(x), ecnu g Beex x (X # X;) U3 HEKOTOPO#H OKPECTHOCTH
~ TOYKM X, BRIIOJIHAETCA HepaBeHCTBO f(xy) < f(x) (f(x,) > f(x)).




e i __””Paigien 72

Toukn MEEHUMYMAa 1 MaKcumMymMma 000- y
3HAYAT X |, M X . COOTBETCTBEHHO.
3HaueHne (PYHKIUHA B TOUYKE MUHUMY-
Ma HAa3bIBAETCA MUHUMYMOM QYHKYUU, aB  ° 1
TOYKE MAKCUMYMA — MAKCUMYMOM PYHIK-

yuu.0603HAYAIOTUX: Y (WY o

. -
t r
ToYKH MEHHAMYyMa M MakKCHMyMa o/| 1 2\ x
QOYHKIOMHE HABBIBAIOT MOYKAMU IKCMpe-
myma (nar. extremum — kpaii, KOHeI). Puc. 77

3HayeHns QYHKIIUY B TOYKAX e€ dKCTpe-
MyMa — €€ IKCMmpPeMaibHble 3HAYCHUSL, ULU IKCIMPEMYMbL.

Hanpuwmep, ans QyEKOHA Y = 2X — x? Touka x = 1 sBISETCS TOU-
Ko Mmakcumyma (puc. 77). Eé makcumym: y, . =2-1— 12=1,

s dysxnoun y = |x| — 3 Touka x = 0 ABJIsAETCA TOYKOH MEHUMYMA
(puc. 78). Eé musumym: y, . =0-3 =-3.

DyaKnuA, rpa@uK KOTOPO# M300paskéH Ha PUCYHKE 75, umMeer
4eThIpe SKCTPeMabHbIe TOUKH: Xy U X4 — TOUKH MAKCHMyMa; X3 ¥
Xg — TOYKHM MUHUMYMaA.

Touka sxcTpeMyMa YHKIIUU HE MOXKET IIPUHAJIEKATh IIpoMe-
JKYTKY, Ha KOTOPOM 9Ta (DYHKIUSA BO3pacTaeT Uiy youiBaer (moye-
my?). CienoBaTebHO, Te TOUKH, B KOTOPBIX IPOU3BOAHAA QYHKIIAN
MOJIOKATENIbHAA WA OTPUIaTe/IbHAsA, He MOTYT OBITH TOYKaMH €é
aKcTpemyMma. Bee ocranbsHbIe TOUKHT 06/I1aCTH OIIpe/ieIeHu A DYHKITUI
SABIISIIOTCS €6 KDUTUYECKAMHU TouKaMu. IloaTroMmy moukamu axcmpe-
Myma QyHKYUY mozym ObLmb MOALKO €€ KPUMUYeCKue movKu. ITo —
He0oOX0JuMOe YCJIOBHE CYIIeCTBOBAHUSA 9KCTPEMyMa.

BribpaTs U3 KDUTHYECKHUX TOYEK (PYHKIIMH TOUYKHU SKCTPEMyMa
TO3BOJISIET JOCTATOYHOE YCJIOBHEe CYNeCTBOBAHMUSA
JKCTpeMyMa.

YA

YA

fx)>0  f(x)<0

+

o

Puc. 79
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b
y
A YA fx)> 0
flx)y<o (x>0
\\/ fx)> 0
0 % * 0 % *
Puc. 80 Puc. 81

IIycrs hyaknua y = f(x) HenpepbiBHA Ha IpoMexyTKe (a; b) u
X, — €€ KpUTHYeCcKas To4Ka, X, € (a; b). Torxna:

MmouKa X, npu nepexode wepes KOmMOpYi0 6 HANPABLCHUU POCMA
apzymenma npou3éooHas MeHsem 3HAK € «NA0CA» HA «MUHYCY,
ABNACMCA MOYKOU MAKCUMYMA, A MOLKA, NPU nepexode wepe3 Ko-
mopyI0 npou3eo0HaAs MeHAeM 3HAK C «(MUHYCA» HA «NJIOC» — MOY-
KOl MUHUMYMA.

JelicTBUTENILHO, €CJIN IPOU3BoAHAA (yHKIUH f(X) OTpUIATENb-
Has, TO IPH lepexo/ie uepe3 TOUKY X, Bo3pacTanue QYHKIUU U3Me-
 HAercA Ha yObIBaHHeE (puc. 79). BaToM ciiyuae X, — TOYKA MAKCHAMY-
ma. Eciu sxe mpu nepexojie 4yepes TOUKY X, yObIBaHHe DYHKIIUHA U3~
MeHAeTCsA Ha BO3pacTaHue, T X, — TouKa MUHHMyMa (puc. 80).

Ecym sxe npoussosinas (GyHKIIMHA B TOYKe X, PaBHA HYJIIO, a CJIeBa
CIIPaBa OT X,, IPOM3BOHAS DYHKIIMM NONIOKUTeNbHAA (puc. 81) wimu cie-
| Ba ¥ CrIpaBa OTPHIATeJbHAA, TO X, He ABJIAETCA TOYKOU 9KCTPEMyMa.

IIpumep 1. Hafijure TOUKH SKCTPEMyMa U 9KCTPeMAaJIbHbIE
3HaYeHUs QyHKIHUN Y = 2x + 622 - 5.

Pemerue.y =6x>+ 12x = 6x (x + 2).

Kpuruueckne Toukn Qpysxnuu: x; = —2 u x, = 0. IIpu nmepexozne
Yepes3 TOUYKY X, = —2 IIPOM3BOHASA MEHAET
3HAK C «+» Ha «—», HOITOMY X; = —2 — TOY- e s
Ka makcumyma. [Ipu nepexoze uepes rou- ,r 4 &l + L
Ky x, = 0 mpou3BogHAs MeHSET 3HAK C N 2 v
«—» éa «+», moaromy x, = 0 — TouKa MU- B esr M. YL o
HuMyMa (puc. 82). Puc. 82
=2-(-2%+6-(-2)% -5=3,

Ypin=2:0>+6-02 —5=—5.
Orser. xmax R _2’ ymnx T 3; xmin T 0’ Ymin ™ —5.
Haxoxaeane 9KCTpeMyMOB QYHKIIMH MOKHO 0GOPMIIATE B BUE

ymax

% Tabaunel, Kak Ha ¢. 176. OcobenHo 5T0 yA0OHO IpH 00IIIEM HUCCIIe/I0-
. Banuwm (QYHKIUH, KOI'/Ia HAXOAAT HE TOJHKO €€ 3KCTPEeMYMbI, HO A
Apyrue CBOMCTBA, CTPOAT €€ rpaduk.
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= e > ENTTA SN

Y0661 HcCIef0BATH (QYHKIIUIO, MOYKHO MOJIB30BATHCSH CIEAYIOIEH
CXeMO¥:

1) HaiiTu obaacTs onpeneaeHnsa (PYHKIIAHA;

2) uccaenoBaTh (PYHKIIMIO HA YETHOCTH, HEYETHOCTD, IIEPUOHY-
HOCTB;

3) HallTH TOYKU nepecedyeHud rpaduxa GyHKIUA ¢ OCAMHU KOOP-
AUHAT;

4) uccnenoBaTh (hyHKIIUIO HA MOHOTOHHOCTE, TO €CTh HANTH IIPO-
MEXYTKU BO3pACTaHUSA U YObIBaHUS QYHKINH;

5) HaTH TOYKH IKCTPEMyMa U 9KCTPeMaJIbHble 3HaUeHUA QyHK-
188%8%

6) HaiiTh acuMOTOTHI rpaduKa GyHKIUY;

7) mocTpouTs rpapuk HYyHKIUH.

x24+3

H IIOCTPOMTE
+1 P

IIpumep 2. Uccaneayitre pyagnuio f(x) =

eé rpaduk.

Pemenue. Obnacts onpejgesnieHua GyHKIUNA — BCe JEHCTBU-
TeJIbHBIE Yucaa, Kpome X = —1. [IoCKOJIBbKY OHA He CHMMETPUYHA OT-
HOCHUTEJbHO HYJISI, TO QYHKIUA He MOKET OBITh YETHOU MJIN HEUET-
HO. DYyHKOUA HeepHOgUIeCKas.

e

248

X "
YpaBHeHHE 5 [ 0 He mMeeT pelIeHU#, MOdTOMY rpadux
X

byarnun He mepecexkaer ock x. OCh Y OH IlepeceKaeT B TOUKe ¢ Op-
nuaatoi f(0) = 3.

sron _ 2x(x+1)- (22 +8)-1 _x%+2x-3 _(x-1)(x+83)
)= 2 ¥ i g
(x+1) (x+1) (x+1)
Kpurnyeckune Touku: x; = -3, x, = 1.
CocraBuM 1 3a00JHUM TAOIUILY.

x| (~o;-3)| -8 [(=3;-1)| -1

f'(x) + 0

f(x) A -6

Ha npomesxyTkax (—eo; —3] 1 [1; =) GyHK IS BO3pacTaer, Ha Ipo-
MexkyTrax [—3; —1) u (—1; 1] hyaknus yobiBaer.
X; = —3 — TouKa MaKkcuMyma, f(-3) = —6;
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‘ nPEJ.lUI n HEnPEPblBHOCTb ®YHKUMWN. MPOU3BOAHAA U EE nPMMEHEHVIE 177

— = BT T S S T

X, =1-—TouKa MUHUMYMA, f(1)=2. '
{ ObnacTp 3HAYeHUHA QYHKIHH: !

(—o0; —6] U [2; ). :
. TI'paduk QYHKIUK UMeeT BepPTH- E

lim x2+3_+°° a lim x*+3 =—oc0
x—>-1+0 x+1 P x301-0 x 41 ; |

m —_—t—t Tttt
I'padpuk aToit pyHKIMHE U300pa- -3-2-10] 1 2 3 4 «x
. JK€H Ha pucyHKe 83.

MMPOBEPBTE CEBAl .

1
:
|
'
1
1. Yro Takoe OKpecTHOCTb TOUKU? '
2. Yro TaKoe TOYKa MakCMMyMa hyHK- !

umuu? A Touka MUHUMYMa? '
3. Yro TaKoe TOUKHM IKCTpeMyMa (hyHK- l

unn? A eé akcTpemymbi? I
4. Kak MOXHO HaWTH TOUKH IKCTpeMyMa i

chyHKunUm? '
5. Kak HaxoasaT acuMnToThbl rpaduka !

chyHKUUK? E

W8 BLINONHUM BMECTE Bl

1. Mosxer ju HeuéTHAA PYHKIUA UMETh d9KCTPEMYM B TOUKeE

= 0? A uérHas QyHKIUA?
Pemenue. HeuérHas GyHKIUs He MoxkeT. Eciiu B okpecTHOC-
77 TouKH X = 0 QyHKIUA HMeeT 9KCTPEeMYM, TO C OHON CTOPOHBI OT

. HyJIA OHA BO3PACTaer, a ¢ Apyroii — ybniBaeT, Wiu Ha060poT. A He-

yéTHasA QYHKIIUS — WA TOJBKO BO3PACTAET, UM TOJIBKO YOBIBAEeT B
okpecTHOCTH TouKH x = (. UéTHaa ¢pynknusa moxer. Hanpumep,
- QyHKOUA Yy = x2.

‘ 2. CyuiecTBYIOT JIX TaKHe lmcna a u b, IpU KOTOPHIX UMEeT 9KCT-
pemyMm byrKIuA f(x) = (x — a) +b?

Pemenn e IIpu n100BIX AeMCTBUTENBLHBIX 3HAYEHUAX a A b
f(x)=3(x— a) B ka)k1oit TOYKe X MIPOU3BOAHAA JaHHOU DYHKIUH
HeoTpuuareiabHas. Pyakuusa f(x) Bogpacraer Ha R, 109TOMY HE MO-
JKET UMEeTh DKCTPEMYMOB.

OrBeT. He cymecTByIOT.

" X X 2
3. Uccnenyitre GyHKIUO y = — 7 U [IOCTPOMTE €€ rpaduK.

Pemenue. 1) D(y) = (co; —2) U (—2; 2) U (2; o).

2) @yHKIUA — HEeYEeTHasl, MOCKOJIBKY Y(—x) = — 2x : = —y(x).




Pazpen 2

CuenoBaTesIbHO, €€ rpadMK CUMMETPHUYEH OTHOCUTEIHbHO HaYaa
KOOpPJAHHAT M JOCTATOYHO HMCCJIEA0BATH (DYHKIUIO HA IIPOMEXKYTKe
[0;5 2) U (2; ).

3) eciir x = 0, To y = 0 — rpaduK nmepecekaeT OCH KOOPAHHAT
ToJIEKO B TouKe (0; 0).

4) Haiiném npou3BOAHYIO QYHKITAA:

4

y'=( x )___x2—4-x-2x=_ x%+4
x* -4 (x2—4f (x2—4f

OueBupHO, uT0 ¥’ < 0 AiIA BCcexX X U3 06JACTH OIpPEAEeNeHUA.
CnepoBaTesnbHO, QYHKI U yORIBAET HA KAXK/AOM U3 IPOMEKYTKOB
(03 —2), (—2; 2) 1 (2; ) 1 HE UMeeT MAaKCHUMYMOB ¥ MUHUMYMOB.

Ja 6osiee TOYHOTO MOCTPOSHUS BEIUYUCIUM 3HAUEHNE (DYHKIIAY
B HECKOJIbKHAX TOYKaX:

1 6 1
y(l)——-, y(,5)=-=; y(3)=0,6; y4)= 3.

I'paux GpyHKIHUM UMeeT BePTHKAJbHBIE ACUMIITOTEL X = —2 U
x = 2. (Yoenurech caMOCTOATEIHLHO. )

I'paduk bpyEKIuM n300pakéH HA pUcyHKe 84.

YA

Puc. 84

' Boinonuure yctho

— o

736. Kaxue us npomexxyTkos (1; 3), (0; 4), (—3; 3), (2; 3), [2; 3] aBy1a-
IOTCA OKPECTHOCTAMM TOUKH X = 27

737. HazoBure TOUKH 3KCTpeMyMa (DYHKIUH, IpadUK KOTOPOi 1300-
PakéH Ha pucyHKe 85.

738. ®ynkuus oupejgeseHa u Bo3pacraer Ha orpeake [—-7; 7]. Mosxer
JI TOYKA €€ 9KCTpeMyMa IIPUHAJIEKATE 9TOMY OTPe3Ky?
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,’ i o Fp s e —————————
4 uh
|
F A \
! ,I‘
b ' (0] x, .1:.1 Xg
4 Puc. 85

- 739. Hoxkaxxkure, uTo QyHKOHA Y = x? — 4x + 1 B TouKe x = 2 UMeeT
vmuauMyM. mMeer Jiu oHA MakcuMym ?

pabosiel — rpaduka GyHKOUHT Yy = ax®+bx +c?

- 741. CKOJIBKO TOYEK HKCTPEMYMA MOYKeT uMeTh hyHKuua y = f(x), rae
‘ f(x) — MHOTrOWIEH TpeThel, YeTBEPTOM WK MATOM CTEIIeHHA?

’ 742 CymectByert Jau (GyHKIUA, KOTOPAasi HMEeT MHOYKECTBO 9KCTpe-

MyMOB?

| 743. IIpuBepnTe npuMep OYHKIHMHU, KOTOPas UMEET OXUH SKCTpe-
MyM

{¥poeens A DL 0 gy N ,

. 744. Haiigure 'roqrcy MUHHEMYMa (bymcmm

- a)y= x+ x%; 0)y= x:—6x-3; B)y=5x2—4x.

: ;ﬁ45 Haiigure 'roqxcy MakKcuMyMa QYHKIIHN:

3 a)y=>5-—x% 6)y=1-x-x% B)y=x—2x°

- 746. Ha#izure TOYKH aKCTpeMyMa (DYyHKIIUHM:
k! a)y=2x"+3x2-5; 6)y=1+8x°—x*; mB)y=—2>+12x+7.
. Haiture Touky sKcTpeMyMa 4 9KcTpeMyMbl QyaKkny (747—749).

- 747, 8) f(x) = Tx® — 2x + 4; 6) flx)=x>+x+1.
T748. 9) f(x)=x%—3x+5; 6) f(x) = 2x° + 3x% + 1.
| 749. a) f(x) = 8- 12x — x°; 6)f(x)=1+8x%—x*.

! ;Yposenb [ ST e, AW

750. IToctpoiiTe rpadMK HenpepsIBHOM YHKIUM, KOTOPAas yObIBaeT
Ha KajKJAOM M3 IPOMEKYTKOB (—<o; 1] u [3; 5], a Bo3pacTaer Ha
ABYX Apyrux [1; 3] u[5; ). YuTuTe, 9T0 MUHUMATbHEIE 3HAYE-
HUSA JaHHOH (DYHKIIMM PaBHBI MeXAY coboi. [[JIsg noCTPOeHHO-
ro rpad)uKa BEINIUIIATE BCE TOUKH 9KCTPEMYMA ¥ 3KCTPEMAJIb-
HbI€ 3HAYEHUS QYHKIUH.




Paszpen 2

I/Iccneuyﬁ're Q)ymcumo u nocTpoiire eé rpadpuk (7 51—754)

T751. a) f(x) = x —2x +4; 6) f(x) =4+ 5x - x2.

752. a) f(x) = x> + 3x + 2; 6) f(x) = 3x — x°.

)3 4

1753. 2) flx) = - + 82+ 5; 6)f(x)——+%+%

754. a) f(x) = 4 x% — x%; 6) f(x) = 5x° — 3x°.

HaiiiuTe TOYKH 9KCTPEMyMa U aKCTpeMyMbl pyHKInU (755—758).
1785. 2) ()= + % 6) fx) = 2 +2.

756. a) f(x)= x— ZCos 23 0) f(x) = x + 2sin x.
T'\757 a) f(x)=cos?x—sin?x; 0) f(x) =10 cos x — 5x.

758. 8) f(x) = VA—x2 ; 6) f(x)=x+ V1-x2 .

759. [Tokaxkure, 94TO HE UMEET SKCTPEMYMOB (DYHKITHA:
a) f(x)=2x+sin x; 0) f(x)=—-3x —cos x.

760. Hoxaxxure, uro npu a > 0 u b? < 3ac e uMeer 9KCTPEMYMOB
dyaxousa f(x) = ax® +bx’+ex+d.

761. HalijuTe TOYKH 9KCTPEMYMAa K 9KCTPEeMAaJIbHbIE 3HAUEHHUA (PYHK-

UHI:

a)y=|x—5|; 6) y =|2x - 3[; B)y=|3x+6|+ 1.
Haiinure skerpemymsl pyaxmun (762—763).
If’l762.a)y=x—ln(1+x); 6)y=xe~; B) y=x— 3x?.
Tty g X 6)y=2B%; gy-e€"

-8) Y= =3 y=ers =2

764. UccnenyiiTe GyHKIUIO | MIOCTPOITE €€ rpaduK:

2x 3x 1 X
a)y ST )y ST B) Y = NDUm e

Yposesb B i

— e b

765. Haliure IPOMEXKYTKY MOHOTOHHOCTH ¥ 9KCTPEMYMBI (QYHKITUHN:
a)y=x"+3x+3x+3x+1|+1; 6)y=4x>—xx—2|;
B)y=2-9>-4-9%42.9% r) y = cos® 2xsin 4x.

HUccnenyiite pyskmuio u nocrpoiite eé rpaduk (766—767).

1766. ) f(x) = Vx2 -5x+6 ; 6) f(x)= V3-2x—x2 ;

ﬂ

L.
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‘I;
e —x+In(1-2
u B) Y= In(x - 1) ny=x § n( x):
:767.a)f(x)=x\/3-—x; 6) f(x)=x*Vx+2;
b B) f(x) = sin® x +sin x; r) f(x) = cos x — cos® x.

. 768. IIpu kakuX 3HAUEHUAX TIAPAMETDPA @ TOYKM DKCTPEMYMOB (hyHK-
num y = f(x) npuHaAIeKaT npoMekyTry [—3; 8], ecou:

L ) f(x)=2"—8(a+1)x? +3(a® + 2 15)x +21;

0) f(x)= %xa —ax®+(a%*-1)x-6?

 [769. ®yuxnus f(x) 4éTHAA H ©MEET MAKCHMYM B TOUKe X = 2, & B TOU-

Ke x = 5 — MuHUMyM. MMeeT Jiu 3Ta (QYHKIIUA APYTHE SKCTPE-

myMmel? Kakue u B Kakux Toukax? 3azaiTe rpapudecKu 1 aHa-

JIATHYECKH (C IOMOIIBI0 (hOPMYJIBI) OJHY B3 TaKUX (DYHKITUMA.

- 770. ®yaxnusa @(x) HeYETHAA U B TOYKE X = —3 UMeeT MUHUMYM, a B
TOUYKe X = —2 — MakcuMyM. MMeeT Jiut 9Ta GYHKIUSA APyTrUe 9K-
crpemymbi? Kakue ¥ B KakuX TouKax? 3afaiTe rpadu4yecKu U
AHAINTHYECKH (C IOMOIIHI0 (DOPMYJIBLI) OHY M3 TAKHUX (PYHKIIUHA.

g” 71. ITocrpoiiTe rpaduk GyHKOUE y = f(X) 1 HaWAUTE KOJIUUECTBO
KOpHe# ypaBHeHHUd f(X) = @ JUia KaXJoro JeidCTBUTEIbHOTO

. 3HAYEHUd IapaMerpa a.

a) f(x) = 2x ~8x%-12x+6; 6)f(x) =2x2—x'+5;
L B)f(x) =2°-3x%-24x +3;  1)f(x) =3x" +42° - 124° +12.

772 Hpn KaKUX 3HAUEHWAX IapaMeTpa m MUHUMYM (QyHKIUH
= |x? — 4x + 3| + mx Gombmme 2?

'i&naxuleuml ONA NOBTOPEHMs ~

e CE
773. Ilnomaas npaMoyroabauKa pasaa 120 cm®. Haiigure ero cro-

poHEI, eciu oxHa u3 HuX Ha 20 % OoJsie Apyroi.

- 774. Pemure HEpPaBEeHCTBO:

a) log, x — 2log, 2> —1; 6) logg x + 2log, 3<3;
B) logg x —6log, 3 < 1.

" 775, YiupocTure BhIpaXKeHue:

3 1

3 3 2
af AN abt e 2 6)3"‘-'/‘-‘/2 y\/; ! yJ;

) Ja+vo Vo-da @b’ 2=y o Jiln Ty




1

S i Pasgen 2

§720. TIPUMEHEHWE BTOPOJi MPOM3BOAHOW |
K MCUIEAOBAHMIO ®YHKUMH
M MOCTPOEHMIO UX TPAGUKOB

IIpu noMouu mepBOM NTPOU3BOAHOM MOXKHO MCCIENOBATH (DYyHK-
IIAI0 HA MOHOTOHHOCTD B 9KCTPEMYMBbI ¥ CX€eMATAYHO IIOCTPOUTE I'Da-
1 ¢duk. OxassIBaeTcsi, 94TO IOBeJIeHME HEKOTOPHIX (DYHKIHHA HE Bce-
rjaa MOYKHO OXapaKTepH30BaTh, UCIIOJIb3Ys NEePBYIO IIPOMU3BOAHYIO.
Bonee peranbHOE HCCIeJOBaHUE IPOBOAMATCS IPU IIOMOIIX BTOPOM
Ipou3BOAHOM. BcrioMHMM, YTO TaKOe BTOpPas IIPOU3BOAHAS.

IIycrs dyarknusa y = f(x) aBaserca auddepeHupyemMoit,
x € [a,;b], eé npousBoguHasn f(x) — GYHKIUA, KOTOPAA TAKMKe HUD-
depeanupyema. Torga MoxkHO HaiTy npousBoAnyo (f(x))’ = f/(x).
9TO IPOU3BOAHASA BTOPOI'O MOPAAKA, WX BTOPasi HIPOU3BOAHAS DYH-
kuuu y = f(x).

Hanpumep, HAWTY IPOU3BOAHYIO 2-T0 TOPAAKA QYHKIUHA Y = x°-
—4x? + 5x — 6 0o3Havaer HAlTH IIPOM3BOAHYIO 9TOU PyHKIUHM y = 3x° —
— 8x + 5 u nosryyeHHYI0 QyHKIUIO IpoguddepeHupoBaTs: ¥’ = 6x — 8.

Kpusas y = f(x) HaseiBaeTca 6binyKi0i Ha uHTEpBate (a; b), eciu
BCE €€ TOYKH, KDOME TOUKH KaCaHUs, JIeHKaT HUKe IIPOU3BOJIBHOM eé
KacaTeJbHOM Ha 9TOM mHTepBaJe (Ha puc. 86 — 1).

Kpusasg y = f(x) BaseiBaeTcs goznymoil ua naTepsae (a; b), ecan
BCE €€ TOYKH, KPOMe TOUKH KaCaHU A, JIEHKAT BBIIIE IIPOU3BOJILHOM €€
KacaTeJbHOM HA 9TOM HHTepBaJe (Ha puc. 86 — 2).

Touroil nepezuba Ha3bpIBaeTCA TaKasd TOUKA KPUBOM, KOTOpAas OT-
JeJifgeT e€ BRITYKJIYIO YacTh OT BOTHYTOM.

VI HTEpBaJIBI BRIITYKJIOCTHA M BOTHYTOCTH HAXOAAT IPY IOMOIIY Ta-
KOM T€OpeMBbl.

Teopema. Ecau Bropasi npou3BoxHa s ABAKABI Nu(depeHm-
pyemoii pynxuun y = f(x) orpunarensna (7(x) < 0) sa uaTepsaie
(a; b), To xpuBas y = f(x) BHIMyKJasA HA JAHHOM HHTEPBAJe; eCIH
BTOpas mpousBojHan pysxumuu y = f(x) moxoxurenmsnasn (f(x) > 0),
TO KpMBasa BOrayTas Ha (a; b).

W3 TeopeMBl CIeAyeT, 9TO TOUKaAMU
neperuba KpuBoH y = f(x) MoryT 6BITH
TOJBKO TOYKH, B KOTOPBIX BTOPAs IIPO-
u3BoaHAas f(x) paBHA HYJIIO WM HE Cy- 9
mecTByeT. Takue TOYKU HA3BIBAIOT y=f(x)
KPpUMu4ecKuMu moLKamu 61mopozo pooa.

YceTaHoBHM IOCTATOYHOE YC-
JOBHUE CYIMEeCTBOBAHUSA TOY- 0
KU mepermuba.

YA

Ry
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Smi s aw o, ———mmm—

- Teopewma. Ilyers x, — KpUTHYECKAH TOYKA BTOPOr'o Poja tl)ymc
| nml y = f(x). Ecnu nmpu nepexone uepes TOUKY X, IPOU3BOHA (=

1) HaitTk obsacTh onpenesenns GyHKIAN;

2) HaU T KPATHYECKHE TOYKH BTOPOT'O POAA;

‘ 3) onpesesInThL 3HAK BTOPOM IIPOU3BOAHOM Ha 00Pa30BAHHBIX UH-
- repBasax. Ecim f”(x) < 0, To kpuBasa BeINyKJIas; ecan f(x) > 0 —
. KpUBasd BOTHYTasA;

4) ecomn npousBofHasA (X) MeHsIeT 3HAK IIPU IIePeXoze Yepes3 TOIKY
- X, TO TouKa (x; f(x,)) ABAAETCA TOUKOM eperuba KpuBoi y = f(x).

,7 IIpumep 1. Haiigure nu'repna.nm BBITYKJIOCTH, BOTHYTOCTH B
 TOYKH TIeperunda KpuBou Yy = xt - 6x%+5.

. Pemenwue. 1) Obnacts oupeneneﬂnn (pymcn;nn: R.

B 2) Hal»mem BTOPYIO IPOU3BOAHYIO: Y = =4x% - 12x;y" = 12x%-12=
12(x — 1). Kpurrueckue TOYKH BTOPOro poga: x; = —1, x, = 1.
JIpyrux KPHTHUECKUX TOUEK HeT.

. 3)PasbuBaem 06J1acTh OIpeiesieHusi Ha mHTepBaJibl (—o; —1), (—1; 1),
(1 +e0) K OIIpe/IesIAeM 3HAK B'I‘OpOH IIPOW3BO/IHOM Ha KaXK/I0M M3 HUX.
Ecm x € (—e0;—1), TO y ’(x) > 0, moaTOMY KpHBas BOTHYTaA.
Ecau x € (—1; 1), To y”(x) <0, moaTOMYy KpUBas BEITYKJIas.
Ecmu x € (1; +<0), T0 y”(x) > 0 — KpuBas BOrHyTas.
CnenoBaresnbHo, ToukH (—1; 0) u (1; 0) — Touku mepernb6a KpUBOIA.
- PaccmoTpuM emié oiuH KOMIIOHEHT B MCCJIe/IOBAaHUM (DYHKIMIHA,
- Burarogaps KOTOPOMY YIPOIAaeTcs IIOCTPOeHHEe HEKOTOPBIX rpadu-
- KOB. 9TO acCHMITOTHI. B peabiymux naparpadax paccMaTpUBaIUACh
TOPU30HTAJbHEBIE U BEPTUKAJIbHBIE acUMITOTEHI. IToBTOPUM, pacmiu-
PUM 1 0006IIUM 9TO IOHATHE. ACUMIITOTHI OBIBAIOT 8epMUKALbHbLE,
HaKnoHHble U 2opudonmaanvhrble (puc. 87).

ACHMITOTHI

[Hax.nome ) [Bepmxmnuej

[I‘opnaomaxbmej [Heropnaoa-ranbnua

Puc. 87



HamomuauM, 4TO npsaMas x = a OyAeT 6epmuKaivHoll acumnmo-
moit KkpuBo# Yy = f(x), ecom ipu x — a (cIpaBa UK cJieBa) 3HAYEHHe
¢Gyaxmun y = f(x) crpemMuresa K 66CKOHEUHOCTH, T.€. BBIIOJHACTCS

ofiHO M3 ycaoBuii: lim f(x)=cc umm lim f(x)=co.
x—a+0 x—a-0

; . f(x)
Vpasnenue narxaonnoit acumnmomot: y=kx+b, rpek= lim g
Xy

b =1lim(f(x)—kx). Ecnu sanucaHHbIe IPEJEJIbl CYLIeCTBYIOT, TO Cy-
xX—0o

IIECTBYeT HAKJIOHHAS aCHMIITOTa; €CJH XO0TA Obl OAMH M3 HHUX He
CYIIEeCTBYET WJIM PaBeH o0, TO KPHBasi HAKJIOHHON aCHMITOTHI He
HMeEeT.

Eciu k=0, 10 b= lim f(x) , moaromy y = b — ypasuenue zopu3on-

X—300

manvHoOl acumMnmomal.

3aMedaHu e. PacCMOTpeHHEIE IIPeeJIbl MOI'YT OBITH OZTHOCTOPOH-
HHUMH, a 0/ CHMBOJIOM ° CJIEAYET HOHUMATE +oo i —o, [Ipu aTOM yKa-
3aHHBIE TIPeJiesIbl MOT'YT OBITH PASHBIMU IIPH X — 400 U IIPU X — —oo,

IIpumep 2. HaiiguTe aCHMIOTOTHI KDUBBIX:

4 3
a)y= T 0) y= zx s B)y=\ll+x2.
1-x : x“ -4
4 BN
Pemenue.a) Y= S Haiiném BepTUKaIbHBIE ACUMITOTEI.
-X
I"[ocrcom.xy GyHKOUA He onpejelieHa B ToOUKax x = 1, x = -1 u
4 ¥ '
lim——_ o lim 5 =©°, To IpAMBIe X =11 x =—1 — BepTH-

x-1] —x x-11—-x
KaJIbHbI€ aCHMIITOTEI.

’

5 5 s 4
Haiizém HakioHHY0 acumuroTy: k = lim e _ i o
X L6 e (] — )

b=lim(f(x) - kx) = 1im(

—yo0

gs —0-x)= 0. KpuBaa umeer ropusoH-

TAJBHYI0 aCUMIITOTY, €€ ypaBHeHue: y = 0.

CreproBaTenbHO, 3a/JaHHAA KPUBAA MMEET TPH ACUMITOTHL: X = 1,
x=-1, y=0.

3

6) Y= i Hajigem BepTHKaJIbHBIE ACHMITOTEI.

xz—
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T 1Y 1 o ST T ——
ITockoabKY (GYHKIIUA HE OIIPEAeeHa B TOUKaX X =21 X = —2 U

3 3 2
> x x
lim = 400, lim = —o0, TO IT pleX=2HUX=—2— BepTHu-
E. 2 Vo , TO IPSAMEIE X pT
|

KaJIbHBIE AaCHMIITOTHI.

L(i)=limL

o) Y )
Jina naxnonHo# acummroTst k = 1im === = [ L) 1;
8 .18
et 41 A7 T Jc—Jc+4x=
b }rﬂ(f(x) kx) xl_l’!;(xz 1 x) xglolo—xz_4

R . 4x
= lim = (0. 3HauuT, NpAMai Yy = X — HAKJOHHASA aCHMIITOTA.
|

T'opH30HTAIHHON ACHMIITOTHI HET.
. HWrak, acuMOTOTHI KPUBOH: X =2, x=—-2, y=X.

B) y = J1+x? . Byiem ucKaTh HAKJIOHHbIE ACHMIITOTHI:

y / 2 2
1) ecniu x — +eo: k = lim 1€ 08 lim N1+x" i iz+x_2=
x—tco X X340 x X=3ae0: N X x
= lim —15+1 =1.
X—r4o0 x

‘ (\/1+x2 —-x)(\/1+x2 +x)
- b= lim (\/14-x2 -x)= lim ‘ =
X0 RIS \/1+-x2 +x

2 .2 ]
ot et UG S S S

Zmirad s IS RNCTRRIE ZSv 3 e

CrnenoBaTesibHO, Y = X — HAKJOHHAA aCUMITOTA, €CIH X — +oo,
- 2)ecimmx— —oo: k=-1, b=0 (upoBepbTe CAMOCTOATEIHLHO), OTCIO-
Jla y = —x — HaKJIOHHAsA aCUMIITOTA, €CIIH X — —oo,

] CrnenoBaressHO, 3alaHHASA KpHuBadg UMeeT JBe aCUMIITOTBI: iy = X

(x > +0)my =—x (x > —).
_' Onpeaenenue To4ek nepernda, HHTEPBAJIOB BBINYKJIOCTH U
 ACHMIITOT CYIeCTBEHHO IIOMOTaeT B IIOCTPOEHUH IPa)MKOB pasing-
~ HBIX (QyHKITHH.
Pacmupum cxemy uccaef0BaHuAA PYHKINY, IPEACTABIEHHYIO HA
c. 176.




IMonnasn cxema MCCIeXOBAHUA (DYHKIIMH

1. Hajitm o6sacTh onpezfesieHUusA (DyHKITHHA.

2. UccnepoBaTh QyHKIHUIO HA YETHOCTh X HEPHUOAUIHOCTb.

3. HaiiTu Touku nepeceyenus rpadpuka QyHKIUH C OCAMHE KOODP-
JHUHAT.

4. HaiiTy mETEpPBaJIBI 3HAKOIIOCTOSAHCTBA.

5. HaliTi mepByI0 NPOM3BOJHYIO, IPOMEKYTKHA BO3PACTAHUA U
yOBIBAHUSA, TOYKHU SKCTPEMYMa U 9KCTPEMYMbI QYHKI[HH.

6. Haiiti BTOpyI0 IPOU3BOAHYI0. OIpeie/IATh MHTePBAJILI BBIIYK-
JocTH rpadhuka GyHKIIUU U TOYKH ITeperuba.

7. AccrenoBarp noBefieEne MyHKIIMHA HA KOHIIAX IPOMEXKYTKOB
OIlpeJleIEHU .

8. HaiiTi acuMnToThl rpaduka GyHKIUH.

9. ITocTpouTh rpad®uK QYHKIHA.

|

IIpumep 3. UccnenyiiTe GyHKIHIO Yy = 2 M IOCTPOMTE eé

(x-1)
rpaduk.

Pemenmne.

1) O6aacTe onpezgenenus GyEKIuH: (—o; 1) U (1; +o0).

2) ®yHKIWA HA 96THASA, HA HeYETHASA, HA HePHOAUIECKasd.

3) (0; 0) — rouka nepecedyeHus rpapuxa GyHKIUHA C OCIMU KOOP-
JIUHAT.

4)y>0,ecmmx#1.

5) Yrobbl HAWTH IPOU3BOAHYIO (DYHKIIUH, 3alIAIIEM €€ B BUJe

AR
(x-1)°
S o, 0

(x-1)?

yo 220
5.2 <0

ITockoupky B Touke X = 0 QyHKIUA IPOU3BOLHON HE UMEET, TO
HaWJIeM IPOM3BOAHYIO OTAENbHO s X > 0 u x < 0. Umeem:

x+1
TR i

x+1
'(x——l)3, x<0.

DYyHKIUA UMEeT JBe KPUTHUECKUE TOUKH:
x = (0 (mpou3BoHAA HE CYIIECTBYeT) 1 X = —1 (Ipou3BOHAS PaB-
Ha HYJII0).
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CocTaBuM U 3aI0JTHUM TAOJIHUILY JJIsI IEPBOM IIPOU3BONHOMK

=L yhit=150) 0 (0; 1) 1 (15 %)
! 0 = He cymr. + He cym. =
= \ 0 / H \
1 e cyml.
max min

W3 Tabaunsl BUAHO, YTO GYHKOHUS BO3PACTAET HA IIPOMEKYTKAX
(—==; —1]u [0; 1), a y6riBaer Ha npomeskyTrax [—1; 0] u (1; ).
~ IlepBas mpom3BOAHASA IPH IEpexoje 4epes3 TOUKY X = —1 MeHsaeT

2x+4
e i

| 2x+4
(x—l)“’ x<0

DYyHKIUA UMeeT J[Be KPUTHUECKHE TOYKH BTOPOro poja:

_ x =0 (BTOpas Ipou3BOAHAS HE CyIIeCTBYeT) U X = —2 (BTOpasi Ipo-
| M3BOJIHAA PaBHA HYJIIO).

~ CocTaBUM U 3aII0JHUM TaGIHILY AJIs BTOPOil IPOU3BOAHOMK

(=e2-2) | =2 | (=2;0) 0 ©; 1) 1 (1; o)

+ 0 = He cym1. + He cym1. +

sl 2 = 0 N | Heeymr I

neper. meper.

Kak Buium U3 TabIUIbI, KDABAA BEIYKJIAA HA IPOMEKYTKe (—2;
" 0), a BorayTas Ha IPOMEKYTKAX (—eo; —2), (03 1) 1 (1; 0)."

_ Bropasi npou3BojiHas IPH NEPEXO/e Yepes TOYKY X = —2 MeHSAeT
~ BHAaK C «+» Ha «—», a OIPH Iepexoie 4yepesd TOUKy x =0 — ¢ «—» Ha
¢«+», moaTomy x=—-2u x =0 — Touku nmeperuba. B aTux Tourkax Ha

. PpajmKe BBITYKJIOCTE MEHAETCS HA BOTHYTOCTH H HA000POT.
A




Pazpen 2

y ]
11 [
+ + < ; + 3
= TR T R 3 x
Puc. 88

7) Accrnenyem noBejeHue 3aJaHHOM (DYHKIIMY HA KOHIIAX IIpOMe-
JKYTKOB OIIPEJIeJIeHU:

lim —= > =0; lim = z=0;
x4 (x—1) x—-=(x-1)
. . x
lim = +4o0; lim 5 = oo,
‘ 2-1-0 (x —1)% 2140 (x —1)

8) Haiiném acumMmnToTsl. PyHKIUSA He OIpeesieHa B TOUKe X = 1.

Hm fee)= lim —% = lim i
HOCKOJ!be x—)l+0f( ) x—1+0 (x—1)2 =0 x—1-0 (x—1)2 9,710
x = 1 — BepTUKAJbHASA ACHMIITOTA.
Iockoaepky lim f(x)= lim =0mu lim = 5=0, 10
s Zerieefy—1) - (x-1)

y =0 — ropusoHTAJHHAA ACUMIITOTA.

9) Vcnonb3ya moJiyueHHBIE JaHHBIE, TOCTPOUM rpaduk QyHK-
nuu (puc. 88).
9 . NPOBEPBbTE CEBSl

1. Yro Takoe Bropas npoussogHasn?

2. Kakyio Kp1BYIO Ha3biBaIOT BbINyKNOW Ha UHTepBane?

3. Kakyio Kpu1ByIlO Ha3blBaloT BOrHYTOM Ha UHTepBane?

4. Yro Takoe Touka neperuba?

5. Kak HaxoasT uHTEpBasbl BbiNYKNOCTH U BOTHYTOCTH?

6. Kakne TOuKM Ha3blBAIOT KPUTUHECKMMU TOUKAMK BTOPOro poaa?
7. Kaknumu 6b1BaloT acMMNTOTbI KPUBOW?

8. KakoBo ypasHeH1e HaKIOHHOW acuMnToTbI?

8% BHINONHUM BMECTE

—

1. Haiiure MHTEPBAJIBI BHITYKJIOCTH, BOTHYTOCTH M TOYKH TIepe-
ruba KpUBBIX: a)y = 3x% - x%; 6) y= Vi+x? .
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B - v v
. Pemenne.a)y=3x’—x°.
1) O6nacTs onpeaenenns Gyaknuu — R.
2) Haiiiém nepByIo 1 BTopyIo npoussogusie. Umeem: y = 6x — 3x%;
-y’ = 6 — 6x. Haiiiém KpuTHYeCKHe TOYKH BTOPOro poza: 6 — 6x =0,
~ x = 1. JIpyrux KpuTUYECKHUX TOYEK BTOPOTO POZia HeT.
‘ 3) OnpegennM 3HAK BTOPOM IIPOU3BOJHOM HA KayKJOM U3 HHTEP-
- BaJyioB (—o=; 1), (1; +e0). L)1 TOr0 JOCTATOYHO OIIPEIEIUTE 3HAK ITPO-
,) " ¥3BOJIHOM B IPOU3BOJIbHOM BHYTPEHHEH TOYKE KaX<JOT0 HHTEPBAJIa.
Eciu x € (—oe; 1), To y”(x) > 0, mosTomy Ha urTepBaJye (—oo; 1)
KpUBas BOTHyTad.
- Ecim x €(1; +o0), T0o y”(x) < 0, nosaTromy Ha uHTEepBaJe (1; +eo)
'KpUBas BBINYKJIAs. ;
Touka x = 1 siBJIsseTCA TOUKO#M epernda, IOCKOJbKY IIPH ITepexXo-
| Jie 9epes 9Ty TOYKY BTOpas IPOU3BOAHAA MEHAET 3HAK.
~ Cneposarensno, M (1; 2) — Touka neperuba.

6) y=V1+x%,

1) O6nacTts onpeznesenus pyskuun— R.

2) Haiiém KpuTHYECKHE TOYKH BTOPOro poja: y'=
R - 1+x

2
PSR [ ey
”_ i \J1+x2 1+x2—x2 1

g 1+x2 A+22W1+x®  Q+22W1+x?

- Kax BuiuM, BTOpas IIPOM3BOJHASA CYIECTBYET HA MHOKECTBE BCeX
| IeHCTBUTEILHBIX YMCEJ ¥ HU B OJHOM TOUYKE B HOJIb He IPEeBpaIaeT-
' ¢. A TOTOMY KPUTHYECKUX TOYEK BTOPOTo pojia HeT. ClieioBarTesb-

HO, HeT ¥ TouyeK neperuba. Ha Bceit o6nactu onpenenenns y” > 0,
" II03TOMY HAa MHOJKECTBE JIeMCTBUTeIbHBIX YHCeJ KPUBas BOTHYTAA.

2. Haiinure acCHMITOTHI KDUBOH Y = Yx® 242 .
O6nacts onpeaeneHud GyHKIUN — R, I09TOMY BePTUKAJIBHBIX

ACHMIITOT HET.
¥x® - 242 i
x

f(x) _ =

x—e X Xy

Haiiném HakioHHYI0O acumnrory: k = lim

\ 3 2
=lim3‘/x—3—2i3 = lim31-2 =1;
“Tigefh B X X300 x




e Pazaen 2

b=lim(f(x)—kx);

| . (3/x3—2x2 ) — B
b=1lim (\/3 x2 —2x? —-x)= lim

x—3e0 e Q/(Jc3 —2x2)? +x§/x3 —2x% 4+ x?

e 22252 -4
x—)w3’(x3_2x2)2 +x3,x3_2x2+x2

L —2x2
=lim =

R i"/(x3 -2x%)° +x§/x3 —2x% +x?

P -2 Al
— lim = 2

-2
X 92 3 1+1+1° 3°
3(1——) +3,/1—«+1
X x

2
CrnenoBaTenbHO, npaMas y =x — § — HaKJIOHHasd aCHMIITOTa AaH-

HOM KpHBOi. JIpYyruX aCHMOTOT KPUBasA HE HMeeT.

! BbINONHUTE YCTHO i e s

776. HaiiuTe BTOPYIO IPOU3BOJHYIO (DyHKIIUM:
a)y=>5x'; 6)y=5+x' By=e% r)y = sinx.

777. Ha pucynke 89 npexcrasiies rpabuk pysknum y = f(x). Yera-
HOBUTE: a) IPOMEXXYTKH BO3pacTaHus U yObiBaHUWsA; 0) TOUKH
9KCTPEMYMa; B) MHTEPBAJIEI BEIIIYKJIOCTH M BOTHYTOCTH; T') TOY-
Ku neperuba.

778. Ha pucyake 90 nmpexncrasien rpaduk GyExnuu y = g(x).
YcTaHOBUTE: a) IPOMEXXYTKH BO3PACTAHUSA U YOBIBaHUSA; 0) TOU-
KU 3KCTPEeMyMa; B) HHTEPBAJELI BEIIYKJIOCTA ¥ BOTHYTOCTH;
I') TOYKH meperuda; ) aCUMIITOTHI.
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\—‘_/
[ ' yA
T R NG I'":'"l """""""""""
—t \ / >
-2! -1, O 1 2 x
ot E E ===l
Puc. 90
779. Kakue acuMITOTHI UMEET KpUBas, 3alaHHAA YpaBHEHUEM
0)y= ?
x.— —_
‘Hannn're BTOpy10 npon3aozmylo byHKIUU (780—781)
' 780.a)y=6x° —4x* +3x% - 2x + T; 6)y =>4

B) y =sin 2x — x; r)y= Vx*-1.

1781. 2) y = 5x7 — 4x° + 5x* - 8x + 2; 6) y = In’x;

B)y =2 x +cos 3x; rNy=Yx+2.

782 Hoxaxure, 9T0 Ha BCe 06J1aCTH OIIpe/ieIeHusI:

' a) QYHKIUA Yy = 5x%—12x + 6 aBnserca BOTHYTOM;

_ 0) byaknus y = In (x — 1) ABNAETCSA BHITYKJIOA.

Haiiure nETEpBAIBI BBITYKJIOCTH, BOTHYTOCTH M TOYKHU meperuba
 KpuBbIx (7 83—7 84).

783 a)y=x>+4; 6) y= 3x° - 6x; B)y=3x 2

4.a)y=12x— 3x%; 6)y=7—2x3; B)y=2:x:'3
.,—“_\ ./‘.'
B VI -

‘5-785 a)y=xi-15x2+1; 6)y= x—5x —5x +30; B)y=tgx.
|486.2a)y = x4—x2, 0)y= 3x° - 5x® — 15x%; B)y =ctg x.
b ‘Haiigure acumMnrors: KpuBsix (787—788).

e i i [
787.a)y o=} 6)y=_-7 +2.



x
x?-1"

IIposeauTe MoJHOE UccaeAoBaHue GYHKIMU U TOCTPOiiTe e€ rpaduk
(789—1790).

789.2)y=(x—1)%(x+3)%; 6)y=x"—5x>+5x%.

- 2 1
8) Y=x"+— B)y=——.
f790 a)y )y T

{Yposenn B T AT e L Ry

HaiiguTe MHTEPBAJIBLI BBITYKJOCTH, BOTHYTOCTH U TOYKH Iieperuda
KpuBbix (791—792).

791 2 +l 6V~ X 1] In(x+2)
.a)y_ 2 )y—xz_l, B)y— @ %
ﬁ92. a) y =sinx + cosx; 0) y = x + cosx; B)y=e * +2x.
Haiigure acuMnToTsl KpuBbix (793—794).
ﬁ93 a) =———1——' 0) =x2—1. B)y=x +arctg x
SRR R L T &
3 1 t
794. = s Py = : — garetgx
M.a)y=2"">3 )y Bt B) Y

IIposeauTe MoJHOE UCCaeAOBaHe GYHKIIUA U IIOCTPO¥Te €€ rpaduk
(795—796).

12x x3+4
795.a) y= > 0)y=
)y 2.9 )y v

796.2) y={(x? -4x+3)* ; 6)y= Yax-17-¥x? .

JYnpaxuenus s NOBTOPEHUN ERENnEEean neZ
797. Pemiure ypaBHeHHE:

a)tg2x+tgx=0; 6) sin 6x —sin 4x = 0.
798. CocraBbTe ypaBHEeHHE KacaTeJbHOU K rpaduKy GyHKIIUHU

y = € %% g rouke X, =§ .
799. Peminre cucTeMy YpPaBHEHUMA:
2 =
x° —xy=3,36, 5) x2-y?=2,
3x+y=2; 3x+y=—4.
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§21. HAMBOJIbLLEE U HAUMEHDBLLEE 3HAYEHUS
OYHKLUH §

OT MAKCHMYMOB U MUHIMYMOB (DYHKIIUH CIEAYET OTIAYATE €€ HaU-
00/1blULee T HAUMEHbULEC 3HAYEeHUS HA TIPOMEKYTKEe. DYHKIUA MOYKET
MMeTh HECKOJbKO MAKCHMYMOB (MHHIMYMOB) HA HEKOTOPOM IIpOMe-
wyTKe (puc. 91), Ho He Gosee 0JHOTO HAMOOIBIIETO (HAUMEHBIIIET0)
3HayeHus1. DyHKOHUA MOKeT He MMeTh MaKCUMyMa (MHHMMYyMa) Ha
IIPOMEXKYTKeE, HO UMeTh HanboJibiee (HauMeHbIee) 3HaYeHUe.

Hanpuwmep ¢pysxmus, rpaduk KOTopoit n3o6pakéH Ha pucyske 91,
HauboJIbIIee 3HAYCHWE VMeeT B TOUKE X,, & HAMMeHbIllee — B TOYKe
X3, apyEKnua f(x) = x2, 3ajaHHASA Ha MPOMeXKyTKe [—1, 2], umeeT Hau-
menbinee 3aderue f(0) = 0 u Hanbosbiee 3Havenne f(2) = 4 (puc. 92).

Haubonbiree m HaMMeHbIIIee 3HAYCHUA (PYHKIIUM TECHO CBA3a-
HEI ¢ eé obnacThio 3HaUueHW. Eciy 00acTh 3HaUEHU HeIpephIB-
HOM QYHKIUHA — OPOMEXKYTOK [m; M], To m — HauMeHbIee 3Ha4Ye-
HUe JaHHON GyHKIuM, M — HauboJbllee e€ 3HAUECHUE.

ITockosbKy HelpepbIBHASA (DYHKIUSA HANOOJIbIIee U HauMEeHbIIIee

. 3dHAYEHUS MOKET HMETh TOJBKO B TOUKAX 9KCTpeMyMa MJIA Ha KOH-

IaxX OTPe3Ka, TO JJIA HAXO0KJAEHU 9TUX 3HAUEHHUH MOJIb3YIOTCA Ta-
KHAM IIPABUJIOM.

. Umobbt Hallmu HaubosbULee U HAUMEHbULEE 3HALCHUS HENPePbLE-
Holu pynryuu f(x) Ha npomexcymie [a; b, HYNHHO 8bluUCIUMY €€
snavernus f(a), f(b) Ha Konyax 0arHH020 NPOMEHYMKA U 6 KPUMU-
YeCKUX MOYKAX, NPUHAOLEHAULUX IMOMY NPOMENCYMKY, @ NOMOM
8bl0pamb U3 HUX Haubosbulee U HauMeHbulee.

3anuceIBaIOT TAK: rPaglc f(x)n mi?} f(x).
a; a;

’

i
-+

YA

i
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IIpumep 1.Haiigure Hauboabllee 1 HAMMeHbIIee 3HAYCHUS
byaxouu f(x) = x® + 3x% — 9x — 10 na npomesxxyTke [—4; 4].

Pemenue. f(x)= 3x2+6x—-9= 3(x + 3)(x — 1). Kpuruueckue
TOYKH: X; = —3, Xy = 1.

f(-4) =10, f(-3) = 17, f(1) = —15, f(4) = 66.

W3 sTiX J4eThIPpEX 3HAUEHUN QYHKIMA HAUMEHBbIITUM ABJIAETCS
—15, a ganboapmum — 66. X
OTBe T.[r_r}gﬁ f(x)=f(4)= 66,{1};@51]f(x) =f(1)=-15.

IIpumep 2. Haiinure Haubosblllee 1 HauMeHbIIee 3HAUCHUSA

Inx

(QYHKIHUHU Y =

Pemenue. O6sacTeio onpeieeHuss (DYHKIUU ABJISETCA IPO-
MeKyTOK (03 o).

x° x°

gl
—-x-Inx
7 CIne x 1-Inx
y == - —
X

Ecmny =0,701—-Inx=0, orcioga x =e.

Ectu0<x<e,Toy >0, aecau x> e, 10y <0.CrenoparesnHo,
X = e — TOYKa MaKCHMyMa.

ITockonbpKy Ha npoMeskyTKe (0; o) GYyHKIHA UMEeT TOJILKO OJHY
KPUTHYECKYIO TOUKY X = € ¥ 9Ta TOYKA ABJIAETCA TOYKOU MaKCHUMY-

Ma, To HauboJibIllee 3HaUeHUe QYHKIUA IPHHUMAEeT UMEHHO B 9TOH

1
TOUYKE 1 OHO PaBHO y(e) = o Haumensmiero ssaueHusi QyHKIUA HE

umMeer.

o |-

OrBerT. max y = y(e) = — . Haumenniero 3sauesusd QyHKIUA

HEe MMeeT.

K HaxoxaAeHHI0 HAMOOJBIIETr0 MM HAMMEHbIIEro 3HAYeHUH
(YHKIMH CBOAUTCA PeIIeHNe MHOTUX IPUKJIAJHBIX 3a7ad.

IIpumep 3.EcTbKBaJpaTHBII JUCT YKECTH CO cTOPOHOH 60 cm.
HaiizuTe pasMephl KBaJpaToB, KOTOPEIE HA/I0 BEIPE3aTh B yIJIaxX AaH-
HOTO0 JIUCTA, YTOOBI U3 MOJYYEeHHOU 3arOTOBKH C/leJIaTh KOPoOKYy Hau-
fosbirero ooséma (puc. 93).

Pemenue. YTo0ObBI MONy4uTs KOPOOKY (B (hopMe IPAMOYTOJib-
HOT0 IapaJjiiesienniie/ia), Hazo BEIpe3aTh paBHEIE KBaJAPaThI B yIIax
sucra. IlyeTs X — AuImHA CTOPOHEI TAKOTo KBajgpaTa. Torza Beicora
KOpOOKH paBHA X, a cropoHa ocHoBaHuA 60 — 2 x. 06éM KOPOOKH
V(x) = (60— 2x)2x — (DYHKIHA OT X. :
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o

x 60 —-2x x 60— 2x
- Puc. 93

Hapo ucciieoBaTe MaTeMaTHUECKYIO MOJIEb 3a[aUM: IIPA KAKOM
3HaveHnHu X pyarnua V(x) = (60 — 2x)2x Ha npomexkyTke (0; 30)
IpUHUMAaET HauboJIblIee 3HAUYEHHE.

V(x) = (60 — 2x)*x = 3600x — 240x> + 4x°,

V'(x) = 3600 — 480x + 12x%,

3600 — 480x + 12x2 =0,

x?—40x +300=0,

%y =10, x, =30,

3uHayeHue ¥ = 30 He nmpuHagIekuT npomexkyrky (0; 30).
IToaromy x = 10.

TIockomsky npu x < 10 V’(x) >0,anpux>10V’(x)<0,Tox=10 —
TOYKa MakcuMymMma. tak, B 9To# TouKe QyHKIUA V(x) npuHEMAET
HauboJIbIIIee 3HAYCHUE.

O 1 B e T. Hayio BeIpe3aTh KBapaThl, CTOPOHBI KOTOPHIX paBHEI 10 M.

[MPOBEPBTE CEBSI 5
1. Yro Takoe Hanbonbluee (HaMMeHbLUee) 3HaUeHWe q)yHKu,uu Ha fJaHHOM Npo-
MexyTke?
2. O3HavaioT /1M OQHO M TO XKe MaKCMManbHOe 3HayeHue YHKUMK U e€ Hau-
6onblee 3HaveHne?
3. Kak HaiTh Haubonbluee Unu HanMeHblUee 3Ha4YeHUe HenpepbIBHOM yHK-
UMK Ha npomexyTke [a; b]?

B8y BBINO/IHMM BMECTE

1 Hamm’re obJracTh 3HAYEeHUH DYHKIUM Y = x2—9x% - 7, econ
x € [0;10].

Pemenue. y' = (x®-9x2 - 7 = 3x? - 18x. Haitném KpHUTHYEC-
Kne Touku: y' =0, ecan 3x% - 18x = 0, nin 3x(x — 6) =0, orcrona
x=0,x=6.

Haiiném sHauenune GyHKIuy HA KOHIAaX npomesxyTka [0; 10] u B
Kpurnyeckux Toukax: y(0)=-7; y(6)=-115; y(10)=93.

P N NS T S s
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.

SazasHas GYHKIUA HenpepbIBHA, e€é HauboJbIIee 3HAUEHUE
93, a HaumeHnbInee —115, 3HaYUT, 00J1aCTH €€ 3HAYEHUUA — OTpe-
30k [-115; 93].

OrBer.[-115; 93].

2. HaiiguTe kpaTuaiimee paccrosaue ot Touku A (10, 2) mo rpa-
duxa GyHKIUR Yy = x2

Pemenmne. ITycrs Gumokaiimasn K A Touka M rpaduka GyHK-
Uy uMeeT abcuuccy X, €€ opAuHATA PaBHA ::c2 (puc. 94). Haitném
KBajpar pacc'rosmm{ Mem;[y TO‘IKaMPI M (x; x ) uA (10; 2):

MA? = (x - 10)% + (x% - 2)? = x* — 8x% - 20x + 104.

HOnuaa paccrosiaus AM HanMeHbIIAss, KOrZa eé KBajgpaT Hau-
MEeHbIINH. I/I'rarc, HaWJIéM HaumMeHbIIee 3HAYEeHHE QYHKIIUU
f(x) = x*-3x%~ 20z +104.

f(x)= 4x —6x — 20 =2(x — 2)(2x% + 4x + 5).

Vpasuerue 2x° + 4x + 5 = 0 feficTBATETLHBIX KOpHe! He UMeeT,
mo3ToMy PYHKIUA f(X) UMeeT OJHY KPUTHUECKYIO TOUKY X = 2. Eciau
x<2,70f(x) <0, ecnu x> 2, To f’(x) > 0. CregoBaTensHo, X = 2 —
TOYKa MHHUMyMa. B aToit Touke hyHKIuA f(xX) npuEMMaeT Hau-
MeHbIIIee 3HAUEeHUe.

HaumeHbIIee 3HaYeHUE KBAAPaTa PACCTOSAHUS

MA%=(2-10)? + (22 - 2)> = 68, MA = /68 = 217 .
O'rBe'r.Z\/l—7.

! BoINONHUTE YCTHO

800. Umeer i HauboJblIee 3HAYCHUE (DYHKIIUA:
a)y=x> 6)y=e5 B)y=lgx; r)y=2x+1?
801. YxakuTe HauMeHbIIIee 3HAYEHNE QYHKIIHHU:

a)y=x4; 6)y=sinx; B)y= Jx; r)y=2"’l.

Uy
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802. Ykaxxure HamboJbIlee 1 HAMMEHbIIEe 3HAYeHUE DYHKI AU
y= x? Ha 3a7aHHOM IPOMEXKYTKE:
a)[0;2); 6)[-1;1]; B)[-2;0]; 1)[-5;2].
803. Mosxer ou:
a) s3HaueHHe (DYHKIUHU B TOUYKe MaKCHMyMa OBITH MeHbINEe eé
3HAYEHUs B TOUKEe MUHAUMyMA?
6) HanboabIlIee 3HAUEHUE (DYHKIIUU OBITH MEHbIIIe €€ MaKCH-
myma? A Hao6opoT?

|Yposenn A A e

804. Haiizure HauMeHbIIee U HaubosbIlee 3HAYEHUA (bymcmm
Y= x% — 1 HA 3aJaHHOM IPOMEKYTKE:
a)[0;2]; 6)[-1;1]; B) [-2; 0]; r) [-3; 3].
805. Halinure HauMeHbIlee U HauOOJIbIIee 3HAYEHUA DYHKIUU
Y= x? — 2x Ha 3a7aHHOM IIPOMEKYTKE:
a)[-1;0]; ©6)[-1;1]; B) [-2; O]; r) [0; 3].
Haiigure Haubosblllee 1 HAUMEHbIIEee 3HAYCHUA (DYHKIIUM HA 3a-
JaHHOM npomexcy'me (806—808).
806. a) f(x) = x? —4x xe[ 33 0O)f(x)=x-— lnx,xe [1;e].

1807. a) f(x) = 5x —3x s x€ [-2; 2]; 6)f(x)=0,5x" —4lnx; x € [1; ].

808. a) f(x) = xt-8x%-3; xe[ -3; 1], 0) f(x)=sin x; x € [0; m].

809. Unmeer 1u QyHKOUA Y = x° — 3x* manMeHbIIee MM HaNGOMbIIEE
3HAUYEHHE HA 3aJaHHOM IIPOMEKYTKe? Y CTAHOBUTE, KAKOe IMEH-
HO, eCJIn: a) X € (—0; 1); 6) x € (15 0); B) X € (—0;2); 1) x € (0; =0).

810. Yucao 10 pasbeiiTe Ha [Ba cIaraeMbIX TaK, YTOOBI UX IIPOMU3BE-
JeHue OBLI0 HAauOOJIBIIHM.

811. Kakoe moyo;KuTEeJIbHOE YHUCIO BMeCTe ¢ OOpATHBIM IaéT Hau-
MEHBIYIO cyMMy ?

‘E812 Kaxkoe gucio B CyMMe CO CBOMM KBaJApaTOM MMeeT HauMeHbIIlee

3HaueHUe?

813. ILtomans yuacTKa 11 crpaycos paBaa 40 000 M2, Kaxumu JIoJI-
JKHBI OBITH €10 pasMepsl, 9T00EI Ha 3a60p VIILIO HAMMEHbIIee
KOJIMYECTBO CeTKY padums?

‘[@14. Hazo otropoauTs ABa nacTéuina B hopMe paBHBIX IPAMOYTOJb-

HUKOB C 0011[e#l CTOPOHOM, YTOOBI CyMMa uX ILIOIIaei Ob11a paB-
Ha 6 ra. Haiijure HauMeHbIIYIO BO3MOXKHYIO AJIUHY 3a6opa.

R G

,{ Yposennb b —~—

Hanp;m'e HauboJibIlee ¥ HaMMeHbIllee 3HAYeHU S 3a11annon (I)YHR'
YUY Ha 3alaHHOM IIpoMexkyTKe (815—818).
815.a) f(x)=x°— x° + x— Tma: 1)[-2; 1]; 2)[-1;2];

6) f(x) = x° — bx* + 5x® ma: 1)[0; 2]; 2)[-1; 5].




j“"’ o Paaneniz_
816.a) f(x) = Vx+2 ma:1)[-2;0]; 2)[0;2];

X

6) f(x) = b ma: 1)[-4;0]; 2)[-3;3].
817.a) f(x) =sin x — cos® x ma: 1)[-m; 0]; 2)[0;~]; ’
6) f(x) = Vx% -5x+6 Ha: 1)[-2;2]; 2)[0; 3].

818.a)f(x)=x+ % Ha: 1)[1;3]; 2)[-4;-1];

6) f(x) = 2sin x;" ra [0; 27].

819. meer 11 HauboIbIIIEE MJIN HAUMeHbIIIee 3HaYeHUe HA R QyHK-
us:
a)f(x)=x>-5x+2;  6)f(x) =3-2x*—x°?
@20. Haiigure 06acTh 3HAYEHUH DYHKITUA:
a)y=x6—3x4+2; 6)y=2—x2—x4;

B)y=+2-x-x%; r)y=x+%.

821. [lnuna orpesxka AB pasHa 6, Touka M — ero cepexauna. Haii-
auTe Ha oTpesdke AB Takyio TOUKY X, 4TOOBI IPOU3BELEHHE
nnuH XA, XB, XM 65110 HauOOJBIITAM. ‘

822. Kakoii u3 IpAMOYTOJBHIKOB, BIUCAHHBIX B JaHHBIA KPyT, UMe-
~ er HamuboOJBIIYIO IUIOIIAAE? PemuTe 3aauy AByMdA cIiocobaMu.
@23. Kakoi m3 npaMOYroJbHUKOB, BIIMCAHHBLIX B JaHHBIX KPYT,

“MeeT HaubOoJMbIIUM TepumMeTp?

824. Uz nyakToB A u B npsamonnaeiabiMu foporamMu AO u BO Briexa-
JI¥ OHOBPEMEHHO /IBA BEJIOCUIIEUCTA CO CKOpoCTAMH 12 KM/4 1
15 xm/4. Korza paccrosiHue MesX Iy BeJIOCUTIEIUCTAMHY OyIeT Hau-
MeHBIUM, ecau AO = BO =60 xm, Z AOB = 60°?

825. B rpanenuu ABCD AB = BC=CD =a,AD > BC. Kakum IoJKeH

~ 6bITB yrosn BAD, 4To0b!I IIOIIaAk TPanenuy Ob11a HanbobIIen?
]:526. Kakumu JoJKHEBI OBITE pasMepsl OacceiiHa o6béMom 32 M ¢
KBaJpPATHBIM JHOM ¥ BePTUKAJIBHBIMU CTEHAMH, YTOOLI HA €T0
0OJIMIIOBKY MCIIOJIF30BAJIM HAUMEHbIIIee KOJIUIEeCTBO IIUTKY ?

;‘ VYpoBens B I g o

S

827. PaccmoTpuTe BCe BOBMOYKHBIE IPAMOYT'OJIEHHKH, 1BE€ CTOPOHBI
KOTOPBIX JIEXKAT HA OCAX KOODAMHAT, a OJHA M3 BePIIUH — HAa

rpadpuke GQyHKIUM Yy = 6 (puc. 95, a). Kakoit u3 HUX UMeeT
ps

HauboabIIyo mromans? HaumMensmnii nepumerp?
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y=4-x2
i L 34
24 I\ 1
ﬁj\ﬂ.éé""  JRIEY A 7 O R Y
a 0

Puc. 95

828. Kaxkyio HanbOoJIbIIYIO IJIOMAAb MOYKET UMETh IPAMOYTOJIbHUK,
BIIMCAHHBINA B (DUIYyPYy, OrpaHUYEHHYIO 0chbio Ox U rpaduKoOM
~ GysRmUumy =4 -— x? (puc. 95, 6)?

‘[529. durypa orparudeHa ocbio Ox, rpaduKoM QYHKIHA Y = Jx m
npamoi x = 27. HaiifuTe CTOPOHBI IPAMOYTOJbHIKA, BIIMCAH-
HOTO B 3Ty (DUTYDPY, €CJIU OH UMeeT HaubOoJIbIIYIO IJI0mALb.

830. Brouxkax A, B u C (kKax moxkasaHo Ha pucyHKe 96) pacrosioKeHbl
CTOJIBI C KOMIIBIOTEPAMHY, IMEIOIIMMHU BEIXO/ Ha OAWH IpUHTEPPL.
B kakoit Touke Ha AN cienyeT pa3dMecTUThb IIPUHTED, 9TOOLI 00-
masa qinHa Kaoeneit AP + BP + CP Oblia HauMeHbIIei ?

831. EmkocTs 1érKux yesoBeka, BO3pacT KoToporo He MeHee 10 ser,

= 0 110(Inx-2)

npubJIMIKEHHO BhIpa)kaeTcss PyHKIueu t(x ) = A EE G
rae x € [10; 100] — BospacT yesroBeKa B rojax, t(x) — éMKOCTh
JIETKMX B JIMTPax. ¥ CTAHOBUTE, B KAKOM BO3pacTe EMKOCTD JIET-
KHX YeJI0BeKa MaKCHMAaJbHadA M YeMy OHa PaBHA.

832. C noMoIIb10 IPOrPaAMMHOr0 00ecIeYeHu s CTPOAT rpaduk HyHK-
LUK Y = X — 2C0S X IJIA BCeX X, IPUHAJIe-
JKamux npoMexxkyTry [—m; n]. Haitgure A
pasMephbl HAMMEHBIIEro NPAMOYTOJILHU-
Ka, CoJIepIKalero aToT rpadux. s

T§33. Haiigure KoopaguHATHEI TOYKK Ha rpadu- P Q

Y~

1 "
Ke QYHKIHUHA Y = m , HAMeHee yIaJIeH- B dm N bM C

A

HOI OT Havajaa KOOpJUHAT. Piic; 96




834. Kakumu ciieyer AesaTh JATPOBbIE KOHCepBHbIE OaHKY ITUINH/ -
pudecKoit GopMel, UTOOBI HA MX U3NOTOBJIEHNE YXOJUJIO HaH-
MeHBbIlIee KOJu4ecTBO ecTu? JlonyckaMu Ha IIBBI MOYKHO

~ npeHeOpeuyb.

‘@35. Haiigunte HauboablIee 1 HAMMEHbIIee 3HaYeHUA (DYHKIMA Ha

3alaHHOM OTpE3Ke:
a) f(x) = x> — 3x|x — 8|, x € [0; 4];
 6)f(x)=4x—3x|x— 2, x € [0; 3].
11836. IIpu xaKkuX 3HAYEHUAX TapaMeTpa @ HauboJibIee 3HaYeHue QyHK-
oun Y = —x? + 2ax — a® + 2a — 3 Ha orpeske [0; 1] paBHO —2?
837. HajizuTe Bce 3BHaUEHUA IIapaMeTpa a, IIPU KaxkJJOM U3 KOTOPbIX:

a) HaumMeHbIIee 3Hauenue GyHKnuu f(x)=25"—8a- 5%+ 17na

orpeske [0;1] monoskuTensvHOE;

6) Hauboapinee sHavenne Gyaxnun f(x) = -9* +4a - 3" — Tna

orpeske [0; 2] orpuiiaTeapHOE.

Paspen 2

;anaxmenml Allsl NOBTOPEHMUA s G 7
838. Brrunciure:
SN G 2 _
)i -cr &) lim % —8x+4,
¥ x4~9 o1 x-
839. OcBo6oauTEeCH OT UPPALMOHAJIBHOCTH B 3HAMEHAaTee Jpodu:

e 1 5 m x°~1 by el
a) 3[ 2 T B)ar ) D) Bl R
) 3ab2 ) n5/m3n ) 3x_1 ) 4(x-—1)3
840. Ha ¢pepme ObLIM I'yCH ¥ HECKOJIBKO CO0aK, KOTOPBIE HX OXPaHd-

Jau. CKONBKO I'yceil ¥ CKOJIBKO cobak 06110 Ha (hepMe, ecoiu BMe-
cre onu umenu 98 rosos u 202 HOru?

§22. NPOU3BOAHAA KAK CKOPOCTb

J1o cHX IOP MBI IMEJIH JEJIO C 2e0MeMPULeCKUM CMbLCIOM TIPOU3-
BOJIHO¥, TO €CTh IIOHUMAJIH I10J IIPOMU3BOAHOM YIJIOBOM K0a(huu-
€HT KacaTeJbHOU, NPOBeAEHHOM K rpaduky pyaxnuu. He meHee
BaYKHO IOHATH ¥ uauteckuil cmoics npousBoguoi. IIpousBogHas
(GYHKIOIHUHA — 3TO CKOPOCTH €€ U3MEHEHHUA, TO eCTh CKOPOCTH IIPOTe-
KaHUA [IPoIecca, KOTOPBIHA ONMMCHIBAETCA JaHHOU (DYHKIIHEH.

IlycTh Teno ABHMIKETCH II0 IIPAMOM C IEPeMEeHHOM CKOPOCTHIO.
Paccrosiaue s, IPOMAEHHOE TEJIOM 3a BpeMs ¢, 3aBUCHUT OT £. JTa 3a-
BHCHUMOCTE § = [(#) — 3aKOH ABMXKEHUA JaHHOrO Teja. Haliném ero
MTI'HOBEHHYIO CKOPOCTB U (f,) B MOMEHT %,.
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3a BpeMs OT ty ”o ty + At Teno IPOXOLUT paccTosIHUE
As = f(t, + At) — f(t,). 3a 3TOT IPOMEMKYTOK BpeMeHH Al Teso ABU-

i As
JKeTcs co cpenHel ckopoctrio. Eciu At — 0, To Ril v(ty), roe
]

v(ty) — CKOPOCTb JABMIKEHHUs Tesla B MOMEHT t,. C Apyroi CTOPOHBI —

As
ecou ipu At — O — U(ty), T0 V(%) — 3HAYEHMEe TPOU3BOAHOM PYHK-

UM 8 BTOUYKE £ ). CJxe,aonaTeJmno, ecym § = f(t) — 3aKOH ABMYKEHU TeJIa,
TO IIPOU3BOAHAS 9TOM (DYHKIIMU — CKOPOCTh ABMIKEHUA B MOMEHT £,
PacecmoTpuM KOHKpPeTHBIA npuMep. Kak usaBecTHO, cCBOOOAHOE

g
nageHue Tejia IPOUCXOAHUT IIO 3aKOHY 8§ = Etz, rae nNoCToOAHHAaA

£=9,8 M/c2 — ero yckoperue. C Kakoi CKOPOCTHIO TEJIO ABUMKETCSI
B MOMEHT { TIOCJIe HAYaJIa MaleHus?

PemuTs 3ajauy MOXKHO TaK. 3a BpeMs OT ¢ 7o ¢ + At TeJio Ipoxo-
JOUT paccToOsAHHEe

As = —(t FAt?- L2 %(2t~At+(At)2)
i As
CO CpeAiHel CKOPOCThIO —+ = —(2t + At).

A
Ecau At — 0, To ﬁ — gt, . e.v(t) = gt.

Ilosyuniiy pes3yabTaT, XOPOIIO U3BECTHEIN U3 Kypca (GDU3UKH.

Taxoit criocod pemieHHUs 3ajauyu HEPAIMOHAIEH, TAK BBIHYIKE-
HBI PacCy’XaTh Te, KTO He 3HAET IPOM3BOAHON U €€ (GU3MIECKOro
cmeicaa. Ecan ke MBI 3HaeM, 94TO CKOPOCTH IPAMOJIMHEHHOIO JBU-
SKEHUSA — DTO IPOM3BOAHAA QYHKIIUY, BEIPDAYKAIOIIEN 3aK0H 9TOT0
JBUIKEHUA, TO 3429y MOKHO PEIIHATH IPOIIe:

7

v(t)=(g2J £ .2t =gt
2

Taxk MOYXHO HAXOJUTh HE TOJHKO CKOPOCTh IPAMOJUHEHHOI'0 {BU-
3KeHUA, HO U CKOPOCTh IPOTeKAaHUA MHOTHX IPOIECCOB: XMMHUYEC-
KO peakIuy, pafuoaKTHUBHOTO paciazia, HarpeBaHus TeJja, TAgHus
JIbJia, IIJIaBJ€HUAS METaJIa, padMHOMKeHuA OakTepuit u T. A. Takum
06pas3oM, ecau HeKomopbLil npoyece npoucxodum no axony y = f(t),
mo CKOpoCmb NPOMeKaAHUs 3Moz0 Npoyecca 6 MomMeHm epemeHu t
MOoxcHO onpedenumd no popmyane v(t) = f(t).

.
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KpaTko roBopsAT: NpOM3BOAHAA — ITO CKOPOCTE.
CKOpPOCTB [ABHIKEHUS TaKIKe MOXKeT m3MeHAThCcA. CKOpocTs U3-
MEeHEeHHsI CKOPOCTH ABHKEeHHUs — ero yckopenue. CienoBaTesbHO,
YCKOpeHue — IPOMU3BOJAHAA CKOpocTH. Eciu, HanpuMep, CKOPOCTh
JBMIKEHHs BhIpakaercsa opmysionn v(t) = gt, To ero yCKOpeHue
a(t) = (gt) = &.

HOpyroit npumep. Eciiin kakoi-To IpoLece NIPOUCXOAUT 110 3aKOHY

s(t)=2t> - 5% + 3,

TO CKOPOCTH €ro NPOTeKaHus B MOMEHT ¢: v(t) = s'(t) = 6t2 — 10t, a
ero yCKOpeHue B 9TOT caMbIid MoMeHT: a(t) = v'(t) = 12¢ — 10.

? C noMoIIb0 IPOU3BOAHOM PEIIAal0T MHOTO 3a/1a4 U3 Pa3JIMYHBIX
obiacTeil HAYKHW W NpaKTHUKHU. [I[puBeiéM IpuMepsl YacTo IpuMe-
HAEeMBIX (JOPMYJI, COAEPIKAIMX IIPOU3BOLHYIO:

w(t) = @’(t) — yraoBas CKOPOCTh — IPOM3BOAHASA OT yIJIa IOBO-
pora;

a(t) = o’(t) — yriaoBoe yCKOpeHMe — IIPOU3BOAHAA OT YIVIOBOM
CKOPOCTH;

I(t) = q’(t) — cuna Toka — IPOM3BOAHAA OT KOJIHAYECTBA DIIEKT-
pHuYecTBa;

N(t) = A’(t) — MoUIHOCTH — IIPOU3BOAHAA OT PAbOTHI;

C(t) = Q'(t) — TemIoéMKOCTb, — IIPOM3BOJHASA OT KOJIHYECTBA
TEIJIOTHI;

P(t) = V'(t) — npou3BOANTEIHLHOCTE TPYAA — IIPOU3BOAHAA OT
006'bEMa IPOAYKITUH.

@ MPOBEPBTE CEBSA

1. B 4M COCTOMT reOMEeTPHUUECKHI CMBICN NPOM3BOAHON hyHKLMK B TOUKe?
2. KakoBga CyTb (hM3MUECKOro CMbICNa NPOU3BOAHOMU (hyHKLMK B TOUKe?
3. Kak noHuMMaThb BblpaXkeHWe «NPOU3BOAHAs — 3TO CKOPOCTb» ?

%% BLINONHUM BMECTE
\' ) o

1. CurnanbHas paKkeTa JIeTUT BePTUKAIBHO BBEPX TaK, 4TO €€ IBH-
JKeHUe OIMMChIBaeTCs 3aKoHOM s(t) = 98¢ — 4,9t2 (Bpems t — B ce-
KYHIaX, paccTrosamue s — B MeTpax).Haligure:

a) CKOPOCTH PAKEeTHI Uepes3 5 CeKYH/I ABUIKEeHUA;

0) Ha KaKyI0 MaKCHUMAaJIbHYIO BEICOTY AOJETHT pakera?

PemeHnue. a) Haiigém ckopocTh pakeTsl B JJI000M MOMEHT Bpe-
MEHU KaK IPOM3BOAHYIO OT hyHKIUM S(1):

v(t) = s'(t), mubo v(t) = (98t — 4,9t2)' =98 - 9,8t¢.
Torga v(5) =98 — 9,8 - 5=98 —49 =49 (m/c).
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6) Haiiném Touky sKkcTpemMyma GyHKIUA S(f), peIInuB ypaBHEHU A
s'(t) =0, unu 98 — 9,8t = 0. Orcroga t = 10-(c).

Ecmmt <10, T0s'(¢) >0, ecmmnt > 10, T0 () <0. Utax t = 10 ¢ —
rouka Makcumyma. Toraa s(10) = 98- 10 — 4,9 - 10% = 490 (m).

OrBerT.a)49 Mm/c; 6) 490 M.

2. KonuuecTBo TernoTsl Q(f), KOTOpOe HeOOXOJMMO /JIs Harpe-
BaHUsA BoAsI Maccoit 1 kr or 0 °C ao remneparypsi ¢ °C (0° <t <95°9),
IPUOIMIKEHHO MOMXKHO onpe,ue.nm*b 100) Q)opmyne

Q(t)=0,396 - ¢ +2,081 - 10 22— 5,024 - 10 "¢,

YcTaHOBHTE 3aBUCHMOCTD TeILIOEéMKocTH Boasl C(f) oT Temmepa-
TYPHI.

Pemernue. C(t)= Q’(t) (0,396-t+2, 081 10342 -5,024-10 "%y =
=0,396 +4,162-10%t - 15,072 - 10”2

3. Te.no macco# 10 Kr gBUXKeTCA NPAMOJHUHEHHO IO 3aKOHY
x(t) = e | (BpemMsa { — B CeKyHJaX, KOOPAUHATA X — B MET-
pax). Halizure: a) KHHETUYECKYIO DPHEPIUIO Teja 4Yepes 5 ¢ mocye
HavaJia JBUKEHU; 6) CHIIy, JeHCTBYIONIYIO HA TEJIO B 9TO BpeMH.

Pemenue. a) Kuaernueckas sHePrus TeJia onpeaesercs Gop-

2

mynoun E = %

CKOPOCTH TeJia v(¢) B 11000 MOMEHT BpEMeHU U Yepes 5 ¢ mocJje Ha-
yajyia AsuxeHns — v(5).
v)=x(#)=E2+t+1Y=2t+1, v(;)=2-5+1=11(m/c).

, IIe m — macca Teja, a U — CKopocTh. Haligém

{ 2 2
B Torna E= %-%— 5+ 121 = 605 ().

0) Cuia, melicTBYIOIMAs HA ABUIKYILIEECs TeJI0, Onpeeasercs Gop-
myJsioit F' = ma. Haigém yckopenue Tesa a(t) B 11060 MOMEHT BpeMe-
HHU U 4Yepea d ¢ IIocje Hadaya ABnmeHnﬂ — a(b).

a@t)=v'({t)=2t+1)=2(m/c ), a(5) 2 (M/c ). Torpa F = ma =
=10-2 =20 (H).
OrBerT.a)605 [Ix; 6) 20 H.

! BoinonHMTE YCTHO SRR

LU
841. HaitiuTre CKOpPOCTH TeJa, ABUIKYINErocs 1o 3akony s(t), rue t
H3MepseTcs B CEKYHJaX, a § — B MeTpax:
a) s(t) = 5t2 + t; 6) s(t) =1 — 3¢; B) s(t) = tZ —1; 1) s(t) = 2¢> + ¢.
842. Haiigure yCKOpeHUe Teja, ABUIKYINErocs o 3akony s(t), rae ¢
u3MepsieTcs B CEKYHJaX, a § — B MeTpax:
a)s(t)=t2+t; 6)s(t)=1-3t%;B)s(t)=5t—1; r)s(t)=2¢> + 5.
843. Kak 3aBuCHT IPOM3BOAUTEIBHOCTE TPY/A MOJIOZOr0 pabOTHHKA

.



/ Pazpgen 2

OT BpeMeHH paboThl, eCi 00BEEM MBrOTOBJIEHHOU MM IPOAYK-
1uy BEIpaskaeTcs hopmyoit V(t) = 10 + 6¢2 — ¢32

.

| YpoBenn A
] S el e e

844. Touka ABMIKETCH IPAMOINHEHHO 110 3aK0HY x(t) = 100 + t>(Bpe-
Ma ¢ — B CeKyHAaxX, KOOpAMHATAa X — B MeTpax). Haligure
CKOPOCTB U 9TO¥M TOYKY B MOMEHT BpeMeHu: a)t =5c¢;0) t =23 c.

845. Pa6ora, KOTOPYIO BHIIOJIHAET ABUTaTeNb, ONpeaenaerca hop-
myJion A(t) = 15¢2 + 360 (A(t) namepsaeTcsa B JPKOYJIAX, I — B
cexyHAax). Kakyio MOIIHOCTH Pa3BUBAET 9TOT ABUTATE]b B MO-
MEHT BpeMeHH t?

846. Onpepenure CKOPOCTHL KOIeOAHUS TeJIa, ABUKYIIEroCH 110 3a-
KOHY: :

~ a)x(t)=10cosmt; ©6)x(t)=2sin(t—m); B)x(t)=0,1cos 10mt.
‘@47- Touxa ABMXKETCH TaK, YTO NyTh (B MeTpax), IPONeHHEBIN €10
3a t CeKyHJ, BhIpakaeTcsa GopMyJIoHn § = 4t + 3t. Haiigure:
2) CKOPOCTh TOYKH B JII000M MOMEHT BPEMEHMN;
0) yCKOpeHue TOYKH B JII000 MOMEHT BpeMeHH;
B) CKOPOCTh ¥ YCKOPEeHUe TOYKU B MOMEHT BpeMeHH £ = 5 c.

848. Touka Bpamaercs BOKPYI OCH IO 3aKOHY @(t) = 3t2 -4t + 2
(Bpem# t — B CeKyHIAX, yroyamopopora O(t) — Bpaguanax). Ha-
JUTe YIVIOBYIO CKOPOCTE TOUKH:

_ 8) BIPOM3BOJIbHBIX MOMEHT ¢; ) B MOMeHT ¢ =4 c.
fé49- Teno fBUKETCA IPAMOJIHUHENHO 10 3aKOHY $(1) = 73— 5¢ (B meT-
pax). HalizuTe ero MrHOBEHHYIO CKOPOCThL ¥ YCKOPEHHE B MO-
MeHT: a)t=1c; 6)t=2c; B)t=3c.

g 2
850. Tesro ABHIKETCA IPAMONMHEEHHO 110 3aKORY S(t) = 6¢ + 22 — 3 ¢2

(onyTh $ — B MeTpax, BpeMs ¢t — B CeKYHax). B Kakoi MOMeHT
BPEMEHHU TeJIO IBHIKETCH C HaubOoJIbIIe CKOPOCTEIO?

! Yposenn b DT Rl ”

851. MaxoBuK, 3a/IepKUBaeMblif TODMO30M, BPAIIAETCA 110 3aKOHY
o(t) = 4t — 0,3t* (Bpemsa t — B CeKyHAAX, yroa ¢(¢) — B pagua-
Hax). B Kako¥ MOMEHT OH OCTaHOBUTCH? )

852. IIpu narpesanum Tesa ero Temneparypa T ¢ TeueHHEM BpeMe-
HY UBMEHAeTCH II0 3aKoHy T = 0,4t%, rne T — TeMIepaTypa B
rpajgycax, ¢ — BpeMd B ceKyHAax. HaliiuTe CKOpOCTL U3MeHe-

_ HH#A TeMIepaTyphl B MOMEHT ¢ = 5 C.

f853. TeJ10 ABHKETCSH NPAMOJUHEAHO 110 3aK0RY $(£) = 2 + 8t — t2(s —

————
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IIyTH B METpPax, t — BpeMsd B ceKyH1ax). Kakoe paccrosHue mpo-
I1LJIO TEJIO 0 MOMEHTA, KOT/[a eI'0 CKOPACTH CTAJIa PABHA HYJIIO?

~ 854. [Ipa Tesa IBMIKYTCA IPAMOJIUHENHO COTIACHO 3aKOHAM 8, (1) =
o« B =t3+3t2—2t+2u32(t)=t3+2t2+5t—4(sl,sz—ny'rbB
MeTpax, { — BpeMsd B cekyHaax ). Haliaure ycKopeHue KaM aoro
U3 TeJ B MOMEHT BPEMEHH, KOT/Ia OHU IIPOIIIN OXUHAKOBBII
IyTh.

} 655. Teno ABHKETCA IPAMOJIUHENHO IO 3aK0HY $(1) = 61 — t2 (nyTh
‘ $ — B MeTpax, BpeMsd ¢ — B cekyHzax). Haaure:

) a) MrHOBEHHYIO CKOPOCTh TeJla B MOMEeHT BpemeHu: t; = 1 ¢,
ta=2¢;

iy 0) KUHETHYECKYIO DHEPruio Tesa yepes 1,5 ¢ mocye Hagasa JBA-
] JKeHUs, eCJIA er0 Macca paBHA 2 KT.

~ 856. Tesio nBHKETCA IPAMOJIUHEHHO IO 3aK0HY S(t) = t3+ 3¢% (nyTs

l‘ -~

b s — B MeTpax, Bpemsa { — B cekyHaax). Haiigure:

il a) YCKOpEeHMe ero ABUIKEeHUs B MOMEHT ¢t = 5 ¢;

= 0) cuiry, JeMCTBYIOMIYIO HA TeJIO 4Yepes 3 ¢ IIocje HavaJia ABUXKe-

HUs, €CJIM €TI0 Macca paBHa or.

2
- 857. Teso aABUKeTCSA NPAMOJUHENHO IO 3aKOHY S(1) = 6 + 4¢% - 3 £

(myTh S — BMeTpax, BpeMs { — B ceKyHzAax). Onpenennre Ku-
HEeTHYECKYIO 9HEPTHIO TeJia B TOT MOMEHT, KOT/Ja ero CKOPOCTh
cTaHeT HauboJbIIeH (m = 2 Kr).

858. Teso, moAOPOIMIEHHOE BEPTHKAJIBHO BBEPX CO CKOPOCTHIO

=

,rie h—nyTh B

vy = 60 m/c, nBUAKeTCA 110 3aKORY I(t) =Vt — %

MeTpax, { — BpeMs B CeKyHAax, & = 10 M/c2 — YCKOpEeHHe CBO-
6oxHOro majenus. Haiaure:

i a) CKOPOCTh TeJia uepes 2 ¢ mocJie Hayaja ABUKEHU;

%5'65 6) BpeMs, KOT/la CKOPOCTb TeJIa PABHA HYJIIO;

" B) HauOOJIBIIYIO BEICOTY, KOTOPYIO JJOCTUI'HET TEJIO.

o T_§59. Teso O6pocHIM BEPTUKAJIHHO BBEPX C HAYAJIBHOU CKOPOCTHIO
40 m/c. Korza 1 Ha KaKOM PACCTOAHUHU OT 3€MJIM OHO JIOCTHUI-
HET HAWBBICIIEH TOYKH?

'[éGO. O006séM npoayKIuu V MacTepcKoi, IpOU3BOAAINEH ET0YHEIE
YKpallleH#us, B Te4eHHEe JHA BBIPAXKAETCA 3aBUCUMOCTHIO

5
V(t)= Yy 34 7%t2 + 50t + 37, rae t € [1;8]. Beruucaure npo-

U3BOJUTEJBLHOCTS TPYZA MACTEPCKOM B TedeHHE KaXKI0ro Jaca
paboTsI.
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'|:861. Yepes momepeyHoOe CeUYeHHUE MPOBOJAHUKA B KA JbIH MOMEHT
BpeMenu t npoxoaur 3apaxn q(t) = 52t+5 (g mamepsiercs B
KyJOHaX, a { — B ceKyHzAax). Haiaure cury ToKa B MOMEHT
Bpemeru t = 10 c.

862. Yepes monepeuyHoe ce4eHHE MPOBOAHAKA B KaXKJbIA MOMEHT
BpeMeHH ¢ mpoxoauT 3apaj q(t) = In(t + 1) (¢ uamepsercs B Ky-
JIOHaX, at — B CeKyHAax). B Kakoil MOMEHT BpeMeHH CHJIa TOKa
B mpoBogHuKe paBHa 0,1 A?

‘ 863. Macca KpuUCTaJdJIOB B PACTBOPE M3MEHAETCH 110 3aKOHY

‘ m = \t? +5¢, rae m — Macca KpUCTAaJJIOB B rpamMMax, ¢ — Bpe-

M Byacax. Haliiure CKOPOCTH pocTa MacChl KPUCTAJLJIOB Yepes
4 4y mocyie HaYaJIa KPUCTAJLIIABAI M.

j 1864. Illapuxk xomebrercs mo 3akoHy x(t) = 2sin 3t. [lokaxuTe, 94TO

ero yCKOpeHue IPOIOPIMOHANBFHO KoopauHaTe x. [Ipn Kakux

3HA4YEHUAX { YCKOPEeHUe IIapuKa IOJOXKUTEeIbHOe?

| 865. Teno gBMIKeTCA NPAMOJIUHEHHO II0 3aKOHY S(1) = Jt. Joxaxku-

1 Te, YTO €ro YCKOPEeHHue MPOIIOPIHAO-
HAJbHO KyOy CKOpPOCTH.

866. Koneco Bpalaercs Tak, 4To yroy ero Y
IIOBOPOTA IPOIOPIHOHAJIEH KBaAPaATy
BpemeHnu. [lepBbiit 060poT OHO cHesa-

J10 3a 8 ¢. Haligure yrioByio CKOPOCTh

. yepes 48 ¢ mocyie HavaJia BpauieHusd.

| 867. JlecTHHIIA ANWHOM 5 M CTOSJIA BEPTH-

| KaybHO. IToTOM €€ HMKHMHA KOHell Ha-

i YaJIy HepeMeIaTh 1o II0JY C IOCTOSH-

i HOM cKOpocThIo 2 M/c (puc. 97). C ka-

i KO¥ CKOPOCTBHIO B MOMEHT { OIIYCKAJICH

i BePXHHUH KOHeI] JIECTHHIbI? Puc. 97

2M/c

.A YnpaxHeHuss Jisi NOBTOpPEHUSA

| 868. UccreayiiTe QyHKIUIO X IIOCTPOUATE €€ rpaduK:

\ a)y = x°e"; 6)y=(Inx) .

‘ 869. Haviziure cpeiHee apu(hMeTHIeCKoe BCeX IEJIbIX YMCeJI X TAKHUX, UTO:
a)10<x<50; 6)-10<x<50.

870. Pemure cucreMy ypaBHEHHH:

a) [x-y=3, 6) [x—y=3,
x2+y2 =9;
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8 23. MPUMEHEHUE I'II’OVBBOJ].HOM I
IS PELUEHUS YPABHEHUM
U NOKA3ATEIIbCTBA HEPABEHCTB

PaccMoTpuM, KaK ¢ IOMOIIBIO MCCIENOBAHUA (DYHKIMHA MOMKHO
pelmaTh YypaBHEHHUs U HePaBEeHCTBA.

Ecyin u3BecTHO, 4TO HenipephbiBHAA PyHKIUA y = f(x) Bo3pacTaer Ha
mpoMeXxkyTKe [a; b], a Ha ero KOHIIAX NPUOOPETAeT YHUCIOBbIe 3HAYCHUA
Pa3HBIX 3HAKOB, TO 9TO O3HAYAET, UTOo Ha [a; b] rpaduk pyHKIIUMN IEepe-
cekaet ock Ox B oxHOM TOuKe (TeopeMa Bonmbsrnano—Korm, c. 122). Cre-
JI0OBaTeJIbHO, Ha [a; b] ypaBHeHue [(x) = 0 ©MeeT 0JuH KOPEHb.

IIpumep 1.Hmeer iu ypaBHEHHE x*-4x-9=0 KOpPHHU HA
mpomMesxkyTke [2; 3]?

Pemenune. PaCCMOTpnM dbysrnmio f(x) = x'-4x-9.Eé IIPOM3-
BogHAasA ['(x) = 4x% -4 =4(x® - 1). Kputnueckas Touka ogHa: x = 1.

Ecau x > 1, 7o f(x) > 0, moaTomy Ha mpomeskyTKe [1; ), a ciezno-
BaTeNbHO, 1 Ha [2; 3], dyaknusa f(x) Bo3pacTaer.

f(2)=-1, f(3)= 60, T. e. Ha KOHIaX TpoMeXyTKa [2; 3] 3HaUeHUA
dyHKIUHA f(X) MMET pasHbIe 3HAKH.

OrsBerT. Ha npomexxyrke [2; 3] faHHOE ypaBHEHUE UMeeT OAUH
KOpEeHb.

IIpumep 2. Pemnre ypaBHeHUe x° + 2x° + x—=T7=0.

Pemenue. Uccregyem dysarmuio f(x) = X +2x°+x-Tna
MOHOTOHHOCTE. E€ 00J1acTh OnpejeIeHuss — MHO}I(eCTBO JelCTBU-
TenbHBIX unces R. IIpoussonuas f'(x) = 5xt+6x%+1 IQJIOMKHATEIIb-
Has IpU Bcex 3HaueHuaAX x. CienoBaressb-

. HO, Ha Bcel obsacTh onpegesieHus QyHK- yA
* nu4 f(x) Boapacraer, f(0) =—7 <0, f(2) > 0.
9TO 03HAYAET, YTO €€ rpauk 00A3aTENH-
HO mepecekaeTr ocb Ox U K TOMY XKe —
TOJBKO B OAHOU TOuKe. BBIBOJ: maHHOE
YpaBHEHNe NMeeT OJUH AeCTBUTEIbHBIN
KopeHb. [Tockonbky f(1)=-3,af(2) =43,

TO TOUKA ITepecedeHu s rpaduka QyHKIum 1t
¢ ochio OX HAXOAUTCA HA NPOMEKYTKE — % BRSSP
(1; 2) (puc. 98). CnenosaTebHO, HcKOMBIH ~2 ~1 i 1y 283 °%
KOpeHb ypaBHeHUsA X = 1. =

Yro6bI HAMTH O0JIee TOUHOE 3HAYEHHE 21
KOpHSA, CY;Kal0T PAMKH IIPOMEKYTKA: 34

fa1,1)=-1,7, f(1,2) = 0,14.
CuenoBarensHo, x = 1,2. 3 Puc. 98
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ITono6ubIM criocO60M NPUOIMIKEHHOE 3HAYEHUE KOPDHA MOYKHO
HaMUTHU ¢ JI000¥ TOYHOCTHIO.

IIpumep 3.Pemmure HepaBeHCTBO X° + 2x° + x — 7> 0.

Pemenue. Ucnonssysa pucyHok 98, menaemM BBIBOA: MHOMKe-
CTBO peIlIeHU JaHHOT'0 HePAaBEHCTBA — IIPOMEXKYTOK (O o), re 0. —
KOpEeHb PACCMAaTPUBAEMOr0 Bhlllle ypaBHeHUA. Takoi oTBeT — npu-
ommxénnenii. Ho ecoi, Hanpumep, TpebyeTcs HAWTH mesbie pelre-
HUSA JaHHOT'O HEPABEHCTBA, TO OTBET MOXKHO AaTh TOUHBIN: X > 2, rje
x€ N.

PaccmoTpeHHBIE CTOCOOBI pelieHUs YPABHEHUA U HEPABEHCTB
OCHOBBIBAIOTCSA HA TAKOM CBOMCTBE HENIPEPHIBHLIX DyHKIHMA. Ecau
Qynryua f(x) HenpepvlHa U He PABHA HYJLI0 HU 8 00HOIL MoYKe npo-
mexcymra (a; b), mo ona Ha amom npomexcymixe coxXpansem 3HAK,
TO €CTh, €€ 3HAUYEHU A Ha BCEM IIPOMEKYTKE TOJBKO II0JI0KUTEILHBIE
WJIY TOJIBKO OTpUIaTebHbIE. [[0Ka3aTeJ bCTBO 3TOTO CBOMCTBA €CTh B
Kypce MaTeMaTU4eCKOro aHanausa. MBI jXe OrpaHUYUMCS TOJIBKO
HarJaagHeIM o0bAcHeHHeM. Eciu rpaduk HenpepsiBHON (QYHKIIUHU
Ha npoMesxkyTKe (a; b) He nepecekaeT ock OX, TO BECh OH HA TOM IIPO-
MeXXyTKe HaXOZuTCsA Bhime ocy Ox NN HUXKE Heé.

Ha sToM cBO¥CcTBe HEIIPEPBIBHBIX (DYHKIUHN OCHOBAH U Memoo
UHMepeaLos, KOTOPLIM y100HO peraTh HepaBeHCTBA.

IIpumep 4. Pemunre HepaBeHCTBO

(x—2)(x+3)(x+5)<0.

Pemenue. ®yaruma f(x) = (x — 2) (x + 3) (x + 5) onpenesrena
Ha R.

Eé 3HaueHUA PaBHBI HYJIIO B TPEX TOYKAX: X =—H, x =—-3 u x = 2.
OTH TOYKH YUCJIOBYIO och R pasbuBaior Ha 4 npoMeskyTKa: (—; —5),
(=55 —3), (—3; 2), (2; ). Ha Kaa0M U3 3TUX IPOMEKYTKOB 3HaUe-
Hue hyrKnuy f(x) He paBHO 0, T09TOMY Ha KaK/0M U3 9TUX IIpOMe-
KYTKOB QyHKIUA f(x) coxpanser 3Hak. Kakue UMeHHO 3HAKH, He-
TPYZAHO onpenenuTs 1 yerHO: f(—10) <0, f(—4) >0, f(0) < 0, f(10) > 0.
CrnenoBaresnbHO, cxeMaTHdecKn rpaduk GQyHKIuM y= f(x) MOKHO
1300pa3nuTh, KaK NMOKas3aHo Ha pucyHKe 99. Ucnonb3ys pUCYHOK,
cpasy MOXXHO 3aIIuCaTh OTBET: (—o; — 5) U (—3; 2).

MeTosoM MHTEDPBAJIOB MOYKHO PEIIaTh U APOOHO-parlMOHANIBHEIE
HepaBeHCTBa. Beb, HalpuMep, HEPaBEHCTBO

x-2)(x+3

(x-2)x+83)
x+5

PaBHOCHJIBHO PACCMOTPEHHOMY BBIIIE, IIO9TOMY UMEET TaKoe e

MHOJK€ECTBO pelIeHUuH.
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Bameuanue. He Hafo [yMaTh, 9YTO 3HAKU HEIIPEPBIBHOK (hyHK UK
f(x) B coceIHUX TPOMEKYTKAX Bcema pasabie. Hanpumep, rpaduk
dyarmun @(x) = (x—7) (x +4) (x - 2) cXeMaTu4eCKH MOXKHO u300pa-
3UTh, KaKk nokazaHo Ha pucyHke 100. B cMeXHBIX DpOMEXYTKax
(-4, 2) u (2, 7) sHaxku ¢ysknun ogmHaKoBsl. [Togo6HOE ciryuaercs,
Koraa GyHKIus CONePKUT YETHBIE CTeIIeHH MHOYKHUTEIeH U UX MO-
nyau. Beas oHE HeOTpUIIATEIBLHBIE U HA 3HAK (DYHKIIMU HE BIUAIOT.

IIpumMeHeHMe IPOU3BOIHOM AJISA JOKA3aTeJIbCTBA HEPABEHCTB OITU-
paeTcs HA HOHATHE HAUMOOJIbIIEr0 U HAMMEHbBIIero 3HaUeHuA (DyHK-
Y HA MHOJKECTBE MJIM Ha MOHOTOHHOCTh (DYHKITHH.

HoxasaTs HepaBeHCTBO Buja f(x) < g(x) MOYKHO IO CJIEAYIOMIEMY
IJIAHY:

1) ganummure pyarouio A(x)= f(x) — g(x);

2) HayiiuTe Npous3BOAHYIO k'(X);

3) HalIuTe KPHTHYECKHE TOYKH GyHKOuHM A(x), penius ypaBHe-
Hue h'(x) = 0 1 yuuThIBas 3aJaHHOE MHOKECTBO MJIX 00JIaCTH OIIpe-
penesus GyHKOuU A(x);

4) nokakuTe, YTO HalifleHHAA KPUTHYECKAasa TOUYKA ABJISETCHA TOY-
KO MaKcuMyMa (BOCHOJB3YHATECHh JOCTATOYHBIM YCJIOBHEM CYIIe-
CTBOBAHHUA 9KCTPEMyMa);

5) Berumciaure A, . ¥ CDAaBHUTE C HYJIEM;

6) cienaiiTe BEIBOJI, BOCIIOIb30BABIINCH HEPABEHCTBOM A(xX)<h o

AHaIOrM4YHO MOJKHO COCTABUTS ILJIAH VIS JOKa3aTeJILCTBA Hepa-
BeHCTBa BHA f(x) 2 g(x).

IIpumep 5. Hokaxkure, 4To g X > 0 BEIIIOJHAETCS HEPABEH-
creo 1 + 2In x < 2

lokasaTenbcTso. Baanaom cayuae h(x) =1+ 2In x — x°.

2 £
Haiigém npousBogayio h'(x)= = 2x=-— Az 1) .Haiiném kpuru-
X

2x* -1) 2
yeckue Toukn: —— = 0, mum x° — 1= (. Pemas sanucansoe ypas-
X

HeHUe U YYuThIBaA yeaosue x > 0, moxyuum x = 1. Mcenenyem 3HaK
npoussonuoi h'(x) Ha maTepBanax (0; 1) m (1; o). s x> 1 A'(x) <0,
ausaxe€ (0; 1) '(x) > 0.CrenoBaTe/ibHO, TOUKA X = 1 ABIsAETCA TOYKOMH
makcumyma dyakmun h(x) u b, =h(1)=1+In1-1°=1-1=0. Ilo-
CKOJIBKY 9TO eJIMHCTBEHHAA TOYKA 9KCTPEMyMa Ha pacCMaTPHUBaeMOM
MHOKecTBe, To k= 0 ABjisgercsa HANOONBIIUM 3HAYEHHEM (HYHKIUH

max
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HAMHORECTH (05 +o0), 1. €. A = Py 6 TTOCKOTBRY R(X) <A, o =0,TO

1+42Inx — %<0, wm 1 + 2Inx < x2 4TO0 1 TPebOBaJIOCH JOKA3aTh.

@ MPOBEPBTE CEBS
2 1- KaK C NnOMOoLWbO ﬂpOM3BOﬂ,HOﬁ yCTaHOBHTb Hanuyue AeﬁCTBMTeﬂbeIX KOp-

Hew ypasneuun"

2. Ha KakoM CBOWMCTBE HenpepbIBHUX (YHKLMIA OCHOBbIBAETCS METOJ, UHTEp-
Ba/IOB /1A PelleHUs HepaBeHCTB?

3. Kak ¢ nomMoLLpbio Npou3BOAHOM AOKa3blBalOT HepaseHcTaa?

@8 BINONHYM BMECTE

1. Ooxaxwure, uro qis x # 0 BEITOIHAETCA HepaBeHCTBo e* > 1 + x.

HoxaszaTeabcTBo. PaccMOTpUM BCIOMOraTe bHYIO0 QyHK-
nuio h(x)=e*—1—x. Haiiném eé npoussognyio h'(x) = e* — 1. ®yHK-
A UMeeT OAHY KPUTUIECKYIO ToUuKy X = 0. OHa ABIAETCS TOUKOH
MHUHUMYMA, IIOCKOJIBKY, ecnu x < 0, To ¢*—1<0, aecnu x > 0, To
e*—1> 0. IIocKoJbKY 3TO eAMHCTBEHHAS KPUTHYECKAA TOUKA ¥ OHA
SAIBJIAETCA TOYKOA MUHUMYMA, TO B 3TOU TOUKE Q)ymcmm IIPUHUMAET
CBOE HauMeHbIIee 3Havenue. [lostomy A, = h(O) =e"-1-0=0.
CiregoBarenbHO, A5 Beex x # 0 h(x) > h(0), mmme*— 1 — x> 0.

CnepmoBarenbHo, ecan x # 0, To e > 1 + x.

2. CKOJIbKO KODHEeH MMeer ypaBHeHue x” — 4x° — 8x% + 7=0?

Pemenue. Uccaenyem byarumo f(x) = x* — 4x% — 8x* + Tra
MOHOTOHHOCTH U 3xc1'pemymm

f(x)=4x% - 12x% — 16x = 4x(x? — 8x — 4) = 4x(x + 1) (x — 4).

Kpunruueckne Touxu: x; = -1, x, =0, x; = 4.

o (Eon=1)E=1 83 (=150=1) 0 (0; 4) 4

f'(x) 0 + 0 0 +

f(x) N 4 min 2 Tmax | ~\y |-121min| A~

ITockoabky mpu X — oo 1 f(x) — oo, To rpaduk GyHKIMY f(X) Tepe-
cekaer ock Ox oxuH pas Ha npoMeskyTKe [0; 4] u ouH pas Ha npome-
KYTKe [4; ). CregoBaTesbHO, JaHHOE YPaBHEHUE MMeeT ABa Jeil-
CTBUTENBbHEIX KOPHHA.

! Buinonuute yctHo LR e o M A T

e

871. Crkonbko KopHe umeeT ypasuenue f(x) = 0, ecan y = f(x) —
¢dyEKIUA, rpaduK KOTOPOU M300pakén Ha pucyHke 101? Ha-
30BHTE UX.
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YA
[\ :
l\ p = f(x)
TR
< 0 - ?
\
TN
Puc. 101

f 872. Pemnure HepaBeHcTBa f(x) > 0 u f(x) <0, ecnin y = f(x) — hysK-

nusa, rpaduK KoTopoi n3obparkés Ha pucysake 101.

?)’posenb A ; Bl - S -

CronbKO0 KOpHe# uMmeeT ypaBHeHue (873—874)?

| 873.a)x* +x°=10; 6)x°-3x°-9x=1; B)12x*-122%-3x%=5.

1874.2)x—3x®+1=0ma[2;3);  6)x*+6x—8=0ma[2;5].
Perure HepaBeHCTBO MeTOAOM uHTEPBaIOB (875—877).

- 875.a)(x-2)(x+3)(x+8)<0;  6)(x—4)(x—5)x—6)=0.

876. a) x(x — 3)(x + 2) < 0; 6) x(x + 4)(x® + 2) < 0.
1877. 2) (2x— 3)(3x —5) (x + 6)<0;  6) (3x — 4)(2x + 3)(x — 7) = 0.

4 Haiigure ¢ Touroctsio 10 0,1 kopau ypasaeHusa (878—880).

878.a) x® - 6x+2=0; 6)x'-x-1=0.
- 879.2)x®+x-3 =0; 6)x*-2x—-2=0.
1880.2) x® + 6x -8 =0; 6) x* —4x+1=0.
1 proneHb b R 5

- Pemmre HepaBeHCTBO MeTOZI0M HMHTEPBaJOB (881—883).
881.a)(1- x)(x+7)(x+3)>0; 6)(x+3)(x+1)(x—5)° <0;

B)x(x—4)(x+5)(x—1)<0; r) xz(x +3)(x—4)(x—6)=0.

. 882.a)(x— 1)(x*-2x+3)<0; 6) (x* - x - 1)(x - 1,5) <0;

= B)(x-2)(6x*- x—4)?>0; r) (5x% + 2x — 3)(x + 6)2> 0.
1883.a)(5-2)(x-3)3(x+1)>0; 6)(3—x)(x+1)(x—5) <0;
B) (x — x?)(x + 3)(x — 1) < 0; r) (2% — 4)(x + 3)(2x — 4) 2 0.
Haiigure ¢ Tounoctsio 10 0,01 xopau ypasaenusa (884—886).

. 884.a)x® +3x%-4x-1 =0; 6) 2x" +3x°-2=0.

]

885.2)2x%+2x -1 =0; 6)0,2x° — x*+ Tx+5 =0.

. 886.a)3x3+3x%+5x+1 =0; 6)2x° - x> - Tx+5 =0.




! Ypoeenn B

Pemure HepaBeHCTBO MeTOAOM MHTepPBAaJIOB (887—891).

x(x-1)(x+2) (x- 2)(x 3)
250 et T Sl A St T
pet.a) (x+3)(1-x) 6 x(x +x+1)
¥ x“-8x+2 _. (x=20x-3) .
12888“’) x(x—2)(x+3)$ f )(2+x—x2)(x+5)
v B g etein,
1:590 a) x -5x+6 <1: 6) x +6x+5 10x+1
x? +4x +4 2 -4x+4 (x 2)
1 1 x% +5x+4
891:8) S 6) —<1.
a) x> -6x+8 8 2x% +5x

Haiiagnre c TouHOCTHIO 0 0,01 KopHU ypaBHeHus (892—893).
892. a)lnx+x 2=0; 6)x-0,1sinx=2.

893.a) x> = ¢*+2; 6) x% = sinx+e* — 2.

894. NTokaxxuTe HEPABEHCTBO A5 BCeX X > 0:

2 3
a) x—%<ln(1+x); 0) x—%—<sinx<x; B) x> In (1 + x).

895. Pemure ypaBHeHUe:
a)|lx—1|+|x-38|=1; 6)|x—1|+|x-3|=
B)[x—1|+|x - 8|=4; r)|x—1]|+|x-38|=
1896. Perure aBoiinoe HepaseHcTBO 4 < |x — 1|+ |x — 3|< 6.
897. lokaxure HEPABEHCTBO:
a)-10<x°-5x* + 52 +1<2, x€ [-1;2];
6) -1 <sin x + cos® x < 1,25;

B)tg x —8sinx>-3 J§, x € (0; 0,5m).
s VYnpaxuenus ans nonropeum; “\

e

u 0,2(27).

898. CpaBHuTE unCIa: a) 3 11 $10) i 22

3
899. Haiinure snauenre QyHKIUM y = x4 B TOUKE X, €CITH:
a)x,=1; 6) x, = 16; B) 81; r) 625.
900. Haiizure HauboIblIee ¥ HAUMEHbIIIee 3HAYEHUA BHIPAYKEHUH -
sin o + J§ cos O..
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[ TOTOBMMCA K TEMATUYECKOMY KOHTPOJIIO
; ¥ TECTOBBIE 3AJAHUA
!\ 1. BeruucauTe npeges hm(x+2J_ )

a)l; 6) 2; B) 3; r) 4.

2. Haiigure k, eciu mpsiMas y = kx + 3 o6pasyeT ¢ mOJI0KATEIb-
. geIM HanpaBiaeHueM ocu Ox yrox 135°.

B a)1; 6) -1; B) 3; r) -3.

- 3.IIpousBogHOU QyHKIHU Y = Yx? asnserca byHKOMA:

VPR VS F¥ B)y’=§§/x_2; r)y'=§\/3x“.

i 4. Haiigure 06acTh 3HaYeHUN QYHKIUH Y = 3x%-6x+1.
. a)R; 6)[3;7]; B) (—o; 4]; r) [4; =).

1
5. Touka ABMIKETCA IPAMOJIUHEHHO 10 3aKOHY S(1) = 3 2428 ¢

T/ie S UBMEpPAETCHA B METpax, a t — B CeKyHAaxX. Beraucaure eé CKo-
' pocrb, eciut =1c.
\ a) 3 m/c; 6)4m/c; B)HM/c; r) 6 m/c.
! 6. Haiigure 'ranrenc yIVIa MeXK Ay KacaTeJbHOU K rpaduKy hyHK-
,i Couu f(x)=1 - ln(2x — 1) B Touke ¢ abcuuccoit x; = —1 1 DOM0XKH-
TeJbHBIM HanpasieHueM ocu Ox.
. a)-1; 0) 2; B) 4; r) —4.
- 7.CKOJIBKO KPUTHYECKHUX TOYEK UMeeT QYHKIMA | = x°—5x° ma
npomesxkyTre (0; 3):
a) OJHY; 0) nBe; B) TpH; I') HU OHOM?
- 8. Orpesox anuHOM 12 cM pasjesJ MM HA JBE YaCTH TaK, YTOOHI
| cyMMa ILIOIaed KBaJpaToB, IOCTPOEHHEIX HA 3THX OTPEe3KaxX Kak
; Ha CTOpOHAX, ObLIa HauMeHbIIeH. Halaute cyMmMy miaomagei aTux

"Rnanpa'ron.
- a)100; 6) 40; B) 72; r) 80.
A
1 9. Beruucure sHaYeHUE NPOU3BOAHOM GyHKIuH f(x) = 3cos x —
| \» { P
. — 2sin x B TOUKe X, = R
a)-3; 6) —2; B) —5; r) 1.

10. Cymma HauboJBIIEr0 ¥ HAUMEHBIIEr0 3HAYCHUN DYHKIHU
N y=x’na npomexxyTke [—5; 2] paBHa:
i a)-3; 6) 29; B) 25; r) 4.
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|
Meé‘g" TUNMOBBIE 3AJAYM V11 KOHTPOJIbHOW PABOTDI
1. Haiigure 3HaueHre NpoU3BOAHON GyHKIUM f(X) B TOUKe X

1 { a)f(x)=2e"+3x3; x,=0; 6) f(x) =sin4xcos4x, x,= EnZ;
1

l‘[ SSPINER L EERTS e  S G

(| x2+32+9 ' s s

‘l 2. HalijuTe KpUTUYECKHE TOYKHU (DYHKIUH:

\“ a)y=%x3—3x2+8x+1; 6)y=vx-1+J5-x.

3. Haiijure HaubosbIIee H HAUMEHbIIee 3HAUeHUA PYHKIUHA Ha
' 3a/laHHOM IIPDOMEIKYTKE:

| a)y=3x*+4x3+1,xe[-2;1]; 6)y=5+3,xe[1;6].

‘ 38X

| 4. Haiizure sKCTpeMyMbI (DYHKIIUH U OIIPEJIeJIATE HX XapaKTep:
|

? 2 Bx® ! 5 T
| a)y—?———z— +6x—8; O)y=x—2Jx-2.

1 ' 5. HaiijuTe IpOMEKYTKHA MOHOTOHHOCTHA (DYHKITHU:

3x-1
a)y=3’;—+1; 6)y= \x2—6x+8 .

6. HaiiguTe mpousBOAHYIO (DYHKIIUH:

2

x° -1 Jtgx
a)y=,/—2—; O

x“+6 x°+1

l

| 7. Haligure miomans TpeyroJsHUKA, KOTOPBIA OTCEKAeT OT Ocei
i KOOpAMHAT KacaTelbHas, IPoBeJéHHAA K rpaduky pyHKIun y = Inx
l B TOUKe X, = et

I

| 8. 3ab6opom AIHUHOI 24 M HY’KHO OTOPOAHUTE C TPEX CTOPOH IIPSAMO-
YTOJILHBIN IBETHUK Hauboibmen mromaau. Haiigure pasameps! iBeT-
HUAKA.

‘ 9. UccrenyiiTe (hyHKINIO HA MOHOTOHHOCTE:

1 -3x° +5x% +1, x=>-1;

|
y =
' i, x<-1.
X
| Il 10. IIpu kaKuX 3HAYEHUAX IapaMeTpa @ GyHKuuA y = ax®-3x’s

TOYKe X = 1 mMeeT MUHUMYM ?
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TATCTOPUMECKUE CBEAEHMA

MaTremaTHUeCKHit aHAM3 — 00JI1aCTh MaTeEMaTUKH, B KOTOPOH Ha OC-
HOBe aHA/IM3a 6ECKOHEYHO MAJIBIX UCCIEAYIOTCSA caMble pa3HOOOpa3HbIe

' Q)YHKII,PIH, BYaCTHOCTH U Te, KOTOPbIE OIIMCBIBAIOT IIPOLIECCHI X ABJICHUA

npupoAbl 1 obmectsa. I1o aromy nosoxy JK. @yphe nucas, 4To MaTeMa-

. TMUECKHU aHAJIM3 CTOJIb JKe IIMPOKUIL, KaK U camMa IIpupoa.

IlepBBIMY ¥ OCHOBHBEIMH COCTABJIAIOIIMHA MaTeMATHIECKOI'0 aHA-
au3a sBisercsa AuddepeHnnaIbHOe U HHTeIPAIBHOE HCYNCICHUA.
TpaZfuIHOHHO U3yYeHNe MaTeMaTHIECKOT0 aHAIN3a HAYNHAETCA C
paccMOTpeHus OCHOB AuddepeHnuanbaoro ucunciaesns. Uuarer-

‘ paJIbHOE UCYHUCJ/IEHNEe U3y4YaeTCsd IMOo3¥Ke. I/ICTOpH‘IeCKPl pasBuTHe
: 9THX pa3/zejioB MaTeMaTH4YeCKOro aHajanu3a Ipoucxoaujio B OﬁpaTHOM

HanpasJeHHH. B paboTax MaTeMaTHKOB APEBHEr0 MUpa cHadaJa
0oJIbIIIee BHUMAHUE YAEIAI0Ch UHTErPAJIbLHOMY UCUMCIEHUIO — BhbI-
YHUCJEHUIO IJIoIaiell 1 006EMOB (M. ¢. 265).

Crenyer 3aMeTUTh, 4TO U caMo Au(depeHIaIbHOe HCUHCIeHUEe

- PasBHBaJIOCh HE B TOM Iocje0BaTeJIbHOCTH, KaK BbI €I'0 M3y4aJld. Cua-

qaja yqénme HAYYWUJIUCH BBIYUCIAATH IIPOU3BOJHBIE MHOTHX (bYHRI.IPIﬁ
¥ C UX NIOMOIILIO pelraju Bax Hble IIPUKJIaJIHbIE 3afavdu. ITossxe Ha-

| YaJu YTOYHSATH, YTO TaKoe npousBogHasd. Toapko B 1823 roxy dpan-

nysckuit maremaruk Oriocrer Jiyn Kommu (1789—1857) chopmyn-
DPOBAJI CTPOTOe OIpe/ieieH e Ipe/ielia U HelPePLIBHOCTH (DYHKIUH.
IlpousBogHAas B MaTeMaTHKY BOILJIA IIOYTH OJJHOBPEMEHHO
¢ MOHATHEM (QYHKI[MNA, XOTS MaTePHaJ, KOTOPHLIHA IMOIBOAUI K 9TUM
HNOHATUAM, HAKAIIMBAJICA HA IPOTAKEHNU MHOI'MX BeKOB. Emé Ap-
XUMe/]| pelIaJl 3a/[au, KOTOPbIe TellePh PEIIAl0T ¢ ITOMOIIBIO IPOM3-

BOJHOM: UCCJIeI0OBAT, KaK IIOCTPOMUTE KacaTeJbHYIO K CINpaJId, KakK

| HaiiTu HaM6OJIbIIee 3HAYCHNE IPOUSBEICHNA X2(a — X) U T. .

HpOI/I3BOJ.IHYIO IIPOMU3BOJIBHOI'O MHOro4jeHa OT OJIHOM IIepeMeH-

 Hoit ymen HaxoguTh I1. @epma.

~ Boipaowuiics cdpaHuyackui matematuk. HOpucr,

DEPMA TMbep (1601—1665)

COBETHMK napnameHTa. MatemMaTukoW 3aHumancs s
csobopaHoe ot pabotbl Bpems. Co3garenb Teopuu
Yyucen, OMH U3 OCHOBOMOJIOKHUKOB aHanuTU4ec-
KOW reomeTpuu, AuddepeHuranbHoOro HCHUCEHUA
U TEOPWW BEPOATHOCTEN.

«@epma coenan 6onvwe 0na pazBumus meopuu
yucen, yem 6ol dpyeol yyéHsii B meverue
6osee moicadu nemy.

4. Cmum
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HbIOTOH Wcaak (1643—1727)

Boigatowmncs aHrnMMckum (OrU3nK, acTPOHOM,
matematuk. Boarnasnsn Koponeeckoe obuwectso
(Akagemuio Hayk), Gbin YneHOM napnameHTa
Aavpektopom MoHeTHoro gsopa. men Tutyn pbiyaps.
CcopmynupoBan OCHOBHbIE 3aKOHbI MEXaHWKH,
3aKOH BCEMHUpPHOro taroteHus. Hesasucumo or
JleibHHUUa 32/10)KUN OCHOBbI MaTeMaTHYeCcKoro
aHanusa.

«lpu usyveHuu Hayk npumeps! nonesxHee npaBun .
H. Heromon

OH mokasaj, Kak pemaTrh 3KCTPeMaJIbHbIE 3a/jauH, B TOM YHC-
Jie — O BIIMCHIBAHWHY B JaHHBIA AP KOHyca HanboabIIero o6séma,
OUJIXHAPa HanOoJabpIIei monaay NoBepxHoeT: 1 T. A. Ho camoro
MOHATHSA IPOU3BOAHOM OH HE BBEJ.

K nmoHATHIO NPOM3BOAHONM IPUIILIA IOYTH OJHOBPEMEHHO U pas-
auuyaeiMu oyTamu W, Heioror u I'. Jlei6aun. Y. HeioToH Mexomm
u3 norpebHOCTE! (PU3UKH, paccMaTPHUBAJ HUBUIYECKHIA CMBICII IIPON3-
BoAHOK. DYHKIUIO OH HA3KIBAJ (rroeHTo# (nat. fluere — Teus), a mpo-
HU3BOAHYIO — (umroxcueit, GyEKIIM 0603Hauan 6YKBaAMU U, X, U, 2, 4 UX
IIPOM3BOJHBIE — TEMH ke OyKBaMU C TOUKAMHU CBEpXY: i, X U T. J.

1. HeroroH BBEN moHATHE haokenu B 1665 r., HaMHOrO pasbie,
yem I'. Jleitbann — nmouarue nuddeperuuana, so Jleitbrun onyo-
JIAKOBAJ CBOM paboTe! paakine, B 1684 r. K Tomy ke OHU /1K DA3HEI-
MU IYTAMH, He3aBUCUMO ApyT oT Apyra. IloaTomy ux oboux cuura-
0T OCHOBOIIOJOKHUKAMHU AuddepeHInaJIbHOr0 UCYUCTIeHUA.

T'. JIeit6HUI, paccMATPUBAJ I'€OMETPUYECKHA CMBICI IPOU3BOAHOM
HAXOZWJI YIJIOBOH KO0a((DHUIHEHT KacaTeJabHOM K rpaduKy QyHKIAN.
IIpu 5TOM OH IOJIL30BAJICSA HE IPOU3BOIHOM, a Judeperyuanom u ot-
HomeHUueM quddepernnanioB. BMecTo H3BECTHEIX BAM CIMBOJIOB Ax,
Ay ou nucan dx u dy. 3necs d — nepBas OyKBa JaTHHCKOI'O CJIOBA

NEWBHUL, Fotcppug Bunsrensm (1646—1716)

Boigatowmiica Hemeukui yuéHoii. Mo obpazosanuio
1opHcT, pabotan 6ubrMoTekapeM, McTopHorpacom, opra-
HU30Bas BepaMHCKYIO aKkaaeMuIo HayK, UCCie0Bast Npo-
611eMbl NOIMTUYECKON IKOHOMMH, A3bIKOZHAHWSA, XUMUU,
reonoruu. OCHOBOMNONOXKHUK CUMBOTUHECKOHN NIOMMKH,
OfIMH U3 CO3aaTenei MaTeMaTH4ecKoro aHanmaa.
«lTocne JlelibHuua, noxcanyd, yxce He 66110 Yeno-
Beka, komopeild noaHocmeko oxBameiBan 6bl Bero
UHMENNEKMYANnbHYIO Hcu3He cBoezo BpemeHu ».
H. Burep
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i e o= g, E———
differentia — pasrocTh, BeAih IpUpalieHNe apryMeHTa U mpupaie-

. HYe (QDYHKIUYM — PAa3HOCTH uX 3HadeHWM. OTCIOAA M IIOILIO HA3BaHUE

«auddepernuanbaoe ucuuciaenmner». Iloaarne guddepernuana u

dy P
CHMBOJIBI dX, —— IIAPOKO UCIIOJIL3YIOTCA B COBPEMEHHON MaTeMaTHKe.

dx
BgéJs TepMuHEL: «(DyHKIUA» , «abcrpccas , «OpAXHATA» , JOTHIECKYIO

CHMBOJIMKY, 3HAKH YMHOYKEHUSA U JeJIeHU (TOYKY U IBOETOYME) U JIP.
Ux nccnepoBanus ycneirso npoxokuna Y. Beprymnu, A. Jlo-

. muTanb, JI. Oinep, B. Teitnop, K. Jlarparx u ap. He Bce ux pac-

CYXJAeHUuA OBLIH CTpOoTrHe, HEKOTOpPEIe JaxKe coAepixaiun ommuoOKH,

TIOTOMY 4TO B TO BpeMs He OBLIHM pa3paboTaHbl JIOrHYECKHe OCHOBBI

MaTeMaTH4YeCKOI'o aHajuaa.

L,-rm\nﬂo: B PA3JAEIE 2

Ywmcso A Ha3BIBAIOT NPedesoM YUCL060l NOCLed06amenbHOCMU

| Y, €CIIH IS moboroe> 0 CyILiecTByeT HOMeD 4YJieHa nocJiefioBaTelib-

HocTHu N(€) TaKO0M, UTO AJI1sA BCeX n > N(€) BRIIONHAETCS HEPABEHCTBO

|y, —Al<e.

Ecnu uyucinoBas nmocaenoBaTeNIbHOCTD Y, HMEET IIpe/es, TO OHa
HasbpiBaeTcda cxo@mqe&cx. Ecou uuciioBas Iocaef0BaTeIbHOCTh upe-

| JleJia He IMEeT, TO OHA Ha3hIBAETCHA PACX00AULelLCH.

Yucao b HaswsiBaeTcsa npederom pynryuu f(x) B TouKe x = a,

- ecJIm s JIF000T0 ITOJIOKUTEJIHHOIO YA CJIa € MOYKHO YyKa3aTh Takoe

IIOJIOHUTEJIbHOE YUCJIIO 5, 9TO VIS BCeX 3HAYCHHUHA X U3 IpOMEXYTKa

(a —§; a + 3), Kpome, BOBMOIKHO, CAMOM TOYKH X = @, BHIIIOJIHAETCA

HepaBeHCTBO | f(x) - b| <e.
Ecau raxxpas us GyEKnui f(x) 1 g(x) umMeeT npejes B TOYKE
xo, TO B 9TOM TOUKE CYILIECTBYIOT IIpefensl GyHKOui f(x) + g(x),

f(x) - g(x), B f(x)m Lo

g(x) (g(x) # 0) 1 ©MEeIOT MeCcTO PaBEHCTBA:

1) lim kf(x)=k llm f(x);3

x—)xo

2) lim (f(x)+ g(x))= lim f(x)+ lim g(x);
x—)xo x—-)xo x—')xo

3) lim (f(x)-g(x))= lim f(x)- lim g(x);
x5 x—x, x—xy

lim f(x)
4) lim f(x) _ 5% ,ecam lim g(x) #0.

X%, g(x) ’lrlglo g(x) X%




u

Pasnen 2

-

ChopmyIMpoBaHHEIE CBOMCTBA IIPABUJILHEI TAKIKE JJIA IPEEJIOR
MOCJIeIOBATEJIbHOCTE! B IS IIpejiesia Ha 66CKOHeYHOCTH.
sint

| %1_{% el 1 — nepeviit 3amevamenvHblii npeden.

@ysKnua y = f(x) Ha3pIBAGTCA HENPEPLLBHOIL B TOUKE X ), €CIIH
CYIIIeCTBYeT Ipejes (PYHKIMH B 9TOM TOYKE M OH PDABEH 3HAUYCHUIO
(GYHKIUU B TOUKE X,

f

il lim f(x) = f(x,) .
) X—Xq

|

1

DyHKIUA Yy = f(X) Ha3BIBACTCA HeNnpepul8HOl HA NPOMedcymke,
€CJIM OHA HeIPEePhIBHA B KAX/0M ero TOuKe.
| Touka, B KOTOPOM (DYHKI M He ABJIAETCA HENIPEPLIBHOM, HA3KI-
BaeTcsA MmouKol pas3pvléa GyHKyuu, a cama GyHKIIUA B 3TOH TOUKe
' HA3BIBAETCS PA3PbLEHOLL.
| Teopema (Boavyano—Kowu). Ecnin dyskousa y=f(x) Henpe-
[ f‘ pEIBHA Ha [a; b] ¥ Ha KOHIIaX 9TOro OTPe3Ka IPUHUMAET 3HAUYEHUA ’
il pa3HbIX 3HAKOB, TO Ha uHTepBajie (a; b) 00A3aTeIBHO CYIIECTBYeT
| ’ | TOYKA ¢, Takas uaTo f(¢) = 0. |
' I pouseodnoit pyrryuu f(x) B TOUKe X HA3LIBAIOT NIPeJes OTHO- *
LIeHUA NPUPAIIEeHUA QYHKIUA B TOUKE X, K IPUPAIIeHUIO ApI'yMeH- ‘
‘
i Ta, €CJIM IPUpallleHue apryMeHTa CTPEMUTCA K HYJIIO, a IIPeJeJI Cy- k
| IIEeCTBYET,
,

| o Ax . (g +AX) = (%)
| I f(x) X L&go Ay _Al.xlrr—r»lo Ax )

‘ . IIpasuna u popmyas: nuddepeHIMPOBAHUA

|“ T o7l =1 \[;'z__l_.
0 C'=0, ") =oax"" 7, ( ) e
; " (Cu) =Cu/, (sin x)’ = cos x, ¥y = ¢,
1 N (u+vy=u+v, (cosx)=-sinx, (a*) =a"Ina,
||l
it kel e
I el ’ t x) = oA |
v ‘ (wvy =uvv+uw’, (tgx) T (Inx) =
a l 7
11 u) _uv-w ’ it 2571
! —_ = — ct X)) =— =
' (0) TRIE (ctg %) sinx’ (log, x) xlna

; Ecmu y = f(u), rme u = h(x), oy’ =y’ u'. |
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I i - am———
T (xp) =k =tgo — reome'rpnqecxnn CMBICJI IIPOU3BOHOM.
v(t) = §'(1); a(t) = V'(t) — MexaHMYECKHiI CMBICJ IIPOU3BOIHOIA.
U=lo= T (xo)(x — x;) — ypaBHeHHMe KaCATeJbHOU K rpadpuxy
dysxnun y = f(x) B TOUKe X,.
Ecnu npousBogHasa GyHKIUA B KaXK/J0H TOYKEe HEKOTOPOT'O IIPo-
. MEXKYTKA IOJIOKUTEIbHAs, TO QYHKIIUA HA 9TOM IPOMEKYTKE BO3-
pacraer.

Ecnu npousBogHas QYHKIIME B KAXKJI0H TOUKE IIPOMEIKYTKA OT-
- puIaTeJbHadA, TO QYHKIMA HAa 9TOM IIPOMEKYTKe yObIBaeT.

Ecyiz npon3BoHAA B KAXKJOM TOUKE IIPOMEXKYTKA TOKJECTBEHHO

paBHA HYJIIO, TO HA 3TOM IIPOMEXYTKe (DYHKIIUA IOCTOAHHAA.

BrayTpeHHME TOUKY 00JIACTH OIIpe/ieIeHus QYHKIMA, B KOTOPBIX
@6 TpOM3BOAHAA PABHA HYJIO WM HE CYIIECTBYET, Ha3bIBAIOT KPU-

MUYeCKUMU MOYKAMU PYHKYUU.

Kpuruueckas Touka X, IpX epexoie yepea KOTOPYIO B HAIIpas-
JIEHHH pOCTa apryMeHTa IIPOM3BOJHASA MEHSAET 3HAK C «ILII0Ca» Ha
. «MUHYC», ABJISETCA MOYKOU MAKCUMYMA, & TOUYKA, IIPA IIEPexXoe

yepes3 KOTOPYIO IPOM3BOAHAS MEHSAET 3HAK C « MUHYCA» HA «ILJIIOC» —
- MOYKOU MUHUMYMA.

Touku MUHEMyMa ¥ MakcuMyMa (hyHKIIUU HA3BIBAIOT MOYKAMU
- dKCcmpemyma, a 3HaYeHUs (PYHKIUU B 9THX TOUKAX — IKCMPeMYy-
- mamu.

- Ecau Bropas npousBogHaA ABaXABI guddepeHupyeMoi hyHK-

nuu y = f(x) orpunarensuas (f(x) < 0) na uarepsase (a; b), To Kpu-

- Bad y = f(x) BRIIYKJIaA HA JAHHOM HWHTepBaJle, eCJIM BTOPas MPOHU3-
BoznHas nonoxutensuad (f(x) > 0), To kpuBas BoruyTas Ha (a; b).

Ecnu npu nepexojie uepes TOYKY X, IPOU3BOJHASA f(x) menser

3HAK, TO TOUKa (X; f(x,)) ABIsAETCA TOUKOM Meperuba Kpusoit y = f(x).

Ilpsimas | HageIBaerca acumnmomoil kpueoit y = f(x), ecnu
- paccrosiaue d ot Touku M (x; f(x)) KpuBO# [0 3TOM NPAMOM cTpe-

MHUTCS K HYJIIO IPU yAaJIeHUU TOYKU M B 6€CKOHEYHOCTh.
Ilpamas x = @ — @epmuKaibHas acumnmoma KpuBou y = f(x),

ecan lim f(x)=ce 1100 He CyILIECTBYET IIpPe/iesia B TOUKe X = d.
. x—a

Ecnu cymecTByeT KoHeuHbl npeaen b = lim f(x) | ro npamas
X—yo0

Y = b — zopusonmanvHas acumnmoma KpuBou y = f(x).
f(x)

YpaBHEHUE HAKAOHHOU acumnmombl:y=kx+b, rnek = hm %

b= lim(f(x)—kx). Eciu 0ba sanmucasHble IpeJeJIbl CYIIeCTBYIOT, TO
X—350

CyIecTByeT HaKJIOHHasA aCuMIITOTA.
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NHIELPATI
NEEL Q NPVMEHEHWE

OcHoBHbIe TeMbI pasgena

MNepsoobpa3Has v e€ cBo1cTBa
Tabnuua nepsoobpasHbix. HaxoxaeHue nepeoobpasHbix
MepBoobpasHas v nnowaab KPUBOIMHEMHOM TpaneLuu
OnpepgenexHbiv HHTErpas, ero reOMeTPUYECKUIM CMbICH
®opmyna HoiotoHa— JlenbHuua

Bblurcnenue nnowanen nnockux ouryp

O audbdepeHyranbHbix

| ypaBHeHMsXx

® [pumeHeHue UHTerpanos
K peLUeHuIo
NPUKAaAHbIX 332y

Omkpeimue aHanuza 6€CKOHEYHO MAAbIX, M.€. UCYUCAEHUS
JugpgpeperyuansHo2o u uHmMezpansHo2o — B dedcmBumensHocmu
00HO u3 Benuyadwux uzobpemerul, Komopoe Ko2da-a1ubo cmoz
ocywecmBums 2eHul YenoBevyeckozo dyxa.

B. JleBuykuii




Iy Boarom pazgene Bbl 03HAKOMMTECH C HOBOW ONepauren — UHTErpUPOBaHUEM,
. KoTopas sBnsetcs obparHoit auddepeHuMposaHuio. Beenerue uHTerpupo-
BaHWs 1 AU PepeHLUPOBAHUA U YCTAHOB/IEHWE UX B3aUMOCBA3M CTaJIO BE/U-
- Yadwmnm oTKpbiTHeM Yenoseyectea B XVII sexe. U3yuns matepuan atoro pas-
. Aena, Bbl NoNyunTe YAOOHDIM METOA PelLeHNsi BXKHDIX 3aaay.

S 24. MEPBOOBPA3HAS U UHTEIPA

Pansee BBl 03HAKOMHJINCH ¢ onepanueil nuddepeHupoOBaHUA:
. HaXOXKJAEeHUs IPOM3BOAHOM 10 AaHHOM pyHKIuMu. He MeHee BaskHA
} i u obpaTHaA e omepanus — WHTEIPUPOBaHME: HAXOMXKJeHue (DyHK-
IIAHY IO €€ TIPOU3BOJIHOM.
Ilycrs mano pyHKIUIO F(X) TAKYIO, YTO B KAXKIOM TOUKE X HEKOTO-
poro npomesxyTtka I F'(x) = f(x). B aTom cayuae hyaxmnuio f(x) Hasbl-
BaIOT Npou3BOAHOU hyHKI MU F(x), a F(x) — nmepBoobpasuoii mis f(x).

' DyHkuyua F(x) HasbiBaeTca nepBoobpazHol pns pyHKUMK f(x) Ha
« npomexyrtke I, eCiM AN KAKAOrO 3HAYEHHA X U3 ITOTrO Npome-
. xytka F(x) = f(x).

' Hamnpumep, Ha Bceil YUCIIOBOM ocH (T. €. Ha R; byarmua F(x) = x2
| ABaseTCs HepBoobpasHoi A f(x) = 2x, ubo (x°)Y =2x; F(x)=sin x
A ecTb nepBoobpasHoi s f(x) = cos x, ubo (sin x)’ = cos x.
Dyarnua F(x) = x ! apaserca nepBoobpasHo# a4 f(x) = —x
manpuMep Ha [1; 5]. Ho He Ha R, nockoabky F'(0) He cymecTByeT, u
He Ha (—o0; 0) U (0; =), IOCKOJIBKY 9TO HE IIPOMEIKYTOK.
! 3 Onxsa gu QyHKOHSA F(x) = x? ﬂBJme'rca nepBooOpas3HON A
. f(x) = 2x? Her. Begb u (x° + 3)'=2x u (x2 - 7Y = 2x u r. 1. Kakum
. OBl HU 6LIJIO yucao C (mnpous3BONbHASA noc'rommaﬂ) byHEROHA
 F(x)= 22 +C— nepBoobpasHas a4 f(x) = 2x, ubo (x +C) = 2x
y CyigecTByIOT Jiu Apyrue QYHKIUHA, OTIAYHEIE OT F(x) = 22 +C,
. mepBoobpasuble 1 f(x) = 2x? Her. v
b T eopema. (Ocrosroe ceoitemeo nepgoobpasuvix.) Kaxmas nep-
~ BooGpasnas nusa pyaxuuu f(x) umeer Bux F(x) + C, rae F(x) — onna
M3 3THX NepBoo6pa3HbIX, a C — NPOM3BOJbHAA MOCTOAHHAA.
HoxasarteascTBo 1.Ilycrs F(x)— omaans mepBooOpasHbIX LI
¢yaxouu f(x) Ha npomexyTKe I, T. e. 11 Kaxzaoro x € I: F'(x) = f(x).
i ITo npaBuIy HAXOXKI€HUSA TPOU3BOAHOMN CYMMBI
! (F(x) +C) = F'(x) + C' = f(x) + 0 = f(x).
- 9TUM JOKA3aHO, YTO Kakas 061 Hi ObL1a nocrosuuasn C, ecou F(x) —
1

-2
?

| nepBoobpasHas s f(x), To u F(x) + C — nepBoobpasuas 11 f(x).
2 2. ITyers @©(x) u F(x) — aBe n106b1e mepBooOpasHsbIe AJsi QyHKIAN




 ————

242 3 Pazpgen 3

f(x) ma npomexxytke I, 7. e. D (x) = f(x) y A
u F'(x) = f(x) pns xoxporo x € I. Torga
(P(x) - F(x)) = P'(x) - F'(x) =

= f(x) -~ f(x) = 0. g

Kax Bugum, byEKnusa P(x) — F(x)
Takas, 4To B KaXKA0# Touke x€leé mpo- < |
usBonHaa paBHa 0. Takoe cBoiicTBO y
HMeeT TOJbKO onpegenéHnas Ha I hyHK-
M, KOTOpas HU BO3PACTaeT, HU yObI- = |
BaeT Ha ATOM IIpoMekyTKe. Beas ecau y
ObI HA HEKOTOPOU YaCTH MPOMEKYTKA [
ara QyHKIOMsA Bo3pacTaja uim yosisana, = | J
TO TaM €€ MPOU3BOAHAA OblIa 6BI COOT- o y=Fx) _x
BETCTBEHHO ITOJIOYKUTEJIbHAS UJIUA OTPU-
narensHasa. (IlogpobHee ob6ocHOBaHUE Puc. 102
aToro axkTa JaéTcsa B CTPOTHX Kypcax
mMaTemMaTudeckoro ananusa.) Urak, ®(x) — F(x) = C, rge C — mo-
CTOsIHHasA, T. e. P(x) = F(x) + C.

ITUM JOKa3aHO, 4TO ecau F(x) — ogHA M3 NepBOOOPA3HBIX I
dbyrrouu f(x), To Kaxkgaa u3 Gysrmui F(x) + C rakixke eé mepBoos-
pasHad U JPYrux nepBoodbpasHbix 14 f(x) He cymecTByert. ['eomer-
PHYECKH 3TO 03HAYAET, UTO 2pauru ni00bLx 08YX nepeoobpasHbLx
ons pynKyuu f(x) maxue, ¥mo ux MO#CHO COBMECMUMb NAPALILELb-
HbLM neperocom 6006 ocu opduram (puc. 102).

F(x)+ C — obwuil 6ud nepsoobpasivlx nns byErmuu f(x).

Kaxxaa nepBoobpasHas paccMaTPUBAETCA Ha HEKOTOPOM IIPOMe-
sKyTKe. Ecu sxe 1JIg KpaTKOCTH ero He YKa3bIBaIOT, TO KMEIOT B BUAY
IIPOMEXKYTOK MaKCUMAaJIbHO BOSMOYKHOM UIMHEL. B yacTHOCTH, eciiu
pysroua f(x) onpenenena Ha R ¥ IPOMEKYTOK HE YKasaHO, TO peYb
Huuer o eé nepBoodbpasuoit F(x) rak:ke Ha R.

Onepanuio HaXO0KAEHUA IPOU3BOAHON JaHHOU QYHKIIUYM HASHI-
BaIOT dughpepernyuposaruem. ObpaTHas et omepanyus — HAXO0MK/IeHNe
IIepBOOOPA3HOM — HA3BIBAETCH UHMEZPUPOBAHUECM.

Hcnonssys popmynsr guddepernuposanud (c. 218), coctaBum
Tabauny nepBoodpasHeix. CoBeTyeM 3aIIOMHHATH €6.

=F(x)+C,

i

=F(X)+'C1

46

1 1
Hannas dyaxuus |k (nocrosunasm)| x" (n #—1) = —\/? o®
xn+l
Eé neprooGpasnas kx+C ot +C|Injx|+cC 2Vx +C|&+C
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1 1
as sin x m e
| JasHaa QyBEKIH S 1 cos x PRT T a
[ - ) a*
Eé nepBoobpassas|—cosx + Csinx+C|tgx+C|-ctg x +C = +C

O6ocHOBaTH ATy TabMHIYy MOKHO qudepeHIupoBaHueM QYHK-
ouu 13 €€ BTOpo# cTpoku. Ilons3ysack TabiauIeil, MOKHO Cpasy
nucaTh, 4YTo, HaIpUMep, Aad GQyHKOuU f(x) = x® IIepBOOOPa3HOMI

1
ects F(x) = -§x9+Cn'r. I.

MHoecTBO BceX nepBooOpasHbIX GyHKIHH f(X) 4acTO HABKI-
BAIOT HeonpedesiéHHblm UHmMezpaiom 3Toi GyHKIuU u 0603HA-

9al0T CAMBOJIOM If(x)dx (uuTaroT: mETErpas ad OT MKC Je UKC).

BripajxeHue «IIPOMHTErpupoBaTh GyHKIHUIO f(x)» obo3HadaeT TO
JKe, YTO U «HAWTHU IIepBO0OpasHyo aisa GyHrIuu f(x)».
To ectb, ecnu F(x) — nepBoobpasHas aus Gyaxknuu f(x), aC —

IIPOU3BOJIbLHOE YHUCJIIO, TO If(x)dx =F(x)+C.

CJI0BO uHmMezpas B IepeBoZie ¢ JATHHCKOIO A3bIKA O3HAYaeT
nensiii. Ilouemy ero Tax HasBajaH, Bbl IIOMMETE, KOT/a 03HAKO-
MHTECH C OIpenENeHHBIM mHTerpasom (cm. c. 241).Heonpene-
JIEHHBIM €TI0 HasbIBAIOT IIOTOMY, YTO OH IIPH 3aJaHHON QyHKIUHA
0 | 1 JaHHOM 3HAUEHHU X UMeeT He OJHO YUCJI0BOe 3HAUeHNe, a 6ec-
KOHEYHO MHOTO.

3 Tabnuiny mepBooOPAas3HBIX, ¢ IIOMOIIBIO0 CHMBOJIA HEOIIPEAEJIeH-
HOT'0 MHTErpaJja MO HO 3allicaTh TaK:

1 n+l
y § Ix"dx=x + C (n #-1). IV.Icosxdx =sin x + C.
n+1
II.J‘(i—x = In|x| + C. V. Isinxdx =—cos x +C.
x dx
x a
: =2 10, —=— =fox4C.
111 Ia dx = C VI Icosgx tgx+C
r J'e"dx=e"+C VII_[ as =—ctgx+C
: A Y sin®x ]
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c? MPOBEPLTE CEBA

- 1. Cdhopmynupyite onpeaeneHue nepsoobpasHoi.
2. Cchopmynupyite TeopeMmy 06 OCHOBHOM CBOMCTBE nepsoobpasHOii.
3. 3Has, uto (x“)" = 2x, ckaxxuTe, 4eMy pasHa nepsoobpasHas yHKUUK
y = 2x. HasosuTe Tpu pasnuuHbie nepeoobpasHblie hyHKUWH ¥ = 2x.
4. Yro Takoe gudhchepeHumposarue?

5. Kak HasbisaloT onepauuio, obpatHyio auddepeHuuposaHuio?

S5 BbINOJIHAM BMECTE

1. Hokakure, uro hynKnus F(x) = 2sin x + 3x ABIsAETCA IEPBO0OH-
pasHo# quisa pysKmuu f(x) = 2cos x + 3.

HoxazaTeasbcTBo. F(x)= (2sin x + 3x)' = 2cos x + 3 = f(x).
Hmeem: F'(x) = f(x). Urax, no oupepenenuio, Gysxnusa F(x) —nep-
BooOpasHas ;i GyHKIun f(x).

2. Haiinure nepBooOpasHyIo AJs QYHKIUA: ) Y = x°; 6) y = 3~

Pemrenue. BocnonbayeMes Tabauneir mepBooOpasHbIX.

n+l
a) IlepsoobpasHoii iis pyskmum x” (n#—1) ects hyEKIMA J:Hl FC:
5 x5+1 xG
Iia pysxnuu y = x° n =5, moatromy F(x) = ) +C= i + O

x
6) [lepBooOpasHoi Ay QYHKIUHU i = a” ecTh QYHKIUS {;—a +C.

x

s dyaxkouu y = 3% a = 3, nosromy F(x) = 51_5 +C.

3. Hadiure 1iis QyHKIUHA I = X TAKYIO IEPBOOOPABHYIO, YTOOKI €€
rpaux npoxonu uepes3 Touky P (2; 5). '
Pemenue. ITonssysack Tabnuneit, HAUAEM 001U BU IEPBO-

1
obpasHbIX: F(x) = Exz + C. ITockonbKy rpaduk HCKOMOM IIepBO06-

1
Pas3sHOM IPOXOAUT yepes Touky P (2;5), 05 = 3 4+C, orcropa C = 3.

1
CnegoBarensHo, F(x) = 3 22 +3.

OTBeT.F(x)=%x2+3.
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4. IIpounTerpupyite GQyHKIHUIO Y= x .

1
1 Fiy 4
Pemenue. I%dx=jx4dx=f+l+c=4xg/;+c.
4

' BoinonHuTE YCTHO e (S s TR

HaiiguTre ofHy U3 1epBo0Opas3HbIX Aas pyaxkmun (901—903).
90L.a)f(x)=2%  O)f(x)=% Bf(x)=x% 1)f(x)=x"".
902. a) f(x)=sinx; 6)f(x)=0; B) f(x) = 5; r) f(x) = cos x.
903.2) f(x)=0,5"; 6)f(x)=¢% B)f(x)=x% r)f(x)=-0,1.
904. Ha xakOM M3 PUCYHKOB M300pa’keHbl Irpa@uKu TPEX IepBO-
obpasubIx ana Gyskoun y = 1 (puc. 103)?

Puc. 103

905. Kaxoe 13 yTBep:KAeHUI1 IPABUIbHOE: TPADUKH JABYX PASHBIX
epBooOpa3HEIX OAHON (GYHKIUMH COBIALAIOT; rPaQuKU ABYX
Pa3HBIX IEePBOOOPA3HBIX OJHOU MYHKIMU IEepeceKarTCsd;
rpaduKH IByX PasHAIX IEePBO0OPA3HEIX OAHOM (GYHKIMU COBME-
IAlOTCS NapajlleIbHBIM IePeHoCcoM?

906. [Tna xaxoit GyHKIUY ITIPON3BOAHASA ABIAETCS OJHOBPEMEHHO 1

IepBOOOPa3HOM?

{¥posens A T SR A

Hatiure onny us mepBoo6pasHbix anda dysxmun (907—909).
907.2) f(x)=x%  6)f(x)=25 B)f(x)=x'"" r)f(x)=-3.

B.a)f(x)=5%  6)f(x)=10%5 B®B)f(x)=x"" 1)f(x)=n.

1 1 1 1
909.a)y = ; B)y= ;. B)yY=—=: DyYy=—.
)Y 0032 x )y sin2 % )Y x° )Y xlo

4

910. Ooxaskure, uTo QyHKnusa F(x) = x° — mepsBoobpasHas aus

bysxnun f(x) = 4x5.

| AR
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911. HaiiguTe yeThIpe IPOU3BOJILHEIE IePBOOOpasHbIe A1 QYHKIIAN
f(x) = 4x°. Haiipure TaKyIo IepBooOpasHyo, rpauK KOTOPOi
, npoxoaut yepesd Touky A(0; 3).

1912. oxaskure, uro byaxknusa F(x) = 0,522+ x — nepBoobpasHas
aas pyakmun f(x) = x + 1. '
1913. Harmumure 061wt Buj mepBooOpasHbIX 1s hyHroms f(x) =x + 1.
914. Noxaskure, uro byHrnus F(x) = cos x — mepBoobpasHas qis
byrxnuu f(x) = —sin x. Haiigure TaKkyio nepBoobpasHyio, Ipa-

ux xoTopoi npoxoauT yepes Touxky A(0; 3).

| Yposensn b b T
915. Hoxkaskure, uto GyHKIMA F(x)=2 N O/IHA M3 ITIePBOOOPA3HBIX

s pysroum f(x) = 71;— Ha npomexyTKe (0; o). lna pysrmuu

y=2 Jx HaWiuTe TaKyIo IepBo0Opas3HyIo Ha IpoMesxkyTKe [1, 5],
uT00B! €€ rpaduk npoxoaui yepes Touky K(4; 7). ITocrpoiite cxe- J
MaTudecKye rpapuKy JaHHOA QYHKIIAYN U €€ ITIepBOOOPA3HOM.

916. Noxaxure, uro: a) pyakuus F(x)=1+tg x — ogna us nepsood-

00l | M, T
pasHbIX Ay pyHKOUH f(X) =—— Ha npoMexyTke | ——; — |;
cos“ x 2 2

0) dyarnusa F(x) =x + ctg x — oxHa U3 nmepBooOpPa3HBIX IS

‘ 1
| Gbynknuu f(x) = 1 ———— Ha npomeskyTkax (nn; n(n + 1)), rae
sin X

‘ n — MeJI0e YHUCIIO.
w @17. Joxarkure, 4TO: a) QyHKIUAA Y = 2x* + x sBnserca nepBoodpas-

4 HOM 1A (DYHKITUY Y = 8x3+1; 0) bysxkuusa y = e* + ex asnsaercs l
| nepBooGpasHoi Aus QyHKIMHU Yy = e* + e.

1
918. ABnserca nu dysxroua F(x) = T IIepBOOOPa3HOM AJs
|
f(x) = ——13 HanpomexyTke: a) (0;); 06)(—e<;0); B)[-3;3]?

|} ‘ 919. ITpaBuisHO 11, uyTo hyHKIMA F(x) — nepsoobpasnas mis f(x), ecom: |

| 2

| ) F(x)=x"+ =, (x)=2(x—iz+cJ,xe(o;w);

x

ﬂ 6) F(x)= 3 - x*, f(x)=38x-0,2x>+C, x € R;

B) F(x) = x% +7, f(x) = —ﬁ , X € (~o0; 0)?
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‘f9'20. Hoxaxxkure, uro pyHKIuA y = 1 — 2c08 X ABIAAETCA IepBOOOpas-
HOI nua pysKmuu y = 2sin x. ITocTpoiiTe B OXHOM cUCcTEME KO-
opAMHAT rpad UKy JBYX APYIHX IePBOOOPA3HBIX 1A DYHKIIHH
y = 2sin x. HalizuTe Takyio nepBooOpasHyio, rpaduK KOTOPOM
npoxonut uyepes Tourky M(0,57; 5).

921. Jokaxkure, uro pyHKIusa F(x) ABasgeTcsa MepBoo0pPa3HOM AJisd

f(x), ecin:
1 1 5 1
a) F(x)= —x +5+—, f(x)=§x———,xe(0 0);
0) F(x)= 2sin 3x, f(x)=6cos 3x, x€ R;
i o 3 _R. T
‘ B) F(x)= 4+ tg 3x, f(x)= g ,XE ( 5’ GJ'
_L}]poseub B : T e P A AW Y e B a0 ~ el

Haiigure uarerpai (922—923).

4 1922, a) _[x"7'5dx; 6) I@dx; B) Ix‘:\'/;?dx; r) J'x“”dx 7

2
@23. a) I’ij’;dx; 0) f[%] dx; B) _[——-dx s lin) J-x:_a dx

924. Nokaxure, uro pysruuay =0,75x Yx spnsercs mmepBooopas-
HOU ansa pysknum y = VX . ITocTpoiiTe B OXHOM cUCcTEME KOOP-
ausHaT rpadukn Gysxnui y = 0,75x Yx i Y= ¥x . Hoxaxure,
4T JIf00as nepBoobpasHas HeYETHOM HeIIPEePEIBHOM (DYHKIAH,

0 onpezeléHHOM HA (—a; a), .'iIBJIﬂeTCﬂ YETHOHN HYHKIIUEH.

f§25 Haiigure nus pysExnum y= —5x* 1epBooOpasHyIo, rpaduK KOTO-
POt mpoxoxuT uyepes Touky: a) A (1; 3); 6) B (2; —5); B) P (—1; 3).
IokarxkuTe, 4TO YETHAA HENIPEPEIBHAA (QYHKI[AS, OIIPEJeIEH-
Haa Ha (—a; a), uMeeT X0TsA OBl OAHY

HEeYéTHYIO NepBoOOPABHYIO. YA

926. Onpenenure Gpysxnouio f(x), ecau rpa- 4
(GbHUKOM ee mepBOOOPA3ZHON ABIAIOTCA: -
' a) npsMas, NPoXoaAnIasa 4epe3 TOUKU 24

0O (0;0)u A (1; 2); 6) napabouia, uzobpa-

sKEéHHAaa Ha pucyHke 104. + ' >
927. Ina dysxoun g(x) HaAUTE IEPBOOO- ‘2V/2 ¥
pasHyio, rpaduK KOTOPOit TPOXOIUT Je-
pe3 Touky M. IlocTpoiiTe rpadux aToi
nepBooOpasHoii: Puc. 104

%{




.. 228 Pasgen 3

1

»

> 0,
o) () = COS X, €CJIN X > M(0; 0):
1,ecan x <0,

l,ecimx2>1,
0)g(x)=1 5 M(1; 0).
x7 ", ecmnx<l1,

\Ynpaxneuus ans nosTOopeHMs or ol

928. Haiigure sKcTpeMyMbl GyHKIUM y = 1 — sin x.
929. Haiiure TOYKH IIepecedeHnu s rpauKoB GyHKIAN:
a)y=x2+3ny=4x; 0)y= Jx m y=0,5x — 4.
930. Beruuciure:
a) 495+ log, 3, 610051249, 5)0,5 11089

825. HAXOXXAEHUE MEPBOOBPA3HbBIX

BriBeileM HECKOJIBKO TIPaBUJI, IMOJOOHBIX mpaBuyiaMm auddepen-
IIUPOBaHMs, KOTOPKIE 00/Ier4aoT HaxX 0K AeHue IePBo0OPa3HbIX.

I. Ecau F(x) u G(x) — nepBooOpasusie aus GyHKuHi f(x) n g(x),
10 F(x) + G(x) — mepBooOpasuasa nuasa pysrmun f(x) + g(x).

IeiicTBuTenbHO, eciu F'(x) = f(x) 1 G'(x) = g(x), To

(F(x) + G(x)) = F'(x) + G'(x) = f(x) + 8(x).

I1. Ecoin F(x) — nmepBooOpasHas quasa pyHknnu f(x), a R — npous-
BOJIbHOE UM CJIO, TO kF(x) — mepBooOpasHas aas pysxmum kf(x).

Bens (BF(x)) = kF'(x) = kf(x).

II1. Ecnu F(x) —nepBooOpasHas niusa pyaxkuuu f(x), a k, b — npo-

u3BoJbHbIE yucaa (k # 0), To %F(kx + b) — mepBOOOpa3HAA A
dyaxuuu f(kx + b).
Bons (%F(kx+b)) L ;1; 5 e % Shfthr by = f(hx 1-D).
Il puMe pwi. Haligure mepBooOpasuyo s QyHEKITHA:

a)y=x4+cosx; 6) y=5sin x; B)y=(7x+2)3.
Pe m e v u e.a)llnadbyaxnuii f,(x)= xtu f4(x) = cos x mepBo-

5

x s
00pasHBIMYU ABJIAIOTCA COOTBETCTBEHHO F(x) = Iy u Fy(x) = sin x.

IToaToMy /1A CYMMBI TaHHBIX (DYHKITUI OO BH/] IIEPBOOOPA3HEIX
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F(x)= %x5+sinx+C.

_ 6) ITo npaBuuy I1: F(x)=—5 cos x + C.
\ A B) OnHol 13 nepBooOpasHeIX Aua Gyaxkmuu f(x) = (Tx + 2)3, co-

(1x+2)"

. O6mmii
4 8885051

raaceo npasuay III, asnaerca dyaxnus F(x) = % .

‘ A BH/JI IIePBOOOPA3HBIX [JIA JaHHON DYHKIUH

’ : F(x)=%(7x+2)4+c.

j K Hax 0K /IeHUI0 IepBO0OPA3HEIX CBOAATCS IPEXKIe BCEero 3aaum,
| 8 oOpaTHbIe TeM, KOTOPBIE PELIal0TCs ¢ IOMOIIBIO IPOu3BOAHOM. Pac-
CMOTPUM IIPUMED.
| 3 Ecyiu u3BecTeH 3aK0OH NPAMOJMHEHHOTO ABMKeHU Teia 8§ = 8(t),
‘ TO AJIsI HAXOXKIEHUA er0 CKOPOCTH B MOMEHT ¢ HY»KHO HAWTH IPOU3-
BOAHYIO: U(t) = s(t). 3aech LaH 3aKOH JBUYKEHUA U TpebyeTcs HANTH
€ro CKopocTh. {1 MeXaHUKHU He MEHee Ba)KHO YMeTh pelaTh oopar-
HYIO 3a71a4y: 110 3aJaHHOM B KaKblii MOMEHT CKOPOCTH O PEAeIATh
3aKOH JIBUYKEHUS.

3agaua. Touka ABUIKETCA IPAMOJUHENHO C IIEPEMEHHOM CKO-
pocteio v =10t M/c. 3a nepsle 4 ¢ ona npomuia 80 m. Haitnure 3akon
JBHI)KEHUA TOUKH.

P e 1 e H 1 e. VICKOMBIH 3aKOH IBUKEHU S BBIPAXKAETCA TAKOM (DyH-
Kuueit 8 = s(t), uro s'(t) = 10¢. 3neck s(t) — nepBoobpasHas i QYHK-
myu v = 10f. O6muit BUA BCeX TaKUX IepBoOOpasHbIX S(1) = 5t2 + C.
ITockonbky 3a 4 ¢ Touka npomuwia 80 m, To80=5-16 +C, orcioga C=0.

OrBeT. UCKOMBIN 3aKOH ABMIKEHUS TOUKH S(1) = 5¢2 ,roet —
BpeMs B CEKYHIax, S$(f) — paccTosiHUe B MeTpax.

IIpuMeps! APYruxX NpUMEHEHUH IepBO0OPa3HOil PAaCCMOTPUM B
ciaeayomux maparpadax.

C nmoMoIbio HeonpeieIEHHOI0 HHTEerpaja IIpaBujia MHTerpupo-
BaHUSA 3aIIACBIBAIOTCS TAK:

! j (f(x)+g(x))dx = j f(x)dx+ j g(x)dx .

Sl e o 1

i

S S e e

2. j kf(x)dx=Fk j f(x)dx .

3. J-f(kx +b)dx =ijF(kx+b)+C , rae F(x) — nepsooGpasHas Ajs
f(x), k#0.
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_DIKZEER!DTE CEBA o

" 1. Yemy pasHa nepaoo6paauan ans pyHkumM kf(x)?
2. Yemy pasHa nepsoobpasHas ans CyMmbl AByX hyHKUMM? A ans pasHocTtu?
3. Cchopmynupyiite npasuna WHTErpUpOBaHHSI.
4. Yemy pasHa nepsoobpasHas ans gyHkumum f(kx + b)?

45 BbINONHMM BMECTE

1 Héi»’mn're OZIHY 3 IIePBOOGPABHBIX A QYHKILAM:
a)y=(1-5x)°% 6)y=2+tg* 3x.
Pemernue. a) Ina Gysknuu y = x° oxHO¥M u3 IepBOOOPa3HBIX

L o

ecTs QyHKOUA Y = 54— . Y4uTBIBas TO, YTO IePpBOOOPA3HOM H1dA hyH-

1
kuuu y = f(kx + b) ectb QyHKIUA 7 F(kx + b), 3anumieM NCKOMYIO

4 4
nepBoobpasuyo: F(x) = _% ) (1-5x) e (1-5x) ;

4 20
6) npeo6pasyeM cHauyanga GopMyIIy, 3a1a0I0YI0 QYHKIUIO:
y=2+tg23x=1+1+tg23x=1+ ; .TomaF(x)=x+ltg3x.
cos“3x 3

2. Teno aBUKeTCA MPAMOJUHEWHO ¢ yCKopeHueM a(t) = 2 M/cz.
OnpenennTe CKOPOCTH HAHHOIO ABH)KEHHUA KAaK QPYHKIUIO OT
BpeMeHH t, ecau B MoMeHT ¢ = 0 oHa paBHAIAch 3 M/C. '

Pemresue. YecKkopeHue — IpOM3BOAHAA CKopocTH. IloaToMy
ecsin v(t) — BCKOMAas CKOPOCTh, TO V(1) = 2. CireoBaTesnsHO, V() —
nepBoobpasHas niaa Gysrmuu a(t) =2, moaromy v(t) = 2t + C. Ilo-
ckoabky v(0)=3,1703=2-0+C,C=3.

OrBer. v(t) =2t + 3.

! BoinonHUTE YCTHO >

931. Haiingure oHy 13 1€PBOOOPABHEIX AJA QYHKINA:
a)y=1+x9; 0)y=5-x; B)y = 2x°; r)y=-0,5x".

‘Yposenb A

HaiiguTe ogHy 13 IepBOOOPASHBIX AJIA QYHKIAA (932——-933)
f932. a)y=2sinx; 6)y=sindx; B)y=cosTx; r)y=5+cosx.
933.a)y=0,5%%; 6)y=e B)y=0Bx)% rny=5+x"
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Haitgure o6mquit Buj nepBoobpasubix qiusa Gyaxrnuu (934—936).

934. a) f(x) =3 + x; 6) f(x) = x> + 2x;
b B)f(x)=3x%+5x; r) f(x) = 4x° - 8%,
, 1935. a) f(x) =—5x* + 5% 6) f(x) = —2x + sin x;
B) f(x) = x° + €% r) f(x) = x° - 2cos x.
936. a) f(x) =x* +2x — 1; 6) f(x)=x° - 4x + 3;
B) f(x) = 2 + cos 3x; r) f(x) =3 —sin 5x.
[ 937. Ilna xakoi GyHKOUK IepBO0OPa3HOit eCTh (DYHKI[HA:
‘ i a)y = 3x"; 0) y =2 cos x?

f938. Hna dysxkoun f(x) HalguTe TaKyIo IePBOOOPA3HYIO, UTOORI €€
rpaduK IPOXOAWJ Yepe3 3alaHHyI0 TOUKyY P, eciu:

a) f(x) =1+ x%, P(-3; 9); 0) f(x)=x + , P(0; —3).
S
939. IIna dysxnuy f(x) HaliUTe TAKYIO nepaooﬁpasnym F(x), uro:

a) f(x) = 2%, F(-1) = 2; 6) f(x) = x% F(2)=3;

B)f(x)=sinx,F(gJ=1; £y Fy %,F(4)=2

!Yposenb b I, TPl

940. Teso ABUIKETCS NPAMOJUHENHO C YCKOpeHUeM a(t), Ipu4éM B
MOMEHT BpeMeHH t, CKOPOCTh TeJia paBHa v,. Hailiqure 3aBucu-
MOCTB ITYTH, IPOAAEHHOTO TE€JIOM, OT BDEMEHH, ECJIH:

a)a(t) =8t, ty=5c, vy =120 m/c;
6)a(t)=8,t,=3c,v,=30m/c.

T{Ml. Teno aBuMKeTCSA NIPAMOJIUHEHHO CO CKOPOCTHIO VU(t), IpUUYEM B
MOMEHT BpeMeHH t, IPONeHHEIN Iy Th DaBeH s,. Haliaure 3a-
BUCHMOCTb IIyTU, IPOUJEHHOTO TEJIOM, OT BPEMEHHU, €CJIH:

a) v(t) = 8t%, t,=2c, 5, =12 m;
6) v(t) =2sint, ty=mc,8,=2 M.
Haiigure ob6muii Buj nepBooOpasHbIX ansa Gysknuu (942—946).

942. a) f(x)=8e*+x; 6)f(x)=e> % -3x; B)f(x)= - 2%,
1943. 8) f(x) =382 +3; 6)f(x)=3"*+Jx; B)f(x)= € +3x".

944, a)f(x)=-;17 ma (0; «); 6)f(x>=x% 8 (~o; 0);

B)f(X) =4 -5 ma(03); 1) f(x)= 5 + 3 ma(-=s;0).
b X
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:
i

2
945. a) f(x) =l (0; =); 6) f(x) = \/7 Ha (0; );

/ 2,7 T T 0, 5

B) f(x) = vos® x 8 (—5; 5); r) f(x)—— , Ha(0;m).
‘I e H 1 \— . .
| 946. a) f(x) =sin x + N Ha[-1; 1];

6) f(x) =cos x — 1,,_ Ha (0; 3].

sin X

Haiigure o6muit Buj nepBoobpasubix A1 GyHknun (947—948).
947.a)y = 5sm Tx cos 7x, 0)y=2 sin x - 3;
B) y =sin® bx — cos? bux; r) y = 3x — ctg® 3x.
\948 a) y =sin 2x cos 13x — cos 2x sin 13x; o)y=x+ tg? 3x;
B) Yy = cos 3x cos Tx + sin 3x sin Tx; r)y=2-2sin’x.

{Yposens B T~

Insa saganHO¥M GYHKINKA Ha#AUTe Ty HepPBOOOPA3HYIO, rpaq)mc KO-
TOPO# IPOXOAUT Yepes TOUKy A (949—950).
949.a)y=(x+2)(3x— 1), A(0; 4); 6)y=(x— 1)(x%+x+1),A(2; 7);

_x+l Attt R e A 5
’\ | B)y_ x— 1 ,A(2 2); I1)y—1+cos4x ’A(E’ 0)'
I 950.a)y=x+3J§,A(4;0); 6)y'= (1 —VE)aVx + 1), A0 1);
SasVAD e .
| B)y= - A -3; 2); SR e 3,0).
4 | HaiiauTe naTerpans u pe3yiabTaT nposepsTe auddepeHnupoBaHueM
1 (951—952).
| 951 a)j dx; 6) j"a‘“ldx- B)j
1 ok x\/_ \/_ x+41 0 sin 2x
| 9*-8"-12 , cos2x {1 e
| ; d ; —_—d .
| I 843" )Icos x ¥ e)J. o i
952.1) [2**-e®dx;  6) [—2EEE gy, ») [ g
25x“ +30x+9

2
dx; n) J'(tg§+ctg§) dx ; )J‘cgs25x

‘:[ ‘ r) J.nf _—21
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T953- Hajiigure (hyHKIUIO, €CJIHM YIIIOBOM Koo dUIHeHT KacaTe bHON
K €€ rpaduKy B KaKAOU TOYKe X 3a1aérca hopmyJion k = —x2.
ITocrpoiite rpaduk Takoil GYHKIUU U €€ KacaTeabHOMH, IIpoBe-

2
JTEHHON B TOUKE A( pf 3 ) s

954. Banaiite GyHKIUIO, rpaduK KOTOPOIl TPOXOAUT Yepe3d TOYKY
(0, 3), ecitut yriioBo#t K09(hHUIUEHT KacaTeIbHOM K 9TOMY I'pa-
(HUKY B KasKJI0H TOYKe X 3anaérca ¢gopmyson k=1 + P2

955. Touka aBMIKETCA TIO npamon TaK, 4TO €e CKOPOCTh B MOMEHT
BpeMenu ¢ paBHa v(t) =12 + 2t — 1 (m/c). Haiinure nmuny nyTu,

! IIPOMIEHHOT'0 TOYKOM 3a BpeMs oT 1 ¢ 710 4 c.

T956. CKOpOCTb TOUKH H3MEHSAeTCH 110 3aKoHy v(f) = 9,8t —0,005t%(m/c).
Haiigure nyTh, IPOMAEHHBINA B Te€U€HUE IIEPBBIX 5 C ¥ YCKOpe-
HHEe B MOMEHT BpeMeHH { = H C.

957. Testo aBUKeTCA TPAMOJIHHEITHO ¢ yCKOpeHueM a(t), IpHUéM B
MOMEHT {, (C) KOOpAMHATA ¥ CKOPOCTh TeJIa PABHAIUCH COOTBET-
CTBEHHO X, (M) 1 v, (M/c). OnpeAeJm're 3aKOH IBUXKEHUS, €CIIN:
a)a(t)=6t,t,=0, xy=3, vy=
6) a(t)=-2t,ty=1,xy=4,v,= 2
B) a(t)=cost,ty=m, xo=1,0,=0.

+YNpAKHEHNA AN NOBTOpeHMA . -

958. Haiijure npou3BoaHyo QYHKIIHA:

a) y =log, (2x + 3); 6)y=1-x; B) y = sin(b — 2x).
959. BanuinnuTe ypaBHEeHHE KaCaATeJbHON, IPOBEAEHHOM K rpaduKy
(byl-munu Y = f(x) B TouKe ¢ abenuccoit x,, eciu:
a)y=2x2+3, Xo=1; 6)y=2"+3,x,=1.
960. B nepBom Gake cogepsxurcs 400 1 6eH3nHA, a BO BTOPOM —
900 1. ExxeuacHo u3 nepBoro 6aka serimBaior o 20 g 6eH3nHa,
a co Broporo — 1o 10 si1. Yepes CKOJIBKO 4acoB B IIepBOM Hake
ocraHercsa OeH3uHA B 4 pa3a MeHbIIIe, YeM BO BTOpoM?

~ 826. NEPBOOBPA3HAA U TUIOLLALD
KPUBOJIMHEMHOM TPANELIUM

IIycrs Ha KOOPAWMHATHON IIOCKOCTH 3aJaH Ipa)MK HeIpephIB-
HOU (hyHKIUH Y = f(x), IpUHUMAaIOMEei Ha NpoMexyTKe [a; b] Toss-
KO HeoTpunarelabHble 3HaYeHUA. PUTrypy, OTPAHHUYCHHYIO TAKHUM
rpauKOM, 0ChI0 abCICe ¥ IPAMEBIME X = @ ¥ X = b, HA3BIBAIOT KPUBO-
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‘ : Puc. 105

AUHelHoU mpaneyueii. KpuBoNMHEXHYIO TpallelIMi0O HASHIBAIOT
Taxsxe nodzpaguronm pynrxyuu f(x) ga [a; b].

‘ | HecKoJIbKO KPUBOJIMHENHBIX Tpanenui n3o0pakeHO Ha PUCYH-
ke 105.

1 Kaxnas KpuBOJIMHEHHAS TPAIICLIUSA UMEET OIPeAeIeHHYIO I1JI0-
] i maas (9To JOKA3AHO B CTPOIMX KypPCcax MaTeMaTUYeCKOro aHaIu3a).
OTH IVIOMIAAN MOXKHO HAXOAUTE C IIOMOIILIO TIEPBOOOPA3HBIX.

T e o p e m a. ILnomans KPUBOJIHHEHHOM Tpaneuuu, 00pa3oBaHHOMN
rpaduxom dyaxunu f(x) 2a npomeskyrke [a; b], pasna F(b) — F(a), rae
F(x) — nepBoobpasnas nus ¢yaxuuu f(x) Ha [a; b].

HJoxasaTexbcTsBo. PACCMOTPUM IPOU3BOJIBHYIO KPUBOJIHU-
HEWHYIO Tpanenuio, o6pasoBasHyio rpadhuxkom byarouy f(x) Ha [a; b]
‘ (puc. 106). ITycts x — npou3BoJIbHAA TOUKA oTpe3Ka [a; b], a S(x) —

mIomanb KpUBOJIMHENHON Tpamenuu, oOpasoBaHHOM rpaduKoM
1 byarnuu f(x) Ha [a; x]. ITorarHo, yTo S(x) — dbyHEKOUA OT X. [loKa-
" xeM, uto S'(x) = f(x) nna kaxporox € [a; b].
| Hanum nmepeMeHHOM X npupamnjesue Ax, rorga byHrnusa S(x) mo-
' Jayuut npupamenue AS = S (x + Ax) — S(x) (puc. 107). 3to — mio-
’ maab KPUBOJNMHEHHON Tpanmenuu, o6pasoBaHHON rpaduroM
, dbyuxouu f(x) Ha npomekyTKe [X; x + Ax], oHA IPUGIHIKEHHO paBHA
| IIOIAAY IMIPAMOYTOJBHUKA ¢ OCHOBaHMEeM Ax, u BeicoTo# f(t), rae
t — HEKOTOpOe YMCJIO U3 mpomexkyTra [x; X + Ax]. ITocKoabKy
bysarnusa f(x) HenpepsIBHA, TAKOE YHCJIO t 00A3aTeIbHO HANAETCH.,

] !‘ CnepoBarensro, AS = f(t) * Ax, oTKyAa % = f(2).
I
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YA y=flx

Ry
Ry

O| a X x+Ax b
Puc. 106 Puc. 107

Ecimu Ax — 0,0t — x 1 f(t) - f(x), u60 byHKIUA f(X) HEIIPEPHIB-

Ha. IToaromy eciu Ax — 0, TO g - f(x), 1. e. S'(x) = f(x).

Kaxk Bugum, dyakuusa S(x) — nepBoobpasuas miusa f(x) ma [a; b].
IToaTomy ecau F(x) — rakas-n1ubo Apyras nepsoobpassas i f(x)
Ha [a; b], To S(x) = F(x) + C, rae C — nocrosinHas. YToOs! onpee-
aurs C, yuarém, 4o S(a) = 0, u60 npu X = @ KPUBOJIUHEHHAA Tpale-
nuda, obpasoBanHaa rpadurom Gpyaxuun f(x) Ha [a; x], BRIpOK gaeT-
cA B OTPe30K; ero miomans paBHa 0. Umeem: 0 = F(a) + C, orcioga
C =—F(a). CnegoBarensHo, S(x) = F(x) — F(a). Eciiu B TO paBeHCTBO
TIOJICTaBUM 3HaYeHHe X = b, TO HOJIYYUM IJIOMIAh KPUBOJIUHEHNHON
Tpanenuy, oopasoBaHHO’ rpadukom byexkoun f(x) Ha [a; b]:

S =F(b) - F(a). (1)
3HaueHUe BoipaXkeHus F(b) — F(a) BoI- YA
YHUCAAIOT YaCTO, IOATOMY A yaobecTBa 914 /

< b
ero samucwiBaoT emé u rax: F(x)[) .
Hrak, popmysa (1) npmobperaer BUA:

S=F). 2)

3apgaua 1. Haiigure momans KpuBo-
JIMHEHHOM Tpanenuu, obpasoBaHHoi rpadu- 5T
KoM (pyHKIUHU Y = x*Ha npomexyrke [1; 3].
Pemenue. Ha pucyake 108 nzobpa-
sKeHa GuUrypa, IIomaas KOTOpoi HYKHO
HavTy. s dysxoum y= x? nepBooBpasHoi

31

3

ecTb F(x) = % . CrefoBaTeNbHO, ckomast 1 |
313 S AL >
L2 ) ISP x

1 2
wiomans S="g ; =9- 3—83 (xB. exn.). Puc. 108
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\|‘ i ¥ ST .
j i<’ 3anaua 2. Haiiaure nomans pu- ¥
i I'ypel, OTPAHWYEHHON OJHOM apKoy cu-
ft HYCOHJBI 1 0ChI0 abcuuce (puc. 109). 1
i Pemernune. Hamo Hai™y niaomansb
‘ KPUBOJIMHEHOM Tpamenuu, obpaso- T
BaHHOU rpaduxoM GYHKIUHU y = sin x /|O N\
| Ha npoMexyTke [0; n]. dna dyEKmun Puc. 109
| y = sin x nepBoo6pas3Hoii ecTh QYHKIUA

1 F(x) = — cos x. CliefoBaTeIbHO, MCKOMAdA IJIOManb S = —Ccosx|]
J =1-(-1)=2 (xB. exn.).

Ilonb3ysick TEDMHUHOM «KDHUBOJIMHEHHAA Tpaneuud», CIefyeT
| UMeTh B BUAY, YTO «KPUBOJMHEHHAA TPAELIVA» He BCerAa ABIAeTC s
I rpanenuei (puc. 109) u He Bcerza oHa KpuBonuHeiHad (puc. 105, 6).
1 A B0oOO1IE OHA — He reoMeTpuYecKas purypa B Hay4YHOM IIOHUMA-
' auu. JIro6oe ABHKeHUE 0TOOparKaeT Kax/aAyio (GUIypy Ha paBHYIO
eil (hUrypy TAKOro e Buaa. A eciii « KPUBOJMHEHHYIO TPAIIeIUIO» ,
’ | Hanpumep, n3o0pakeHHyI0 Ha pucyrke 108, mosepryTs Ha 90°, oHa
;' oTobpakaercsa Ha QUIYPY, KOTOpas He ABJIAETCA KPUBOJIUHEHHON
rpanenuei. [IosToMy BMECTO «KPUBOJIMHEHHAA TpalenHua» IroBO-

PAT U OUIOYT «IOATPaGUK QYyHKIUMN» .

. c; MPOBEPBTE CEBS

b Ifl ~ 1. ObbscHuUTE, UTO TaKoe KPUBONWHEHHAS Tpaneuus.
[ 2. Kak MOXHO 3aaTb KPMBOJIMHENHYIO Tpaneuuio?
[ 3. Yemy pasHa niowaab KpUBONWHEHHOM Tpaneuuu, obpa3osaHom rpadu-

| KoM chyHKuUMM f(x) Ha npomexyTke [a; b]?

| %4 BHINONHMM BMECTE

| 1. Haiigure mioma s KpUBOJIMHEHHOM Tpalenuu, 00pasoBaHHOK
| rpaduxom bysknuu y = x Ha [0; 2]. ’

PemeHue. [lanHAasA KpUBOJIWHENHASA TPAlleIAA — IPAMOYTOJIb-
HBIA TPEYroJbHUK ¢ KaTeramu 2 1 2 (puc. 110).
Ero miromans S=0,5+2+ 2 = 2 (kB. ex.).

OTBeT. 2 KB. e].

2. HaiiuTe Iomaas KpUBOJIMHEHOM Tpa-
nenuu, obpasoBaHHOU rpaduxkoM HyHKIUKA
y=3mHall, 2].

PemeHue. 3ajaHHAA KPUBOJIMHEHHAA
Tpanenusa — IPAMOYTOJIBHUK ¢ U3MepeHuaMu 1
u 3 (puc.111). Eromwromazns S=1-3=3(kB. ex.).
If OTBeT. 3 KB. eX.
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3. Haiigure muiomaab (GUrypsl, OrpaHu- vA
yeHHOM rpapukoM pyHKImum y =4 — x° u
ockIo abcmuce.

Pemenune. Haiifem abcuuccel Touexk
nepecedeHus rpaduka JaHHOU QYHKIIUU C 1+
oceio Ox. B aTux Toukax opauHaTa QyHK-
nuu paBHa Hy0: 0=4— X%, oTCI0%a X; =2,
Xy =2 (puc. 112). 35a9UT, HAZO0 HAUTH ILJIO~
Iaab KPUBOJIMHEHHON Tpanenuu, oopaso-
BaHHOU rpaduxom GyHKIuUM y =4 — x% na
[-2; 2]. OgHa 13 MepBOOOPA3HBIX JJIA NaH-

3
HOU QyHKDuUNF(x)=4x — -xs— . IToatomy uc-

KomMasa miomanb

\(2
3
x 8 8 2
S=(4x‘?)‘_2=8'5+8‘§=1°§ (s ex)

2 J-2" 0
OrBer. 105 KB. e]I. T
{Bunoinwre yerno 00— L

961. Kakue u3 3akpamieHHbIX Ha pucynke 113 duryp asnaorca
KPHUBOJMHEHHBIMU TPATECIIAAMU?

YA YA
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t Puc. 113
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= N W

B >
S TR TR YD
Puc. 114 Puc. 115

962. YraXxuTe HECKOJBKO CIIOCO00B HAXOMKJCHHUA Iomany Gury-
PbI, 1300pa’keHHOM Ha pucyHKe 114,

'Ypoeesb A PEE e 8

— SRRIRRSORIEREEST . alinir-

963. I'nsaps Ha pucyHOK 115, onpesesinte, 4eMy paBHA ILJIOIIAAb KPH-
BOJIMHEIHOM Tpanenuu, 06pasoBaHHOM rpadukom GyHKIIH f(x)
HanpomesxkyTke: a)[0; 4]; 6) [2;4].
1964. I'nans va pucysok 116, onpegenn- 7 \
Te, YeMy paBHa IJIOIIaah KPUBOJIH- y=yi-x*
HeWHO# Tpamemwu, 00pasoBaHHOM

1 rpadukoM QYHKIHA § =4 — x> Ha
npomexxyTke: a) [-2; 2]; 6) [0; 2].

965. UzobpasuTe Ha pUCyHKe KpUBoau- -2 -1 O 1 2 7
He{HYIO Tpamenuio, 00pasoBaHHYIO Puc. 116
rpadukoM GYyHKOHHA Ha 3aJaHHOM
IIPOMEIKYTKE:

a) f(x) = x*ma[1; 2]; 6) f(x) = 0,2x® Ha [0; 3];

Il B) f(x)=sinxHa[0,5m;t]; r)f(x) =tgxwa[O0;0,257];
| mf(x)=x*+1ma[-1;2]; e)f(x) = Vx wa[0;5].
!l Haitgure miomans KPUBOJIMHENHON Tpanenuu, o6pasoBaHHOM rpa-
| buxom pyaxknuu f (x) Ha 3aganHOM npoMexyTKe (966—969).
; 966. a) f(x) =x° na [0; 2]; 6) f(x) = x* +1 ma [0; 1].
| 1967. a) f(x) = 2® + 3ma[-1; 1]; 6) f(x) = 5— x?ma[-1; 2].
968.a) f(x)=x(x+4)ma[0;3];  6)f(x)=(x—1)*ma[-2;0].
1969. a) f(x) = sin x va [0; 7t]; 6) f(x) = cos x va [0; 0,57].
970. Hajigure muromans KpUBOJINHEHHLIX Tpanenui u3 Ne 965.

oo e S e i e

— SRR SO AR IR MIER ER ST o
—— ==

| Haiigure nuomaab KpUBOJIMHENHOM Tpanenuu, 00pasoBaHHOM rpa-
duxom pyaxnuu f (x) Ha 3ajaHHOM poMexyTKe (971—975).
971.f(x)=x*+3: a)ma [0;2]; ©)ma[-2;0].
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L 972. f(x) = cos x: a) na[O; g], _6)na [—-’25 g]
1 ‘[§73. f(x)=x3+ 1 a)Ha [0; 2]; 6)ma[—-1;1].
‘. 974. f(x)= 1+ 2sin x: a)Ha[0;rt]; 6) Ha [——g —12!]
. 975. f(x)=(x+2)*: a) ma [-2; 0]; 6) ma[~1; 0].

§ @76 Brruncanre AByMs criocobamMu miiomans noarpadpuka GyHKnun

y=3+; ma[2;6].
Haiigure mromaas GUIrypsl, orpaHudesHou auausamu (977—978).

P '@77.a)y=-—(x—1)3,y=0nx=0;

1 b1 13
0) y=1+ 2cosx,y—O,x——2 mx=7.

978.a)y=—%,y=0,x=—1,x=—3;
X

2
0) y=——=,y=0,x=1,x=4.
y g y
- 979. HaiiguTre mromaas (Urypsl, OrpaHUYEHHOM JUHAAMM:
' a)y=0,x=0,x= 3y—e, 6)y=0,x=0,x=4,y=e¢~

R s T T s S A EAN BN 00 - 210

. 980. Haiigure mromans GUrypsl, orpaHHYeHHOM 0Chio abcmuce u
rpadukoM GyHKIUHU Yy = 3 + 2x — x2.

rpadukoM QyHKOHKA Yy = 3 — 2x — x2.
~ Haiigure nomans Gurypsl, orpaHudeHHoON JuHuaMu (982—985).

B 982.a)y=x3,y=10-x,y=0; 6)y=2%,y=3-x,y=0,x=0.
.v 983.a)y=—x3,y=5+4x,y=0; 0)y= \/;,y= %,x=4.

L 084.a)y=4-2Piy=x+2; T R
o 2 1 T m
985.a)y=x",y=6- x,y=0; 6)y=cosx,y=§,x=—g,x=g.
fynpmenun AJil MOBTOPEHMUA Sl b !

986. Haiiqure IpoOu3BOAHYIO DYHKIUHA:
a)y=In(1+3x); 6)y=xe™; B)y= Jx>-x; r)y=cos2x.
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987. PemuTe HEpaBeHCTBO:
a)lg?x-3lgx+2>0; 6)In(x+3)+1In2<2Inx—In(x - 4).
988. B kiacce 40 yuerukos. Ilo maTemaTuke B IIEPBOM CeMecTpe
ueThipe yyeHuKa mosryauiu 12 6anos, gsa — 10, gecsitb — 9,
narepo — 7, a ocranbabie — 6 6asos. IlocTpoiiTe COOTBETCTBY-

IOIHe CTOJIOYATYIO M CEKTOPHYIO AHATPAMMEIL.

8 27. ONPEAEIEHHDBIA MHTEIPAN

PaccmoTpuM Apyroil mDOAXO0A K OIpPeAesIeHHIO IJIOMAaAd KPUBO-
JIMHEWHOHU Tpamenuu.

Ilycrs mana KpuBOJIMHETHASA Tpanenus, obpasoBaHHAas rpaduKOM
dyaxnuu f(x) Ha [a; b] (puc. 117). Paszobsém orpesok [a; b] roukamu x,,
Xy, Xg, «..y X, _ HA N PABHBIX OTPe3KOB: [a; x,], [x; x5, ..., [x, _ 5 b].

ITocTpouM Ha IEPBOM M3 9THX OTPE3KOB IPAMOYTIOJIBHUK BBICO-
To¥ f(x;), Ha BTOPOM — NPAMOYTOJIBHUK BBICOTOH f(X5), ... , HAN-M —
NPAMOYTOJBHHUK BeICOTOH f(b). B peayibrare mojiyuuM CTyIeHYa-
THIA MHOTOYTOJIbHUK, COCTABJICHHBIN M3 N NPAMOYIOJbHHKOB.
ITycTh ocHOBaHME KaXKA0T0 U3 ITIOCTPOEHHBIX IIPAMOYTOJILHUKOB PAB-
HO AX; TOT/J|a IJIOIaAb BCEr0 CTYIEeHYATOI0O MHOTOYI'OJILHAKA

S,=Ax " f(x;) +Ax - f(x5) + ... + Ax - f(b).

CyMMBI TAKOrO BU/1a HA3BIBAIOT UHMEZPANbHbIMU CYMMAMU (DYHK-
nuu f(x) Ha [a; b]. ITlonyyeHHYIO HHTErPAJIbHYIO CYMMY MOYKHO CUH-
TaTh NPUOJIHKEHHEIM 3HAYEHUEM ILIOIaAu S KPUBOJIUHENHON Tpa-
nenuu, obpasoBarHOM rpadpukom Gpyaxnun f(x) Ha [a; b]. IIpu aTom

ecmu n — <0, 10 S, — S (puc. 118). Ilumyr: S= lim S, .

He TosbK0 3a/1a9a 0 HAXO0K/IEHUH IJIOLIAN K'i)_;l“l’BOJlHHeﬁHOﬁ Tpa-
MEeLyu, HO X MHOT'O APYTHUX BasKHBIX IIPUKJIAJHEIX 3aa4 IIPUBOAAT K
BBIYMCJICHUIO IIPEZIEJIOB IOA0OHBIX MHTErPaIbHBIX cyMM. [ToaTomy /st
TAKOI'0 HOHATHS BBEJEHO ClIeuaJbHOe Ha3BaHue u 0003HaYeHue.

yA y=I(x vA y=1x
N e, 3
0 ax1x2k3 x, 1b %, Ol|a b %

Puc. 117 Puc. 118

-
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l Mpeaen unterpansHoi cymmbl S, pyHKUUH f(x) Ha oTpeske [a; b],
s €Cnun — oo, Ha3bIBAIOT 0NPedenEHHbIM UHMe2Panom pyHKUUH f(x)
ota pob.

b
Ero obo3navaoT CHUMBOJIOM I f(x)dx (auTaroT: UHTErpas oT a Ko b

) a
9(1) OT UKC Jie HKC). 311601: yucraau b — npeaeJLbl UHmezpupoearHui,

I — 3HaK unmezpaaa, f(x) — nodurmezparvHas QYHKUUL, X —

nepemeHHas UHmezpuposaHus.
CuenoBaTelbHO, IJIOIMIAAh KPUBOJUHEHHON Tpanenuu, o0paso-

b
BaHHOU rpadurom pyHruuu f(x) Ha [a; b], paBHa If(x)dx , T. €.

a
b -
S = j f(x)dx . Kax moxasaHo B IpeAbIAYIIEM IIYHKTE, 9Ta ILTOMalb DAB-
Ha F(ab) — F(a), rne F(x) — nepBoobpasnas ;s dyakun f(x). [Toaromy
b
[f(x)dx = F®) - F(a).

a
910 — opmyna Hviomona—JlellbHuya, ocHOBHAA (popMyIa MaTeMa-
TudecKoro anaimsa. Osa 1aéT BO3MOKHOCTH pelaTh MHOT'O PA3HbIX UH-
TEepPeCHBIX U COJePIKATeTLHEIX 3a/1a4 — a0CTPAKTHBIX U IPUKJIAIHBIX, B
YACTHOCTH — ¥ OYEHb BaXKHBIX. Peraiu Takue 3ajayi COTHH MaTeMa-
THKOB eIlIe 3a0JIT'0 [0 CO3JaHusa MaTeMaThudecKoro ananusa. Ho ansa
KaM/JI0M 3a/1aul PAHBIIE OHU HAXOJUJIX OTAEJbHBINA OPATHHAIbHBIN

. croco0 pemenus. Haiias u obocroBas hopmysry Helorona—Jleitouu-

1a, YYEHbIe IOJYYMINA O0INMiA K OYeHb 3(hEeKTUBHEIN cIIoco0 perie-
HUA Takux 3agad. He ciaygaiiao oTkpeitae hopmysl Helorora—Jleit6-
HUIIA CTIeIAAJIACTEI CUUTAIOT CAMBIM BayKHBIM OTKpBITHEeM X VII Beka.

PanuoHaaIu3upOBaTh BEIYUCIEHUS ONPEAEIEHHBIX HHTETPAJIOB
YACTO MOMOTAeT TAKOE X CBOM CTB O:

b b b
[fdx — [g@)dx = [(f(x)-g(x))dx.

CropaBeIuBOCTE 9TOM (POPMYJIBI BEITEKAET U3 CIEeAYIOIUX Tpe-

obpasoBaHUIi:
b

_[(f(x)—g(x))dx = (F(b) — G(b)) — (F(a) —G(a)) =

2. b b
= (F(b) - F(@)) - (G(b) - G(a) = [f(x)dx — [g(x)dx .
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Puc. 119

Mncpynxnuﬁy=x2ny =4x—x°.

Pemenue. [Toctpoum rpaduku fasHEbIX GyaKUmi (puc. 119).
N Hapo maiTa miomans 3akpamresHoi ¢purypsl. OHA paBHA Pa3HOCTH
.w nnomazei puryp OBAK u OBAP. I'paHuIbI UHTETPUPOBaHUA — ab-
couccsl Touek O u A, B KOTOPBIX IepeceKaloTesa rpadukn QyHKIui,
T. €. 3HAYEHUSA X, YAOBJIETBOPAIOIINE CUCTEME YPABHEHUN | = X° U
y=4x - x2. A3 cucremsl MMOJIYYUM ypPaBHEHUE x%=4x - x%, KOPHH
‘ Koroporo x; =0 u x, = 2.

Cie1oBaTEIbHO, HCKOMAS IJIOIASE

'i, 3 a xaua. Haiigure momans Gurypsl, orpaHUdYeHHOM rpaduka-
\
l

2 2 2
S= j(4x—x2)dx—jx2dx=j(4x-2x2)dx=
0 0 0

2
2
=(2x2 -—gxa)i =8—5% = 25 (xB. en.).
0

|
2
k OTBeT.2§KB.e,11.

| [MPOBEPbBTE CEBSl .

!I ~ 1. Yro takoe unterpanbHas cymma? Npuseaute npumepbl.
2. Yro Takoe onpeaenénHbii uHTerpan gyHKumu f(x) ot a po b?

b
‘ ' 3. Kak yutaior supaxeHue J' f(x)dx ? Hasosure ero cocrasHble 4acTy.

|
| ‘x & &
! 4. Cchopmynupyiite chopmyny HoiotoHa—Jleibruua.
[ 5. Kakoe marematuyeckoe oTkpbiTie XVII B. cCUMTAIOT BaXKHEMLLIMM OTKPbITHEM
| yenoseyecrea?
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—

1. Haitgure muromans Gurypsl, OrpaHNIeHHOM JTMHUAMY Y = x2—4

& ny=0.

Peixe Hue. Purypa, 0 KOTOPOit TOBOPUTCS B 3aja4e, PacIoo-
sxeHa Huske ocu Ox (puc. 120), moaTOMYy He COOTBETCTBYET OIIpeiesie-
HUIO KPUBOJMHEHHOU Tpanenuu. OQHAKO OHA CHUMMETPHYHA OTHO-

~ curesnbHO ocu OX KPUBOJIMHEHHOU Tpanenuu, 00pasoBanHoMi rpadu-

KoM pyHKOuny = 4 — x? na npomexxkytke [—2, 2]. Ilmomazu aTux
(duryp paBHsbl, HIO3TOMY

2 3 2
sty il gt e g B b g B S g
S _j2(4 x%)dx (4x 3]_2-(8 3) ( 8+3) 103 (xs. en.).

2
OTBerT. 105 KB. ex. *

2. Haiiure mromans GUrypsl, OrpaHMYeHHON INHUAMY Y = x?-4,
y=x2—1,x=-—2,x=2.

Pemernue. [lanHasa Gurypa pacrosoxeHa 00 pa3Hble CTOPOHBL
ot ocu Ox (puc. 121, a). IlepeHecéM eé napasieIbHO Ha 4 e ITHHUIIEI B

~ manpasaenuu ocu Oy (puc. 121, 6). O6pasosanas (purypa orpanuye-

Ha JIUHAAMY Y = x2, y= 2+ 3, x=—2ux=2. Eé nnomans, a cieno-
BATEJBHO, U IJIONIAAb JaHHOU (DUrypEI

2 2 2
S= I (2% +3)dx - '[ x?dx = I 3dx=3x Ez =12 (xB. ex.).
=2 A 29
OrBerT. 12 KB. ex.

yA n
2 7 y=x%+3
2
_z,l=x-4"2 5t
- =2 g
2\ 0 T s
y=4-x2
g NS, IR

Puc. 120 Puc. 121
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ki =, &

3. lokxaXurte yTBEepXAZEeHHUE YA

1 KaBauabepu. Ecnu gBe GUTrypsl MOMKHO oY = f(x)
{ l pPa3MeCTUTh Ha ILUIOCKOCTH TAK, UTO KaxK-
il nas cexyias, napajuleJbHas JagHHoH Ips- F
1 MO, IlepeceKasi OfHY U3 HUX, IepeceKaer y = g(x)
|

¥ APYTYIO II0 OTPE3KY TAKOU Ke AJIUHBI, TO
IUIOIIAAM 3TUX (DUI'YD PABHBI.

il Pemenue. Ilyers durypy F orpasm- w
| YUBAIOT JUHUM X = @, X = b, y = f(x) n G b2}
y = g(x), adurypy F; — muEuu x = a, x = &
| b,y =f1(x)ny=g,(x) (puc. 122). Ecnn Kax- y=&(*) el
1 as cekymada ¢, napajienbHagocu Oy, me- O a b x
[ pecexaet purypsl F u F; 110 oTpe3kam pas- Puc. 122
|

!
I HO# JuHEL, TO f(x) — g(x) = f1(x) — g;(x)
‘ I aua kaxporox € [a; b]. Torpa

| b b
| [(70)- () dx = [((x) - &,(x))dx,

| T. e. miomazau guryp F u F, paBHSI.

KABAJIbEPU Bouxasentypa (1598 —1647)

WranbsiHcKkui MaTemaTuk, npenogasartesib bonorckoro
yHUBepcuTeTa, aBTop «eoMeTpun», B KOTOPOW W3N0o-
YKeH MeTon Hegenumbix. o cyTi oH ymen pelwarb 3a-
Zayu, KOTOpbie Tenepb pPewatoT, BbIMUCAAA UHTErpabl

b
[x"dx npu HatypanbHbix 7 < 10. Opyrue ero tpyap!:

a
«CT0 pa3nuuHbix 3agay...», « TPUrOHOMETPHS N/IOCKas
U cchepuyeckas, NMHENHas U lorapuMUYecKas».

1 'Boinonnure yctrho
Brruuciaure (989—990).
1 1 1 1
989.a) [xdx; 6) [ xda; B) [otdx; ) nyifitdu
0 -1 0 -1

%

2
990. a) J cosxdx ; 6)
0

|
I

|

Ii

I

T mn
cosxdx; B) Isinxdx; r) Isin xdx..
0 -7

Sy 00| 2

A
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1 1 3 -
~ 991. UsBecTHO, 4TO If(x)dx =39, If(x)dx = 8. Haitgure:
0 1
1 3 3
a) [3f(x)dx; 6) [f(x)dx; B) [0,5(x)dx.
0 0 0
R 1 1
; ‘@92. W3BecTHO, YTO I f(x)dx = a, Ig(x)dx = b. Haitgure:
] -1 -1
Ly 1 1
a) [f(@)dx; 6) [(f(x)+g(x))dx; ) [5g(x)dx.
=1 =1 -1
~ 993. CpaBHHuTE C HYJIEM:
1 0 1 . 0
a) J'O,5xdx 5:6) jxdx; B) I(l—x) dx; ) Isinxdx g
0 -1 0 -n
- 994. Mcnonsays pucyHok 123, a, cpaBHuTe YnCiIa @, b U ¢, eciu:

a b c
a=[f(x)dx, b= [f(x)dx, c=[f(x)dx.
0 0 b
T§95. Tuans va pucyHOK 123, 6, cpaBHUATE 3HAYEHUS UHTETPAJTIOB
3 6
[f(x)dx m [(x)dx .
0 3
- Beruucamre uaTerpas (996—1000).

1 2 1,5
- 996.2) [10xdx; 6) [ x*dx; 8) [ 3x%dx.
0 -1 0

Puc. 123
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n n
3 % 4 dx

997. a) Icosxdx; 0) Isinxdx; B)J. 3.
0 OCOS X

P 2 3 1 0

1998.4) | %—dx; 6) j (4-x)dx; ) [(3x*+1)dx.
0 b -2
1 1 2

999. a) j e*dx ; 6) j 2%dux ; B) j 0,5%dx .
0

1000. a) Je.2x'ldx ’ 06) T5x§dx 3 B) }(x + 220 )dx :
1 16 1

11001. Monsayscs dopmynoi Heiotona—Jlei6auma, HafiguTe miIo-
maabk KPUBOJMHENHON Tpanenuu, o6pa3soBaHHON rpaduKkoM
dyExIUH f(x) HAa 3aJaHHOM IPOMEIKYTKe:

a) f(x)=xmnal[l; 2]; 0) f(x)=cos x Ha[-0,5m; 0 ];

3 | nom
B) f(x)=x"+1ma[-1;1]; r){f(x)=2sinxHa [E; E]'

| Yposens b A

—

Haiizute monjaas KpUBOJIMHEHHON Tpaneuuu, 00pa3oBagHOM rpa-
buxom byaknuu f(x) Ha 3agarHOM npoMexkyTKe (1002—1003).

1002.8) f(x)=(x - 1)’ ma[1;2];  6)f(x)=cos 2xHa [‘% o}

1 m, 3n
| B) f(x) =m Ha [1;9]; r) f(x) = T [4 4 ]
11008. a) y = ¢* ma [0; 1]; 6)y=2"na[-1;2];
B)y=% + 3 Ha[2; 6]; ry= 4——Ha[ ~6;—8].

Bbmncnn're (1004—1005).

1004. 5) Ia s 6) }(1+§/§3§)d'x; ) [(VB—x ) dx;

2n -1 d
r) E[sin%dx . ) J'(2+x)2dx > e) f \/% .

-3
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e R—— 1- ——
f 228 4822 +1 2 +4x+d 2x+3
;1005.a)j—————dx; 6)f P B). dox+1 ax;
h 1
[ 2 it
! “‘ r) J‘___1+cos xdx; n) Izsinzgdx; f———-—l e xdx.
X o cos"x 0 cos x

1006. JloKaxXuTe paBEHCTBO:

a) sinxdx = | cosxdx.

© oA
'——.Nla
‘—»NI:

cosxdx = I xzdx; 0)

. Havigure nmuomans GUrypsl, orpasundeHou muanamu (1007—1009).

'. 1007. a)y——xzny 2x; 6)y=6+x—x2ny=6—2x;

K B)y=x2ny=2; r)y=4x+x2ny=4+x.

"ﬁOOS.a)y=4x—x2ny=4—x; 6)y=—x>,y=0my=2+x;
B)Y= x3 yy=8mx=1; r)y=2x—x2ny=x2.

£ 1009. a)y=0,5",y=1,x=-2; 6)y=3",y=8,x=1;

' Bly=e,y=e* x=¢; r)y=x‘[§,y=x'l,x=0,5.

e R e VR S S T S

" 1010. ODoxaxure: a) ey pu KaxaoM x € [a; b] f(x) > g(x), To pury-
pa, orpaHMYeHHAas JUHUAMU X =a, X = b, y = f(x), y = g(x)
b

(puc. 124, a), umeer nnomanbs = I(f(x) -g(x))dx ;

a
6) ecnim pyHKOUA f(x) KOHEUHOE YHCJIO Pa3 MEHAeT 3HAK Ha
orpeske [a; b] (puc. 124, 6), To hurypa, orpaHAYCHHAA JTUHU-

b
AMHE X = a, X = b, y = f(x), umMeeT maomazns S = J.l f(x)|dx.

; vA y=f(x) it YA

: N 9
=g /[
a c\/d b ?




.

| N GCN248 Pazpen 3

1011. TIpu KaKA0M JIH1 IeACTBUTEILHOM ¢ > 1 BBIIOJHAETCS PABEHCTBO

o
jldx=1nt?
lx

IIponsutiocTpUpPy#ATE €r0 TeOMETPUYECKH.
1012. ITokasxkure, 4TO:
b

b b
a) [f(x)dx + [g(x)dx = [(f(x)+8(x))dx;

a

b b
6) [ kf(x)dzx = k [ f(x)dax st xasicnoro k > 0;

c b b
B) [f(x)dx + [f(x)dx = [f(x)dx anaa<c<b.

1013. Ha pucynxke 125 npezcrasies rpaduk dyaxnun y = f(x). 3a-
[OUIIATE YUCIa @, b ¥ ¢ B NOPAAKE BO3paCTaAHUA, €CJIN:

-1 4 7
a= I f(x)dx, b= J'f(x)dx , €= ff(x)dx ;
-5 = 4

Kax namesuTs GyHKOHIO Y = f(x), 9T06BI BEITOJIHAINUCH HEPA-

Beﬁc'rBa:a)a<c<b; 6)b<a<ce?
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0}

Puc. 126

, iﬁ014 Hokaxxure, uTo IIomans puryps! F; pasHa miomaau Gurypsr
F, (puc. 126). O606uiuTe 38124y .

- Haitgure n.nom;a,ub qmr'ypm orpanuyeHHON MuHuAMHE (1015—1017).
1015.8) y = x° +4x,y= ¥ +4x+8,x=-2,x=0;

Oy=4"%y=5-45 By-2"+1,5- 2+ ¥?;
r)y=x2—4x,y=x2—4x+3,x=0,x=4.

L 1016.0) $-3,y=1,x=4  6)y=x’-3x+3,y=-2"+x+9;

B)y=%,y=1,y=x+3; ry=x-5x+4,y=2x—-2.
R . om bis
-ﬁ017.a)y=smx,y=cosx,x= TeE

6)y=-x"-2x+4,y=—x"+4x+1,y=5;
B)y=x2—3x,y=4; r)xy=20,x2+y2=41.

:;anaxmenml ANSl NOBTOPEHUS
- 1018. Haiizure obmmit BH/| IEPBOOOPA3HBIX /U1 QYHKINH:

1 a)y=2x+3x%-5; O)y=e*+x; B)y=+3x-5.
1019. Pemure ypaBHeHHE:

a)5%*-8-5-10=0; 6)2° 1-3*=3""1-2%*2

~ 1020. Cembs nnonyuuna HoBoe xkuibé B 100 kgapTupHOM fome. Ka-

' KOBa BEPOSATHOCTh TOT'0, YTO HOMED HOBO¥ KBaPTUDEHI He OyieT

copepskaTs nudpy 5? '
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§ 28. MPUMEHEHME UHTEIPAJIA

C moMO111b10 MHTETPAJIOB MOXKHO OIIPEAeJIATE He TOJMBKO IJIOMaau
¢duryp, Ho ¥ MHOTHE APYTrUe BeJIMYNHbBI, IPUOIUIKEHHBIE 3HAYCHU A
KOTOPBIX BBIPAXKAIOTCA MHTErpaJIbHBIMUA CyMMaMH4, T.e. CyMMaMu
Buga Ax - f(x,) +Ax - f(xy) + ... + Ax - f(x,). Takue cyMMbI DIPDUHATO

n
obo3HaYATH Z f(x,)Ax . Iloarpadux dysxkuun f(x) — mMaTeMaTu-
k=1

YyecKasg MOAEb KaKJ0M TAKOM! BeJIUUUHBI, II09TOMY BEIYHCJIATH I'pa-
HHUIIBI 9THX CYMM MOXKHO 110 hopmysie Heiorona—Jleitbauna. Pac-
CMOTPHM YeThIpe IPIMepa TaKuX 3aad.

1.06méMm Tena BpameHud. Ilycrs Teso o6pazoBaHo Bpa-
meHueM noarpaduka pysxkmuu y = f(x) gHa [0; a] Bokpyr ocu Ox.
FKaxknoe Teno BpameHUA MOYKHO IPEACTABUTEH COCTABJIECHHBIM U3
OYeHb 0OJBIIOr0 KOJHMYECTBA KPYIVIBIX INIACTUHOK, IUJIUHAPOB C
MaJsieIMu BeIcoTaMu Ax (puc. 127). Paamyc Ka0ro TAKOTO UJIWH]-
pa 3aBHCHUT OT X 1 paBeH f(x). O6'bEM OZHOTO IUIVNHAPUKA, COOTBET-
CTBYIOII[Er0 IIePEeMEeHHOM X, paBeH nfz(x)Ax. Bcemy Teny BpaineHus
COOTBETCTBYET MHTEIPAJBHASA CyMMa

nf2(,)Ax +nf2(x,)A% +... + f2(x, )Ax.
CiemoBaTeIbHO, €0 00BEM

V= j nf2(x)dx, nmmn V= nj 2(x)dx .
0. 0

I1p u M e p. IlycTs Hazo HANITH BMECTHMOCTE COCYia BBICOTOM 4 M,
0CeBOe CeueHre KOToporo — rpadur GyHKouu y = x2 (puc. 128).
Jnsi HeoTpHIIATEIbHBIX 3HAYEHUM X rpad UK TaKoi QyHKIUY CUM-
MeTpUYeH OTHOCUTEJIHbHO OMCCEKTPHUCH! IIEePBOr0 KOOPAUHATHOTO

yria rpadury GyHKIuM y = Jx . To-
9TOMY MCKOMBIA 00BEM cOCY/la PABEH
00BEéMy Tesia, 06pa3OBAHHOIO Bpallle-

HUueM noarpadpura GyHKIUHA Yy = \/;
Ha [0; 4] Boxkpyr ocu Ox (puc. 129).
Hrax, nCKOMEBIA 00BEM

V= nj.(\/;)z dx= n} xdx = 87 (am°).
0 0

-

SN
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Puc. 128 Puc. 129

C moMoIpio onpefieIEHHBIX WHTErPAJIOB MOYKHO BBEIYHUCIATH HE
. TOJIBKO 00'bEMBI TeJI BpallleHu s, HO ¥ MHOTHX JPYTUX TeJI: HUPaMuUZ,
| YCeUSHHBIX THUPAMEJ U T. 1.

. 2. Pa6ora mepeMeHHOI cwubl. Ecau B pesynbraTe geii-
. CTBHS NMOCTOSHHOM cuiibl F TeJIo mepeMelaeTcs B HaPABJICHUH eé
. IeMiCTBUS HA PACCTOSIHUE $, TO IIPU HTOM BBITIOJIHSAETCA pabora A = F's.

Hanpumep, 9T005I pacTAHYTH NIPYKUHY Ha 1 ¢cM, HA 2CM U T. 1.,
. HaJI0 IPUKJIAABIBATE BCE 60JIbIIYIO ¥ Oopmryio cuiy. CorsacHo 3a-

| PACTAHYTH NPY’KUHY HA PACCTOAHHE X, IPONOPIHOHATLHA STOMY
- PaCCTOAHMIO (1151 ZONYCTUMBIX 3HAYEHUH X), T. €. f(x) = kx. Koad-
(pmmen'r k pasnuues AJisi pasHbIX Npy»KuH. Hanpumep, ecin qisa
| pacTsyKeHHUs NPYXUHBI Ha 1 M Hano npuioxurs cuay 50 H, To
k= 50. Kakyio BEIIOJIHAIOT paboTy, paCTArMBaA TAKYIO NPYIKUHY
. Ha paccrosHue [ = 2 M?

- Iopenum orpesok [0; [], Ha KOTOPKIA pacTArUBAETCA NPYIKUHA,
' TOUKaMHU X, Xy, X3, ..., X, _ 1 HA N paBHEIX yacrei (puc. 130). Ilycts
1= x,,a Ax — nuuHa Kax /0¥ yacTy. YTo6s! pacTAHYTh NPYKHUHY HA




zsz Pasgen 3

TR e —

paccrosauue [0; x,], T. e. nepemecTuTh €€ Kouer u3 Touku 0 B xy, Hazo
IPHJIOKHUTE cuary f(x;). IIpu oToM BRInOJIHEHHAA paboTa IPUOIMIKEH-
Ho paBHa Axf(x;). YT06BI pacTAHYTH IPYKUHY Ha paccToAHMe [X;; X,],
HaJI0 NPHJIOXKUTD CUIY f(X,) ¥ BHINOMHUATEH paboTy, KoTopas npubiin-
sEHHO paBHA AXf(x,), 1 T. 1. CllefoBaTEIBHO, YTOGH! PACTAHYTH IPY-
JKUHY Ha paccrognue [0; ], Hafgo BEINOJIHUATE paboTy, OpubIMKeH-
HOe 3HAYeHHEe KOTOPOX PaBHO MHTErpPaJbHOM CyMMe

A, =Axf(x;) + Axf(x,) + ..t A% (x,).

3HaueHHE A, ¢ yBeJIMYeHHeM 71 (1 COOTBETCTBYIOIUM YMeHbIIIe-
HuAeM AX) BCEé MeHbIIe OTJINYAEeTCH OT TOYHOTI'O 3HAUEHUA MCKOMOM
paboTHl A, T. e. eciu n — =, 10 A, — A. CnejjoBaTeybHO,

! 1
A= j f(x)dx = j kxdx =% Ri2.
0 0

Ecmu k=560,1=2mM, ToA=100 IIx.

3.Cuna gaBireHu S XUAKOCTuU. IIycTs pagHEuna ypoBHeH
BOJBI IO 00e CTOPOHBI OT BOPOT ILIi03a paBHa 8 M. Bopora umeror
IPAMOYTOJBHYIO (hopmy, ux mupuHa [ =20 ™ (puc. 131 ). Yemy pas-
Ha CHJIa JaBJIeHUA BOAKI Ha BopoTa?

M3BecTHO, UTO C YBeJIMYEHUEM I'IYOUHEBI JaBJI€HUE BOJAbI YBEIH-
gynBaercsa. OHO BeIpaskaeTcs hopmyaoi p(x) = 9,8x, rae x — ruiryou-
Ha B MeTpax, p(x) — HgaBJeHHe BOABI B Kuiaomackanasax. IlycTs
OH = 8 M — pasHUIA YPOBHEH BOJKI.

Pa3o0béM 3TOT OTPE3OK TOUKAMU Xy, Xy, X3, ++., X, HA 7L PABHBIX
yacTeil ¥ yepes HUX MBICJIEHHO IIPOBEIEM TOPUB0HTAIbLHEIE IIPAMEIE,
KOTOpPBIE Pas3/esiiT BOPOTAa LIJIIO3a HA N PaABHBIX IoJioc. Ecum
OH : n = Ax, To moma b Ka A0 1moocel pasHa [Ax . [laBienne Ha
IIePBYI0, BTOPYIO, TPETHIO U T. J{. IIOJIOCKI IPUOIUIKEHHO PABHO COOT-

BeTCTBeHHO F(x,), F(x,), ..., F(x,). ITo-
9TOMY O0IIas cuiia HAaBJIEHUs BOABI HA )
BOpOTAa MIJI03a MPUOIMIKEAHO paBHA C ey ]
cymme f==ar %
IAXF(x,) + IAXF(x,) + ... + IAxF(x,), A= o= G
AT | ‘ } s
L(AXF(x;) + AxF(xy) + ... + AxF(x,). | n-1
ITonyueHHOE TPOU3BEIEHNE ITUPUHE] I \ H
BOPOT [ Ha HHTEIPAJILHYIO CyMMY — IIPH- ] I A
ONMIKEHHOE 3HAUEHUE CUJIBI JaBJICHUS

BOZBI HA BopoTa. ToYHOe e€ 3HAYeHUe Puc. 131
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h h
F= j IF(x)dx =1 j F(x)dx . Torna
0 0

8 8 2|8
F= z-j9,8xdx=2o-9,8jxdx=196~£2—
0 0 0

= 6300 (H).

4.9K0OHOMHUYECKOE coAeprkanue maETerpaa. Ilycrs
dyaKIuA y = f(x) onHECchIBaeT MBMEHEHWE IIPOU3BOAUTEIHHOCTH HEKO-
TOPOTro IIPOM3BOJCTBA B TEUEHUE OIIpeAeéHHOro BpeMenu. Hainém
. 00mem npoaykiuu U, npousBeiéHHOM 3a TpoMeskyToK Bpemenu [0; T].

OTMeTHM, 4TO KOTLa NPOM3BOAUTEIHHOCTh He U3MEHALTCH B
. rteuenue BpeMenu (f(x) — mocrosHHaA QYHKIUA), TO 06BEM IIPO-
. ayknouu AU, mpou3BeIEHHOM 3a HEKOTOPHIM IIPOMEXKYTOK BpEeMEeH!U
~ [t; t + At], 3agaérca dopmyaoit AU = f(t)At. B ob6imem caydae cupa-

BeJIuBO npubaukénnoe paseacTBo AU = f(t)At, rpe t € [t; ¢ + At].
~ OHO TeM TOuYHEe, 4YeM MeHbIne At.

Pazo6sém orpesdok [0; T] Ha n paBHBEIX yacTed TOUKaAMU
0=t,<t, <t,<..<t,=T. Inaobbéma npoayknuu AU ,, npous-
BeIEHHOHM 3a MPOMEXYTOK Bpemenu At = [{, _,; ,], umeem
AU, = f(t, )AL, toe t, € [t, _ 5 4], k=1, 2, ..., n. CiregoBaTensHo,

e i S w

U= Y AU, =Y f(t,)At.

k=1 k=1
Ecm At — 0, To Kak/[0e 13 UCI0Jb30BAHHBIX IPUOIMIKEHHBIX pa-

n
BEHCTB CTAHOBUTCS 60JIee TOUHBIM, ciegoBaTeabHo U = lim Z f(t,)At .
At—0 h=1
| Ecau f(t) — npouszeodumenvrocinb mpyoa 6 momernm eépemeru t,
mo 00sém npoussedérnnoil npodykyuu 3a npomexcymox [0; T] mosicro

T
sviyucaums no popmyne U = If(t)dt 5
0

‘r W3BeCTHBIN BaM OIpe/IeIEHHBIA HHTErpas YU€HbIe Ha3bIBAIOT UH-
| mezpanom Pumana, OH IPUMEHAETCA K OTPAHMYEHHBIM DYHKIUAM U
| KOHEUHBIM UHTEPBAJIAM HHTerpupoBanus. Ho pelieHrne MHOIUX Bask-
HBIX 3a/1a4 HYKIAJ0Ch B HAXO0K/IEHUN IPaHUI] OeCKOHEUHBIX CYMM,
. | onpeiesIEHHBIX ITUPOKHUM KJIACCOM (DYHKIUA 11 Ha GECKOHEYHBIX IIPO-
MeXKyTKax. BrnociieacTBuy OBLIN BBEZIEHBI TAKHE UHTEIPAJIBL: UHMez-
paavtJlebeza, Cmuambveca, uHmMezpaivl KpamHuble, KPUBOJIUHeUHbLe T
7. 1. Ux paccMaTpuBaioT B BHICIINX yYeOHBIX 3aBeICHUAX.




c [POBEPLTE CEBS

1. Kakue 3agaun MOXHO peluaTb C NOMOLLBIO ONpeaeneéHHoro uHTerpana?
2. Kak HaxoasaT 06bém Tena spauierus’?

3. PacckaxuTe, Kak MOXKHO onpeaenstb paboTy nepemMeHHOH CUnbl.

4. Kak MO>KHO Onpeaensitb Culy AaBNEeHUs )KHAKOCTH B 3aBUCUMOCTH OT rNyOuHbI?

5. Kakos aKoHOMWYeCKui cMbich uHTerpana?

W Bbll'lOHHVIM BMECTE

1. Repocnn COIEPIKUTCA B NUIUHAPUYECKOM pesepByape
(puc. 132), oceBoe ceyeHre KOTOPOr0 — KBaJApaT CO CTOPOHOM 2 M.
Kakyio paboTy Hy»>KHO BBIIIOJIHUTH, YTOOBI OTKA4YaTh BECh KEPOCHH
U3 pe3epByapa yepes OTBEpPCTHE B ero BEePXHEM OCHOBAHWHU, €CJIH
ILIOTHOCTH KepocuHa pasHa 800 kr/m %9

Pemenue. Pemum cHauana 3agady B obmem Buze. Pazobném
BBICOTY IMIMH/APA h HA n paBHBIX yacTei Toukamu X, =0, x, Xy, ...,

= h. Yepes Ka)KAYI0 TOYKY AeJIeHUS IapasljieJbHO OCHOBAHHIO I1H-
JIMHAPA OIPOBEAEM IIOCKOCTh. O0BEM Kara0oro ua 00pasoBaBIINXCA
MaJeHbKHX [UJINHADPOB PaBEH nr? Ax, a Macca — pﬂ:r2 Ax, roe p —
IIJIOTHOCTB YKUAKOCTH B pe3epByape, I — pajuyc OCHOBAHU A [{HJINH-
apa,aAx=[x,_;;x,],k=1,2,...,n.

YT006kI TEJIO MACCOM M MOAHATH HA BBICOTY /i, HY>KHO BBITIOJIHUTH pPa-
60Ty A=mgh. B 9TUX ycI0BUAX paboTa 1o OTKaYKe KUIKOCTH, COIEePIKa-
mieics B i-TOM NWIMH/PE, BhIpaskaercsa (HopMysioin A, = p1tr2Axg- X;, a
obmasi pabora (1o OTKa4YKe KUAKOCTH U3 BCEI'O peaepByapa) ——

B
T o

A= l&m anr gx;Ax =pnr g 11m ExAx pmr gfxdx
i=1 0

Ax

(‘\\“‘

Puc. 132
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e —
Ilo ycosuio 3agagu p = 800 KI‘/Ma, r=1m,g2=9,8 M/c2, HO3TOMY
2

: 2 2 X
A= prrtg[xdx=800-3,14-9,8- X | ~24618-2=49236=50 (<Ix).
0 0

OrBeT. =50 kIxK.
2. TIpou3BOAUTENHLHOCTE TPYAa Opuragsl pabounx B 'reqe}me cme-
HBI TPUOIMKEHHO onpegeiseTesa hopmytoi f(1) =—2, 53t2+ 24,75t +

~ +111,1, rae t — pabGouee Bpems B yacax. Oupeznenure 066EM Ipo-
. AYKIUY, BEIIYIIEHHO 3a 5 paboumnx 4acos.

Pemesue. O6bEM BBITYCKA IPOAYKIMY B TeUeHHE CMEHBI AB-
JIeTcs epBoobpasHoi 0T QYHKIIUY, BEIPAXKAIOIIeH IIPOU3BOAUTE b

* moctsb TpyzAa. IloaTomy

5 5
U =[f(t)dt = [(-2,53* +24,75¢ +111,1)dt =
0 0

5

3 2 :
=(_2,53t | 24,75t +111’1t] _2,58125 2475-25 110 1 o
3 2 5 3 2 f
81625 61875 5555, 750 en,)
OrsBer. = 759 eguHNL.
| ¥Yposens» A P o G L T

- Beraucimre 065éM Teta, 06pasoBaHHOrO BparieHueM BOKpyT ocu Ox

(bnrypm, orpaHUYeHHOM 3agaHHbIMU JuHUAME (1021—1024).
1021y-4x 0,x-2=0,x-4=0,y=0.

T1022. y = —x% + 2x, y = 0.

. 1023.y= 2x+1,x=1,x=4,y=0.

“1024y 2, x=1,y=0.

- 1025. Beruucaute 0666M Tesa, 06pasoBaHHOIO BpaIleHIeM Boxpyr
ocu Ox (hurypsl, OrpaHHIEHHOM YTOM OKPYKHOCTH o+ y =16,
JIexkarnei B mepBoi yeTBepTH, u npamMeiMu x =1, x =3,y =0.

¢ Teno pBukeTcsa co cKkopocTrio v(t). Haitzaure myTh, NPOHAEHHBIH
. TeJIOM 3a IPOMEXKYTOK BPDEeMeHHM OT ¢, 10 ¢, (Bpems ¢t — B CEKyH/aX,

~ cxopocTts v(t) — B M/c) (1026—1028).

1026. v(t) = 3t+2t2 tl—O t,=6.
1028. v(t) = 312 £t Tk £, =0, t,=2.
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1029. IIpon3BoAUTEIHLHOCTE TPY/ia pabouero B TedeHue AHA 3a1aéT-
ca pyHknuei z2(1) = -0,00645t% + 0,05t + 0,5 (. en./q),
e t — BpeMs B yacax oT Hauasa paborsl, 0 <t < 8. Haiigure
dhyrruO @ = Q(t), KOTOpPas MOKa3kIBAET 00'BEM IPOAYKIUH (B
: CTOMMOCTHOM BBLIPA’KEHHUH) U er'0 BeJIMYUHY 3a pabounii IeHs,
11030. Haiiaure muromazns 3akpamieHHoM YacTH Qurypsi (puc. 133),
1031. Kakyio paboTy HyKHO BEIIIOJHATS, YTOOBI PACTAHYTH IPYK 11~
£ Hy Ha b cM, ecsiu cuia B 1 H pacrsarusaer eé Ha 1 cm?
11032. s coxaTHa NpyKUHBI Ha 1 cM npuKaagsiBaoT cuay B 9,8 H.,
Kakyio paboTy BBIIIOJIAIOT, YTOOBI CIKATH IPYIKUHY Ha 4 cm?
1033. C kakoi CIIOH JaBUT BOJIA HA BEPTUKAJIBHYIO INIOTUHY IIPAMOY-
TOJIbHOM (DOPMBEI, ecyii e€ ocHOBaHMe paBHO 10 M, a BEIcoTa — 6 m?
BerauciauTe 0066M TEJ1a, 00pa30BAaHHOrO BpalieHueM BOKPYyT och Ox
¢urypsl, orpasnderHoM 3agagapiMu TuEEAME (1034—1036).
1034. xy=4,x-2=0,x=1,x=4,y=0.

T035. x* + %=1, > =1,5x.
2
1036.y= cos x,y = 9%
<21

1037. Beruuciure 006EM TeJ1a, 00pa30BaHHOTO BpallieHueM BOKPYT OCH
Ox (purypsl, OrpAHUYEHHON AYTOI OKPYIKHOCTH 2+ yz =18, Je-

] JKallel B IePBOM YeTBEPTH, apabosioun 3y = x% m ockio OpAHMHAT.
11038. Ina nyqmiero obciyKuBaHusA 3ae3/ia FOHOK cepun «Popmy-
Ja-1» MacTepa OIpee I JIyYIIWi 3aK0OH U3MEHEHUA CKOPOCTH

vA /

R % e dikk
N NG A

7N

\

Y

Puc. 133
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5
JBMIKEHUSA aBTOMOOMJIA MO NpAMOit Tpacce: v(t) = 2(1+2)2 .

Kaxoit myTh npoeseT MUJIOT 9TOM FOHKHM 3a 7 ¢ oT Hayasa ABU-
sKeHud (cxkopoeTsb v(t) — B M/c)?
1039. Haiipgure nyTh, KOTOPHIA IPOHAET TEJIO OT HAYAJA ABUIKCHUS
J10 OCTAHOBKH, €CJIH €ro CKopocTh U(f) = 18t — 6t> (Bpemsa t —
B CEKYHJIaxX, CKOpocTh vU(t) — B M/c).
 1040. CxopocTs asmxenus noesna v(t) co BpeMeHeM ¢ H3MEeHAeTCH
| 1o 3akony: v(t) = 20 — 3t{. Haligute myTh, KOTOPHIH ITPOIIEN
E 110e3/] 3a Y4eTBEPTYIO CEKYHAY CBOEro ABUYKeHUA (BpeMs t — B
B CeKyHJlaX, CKopocTh v(t) — B M/c).
| ﬁ041- Cuia ToKa B IPOBOJHUKE C TEUEHUEM BDeMeHH U3MeHAEeTCH 110
| saxony I(t)=4 + 2¢ (Bpemsa t — B cekyHzAax; cuya Toxa I(t) —
[ B ammnepax). Kakoe KoJu4ecTBO 3JIeKTPUYECTBA IPOUAET Ye-
l pes monepevyHoe cedeHue IIPOBOJHUKA 3a BPEMs OT BTOPOM [0
: IIeCTOM CeKYHABI?
E | Yposens B ] : , !

- 1042. JIpamoyrossHas IJIACTHHA CO CTOPOHAMM @ M U b IM BepTH-
| KaJbHO IOTPYKeHa B BOAy. OlpeiesinTe CUIIY aBJIEHNA BOJBI
: Ha IJIACTHHY, €CJIX Ha IOBEPXHOCTHU BOJABI HAXOAUTCH CTOPO-
| Ha, [UINHA KOTOPOM a M.
l 1043. Onpepenure Uy JaBJIeHAS BOALI HA BEPTHKAILHYIO IIepero-
| POAKY B KaHaJle, KOTOpasd uMeeT (hopMy HOJIYKpyra pagmny-
% ca a M, IuaMeTp KOTOPOro HAaXOAUTCSA Ha IOBEPXHOCTH BOJBI.
f1044. Brruucnure paboTy, KoTopas He00XOoAMMA IS TOTO, YTOOKI
BBEIKAYATh BOJY U3 Noaycheprdeckoro KoTaa paguyca R M.
1045. Boga, nofaBaemMas 13 IJIOCKOCTH OCHOBAHUSA B IIUIMHAPHYEC-
! KU 6aK yepe3 OTBEPCTHE B JHE, 3aIOJHsET Bech 6ak. Ompe-
| JeJIUTe 3aTpadyuBaeMylo npu atom pabory. Beicora 6aka
h = 3 M, paguyc ocHOBaHuA 7= 1 M.
1046. Baxk B (hopme Kyba 3anonuen 6ersuaom. Hafiure oTHOIMEHNE
CHJI aBJIeHUA OeH3WHA Ha IHO 6aKa 1 Ha ero 60KOBYIO CTEHKY.
1047. Bapansie; um e, (B KynoHax) oTTankuBaioTcs ¢ CHION
2 ]
2
CTOAHUE MeXKy 3apsagaMu (B Metpax). Kakyio pabory Hy»KHO
BBIIIOJTHUTE, YTOOBI PACCTOSHHE MEXKAY 3apPAAAMHA YMEHbIIH-
_ JocLOTr=a por=>b?
f1048. Kaxyo paboTy BEIIOJIHAIOT, 3allycKas paKkeTy Maccoit m (Kr)
C IIOBEPXHOCTH 3eMJIM HAa BBICOTY A (M), eciin paguyc 3eMau
paBeH R (m)?

F=kFk- , Tie B — mOoCTOAHHEIN KO3 dUIUEHT, ' — pac-

e e e sy
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1049. Pemrure HEpaBeHCTBO:
(x-3)(x +5)x” -4) I
>0 6) x(x+5)(x" —2x +1)<0.

(* - dx+4)(x-1) (Ax +4)(x +1)
| 1050. Haiinure cymmy DeCKOHEUHOM reOMeTPUYECKOM Iporpeccuu
\ ¢ nepseIM wieHoM 4,5 u spamenaresnem 0,75.
' | 1051. Hafigure nmpoussoguyo Gyukuun y = f(x), ecinu:
a)f(x)=sin2x; 06)f(x)= sin’ x; B) f(x) = 3sin®5x.

1 829.0 ANOPEPEHLUAJIbHBIX YPABHEHUSAX I

PeleHusi MHOTHX IPHKJIAJHBIX 3a7a4 IIPHBOJAAT K paBeHCTBAM,
‘ CBA3LIBAIONINM HEM3BECTHRIE (DYHKIHY ¢ UX TPOU3BOAHBIMU. Taxkne
1\' paBeHCTBA HABKIBAIOT QUPPepeHUUANbHBLMU YPAGHECHUAMU.
| Ilpumepsi: y' =2y, yy +2x=0.
‘ PaccMOTpHM HEKOTOPBIE M3 TAKUX 3a1ad.
i | 3anava 0 pa3MHOMEHUH OaKTepnii. Macca Gakrepuit
B cpezie MeHseTcs co BpeMeHeM. I[Ipy 61aronpuATHLIX YCIOBUAX B
» KaK/JIbIi MOMEHT CKOPOCTEH PABMHOXKEeHUA DaKTEepHil MPOnOPIUuo-
HaJnbHA UX Macce. Hamo onpegenuTs (DYHKIHIO, BEIPAKAIOLIYIO 3a-
‘ BHCHMOCTH Macchl 0aKTepuil OT BDEMEHH.
' Pemenue. [Iyers y = m(t) — uckomana pysrnua. Eé npous-
‘ BogHaA Yy = m’(t) — CKOpOCTh padMHOKeHUusA baxkTepuit. ITockoabKy

OHA B KaM/Iblii MOMEHT { HIPONMOPIIMOHAILHA Macce DakTepuii, To

\ Yy’ = ky. Ilo copepakanuio 3agadn s3aech y > 0 pia kaxaoro t, Koad-
bunmeHT £ — NOCTOAHHBIN IJIA JaHHOrO BuAa bakTepuii. PaBeHCTBO
' Yy’ = ky — nuddepeHuuanipraoe ypasaenue. Penrum ero.
’ Lo (Iny) =k, Iny=kt+C
Yy ; ; i

’

oTcIoa
y= ekl +C1 eclpl” Al Ce"".
_3zech C — npousBOJIbHAA MOJOKUTEIbHAS HOCTOAHHASN, TAK KAK
¢“! nocrosiaHasn npu nocrossHHoM C,.

DyHKIMA Y = Ce* — oowee pewenue ypasaesus y' = ky. Ioj-
craBisas BMecTo C pasimyHbIe JeiiCTBUTEIbHBIE YUCIA, MOMKHO 110~
JIYYUTH DECKOHEYHOEe MHOKECTBO €T0 XACMHbLX PeuleHULL.

Kak BuAAM, COCTABJIEHHOE [0 YCJIOBHUIO 3aj1auu 0/1HO Auddepen-
OUaJIbHOEe YPAaBHEHHE He JaéT BO3MOYKHOCTH MOJYYUTH OAHO3HAY-
HbLA oTBeT. Eciiu 3asauy JAONOJHHUTE «UCXOAHBIMY JaHHBIMH», Ha-
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IpUMep, OTMETHTE, 4TO B MOMEHT ¢, Macca 6aKkTepuii paBHAIACK M,
T0 MOKHO OIIPEJIeTUTE TOCTOSHAYI0 C: :

my = Ce™, orciona C = my, : €0 =me
~htq ht k(t ~ to).

~kt,

[oaromy y = Ce*! = mge
k(t — tg)

= mge
Yy =mye — KOHKPETHOe YaCTHOE€ pelleHune 3aavuu.

OreickaHue pemieHus AudGdEepeHuaIbHOr0 YPaBHEHU A, YI0B-
JIETBOPAIOIIEr0 NCXOAHBIE JaHHbBIe, HA3LIBAIOT 3adayeil Kowu.

3azada O paZHMOaKTHBHOM pacimape. U3BecTHO, YTO
CKOPOCTH YMEHBIIEHUA MACChl PAAUOAKTHBHOI'O BEIECTBA B KaMK-
JIblii MOMEHT BPEMEHHU [/ IPOIIOPIHOHAILHA ero Macce. Kak 3asucur
macca nsorona Crpornus (°°Sr) or Bpemenu, ecin g Hero K03~
(UIIHEeHT IPONOPIUOHANBHOCTH (HocTOsAHHAA pacnaga) k= 0,025 u
B MoMeHT Bpemenu £ = 0 ero macca pasasiiacs 10 r?

Pemenue. Ilyers uckomasn pyaxuus y = m(t). CKopocts eé us-

. MeHenus Yy’ = m/(t). Cornacuo ycioBuiw 3agauu y = —ky (mepen k

CTaBMM MHUHYC, TaK KaK Macca Beljecrsa ymenbmae'rca). ,ZIJIH H30TO~

ma cTpoHIuA uMeeM auddepernuanbaoe ypasaeaue y = —0,025y.
025¢

. Ero obimee penrenne y = 6 S

Onpenenum noctoaHHEYO C 110 UCXOJHBIM JaHHBIM 33Ja4H.
ITockonbky npu t = 0 macca crpornus pasaanacek 10 r, To
10 = Ce %20 orcrona C = 10.

OrBer. y=10e %025,

IMubdepeHnranbHOe ypaBHEHHE MOJKET COJEPIKATH BTOPYIO IIPO-

| MBBOJHYIO, TPETHIO U T. JI.

IIpumepom puddepeHINANILHOTO YPABHEHUSI CO BTOPOU TIPOM3-

| BonHO# sBasercs ypasHenme y”’ = w’y. Ero obmee pemenue

Yy = A cos (0t + () COEePIKUT ABe NOCTOSIHHBIE: A U (. ITO ypaBHe-

| Hue — MaTeMaTHuecKasd MOJleJIb MHOTHX 3aZla¥ 0 KOJIeOJIIOIINXCH

IIpoIieccax, I0aTOMY €ro Ha3bIBAIOT YPAGHEHUCM 2APMOHULECKO20 KO-
Jiebanus.

Paznuyneix BuzoB gudepeHIuanbHbIX YpaBHeHU MHOTO. MBI
He MOKeM I'OBOPHUTH 0 HUX IOJAP00HO, 3Ta TeMa BEIXOAHUT 3a PAMKH
IIKOJIBHOH IporpaMmbl. OTMETHM TOJIBKO, YTO U3 BCEX MaTeMaTHdec-
KUX QUCHUIUINH BasKHEUIIYIO POJb B MaTeMATHUKE YU IPUKJIAJHBIX
HayKax UIpaeT MaTeMaTH4YeCKH aHan3, a U3 BCeX pPas/iesioB MaTe-
MaTH4YeCKOro aHajamusa — Teopus AudpepeHIHaANbHBIX YPABHEHHIA.

HuddepernuanbHbie ypaBHEHUA — A0CTATOYHO OOJILIION U BAXK-
HBI¥ pas3/ies1 MaTeMaTHYeCcKoro anaansa. MHOIO IPUKJIAAHBIX 3a/a4
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W3 pasJMYHBIX 00J1acTeil CBOAATCH K pelIeHuIo AuddepeHnuaIbHbIX
ypaBHeHU# miau ux cucreM. [{uddepennuanbabie ypaBHeHNA ObI-
BAIOT PA3HBIX BUJIOB, MX PEIIeHUe 4acTo TpedyeT IpUMeHeHUs OpH-
I'UHAJIBHBIX CIIOCOOOB ¥ METO/IOB.

%% BbIMOJHVM BMECTE
\-_

1. Touka ABUIKETCS MPAMOJUHEWHO C ePEMEHHON CKOPOCTHIO
v=0,1¢ m/c. Kakoe paccrosiane oHa npoiizer 3a nepssie 10 c?

Pemenue. [IpoiifeaHOE TOYKON pPacCTOAHHUE S 3aBUCUT OT
BpemenHu: $ = 5(#). CKOpoCTs ABHIKEHUSA TOUKHU — IIPOU3BOJHAA DTOM
dbyuaxoun: s'(t) = 0,1¢°. Pemenue nmosyderHOro AuddepeHnuaib-
HOTO YPaBHEHUA — MepBooOpasHad Aad QyHKIUHT 0,1¢%, mosromy

£
s(t)=0,1- 1 10
4
ITo copepxannio 3agauu upu ¢ = 0 s(2) =0, mosromy 0 =0,1- 07 +C,

orcioga C=0.
CrenosarensHo, s(t) = 0,025t s(10) = 0,025 - 10* = 250 (m).
2. TTocrosinnas pacnaja usorona Crpoanusa k£ = 0,025. Haitaure

IIepPHOJ €ro HoJypaciaja.
Pemenue. [IycTs HCKOMBIN ITepHOA moJypacunajga paseH T.

Torpa 0,5my = moe'o'ost, oTcona 2 = V%% 0,025T = In 2,

In2
T = 0,025 = 28 (mer).
! BbINONHUTE YCTHO TR e ] i

1052. Kaxoe 13 clieAyIOIuX ypaBHeHU ABJIAETCA TudpepeHIaabHbIM:
a)2sinx=y’; 06) x2 +y2 =1; B)y =0; r) 2y =x?

1053. Cronpko pemnenuii umeer ypasaenue y’ = 0? HagzoBure ux.

1054. Haiigure Kakoe-EuOy b perieHue auddepeHnajibHoro ypas-

HEeHUA:
a)y =y; 6)y =-y; B) Yy’ = 3y; )2y =y. |
1055. Haiigure Kakoe-HUOYAb peinenue quddepesualbHOro ypas-
HEHHA:
a)y”=0; 6)y" =y; B) Yy = 4y; Ny’ =x.
! Yposenn A Al

—

1056. ITokaxkure, 4TO (DYyHKIUA Yy ABIAETCA pelIeHUEeM AaHHOTIO
nuddepeHIMAIBHOIO YPaABHEHHUA:
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a)y—3y,y 4¢%* 6)y—-—2y,y 5¢ 2
B Y +2y=0,y= 0 5¢ 2 [
ﬁ057 SBnaerca nu QyHKOIUA Yy = —? ! permrennem ypaBHeHnﬂ
a)y’ =2y; 0)y +y=0; By =y '?
1058. Kakas us pyaxnuit y = e, y = e* + 2, y = ¢* + 2x asnserca
pemenneM auddepeHnuaIbHoro ypasaesua y' —y + 2 = 07
1059. Haiinure kakoe-HUOY b pemenue AuddepeHnnaabHOro ypas-
‘ HeHuA Yy =y + 2.
1 ‘]:060 Hajiaure hyHEKIUIO, KOTOPAA YAOBIETBOPSIET ypaBHEHHE i = Y
u rpaduK KOTOpo# nmpoxoxuT yepes Touky K (0; 2).
1061. Haiigure GyHKIHUIO, KOTOPas YAOBJIETBOPAET YPaBHEHUE
Yy’ = 2y u rpaduK KOTOPOI MpoxoauT uepes Touky P (0; 0,5).

- !Yposensn B i

e

1062. ABnaercsa iu Q)ymcmm y = sin t pemesueM auddepeHnuab-
Horo ypaBHeHuA Yy~ + y = 0? A pyHKnEA y = cos t?
ﬁ063 Kaxwue us yarmuii y = 3cos t,.y =—cos t, y = 2cos (¢t + 1) ABasioT-
cA perieHuAMY JuddepeHnransHoro ypasaesus y” +y = 07
1064. Haiigure kaxoe-HuOy b peruenue guddepeHnnaIsHoro ypas-
HeHUd Yy’ = ~y. 3aIUIIUTe HECKOJbKO APYTHUX PELIeHU 3TO-
ro ypaBHEHHA.
ﬁ065. Hoxaxure, uTo GyHKnuA y = 2c08 3t + 3sindt ABnsgeTcs peLe-
HEeM auddepernuanbHOro ypasaenus y” + 9y = 0.

T |
M
|

1066. Hoxaxkure, 4To QyHKIUA Yy = Jx sBasercs pemenmem aud-
(hepernEaIbHOrO ypaBHeHUA y~ + 2(y’)3 =0.

1067. Kakas dyarnus f(x) yAZOBIETBOPSAET YCIOBUAM:

a)f(x)=x*uf(2)=1; 0) f(x) = sin x u f(0) = 2?
i 1068. Haiigure obmee pemrerue guddepeHINATILHOIO YPABHEHUA:
“ a)y = 3y; )y +y=0; B) 2y’ = 5y.

- 1069. Jlokaxute, 4TO OJHUM M3 pelmieHuil aAuddepeHIuaIbHOro
yPaBHEHUA yIv = y ecTh QYHKOUA y = sin x.

ﬁ070. MoxaxkuTte, 4T0 PyHKIHUA Y = Sin X ABJIAETCA OAHUM U3 penie-
HUI auddepeHnuaibHOro ypaBHenusa y” + y = 2¢0s X.

) | ¥posenn B 7 »

1071. CocraBbTe quddhepeHnuaIbHOE YPaBHEHUE, PEIIIEeHUEM KOTO-

poro ABJseTcH PyHKIUA:
a) y = °%; 6)y=2% B)y = 0,5
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1072. Haiigure 3aK0H JBUKEHHUA TOUKH, KOTOPAA ABUMKETC 110 IIPA-
MOii ¢ TIOCTOSHHBIM YCKOPEHUeM, PaBHBIM 2 M/c’. B Hayaib-
HBIM MomeHT Bpemenu (t =0 c, v =5 M/c) paccrosiHHe OT
HavaJa KoopaAuHAT paBHO 50 M.
“ 11073 Tesno 6pocuiiu ¢ 3eMJIHM BePTUKAJIBHO BBEPX C HAYAJIBHOM CKO-
‘ pocthio 40 m/c. Ha xaxoii BeicoTe 9TO TeJio 6yger uepes 3, 4,
5, 8 cekyHa?
1074. Ina nsorona Kagmusa nepuop nmoaypacnajga 1' = 164 cyTox.
l Yepes CKOJIBKO CYTOK ero macca ymeabimures B 10 pas?
A 1075. Ons usorona ITosorus nepuox moaypacnaga T’ = 138 cyTox.
Haiigute ero mocrosHHYI0 pacuaza k. BeiBegure hopmyny
\ 3aBuUCHMOCTH Macchl IToJIOHuST OT BpeMeHH.
ﬁO7 6.0t m munurpamMmoB Pagus uepes { MUHYT OCTAJIOCH B PE3Y.JIb-
TaTe ero pacmaja n MuuIMrpaMMoB. Haiiure nepuon 1mory-
pacuazna Pagus.
1077. B sexoropoii crpane Ha 1 saBapsa 2000 r. Hacesenne cocTas-
asano 100 man gesoBek, a ero mpupoct 3a 2000 rox cocTaBu
5 % . IlpeamonosxuTe, 4TO CKOPOCTH IPHPOCTA HACEJIEHU A ITPO-
| IIOPIIHOHAIBHA €70 HMEIOIEeMYCs KOJINYeCTBY U HaluTe Ha-
| cenenue aToi crpass! B 2020 roxy.

JYNpPAKHEHUS AN MOBTOPEHMA

t 1078. CKOIBKO0 pasHBIX TPUIU(POBEIX YHCEI MOYKHO COCTABUTE U3 LD
1 ‘ 0, 1, 2 Tax, yToOBI UM PE! He MTOBTOPANUCEH? A n3 mudp 1; 2; 3?7
i ' 1079. Briuucanre:

2 1g0 gl n 2
) x%=-x"+1 1-cos®x r+3
’ a),[—dx, 0 J’—“T_'dx; B) ,[

, x ) : r+1
l 1 p sin”x

1080. Ympocture BEIpakeHue:
a) 3log3(1 - 2.\’); 6) 7Iog7(y + 1); B) 910g3 x; 1") 7210g7(y— 1).

I

! ‘; " TOTOBMMCSl K TEMATUYECKOMY KOHTPOJIO
} "_";(TECTOBbIE 3A0AHNMA
|

} 1. Kakas U3 QYHKIAH F(x) — nepBooOpasHaa nisa QyHKIAN
f(x)=2x+ 8x%:

! Ll
| a) F(x) = x® +x°; 6) E(x)= 5% é
! | B) F(x)=3x%+2x% r)F(x)=2+3x?

x3;
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2. Haiiure ofHy U3 nepooObpasHbix Ana Gpynknum f(x) = 4sin x.
a) F(x) =4 cos x; 0) F(x)=-4cos x;

. . B) F(x)=4sin x; r) F(x) =—4sin x.

3. Haitaure ogHy 13 11epBOOOPA3HEIX AJIA (PYHKIINK f(x) =0 3%

s 8% 2- ln3 g

a) F(x)= 6) F(x)=—:; B) F(x)= r) F(x)=>—.
1 3 In3 Inx

4. Haitaure ofHY U3 IepBO0OPAsHBIX ANA PYHKIUA f(x) = — 12 !
cos” x

a) F(x)=tg x; 6) F(x)= —té x; B) F(x)=ctg x; 1) F(x)=—ctg x.

3 1 3
5. Haiizure If(x)dx , eCJIH ff(x)dx =1, ff(x)dx =2.
0 0 1 '

a)l; 0) 2; B) 3; r) 4.
6. Ila kakoit QyHKIUY 1epBOOOPA3HOH ecTh hyHKIMA F(x ) = 3x°:

a)f(x)=52";  6)f(x)=15x% B) f(x)=§x6; 1) f(x) = 15x%?
2
7. BeraucauTe HHTErpat J’3x2dx .

a)d:  6)6; B)2l; 10T

L

8. Beruuciure nHTErpas .[sin xdx .
0

a)n

m
33 O)iriens B) 1; r)fl.

9
9, Beruncure HHTErpaJi I
4N

mlg

a) 2; 0)4; B) 6; r) 9.
10. Yraxkure (popmyJsy AJd BEIUKCIACHUSA MIomAanu (GUrypsl,
OrpaHM4YeHHOU rpauroM pyHKOuHA y = (x — 2)2 Ha orpeske [1; 2].
2

1
a)S=I(x—2)2dx; 6) S:J'(x~2)2dx§
1 2

2 11
B) S=[3(x-2'dx; 1) S=[5(x-D’dx.
1 2
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M—'B QTMHOBbIE 3ALAYUN it KOHTPOJIbHOW PABOTbI
1. Haiiagute o61uii B 0epBooOpasHbIX A QYHKIIAN:

a) f(x)=2—1\/?+1; 6) f(x) = —4sin x + 5cos x;
B) f(x)= 62 +T7sinx .
cos” x

‘ 2. [Insa nasHOM QYHKIIHKA HAUZAXATE NepBO0OPasHyio, rpaduK Ko-
TOPOM IPOXOJUT Uepes 3aJaHHYIO TOYKY A:

2 .1 1 T
= =l =- » Al =311,
a) y=sinx, A(3,4), 6) ¥ T (4 ),
51
B) Y= ) A(—;O)
cos? X 4

3. BeruucinTe MHTErpasbl:

11

2 2 2
a) J.24"dx; 6) I(ezx +§de : B) Jsins xcosxdx .
1 1 0

4. Tesno ABUKETCS IPSAMOJIUHEHHO CO CKOPOCTHIO U(t) = 3+t (m/c).
Haiigure nyTh, IPOAAEHHBINA TEJIOM 32 IIPOMEXXYTOK BpeMeHH oT 1 ¢
o 2 c.

5. HCHOJIBSYSI reome'rpxmecxni& CMBICJI HUHTerpaJjia, BbEIYHCIIHTE
4

J V64 —-x2 .

x
1 4
| E 6. BeruncauTe NHTErpaIbl:
R 2 i3 =
| a) I(4x2+2x+1)dx; 6) J‘La’ B) .[(|x|+|x—3|)dx-
}1 1 S (5x+11) -2
7. Beruucaure mwiomazns GUrypsl, OrpaHUuYEeHHOM 3a/JaHHBIMU JIX-
J HUAMU:

a)y=x°, y=0, x=2; 6)y=x>-2x+2, y=2+4x-x°.
| 8. 2qunc.nn're nixomajs GUrypsl, OrpaHUYEHHON JHHHEH
i Yy =x"—2x+ 2, KacaTeJIbHOM K Heil B Touke M(3; 5) 4 0CcbI0 OpDAUHAT.
| 9. Teno ABUIKETCA TPAMOJUHEHHO CO CKOpPOCThIO U(t) = 2t + n
| (m/c). HaiiguTe 3HaYeHUE N, €CJIU U3BECTHO, YTO 38 IIPOMEXYTOK
| i BpemeHu oT £ = 0 70 £ = 2 ¢ Tes0 MPOILI0 NyTh AMUHOM 40 M.
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10. Beiuucaure 066€M Tesna, 06pa3soOBAHHOTO IPH BpaIlleHUU
BOKpPYT ocH abcmucc KPUBOJMHENHON Tpamenun, OrpaHuYeHHON

mmnxmuy=\/;,y=0,x=2.

_TATCTOPUYECKUE CBEAEHUA

BBeieHNI0 MOHATHA UHTETpaJ Npejle-
cTBOBasa Gosbiras paboTa MHOI'MX MaTeMaTH-
koB. Enre Apxumep (III Bex mo H. 9.) HAXOIWAI
IIomanyu U 00 bEMEI reoMeTpUuYecKux (Guryp
MeTOJaMH, IMOZOOHBIMHE BHEIYMUCJIEHUIO UHTE-
IPajbHBIX CYMM.

Hamnpumep, uro6br HATH 00BEM TEJIa, KOTO-

HOU BpamjeHueM BOKpPYyr ocu Oy noarpaduxa
dyHKRIUN Yy = x? Ha [0; k], Apxumen pasbuBa
9TO TEeJIO Ha 7 CJI0€B OAMHAKOBOM TOJIIIUHBI
(puc. 134). Nanee paccMaTpPUBAJ CYMMBI
0056 MOB IIUJINHADPOB, ONUCAHHBIX BOKPYT Puc. 134
Ka'KJOro W3 9TUX CJIOEB ¥ BIMCAHHBIX B HUX,

IOKAa3bIBAJI, YTO PA3HUIIA 3THX CYMM IIPY YBEJIMUEHUHU 72 CTAHOBHTCSH
CKO0JIb yroaso Masoi. Hakonen, Haxoami 006EM paccMaTpuBaeMoro
TeJia KaK OOIMU# Ipeaest 3TUX CYMM (X0Ts, pasyMeeTcs, YETKOTO
NOHATHUSA Ipejesa y Hero emé He 05110). Tak Apxumen pemini
MHOT'HEe 38/]a4i, KOTOpbIe Telleph PEIIaioT C MOMOIbIO HHTErpajaoB

a a a b a
_[xdx , J.xzdx ’ f(x2 +bx)dx , Isin ©do, .[sin odo -
0 0 0 0 0 i

Apxumes IoKasa, 4YTo 3HAYEHHe YHCJIa T HAXOAUTCA MEeMKAY 3 7H

10 1
3;7—1 . Hueno 3; = 3,14 Ha3pIBAIOT YuCJIOM ApxXumMena.

APXUMEQN (ok. 287—212 po H. 3.) g

[LpesHerpeyeckui yueHbii, 1300peTaTens, KOHCTPYK-
Top. [Mokasan, Kak MOXXHO BbIMMCAATL NAOLAAK na-
pabonuyeckoro cermMeHta, O6bEMbI Pa3niuUHbIX Te
BpaLleHUsl, KaK HaxoAuTb CYyMMbl Y4IEHOB reOMETpPH-
YECKOW NPOrpeccuu, CyMMbl KBaAPaTOB HATypasibHbIX
yucen. BaxkHeiwwe Tpyabl Apxumega: «O ksagpary-
pe napabonbi», «O cnupanuy», «Metog», «O06 namepe-
Huu kpyra», «Knura nemm», «O koHougax u cchepou-
Aax», «O uhcne necyuHoK», «O nnasaiowmux Tenax».
B nocnepnHem obocHoBaHHO 3aKoH ApxvuMeaa.
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ITopoO6HBEIMHU MEeTOAaMM MOJbL30BAJICH U HEMEIKUl acTPOHOM U
maremaTuk . Kemrep (1571—1630). B wacrtrOCTH, cumTasi, 4TO
KaK10e TeJI0 BPAIlleHUs COCTOUT 13 0ECKOHEYHOTO MHOKECTBA « TOH-
KUX KPYXOUYKOB», OH oIIpeAes s 00beéMbI 92 rakux Tes. Emé nans-
1Ie TOIIE UTanbaHCKuY MaTemMaTtuk B. KaBanbepu. IIpeacrasias
KaXXAyio GUrypy COCTABIEHON U3 «HEALNMUMBIX» — ILIOCKYIO (hury-
Py M3 OTPE3KOB, a TeJO U3 INIOCKUX (uryp, — oH chOpMyIUpPOBA
cBOM MpUHOUIE (cM. 3azauy 7T08; aHanornuHOe yTBEPIKIAeHHEe Bep-
HO ¥ 1a 066eMoB Texa). Cam KaBanbepr cUuTaNI 3TH yTBEPKAEHHU A
OYEBUIHBIMM, IPUHUMAJ UX 0e3 foKasaTe bCTBa, KaK IIPUHIIUIILI
(;ar. principium — Ha4anso, 0OCHOBA, TO e, YTO ¥ akcuoma). Mero-
JaM# COBPEMEHHOM MaTeMaTUKHA UX MOMKHO JOKa3aTh KAK TeOPEMBI.

IOna pasBUTUSA WHTETPAJIbHOrO MCYUCIEHUA MHOTO CHEJIalu
I1. depma, B. ITackains, Y. Bappoy, a ocobenso Y. Heroror u I'. Jleii-
6muL. OEM padoTanm He3aBHCHUMO APYT OT APYyra, OAUH B AHIINHA,
BTOPOI1 B 'epMaHny, MM PASHBIMH TYTAMHY, & IPUIILIA K OXHOMY H
TOMY K€ OTKPBITHIO, KOTOPOE Teneph Ha3bIBAIOT OCHOBHOM TEOPEMOMA
MaTeMaTUYecKoro ananusa uwiu gpopmysoin Herorona—Jleli6aumna.
YcTaHOBUB CBA3L MKy HHTETPUPOBaHUeM U AuddepeHIupoBaHu-
€M, OHU TeM CAMBIM CO3AaNu oueHb 3 (heKTUBHBIN METOA PelIeHUs
MHOTHX BaKHBIX 3amad. Co3aHMe 9TOTO METOAA CIEIMaJIHCTHI
cumTaoT Benudanmum oTkpbiTueM X VII Bexa.

IIpocnenum, Kak MOCTEIIEHHO MEHAJIACH CUCTEMA ITOHATHI 1 060~
3HAYEeHUH, CBA3aHHLIX C HHTerpanamu. KaBaisepu, Ha3sIBas OTPes-
K¥ JINHUAMMY, IJIOMIAAh IJIOCKOHM (DUTYyPEI CYUTAT CYMMOM BCEX JIU-

Hui. JlebHMD 3aMeTHII: «IenecooOpasHee MUCATh 3HAK J' BMECTO

gcen Il BMeCTO 8Ce JIUHUU». Hocnem{ee 0003HaYeHe BIIOCJIEICTBANA

OH 3aMEHUJ Ha Iy , & elIé Mmo3)ke — Ha Iydx . JI. Qitnep nucan u
Npeiesibl HHTEerPUPOBAHUS

abx=a

Ipdx adx=b|*

31ech TaTuHCKUE csioBa ab n ad o3HauaioT om u 0o. CoBpeMeHHOe
o003HaUeHNE MHTErpaa IpeJIoKuI GPaHIy3CKUN MaTeMaTHK
K. dypre (1768—1830).

Tepmun uHTerpad (jar. integer — mensiit) Beéx 8 1690 r. Y. Bep-
myJu. [ToEsaTHE TepBOOOpas3HAasi, KOTOPYIO CHAYAJIA HA3BIBAJIY IIPH-
MUATHBHOM (primitivus — HavanbHBIM), BBEX B 1797 r. 3. Jlarpanx.

.-
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OCTPOrPAACKWUM Muxaun Bacunbesuy
(1801—1862) X

BceMUpHO M3BECTHbIW YKPaUHCKUI MaTeMaTuk, YneH
Metepbyprckom, TypuHckon, PUMcKoU, AMeprKaH-
ckoun, OpaHuy3ckon akageMui Hayk. Poguncs
c. Mawennas (Montasckas 06:n.). Uccnegosan npo-
61eMbl MaTeMaTHYECKOro aHann3a, Teopun audige-
peHUHanbHbIX ypaBHEHWH, MaTEMATUHECKOH (PU3UKH,
TEOPETHYECKOW MexXaHWKH, anrebpbl, TEOPUM BEPOST-
HocTeH, rugpomexanuku. Apyxun ¢ T. I'. LLlesyerko.
Cozgan wKony npuKNaaHONW MexaHuKH.

W3 yuénnix Poceniickoit mMnepun HanbOOJMBIINYI BKJIaJ B Pa3BU-
THEe MHTErpajbHOro ucuunciaenus caenanu M. B, OcTporpasckuii u
B. f. Byaakosckuit. O6a pogunucsk B Y KpanHe, yunauck B [lapu-
JKe — CaMOM HM3BeCTHOM B Té BpeMeHAa IeHTpPe MareMaTHuYecKoi
HayK#, 06a paboranau B Ilerepbypre u ObLIM CAMBIMHA U3BECTHBIMU
maremarukamu Poccuu. ITomumo npodero, OctporpascKkuil paspa-
6oTas OO ML METO/l MHTeIrPUPOBAHUASA PALIMOHAJIBHBIX (DYHKIHUH,
obocHoBaJ BaskHOe mpasmiio OcTporpazckoro u hopmyay Ocrporpai-
CKOro. ByHSIKOBCKUIi IePBEII AOKA3AJ BaXXHOE HEPABEHCTBO
2

b
[76x)-p(x)dx

KOTOpOE Teneph Ha3bIBAIOT HEPaseHCcmeom BYHAK06CK020.

Tepvun «auddepenunansaoe ypasaerue» Beén I'. Jleibuui. C
TIOMOIIBIO A PepeHITHATBHBIX YPABHEHU MOXKHO PelaTh BaXkHel-
mye NpUKJIaJHbIEe 3aa4dd, II09TOMY pas3paboTKON TeOpHUH TaKHUX
ypaBHEHHU 3aHEMAJIOCH MHOTO BeAymux maremaTukos. B XVIII cr.
Teopus JuddepeHIuaNbHBIX YPABHEHUH OTAeINIach OT MaTeMaTH-
YEeCKOI'0 aHAJIM3a B 00JIBIION pas3/iesl COBpeMeHHOM MaTeMaTHKH.

s} i (x)dx-i@z(x)dx ,

BYHAKOBCKUW Buktop fikosnesny
(1804—1889)

YkpauHckun matematuk (poawuscs B r. bap Burruu-
Kou 061.). Hanucan 168 HayuHbix paboT, U3 KOTOPbIX
Haubonblwyio ponb coirpany «OcHOBbI MaTemaTy-
YEeCKOH TEOpHUH BEPOATHOCTEHY, «JIEKCUKOH YMCTON W
NpUKNaZHON MaTeMaTukuy, «Apudmerrkar. MnasHbId
3kcnepT Poccuu no Bonpocam CTaTMCTHKM U CTpaxosa-
HUS, NOYETHDBIN Y/IEH BCEX POCCUMCKUX YHUBEPCUTETOB,
BuUe-npe3uaeHT Akagemuu Hayk.
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W3 yKpanHCKUX MaTeMaTHUKOB B 00JIACTH MHTETI'PAJILHOT'O HCUMC-
JeHus paboTasio MHOrO U3BECTHBIX YYEHBIX, B YACTHOCTH:
C. H. Beprmreita (1880—1968), H. H. Boronwo6os (1909—1992),
E. d. JJareimena (1897—1956), 0. A. Murponoabsckuit (1917—
2008), O. C. ITapaciok (1921—2007), IO. II. Coxomnos (1896—1971),
H. 3. IIIToxamo (1897—1987).

Koporko o Hukosnae Hukonaesuua Borosiotose (crapmiem). Pan-
Hee eTcTBO NpoBén B Kuese, ceMuIeTKy 3aKOHYUII B cesie Bonbmasn
Kpyua sa ITonrasmune. IIIKOIbHBINA YUUTEH YBEDSI, YTO MAJTBUYUK
HUKOTI'ZIa He CTaHEeT MaTeMaTHKOM, a OH B 13 JIeT HpOABUJI TAKHUE CIIO-
CODHOCTH, YTO €My Pa3pelIrId CIAyIlIaTh JeKnun B KueBckom yHuU-
BepcuTeTe. B 17 et Hanucas MaTeMaTHYECKYIO paboTy, 3a KOTOPYIO
B KreBe eMmy npuCcBOMIN YUEHYIO CTEIeHb KaHAUAATA HAYVK, a Bo-
JoHCKaA Arkanemus Hayk (Mranma) sarpagun npemueit. [lunaoma
0 BeIcHIeM 06pa30oBaHUM OH HE HMEJI, IO3TOMY ITOCTYIHAJI B ACIMPAH-
Typy (Kues, 1925 r.) no oTaespH0MY IOCTAHOBIEHUIO NIPABUTENb-
crBa. B 1930 rony Axanemus sHayk CCCP npucyauia eMy Y4EHYIO
cTelleHb NOKTOpa HayK. BOOCIeACTBUY OH CTAJ ABTOPUTETHEHIITUM
U3 MaTeMaTHKOB, JaypeaToM MHOTHX Harpaj, asaskasi 'epoem Tpy-
na. OH cosnas MoujHBIE HayuHBIe IK0abl B Kuese, Mockse, [lyoue,
BOCIIUTAJI MHOTYX M3BECTHBIX MATeMaTUKOB, B YACTHOCTH — M CBOE-
ro ceiHa Hukonas Hukosaesnua (Miaaimero).

E’I‘HABHOE B PA3JEJIE 3

@®yarnus F(x) HasbBaeTCsa nepeoobpasHoil nisa Gysrouu f(x)
Ha IPOMeXXKyTKe [, eclii AJs KaKA0T0 3HAYEHUS X M3 HTOr0 IpoMe-
xyrka F'(x) = f(x).

Kaxnasa nepBooOpasuas ans pyskuuu f(x) umeer sug F(x) + C,
rae F(x) — oxHa m3 3TUX nepBooOpasHbIX, a C — IpPOU3BOJLHOE
yncno. 'padukn J00BIX ABYX MEePBOOOPA3HBIX AaA GyHKOUH f(x)
TaKue, YTO UX MOXKHO COBMECTHUTEH NapaJliIeIbHBIM IIEPEeHOCOM B/I0JIb
OCH OpAUHAT.

Onepanuio HaxX0/JeHUS IePBOOOPA3HBIX HA3LIBAIOT UHMEZPU-
posanuem GyHKIUU. ITa onepanua obpaTHas guddepeHupoBa-
HHIO.

O6muii BUA BCex mepBo0OOPasHbIX M GyHKOUHM f(x) HA3bIBAIOT
HeonpeoenéHHblLM UWHMezpaiom TaHHOU (HYHKI[AHU:

[f(x)dx = F(x) +C.
IlepBooOpasHbIe U HEONpeAeNEéHHbIE HHTErpaisl GyHrouu f(x)
MOXXHO HaXOAUTH IT0 (DopMyJiaM, IpeACTABJIEHHBIM B TabauIe.
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1 1
Jannas Gysxkuus | k (nocrosunas)| x" (n #—1) = —_ e*
x Jx
xn+1
Eé nepsoobpasnas kx +C 3 +C |Inlx|+C |2Jx+C €+ C
n+
. e PG 4 dofe S :
Jannas QPyHKIHS sin x cos X 3L P a
ax
Eé nepBoobpassas |—cosx +C|sinx+C|tgx +Cl-ctgx+ C T +@

Ecnu F(x) u G(x) — nepBoobpasusle 1A Gysrnui f(x) u g(x), To
F(x) + G(x) — nepBoobpasuas pi4 f(x) + g(x).

Ecnu F(x) — nepBoobpasHas aisa Gyaknuu f(x), ak#0, b — mo-
CTOSIHHEIE, TO:

e kF(x)— nepBoobpasHas aisa GyHKmuu k f(x),

i
. ;F (kx +b) nepsoobpasuas nis byaxnuu f(kx+ b).

Ilnomans KpUBOJIMHEMHOMN Tpanenuu, o6pasoBaHHOM rpauKoM
dysxnun f(x) Ha npomesxkyTke [a; b], pasua F(b) — F(a), rueF(x) —
nepBoobpasHasn nua pyaxuuu f(x) Ha [a; b].

ITpemen muETerpanbHOi cyMMel Ax * f(x;) + Ax - f(xy) + ... +
+ Ax - f(x,), eciu n — oo, HA3LIBAIOT ONPEOCNEHHbLM UHMEZPATOM

b
dyakmun f(x) ot a xo b u 0603HAYAIOT CHUMBOJIOM ff (x)dx .
a

b
I f(x)dx = F(b) — F(a) — dopmyna Herorona—Jleitbaumna.
a

Eé HasweIBaloT TaKiKe 0CHOBHOU (PopMYL0lL mamemamuiecrKozo
aHanu3a.
Teno, o6paszoBaHHOe BpaleHueM noarpadpuka ysxmun y = f(x)

a
Ha [0; a] Bokpyr ocu Ox, umeet 06beéM V = nf f(x)dx .

0
Ecan f(t) — mpou3BOAUTEIBLHOCTE TPY/ia B MOMEHT BPEMEHH £, TO

06’56M MpoOM3BENeHHON NpOoAYKIuU 3a npomMexyTok [0; 7' MoxHO

T
BEIYHCJUTE 110 hopmyte U = I f(t)dt .
0



OcHoBHbIe TEMbI paspena

INemMeHTbI KOM6MHaTOpHKM

KomburHaTopHble npasuia CyMMbl ¥ NPOU3BeaeHUs:
MepecTaHoBKH, pa3meLLeHusi, KOMOUHaLUK
Pasmax, moaa, meguaHa,
cepeaHee 3HauyeHue BbIOOPKH
pachuueckoe npeacrasneHue
MHpopMaLmK O BbibopKe
CnyuaitHoe cobbitve
BeposTHocTb cOBbiTUS
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llpumeyamenvHo, ymo Hayka (meopus BeposmHocmel), '
KOMOopasa HA4anacs ¢ uly4eHus uzpsi, BozHecaace K BaxcHeuwum
obvexmam 4en0Be4ecko20 NO3HaHUS.

[1. Jlannac ‘



B srom pasgene Bbl O3HAKOMHTECH C BAXKHBIMW W MHTEPECHBIMU OTPACAAMK
. MaremMaTtMku — KOMOMHATOPUKOMW, TEOPHEH BEPOATHOCTEH W MaTeMaTuyec-

KoM cratucTUKomn. OHK TECHO CBA3aHbI MeXAY COBOM U UCNONL3YIOTCS BO MHO-
| FUX TEOPETMYECKUX W NPUKNAAHbIX HCCnepoBaHuax. MeTogbl Teopum BeposT-
- HOCTEH M MaTeMaTH4ecKON CTaTUCTUKU LWHPOKO MPUMEHAIOT B COLMONOTHH,
. 3KOHOMMKE, OpraHW3auu1 NPOU3BOACTBA, PAAHOTEXHUKE, BOEHHOM Aene, |
~ KubepHeTHKe, BUOSOrkM, CTaTUCTUYECKOH (DU3NKE, ACTPOHOMMUM W T. . '

ﬂ ~ 530. KOMBMHATOPHUKA. NMPABUIA CYMMbI U
’~ NMPOU3BEAEHUA

4 BenomHUTE, UTO B MaTeMaTUKe JIIOObIe COBOKYIIHOCTH Ha3biBa-
. joT mHOoNcecmeamu. OOBeKTEI, BXOAAIINE B MHOMKECTBA, HA3BIBAIOT
. ero aznemenmanmu. MEHOKecCTBa 0003HAYAIOT GOTBIIMMU JIATHHCKAMHE
'. OyKBaMu, a UX 9JIEMEHTBI 3aIIUCHIBAIOT B (PUIyPHBIX CKOOKax. Cun-
. TaT, 4TO BCE 3JIeMEeHTHI MHOKEeCTBA PA3JIMUHEL.
3 Hanpumep, A={a, b,c}, M ={1,5, 7, 9}.
i MHosKecTBa ObIBAIOT KOHEYHbLMU B OecKOHeYHbimu. Ecin MEOXKe-
| CTBO HE COJEP’KUT HU OJHOT'O 9JI€MEHTA, ero Ha3bIBaIOT NYCmbslm A
0003HAYAIOT CHMBOJIOM I,

‘ IlBa MHOKeCcTBa Ha3bIBAIOT DAGHLLMU, €CJIA OHU COCTOAT U3 OJTHUX
" ¥ TeX jKe DIEMEHTOB.

N Eciu A — uacTh MHOsKecTBa B, To ero Ha3bIBAIOT 100MHOMNCe-
5I cmeom MHOKecTBa B n sanuceiBaioT A C B. Harasigao aT0 n3obpa-
. JKaloT ¢ IOMOIIBI0 AuarpamMmsl diisepa (puc. 135, a). B wactHoCTH,
| LI YMCJIOBBIX MHOYKECTB IIPABUJIbHEIE TAKHE COOTHOIIEHU A
b NcZ,NcQ,NCR,ZcQ,ZcR,QcCR.
1 Ciyuaercs, 4To MHOKecTBa A u B umeroT obmiue aneMenTsl. Ecin
.~ MHOKecCTBO P COAEep>KUT Bce 00II1e DIIEMEeHTHI MHOYKeCTB A 1 B 1 TOJIb-
| KO X, TO MHOKeCTBO P Ha3bIBAIOT nepecevenuem muoxcecme Au B.
~ BanuceiBaooT 910 Tak: A N B = P. [luarpaMmmoii ditnepa nepecevyeHue
. m300pakaioT, KaK MOKas3aHo Ha pucyHKe 135, 6. MHOKeCTBO, Cofep-
JKalee KayKIblid 9JIeMEeHT KaXK/J0TO U3 MHOKeCTB A M B i TOJBKO 9TH

R . K
VAN g
‘ ‘5!51})‘_};]%'
a 0 8

Puc. 135
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9JIEMEHTHI, HasbIBaeTcsa 06sedunernuem muoxcecme An B. Ecoa K —
obpemEeHNEe MHOKeCTB A ¥ B, To muiryt A U B = K (puc. 135, 8).

Pasnuuyeit mnoxcecme A u B HasbIBAaIOT MHOKECTBO, COCTOSIIEE U3
BCEX 9JIEMEHTOB MHOYKECTBAa A, He IPUHAAJIEKAIAX MHOMKECTBY B.
Ero ob6osnaualor A \ B. Hanpumep, ecin A ={1, 2, 3,4}, B={1,4, 5,
7,8}, ToANB={1,4},AUB={1,2,3,4,5,7,8},A\ B={2, 3}.

I'oBOps «MHOKECTBO», «IOAMHOKECTBOY, HOPALOK UX DJIEMEHTOB
He YYUTBIBAIOT. '0BOPAT, 4TO OHY He YIIOPAAOYeHbI. PaccMaTpuBaoT
u ynopsadoyerHovle mHoxecmea. Tak Ha3BIBAIOT MHOXECTBA C (QUKCH-
POBaHHBIM IOPAAKOM 3JieMeHTOB. X 0603HAaYAIOT He (DUTYPHBEIMH, a
KpyribsiMa ckobkamu. Hanpumep, us as1eMeHTOB MHOKecTBa {a, b, ¢}
MOXHO 00pas3oBaTh 6 TPEXDJIEMEHTHBIX YIOPAA0YEHHBIX MHOKECTB:

(a,b,0),(a,c,b), (b, a,c),(b,c,a),(c,a,b),(c,b, a).

Kak mMHOKecTBa, BCe OHH PaBHEI, KAK YIIOPAJAOYEHHBIE MHOMKEe-
CTBA — Da3HBIE.

CymiecTByIOT 3a1a4¥, B KOTOPBIX HAJIO ONPEAEIUTE, CKOJIBKO pPas-
JIMYHBIX ITOAMHOYKECTB MJIM YIOPAXOYEHHBIX IMOAMHOKECTB MOKHO
o0pasoBaTh U3 9JIEMEHTOB JaHHOI'O MHOKecTBa. VIX Ha3bIBAIOT KOMOU-
HAMOPHbLMU 3a0a4aMU, @ Pa3/ies MAaTeMaTUKH, B KOTOPOM PACCMATPH-
BaeTcs peleHne KOMOMHATOPHBIX 3a1a4, Ha3bIBAIOT KOMOUHAMOPUKOLL.

Kombunamopukxa — pasgen MaTeMaTHKH, IOCBAIIEHHBIN pe-
IIeHWIO 3a/1a4 BHIOOPA M PACHOJIOKEHHS JJIEMEHTOB HEKOTOPOro
KOHEYHOI'0 MHOJKECTBA B COOTBETCTBHH C 3aJaHHBIMH IPABHIAMH.

PaccMOTpHM JBa OCHOBHBEIX NPABHJIA, C IOMOIIBIO KOTOPHIX pe-
[IaeTcs MHOTO KOMOMHATOPHBIX 3a4a4.

Baxgaua 1.B ropozme N ecTh 1Ba YHUBEPCHTETA — IIOJUTEXHU-
YeCKUH ¥ DKOHOMHYECKUHA. ADUTYpPUEeHTY HpaBATCA TpH (haKkyabTeTa
B IIOJTUTEXHUYECKOM YHUBEPCUTETE U IBA — B 9KOHOMUYECKOM. CKOJIb-
KO BO3MOJKHOCTEH UMEeT CTYAEHT JJIs IOCTYIJIEHAsI B YHUBEPCUTET?

P e e 51 e. O603HaunM OyKBOM A MHOKECTBO (DAKYJILTETOB, KO-
TOpPbIE BEIOpAJ abUTYPHUEHT B MOJIUTEXHUYECKOM YHUBEPCUTETE, a OyK-
BOH B — B akoHOMEYECKOM: A = {m, n, k}, B = {p, s}. [lockonsKy a1
MHOKEeCTBa He MMEIOT OOIUX 3JIEeMEHTOB, TO B IeJIOM A0UTYPUEHT
umeeT 3 + 2 = 5 BOBMOYKHOCTEH A1 IOCTYILICHASA B YHUBEPCUTET.

OnucaHHYIO CUTYaIIMI0 MOYKHO 0000IIUTE B BH/IE YTBEPIKIACHUST,
KOTOPOE HABBIBAETCAN PABHUJIOM CY M M Bl.

' Ecnu anemeHT HekoTOporo MHOXecTBa A MOXKHO BbiGpaTh m cnoco-
« 6amu,a3anemeHT MHOXecTBa B — n cnocobamu, T0 31eMEeHT U3 MHO-
wecTBa A unu u3a MHoxecTea B MoxHoO BbibpaTs m + n cnocobamu.

HpaBPIJIO CYMMBI pacinpocTpaHseTcd ¥ Ha OosbIIIee KOJHYECTBO
MHOEeCTB.
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3agmaua 2.IlnaEupysa JeTHUI OTABIX, CEMbs OIpeAeIHJIach C
. mecramu ero nposesierns: B Onecce — 1, B EBnaropuu — 3, B flare — 2,
. B ®eosocun — 2. CKOIBKO BOZMOMKHOCTEH BHIGOpA JIETHEro OTABIXA
. pMeeT ceMbsA?

= PemeHnune. ITockoabKky Bce 6a3bl OTbIXa PA3HEIE, TO IJIS peIle-
| HUA 371240 JOCTATOYHO HAMTH CYMMY 2JIeMEHTOB BCEX MHOKECTB, O
. KoTOphIX roBopurca: 1+ 3+ 2+ 2=8. CirieoBaTeIbHO, CEMbs MOKET

 BBIOMpATH OTABIX U3 8 BOBMOKHBIX.
Bagauva 3.0t nyakTa A 10 nyHKTa B BeyT TpU TPONMHKH, a
- ot B 10 C — aBe. CKOIBKO MapIIPYTOB MOKHO IIPOJIOKHTE OT IIYHK-

Ta A 1o nyakra C?
Pemrenue. Yrobsr mpoiiTy oT nyHKTa A 10 nyHKTA B, Ha/0 BHIG-
. paTh OAiHY U3 Tpéx TponuHOK: 1, 2 muu 3 (puc. 136). Ilocye aroro
caenyer BEIOpATh OfHY M3 ABYX Apyrux Tpon: 4 mam 5. Beero ot
" myekTa A nonyakTa C BegyT 6 MapmipyToB, moromy uTo 3 - 2 = 6. Bee
. 9TH MapIIPYTHI MOKHO 0603HAYNTE C IOMOIIIBIO 11ap:
(1; 4), (1; 5), (2; 4), (25 5), (35 4), (35 5).
06001 M OMCAHHYIO CUTYAILIUIO.

" Ecnu nepBbiii KOMNOHEHT Napsl MOXHO Bbibpath m cnocobamu, a
- BTOpO# — n cnocobamu, TO Takylo Napy MoXHO Bbi6pars mn cno-
- | cobamu.

. OTO— N pPaBHUJO NPOMU3BeEJeHH s, ero 4acTo HassIBalOT O C -
HOBHBIM HpaBHJIOM KoMOuHATODUK K. O6parure BHNMA-
" Hue: peub UAST 00 YHOPAMOUEHHBIX NApax, COCTABICHHBIX M3 Pa3-
- JIMYHBIX KOMIIOHEHTOB.

. Ilpasuio nponssesieHHs PACIPOCTPAHACTCH U HA YIOPAAOYEHHbBIE
\ TPOMKH, YeTBEPKH U JIOObIe APyrue ynopAAOo4YeHHbIe KOHEeYHbIe
- MHOXceCTBa. B acTHOCTH, ecu nepavlii KOMNOHeH M YynopadoieHHOu
- MpoiKu MONCHO 6blOpamb m cnocobamu, 6mopoit — n cnocobamu,
. mpemuil — k cnocobamu, mo maxyio ynopadoweHHy0 mpoiKy mMoxc-
HO 8bLOpamb mnk cnocobamu. Hanipumep, eciu cTooBas Ha obe/ Ipu-
. roroBusia 2 nepsrix Omioga — Gopmy (6) m cym (¢ ), 3 BTOPHIX —
. KorsieTsl (K), BapeHUKH (B), rony6us! (r) 1 2 fecepTHBIX — MHPO-
. 3KHBIe (1) 1 MOpPOXKeHOoe (M), TO BCEro U3 TPEX 6JII0J] CTOIOBAT MOKET

| OpeasoKuATh 12 pasamyHbIX HAG0POB, MOCKOABKY 2+ 3+ 2 =12,

1
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Puc. 137

OnncanHON CUTYAIMH COOTBETCTBYET AHarpaMma, H300paskeéH-
Has Ha pucyHKe 137. Takue guarpaMMbl Ha3bIBAIOT 0ePe8biMUL.

3amaua 4. CKOJBKO PA3HBIX II0€3/J0B MOKHO COCTABUTE U3 6 Ba-
T'OHOB, €CJIU KasKIbIH 13 BArOHOB MOYKHO IIOCTABUTH HA JI000M MecTe?

Pemenue. IlIepBeIM MOKHO MOCTABUTH JI060M m3 6 BaroHos.
Wmeem 6 BE160poB. BTOpOIl BArOH MOXHO BEIOpPATh U3 OCTABIINXCHA 5
BaroHoB. I109ToMYy, COrJIACHO IPABUILY YMHOKEHU, [BA IIePBBIX Ba-
TOHA MOYKHO BEIOpATh 6 * 5 criocobamu. TpeTuii BArOH MOKHO BEIOpATH
13 4 BaTOHOB, KOTOPBIE OCTaIHUCh. [109TOMY TPH IIEPBBIX BATOHA MO~
HO BeIOpaTs 6 * 5 * 4 criocobamu. ITponoskas mogooHbIe paccy KAeHu,
IIPUXOAUM K OTBETY: BCEI'0 MOYKHO cOCTaBUTL 6+ 5-4-3-2-1="T20
Pas3JIMYHBIX I0E3/I0B.

O6paTuTe BHUMaHNe Ha PelIeHue IocaefHel 3amaun. OHO CBeJIOCh
K BBIYMCJIEHUIO IPOU3BEIeHUA BCceX HATYpaJbHbIX unces ot 1 10 6. B
KOMOMHATOPUKE MOJ00HEIE IPON3BEACHUA BEIYUCIAIOT YACTO.

IIpousBenenne Bcex HATYPAJbHBIX YHCEJ OT 1 10 n Ha3BIBAXOT N
¢daxmopuanom u 0603HaYAIOT 1!

Hamnpuwmep:

5!=1-2:3:4-5=120, T7=1:2:3-4:5:6-7=>5040.

Yenosunucs caurarh, 4To 11=1m 0! = 1.
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.‘r SIBBIKOM TEOpUM MHOKECTB IIPaBHJIA CYMMBI ¥ IPOU3BEAEHUA

;, MOXKHO C(DOPMYJIMPOBATE CJIEAYIOIIUM 00pas3om.

\ Ecnu nepecewenue mHodxecms A u B nycmoe, mo koauvecmao
. | anemenmos 6 ux ob6sedurenuu n (AU B) paéno cymme Koauvecmea

13 aNeMeHMOo6 MHONcecme A u B:

n(AUB) =n(A) + n(B).

Ecnu muoxecmea A u B umerom obujue asiemennbl, mo

A n(A U B) = n(A) + n(B) — n(A N B).

i Ecnu mnoxecmea A u B KOHeYHbL, MO KOAUYLECB0 BO3MONCHBLY

.~ | nap(a,b), 20eac A,be B, pagHo npous3gedeHuio KOauLecmaea dJe-

| menmos mHowecms A u B:

9 n(AnN B)=n(A) - n(B).

@ MPOBEPBLTE CEBA
;' 1. Kakve 3apaun HasbiBaloT KOMBUHATOPHBIMK?

-_» 2. Yo Takoe KOMBHUHaTOpHKa?

i 3. CcopmynupyiTe Npasuno CymMMbi.

4 4. Cchopmynupylite OCHOBHOE Npasun0 KOMOUHATOPHKH.
i 5. MNpusegute npumep A1arpamMmbi-fepesa.

i 6. Yro Takoe maxropnan" Kak ero o6o3Hauaor?

Q"‘{\' BblﬂOJ'IHMM BMECTE __,,

i.B poamrpmme Ha IepBEHCTBO ropoia no backeTdoy IpUuHUMA-
. JoT yyactue KomMasAbl u3 12 mxos. CKOIBbKUMH criocobaMu MOTyT

. OBITH pacpe/ieJIeHbI IIePBOE 1 BTOpoe mecTa?

! Peme s ue. [lepBoe MecTo MOKeT HOJIyYnATh O/{HA 13 12 KoMaH/I.
~ ITocne Toro, Kax oupeesIéH 00aagaTeN b IEPBOTO MECTA, BTOPOE Mec-
. TO MOXKeT noJiyauTh oxHa u3 11 xomaua. CiegoBaTenbHO, 001Iee KO-
. JIMYECTBO CII0CO00B, KOTOPHIMHU MOKHO PACIIPEIE/INTh IIePBOE U BTO-
. poe mecTa, paBHo 12- 11 =132.

A OrserT. 132.

R 2. CKOJIBKO YeTHIPEX3HAYHEIX YMCEI MOYKHO COCTABUTh U3 IUdp
0,1, 2,3, 4,5, ecitu H1 ogHA TU()Pa He TOBTOPSETCH?

g PemeHue. [lepsoii nudpoit ynciia MmoykeT ObITH 0iHA U3 5 udp
. 1, 2, 3, 4, 5. Eciin nepBasa nudpa Beibpana, To Bropasd MokeT OBIThH
. BeIOpaHa 5-10 cmocobamu, TpeThbA — 4-Ms, yersépras — 3-mdA. Co-
. TJIACHO NIIPaBMJIY YMHOMKEHUA obIee Yucio ¢criocoboB paBHO:

i 5-5+4-3=300.

8 OrBerT.300.

o } 3. Yupocrure Bhipakenue n(n + 1) - (n — 1)'

| - Pemenue.n(n+1)- (n—1)1=1-2-83-...-(n—-1)'n: (n+1)—
| b= (n+ 1)




1081.

1082.

1083.

1084.

{Yposeus A I R TR et Y

Brruucanre:
a) 2l; 6) 3!; B) 41; r) 5!.
B knacce 11 manpuukoB u 10 geBodex. CKoJIbKUMHA criocoba-

MU MOYKHO JeJIETMPOBATh OAHOI'0 YYEHUKA B IITKOJBHBINA KO-
MHTET CAMOYIIPABJIEHUSA ?

B kinacce 11 mansuukos u 10 geBouex. CKOIbKUMH criocoba-
MM MOYKHO [[€JIETMPOBATh ABYX YY€HUKOB B IIKOJILHBIN KOMU-
TeT CAMOYIIPABJICHUA?

B knacce 11 manpunkos u 10 geBouexk. CKOIBKHEMH criocoba-
MM MOYKHO JeJIETHPOBATh OJHY AEBYIIKY U OJHOrO IapHS B
IIKOJbHBIA KOMUTET CAMOYIIPABICHUA?

1085.
T1086.
1087.
f“ 1088.

T1089.

1090.

1091.

1092,

3azaiiTe IepeuYHEeM 3JIEMEHTOB MHOYKECTBO OZHOIM(DPOBHIX
umces1, KOTOphle AensaTcsa: a) Ha 2; 6) Ha 3; B) Ha 5; ) Ha 11.
BrinumuTe Bce MOAMHOMKECTBA JJIA KAMK0T0 M3 MHOMKECTB:
a){s, ®}; 6){* A, #}.

Haiinure AN Bun AU B, ecnu:

a)A={2,3,T}, B={5,17,3}; 6)A={0,1,2},B={0,-1, 2,-3}.
Brruucaure:

a)0!; 6) 1!; B) 6!; r) 8!; n) 10!
YIpocTuTe BEIDayKeHue:

DR AT ey S Dl gy it

p r) %I )
B marasuHe ecTh TpHM BH/IA IEUEHbA U JECATh BUI0B KOH(eT.
Cepreii Xo0ueT KYIIUTh CECTPE TTedeHbe Wi KoHGeTsl. CKOoIb-
KHUMHU CIIocof6aMu OH MOJKET 9TO CHEeJIaTh?

s 3aBepuieHns GOPMHUPOBAHUSA dKCHEANINHA B AHTAPKTH-
J1y HOIOJIHUTEJIHHO paccMaTpuBanuch sasBieHus 10 nperen-
JICHTOB HAa JI0JI?KHOCTE Bpaya, 5 NpeTeHAeHTOB Ha IIOCT II0Bapa
¥ 3 OpEeTeHJeHTOB HA HO/IKHOCTh TexXHuKa. Hu oquH KaH u-
JlaT He IPeTeHI0BAJ OJJHOBPEMEHHO Ha ABe WiH OoJiee J0JIK-
Hocreit. CKOJIBKUMH CII0COOaMHU MOYKHO 3aII0JTHUTE OJJHO CBO-
00/lHOE MeCTO B SKCIeAunuu?

CKOJNBKHMH CIIOCODaMH MOXKHO IIOCAAUTH YETHIPEX AeTed Ha
ckameiike?

1093. Ha Bepiuuny ropsl BeayT 4 Tponsi. CKOJTBKHMMEA MapPIIPYTaMU

TYPHUCT MOYKET IIOAHATLCH HA FOPY ¥ CIYCTUTHLCSH C HEE, BBIOH-
pas I CIyCKa ¥ HOABEMA PA3JIMIHbIE TPOUBI?
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b @94 CronoBasi IpUTrOTOBMJIA HA 3aBTPaK 3 BTOPEIX 6uroza (A, B, C) u
nBa HanuTKa (M, K). CKOJIBKO pasHbIX HA00POB U3 TAKHUX OJII0]
M HAIIUTKOB MOXKHO BEIOpaTh Ha 3aBTpak ? CocTaBhTe COOTBET-

1 CTBYIOIIYIO AUATrPAMMY-A€PeBO.

| Yposenn B S s W =

— s
- 1095. Ckonpxumu criocobamu 5 ueloBeK MOT'YT 00pa3oBaTh 04epesib
B Kacey?
~ 1096. CxonbKO pasnuYHBIX IIPEAJOKEHIH MOKHO HATTUCATD CJIOBA-
MU ¢«MBI», «JIIOOUM», «<ATPATH»? A CIIOBAMY «MBI», «OYEHb»,
b «TIO0UM» , «ATPATH» ?
[ ﬁ097. CKOJNBKUMY CHOCODAMU JeBOYKA MOYKET HAHU3ATh HA HUTKY 8
Pa3JINYHBIX OycHH?
~ 1098.Cxonbko TPEXIUMPOBLIX YUCES MOKHO 00pasoBaTh u3 uudp 1,
! 2,3,4,5?
. Tf099 CocraBbTe 3a71a4y 1o pucysxky 138 u pemute eé.
. 1100. CkonpKko MOAMHOMKECTB UMeeT MHOMKECTBO, CojlepsKaIee:
1 a) OuH 3JIeMeHT; 0) [Ba dJIeMeHTa; B) TPH 2JIEMEHTA; I') YeTHI-
pe sJyiemMeHTa?
b 1101 ITpoBepbTe yTBEPIKAEHNE « MHOYKECTBO, COCTOAIIEE U3 N dJIe-
3 MeHTOB cogep:kuT 2" noamuokecTB» gaan € {0, 1, 2, 3, 4}.
4 ‘[i:102. Berancaure:
a) 10!: 5!; 6) 13!: 10! B) 20!: 25!; r) 100!: 97!.
- 1103. YopocTure BEIpa)kenue:
) aynl:(n—-1); 60)(n—1):n!; B)(n+1)!:(n—1).
1104. Beruucnure (2 n)! : nl,ecmu: a)n=3; 6)n=4; B)n=10.
. 1105. Haiiaure 3HaUeHME N, €CIIH:
1 aynl=(n-1)'8; 6)(n+2)!=132-n!
1106. Bocems apy3eii pemuiy IPOBECTH TYPHUD IO HIAUIKAM TaK,
9TOOBI KAXKIABIM CHITPAJ ¢ KAKABIM OAHY napTuio. CKOJIBKO
mapTuu 6yer CeIrpaHo?

- SRRl

Puc. 138
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1107. Cronosas nmpurorosuia Ha obex 3 mepsrix 6moxa (4, B, C),
3 BTOpPHIX (@, 06, ¢) 1 3 TpeTbux (X, p, y). CKONBKO pa3HbIX HA0O-
POB M3 TPEX 0101 MOYKHO BEIOpaTh Ha 06es? CocraBbTe COOT-

BETCTBYIOIIYIO IUArpaMMy-Iepeso.

11108. Cosparor ambireMy IIKOJIBI, DJIEMEHTOM KOTOPOI OJIFKEeH OBITH

MHOTOYTOJBHUK OIpeeéHHoro nBeTa. CKOJIBKO TAKUX 3M0-
JIEM MOYKHO CO3/1aTh, €CJIM PACCMAaTPUBAThL TPH (DUTYPEI (Tpey-
rOJIBHUK, KBaJparT, IIeCTUYroJbHUK) 1 4 1Bera (CUHU, 3e-
JIEHBIN, KEITHIN, KpacHbIN)?

1109. CKOIBKO pA3JMYHBIX « KOPTEIKEH » MOMKET CIOKUTE MATbYUK
M3 9eThIPEX UTPYIIEYHBIX aBTOMOOMIIeH: 6es10r0, KEITOr0, CH-
Hero u KpacHoro? CocraBbTe COOTBETCTBYIOIIYIO JHArPaMMYy-
ZIepeBo.

| YpoBens B

1110. CKoNbKO HEUETHBIX YETHIPEX3HAUHBIX UMCEJ MOKHO COCTABUTE
u3 mudp 0, 1, 2, 3, 4, 5, ecoix Hu@PHI He MOT'YT IOBTOPATHCA?

1111. K mopio BenéT 7 nopor. CKOMBKUMHM criocob6aMy OTABIXAIOIIUiA
MOKeT Ho0paThesa K MOPIO ¥ BePHYThCA 00paTHO? PaceMoTpu-
Te CAy4Yau, KOrja ABHKEHNe K MOPIO i C MOPS IIPOUCXO/NAT:
a) OIHOM JOPOro¥t; 0) pasIUYHBIMY IIYTAMMT; B) OAHUM M3 IBYX
OPEeaBIAYIIUX CIIOCODOB.

‘[rl,l 12. B cpeny no pacnucanuio B 11-A Kiacce ecth 6 pasHbIX YPOKOB,
Cpeiy KOTOPEIX — anredpa u reomerpusi. CKOITbKHIMU CIIOCO-
6aMM MOKHO COCTaBUTE PACHIMCAHUE TaK, YTOORI airedpa 1 reo-
MeTpUS CTOSIH PAJAOM?

1113. Bo BropruK 1o paciucaauio B 11-B Kiacce ecTsb 7 pa3HBIX ypo-
KOB, CPeix KOTOPBIX — (usuka u actpoHoMusi. CKOJBKUMU
crrocofamMy MOMKHO COCTABUTE PACIUCAHNE TAK, YTOOBI (husu-
Ka U aCTPOHOMMUS He CTOSAIH PALOM?

1114. CKobKO pa3NUYHBIX YIOPAJOYEHHLIX TPOCK MOMKHO 00pa3o-
BATh U3 YETBIPEX DJIEMEHTOB a, b, ¢, d? A 13 IATH 2JIeMEeHTOB 4,

i b,e,d,e?

f1115- Onuaxabl 8 Apyaseit sanum B Kade. Xo3AuH J100€3HO IIPeIo-
JKUJI UM MHTEPECHYIO C/eJKY: OHM IPUXOAAT B Kade exes-
HEBHO, HO KayK/J(bIil pa3 mo-Apyromy CajsaTcs 3a TOT 3Ke CTOJI.
Kak ToJIbKO Bce BOZMOKHBIE BADUAHTHI ITOCAKH HCUYEPHAOT-
cd, ux 6yayr yromars 6ecniiatao. E¢Th 1M ¢CMBIC] IIPUHATH
NpeIoKeHne X03AuHa?

1116. B nunuepun roToBsT 60JIBIIYIO X MATEHBKYIO IUIILY C TOJICTOM

¥ TOHKOM 0CHOBOM. CKOJIBKO PA3TUMYHBIX BA/IOB HUIIIIBI MOMKHO
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Puc. 139
3aKas3aTh B 9TOU NUIIIEPUH, €CIIU JJIs TOHKOM NUIIBI MCIOIb"

) 3YIOT TPH BUJIa HAYMHKH, & JJId TOJICTON — 4YeTbipe?
; ﬁ117 . CocraBeTe 3asauy 1o pucyHKy 139 u pemruTe eé.

1118, Haiigure n1pou3BOAHYIO (DyHKIIUE:
| ay=2x"-3; .  6)y=2x(x-3);
B)y =2sin x - 3; r)y=2-3e”.
- 1119. Pemiure ypaBHeHME:
] a)\/2x-3 =5; 6)x—5Vx +6=0.
. 1120. YopocTuTe BEIpaKeHUE:
a)l-— sin® X 0)1+ tg2 X B) 1 +cos 2x.

' §31. PASMELLEHMS Y MIEPECTAHOBKM

3agaga 1.Cromskumucnocodbamu cobparue us 20 4e10BeK Mo-
JKeT u3bpaTh IpecesaTeNs i CeKpeTapa?
_ Pemrenue. IIpeacenarens Mo)xHO BeiOpars 20-10 crocobamm,
| cexpeTaps — M3 ocTaabHBIX 19 yenoBex — 19-10 cnocobamu. ITo mpa-
| BUUIY IPOM3BE/IeHU IIPe/ICeJaTe sl U CeKpeTaps coOpaHus MOTyT BbIO-
. pats 20 - 19 = 380 cocobamu.
06061uM 3a1a9y. CKOTBKO YNIOPANOYEHHBIX K-2/1eMeHMHbLX TIOJ-
| MHO’ECTB MOKHO COCTaBUTB M3 I pa3IMYHbIX asieMeHToB? Ha nepsoe
| MecTO MOKHO NOCTaBHUTh 10001 13 JaHHEIX N1 saeMenToB. Ha BTopoe
~ MecTO — Jir000¥ 13 ocTaJbHEIX n — 1 anemeHTOB u T. A. Ha mocienuee
~ k-e MeCTO MOYKHO IIOCTaBUTH JII000M U3 ocTanbHBIX n — k + 1 aue-
MeHTOB. VI3 mpaBujia MpOUBBEAEHUS CJIEAYeT, YTO U3 JAaHHBIX N
| 3JeMeHTOB MOKHO nmoayuutbn*(n—-1)(n—-2) ...-(n—k +1)
k-2J1eMEHTHBIX YIOPAZOYEHHBIX IIOAMHOKECTB.
, Hampumep, us 4 2;1eMeHTOB @, b, ¢, d yIIOpSL0YECHHBIX ABYX3JIeMeH-
;f THBIX ITOJMHOKECTB MOYKHO 00pasosath Bcero 4 - 3 = 12: (a; b), (a; ¢),
(a3 d), (b; a), (b; ©), (b; ), (c; a), (¢; b), (¢; @), (d; a), (d; b), (d; ¢).
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YnopagoueHoe k-eNeMeHTHOE NMOAMHOXECTBO n-3/1eMEHTHOIO
MHOXeCTBa Ha3blBAIOT pasmMeujeHuem u3 n anemeHmoB no k. Ux

2 e

uncno obosnavaor AF. |

W3 npeapIaAyInux paccyKAeHuii ciIeayer, 4To A = 12 u aTo0 s U
| NI00BIX HATYPAJLHBIX n Uk (n = k)
|
| Af=n-n-1):...- (n-k+1).
‘ B npaBoit yacTH 3TOro paBeHcTBa k MHOkuTexei. [loaTtomy pe-
i 1 3YJILTAT MOKHO C(hOPMYTHPOBATH B BUJE TAKOTOY TBE DK /1 € H U 4.
| Yucao pasMenieHui U3 1 3JIeMEeHTOB 0 k PABHO IIPOH3BEeHUIO

al k mocieoBaTebHBIX HATYPAJBHBIX YHCEJ, HAHOOJbIIEee U3 KOTO-
PBIX 1.

Ipumeps. A} =7-6-5-4=840; A} =10-9-8=1720.

3apmaua 2.CKOIbKHMU CIIOCOOAMYU MOKHO COCTABHUTEH JJHEBHOE
pacrucanue U3 NATHA Pa3HbIX YPOKOB, ecau Kiaacc uaydaer 10 pas-
JUYHBIX OIpeaMeTOB?

Pemenue. Peub uziér 06 ynopAI0Y€HHEBIX H-3JI€eMEHTHBIX MO~
MHO’K€eCTBaX HEKOTOPOro MHOYKECTBAa, cocTosAniero ua 10 sieMenTOoB.

Bro pasmemenus. Aj, =10-9:8:7-6 =30 240.
OrBer. 30 240 cnocobamu.
Yucno pasMenieHuil U3 7 9JIeMEHTOB 10 £ MOXKHO BEIYHCIIATE U

n!
10 Apyrou hopmy.ie: A,’f = (—m (IpoBepbTe CAMOCTOATEIHHO).

PasmeuieHne n 3NeMeHTOB N0 1. Ha3biBAIOT NEPECMAHOBKAMU N3 N
« 3nemeHToB. UXxuncno obosHavawt P, .

Hanpumep, U3 TpEX 27I€MeHTOB a, b, ¢ MO3KHO obpasoBaTs 6 pas-
‘ JIMYHBIX ITIepecTaHoBOK: abe, ach, bac, bea, cab, cba.
| Cnenosarensno, P; = 6.
‘ IToxcraBuB B hopMyIIy YHCIa pa3MeIneHuit k = n, oJyIuM, 9T0
P_=n!.

> Yucsio nepecTaHOBOK M3 7L 9JIEMEHTOB PaBHO n!
INpumeps. P;=1-2-3-4-5=120; 1
P,=1:2-3-4:5-6-T=5040.

i 3agava 3.CKOIBPKUMH CIOCOGAMHA MOKHO COCTABHUTH CIIHCOK
: u3 10 pamunnit? ’

Pemenue, P;;=10!=1:2:-3:4-5-6-7-8-9-10=3 628 800.
OrBer. 3628 800 cmocobamu.
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Hexoropsie KOMOMHATOPHBIE 3a/IaYl CBOAATCA K PEIIEHUIO YPaB-
HEHHUM, B KOTOPBIX IIepeMEeHHAA YKA3hIBAET HA KOJIUUECTBO dJIEMEeH-
TOB B HEKOTOPOM MHOJKECTBe WJIM MOAMHOXecTBe. PaccMoTpuM He-
CKOJIbKO TAKUX YPABHEHHUM.

1. Pemure ypasrenwe A% = 20.

Pemenue. ITonpaysaces popMyioil pasMeleHnii, JaHHOE ypPaB-
HEeHMe MOYKHO 3aMEHUTH TAKUM:

x(x—-1)=20, mmxz—x-20=0, orciogax =5, x=—4,.

ITo ycioBuIo 3a1auu X — HATYPaJbHOE YHCJIIO, IOITOMY X = —4 —
IIOCTOPOHHMIA KopeHb. CirefoBaTeNbHO, X = 5.

2. Pemmure ypasuenue Ay =30 A% ,.

PemeHue. 3anumenm Boipaskenus A> u Af_z yepes Ipou3Be-

JeHHs.

Hmeem: x(x — 1)(x— 2)(x — 3)( x — 4) = 30(x — 2)( x — 3)( x — 4).
IToCKONBKY IO CMBICHY 3afayu X 2 5, To X # 2, x # 3 u x # 4.
IToaTomMy mociezHee YypaBHEHUE MOYKHO COKPATUTH HA MPOU3-
pegenne (x—2)(x—3)(x—4). Tornax(x—1) =30, x>~ x—30=0,x=6,
x = — 5. Ho ypaBHeHnue Af, =30 - Af _9 YAOBJIETBOPAET TOJIBKO OJHO
3HayeHue: x = 6.

[MPOBEPbLTE CEBS1

B | >

1. Yro Takoe pa3melyeHue U3 n 3neMeHToB no k?

2. Kak 0603Ha4aloT 1 Kak BbIMMCAAIOT KONMYECTBO pa3MeLUeHnit U3 i aneMeH-
T0B no k?

3. Y1o Takoe nepecTtaHoBKH W3 1L 3IeMeHToB?

4. Kak 0603HaualoT 1 KaK BbIYUCASIOT KONIMYECTBO NepPecTaHOBOK U3 1L 3/1eMeH-
ToB?

945 BBINOJIHMM BMECTE

2 N D >

1. Komasja u3 Tpéx 4esOBEeK BBICTYIIAE€T B COPEBHOBAHUAX II0
XY/I03KECTBEeHHOM 'MMHACTUKE, B KOTOPHIX IPUHUMAIOT yYacTHe eIé
27 cnoprecMeHOK. CKOTBKHUMH cIOCO6aMMU MOrYyT pacupeaeanThes

‘, MecTa MeXX Ay 4JeHaM KOMaH/Ibl, IPH YCJIOBHUH, UTO HA 9THX COPEB-

HOBaHUAX HYU OHO MECTO He AEJIUTCHA?

Pemenue. Peub usér 06 ynopsajo4eHHBIX 3-2JIEMEHTHBIX IO/~
MHO’KeCTBaX MHOYKecTBa, cocrosamero u3 30 ameMeHTOB. 9TO — pas-
memenns. As, =30 - 29 - 28 =24 360.

2. CkoJbKHMHU cnocofaMu MOYKHO pasMeCTUTh Ha MOJKe 5 auc-
KOB?
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Pemrenune. Peus uiiér 06 ynopagoueHHBIX
5-piieMeHTHEIX MHOMKecTBax. Mckomoe Konmuye-
cTBO criocofoB paBHo Py, P, =1-2-3-4-5=120.

OrBer. 120 cnocobamu.

3. Uzobpakénnoe Ha pucyHke 140 Koabiio
packpameHo B 7 nBeToB. CKOJILKO CyIIecTByeT
TAKHUX KOJIell, pACKPANIeHHBIX TEMH Ke IIBeTa~
MM TOJBKO B APYI'UX II0CIEA0BATEIbHOCTAX ?

PemeHue. 3aduKkcupyem oJHY KaKyIio-
HUOYAB YacTh KOJbIa, OKPAIICHHYIO OJHIM IIBeTOM. 6 Apyrux yac-
Teil MOJKHO pacKkpacuTth Pg crocodbamu.

Pg=1-2-3:4-5-6=T720.

O1BeT. 720 Kome.

4. CKOJIBKO MOYKHO COCTABUTH PABIMYHBIX HEIPABUIBHBIX Apo0ei,
YHCIATENISMA 1 3HAMEeHATeIIMI KOTOPBIX eCTh yKesaa 3, 5, 7,9, 11, 13?

Peumrterue.Cnoco6 1. [pobeii, y KOTOPHIX YMCIATEb HE pa-

Puc. 140

BeH 3HaMEHAaTeJi0, MOXHO COCTABUTH Ag , Toects 65 =30. U3

9TUX Apo0eii TONBKO MOJOBUHA — HElIPaBUJILHBIX, TO ecTh — 15.

HenpaBuiibHEIMHA ABISIOTCH TAKIKe AP0, Y KOTOPBIX YHCIHTE/Ib
paBeH 3HamMeHaTe 0. Takux gpodeit B Hamem cay4vae 6. Mrak, Bcero
MOJKHO cocTaBuTh 15 + 6 = 21 (apobds).

Cnoco® 2. Eciiu 3HaMeHaTeN b HeIIPaBUIBLHOU Apobu 3, TO ero
YHUCIAUTENAMH MOTYT OBITE Bee 6 TaHHBIX unces. Eciu 3HaMeHaTe b
5, TO YHCUTENAMYU HellPaBHJILHOMI Apodu MoryT ObITh 5 unce (9, 7,
9,11, 13)ur.n1. Hakonen, ecniu aHamMeHaTe s — uucesio 13, To cyiige-
CTBYeT TOJbKO 1 HenpaBuibHAA Ap0o0b, co 3HaMmenarenem 13. Beero
TAKUX HEIIPABUJIBHBIX Apodeii cymecryer 6 +5+4+3+2+1=21.

Orser. 21 n1pobs.

' BoINONHUTE YCTHO

.

1121. CocraBbTe Bce BO3ZMOYKHBIE IEPECTAHOBKY U3 OVKB o, P, V.
1122. Beruucsure: a) Py; 6) Py;  B) Py.

' Yposenn A IV g e TGS it

-

1123. CrospKkuMH criocobaMu 4 yUeHHKA MOTYT CECTh 3a ABYMS JIBYX-
MECTHBIMHY IIapTaMu?
'[1124. CKOMBKMMU CIIOCO0aMU MOYKHO ITO3APABUTE MaMy ¥ 6adbyIIKy
¢ IIPas3JHUKOM, €CJIH BbI UMeeTe 3 PA3HbIE OTKPBITKU?

1125, Beruucsaure: a) Ag; 0) Ag; B) Ag: r) A7,
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~

1126. CocraBbTe BCe BOSMOKHbIE IIEPECTAHOBKY U3 DIIEMEHTOB ‘A, B;C.
'[1127 Beruucsure P, ecau n passo 6, 7, 8, 9.
. 1128.CrombKUMHA cnoc06a1vm 6 yUeHNKOB MOT'YT CECTh 3a TPEMS JABYX-
MECTHBEIMH IapTaMu?
‘[1 129. Ha rapenke ects 7 rpymi. ITarepo gereit 6epyT us Heé 1o oz~
HOM rpynre. CKOJIBKHUMHE CIIOCOOaMH 3TO MOXKHO CeJaTh?
1130. CK0oJIBbKO pa3HbIX TPUIA(DPOBLEIX YHUCEJI MOXKHO HAITUCATH MU(-
pamu 6, 7 u 8 Tak, uT0OBI Bce TH(MPHI KaKA0T0 YuCaa ObLIN
pasHbIe?
“[1131 CKONBbKO pa3HBIX YETHIPEX3HAYHBIX YHCEJ MOXKHO HaIHUCATh
nudpamu 0, 1, 2, 3 Tak, 4ToOBI Bce MUMPHI KAXKJ0r0 YUca
ObLIM pasHbie?
1132. BemmumnTe Bce pasmennenus us 6yks A, B, C, D o 2.
1133. CKOABKIMHU CIIOCOOAMYI MOYKHO PACCaANTh 5 YYeHUKOB Ha 10-
™1 MecTax?

B o R

e e o R R —

P
\
}
i
]

| ¥Yposenn B i A s e

——

- 1134. Beruucaure: a) Ag 1 Ag; ) Py: Ag ; B) A520 < P,.
1135. Pemmure ypaBHeHUE:

TR -

a) A2 =20; 6) AZ,; =156;  B) A%, ’i’i Al:p,.

Tl 136. B mayansHoi mkoxe 11 kaaccos u 11 yunresei KIaccoBOJOB.
CKONBKUMH CIIOCODAMY MOYKHO PACIpPEJeTUTh KJIACCHI MeX-
Ay YIUTEIAMU?

- 1137. B ¢pyr6onsroi KomaHze (11 yenoBek) HY»KHO BBIOpaTh Kalu-
TaHa U ero samecturesis. CKOJIBKAMHE CIIOCOBAMA 3TO MOIKHO
cenarb?

ﬁ138 B 9-m xaacce aumes «IIpectu:x» uayuaior 12 npegMeros.
i ITreBHOE pacnucanue comep uT 6 ypokos. CKOTBKUME CIIO-
cobaMu MOKHO COCTABUTH AHEBHOE pacrnucanue?

1139. CKoJIbKO CymecTByeT TPEXIU(MPOBLIX YHCEI, Bce NU(PPbHI KO-
TOPBIX HEYETHBIE U pasHbie?

' 1140. CxoabKo cyiecTByeT Apobeii, YHCIUTETH U 3HAaMeHaTe I KO-
TOPBIX — PasJM4YHbIE IPOCThIE YHCaa MeHbIme 157

| 1141. CKOIBKO CYIIECTBYET NPABUILHBIX AP00eil, UNCINTe N ¥ 3HA~
MeHATeJM KOTOPBIX — IIPOCTHIE 9ucia, He 0oabme 177

1142. CKOJILKO CYIIeCTBYeT TPEXIU(PPOBLIX YHCEI, Bce UM(PPHI KO-
TOPBIX PABJIUYHEI M YETHBIE?

'[1143 CKOJIBKO CYyIIecTBYeT n- un(bpoamx yuces, Bce nu@psl KOTO-
PHIX pa3nuuHbl, eciu: a)yn=3; 06)n=4; B)n=>5?

g —— e

C— .

R L J NS



ﬁ 144. CKOJIBKO CyIIecTBYeT TPEXIM(DPOBUX YHCEJI, B KOTOPBIX KaXKAas
nu(ppa He MeHee 5 U HU(dPEI B KAXKI0M YHUCJIe He IIOBTOPAIOTCH?
1145. CxonpKuMH cioco0aMu MOJKHO IIOIINTH TPEXIIBETHRINA duar
M3 TPEX NOPHU30HTAJBbHBIX ITOJIOC OIMHAKOBOM IIUPUHEI, €CJIH

€CTh TKaHb H-TH PASHBIX I[BETOB?

‘ ! Yposenns B A e M) W,

i 1146. CkonbKO cioBapey HaJ{0 UMETh, YTOOBI HEIIOCPE/ICTBEHHO 11e-
‘ PEBOJIATS C IISAATH PA3JINYHBIX A3BIKOB HA KaKABIN U3 HUX?
1147. B 11-A xnacce obyuaerca 10 roHOIIe# 1 12 feBymieK, Kasx-
JIBII U3 KOTOPHIX yMeeT IeTh, TAaHIeBaTh U UrPaTh Ha My3bI-
i KaJbHOM HHCTpyMeHTe. [[JIs y9acTusa B KOHIEPTE BEIOUPAIOT
(i TPH AySTA U3 PA3HBIX YYEHUKOB (I€BYECK U, TAHIIEBAIbHBIA
M UHCTPYMEHTaJbHEIN). CKONTBKUMHE CIIOCO0aMU 3TO MOXKHO
‘ caeaaTh, eCJIU JYST COCTOUT M3 IOHOIIU U AeBYIIKH?
[ ﬁ148. B 6ubinmorery moctynuiao 20 HOBBIX KHHI, CPeAX KOTOPBIX
| 6 — oxHOrO aBTOPA, 2 OCTAJIbHEIE — PasHbIX. CKOIBKUMH CIIO-
! cobaMu 3TH KHATH MOYKHO Pa3jIOKUATH Ha MOJKHU TaK, 9TO05I
| | KHUTH OJHOT'O aBTOPA CTOAJH PAAOM?
! 1149. Haceneaune MypusiHAUM cocTaBafAeT 333 MUJLIMOHA YKUTEJIEN.
‘ Kaxxaprit peOEHOK U POYKIEHUH ITOTydaeT He 6osiee TpEX pas-
Il HBIX UMEH u3 333 cymecTByiomux. CKOIbKUMU cIIocobaMu B
il MypasHAAE MOKHO Ha3BaTh pebéuka? O0a3aTeIbHO JIN HAUAYT-
I Csi B 9TOM CTPaHe KUTEJIH C ONMHAKOBLIMHY IIOJTHBIMUA HMEHAMM ?
1150. JoxakuTe, 94TO IPHA KAMXKAOM HATYDPAJIBLHOM 7 BBINOJHAETCS
paBeHCTBO: P, ., ,=nP,.

1151. Jokaxure, uro: a) A" 2 =P : 6) Al =nAl7].

“ ]J_il52. PemuTe ypaBHeHMeE:
a) A =56 AZ; 6) A>=72- A% ,;

| B)P, =42 -P,_,; r)P . =T20-P__..
x x-2 ¥ x-3
' ']ii153. CKOJIBKO CYIeCTBYeT NMPaBUJIbHBIX Apobeii, B UHCIUTENE U
3HaMeHaTeJe KOTOPHIX 3allMCaHbl IIPOCTHIE YHCIA JABYX IIep-
BBIX JIECATKOB? :
\ 1154. CKOJBKO CYIIECTBYeT HEPABUJILHBIX Apobei, YucauTe b U
I 3HaMEHaTeJb KOTOPhIX — IPOCTHIe Yncsia MeHbme 307

. Ynpaxuenus ans NOBTOpPeHMs L

‘ 1155. Hajigure o6muil B 1epBoOOPa3HEIX A (DYHKIIUHA:
| a)y=2x>-5; 6)y=2% B)y=2sinx; r)y=-cos3x.
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e,
1156. Pemure ypaBHEeHHE:
a) 528 =518-%.  1,6)4*-5:27+6=0.
1157. BanumuTe B Buze Jorapudma BeIparkeHue:
a)l+2In x; 0)3lg x —lg 2x; B) 2 + log, 2x.

' §32. KOMBWHALIWM ¥ BUHOM HBIOTOHA

ITycTs aHO MHOXKECTBO M3 TPEX dJI€MEHTOB: {a, b, ¢}. Ero aByx-
9JIEMEHTHBIX IIOAMHOKECTB (He yIOPAZOUYEeHHbBIX) CYIIeCTBYET BCe-
ro Tpu: {a, b}, {a, c}, {b, c}. ToBopsAT, 4TO CyIIECTBYET 3 KOMOMHAIAU

3 TPEX dJIEMEHTOB 10 ABa. [IunryT: Cg =3.

. ' KOM6UHOMU€(7 M3 . 3N1eMEeHTOB No k Ha3biBaloT Nloboe k-aneMeHT-
¢ HOE NOAMHOXECTBO n-3/IEMEeHTHOIro MHOXXecTBa.

Yucsio KOMOMHAIIMKN U3 N 3JIEMEHTOB II0 k 0003HAYAIOT C,'f .Bor-

JH4Yue oT paamem;enuﬁ, KOM6PIHaIII/IH — IIOAMHOKeCTBa HeyInopsa-
- AAO4YEeHHBbIe.

CpaBHuTe: or= 3,a A:f = 6. IIpu Tex xe 3HAYEHUAX N U k 3HAUe-

HHe C,'f MEeHIIIe Av'f. MoK HO TaKe yKas3aTh, BO CKOJbKO pas

meHbIe. Kaxayio k-asemernmuyo KoOMOMHALIUIO MOMHO YIIODPAL0-
unTh P, ciocobamu. B pesyibrare B3 0fHOW KOMOMHAIIMY MOIyYa-
1oT P, pasmemenuii (yopsA 04eHHBIX TOAMHOECTB) U3 TeX JKe aJIe-
- MeHTOB. WTaxK,
YHCI0 k-31eMeHTHBIX KoMOuHanuii B P, pa3 MeHblIe YucIa pas-
;_ MeIeHHIi U3 TeX e k 3JIeMeHTOB.

k k.
Toects, C, = A, : P,, orciona

k.0, k_n(n-1)...(n-k+1)
gk L e e

Ipumep 1.Borumcaure: a)Cl; 6)Cas.
PemeHnmue.

7-6-5 20!  181-19-20
1.2.3 arisi- arasl o0

O6parure saumanuel C, =1, C,l, = n. Ilonaramor Takxe,

a) Ci = = 35; 6) Cio =

uTO C,? = 1 gna aoboron € N.
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e

3anxada. CkonrbkuMu criocobamMu u3 25 YYeHHKOB MOKHO BEI-
OpaTh Ha KOH(EPEeHIUIO ABYX /[eJIeraToB?

Pemenne. 3nece n = 25, k= 2, IOPALOK YIEHUKOB HE HUMeEeET
3HAYEHHUs.

2 _25-24
Cos = 1% I iR 300.
OrBerT. 300-Mu criocobammu.
HokaskeM, 4TO JJIsl HATypPaJbHBIX 3HAYeHUU n ¥ k (n > k) npa-

A i S
susbHO Toxkzectso C, +C, =C .
JokxaszareascTso. Ilycrs 1ano n + 1 pa3inuuHbIX 3JIEMEHTOB:

k
a;, @y, Ay, ..., @,, @, . . Bcero us Hux MoxHO obpasoBars C,

Pas3JIMYHBIX k-29JIeMEHTHBIX KOMOMHAIIAN. ITO KOJUYECTBO KOMOUHA-
IU#A BBIYMCIUM APyruM crocobom. I3 nanHbIX n + 1 2j1eMeHTOB,

KpOMe IIOCJIeJHETr0 a MOKHO 00pas3oBaTh C,',‘ rKoMmbunanuit. Oc-

n+1’
TaJIbHbIE k-2JIeMEHTHBIE KOMOMHAIINY W3 BCEX JaHHBIX 3JIEMEHTOB
MOXKHO 06pa308aTb, eCJIH K KaKJ0M KOMOMHAI[MNA U3 IIePBbBIX 71 dJie-

MEHTOB 110 £ — 1 jonncaTts a1eMenT @, , ;. Takux xombuHaui C,'f i

L s T
Cneposarensro, C, ~ +C, =C; 1. A 510 1 Tpe6oOBATIOCH JOKA3ATH.

Takoe KOMOMHATOPHOE TOK/AECTBO MOYKHO A0KA3aTh TAKKE, BOC-
MOJIL30BaBIINCH (DOPMYJION YMCIa KOMOMHAII AN,

C xoMOuHAIMAME TECHO cBsI3aHa popmyia bunoma HeioroHa.

BenomuuTe hopmyay KBaapara ABydiieHa: (a + b)2 =a®+2ab+b.

VmuOx)uB a® + 2ab + b’ na a + b u va a® + 2ab + b2, TIOJIY YU M
hopMyIbI:

(a +b)® = a® + 3a%b + 3ab*+ b°,

(a+b)* =a* + 4a®b + 6a’b* + 4ab® + b*.

1 TpU HOPMYJIBI MOIKHO 3aIIUCATE U TAK:

(a+b)>=a’+ Chab+ b,
(a+b)®=a®+ Cla’b+ C2ab® +b®,
(@a+b)=a*+ Cla®b+ Cf a’v® + C:‘ ab® + b,

OxasbIBaeTcs, AJs KaXKA0ro HaTyPAIbHOTO 3BHAYEHU S 11 IPABUIIb-
Ha 1 obuiasa popmyaa:

(@a+b)"=ad"+Cl a" '+ C?a" %P +...+ C* lab" T 0" (%)
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ITO TOMKIECTBO HASBIBAIOT opmynoll Ournoma Hovromowna, a eé npa-

BYIO YaCTh pa3aodcernuem 6unoma Hviomona. Bunom — JIaTUHCKOE

HasBaHUe ABy4diaeHa. [1onb3ysack aTol (hopMyJioit, Bo3BenEéM, HATIPU-

) Mep, AByUIeH a + b B nATyio creneHb. II0CKONBRY Cj =5, C.f =10,

€2 =10, ¢! =5,10(a+b)’=a’+5a'b+10a°b? + 102 + 5ab + b°.
Joxasarts opmyny 6uaHOMa HbI0TOHA MOJKHO METOIOM MaTeMa-
| THUECKONW MHAYKIAN.
HoxaszarensceTso. [Ipegmonokum, uto opmyaa (*) BepHa
| U1 HeKOTOPOro HaTypalnbHOTO Nokasarens creneHu n. Iloxasxem,
UTO TOT/IA OHA BEPHA U IS CAeAYIONIero 3a HUM 3HadeHus 1 + 1.
(@a+b)""'=(a+b)"(a+b)=

P =@+ C ad" "+ CEa" ...+ ab" 0@+ b) =
=a""'+ C a"+ Ca" P+ CT AP T ab” +
+a"b+Cla" W+ Cia" PRt O b + 0" =

=a"* 1+ (C + 1)a"b+(CE+CLya" P+ .+ (CP T + )b + 0 =

; DR 1 n 2 n-1;2 n noy pn+l
; =g R ke TR Gy a Tk ok O el b AasR

BripakeHus B CKOOKax nmpeodpasoBaHbl COIIACHO (DOPMYJIEL

O G G
CuenosaTenbHO, ecan (popmyia buaoma HpioToHa BepHa A4 1T, TO

- oma npaBunbHa U g n+ 1. [[nsa n = 1 oHa npaBuibHA, TaK KakK

L (a + b)l = a + b. IToaToMy Ha OCHOBE aKCHOMBI MaTeMaTUUYECKON
VHIYKIIAN MOKHO YTBEPHKAATE, UTO (DOPMYJIa BepHA /14 JI000ro HaTy-

| paJbHOTO IOKA3aTeJIs /.

1 Breiuncysrs Koa(duitneaTs pastokernsa 6uaoma HeioToHa MOKHO
He 110 (JOPMYJIe YHCIa KOMOMHAIIM, a IONb3YACh HUCJI08bLM MPEY20./1b-
nurom ITackans — cBoeoOPa3HBIM CIIOCOO0OM BEIYMCIEHUA Koo (huIiu-

eHTOB paaJioskenus ouaoma HeroToHa C,',) 3 C,l, : Cf o C,',"1 8 okl
1

: 151
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Paszpnen 4

Tpeyro.nbnmc ITackans MOXKHO IpoAOJIZKATh KaK YyIroaHo JajJeKo.

k-1 k k o
ITO caefyeT u3 TOXJecTBa C" + Cn = Cn +1. Ero kpaitnue yucuaa —
VA

eIUHUIIBI, 8 KaXXJa0e Apyroe paBHo CymMmMe ABYX OmKamux K HEeMy

YHCeJl CBEPXY.
Hanpumep, npubaBJisas 4ucIa IECTON CTPOKH (1 n = 5), HOJIydUM

gucsia caepyiomei crpoku (aa n=6): 1, 6, 15, 20, 15, 6, 1. Crezona-
ressHO, (a + b)° = a® + 6a° + 15a"b? + 20a°0® + 15a%b* + 6ad® + b°.
O6mumii uneH pasioxkenns 6uaoma (a + b)" MOKHO OIpeAeTUTh 10
dopmye TH1 = Cra" "M tie k=0,1,2,8, ...
Hanpuwmep:
o niepsit wien — T, = Cy a”";
o TOpO# wien — Ty = Cp a"~ 1p1;
o Tpernit wien — Ty = C2a"~ %b%. .
2 [MPOBEPBTE CEBS1 -

1. Yro takoe koMbuHauuu U3 n anemeHToB no k?
2. Kak 0603Ha4aioT ¥ Kak BbIYMCAAIOT KONMYECTBO KOMOHHAUMMI U3 N 31eMeH-

ToB no k?
3. Yro takoe 6uHoM? A 6uHoM HblotoHa?

4. Yro Takoe TpeyronbHuk Mackans? Kak ero crpost?

#94% BbINONHMM BMECTE

1. B TypHUpe 110 IIamKaM IPUHSAJIY yIdacTue 5 AeBymeK U 7 I0HO-
meii. Kaxaplii y9acTHUK CHI'Pajl OAUH pa3 ¢ KasJbIM APYTHUM.
CKOJIbKO IapTuii OB1JI0: a) MEMKAY eBYIIKaMu; 0) MeXX Ay IOHOLIaMU;

B) ME)X/y I0OHOIIAMH U JeByIIKaMu?
PemeHnue. a) Peub uziér 0 2-3J1eMEHTHEIX IOAMHOKeCTBax (He-

YIIOPSALOYEHHBIX ) MHOYKECTBA, COCTOAILEro U3 5 3JIeMeHTOB., ITO —
5-4 7-6
xombuuanun. Cy = o 10. 6) Amanornuno Cj = T 21.
B) Bocnosnbs3yemcsi npaBuiioM YMHOMKeHU . [IOCKONBKY Kak 0u
U3 5 JeByIIeK IPEeACTOUT CHEIIPATH C KaXJBIM M3 7 I0HOIIEH, BO3-

MOJKHEIX cay4aes 5 * 7= 35.

2. Jlns nesypcTBa B CTOJOBOM NPHUIVIAIIAIOT 3-X YYEHUKOB U3
7 knacca u 2-x yueHuKoB u3 10 xiaacca. CKonskuMu crnocobamu
3TO MOXKHO C/IeJIaTh, ecJid B 7 Kjacce yuutcs 24 yuesuka, a B 10

Kjgacce — 18.
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PemeHue. Peub uIET 0 HEYNOPAZOYEHHBIX ITOJMHOMKECTBAX
JIBYX PasHbIX MHOYKECTB. JTO — KOMOMHAIIAN.
R =3“1223—322 -2024; Ch =122 -153.
ITo npaBmiy npousseseruns umeem 2024 - 153 = 309 672 cnoco-
00B BEIOpATH y4YaIIUXCHA IS 1KY PCTBa.

3. CkoabKO pasHeIx geaurenei umeer yucio 1001?

PemeHue. Pasioxkum 3aJaHHOE YUCJIO HA IIPOCTHIE MHOMKUTE-
gu: 1001 =7-11-13. Ecim uucyo d — genurens yucaa 1001, To ono
JIOJIKHO 6BITH OHUM U3 uuces 7, 11,13 (Tpu caydas) Win JTOOBIM
WX IIpou3BeZeHMEeM. Pa3nu4HBIX IPOU3BeJAeHUN MoxKeT OBITH

Cg + Cg =3+ 1=4. JlesuTesieM JAHHOT'O YHCJIA €CTh eIe eJMHULIA.
CrnenoBarensHo, uuciyio 1001 umeer 3 + 4 + 1 = 8 nenurenei.

4. Tloka)xkuTe, 94TO BEIIYKJIBIN n-yroasHuK umeer 0,5n(n — 3) au-
aroHaJIeu.
Pemie s ue. OTpe3skoB, KOHIIAMHA KOTOPBIX SIBJISIOTCSH 72 BEPIIHH

JAaHHOI'O n-yroJbHHKAa, CyIecTByeT Cf . Cpe;m HHX eCTb U N CTOPOH

JlaHHOTO n-yroJbHuKa. [loaToMy amaroHajieii oH HMeeT Cf -n=
=0,5n(n—1)—n=0,5n(n— 3).

5. JlokakuTe TOMKAeCTBO

(a—b)® =a®-5a'b +10a*h® — 10a°b® + 5ab* - b°.

CpenaiiTe 06001IeHTE.

Pemenne. (a—b)’= (a +g—b))5=
: =a® + 5a'- (-b) + 10a3-§—b) +10a%- (-b)® + 5a - (-b)* + (-b)° =

= a° - 5a’b + 10a°b? - 10a°6® + 5ab* — b°.

Bcee unens! pasnosxenns 6maoma Heiorona (a — b)" rakue xe, Kak
¥ YJIeHBI pasokenusa 6uaoma (a + b)", TOIBKO HX YIEHbI ¢ 4ETHBIMH
HOMEpaMu OTPHUIlATEJILHEIE.

15
6. HaliuTe HOMEp YJIeHA PA3JIOKEHUA (x+—2J , KOTODPBIA He
-
COIIEPIKHT X.

P e m e H u e. Bocnionbayemces hOpMyJIoit 001ero wieHa pasiosxe-
HUA omHOMA. UMeeM:

_nk 15—k -2k __ nk _15-3k

H ITo yecsioBuIo 3a1a9n x93 =1 poecrs 15—3k=0.Orciona k=>5.
CieioBaTesIbHO, HE COAEPIKUT X IIECTOH YIeH Pa3IoKeHuA OUHOMA.

ST T




' Boinonuute ycTHO s, A IEERRERIREER L ool
1158. CocTaBbTe BCe BO3MOKHBIE KOMOMHATMHU 13 OYKB O, 3, ¥ 1Mo 2.
1159. Beraucaure Ci, C2, Cy .

1160. CkoabKMMU CII0CO0aMU MOYKHO BEIOPATE IBe KOH(EeTHI U3 TPEX ?

1161. CKoJIBKO YWIEHOB UMEeT pasjokenue buroma (a + 1)°?

1162. IIpu KakoM ycJI0BUHM pasjoxkenue 6uraoma (a + b)" umeer uér-
HOE YMCJIO YJIEHOB, IIPU KAKOM — HEeYETHOE YHCJIO YIeHOB?

TYponenb A il .

1163. Ha noake ectsb 20 kaur. CKOITLKUMHU CIIOCOOAME MOKHO BbI-
OpaTs Be U3 HUX ?

[i164. B knacce 32 yuennka. CKOIBKHMH CI10COOaMU MOKHO BBIOpAThH
W3 HUX JIBYX HAEKYPHBIX?

1165. B copesrOBaHMAX yuacTsyeT 12 uesosek. CKOJIBKO CYII[ECTBY-
eT CIIoco00B 3aHATE IpKU30Boe MecTo (1-e, 2-e win 3-¢)?

1166. CxonpkuMu crioco6aMu MOYKHO paclpeseJuTh 6 0IMHAKOBEIX
IIIOKOJIAZIOK MEXKAY TpeM# JeTbMHU, YTO0B! KarK/Abli pebeHOK

! MOJIYYMNII 2 IIOKOJaAKU? A eciu BCe IIOKOJaAK! PasHbie?
‘]if167- CKOJBKHUMH CIIOCO0AMHU MOKHO pacupeeINTh 4 OMMHAKOBBIE
nyréBku mexxay 20 pabounmu? A eciiu Bce IyTEBKH pasHble?

1168. Beruncaure:

a) Gy ; 6) Cly; B) C2: Py;
r) A120 _0120; ) szo ‘Cgo 3 e) 0320 ‘ng .

1169. CkoabKO pa3IMYHBIX IPABUJIBHBIX JApoOeil MOMKHO HANTMCATH
Tak, 9ToOBI OJJHO U3 unces 2, 3, 4, 5, 6, 7, 8, 9 66110 YnCIUTE-
JIeM, a BTOpoe — 3HaMeHaTeJeM?

1170. CkoabKO cymecTByeT: a) OTPE3KOB, KOHIIAMHM KOTOPBIX
ABIAIOTCA N JAHHBIX TOYeK; 0) TPeyroJbHUKOB, BepIIHHAMU
KOTOPBIX ABJIAIOTCA BEPIIMHBI JAHHOT'O IPABUJIBHOI'O 2-yI0JIb-
HuKa? Beruuciure, eciu n = 8; 10; 12.

ﬁ171- CKOJIBKO iuaroHaseil mumeeT BoINYKJBIH 10-yroasauk ?

1172. B knacce 32 yuenuka. CKOJBKUMY criocobaMu MOKHO chopMu-
POBaTh KOMAH/Y U3 5 YeJIOBEK JJIsl y4aCTUs B MATEMATHIECKO
omumruaze? A eci U3BECTHO, YTO B KOMaH e To9HO Oyaer Omnsa?

! Ypoeeub b TN R g 2 ] 1

- e
1173. lns onbiTa B3siu 3 OeJIBbIX, 5 KPaCHBIX U 7 PO30BBIX I[BETKOB
ropoxa us umeomuxcsa 10-tu 6ensrx, 10-tu kpacHsix 1 10-Ti
PO30BEIX IBETKOB. CKOJTBKUMU CIIOCOOAMU 3TO MOYKHO CAEJIATh?
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1174. 3anuimuTre B BUAE MHOTOUYJIeHA BEIPAYKEHUE:
a)(x ¥y 6)(a+1)% L UB)@¥)  )(x=2)%
o) (x + 1)6+(x—1)6; e)(m+n)5—(m—n)5.

1175. CKoJbKO pasHbIX AeauTeNieid mmeer uuciao 11102

1176. CKo1bKO pasHBIX Mpou3BeNeHn, KpaTHBIX 10, MOKHO 1OJIY-
YuTH U3 uncen 2,3, 5, 7, 11?

T_il77 CKOJIBKO MOKHO COCTaBUTD U3 IPOCTHIX JestuTeeit uncia 2730
COCTaBHBIX YMCEJI, KOTOPhIE UMEIOT TOJbKO JBa IIPOCTHIX Je-
aurens?

1178. CkonpKuMHU cmocobaMmu MOKHO rpyminy u3 17 yueHuKOB pas-
JIeJINTH Ha JIB€ TPYNIELI TaK, YTOOBI B OJHOM rpyIme 66110 5
YeJI0BeK, a BO BTopoi — 127

f17 9. Ha oHO¥ 13 ABYX NapaJUIeIbHBIX IPDAMBIX IaHBL — @ & & —
TPH TOYKH, & Ha BTOPOil — ueTsIpe (puc. 141).

CKOJIBKO CYIIECTBYET PA3JIMIHBIX TPEYTOJIbHA-
KOB C BepIIMHAMH B 3TUX CEMH TOYKAX 7

1180. ¥ oguoro manbumka ects 10 Mmapox s obme- Puc. 141
HAa, a y Broporo — 8. CKOJbKUMH CITOCO0aMH OHU MOT'YT 0OMe-
HSATH {B€ MAPKH OJHOTO HA JB€ MAPKW BTOPOro?

1181. Ha oxnoli mapajijienbHO# MpAMOMA 0003HAYEeHO 7 TOYEK, a Ha
BTOpo — 12. CKOJIBKO CYIIECTBYET YEeTHIPEXYTOJHLHUKOB C
BepIIXHAMM B 9TUX TOUYKAX?

ﬁ182. B 6ackerbosbHOM KOMaHAe, cocToAlei u3 15 yeloBeK, HyX-
HO BBIOpaTh KanuTaHa U ero 3amecturesnd. CKOTbKHUMHU CIIO-
cobaMU 3TO MOYKHO CAeIaTh?

T'i183. PemuTe ypaBHeHue:

a)C:=21; 6)C:=20+x B)C2+C:=15(x~1).

I%Ypoaenb B 3 ey et

g — g =

1184. [ToxaxkuTe, 4TO €CJIU YUCIA M, N — HATypaJbHEIE U M > 1, TO:

8) 0o =Crs 6) C* = FO A >

ml

B) @) el 0 e e = 27

e+ i+ .. +C + (2 =Cha.
1185. CKoIBKHAMHU cIIOCODAMU MOKHO pasfaTh 28 IIACTUHOK JOMUAHO
YETBEIPEM UTPOKAM, YTOOBI KaXK0MY JOCTAIOCH T IIJIACTHHOK?
1186. Cx0JIbKO pa3/IMYHBIX JHATOHAJIEH MOXKeT UMeTh IPaBUJIbHBIH
n-yroJabHUK?
f187 Korza urpok umeeT 60JIbIIIE IIAHCOB BBIUTIPATh:
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Pazpen 4

‘%ﬁx‘:;‘-““ =

1188.

T1189.

1190.

T1191.

1192.

T1193.

a) yrajgaTts 1 4HMCJIO U3 MIECTH WX 2 YMCJIA U3 YeThIPEX;

0) yragaTs 3 yucia U3 ABaJLaTH WU 2 U3 COPOKa;

B) yragate 6 uncen n3 49 niu 5 us 367

CKOJBKUMH cIOCO6aMH MOYKHO pa3duTs rpynny ua 12 rypuc-
TOB: &) Ha MOATPYIIIEI IO 3 TYPHCTA B KA 10 ; 6) Ha mOArpyI-
bl 10 2 TypucTa?

Ects 20 norepeitabix 6uneTos ¢ Homepamu ot 1 10 20. CKoib-
KHUM¥U criocobaMu U3 HUX MOXKHO BeIOpaTh 3 Oujera Tak, 4To-
651 HOMep X0Ts ObI 0AHOTO M3 HUX ObLI 6oJbIe 152

CkroNbKO AUaroHaleil ecTh B BBINYKJIOM MHOIOIDAHHHKE,
UMeJOIIeM 7. BePIINH, €CJIU BCE ero rpaHu:

a) TpeyroJabHUKH (puc. 142); 6) naTuyronbHukH (puc. 143)?

CKOJBKO Pa3HBIX aKKOPJAOB MOX{HO B3ATH HA JeCATH BbIGpaH' f

HBIX KJIaBHIIaX CUHTE3aTOpa, €CJIU KaKIbIi aKKOPA MOKeT
COMEPIKATH OT TPEX A0 NECATH 3BYKOB?

W3 20 coTpyIHUKOB U3AaTEJILCTBA 5 YeJIOBEK IIPUTJIalIe bl Ha
MEeXAyHaPOJHYIO KHUKHYIO BEICTABKY. CKOJIBKO MOYKET ObITh
Pa3JIMYHBIX COCTABOB OTHE3KAIOIIe IPDYIIILI, eCJU JUPEeK-
TOP M3/1aTEJbCTBA U ABa €r0 3aMECTUTEJIS ONHOBPEMEHHO BhI-
exaTh He MOI'yT?

B marasune ects 50 BUZOB MOJIOYHBIX IPOAYKTOB, BKJIIOYAS
CBIBOPOTKY. X03AWKAa X04eT KYIHUTH 4 DA3JIUUHBIX BU/IA 3THUX
npoAyKTOB. CKOJIBKUME CIOCOOaMU OHA MOXKET JTO CAeNaTh,
€CcJIM: a) OHA He coOupaeTces HOKYIATh ChIBOPOTKY; 0) ecyi oHA
0643aTeTBHO TOKYIIaeT CBIBOPOTKY; B) €CJIM OHA He UMeeT IIpPHU-
opHATeTOB?

1194. Ha oxHO# 13 mapaieIbHLIX IIPAMBIX oTMedeHo 10 Touek, a Ha

apyrou — 7 Touek. KaxXyio TOUKY OZHOU IPAMOM COEIUHMI-
JIA OTPE3KOM C KaK 101 TOUKOM Apyrou npsamoii. Haiigure uuc-

Puc. 142 Puc. 143
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i JIO TOYEK IepecedyeHus MOMyIeHHBIX OTPE3KOB, €CJIM U3BECT-
' HO, YTO HUKAKUE TPH OTPe3Ka He MMEIT o0mmux Touek (00-
LIMe TOYKH Ha KOHIaX OTPEe3KOB He qu'msam,)

1195. B OuHOMUAIBEHOM Pa3JI0KEeHUN (x i ) HalguTe HOMEP
it 4JeHa, KOTOPHIM He CONEPIKHUT X, ecsiu: a) Koo UuIiiueHT Tpe-
S Thero 4yieHa Ha 44 Gonbmnre KoadhduumeHTa BTOPOTO UJIEHA;
i 0) Koa(phUIUEeHT YETBEPTOrO YJJeHa TAK OTHOCHTCH K K0a(d-
} (uIHUeHTY TPeTHero, Kak 8 : 3.

& t196 Hajigure cymMMy panHOHaJNbHBIX YJIEHOB Pa3JIOKeHUuS

W 10
R ()
]
s J;anaxmenml A NOBTOpEHUs liBien..~ S5 SR LT L S
:' 1197. BeimosiauTe AeMCTBUSA:
)
s D% 3 5 8 1 1
X a)( ST 21) (88+32);
f’ 6) 28— 132 +6 Lt 1
E 16
" 1198. ABnsercs m uucno 384 wieHOM reome'rpuqecxoi& IIPOrPEeCcCHm:
" 4 8
1. a)3,6,...; 0) = 81 27,---?
"i." 1199. Moxaxure, 4To Opu n000M 3HaYeHHH ¢ > 1 yucio
1 1 2 4 8
+ + i + § ABIAETCHA OTPUIATETIHHBIM.

'k T=al 1+a 14a% 2%at14a

S 33, CBEAEHUS O CTATUCTUKE

Cmamucmukxa — 9TO HayKa, KoTopas 3aEnmMaercs cbopom, obpa-
DOTKOI 1 U3YUYEHNEM PA3JIMUHEBIX JAaHHEIX, CBA3AHHBIX C MACCOBBIMHU
SABJICHUAMM, IIporeccaMu ¥ coObiTraAME,. CTaTUCTHYECKHE CBEIeHUSA
0 KaKOoU-TO 6OJILIOM COBOKYITHOCTH 00'beKTOB (reHepasibHOM COBOKYII-
~ HOCTH) IIOJIYYAIOT B OCHOBHOM B Pe3yJIbTATe AHAJIN3a TOJIBKO He3HAYH-
. TenbHOU eé yacTu — gbllopKu. YToOkI y3HATH, HAIPpUMeED, 0 Haubosee
~ pacnpoCTpPaHEHHOM pasMepe MYKCKO# 00yBH, AOCTATOYHO OIIPOCUTH
. HECKOJIbKO JIeCATKOB My kuuH. IIpeanonoxum, 94ro, onpocus 60 my:x-
\ uuH, DOJYYUIM Pe3y/IbTATHI, IPUBeGHHbIe B TAGINIE:




Paspen 4

Eashop 25 (25,5| 26 |26,5| 27 [27,5| 28 [28,5| 29 |29,5| 30 (30,5
o0yBu
B [ 2|5 | 7 |10flo 8|86l el
MyKYNH

910 — yacmomHas mabaula, B Hei YucIa BTOPOit CTPOKU — ua-
cmomut. Hannpumep, yacrora o0yBu pasmepa 29 passa 6. Oraocn-
TeJIbHAs 4YacToTa 9TOr0 pasMepa

6:60=0,1=10%.

ITpoanannsupoBas TaKyI0 BEIOOPKY, AEJAIOT 00N BEIBO/: IIPU-
MepHO 10 % wmyxcko# 00yBH Hazo geaaTsh 29 pasmepa, a pasmepa
26 — BABOe MeHbIIe. OTO — NPUOGIMIKEHHBIE OTHOIIEHU, HO [JI
MIPAaKTUKU TAKUX MPUOJIMIKEHUH ObIBAET JOCTATOUYHO.

MareMaTHYeCKUM aHAJIN30M Pa3JUIHBIX BHIOOPOK 3aHUMAETCS
mamemamuneckas cmamucmurxa. E€ ocHoBHas 3ajiada — paspabda-
TBIBATh 9(D(PeKTHBHBIE METOAbI U3YYEHUA OONBIINX COBOKYIIHOCTEH
00'beKTOB HA OCHOBE CPABHUTEJIHHO HE0OJILINNX BHIOOPOK.

Kakaplit osieMeHT BEIOODKH Ha3BIBAIOT €€ 6apuarmoil. Beibopka,
NoJIy4eHHasA B pe3yJibTaTe HaOJII0JeHIit, ObIBAET HEYIIOPSALOUYEHHOM.
YIopAAOUYUB eé, MONYyUalT 86apuUaluorhblil psad. PasHOCTh MeXKIY
KpaHIMU 4YJeHaMM BapUAIUOHHOIO PALa — Pa3max 6vl00pKu.
ITycTe gano BEIOODKY

4, 35.059,:64852::6, 15T 852,155

YIIOpA/I0YUB e€ 10 BO3PACTAHUIO BADHAHT, IIOJYUUM BapUaIlMOH-
HEBII pAA:

1,.2;2,:34'8,4,°65656,.7; T, 7,8, 9!

Pasmax nansoit Bei6opku r =9 — 1 = 8,

- Moda Bvibopku — eé BapuaHTa ¢ HaMbonblei yactorol (06o3Haua-
ercsa Mo). Meduana Bbi6opku — YMCNO, KOTOPOE «pasfensier» co-
OTBETCTBYIOWUH BapUaLMOHHbIH psf nononam (o6o3Havaercsa Me).

e

1
CienoBaresibHO, IS ZaHHOM BEIOOpKU Mo = T; Me= 5 (5+6)=35,5.

Cpednum 3HayeHuem Bbi6OPKU Ha3bIBAIOT cepepHee apudMe-
THYECKOE BCeX e€ BapHaHT.

Q —x

Hanpumep, eciu gano Beibopky 1, 2, 3, 3, 5, 6,8, To eé cpesnee
3HAUYEeHHeE

(1+2+3+3+5+6+8)=41.

X =

- |-

-
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Ecsin BapuaHThI BBIGOPK U IOBTOPAIOTCSH, TO CYMMBI PABHBIX CJIa-
raemMbIX MOXKHO 3aMEHUTH IIPOU3BEeAeHUIMIE,

danauya. 7 pabouux Gpurazbl exeMecAYHO NOJYyYaIOT I10
3000 rpH, 8 — 1o 4500 rpH, a 5 — o 5000 rpy. Onpenenure cpea-
HIOIO MECAYHYIO 3apIlyIaTy pabodero aToi Gpurabl.

Pemenue. Becero pabounx B 6purage 7 + 8 + 5 = 20. ITosromy
HCKOMasdA CpeJHAA 3apiiaTa

x = 2—10(3000' 7+ 45008+ 5000 5)=4100.

OrBerT. 4100 rpH.
Mopny, MeguaHy ¥ cpe/Hee 3HaueHUe BbIOOPKYM HA3BIBAIOT UeH M-
PANbHBIMU MEeHOCHUUSAMU BbLOOPKU.

B craTucTHKe YACTO MCIOJBL3YIOT U cpedHee KeadpamuiHoe.
Ecyiu 1aHOo n 4uces X, Xy, ... , X,, TO HX CPe/lHEE KBAJPATHUUHOE
O omnpejessieTcs mo GopmyJie:

0=\/l(x12+x§+...+x,2,).
n

C moMOIIbIO CpeHero KBaApPaTUYHOTO Yallle OIEeHUBAIOT COBO-
KYIOHOCTH IIOIPEIIHOCTEN MM OTKJIOHEHWM OT HOpMbI. PaccmMor-
puMm npumep. Jenas BEITOYUTH [eTalb paguyca R, TOKapsb mnpak-
TUYECKH BBITAUMBAET JeTalb paguyca R + o, rae oL — HEKOTOpoe
OTKJOHEeHMe (II0J0KUTEeIBLHOe WK oTpuiiaTeabHoe). ITyceTs a8a To-
Kaps, BEITOYUB 110 6 TaKUX Jerajeil, JONYCTHIN TaKue OIMUOKY (B
JeCATHIX JOJAX MUJIJINMETPA):

nepBelit: 2, —5, 4, -3, —3, 5;

BTopoi: 3,-1,4,1, 1, 2.

KT0 13 HUX BHIIIOJHUJI 3aJaHUE Ka4eCTBeHHee?

YT006BI OTBETUTH HA BONIPOC, BEIYUCIAIOT CPEAHUE KBaApaTuy-
HBIE JOMYIIEeHHBIX OTKJIOHEHHUA:

o, =\/f1; (4+25+16+9+9+25)=4/14,7 =3,8;

oz=,/%(9+1+16+1+1+4)=,/5,3 ~32,3.

KauecTBeHHee paboTy BBITIOJITHUAJ BTOPOI TOKAPh.

Ecuiu pazHOCTH MEK/1y BApDHAHTAMY BEIOODKHU U €€ CPe/JHUM 3Ha-
YeHHeM DaBHBI Oi;, Oy, ... , Ol ,, TO CPe/IHEe apudpMeTnIecKoe ux
KBaZipaToB HasblBaeTca ducnepcueil Bei6opku (nar. dispersio —
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paccesinue). [lucnepcus paBHA KBaApaTy CPeAHEro KBaJpaTnaHo-
r'o BCeX OTKJIOHEHUI U BBIYUCIISATC 110 (hopMyIe:

Wi ki g s 2
D—;(ozl +a2+...+a,,),

IToxpobHee 0 Aucmepcun cM. Ha . 325.
! B maremaTnke, B YaCTHOCTH B MATeMATHYECKOH CTATHUCTHKE,

HepeJIKO MCHOJB3YIOT TaK)Ke cpeJHee reomerpuueckoe (S, ) u

cpenHee rapmMoHnueckoe (S mpM), BBRIYHCIAEMEBIe 110 (popMyiam:
n
\ Seon = Ya1:05:...c0, ; S T 1
- — 4=+ i+
1 a a a,

IIJIK JI000ro KOJIM4ecTBa MOJOKUTENIbHBIX YHCEJT Ay, 09, ... ,04
‘ } BCerjia cripaselJIMBbI HepaBeHCTBA

| &
\ S on S e =SS O

| Hanpumep, 115 MOJM0KUTEIBHBIX Yuces a u b Bcerjga

1 2ab < ab$a+bs ’a2+b2 )
i a+b 2 2

1l JoxakuTe 9TH HEPABEHCTBA ¥ IPUBEJUTE UX T€OMETPUIECKYIO
1 MOzieJIb.

| @ MPOBEPBTE CEBS
! " {, Yro Takoe BapuaHTa BLIGOPKH, BAPHALHOHHDIN psa?

| | 2. Yro Takoe yactoTHas Tabauua?

1 3. Yro Trakoe Moaa, MeanaHa, cpefHee 3HauyeHue BbibopKu?
4. Kak sbiuucnsioT cpefHee KBagpaTuyHoe n uucen? !

i |l 5. Yro Takoe gucnepcus U Kak eé BbluMCASIOT?

%% BbINOJIHUM BMECTE
'\

n

|
|
2 >
; 1. B pesyabTaTe BEIDOPOUHOrO AHAIN3A BRIPYUKH (B THIC. TPH) TYPHU-
CTHYECKOI (PUPMBI 38 HEAEJIIO TIOJIYIUIN BEIOOPKY 00béMoM n = 40:
.‘ 87 94 99 90 90 87 85 87
| 90 94 87 87 82 90 94 90
’ 85 85 87 94 81 82 87 97
90 94 85 81 87 85 90 82
94 90 94 82 97 81 85 87
Ins 3aiagHOM BRIDOPKHM: a) HaliiuTe padMax BEIOOPKH; 0) cocTaBb-
Te YacTOTHYIO Tabauny.
Pemenue. a) Boinumem pasnuuabie 3HAYEHUS BAPUAHT, IO~
naBImux B BeIOOpKY: 87, 94, 99, 90, 85, 82, 81, 97.
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PasmecTum BapuaHTHI BEIOOPKH B NOPs/iKe Bo3pacTanusd: 81, 82,
85,87, 90, 94, 97, 99.

Pasmax Bei6opKkH paseH 99 — 81 = 18.

0) Beruncium 4acToTy Kax 0l BApUAaHTHL ¥ COCTABUM YaCTOTHYIO
Tabaumy:

x| 81182 | 85 | 87 | 90 | 94 | 97 | 99

n; | 3 4 6 9 8 7 2 1

2. B peayJsipTaTe aHaIN3a IPOU3BOACTBA Msca (THIC. T) B AHBape—

. okrabpe 2010 roaa Bo Bcex 06sacTAX YKPauWHBI MOJTYYHIN TAKYIO

| COBOKYIHOCTH JAHHBIX.

i 166, 73, 90, 206, 115, 52, 50, 63, 73,211,47,47,129, 34, 50, 52,

. 55,44, 41,90, 55, 50, 363,47, 47.

Haiigure: Moay, MeinaHy ¥ pa3Max BEIOODKH.

R Pemenue. PasmecTuM BapuaHTHI BRIDOPKH B TOPAAKE Bo3pac-
Tanusa: 34,41,44,47,47,47,47, 50, 50, 50, 52, 52, 55, 55, 63, 73, 73,
90, 90, 115, 129, 166, 206, 211, 363.

‘ Torma Mmoaa Beibopku paBHa 47 (BcTpeuaeres 4 pasa), MeAuana — 59
 (mveer 13-i1 mopAAKOBEII HOMep U3 25), a pasmax — 329 (363 — 34).

_j_nungi_mg_y_uuo LT g Sha LEL
f B
1200. Hajigure Moay 1 Meauany BeiOopky u3 20 BapuaHT:

a) =1, =101, 151,12,:21 258,388, 479563 6,75 7,85
a 0)3,3,4,4,5,5,5,5,5,6,8,8,8,9,9,9,10, 11, 11, 11.
~ 1201. Haitzure cpe/iHee 3HAUEHNE BEIOOPKHU:
: a)-10,-9,-8,-7,0,6,7,8,9, 10, 11;

0)0,:1,0,1,1,0,1, 13301, 111,10,

i posenn A s

1202. B rabnune npeicTaBJeHbl cpefiHAe 3HAUYCHUA BIAXKHOCTH
b (B8 %) B ropone Kuese 3a xaxxapiii u3 12 mecanen. Haligure
MOJY, MEJIMAHy U Pa3Max NaHHOH BEIGOPKH.

p Wl e 3 4 5 6 7 8 9l 20| AT

82 |80 |76 | 67| 63| 69 | 72 | 70 | 75 | 78 | 84 | 86

e ﬁ%{i Haiiaure mony n Mmeauany seibopku 28, 29, 29, 30, 31, 32, 32,
' 32,32, 33. y




Pazpen 4

1204.

1205.

Ti206.

1207.

! Ypoeennb b : Lo

——

Hano BeibOpKyY 3, 1,4, 1, 2, 3, 4, 3, 1, 2, 1. ITocTpoiiTe cooT-

BETCTBYIOIIAY €l BADUALMOHHBIN DAA; HAUAUTE pasMax, MOAY
1 MeAuaHy BEIOOPKH.

ITonssysack npuBeAEHHOM Ha ¢. 294 yacToTHOM Tabnauieit, on-
penesnure:

a) YaCTOTY ¥ OTHOCHUTEJIbHYIO YACTOTY BAPUAHTEI, KOTOPAas CO-
OTBETCTBYeT pazmepy 26;

6) BO CKOJIBKO pa3 o0yBu pasmepa 26 ciegyeT MpPOU3BOAUTE
MeHbIIe, yeM pasmepa 27,5.

Bribopka BKJIOYaeT BCe HaTypaJbHbIe yucaa MeHbuie 10, a
Kpome Toro, yucya 6, 8, 8 m 13. ITocTpoiiTe eé BapuamuoOHHbII
paz. Haiigure pazmax BEIOOPKH, €€ MOAY U MEJHAaHY.
BapuanTs 1, 2, 3, 4, 5 BBIGOpKH UMEIOT 4acTOTHL 3,4, 6, 2 1 3
COOTBETCTBEHHO, a Bcero BeiOopka nmeer 18 sapuanTt. Haiau-
Te eé pasMax, MOAY U MeIuaHy.

—

1208. 3a sx3aMeHAIIMOHHYIO paboTy 110 MaTeMaTHKe moayuuan 4, 5,

6,7,8,9,10, 11 u 12 6am10B cooTBETCTBEHHO 2, 9, 8, 10, 20,
17, 4, 6 u 4 aburypuerra. CoctaBbTe YaCTOTHYIO TAOIUILY U
BBIYMCJIMTE OTHOCUTEJIHbHBIE YACTOTHI 6AJIJIOB, KOTOPBIE BCTPE-
yaJauchk Haubosiee peKo u Haubosee yacro.

1209. Bo Bpemsa MeHIIMHCKOr0 00c/IeJ0BaHAA KPOBAHOrO AaBJICHUAS

Yy KYPCaHTOB (B yCJIOBHAX y4eOHOM HATPY3KH) IOJIYyUEHEI CJIe-
AVIOIIH€e Pe3yIbTaThl:

112 | 114 | 116 | 118 | 120 | 122 |124 | 126 128‘130
|

5 20 | 30 40 | 40 30 | 20 10 3

Hajiigure neHTpalbHble TEHAEHIMYA BEIOODKH.

f1210. Bo Bpems mcnbiTaHMM camosiéra «AHTe» B 3aBUCHMOCTH OT

HalIpaBJIEHUA U CKOPOCTH BeTpa ObLIM 3a(hUKCUPOBAHEI CJIe-
JAyIoUIye pe3yabTaThl CKOPOCTH (KM / 4) OTPBIBA CAMOJIETA:

235 231 234 239 238 232 237 239 230 240
231 238 239 235 233 233 240 234 239 240
230 230 232 240 230 234 240 235 239 236
IlocTpoiiTe BapUALMOHHBINA PAJ ¥ YaCTOTHYIO TAGJHUILY JaH-
HO¥M BBIOOPKH.

[1211. BeiGepure 1o oTpeiBKY (1 cTpaHUIA) XYA0KECTBEHHOI'O IPO-

M3BeeHUA JBYX PA3HBIX aBTOPOB, ITpouyuTaiTe ux. [lias 6yks
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«a», «0», «H», «0», «U», «5I» COCTABLTE YACTOTHBIC TAOIHIIbI
X HAJIMUUs B U30PaHHBIX OTPLIBKaX. IIpoananusupyiire ux.
1212. Bribopka BKJIIOUAET Bce HATYpaJbHbBIe uncaa, 6oapme 20, HO
menbure 50, a Kpome Toro, unciaa 13, 31, 31 u 32. Haijgure eé
MOJY, MEIUaHy ¥ CpeJHee 3HAUYCHUE.
1213. Haiigure cpennee apudMeTHYeCKOE:
a) BCcexX HATypaJbHBIX unceJi, He 6oasnie 100;
. 0) Bcex IeJabIX unces X, Takux, uro —10<x<110.
ﬁ214- Bribopka copepsxut 60 uncesn; n3 HUX yucJio 3 Berpevaercs 10
pa3, 4 — 20 pa3 u 5 — 30 pas. Haiiaure cpe/jHee 3HaUYeHHE,
MOJY ¥ MeJINaHy.

299

—

.~ |VYposens B
) 1T

1215. Tpu Toxaps B Teuenne 6 U M3roTaBINBAJIHN OJIMHAKOBBIE JIeTa-
au. Ilepsoiit ogHy AeTanb naroraBausai 3a 30 MUH, BTOPOIT —
3a 36 mun, Tpernii — 3a 40 muH. CocTaBhTE COOTBETCTBYIO-
Y10 TabauIly CTaTHCTHYECKOro pacnpeaesenns. Onpeaesnu-
Te, CKOJIBKO BPEMEHH B CpeIHeM 3aTPauyMBaJ OJMH TOKaph Ha
M3TOTOBJIEHUE OJIHOI eTaan.

ﬁ216. B Teuenue 5 gHeil MacCh 1ecATH GLIYKOB YBeJINUNIIHCH COOT-
BeTCTBeHHO Ha 2,5; 3,0; 2,8; 2,7; 2,7; 2,8; 2,0; 2,4; 2,6 n 2,9
Kkr. Haiigure cpeiHNil JHeBHON IIpUBEC OJHOrO ObIUKa.

1217. TIpaBuabHO 1, YTO CyMMa Pa3HOCTeil Me3¥y BCceMU BapuaH-
TaMM BHIOOPKH U €é cpelHUM 3HaueHueM parua nysmo? ITpu-
Beaure npumepsl. ObocHyiiTE.

1218. Haitnure cpeaauii nponenT 6pakoBaHHBIX N3N, TOIL3Y-
sICh TAKOM Tabinieii:

: IIpouent Koanuecrso
Maprus topapa | KomwuecTso, mT. | GpakopammbIX | GpaKoBAHHBIX
¥ n3Aeani M3Jenif, mT.
I 2000 3,40 68
II 1420 2,46 35
II1 408 0,49 e
Beero 3828 105
n
1219. Cymmy n uncen a,, ay, as, ..., @, 0603HAYAIOT CHMBOJIOM D

i=1
(3HAK CYMMEI z — curMa 0osbinas). SaNUIINTE ¢ IOMOIBIO
3TOr0 3HAKa cpejHue: apudpMernyecKoe, KBaIpaTUYHOE U
rapMOHUYECKOE.
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1220. Tpu (pesepoBIIHKa H3MOTOBIIH IO 5 OXMHAKOBBIX JeTajel -
HOI 235 MM, JOITYCTHUB COOTBETCTBEHHO TAKUE [IOIPELIHOCTH (B MM):
I: 0,2; -0,2; -0,5; 0,3; 0,4;
II: 0,1; 0,5; —0,2; —0,4; 0,5;
I11: 0,5; -0,1; —0,4; 0,3; 0,4.
HaiiguTe cpeaee KBapaTUYHOE JONYIEHHBIX HMH IO DeII-
HOCTe# 1 ux aucnepcuio. KTo BEIIOJHWI 3afaHue Jyyme?
[1 221. Ilo craTUCTHYECKMM MaTepHrajaaM Balleil MECTHOCTH COCTABD-
Te TPHU pasHbie 3alaYy U PEIIUTe UX.

s YnpaxHeHus Ans NOBTOpEeHMs

1222, 3anumwure ypaBHexme KacaTeJbHOH B TOUKe X, = 1 K rpaduKy
byaxnun y = 2x% - x + 1.

1223. Ilena Ha aBToM06UIb cHauasia noBeicunack Ha 10 % , a 3aTrem
cansmiaack Ha 10% . Kak usMeHuIach eHa nocjie AByx nepe-
OILIEHOK ?

1224. TToctpoiiTe rpaduK PyHKIIAA:
a)y=x+2; 6)y=x2+2; B)Yy=-x+2; r)y=—x2+2.

3 34. TPAOGUYECKMUE NMPEACTAB/IEHUSA
MHPOPMALUU O BbIBOPKE

CraTucTnuecKkue HaHHEIE CBOAAT B Tabiaunel. CraTucTHUeCcKas
Tabauna — aTo ocobasi hopMa PaHOHAILHOTO ¥ CUCTEMATU3UPOBAH-
HOTO M3JIOMKEeHUA 0000Ia0IMuX XapaKTePUCTHK CTATHCTUIECKOM
COBOKyIIHOCTH. Kak u rpaMmMaTudecKoe IpeioyKeHne, CTaTUCTH-
yecKas Tadiuia uMeeT nodaexcaujee 1 ckazyemoe. B momiiexamem
IIPUBOAUTCSH IIepPeUYeHb AJIEMEHTOB, ABJIEHHH, NIPU3HAKOB, YKa3aH-
HBIX B Tabaune. B ckazyeMom TabauIbl IOJAI0TCA KOJUUECTBEHHEIe
xapakTepucTuku. Hanpumep, B IpuBeAEHHON HUKe TabauIe cbopa
3epHAa B HEKOTOPHIX cTpaHax B 1995 r. mojuieskamum ABIseTCH JeBasi
KOJIOHKa. YHCI0BBIe JaHHBIE B IDYTUX — CKadyeMoe TabJIUIlbI.

! Crpana IImemma Pomb i ﬂlmem- Bcero
f v

Kurait 101 ‘ 0164/ e 400
| CIIA 67 8,3 " | 9,9 353

Pocensa 7 Tl WOEEL ¥ SO N T Tl KRS L 11
| ®pannus 33 ‘ — { 10,5 ‘ 60
} Tepmanus 16 ’ 2,4 ‘ 12,2 35
| Yxpanua {1 VAL P T 1 101 0 34
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VKpauwHIbl
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13,9 %
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8|3 Yo

Ykpanaue: Pycckue [Ipyrue

MuLIMOHBI YeJIOBEK
Do
=)

Puc. 144 Puc. 145

HWudopMamuio o Toi WK WHOM BEIOOPKE 4acTo MOAAI0T rpadudec-
KU, yaie Bcero B hopme quarpamm. CiioBo duazpamma B IIepeBoie ¢
rpedecKoro o3HavaeT puCYHOK, yepréxx. IIpassa, reneps aTUM CJIO-
BOM Ha3bIBAIOT He JII000# PUCYHOK, a CXeMaTuYecKoe H300parkeHune
OTHOIIEHUI MEXJY MHOKECTBAMM, PA3JIMYHEIE CTPYKTYPHI, aJIro-
PUTMEL fAecTBUN U T. A. OTHOmEHU (COOTHOIIEHHUS) MEMKAY MHO-
JKeCTBAMH ¥ 00héMaMy MOHATUMN 3a4aCTYIO M300paskaioT B BUAE AU~
arpaMM-ZiepeBhLeB WK guarpamm Jitaepa (puc. 137, 135).

CTpyKTyphI MOJieJIei, pa3InuyHble JHarpaMMbl KJIaCCOB, COCTOA-
HUM yA00HO N0AaBaTh B BHAE KPYT'OBBIX (CEKTOPHBIX) AUATPAMM.

Ha pucynxax 144 u 145 5a ceKTOPHOM U cTOJOUATON JUarpam-
Max m300paKeHbl COOTHOIIECHUA MEXKAY YMCJIEHHOCTHIO IpaskJaH
VKpaussl pagHbiX HaMOHAIbHOCTEH (corsacHo nmepermcu 2001 r.).

CrosnbuaTyio AuarpaMMy M3 COeAMHEHHBIX IPAMOYIrOJbLHUKOB
HasBIBAIOT 2ucmozpammoii. Ha pucynake 146 uzobparkena rucrorpam-
Ma, KOTOopasi COOTBETCTBYET IPUBEeAEHHOM HHKe TabauIe pacrnpese-
JeHusa pabouyux 1mexa 1mo TapuHLIM paspagam.

Tapudusii paspan 1 2 3 4 5 6 Beero
Yucao padouux 2 2 5 j 15 '} 20 6 | 50
220+ g 204

o

8151 & 151

2 a,

o107t o 101

B 8

= ¥ 54

g 54 =

S TR T T AT |t Al 1 B 6
Puc. 146 Puc. 147




Wnorza BMeCTo Ir'uCcTOrpaMMBI CTPOSAT N0JUZ0H pacnpedeneHus,
COeMHAA OTPE3KaMMU CEePeJHHEI BePXHUX OCHOBAHMUM IIOCJIef0Ba-
TeJbHBIX IPAMOYTOJbHUKOB I'HCTOrpaMMEbI (puc. 147). BeiBaioT n
Jpyrue JuarpaMmbl.

Wnadopmanuio 0 AHHAMUKE TOTO MJIN WHOI'O ABJICHUA rpadudecKu
y00HO B300paskaTh ¢ IMOMOIIBIO CTOJAOYATEIX AUArDAMM Wau rpadu-
xoB. Haupumep, Ha pucyake 148 npuBejieHa auarpaMma JHHAMUKA
poxknaemocT B Ykpaure ot 1960 no 2002 rozxa; Ha pucyake 149 —
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rpahuku, oTparkaolye JHHAMUKY KOJIMYIeCTBa YYeHUKOB, KJIACCOB 1
IIIKOJI B céJIaX Y KpauHbI.

B comuosiorum AuarpaMMbl 9aCTO CTPOSIT HA OCHOBE MOJISAPHON
cucTembl Koopausat. Ha nByx caeayromux guarpammax (puc. 150,
151) 60oabpIIAM PACCTOSHUAM OT 1osca 0 COOTBETCTBYIOT DObIINE
3HaueHUs BenuduH. [IpoananmusupyiTe 9TH AUarpaMMal.

CPEJTHAA 3BAPABOTHAS IIJIATA, 2006 r., rp

CesacromonsAP p"‘MBnnumucan

Kues OpO Boabiackas
YepHUTOBCKAA JHenponeTpoBcKas
Yepuosenkas Tlorenxas
Yepracckas Kuromupekas
XmeapHUIKAA BakapnaTckas
XepcoHckas Banopokckas
XapbKoBCKas BaHO-PpaHKOBCKAdA
TepHOMOIbLCKAS Kuesckasn
Cymckas Knposorpaackas
PosreHCKasn Jlyranckas

ITonrasckas JIsBOBCKasA
Opneccras Hukonaesckas

Puc. 150
YPOBHH BE3PABOTHIIbI HACEJIEHHU S, CTAPIIE 15 JIET, 2006 r., %

16 _AsBcTpus

—— MY )KYHHBI
JIutBa JlaTeus —Qw JKeHIHHBI
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INPOBEPbLTE CEBA

1. Kakue cnocobbl npeacrasnequs ceefeHun sbl 3Haete?

2. OnuwKTe CTPYKTYPY CTaTMCTUYECKOHU Tabauupbl.

3. Kakue Buabl guarpamm ebl 3Haete?

4. Yro Takoe ructorpamma?

5. Y1o Takoe nonuroH pacnpegeneHus?

6. Yro ncnonbayior ans noctpoeHus Tabnuu, rpadMKos M guarpamm?

#8 BBINONHNM BMECTE

; 1. ITo mamabIM Tadbaunsl « CTPYKTYpa BajIoBoro c6opa 3epHOBBIX
‘ KyJabTyp B mupe (% )» mocTpoiTe CEKTOPHYIO JUATDAMMY .

Hmennua | Puc | Kykypysa | fumens | Oséc | Poxs | Ipyrue

1 2 3 4 5 6 7

28 26 25 10 2 2 7

Pemenue. Ha 100 % npuxogurcs 360°, anal % — 3,6°. Ym-
HOKUB 3,6° Ha nanHBIe TabaUIL], Toayaum: 100,8°%; 93,6°; 90°; 36°;
7,2°% 7,2°% 25,2°. IlocTpOUB eHTPaIbHbIE YIJIbl C COOTBETCTBYIONIH-
MU I'pajlyCHBIMHY ME€paMHu, IOJIyYUM HYKHYIO fuarpamMmmy (puc. 152).
HocTaTo4HO IPOCTO MOCTPOUTH TAKYIO JHATDAMMY € IIOMOIIBIO TPO-
rpammbl Microsoft Graf (uepes komaras: Beraska / O6bexT / [Iua-
rpamma Microsoft Graf)minu nporpammer Excel.

1995 1996 1997 1998 1999 2000 2001 2002

Puc. 152 Puc. 153
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1225. Ha pucynke 153 uzobparkesa juarpaMmma, mpeacTaBiaonias
JUHAMUKY IOTPebIeHus BOALI HA AYIIY HaceJleHus (JIMTPOB B
cyTku) B YepHuUrosckoi obsactu. Kak HaseiBaeTcs rakasi qua-
rpamma? Iloyemy, mo BamieMy MHEHHIO, YMEHBIIAETCS 110~
TpebIeHrne TUTHEBOM BOABI?
1226. Ha pucynake 154 nsobparkeHa guarpamMma, IpeACcTaBIIsIoNIast
9KCIIOPT ¥ IMIIOPT IIBEHHOU IPOAYKIINA B Y KpauHe B JEHEK -
o HOM BhIpaskerauu 3a 2007 r. Kax HaswIBaoTCA TaKHe qHUa-
i rpammel? IlpoasanuaupyiiTe JaHHBIE, IPEACTABICHHBIE HA
; Hux. Kakoit BEIBOJ MOYKHO Cles1aTh?
- 1227, IlpoananusupyiTe Ta0JIUIY, B KOTOPOIl NpeACTaBIeHEl pe-
El 3yJIBTATHI T00EeAUTE e HA JIETHUX IaPAOJUMINACKUX UTPax
r 2008 rosa. OTBeThTE HA BOIIPOCHI:
R 1) cKOJIBKO Mezaneil MONYUHINA CIOPTCMEHEI Y KDauHBbI;

g PesyabraTsl nobeguTesel Ha JeTHHX NMapaoauMnuickux urpax 2008 r.

| Mecro Crpana 3oxoro | Cepedpo | Bponsa Beero
1 KHP 89 70 52 211
2 Benukobpuranusg 42 29 31 102
3 CIITA 36 35 28 99
4 Yxkpauna 24 18 32 74
5 AsBcrpanusa 23 29 27 79
6 IOAP 21 33 6 30
7 Kanana 19 10 121 50
F 9 8 Poccus 18 23 22 63
i 9 Bpasunusa 16 14 17 47
' 10 Ucnasusa 15 21 22 58
IKCnopr Hmuopr
Be.vlbmﬁc""m.‘il S Bemmko- Ppannus [lpyrae
6pHT%HHﬁ 2% 15 %
‘v o Benrpp?a/o
- 9 I 2% Kurait
B TR HUnponesus 47 %
\ _, 2%
) 5% Brernam
Bl 5% g 3%
Huneprasast 5 Benapych
\ 5 % Wramus [Monpma\Ppanus 4% R e\ Typuss
A T% ' 7% 9 % 6 % 9%

Puc. 154
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2) CIIOPTCMEHBI KAKUX CTPAH HOJIYYHIH OZUHAKOBOE KOJIUYe-
CTBO cepedpAHbIX (OPOH30BEIX) MeAaIei;

3) crmopTCMeHbI KaKHUX CTPaH MOJYYUIN HauMeHbIllee KOJIu-
4ecTBO cepedpAHbIX (6pOH30BBIX) MegaIei?
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1228. ITocTpoiiTe Tabaumy 1o JaHHEIM pucyHka 154. Ykaure eé
, moJiieskaliee U cCKazyemoe.

11229. B rabaune npuBefeHb! Pe3yJbTAaTHl BHICTYIICHUN JYUIIAX
KoMaH Ha 50-i MeKIYHAPOAHON MaTeMaTUIeCKOM OJIUMITH-
aze (2009 r., 'epmanus, 6osee 100 crpan mupa). [Ipoanann-
3upyiTe HaHHbIe TaOMUIEl. [ Ka/ 0 U3 IIECTH OJUMIIU-
aJlHBIX 387124 YCTAHOBUTE CPeHee 3HaUeHNe pe3yabTaToB. ITo
[IOJIY4eHHBIM JaHHBIM IIOCTPOTe rpadukK.

Menaan PeayasTaTs! Mo 3aKavam
Crpana z
Bl SCRnBR e 2 3 4 5 6
Kuraii 6 |— | —| 42 |42 | 42 | 42 | 42 | 11 | 221
fnouusa 5 |— | 1|42 |42 | 34 | 33 | 42 | 19| 212
Poccus 5|11 | — |42 | 39 | 31 | 42 | 42 7 | 208 -
IOxu. Kopeal 8 (3 | — | 42 | 42 | 22 | 40 | 42 0 188
KHIP 3 1.2 7151 42 | 85 [ 24: ] 397 36 7 | 183
CIIA 2 4| — |42 | 42 |20 | 33 | 42 3 | 182
Tannanpg 18 =2 T42 17 | 40 | 40 0 181
; Typuus 2 |4 |— |42 |42 | 23 | 32 | 38 L ] % i i/
T'epmanns 1|4 sl B 1l s 2 S 6 o KO I S Lt el Jia o J 0 by ¢
Benapycs 1|4 |1(87 |84 | 15|39 [[42 | 0 | 167
| Hramus 2 (2| 2|42 |38 |18 |20 38| o0 | 165 |
| TaiiBaHb 1085 | —| 42. | 38 4 | 35 | 42 4 165
: PyMBIEAA 212 | 2|39 |42 | 15 | 28 | 36 3 | 163
YrpauHa gralle] 2|36 |42 | 14 | 33 | 31 6 162
BrerHaM |‘ 2 |2 2 (36 |38 | 16 | 37 | 30 4 ‘\ 161

11230. CocraBbTe TabauIy, KOTOPAA OTPAKAET BAIy YCIIEBAEMOCTE
3a nepBoe mnoJsyrozaue: a) 10 kiacca; 6) 11 knacca. ITocTpoiire
COOTBETCTBYIOIIYIO AUArpaMmy.

1231, B YkpauHe NpHAEPKUBAIOTCA IIPHMEPHO TAKOH CTPYKTYPHI

ITOCEBHBIX IIOIaieii: oauMas mmesuna — 23 % , Apyrue sep-

HOBBI€ KYyJIbTYpel — 22 %, KopMOBBIe KyJAbTYpel — 37 %,
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ThIC. KBT -49ac

O HNWHER T 300 ©

Ionpma YxpaumHa CDPI‘ Dparnus
Puc. 155

TeXHu4YecKue KyabTypsl — 12 % , kaprodess 1 oBomu — 6 % .
ITocTpoiiTe COOTBETCTBYIOMIYIO CEKTOPHYIO JUATPAMMY.

. Hpoqn'raﬁ're guarpamMmy IIpou3BO/ICTBA dJIEKTPOIHEPruu Ha

gesoBeKa (KBt ‘1) B HeKoTOpHIX cTpaHax B 1992 r. (puc. 155).
CocTaBbTe COOTBETCTBYIONUIYIO Ta0HILy. BEIsICHUTE cOCTOsTHHE
IIPOM3BOACTBA 3JEKTPOIHEPIHH B 9THX JKe cTpaHax B 1995,
2000, 2005 rogax. ITomecTuTe UX B TAOJIUILY ¥ HA OCHOBE 3THX
JIAaHHBIX MOCTPONUTE CTOJIOYATEIE AUATPAMMEL.

ITocTpoiite cTonbuaThie AMATPAMMEI ITO JAHHBIM (B THIC. Y€JI0-
BEK) O KOJIMYECTBEe YKHUTeJeH KPYyIHEeHIINX ropojoB Y Kpau-

HbI (2001 1.):

Kues — 2629; Houenk — 1042;
XapbpkoB — 1490; Huenponerposck — 1094;
Opnecca — 1002; 3anopoxxne — 840.

1234. IOrOmu-cTapImeKIaCCHUKY OIHOM IIKOJIBI II0 POCTY pacipe-

JeJIeHbI TaK:

| kl_ic'r,cu 150 | 155 | 160 | 165 | 170 | 175 | 180

¢ Eommecno oromein| 1 4 5 15 25 8 2

’@35.

ITocTpoiiTe COOTBETCTBYIOIIYIO THCTOIPAMMY U IIOJUTOH.

Ha pucyuke 156 n3obpaskensl KaumarorpaMmmel aus Kuesa
(a) u fnre! (0), Ha KOTOPHIX JUIA KayKAOT0 Mecsana AaHa UH-
dopmanusa o cymMe 0CaZKOB (B MM, roJry00ii I{BET) ¥ CpeiHel
remnepartype (8 °C, KpacHbIi 1iBeT). OXapakTepuayiTe 9TH Iu-
arpaMmbl. YKaXuTe KaK MOXKHO GoJblne o0U[HX M OTJIHYH-
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CIBKTYJICBXJT CIBKTYJCBXJIT
26 26
23
20242n524 19 18I g l 21 16
47 1 I|12 g 131 172019 L. 0"11
o s Nij1a15158 s | 166781 111
n 48 6 9
—7-6—2 -4
3837 364953 7585 56 58 3751 46 7557 46 2927 424229 30 48 59 76
a)r. Kues 6) r. fdnra
Puc. 156

TeJbHBIX NMPU3HAKOB. CpaBHUTE MX 34 OTAEJbHbIE MECHAIIHI.
CocTaBbTe KIMMAaTOIpaMMy AJIs Bamero ropoja (obmacru).

| Yposeun b ~ T

R ——

1236. Tlonb3ysch CBEIeHUAMH, IPEACTABIEHHBIMHU B TabauIe Ha

¢. 300, mocTpoiTe HECKOJBKO CTONOYATEIX AUAarpaMM H JaiTe
HasBaHUe Kaxkou u3 Hux. CocTaBbTe aHAJOTUIHYIO TaOIHAILY
3a ouH u3 rozoB X X1 Bexa 1 Ha €€ OCHOBE ITIOCTPOMTE HECKOJIb-
KO JHarpaMm.

1237. IlpoanasuaupyiiTe AMarpaMmbl, IpeACTaBJIeHHbIE HA PUCYH-

Ke 154. OTBeThTe Ha BOIIPOCHI:

a) KaKue CTPaHbl ABJIAIOTCA KPYNHEHIIAMHA UMIOPTEPAMHU
(sxcmoprépaMu) IIBEHHON NPOAYKIIUM JJIA ¥ KPauHBbI;

0) UIA KAaKUX CTPaH Y KpauHa OJHOBPEMEHHO SABJIAETCH UM-
IIOPTEPOM ¥ SKCIIOPTEPOM IIBEHHON IPOAYKIIH?
ITocTpoiiTe B OZHOM CHCTEME KOOPAMHAT IMOJUIOH pacupese-
JIEHAS UMIIOPTA ¥ SKCIOPTA HIBEHHOM IPOAYKIUH B YKpan-
He (n1a cTpaH U3 nyHKTAa 0).

1238. IIpoaHanusupyiTe JUarpaMmy, IpPeACTABJICHHYIO Ha PUCYHKe

150. ITocTpoirTe YacTOTHYIO TAOIHILY IO 9THM AaHHBIM. Haiinu-
Te MOJY, MEMAaHy ¥ padMax BeIoopKu. OTBeTHTE Ha BOIIPOCHI:
a) B KaKo# o6J1acTy Ob1JIa B TO BpeMs HAUMeHbIasa 3apador-
Has mIara;

6) CKOJIBKO 00J1acTeil uMeu CpeIHIOn 3apaboTHYIO ILIaTy Ha
yposre 1000 rpa?

11239, ITpoananmaupyiiTe AUarpaMmy, Ope/CTABJICHHYIO HA PUCYHKe

151. ITocTpoiiTe YACTOTHYIO TAOIHMILY ITO 9TUM AaHHEbIM. Haiau-
Te MOAY, MeANaHy u padMax BeibopKH. OTBeTHTE Ha BOIIPOCHI:

a) B KAKUX CTPaHAX YPOBeHH 6e3paboTHIEI HAMMEHbBIIUIH, a B
KaKuX — HauOOJbIINN;
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6) IMeIOTCA I CTPAaHbl, YPOBEHE 6€3paboTHIIBI B KOTOPBIX JJIA
MY3KYHUH 00JIBIIE, YeM JJIS YKeHIIUH 7.

1240. C momomsio nporpammsl Microsoft (Graf wim Excel) Ha ocHOBe
AaHHBIX Tabmumer u3 Ne 1229 nocrpoiite rpaduk, KOTOPLIH A1
KaxkJoM CTpaHbI 33126 T 0011Iee KOTIMYeCTBO 0a/LI0B HobeAuTe e .

ﬁ241. C nomomisio nporpammsel Microsoft (Graf unu Excel) Ha ocHo-
Be JaHHBIX Tabiuner u3 Ne 1229 nocTpoiiTe guarpaMmsl, Ko-
TOPBIE AJIS KAXKI0HM CTPAaHBI 3a1aI0T KOJIMUYeCTBO 0aII0B, 110~
JyYEeHHBIX 3a peunieHue 3anad 3 u 6.

) {¥Yposenn B R iy e e g

—— T

1242, TnaBHBIMH COCTABJIAIOUIMMHU YaCTAMHU BO3AyXa (HeAaTeKo oT
3€MHO IOBEPXHOCTH ) ABJsAeTCA a30T — 78,08 % obbéma, Kuc-
nopox — 20,96 % obréma u uaepTHbIe razsl — 0,94 % oobéMma.
KosmmuecTBo 9THX ra3oB B BO3ZIyXe He U3MEHSETCS, TI09TOMY UX
Ha3bIBAIOT OCTOAHHBIMY COCTABJISAIOLINMY YACTAMU BO3AYXA.
ITocTpoiiTe CEKTOPHYIO fEArpaMMy COCTABA BO3AYXAa. Y CTAHO-
BUTE, KaKO¥ IPOLEHT 00 béMa 3aHUMAIOT APYTHe rasbl.

1243. B rabaume IpuBeEH COCTAB MOJIOKA HEKOTOPBLIX MJIEKOIIUTA-
omux. [l Ka 0oro BU/ a MICKOIIUTAIOIMX IOCTPONTE CeK-
TOpHYIO Auarpammy. Kakoil Buj rpaduueckoro npejcrasie-
HUA WHGOPMAIIAN JIYUIle IOKAKeT Pasjnuyus B COCTaBe MO-
soka? BeimonmEUTE TaKOE U300paskeHue,

CocraBasromue (%) | Koposa | Osua | Koza | Ko6sina| Ces. oens

Boaa 87,5 82,7 | 86,6 90,1 66,9
Yriesonsl 4,8 46,3 3,9 5,9 2,8
Hup 3,6—4,2 5,3 3,7 1,5 16,9
Benok 3,5 4,6 4,2 2,1 16,9
MukpoaieMeHThI 0,7 0,9 0,8 0,4 1,2

i T_i244. Ha pucysnke 157 npeacTaBiieHO JUHAMUKY KOJIHUYECTBA O0IIIe-

) 00pa3oBaTeIbHAIX IIKOJI-UHTEPHATOB, CIIeIHaJIbHBIX 06111e00-
PasoBaTeJIbHBIX ITKOJ M KOJIUYECTBA yyaluxcs B HuX. [Ipo-
aHAJU3UPYUTE 9TH AUarpaMMsl ¥ rpadgukn. Kak n3aMeHAIOCh
ot 1996 roza xo 2001 roza kKouyecTBo: a) 0611e00pa30BATEIE"
HBIX IIKOJI-MHTEPHATOB; 0) yuaiquxcsa o01nieo6pasoBaTeIbHBIX
IIKOJI-MHTepHATOB; B) cnenuanbabix OOII? Ha ckoabKo exxe-
ropuao? Ilogbepure faHHBIE, Kacalouecs IUHAMUKH KOJHU-
gecTBa 0011e00pa3oBaTeIbHEIX IIKOJ ¥ YMCJIA YIAUIUXCA B HUX
B TeueHue 2001—2005 rr.




S S ~ 7
LoD 1| R — s Paszpen 4 ‘
320+ 90 3941 - 68,5
316 /" 89 A [] 5
Vi= 2 392 "+ 68,0
3 ' 5 N )
5 312 / ggi I / \ i
Q == =
306 T sr 2 B e z
& £ E390 67,5 E
§ 304"——# 786 o E}‘ ‘ J ]
© 300 o5 & S 388 H H H 670 E
= /o m o =
g 296 /{ H 84 E 5 8
g BB IR S,
7 999 7 U g3 o DN" 386 \/ 66,5 o
~JEN 82 8 =
5 i N 384 10 H [reeo =
284 H 81 )
280 + + + # + 80 382 H—H 4 + 65,5
1996 1997199819992000 2001 1996199719981999 20002001
ObmeobpasoBaTenbHble MKOILI-HHTEPHATHI Crnennansasie OOIT

[ Yncno sapepennit o= Uncio y9eHAKOB

Puc. 157

1245. 3a nasasiMu Tabaunsl Ne 1229 cocrasbTe BEIOOPKY, KOTOpas
AJI KaXKI0M CTPaHbl U3 TabJIHUIBI 3a4aET KOJUYECTBO DaIoB
3a peleHne Ka)aou sagaun. IlocTpoiiTe BapHamOHHBINA P/
M 9aCTOTHYIO Tabaumy ajasa aToil BeiOopku. Haiigure Mony,
MeJHaHy U pa3Max BEIOODKH.

1246. YpooskaitHoCTh NIIEHUIB (B I1/Ta) HA PA3HBIX YIaCTKAaX MOJIA
(B %) hepmel npuBeneHa B TabIuIe.

Ypoxaunocers | 20-25 | 26-30 | 31-35 | 36-40 | 41-45 | 46-50

Joxs naomann 6 15 33 21 20 5

ITocTpoiiTe COOTBETCTBYIOIIYIO THCTOTPAMMY | ITOJIMTOH. Haii-
JUTE CPEHION YPOIKAWHOCTD MIIEeHHUIIBI VIS JaHHOU (DepMBbI.
ﬁ247- Ha pucyske 158 uzobpaskeHa I10JI0BO3pACTHAS THPAMEAA HA-
cejleHMA YKpPaWHBI IO JaHHBIM BCeyKpamHCKO Iepenucu
"acesnesusa 2001 roga. Kakue cBejieHns Ha Hel 0003HAYEeHE]
KpacHBIM IBeToM? CpaBHHUTE €€ ¢ JuarpaMMoit, n300pakéH-
HOU Ha pucyHKe 148, cpenaiiTe COOTBETCTBYIOLINE BBIBOJKI.
CocraBbTe MHTEPBAJIBbHYIO YACTOTHYIO TAOJUIY C JJIUHOMK MH-
repBaJa B 10 jier. Halizure nansable U IIOCTPOMTE AUATPAMMY
«JuramMuka posxgaemoctu B Y kpause 3a 2002—2010 rozxsr» .
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1248. Haiigure oHy 13 IepPBOOOPA3HBIX A (DYHKIIHHT:
a)y=2x3—x; 6)y=2-—x2; B)y=2sinx; r)y=sin2x.

1249. [Tlokakure, 4TO byERIHA Y = 2x% — x — Heuérnas, a byHKIUA
y=2-x%— uérnas.

1250. Kakoe nBy3HaYHOE YUCJIO B 4 pasa 60IbIe CyMMEI CBOMX UMD
u B 2 pasa 60JIbIIe UX IPOU3BEeIeHUA ?

| ‘§ 35. JIYYAUHBIE COBbITUSA U UX BEPOATHOCTU

IlocTpoeEHeM M MCCIIEIOBAHMEM MOZEEH PasiIMUHBIX IIPOIEC-
COB, CBA3aHHBIX C IIOHATHEM CIYYAHHOCTH, 3aHUMAIOTCA MaTeMaTH-
yecKas CTATHCTHKA U TeopudA BepoATHocTew. K TakuMm nporeccam,
HaIpuMep, OTHOCATCH PUCKH (PDUCKOBAHHBIE OIlepalliy) Ha IIPOU3-
BOJZICTBe 1 B 0aHKOBCKOM /ieJie, MacCoBbIe 3a00IeBAHUSA CPEIU pacTe-
HUM, )KUBOTHBIX MJIM JIIOJIell, a3aPTHHIE UI'DEI.

W3 npeapiayiux KJIACCOB BB YoKe MMeeTe HeKOTOPhIE IIPeCcTaBIIe-
HIsI 0 TEOPUH BEPOATHOCTEH, TeIIePh HEMHOT'O PACIIIMPUM ¥ YIUIYOUM UX.

BakHeHIIMMY IOHATHAMYU TEOPUU BEPOATHOCTEMN ABJISIOTCA 86POAM-
HOCMHbLL dKcnepumernm (McnbITaHke, HabmoaeRne), codbimue (cuen-
CTBHE UCITBITAHUA) ¥ 6ePOSMHOCMb coObLmus. IIpuBeéM NIpUMepHI uc-
TBITAHUM ¥ UX OT/I€/IbHEIX HOCJEACTBIUM — HEKOTOPBIX COOBITHIA.
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Hcnpiranue CobniTHE
1 ITagaeT moHETA VYnana Beepx repbom
2 HrparooT komasasl A u C Briurpana xomasga C
3 YenoBek X IET BECHY Becna macTynuia
4 Ilagaer urpanbHBI KyOHK Brinano 0 oukos

TTocnexHee coOBITHE HEBO3MOKHOE, IIOCKOJIBKY Ha IPAHAX UTPAJIb-
HOro Kybuka Het HyJsis1. CoObITHE 3 JOCTOBEPHOE, TAK KAK ITOCJIE 3UMBI
Bcerga Hacrtynaer BecHa. CoObiThA 1 1 2 cay4yaidHbie.

Boob1ie, cobbiTHe Ha3hIBAETCH HeB03MONCHbBLM, €CJIA OHO HUKOT-
Jia He MOXKeT IPOUB0UTH, 00CMO0B8ePHbLM — €CJIV OHO BCEra IIpouc-
xoaut. Ecnu cobbITHE MOYKET IPOUBOUTH WU HE IPOU30UTH, ero
Ha3BIBAIOT CAYLAUHbLM.

IIpuHEATO CYUTATH, YTO HEBO3MOIKHOE 1 JOCTOBEPHOE COOBITHS —
YaCTHBIE CIYyYau CAYIYaHHOTO COOBITHS.

CoOpITusA 0003HAYAIOT OOJBIINMY JATUHCKUMUA OyKBamMu A, B,
C, ... , WK OHOM JIATUHCKOU OYKBO# ¢ uHAECKCOM: A, A,, A, ..., A .
Conepsxanue coObITHS MOKAIOT B GUI'YPHBIX cKoOKax. Hampumep,
TpeThe COOBITHE U3 TAOMUIIEI MOYKHO 3aIIUCATH TAK:

A, = {BecHa HacTynuia}.

Ckasarh 3apaHee 0 CJIy4aifHOM COOBITHY, YTO OHO COCTOUTCS WJIU
HE COCTOUTCS, HeIb3dA. Eciin ke 9T0 COOBITHE MacCOBOE, BBIIOJIHAET-
CfA MHOT'O Pa3 M IIPUA OAUHAKOBBIX YCJIOBHUSAX, TO BEPOATHOCTH €r'o Ha-
CTYIJIEHUS MOKHO XapaKTepHU30BaTh HEKOTOPHIM YHCJIOM.

9TO MOKHO CAEeNIaTh TOrAA, KOIAa MOCHIEACTBUA HCIBITAHUI PaB-
HOBOBMOJKHEIE I COCTABJISAIOT KOHEYHOE MHOKECTBO, T.€. B YCJIOBU-
AX NIPOBEAEHHOIO UCIBITAHUS HET OCHOBAHUUN CYUTATH IOABJICHUE
OJIHOT'0 M3 CIEJCTBHUI 60Jiee NI MeHee BO3MOYKHBIM, YeM JPYIHUX.

Pacemorpumn p u M e p. BpocaioT ofuH pas npaBUJIbHbIA OAHOPO-
HBIA UTOPHBIN KYOuK (puc. 159) u (GUKCUPYIOT KOJTUIECTBO OUKOB HA
rpaHH, OKas3aBmeiicsa BBepxy. PeayabraTom Ta-

KOT'0 UCIBITAHMSA MOTYT CTaTh 6 pasJWyHBIX CO-

= {BBIIAZIET OIHO OYKO}; Y
{BBRIIAZIET [Ba OUKa};
{BBIMazeT TPU OUKa};

= {BBIIaJeT YeTHIpe OUKa};

E, = {BBImazieT 0ATh OYKOB};

Eg = {BBInmazer mecrs OYKOB}. Puc. 159

E,
E,
Ey
E,
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ITHU LIeCTh COOBITHH OXBATHIBAIOT ¥ MCYEPIIHLIBAIOT BCE BO3ZMOXK-
Hble TOCJIeACTBUA dKcepuMenTa. OHU nOnNapHo Heco8mecmumbl,
100 KaxkKIBIi pas BEIIANAET TOJBKO OJHO KOJHUYECTBO OUKOB. Bcee
OIeCTh COOBITHI 00UHAK0B0 B03MONCHBL, TOCKOJBKY pedb UAET 00
OHOPOAHOM KyOHKe IIPaBHJIBLHOM (HOPMEI M JIOBKOCTH HI'POKA UCKJIIO-
yaercs. B TaAaKOM ciiydae roBOpPSAT, YTO AJIA OCYLIECTBICHUA KaxJa0T0
M3 9THUX COOBITHH CYIeCTBYET OAHH IIAaHC U3 IIIeCTH.

Kaxpoe u3 cobeituii E; — Eg BHIIIEONUCAHHOTO UCHBITAHUAA
HAa3BIBAIOT 2JIEMEHTAPHBIM, 4 BCE HX MHOXKECTBO — IIPOCTPAHCTBOM
9JIEMEHTAPHBIX COOBITHIA.

daemeHmapHsvlm coOObLmMueMm Ha3bIBAIOT KaXAbI BO3ZMOXKHBIN
pes3yabTAT BEPOATHOCTHOI'O sKcHepuMeHTa. MHOXKEeCTBO BCEX BO3-
MOXKHBIX ITOCJIeICTBUI AKCIIEPUMEHTAa HA3bIBAIOT NPOCMPAHCMEOM
2JleMEHMAapPHbLX cO0bLmMuil 1 0003HAYAIOT TPeYecKoit OyKBoi L2 (omera).

Ecnu npocTpaHCTBO dJIEMEHTAPHBIX COOBITHH AJA HEKOTOPOTO
UCHBITAHUSA COCTOUT U3 72 PABHOBO3MOYKHEIX HECOBMECTUMBIX COOBI-

! 1
THUH, TO BEPOATHOCTS KaX/JOr'o 13 HUX paBHa ; . Hanpmvxep, BepoAT-

HOCTBH TOr'0, YTO Ha HO}IGpOIHeHHOM HUTOPHOM Kyﬁmce BhIIIageT

1
5 O4YKOB, paBHa E A BEepOATHOCTH TOI'O, YTO nonﬁpomem{aa MOHeTa

gl 1
yazéT BBepx repbomM, paBHa PR BeposaTHocTs coObITHA A 0603HAYA-
o1 P(A). Ecnu nepBoe U3 3TuX coObITHIT 0003HAYNTH OyKBOI1 A, a BTO-

1 1
poe — 6ykBoii B, 1o P(A) = 6’ P(B) = PR

EcThb coObITHA HEdIeMeHTapHbie. PaccMOTpUM, HAIpAMeED, TaKoe
cobbITHE:

C = {noaBnenne MIACTUHKHN JoMHuHO ¢ 10 oukamu}.

IToCKONBKY IUIACTHHOK JOMHMHO BCero 28, TO MCHBITAHUE, CBA3AH-
HOEe ¢ BEIOOPOM OJIHOM ILIACTUHKY, NCYePIbIBAeTCSA 28 pABHOBO3MOMK-
HBIMU ¥ He3aBUCHMBIMU mocreacTBusivu. CiiefoBaTeIbHO, IPOCTPaH-
CTBO 3JIEMEHTAPHBIX COOBITUH IJIA HAHHOTO
HMCOBITAHUA COCTOMT 13 28 dJIeMeHTapHBIX
coberruii E, rnei = 1,2, ..., 28. Cobdwrtue C
MOKET IPOM30MTH, €CJIH IIPOU3OUAET OXHO
W3 IBYX 2JIeMEeHTapHBIX coObITHH (puc. 160):

4
1) E, = {noaBieHue MIaCTHHKH 5 ¥

5
2) E, = {mosiBIeHMe MJIACTHHKYA 5 Y




Paszpen 4

T'oBopsaT, uTo co6BITHIO C CIIOCOBCTBYIOT ABA 3JeMEHTAPHBIX

coberTusa (E, E,) u3 Bo3MOxKHEIX 28, moatomy P(C) = —2% = %1- :

Paccmorpum o61uii cayuaii. ITycTs HCIbITAHUE HMEeT KOHEUHOe
KOJIMYECTBO (77) PABHOBO3MOXHBIX X HECOBMECTUMBIX IIOCJIEACTBAN
1 A — HEKOTOpoe caydaitHoe coObITHE, CBA3aHHOE C JaHHBIM HUCIIEI-
TaHUEM.

Bynem nHasbiBaTh ajieMeHTapHOEe coObiTHE E, 6.1a20npUsmHblm
024 caywaitnozo cobbimus A, ecnyu HacTynienue cobuitud E, B pe-
3yJIbTaTe UCIBITAHUSA IPUBOJUT K HACTYILIIEHUIO COOBITIA A.

Eciiu xommuecTBO OCHEACTBUN (3JIeMEeHTapHBIX COOBITHIA), Oa-
TONPUATHBIX COOBITUIO A, 0003HAYUTE Yepes 11(A), TO BEepOATHOCTH
CJAYy4aitHOTO COOBITHA A oIlpeiensaeTcA 1o (hopmy.ie:

P(A)= M

' Beposmuocmelo cay4aiitiozo cobbimus A Ha3biBaIOT OTHOLWIEHHUE YHCNIA

«(A)6naronpUaATHLIX ANA COOBITUA A 3N1eMeHTaPHbIX COOBITHIH K YMC-

Ny n BCEX PaBHOBO3MOXXHbIX W NMONAPHO HECOBMECTUMbIX 3/1eMEH-
TapHbIX COOBITHH, KOTOPbIe 06Pa3yiOT NPOCTPAHCTBO 31EMEHTAPHbIX
cOObITUH AN AAHHOrO HCMbITAHUSA.

Taxoe onpejesieHue BEPOATHOCTH HABBIBAIOT KAACCULECKUM.

IlepeunciauM BaKHEMIIINE CBOMCTBA BEPOATHOCTH CIYYAUHOIO
COOBITHA.

1. Ecau C — cobwiTHe HEBO3MOKHOE, TO P(C) = 0.

2. Ecau B — cobsiTHE 0CTOBEPHOE, TO P(B) = 1.
3. Ecin X — cobriTHe ciayuaitnoe, To 0 < P(X) < 1.

4.Ecmu E{, E,, E,, ..., E, — sneMeHTapHbIe COOBITUA, HCUEPITHI-
Balolllyie HEKOTOPOe UCHBITAHUE, TO

P(E,) + P(E,) + P(E3) + ...+ P(E,) = 1.

3apxayga. Bo Bpems TecTUPOBAHUA CTUPATBLHON MAIIIMHEI BBIAC-
HUJIOCH, YTO OJHA U3 IIATH AeTalei a, b, ¢, d, e umeer gedekr. Ecth
BO3MOJXKHOCTB 32 OZIMH pa3 IPOBEPUTH TPH JETalIi, KOTOPhIE MeXa-
HHUK IIPOM3BOJBHO BBIOMpAET U3 OIpeJesIéHHbIX. YeMy paBHA Bepo-
ATHOCTE TOT0, 4TO: a) OyAeT mpoBepeHa aeransb a (cobsrrue M); 6) 6y-
AyT IpoBepeHs! ieTanu a u b (codsrtue N); B) OyzeT mpoBepeHa XOTs
ObI otHA U3 gertasieit a u b (cobeiTre K)?

Pemenue. [JocTpouM IpoCTPAHCTBO 3JIEMEHTAPHBIX COOBITHMA
JAJIs1 faHHOTO UcHbITaHUA (13 5 fgerasedt Beibupaior 3). Umeem:
abe, abd, abe, acd, ace, ade, bed, bee, bde, cde.
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a) Cobwrruio M criocobeTByioT 6 astemenTapabix cobsrmiii n3 10: abe,
abd, abe, acd, ace, ade. Moxxem HAWTH BePOATHOCTE COObITHS M.

6) CobpiTrio N c1ocoOCTBYIOT 3 9JIEMEHTAPHBIX COOBITUS M3

10 (abc, abd, abe), noaromy BepoaTHOCTH cOObITHA N paBHa 135 :

B) CobriTuio K cnocobeTByioT 9 sireMeHTaApHBIX coObITHI M3 10

9
(Bce, kpome cde), TOITOMY BEPOATHOCTH CoObITHA K paBHA 10"

BriuncasaTe BepOSATHOCTHA COOBITHII YACTO IIOMOraloT IpaBUIa U
hopMyJIEI KOMOMHATOPUKH.

3agaua 1.Hasepmuny ropsl BegyT 4 ofTUHAKOBO YA00HEIE TPO-
nbel. KakoBa BEPOATHOCTH TOr0, YTO BBl HOAHUMETECH HA TOPY U CITY-
CTUTECH C HEE TeM ke MapuIpyTOM, KOTOPHIM IIPOXOAMII TaM Balll TO-
Bapu?

Pemrenue. Beero cymecrsyer 4 * 4 = 16 pasiiuuHbIX Mapuipy-
T0B. ITocKONBKY BCce OHM OMHAKOBO YA00HEI, TO BEPOATHOCTH IIPOMA-

; 1
TUCH 10 OAHOMY M3 HUX PaBHa E .

1
OrBer. 16"

Bagaua 2.Yuenur nuppamu 1, 2, 3, 4, 5 manucas Heu3BeCT-
' HOe BaM NATH3HAYHOE YKo, KakoBa BepOATHOCTH TOTO, UTO BBI CPa-
3y OTr'ajiaeTe 9T YMCI0?

Pemenue. Becerorakux uncenects P =1-2-3-4-5=120. Be-

1
POSATHOCTH yrajgaThb OJJHO U3 HUX PaBHA m .

1
Orser. 120

3angaua 3.B kopsune ectb 20 A0/I0K, OTUHAKOBLIX HA BUX, 15
U3 HUX — CcJajKue, a 5 — Kucabsle. Kakosa BepoATHOCTb TOTO, YTO
B3ATHIEC HAYTAJ ABA A0JI0Ka OKAXKYTCA KACIBIMU ?

Pemienue. Beibpars mapy us Bcex 20 A0I0K MOXKHO 0220 CII0CO-

6amu, a u3 5 76710k — C; cmocobamu.




e ——" Pazpen 4

it

20-19

2
Cyo = 1.2

=190, Cs SR 10.

2 5-4
2
10.4 L
190 19°
3axmaua 4.Ecrs kaprouxku ¢ mudpamu 3, 4, 5, 6, 7. Tpu us HUX
BeIOMparT Hayraa. Kakosa BepOATHOCTH TOT'0, YTO U3 HAX MOIKHO
COCTABHUTH APH(MMETHYECKYIO IIPOTrPecCuio?

CrnemoBaTelbHO, HCKOMAasA BEPOATHOCTE P =

Pemenue. Tpu kapThl U3 OATH MOXKHO BEIOpATH Cg = 10 cmo-

cobamu. ApupMeTHYECKHe IPOrPeCCUH MOYKHO COCTABUTH TOJABKO
u3 Takux Habopos: (3, 4, 5), (4, 5, 6), (5,6, T u (3, 5, 7). Bcero aTux

4
Habopos 4. CiexoBaTebHO, HCKOMAs BePOATHOCTE P = —— =0,4.

141
@ MPOBEPBTE CEBS o

1. Kakue cobbitns HasbiBaloT ciyyanHbiMK?

2. MNpuseaute npuMepbl CAy4aHbIX COBBITUM.

3. Kakue cobbiTvs Ha3blBAIOT HEBO3MOXKHbIMU, AOCTOBEPHBIMM?

4. MNpuseguTe NpUMEpP NPOCTPAHCTBA 3/1IeMEHTapHbIX COBbITUM,

5. Kakve cobbitvs Ha3sbiBaloT anemeHTapHbiMu? lNpuseante npumepsl.
6. Yemy paBHa BEpOSITHOCTb AOCTOBEPHOTO COBbITUA? A HEBO3MOXKHOIO?
7. CchopmynupyiTe Knaccuyeckoe onpepeneHne BepoOsTHOCTH.

8. Kak BblUMCNAIOT BEPOATHOCTH C NOMOLLBIO (hOPMY/I KOMBUHATOPHKK?

44 BbINONHUM BMECTE
\_

1. VI3 nepeBépHyTEIX 28 KOCTAIIEK JOMUHO Hayrajn 6epyT oHY.
KaxoBa BepoATHOCTH TOr0, YTO HA OZHOI M3 €€ YacTeil OKarkeTcs
1 ouko (coburTHe A)?

Pemenmue. I[logcunraemM, CKOJIBKO CYIIECTBYET KOCTAMIIEK 0~

Do 8 405,18
b 1A% BRI (oot U0 (A0 el |
Bceero BosaMoskHOCTEH BBIOOPa 28, MOKOJIBKY B3SITh MOYKHO JIIO0YIO 113
g

28 xkocramek. CrenosaresibHo, P(A) = T R

OrBer.0,25.

2. Ha xax/10if U3 4eTHIPEX KapTO4YeK HANIMCAHO ONHY U3 OYKB A,
U, P, K. KapTouky nepeMemIMBaioT ¥ pacKJIafbIBaIoOT B paj. Kakosa
BEpOATHOCTH TOT0, 4T0 o6paayercs ciroso KPAW?

MUHO, COZEePIKALIUX OZHO OYKO: .Axectn 7.

0,25.
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Pemenwue. U3 ueThIpEX AaHHBIX OYKB MOXXHO 00pasoBaTh

. P, =1-2-3"4=24 nepecranoBku. 3 HUX ycJoBue 3a/ja4H YAOBJIET-

BOpAET TOJIBKO O/{HA. CHEAOB&TGJIBHO, HCKOMas BepOATHOCTH P= ﬂ .

1

OrBer. 24"

3. Ha 1000 6meros norepen npuxoauTtcs 1 Beiurpsim B 5000 rpH,
- 10 semarpeimeit o 1000 rpy, 50 — mo 200 rpa, 100 — no 50 rps.
- Ocranpuble OuseTs HeBHIMTPHIIIEbIE. HaliiuTe BepOATHOCTH BHIUT-
phbima Ha oguH 6uner, He meHee yem 200 rpH.
. Penresue. Buieros, Ha KOTOpPbIe NPUXOAATCA BEIMTPHIIIN, HE

menbure 200 rpH, Bcero 1 + 10 + 50 = 61. O61ee kKonuuecTBoO OuIe-

708 1000. IToaromy uckomas BeposaTaHocTs 61:1000=0,061.

OrBer.0,061.

4. CrysieHT NPHUINE] HA 9K3aMeH, 3Hasd OTBeThI ToJbKO Ha 20 u3
25 BonpocoB nporpaMmbl. HaliiuTe BeposATHOCTE TOT'0, YTO OH U3 TPEX
NpPeAJI0KeHHBIX BOIIPOCOB 3HAET OTBETHI MUHMMYM Ha /[Ba.

Peirenue. Bcero BapuaHTOB TPOEK BOIIPOCOB 025 . 3 Hux Cgo

' TPOEK TAKUX, HA KOTOPBIE OH MOJKET OTBETUTH IIOJHOCTHI0. MoskeT

" OH OTBETHTH M HA 0220 I1ap BOIIPOCOB.

Ecam ¥ Ka)A0# TaKoil mape BOIIPOCOB IPHUCOEANHUTH OAUH U3
5 BOIIPOCOB, KOTOPHIE OH HE 3HAET, IIOJIYYUM e11ie 5 0220 Tpoek. Cie-

1 JOBaTEJIbHO, HCKOMAas BEePOATHOCTh

P~ (Chy+5-C%):Cly = (1140 + 950) : 2300 = gg%.
209
OrBer. 230 °
BoinonumMre ycrtio e T
w

1251. KakumM ¢ TOYKH 3peHUS TEOPUHU BePOATHOCTEH SBJIAETCA COOBITHE:
a) Ip¥ MajeHWH UTI'PAJIbHOTO KYOMKa BRIAAET IIECTh OUKOB;
0) IaMITIOUKAa [IePeropuT B KyXHe;

B) IIOCTPOEHHEIH rpa()uK HeUETHON (PYHKIUHN OKAaXKEeTCA CUM-
METPUYHBIM OTHOCUTEJILHO HAaYaJia KOOPAWHAT;

r) BeIOpaHHOE HAYraj ABY3HAYHOE YHCJIO OKAMXKEeTCA YETHBIM;
1) remneparypa Ha CoJIHIIe MeHbIIIe TeMIIepaTypsl Ha 3eMJie?




Pasnen 4

1252. Onumure IpoCTPAHCTBO dJIEMEHTAPHBIX COOBITHH 1A JaHHO-
ro 9KCHepUMEHTA:

a) yCTAHOBJIEHWE JHA POYKAEHUSA IPOM3BOJILHO BHIOPAHHOIO
JKUTENST Y KpPauHbl;

0) onpeziesieHMe KOJINYECTBA PA3JINYHBIX KOPHEH KBaJpaTHO-
I'0 YpaBHEHHU;

B) YCTAHOBJIEHHE KOJIMYECTBA OOMIUX TOYEK Kpyra u mapabo-

\ JIbI, IOCTPOEHHBIX B OLHOM CHCTEeMe KOOPAHHAT;

r') ompejesieHue OZHOTO JOMOJHUTEIHFHOrO BEIXOAHOTO U
6-n1HEeBHOI paboueil Hejpere.

1253. KakoBa BepOsITHOCTH TOT'0, YTO IPH NaJJeHUU UI'PATBHOTO Ky~
OMKa BHIIAZIET YETHOE YHUCJIO OYKOB?

1254. KaxoBa BepOATHOCTE TOT'0, YTO IIPH HAZAEHUN MOHETEI BLIIAJET
nudpa wim repo?

. 1255. BepyT Hayraj miacTUHKY JoMAHO. KakoBa BepOATHOCTH TOTO,

I 4T0 OHA: a) Ay6IIk; 0) HE AyOIab?

1256. B kiacce obyuaercsa 10 ronomeit u 20 geBymex. Kakosa Bepo-
SITHOCTB TOT'0, YTO K JIOCKE IIePBLIM BEI3OBYT: a) I0HOITY; 0) e-
BYIIKY; B) Bac; I') IeBYILIKY WJIH I0HOIIY ?

| 1257. HaiiguTe BEepOATHOCTH TOI'0, YTO BAIll TOBAPHIL] POJAMJICH:

a) B BOCKpeceHbe; 0) 0ceHbIO; B) B ceHTsAOpe; r) 1 aaBaps.

{ Yposensn A 02 e s st
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1258, KakoBa BepOATHOCTH TOTO, YTO IIPH ITaZ€HUY UIPAILHOI0 Ky-
OMKa BBRIAJET:
A a) ABa 0uKa; 0) YETHOE YMUCJIO OYKOB; B) UMCJIO OUKOB, KpaTHOE 37
']:i259. W3 nepeBEpHYTHIX 28 KOCTAIIEK JOMHHO Hayraj 6epyT omHy.
KaxoBa BepOsITHOCTB TOI'0, UTO HA HEll OKaKeTcsI BCero: a) 2 09xa
(cobrrTHE A); 6) 5 0uK0B (codbITHE B); B) 12 0uKoB (cobniTre C)?
1260. Y13 mepeBépHYTHIX 28 KOCTAIIEK JOMUHO Hayraj 0epyT OZHY.
KaxoBa BEpOATHOCTE TOTO, YTO HA OJ-
HOM U3 e€ yacTeil oka)kercs 6 04KOB
r (cobeiTue A)?
! 1261. HaiiguTe BepOATHOCTE TOTO, YTO HAYTA
BEIOpaAHHOE HATypaJbHOE OJHO3HAY-
| HO€ YHCJO: a) ABJAETCA YUCIIOM 5;
' 0) menuTcs Ha 3.
1262. OkpamieHHBIN CO BCeX CTOPOH Jepe-
| BAHHBIA KYOUK paCHUININ Ha 8 pas-
( HBIX KYOMKOB ¥ CCHIIAJH UX B KOPOO-

Ky (puc. 161). KakoBa BeposiTHOCTH Puc. 161
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TOTO, YTO B KyOMKe, BEIHYTOM Hayraj u3 Kopodoku, Oyaer
OKpaIlleHo: a) TOJBKO OJHY I'PaHb; 6) DOBHO ABe I'DAHK; B) HE
MeHee TPEX rpaHei?

T_i263. OxpalueHHbIH! CO BCEX CTOPOH AEPeBAHHBIN KYOUK pacIiuIn-
Ju Ha 64 paBHBIX KyOHMKa M IIOMECTHJIN UX B KOpoOKy. Kakosa
BEPOATHOCTH TOTO, YTO B KyOHUKe, BEIHYTOM Hayraj u3 Kopoob-
KH, Oy/leT OKpalIeHo: a) TOJbKO OAHY rpaHb; 6) pOBHO ABe r'pa-
HU; B) He MeHee TPEX rpaHen?

1264. OxpaiieHHBIN CO BCEX CTOPOH JIePeBAHHBLIN KYOUK paciuiIn-
Jau Ha 125 paBHBIX KyOMKOB M IOMECTHJIN UX B MemoK. Kakosa
BEPOATHOCTH TOTO, YTO BEIHMMAasA M3 MeIlKa KYOUK Hayraji,
BBl BOBBMETE TAKOH, ¥ KOTOPOT'O OKPAIIEHO: &) TOJIBKO OAHY
rpaHb; 6) TOJIBKO /iB€ I'PDAHU; B) TPU rpaHu?

‘[i265. W3 6ykB, HAIMCAHHBIX HA OTAEJNbHEIX KAPTOUKAaX, COCTABUIN

' cioBo MATEMATHKA, 1oTOM 9T KaPTOUYKH IIePEBEPHYJIH,

TepeTacoBaIv ¥ B3AJM HAayraJ ofHy us Hux. KakoBa Bepoar-
HOCTBh TOTO, YTO Ha HEil OKa)keTcs: a) Oyksa A; 6) 6yksa M?
1266. B kyabke ects 20 cBépHYTHIX Oymaskek. Ha AByX U3 HUX Ha-
IIUCAHO «HET», a Ha OCTAJBbHBIX — «Ja». KakoBa BepOsITHOCTH
TOrO, YTO HA B3ATON Hayraj OymMakKe OKasKeTcs CJI0OBO «za» ?

Yposenb b T Ay EA N e

e ——

1267. B rpynne, kpome A, B, C, ects emé 12 yuerukos. Kakosa Be-
' POATHOCTB TOT'0, YTO BEIOpaAHHAA PPYIIIION fAeIeranus U3 TPEX
4eJIOBEK OyZeT COCTOATE U3 YueHUKOB A, B u C?
ﬁ268. B rpynmne, kpome Bac, ecTs emé 12 yuenuxkos. KaxoBa BepoaT-
' HOCTH TOT'O, YTO B M30PAHHYIO I'PYIIION JeJIeTaldio U3 TPEX
YeJIOBEK BOUIETE U BBI?
1269. Ha xax /101 U3 TPEX KapTO4YeK HAIIMCAHO OJHO U3 unces: 1, 2,
3. KakoBa BepOATHOCTH TOr0, YTO IEPEBEPHYB U II€PeMeIIaB
X, BBl IEPBOM BO3bMETE KAPTOUYKY C YUCJIOM 1, a BTOpOi — ¢
yucJygom 27
1270. CronoBas Ha 06ej; IPUTOTOBH.IA 3 MEePBEIX 6Jr0/1a: 60pII, CyII,
mu; 4 BTOPHIX: BAPEHUKH, roJIyOIbl, KOTJIETHI, pary; u 2 jae-
CEePTHBIX: MOPOXKEHOe i MUporkHOoe. KakoBa BepoATHOCTE TOTO,
YTO KTO-HHOYb, He 3Hasl BKYCOB TOBAPHIIA, 3aKaKeT JJI HEero
Oopii, KOTJIeTH ¥ MOposkeHnoe?
-ﬁ271. 3aMOK C «CEeKPeTOM» COAEPIKHUT 4 MIeCcTHyrojbHble IPU3MEI,
KOTOpPbIE€ MOT'YT IIOBOPAYMBATHCSH HE3aBUCHUMO APYT OT Apyra
BOKPYT 0011eit ocu (puc. 162). Ha ka0 00K0BOM rpaHu IIPH-
3MbI HamucaHo oxny U3 uudp or 1 xo 6. Bpamasa npusmsl, B
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_ IPOéMe 3aMKa MOKHO YCTAHOBUTE
‘ ‘ J1000€ YeTHIPEX3HAYHOe YN CJIIO, 3a-
OMCAHHOE TakuMu nudpamu. 3a-
, MOK OTKPBIBAETCS TOJBKO TOT/A,

, Korga Oyaer HaOpaHO YHUCIO, CO-
CTaBJIAIONIIEE «CEeKpeT» 3aMKa.
KaxoBa BeposiTHOCTb TOTO, UTO Ue-
| L JIOBEK, KOTOPBIMA HE 3HAET 2TOr0 AR
’ «CeKpeTa», OTKPOET 3aMOK 3a :

oJiMH HaOOp uMcya Hayraa?

1272. Ha mosky HayrajJ cTaBAT YeTHIPEXTOMHBIN cjIoBaphk. Kakosa
BEPOATHOCTH TOTO, YTO KHUI'M IIOCTABJIEHEI B HaJJIeKalnei
[1OCJIeJOBATENILHOCTH ?

ﬁ273. JleBouKa X0TeIa HAHU3ATH HA HUTKY 7 pasJIMYHbIX OyCcHH. ITO
‘ caesal eé 6parnk. KakoBa BepOATHOCTH TOTO, YTO OH C/EJIAJ
MMEHHO TaK, KaK X0TeJia JeBoOYKa?
1274. Ha croje JeKUT 5 IepeBEPHYTHIX U IePeTacOBAHHBIX KapToO-
yexk. Ha kKax0oM U3 HUX HamucaHa ofgHa u3 OyKBA, E, A, P,
' T. KaxoBa BepOSATHOCTD TOTO, YTO:
a) mepBo¥ OyzeT B3sATa KapTouka ¢ OykBoi O, BTOpoi — ¢
6ykBoil P, Tperseit — ¢ 6ykBoit T';
0) 13 TPEX B3ATHIX HAYTa/] KAPTOYEK MOYKHO COCTABUATE CJI0BO OPT'?
1275. 3 32 xapTouek ¢ OyKBaMu YKpauHCKOro andasura 6epyt Ha-
yraz 4 kaprouku. KakoBa BeposiTHOCTH TOT'O, UTO M3 HAX MOJK-
_ HO COCTABHUTS cJI0B0O POM B?
ﬁ276. W3 10 merannunyecKuX KOHCTPYKIIUM IB€ — BBICOKOI'O Kade-
‘ } crBa. Haiijure BEPOATHOCTH TOTO, YTO CPEAH B3ATHIX HAYIA/l

E OATH KOHCTPYKIMHA TOJBKO OZHA — BBICOKOIO KA4eCTBA.

‘ ' 1277. B knacce 10 yueHUKOB H3y4YalOT AHIVIMUCKHAN A3BIK, 8 — He-

J ‘ menknit, 6 — ¢pannysckuii. Hayrag cocrasiena rpymnmna us

‘ 3-x yuamuxcsa. Haiijure BeposiTHOCTS TOT'0, UYTO: a) BCe 3 yue-
HUKA IPYNIBL, U3y4YalOT Pa3iudHble HHOCTPAHHEBIE A3BIKHU;
0) Bce 3 yueHNKaA M3y4YaIOT aHIVIMMCKUN A3BIK; B) Bce 3 y4de-
HUKAa U3Yy4YaloT O/INH U3 HA3BAHHBIX SA3EIKOB.

1278. Cpenu 100 geraseit obHapysxkeHo 2 6pakoBanHbe. I3 HUX HA-
yrajz Beibuparor 6 gerasneii. HaiijuTe BepOATHOCTE TOr0, 4TO
cpenu BeIOpaHHBIX 6 HeTaseit poBHO 2 AeTaiu OKaxyTcesa dpa-

‘ KOBAHHBIMH.
ﬁ279. CrygenT IpUIIE HA 9K3aMeH, 3HaA OTBETHI TOJIbKO Ha 45 BOII-
pocos u3 60. B kaxk b1t 6rier BKiIoueHo 2 Bonpoca us 60. Cty-
JeHT B3 bmser Hayraj. Haiigure BepOATHOCTH TOrO, YTO OH
3HAeT OTBEeT: a) Ha 06a Bonpoca; 6) TOJIBKO HA OJUH BOIIPOC.

|
|
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1280. B marasus nocrynaioT JaMnbel U3 AByX 3aBojaoB: 30 % — us
oxuoro u 70 % — us gpyroro. Y3 jamMi nepBoro 3aBojia CTas-
JapTHBIMU ABJsA0TCA 85 % , a Broporo — 75 % . KakoBa Bepo-
ATHOCTH TOT'O, YTO KYILJIEHHAS B 9TOM MarasmHe JaMIa oxa-

JKeTcs CTaHJapTHOM ?

1281. Haliagure BepOATHOCTH TOrO, YTO BHIOPDAHHEIN Hayraj 4jeH
nOCJe0BATENbHOCTH @, = 3n + 2 #AeauTca Ha 5, ecaH:

a)n<100; 6) n < 1000.

1282. B maxmMaTHOM TypHHDPe IPpUHHUMAIOT ydactue 20 maxmaTuc-
TOB, cpefu HUX 6 macrepoB cuopra. ITyTéMm »xepebbEBKU HX
paszennyau Ha Ase rpynnsl mo 10 maxMaTucTOB B KayKIOM.
KaxoBa BepoATHOCTH TOT'0, UTO: ) Bce 6 MacTepoB CIIOPTa I10-
nagyT B OAHY rpynmny; 0) 2 macrepa cropTa HonagyT B OAHY

rpynny, a 4 — B Apyryio?

']j1283. B ypue m Genblx U n yépHBIX mapoB. HalanuTre BeposATHOCTH
TOrO, YTO [BA BEIHYTHIE HAYTAJ IIapa OKaXKyTcsd: a) O6esIbIMu;

0) pa3sHBIX I[BETOB.

1284. 13 10 noTepedHBIX OMJIETOB BEIMTPBIIIHLIMY SBIA0TCA 2. Haii-
JIATe BePOSITHOCTE TOI'0, YTO CPEJIA B3ATHIX HAYTa 5 OMJIETOB BhI-
WUI'PBILIHBIM OKAXKEeTCH: a) TOJIBKO OJIUH; 0) 10 KpailHei Mepe OJ[iH.

1285. YUacTHUK CIIOPTIIOTO JOJKEH HA3BATh IIECTh YUCEeJI U3 IIPeJIJIo-
skeHHBIX 49. OH BEIMIPBIBAET, eCJIu yragaer 3, 4, 5 niu 6 uucelr.

! Haiigure BepOATHOCTH IPEAYrafaTh 9TH KOJHYECTBA YHCEI.

fl 286. Yro BepoaTHee yragaTh: a) 3 uncyua u3 49 winu 4 yucsaa us 36;
‘ 6) 7 uucen us 15 unu 8 yncen us 15?

1287. Ha n kaproukax HanmucaHb! yucsia ot 1 1o n. Bepyr gBe n3 HUX
no ouepenu. KakoBa BepOATHOCTH TOr'0, YTO B3ATOE BTOPOE
YHUCJI0 OKaXKeTcs 60JIbIITUM 3a repBoe?

1288. Ha HeCKOJIBKUX KapTOUYKaX HAIMCAHBI PA3JIMYHbIE O{THOYJICHEI
3 TPEX MHOXKHUTe eit. Ha Kasnoit KapTouKe — O[HO M3 YUCeI
2, 3, 4, ogna u3 6ykB a, b, c u oxHAa U3 O6YKB X, Y, 2 (puc. 163).
KaxoBa BepoATHOCTH TOT'0, YTO HA B3SATON HAYTA/I KAPTOYKE OKa-

; JKeTcA OfHOuIeH 3ay?
‘]il289. W3 ATy OTPe3KoB JIUHOM 2, 3, T,
81 9 cm Hayraj BeIOMpaloT Tpu. Ka-
KOBAa BEPOATHOCTE TOT'0, YTO U3 HUX
MO3KHO COCTABUTH TPEYTOJIBHUK ?
1290. N sKCKypCcaHTOB O(pUIIHAHT HAYTA
pacca’kuBaeT 3a KPYIJIbIM CTOJIOM.
Haiigure BEpOATHOCTH TOTO, YTO

A u B 6yayT cuieTs pAgoM.

Puc. 163
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ﬁ291 : Ha IOJIKY nocTaBuin Hayrag 10 KHUr, TpA U3 HUX — UCTOPH-
yecKkue poMaHbl. HaliinuTe BEpOATHOCTH TOTO, YTO 9TH TPH PO~
mMaHa OyAYT CTOATH PALOM.

1292. AboueHT 3a0bL1 TPH IOCaeAHNAE IU(DPHI HOMEpa, HO [IOMHHAT,
uTO OHM pasHble. KakoBa BepOATHOCTHL TOTO, YTO OH HAyTaj
HaOepéT HyKHbIe TH(PHI?

1293. Yernsipe 6uiieTa B TeaTp PasbIrPhIBAIOT 4 IOHOIIH U 3 AEBYIIKH.
KakoBa BepOATHOCTH TOr'0, UTO OMJIETHI JOCTAHYTCA: a) ABYM IOHO-
m1aM ¥ IByM jieBymikam; 6) ronomam A, B u geBymkam K, P?

11 294. BepyT Hayraja miacTuHKyY goMuHO. HaliiuTe BEpOATHOCTH
TOT'0, 4YTO BTOPYIO IJIACTHHKY, B3ATYIO TaKKe HAayral, MOKHO
IPUJIOKUTH K ITepBoi. PaccMoTpuTe AiBa coy4das.

JYnpaxHeHus Jisi NOBTOPEHMS

\h__/r-‘- —

1295. BeruucaunTe mwiomans Gurypsl, orpaHMYeHHON 0ChbIo abcruce
U JIUHUAAMU Y = x, y=6—x.

1126. Haiiagure Npou3BOAHYIO (DYHKIIHA:
a)y= 2x3 +6 x*—5x; 0)y= 2x3(x2— 5); B)y= (x2— 5): (2x3).

1297. CrpeJien; B HeM3MEHHBIX YCIOBHAX IEJIAeT 5 CePUI BHICTPEJIOB
mo mumenu. B kaxxzpoit cepun 100 BuicTpesoB. PesyabrarTh
cTpesb0bl 3aHeceHsl B Tabmuiy. Haigure OTHOCHTENBHYIO Ya-
CTOTY MONAAAHUA B MUILIEHB B Kax 0¥ cepuu. ITocrpoiire co-
OTBETCTBYIOIUE CTOJIOYATEIE JHATPAMMBI.

Homep cepun 1 2 3 - I

KoauuecTso nonagannii B mumens | 69 64 72 J 78 65

§36. OTHOCUTEIbHAA YACTOTA COBbITHS T
M CTYYAVHBIE BETMYMHbI

o cux 1mop peds ILLJIa 0 KJIACCHYECKOM ITOHUMAHUU BEPOSITHOC-
Ti. E€ BBIYUCIAIOT, HCXOAS U3 TOr0, YTO BCe paccMaTpHUBaeMble
3JIeMeHTapHbIe COOBITUA OJJUHAKOBO BepoATHBI. Takoe ciydaeTcs
CPaBHHUTEJIBHO PEIKO.

IIpencraBbTe, UTO UrpaIbHBINA KYOUK C/leJIaH TaK, YTO ero rpaHs ¢
LIECTHIO OYKAMHY HAXOJHATCA AaJIbIIe OT IEHTPA Macc, YeM IIPOTHBOIIO-
JI03KHAas rpaHk. Takoil KyOHK ¥ IMaziaeT yaie BBepX rpasbio ¢ 6 ouka-
mu. IIpu sTom HabIOZAETCA MHTEPECHASA M OYEHBH BasKHAS 3aKOHO-
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mepHOCTh. Korga kro-To ogus noadpocu rakoit kyoux 1000 pas u ox
yiian, sHaupumep, 300 pa3 BBepx rpassio ¢ 6:10 oukamu, TO U Apyrue
SKCIIEPUMEHTATOPLEI UMeJIN OBl IPUMEPHO TaAKHe Ke Pe3yabTaThb.
MHOro MaccOBBIX CIAYYAHHBIX COOBITHI HMEIOT CBOMCTBO YCTOMUMBO-
‘ ctu. IIpu gocraTouHo 60JBIIOM UMCIIEe HE3ABUCHMBIX MCIBITAHHAM
4acToTa MOABJIEHUA HAOII0ZaeMOro coObITHA KO0JIeOIeTess 0KO0JI0
OJHOTO U TOTO e 4ucja. B cupaBeAIHBOCTH 3TOr0 MHOTHE
CIIeIIHaJIUCTE] yOeANIUCh 9KCIIepAMeHTaNbHo. A maTemaTuku S1. Bep-
gysH, I1. Yebbimes u ap. 000CHOBAIM 9TO YTBEPIKIAEHHE U TEOPETH-
- deck¥ (3akoH Gonbmmx yuces). [Toaromy ma Takux (CTaTuCTHYECKA
YCTOMYMBBIX ) COOBITHIL €CTh CMBICJI BBECTH ITIOHATHE BEPOATHOCTH.

t

) ' Ecnu B n ucnbiTaHusax cobbitue A NnpoucXoauT m pas, To Apobb
\‘. .

m

=t onpedessem omHocumensHyo Yacmomy cobsimus A. Bo mHo-
rHX peanbHbIX Cy4anX C yBeIHYEHHUEM 1L OTHOCHTE/IbHAA YacToTa
coObiTHi CTAOUNH3UPYETCS W BCE MEHbLUE OT/IHYAETCA OT HEKOTO-

m
poro uucna p (korga n — o, 70 P P). 3T0 YKCnO p Ha3bIBAIOT

BeposmHocmelo cobbimusA.

TakoBO cTATHCTHYECKOEe ONpeAeIeHNEe BeposAT-
HOcTH. O0BEM OnpeieIEHHOI0 UM TOHATHS MOpasjio LIupe Toro,
YTO COOTBETCTBYET KJacCHYecKoMy onpeaeneHnio (cMm. c. 314). Knac-
CHYeCKasd BePOATHOCTh — OTJEJILHBIM BHJ cTaTucTHYecKoi. Y Bcé
JKe OTJIMYAIOTCH OHM CYIeCTBeHHO. KIacCHUYeCcKy BepOATHOCTH
BBEIYHUCIAT MAaTEeMaTHUYECKMMHA METOAAMH, 4 CTATHCTUYECKYIO B
OCHOBHOM OIPEEJAI0T 9KCIIePUMEHTANIBHO.

Tenepsb, roBOps 0 BEPOATHOCTH, CHEIIUATNCTEI B OCHOBHOM ITOJI-
PasyMeBaloT CTATHCTUYECK VIO BePOATHOCTh. [10aTOMYy COBpeMeHHas
TEOPH s BEPOATHOCTEH TECHO CBA3aHA ¢ MATEMATHYECKON CTATHCTH-
Koii. O0'be/fHHEHHE MAaTEeMaTUIE€CKOM CTATUCTUKHA U TEOPUH Bepo-
ATHOCTEN Ha3BIBAIOT cmoxacmukoil. CToXacTHYeCKUM — 3HAYUAT
CJIy4aifHbIN, BEPOATHBIN.

Yro rakoe ax3uT-nos? Ha KAKMX OCHOBAHUAX €My JJ0OBEpAIOT?

OK3HUT-II0J — JTO ONPOC COIMOJIOTHYECKUMMU CIyKbamu uzbupa-
TeJsiell Ha BHIXO/Ie UX M3 U30MpAaTEeNbHBIX YYACTKOB C IEJBLIO IIpej-
CKasaTh Pe3yJIbTaThl BEIOOPOB J0 NOJMYYEHU HX OT H30UpaTeIbHBIX
‘ Komuccuii. EMy 10BepsIOT Ha OCHOBE YCTOMUNBOCTHA OTHOCUTEIBHOMN
YacTOTHI cCOOBITHSA. ECiIM 3a KaKyIO-TO NapPTHIO MJIA KaHIHAATa U3 IIpa-
BUIbHO BeIOpaHHBIX 100 u3bupareseil mporojocoBaiu, HallpuMep,
20 % wusbuparesell yuacTka, TO MOKHO HaleATHCA (C MOIPEIIHOCTEIO
0K0J10 5 % ), 4TO TaK IIPOT'0JIOCOBAJIMA U BCe U30UpaTeJIN y4acTKa.




OnHO M3 BAXKHEWIITUX MMOHATHHA CTOXACTHUKU — CAYLAUHAA BeNU-
yuxa. BeIuyuHy Ha3bIBAIOT CIYYaWHOM, €CJIM OHA MOXKeT IPUHNMATH
3apaHee HeM3BECTHBIE YHCJIOBbIe 3HAYEHN A, 3aBUCAIIINE OT CIydai-
HBEIX o6cToATenbCTB. IIpumepst:

1) BBIMIDHIII Ha JIOTEPEHHBIN OHiIeT;

2) paccTosiHME OT TOYKHM MOMAJAHUSA IIYJIU K HEHTPY MUAILIEHHU.

3HaueHWe IePBOU U3 ATUX CHYUANHBIX BeJIMYNH — HEKOTOPLIEe Iie-
Jbie ynesia. Takue BeIMUMHE] HA3BIBAIOT JucKpemHbimu. MHOMXKECTBO
3HAYEHUI BTOPO BEJIMYMHBI — HEKOTODPBIN HEIIPEePBIBHBIN OTPE30K
YHCJIOBOM NpAMO. Taxue BeJIMYNHBI HA3BIBAIOT HENPepbleHbLMU.

Pacemorpum 3 a 1 a uy. Beinymgero 100 sorepeitasix 6uiieros. U3
HUX 5 10JKHEBI BeiurpaTh o 10 rpa, 10 — no 5 rpy, 40 — nmo 1 rpH,
ocranbHbIe — Oe3BBIMrphIMIHELIEe. KaKOW CpeIHNI BEIMTPHILI IIPU-
XOAWTCA HA OJHH Ouer?

PemuTs 2Ty 3a1a9y MOYKHO apu(pMeTHIeCKHUM criocobom:

(5:-10rpa+10-5rpa +40 « 1 rpr): 100 =1,4 rp=s.

MBI IPOMJLIIOCTPUPYEM Ha 9TOM 3aZjade MIOHATHE CIIyYaHOU Be-
JIMUMHBI. 3/IeCh BEIUTIDHIII — CJIyJailHaA BeJIMYNHA, KOTOPad MOKeT
npuHIMaTh 3Ha4eHus 0, 1, 5, 10 (rpH) COOTBETCTBEHHO C BEPOATHO-
cramu 0,45; 0,4; 0,1 1 0,05. 910 — AUCKpeTHAs CIIydYalHAA BEJTUIH-
Ha & OnMCaHHOM CUTYalluH COOTBETCTBYET TaKad Tabauna:

12 0 1 5 10

P 0,45 0,4 0,1 0,05

O6paruTe BHHUMAaHHe! CymmMma BepoATHOCTEH, UMEIOITAXCH
BO BTOPOM cTpOKe Tabiuiel, paBHa 1. ['oBopAT, 4TO JaHHYIO CIIydaii-
HYIO BeJIMUUHY & pacnpedeneno no 6eposmHocmsm.

Ecau cnyuaitHas BendnHa & IDUHAMAET 3HAYEHHA X, X, -0y X,
C BEPOATHOCTAMH COOTBETCTBEHHO Py, Py, -++5 P> TO TOBOPAT, UTO Be-
auuuny & pacupezeseHo o TAaKOMY 3aKOHY:

(- SO I S MORRRERY ¥

P Py Py P,

Eé cpejjHee 3HAUeHWe HA3BIBAIOT MAMEMAMULECKUM OHUOAHU-
em u obosuauaior M(E).
M) =x,p; + xp5+ ... + X,p,.
Hanpumep, ais IpeABIAYINEeR 3agadu
ME)=0-0,45+1-0,4+5-0,1+10-0,05=1,4.
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Mepy pacceMBaHUM CIyYalfHON BEJIMYMHEI BOKPYT €€ MaTeMaTH-
YeCKOr0 OKHAJAHUSA HA3LIBAIOT eé ducnepcuell. [lucrnepcuio ciaydai-
HOM BEeJIMYHUHEI X 0003HAYAIOT CUMBOJIOM D(X) ¥ BBEIYMCJIAIOT 110
dopmyae D(x) = M(x — M. x)z. 3necs M x — MaTeMaTHYECKOe OXKUa-
HHe BeJIMYUHEI X, (x — M ac)2 — KBaJpaThl OTKJIOHEHHM 3HAYEHUN X OT
Mx. Benmunna (x — Mx)® Takike ciydaiiHasd, e€é MaTeMaTHUECKOe
oxxumanne M(x — M. x)2 — AUCIEePCHUs CIYyYAUHON BEJIMYNHEI X.

Hanpumep, 4To6bI HAMTH AUCIEPCHIO PACCMOTDPEHHOM BBILIE
CAy9ailHOM BeJIMYMHEI §, CHAYAJIA HAW(éM OTKJIOHEHUS BCeX eé 3Ha-
YeHUH OT MaTeMaTHYECKOI'0 OXKUTaHAA:

0-1,4=-141-1,4=-0,4;5-1,4=3,6;10—-1,4=8,6.

KBagpars! aTux orkjaonesui: 1,96, 0,16, 12,96, 73,96. Haiigém
MaTeMaTH4YeCKOe OXKHAaHue CIyUYailHOM BeJINIUHEL:

(:\:--Mr.vc)2 1,96 0,16 12,96 73,96

p 0,45 0,4 0,1 0,05

1,96-:0,45+0,16:-0,4 +12,96-0,1 + 73,96 : 0,05 = 5,94.

OTO ¥ eCTh AUCIIEPCHUS PACCMATPUBAEMOM CIAYUANHON BeJIUYNHEL:
D(&)=5,94.

Ecnu cryuyaiiHasi BeIMUYNHA AUCKPETHAS U BEPOSATHOCTU BCEX €6
3HAYEHU PABHBI, TO TOBOPAT, YTO OHA UMEET PABHOMEPHOe JucKpem-
Hoe pacnpedenernue BepositHOCTel. ITo paBHOMEpHOMY pacipeee-
HUIO BHIIIAZAET YHCJIO OYKOB IIPH IOAOpPaCHEIBAHUH IIPABUIBLHOTO
HUrpajabHOro Kybuka. A O6BIBAIOT APYTUe paclpefeeHus.

7151 MHOTHX IPUPOAHBIX ¥ 00IIECTBEHHBIX SABJICHUHN XapakTep-
HbI OUHOMUAIbHbLE pacnpedeneHus aeposmHocmeil. BuHOMUAIBLHOE
pacmpezesieEe BOZHUKAET IIPH IOCJIE0BATEILHOM IIPOBEJCHUHN B
OAMHAKOBBIX HE3aBUCUMBIX YCJIOBUAX CJYYANHBIX OIBITOB.

Anrnuiickuit marematuk A. Myasp emié 8 X VIII B. uamepu pocr
1375 mayrap BeibpanHbIX sxeHIuH. Ha pucyaxe 164 nsobparkena
AmarpamMma, KOTopasi COOTBETCTBYET Pe3yJIbTaTaM ero u3MepeHui.
Ecinn «ycmexoM» Ha3BaTh TOT (haKT, 4TO cileAylomas BCTpeYeHHAd
JKEHIMHA UMEEeT POCT, KOTOPHIA HAXOAUTCH B ONPEAEJIEHHBIX IIpe-
Jleiax, TO YUCJIO KEeHIUH TaKoil kareropuu cpeau 1375 BcTpeuen-
HEBIX ABJIAETCS CAYYaiHOM BeIUUMHOMN ¢ GMHOMHUAIBLHELIM paclipeje-
JeHneM. OTHOCHTEIBLHO IapaMeTpa p MOXKHO YTBEPIKAATH, YTO 3TUM
YUCJIOM MOYKET CIYKHATh OTHOCUTEJIbHAA YACTOTA JKEeHIIUH BhI/[eJIeH-
HO¥M KaTeropuy pocTa, MOCKOJbKY YUCJIO HPOBEeIEHHBIX OIIBITOB J0C-
TATOYHO 0OJIBIIIOE U 9TA YaCTOTa CTabHIu3upoBaJachk. AHIIHACKUH
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50 /
el ] l—ll

140 145 150 155 160 165 170 175 180
Puc. 164
ncuxosgor @. l'anbToH cCKOHCTPYHpOBasn npubop (nocky I'anbroHa),

KOTOPBII HATJIAHO IOKA3bIBaeT, Kak opmMupyercs ciaydyaiHasd Be-
JMYMHA, pacipe/ieséHHaA 10 OMHOMUANIBFHOMY 3aKO0HY, ITPaBa Ipu

S |
p= (puc. 165). B BepxHHUH pe3epByap HachIMalTCA IMapUKH.

CrareiBasch N0 HAKJIOHHON nocxé 1 00X0/is1 paBHOMEPHO 3a0uThIE B
HEeEé KOJBIIIKH, IapUKH 3aM0JHAIT HUKHIAE AYeHKH COrJIacHO Ou-
HOMHAJILHOMY PacIpeieJIeHHIO BePOSATHOCTEH .

Eciu uiapuKoB J0CTaTOYHO MHOI'O, TO BHU3Y OHH 00pa3yioT CUM-
METPHUUYHYIO FOPKY KOJIOKOJI000pasdHoit hopmel. BepxHuii npezen
ATOM rOpPKH 06pa3yeT MOJUI0OH, KOTOPHIM IIPH POCTE YHCJIa IADUKOB
npubamxaerca K KpuBoii ['aycca — Tak Ha3bIBaeMOW KPUEOIL NAOM-
Hocmu cmandapmHozo HOPpMAJLbHO20 3AKOHA.

B paccMOTpeHHOM BEBIIIIE IPUMEPe Pe3yJIbTaThl U3MEePEeHUs PocTa

Puc. 165




SNEMEHTBI TEOPUW BEPOSTHOCTEN M MATEMATUMECKOWM CTATUCTIAKM 327
2 e e
sKeHINUH pa3buTe! Ha 18 rpynmn ¢ passocTsio d = 2,5 cm. Eciu 6561 pas-
6uam ux Ha 60JbIIee KOJIMYECTBO I'PYII, YTOOBI 3Ta pAa3HOCTH PABHSA-
Jlack, Hanpumep, 0,5 ¢M, ¥ TOCTPOMIIM COOTBETCTBYIONIUIA TIOJTUIOH,
TOo o6pasoBasack OBl JOMaHAdA U3 MHOIMX OTPE3KOB. A ecau Obl
PasHOCTh d IIPOJOJIIKAIN YMEHBIIIATE, TO COOTBETCTBYIOITHI IIOJIUTOH
npubinskancs 6bl K HeIPePLIBHOW KPUBOM, M300pakéHHOM HA pH-
cyake 164. 910 — KpuBas IIOTHOCTH HOPMAALHOZO PACNpedeseHUA
eepoamuocmeil. [IpuMepHO Tak pacupeiensaioTCsas BePOATHOCTUA Mace
HOBOPOXAEHHBIX, CKOPOCTE ra3oBBIX MOJIEKYJ M MHOTHX APYTIUX
CIyJalHBIX BEJIMYUH (DUBUUECKOM, OHMOIOrMYeCKOM MM COIUATbHOMN
npupoasl. BuHoOMHBaNBEHOE pacipefesieHre XapaKTepHO JJIS MHOIMX
JMCKPETHBIX CJYYalHBIX BEJIMYMH, & HOPMAaJIbHOE — JIJIST HEIIPEPhIB-
HBIX. ECiin M3BECTHO, YTO paclpeesieHie BepOATHOCTEH CayuaiHoi
BeJIMYUHBI HOpMAJIbHOE, TO JOCTATOYHO 3HATH TOJBKO /IBE €€ UMCJIO-
) BbI€ XapaKTEePUCTUKH (MaTeMaTHYeCKOe OKHUAAHAE W JUCIIEPCHIO),
YTOOBI IIOJIHOCTHIO OITACATE Pacipe/ie/ieHue BePOATHOCTEH.
IloEMMaHMe CyTH HOPMAJBHOI'O pacupejeeHus HeobX0AuMOo
BCeM YYEHBIM, UCCIEAYIOMUM 3aKOHOMEPHOCTH KUBOUW MU HEMKU-
: BO¥# IIPUPOALI U 0COGEHHO — YesioBeYecKoro obmectsa. He coyuaii-
. HO 9TO paclpejiejieHHe Ha3bIBAIOT HOPMAJbHbLM, OHO — €CTEeCTBEH-
Hoe. IMEHHO Tak Yalne BCero paclupepesaioTcs He TOJLKO MAaccChl,
BO3pPAaCThI, (PU3UIECKNEe BOSMOKHOCTH JIOJEH 1 YeJI0BeYEeCKUX C000-
IeCTB, HO X MHOTHE APYT'He uX XapakTepucTuku. He morumas aTo-
I'0, HeJIb3d OBITh HACTOALUM YYEHBIM.

‘ [MPOBEPBTE CEBA >

1. Yto Takoe oTHOCUTENbHAA YacToTa cobbITUN?

2. CchopmynupyiTe CTaTUCTUUECKOE ONpefeneHue BepPOATHOCTH.

3. Yro Takoe ctoxacTtuka?

4. Y10 o3Hauyaer pacnpefenutb CAyHanHylo BEIMUMHY MO BEPOATHOCTAM?
5. Yro Takoe matemaTnueckoe oxuganue? Yro Takoe gucnepcun?

6. Yto Takoe HopmanbHoe pacnpegeneque?

S5 BbINOJIHUM BMECTE

1. Haiigure MaTeMaTHYECKOE OKUJAHUE CAYIANHON BEJTMUNHEI
X, €CJIY 3aKOH €€ pacIpe/ieJIeHi s IpejiCTaBJIeH B TabauIe.

x 1 5 10 | 15

p |0,2(0,3 0,4 ]|0,1

Pemenwne. M(X)=1:0,2+5-0,3+10:0,4+15-0,1=17,2.
OrBerT. 7,2.



' BbimOJIHUTE YCTHO

o w
1298. Kakasa ua Tabaull 3aaéT 3aKOH paclpeeeHus CIydailHoi
BeJIMIUHBI?
x 1 2 3 4 x 1 2 3 4
p |0,2|0,3|0,4]0,1 p |0,5]|0,2(0,3)0,1
Yposenn A T LT Pl

'[:1299. HsBectHO, uTo cpeau 1000 HOBOPOXKIEHHBIX 0OBITHO ObIBAET
511 manbunkoB u 489 nesouex. Haliiure BEPOATHOCTE PO~

JAEeHUs MaJIbYHuKa.

1300. YueHuK BBIpe3aJ U3 AepeBa UTrpPaJbHBIN KyOuK, Takoiu, 4To,
nozxbdpocus ero 100 pas, mosy4ymnsi pe3yibTaThl:

3

1

2

3

4

5

6

P

0,2

0,1

0,2

0,3

0,1

0,1

Kakue MOXKHO OKHUAATH Pe3yJabTaThl, €CJU dTOT CAMBIN HI-
PaNBHBIN KYOUK KTO-HNOYAB Apyroi moakuaeT 1000 pas?
1301.IIpeacraBsTe UTPASIBHYIO KOCTOYKY B
(hopme IpaBUIbHOM MIECTHUYTOJIbHON
MIPU3MBEI, BCe pEOpa KOTOPO# paBHEI U
HA OCHOBAHUSAX KOTOPOI HATIHUCAHBI

nudps! 1 1 2, a Ha OCTATBHBIX I'pa- SRS
Hax —3,4,5,6, Tu8 (puc.166). Kax, |7 | 3
Ha Balll B3IJIAJK, MOrJIn ObI pacupee- 8
JIATHCSA BePOATHOCTHU BHITTAZIEHUA TeX
HJTA WHBIX OYKOB IIPA MHOTOKPaTHOM
o 0packIBAHUHU TAKOM UTOPHOH KO- Puc. 166
CTOYKH?
' Yposenb b i L

11302. PacnpezesnTe 0O BePOATHOCTAM CIy4YaiflHYIO BEJIHYUHY KO-
JINUeCTBA OYKOB, BBINAJAIOIIUX IPU OPOCAHUY IIPABUIBHOTO
ATrpalbHOro Kyouka. Haliiure mareMaTudecKoe OKUJIaHUE

ATOM CIAYYAWHON BEJIMYUHEI.

1303. TonbKo OiHA I'PaHb IPABUJIBHOI'O OJHOPOJHOTO KyOHKa OKpa-
meHa KeaTeiM 1BeToM. C Kakoil OTHOCUTEIBHOM 4acTOTOM
OyzeT majgaTh 9TOT KYOMK BBEPX JKEJTOM I'DAHBIO, €CJIH ero
opocaTs MHOTO pa3?
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1304. Ha rpaHsX NpaBUJIbHOTO OKTAd/Ipa HaHe-
cenbl oukH oT 1 10 8 (puc. 167). 3amaiite
TabIUIeil CAYIANHYIO BeIUUYNHY KOJIH-
YecTBa OYKOB, BEIALAOIUX IIpu Opoca-
HUM TaKOoro oKkTaszapa. Haigure cpesaee 3

( 3HAYEHHE ITOUN BEJIUUYUHEIL.

B 11305. CirygaiiHas BeJIMUHHA KOJIUYEeCTBA 0UKOB,

J BBINAZAIONUX IpU OpocaHWM Hempa-

BUJIBHOT'O UIPAaJIbHOTO KyOWKa, pacupe- Puc. 167

JleJieHa 110 TAKOMY 3aKOHY:

I B | ] TITRTI LS AR
b 3 | 1 2 3 gt ol gLl ot
.' x We.y ISUS 24NN JUAY T A,.,I
! TR s TR L e RS TR

i 6 12 8 nltie J bl

i 3anonum‘e MOCHEeAHIO AYEHKY TaOJHILbI. Onpenenn're Ma-
: 4-“, TeMaTHYeCcKOoe O)KUIaHue BeIUUUHEI &,

T 1306. Brinymeno 1000 sorepeifHBIX 6MI€TOB, Ha OUH U3 KOTOPBIX

Al poJkeH BeinacThb Beiurpsiit 100 rpy, Ha 10 — mo 20 rpH, Ha
50 — mo 1 rpH. BazxaiiTe Tabauneil CAYIARHYIO BEIUUNHY BbI-
f urpeima. Haligure MmareMaTudecKkoe oKuJaHue 3TOH Besu-
YUHEL.

| Yposenn B WD Tl

fSrm.. | Cenimiiois aiess o

1307. Haiizure MaTeMaTHYECKOE OYKU/JaHUE U AUCIIEPCUIO CIydaii-
HOH BEJIMYMHEI, pacnpeneneunon II0 TAKOMY 3aKOHY:

1 N TR T S W
o a) | o g i 2|3&415!
| R TRy
) N I TR S e }

6) lw | 1 | 2 3\4}5}61718

B (o 0 TR R L

e 3 o o e N

IIpunymaiite peajibHbIE CUTYAllUM, MATEMATHYECKUMH MOJIe-
JIAMU KOTOPBIX OBLIHM OBI C/IydaHBIE BEJIUUNHEI () 1 /.

]1308 Bpocator cpasy ABa UrpajabHbIX KyOMKa U CYNTAIOT CYMMY 0Y-
KOB HAa UX BEePXHUX IPaHAX. 3afaiTe COAYYAHHYIO BEJIUYHHY
9TOM CYMMEBI M HaZIUTe €€ MaTeMaTudecKoe OKuJaHue.
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1309. U3 mosiaoro Habopa IJIaCTUHOK JOMUHO, IePEeBEPHYTHIX BHU3
ouyKaMu, 6epyT HAyraJ OJHY M CYUTAIOT CYMMY OYKOB Ha obe-
X €€ IIOJIOBUHKAX. 3aJaiTe CAyIalHYIO BEIUYUHY dTON CyM-
MBI TaOJIMYHO ¥ HAUEPTUTE COOTBETCTBYIOIIYIO AUATDAMMY.

1310. ITocTpoiiTe rpadux QyHKOUA Y = Cy - Ilepeunciute eé Bax-

Heummue cBoicTBa. [IpoBeauTe yepes TOUKHM rpaduKa miaaB-
HYIO JUHUIO, MoJo0HYyI0 KpuBoi I'aycca.

]:i31 1. TTocTpoiire rpadux GyHKIHK Y = CF . YKaxuTe e 06;1acTsb orn-

peaesieHuA i 001aCTh 3HAYSHMH. PA
1312. Ha pucyske 168 moxasano pac-
npejesieHue CaydaiHOM BeJTudu-
HEI |l. 3aIAIINTe 3aKOH €€ pac-
npeneseHua B Buje rabaunei. 0,3
Haiigure eé MaTremaTuyeckoe
OXKHUJIaHHUE U AUCIEePCHIO. 0,2
1313. IIpeacraBbTe, YTO UTPAJBHBIA  (,1
«KyOMK» CIeJIaHO U3 OJHOPOJHO-

0,4

ro Marepuaja B (hopMe IIPaBUJIb- 0 T e A TR
HOM 9eTBIPEXYTOJLHON IIPU3MEI,

CTOPOHA OCHOBAHUS KOTOPOH 2 CM, Puc. 168
aBeicoTa 1,9 cMm. ITycTh Ha ero OCHOBAaHUAX HAHECEHBI UM PHI
1 u 6, a Ha Apyrux rpaax — 2, 3, 4 u 5. Kakum, Ha Bam
B3IJISI/I, MOYKeT OBITh pacIpe/ieIeHUe BePOATHOCTE! ITPU MHO-
FOKPaTHOM II0Z0pachkIBAaHUM TaKoro «Kyduka» ? ITompobyiite
POBEPHUTH CBOIO JOTAAKY 9KCIEePUMEHTAIBHO.

| TOTOBUMCS K TEMATUMECKOMY KOHTPOJIIO

, TECTOBbBIE 3AJAHUA

1. [Tans! Tpu MHOKecTBa: A={1, 2, 3,4, 5,6, 7,8, 9}, B={3, 6, 9},
C=1{6,12, 18, 24}. Kakxue 13 yTBep > AeHHIi IPABUIIbHbIE [JIH BTHX
MHOXKecTB: a) A CC; 06) CcCA; B) BcC; r) Bc A?

2. lTansl MmHOKecTBa: A= {1,2,3,4}, B ={3,4,5,6}, C = {3,5,7,8}.
Haitgure maoxecrso (A N B) N C.

a){3});  6){4}; B) {5}; r) {6}.

3. 3uauenue Beipakenus 5! — 4! pasno:

a) 1; 6) 96; B) 69; r) 30.

4. CKOJIBKO YETHBIX ABY3HAYHEBIX YUCEJ MOKHO COCTABUTH M3
mudp 0, 2, 3, 6, 8 (moBTOpEeHUE TUGP AOMYCKALTCH):

a) 9; 6) 16; B) 12; r) 10?

|

!

i)
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5. 25 ¢poromoeneit oOMeHANUCh (hoTOrpad UMM TAK, UTO Kaxjas
obmeHANach ¢ Kax 0. CKoJIBKO Ob1JI0 po3ano doTorpaduii:

a) 200; 6) 300; B)400; r) 600?
6. CROJIBKO AuaroHaJ e nMeeT IPaBUIIbHBINA 12-VronbHUK:
a) 200; 6) 300; B)400; r) 600?

7. Uz uudp 1, 2, 3, 4, 5 cocTaBIeHBI BCe BO3MOKHBIE ITATH3HA
Hble yncya 6e3 mosropeHusa HU@p. CKOIBKO U3 ITUX YIMCEIT HEe Ha T~
HaTca ¢ uudps! 1:

a) 6; 0) 24; B) 96; r)118?
8. YkaskuTe BRIOOPKY, VIS KOTOPOM MOJIA M MeIHaHa PABHLI MEJK-
Ay coboii:

a)2,7,7,12,4,12,8,5,6,9,7,9, 6,4;

6)2,12,10,6,12, 14, 10, 12, 14, 6, 16;

B)4,3,6,6,13,12,5,8,9,13,4, 14,12;

r3,7,791%78,8,12,138, 14, 10, 2, 3, 5.

9. Kakas BepOATHOCTH TOT0, YTO HAyraJx BEIOpaHHOE ABYIHAYHOE
YUCJI0, KOTOpOoe AenuTcsa Ha 4, geaurces 1 Ha 12:

5 4 . 1 1
A ST =y =0y
a) 7 ’ 6) 11 ’ B) 3 ’ r) 4 ’
10. Kakas BeposATHOCTE TOT0, YTO HAYTa] BEIOpaHHOE Unceyio oT 1
10 30 siBasierca genureem yucia 30:

1 1 4 4
a) 35 6)5; B) 15 5 r)%?

&J’.—;‘}l:? TANOBBIE 3AJAYM VIS KOHTPOJIbHOW PABOTbI

1. JIsysunaunoe uucyo cocrasiasiior ua uudp 0, 1, 3, 4, 5, 6, 9 (mo-
BTOpeHHe Hudp gomycraercsa). CKOJILKO BCEI0 MOMKHO COCTABUATH:

a) ymuceJ; 0) HeuETHBIX Uucesa?

2. CToyoBas MpUroTOBUJIA HA YKUH 3 BTOPHIX Ouiona (A, B, C) u
aBa canara (M, K). CkoJIbKO pasHbIx HA0OPOB U3 BTOPOro Hiaioxa u
cajaTa MOXKHO BEIOpaTh Ha yykuH? CocTaBhTe COOTBETCTBYIONIYIO 1~
arpaMmy-Aepeso.

3. Ilycrs rox umeet 365 nueit. Kakasa BepoATHOCTH TOTO, YTO HA
CJIY9aiiHO BRIPBAHHOM JIVCTE KaJIeHAaps YUCJIO: a) KpaTHoe 5; 6) pas-
HO 297

4. BapuanTs! BeiOOpKu 1, 2, 3,4, 5,6, 7, 8, 9 umeror uacrorer 1, 1,
2,3,4,5,5, 5, 2coorBercTBerHO0. Haliiure pasmax, MOAY U Megua-
HY BBIOOPKH, €CJIM OHA HUMeeT Bcero 28 BapHaHT.

5. U3 mupp 0, 1, 2, 3 cayuaitHbIM 06pa3oM COCTABJIAIOT ABY3HAY-
HOe uncJio (moBropeHue nmudp gonyckaercs). Kakasg BepoaTHOCTH
IIOJIYYUTE: ) YETHOE UMCJI0; 0) HeUETHOe YUCIIO; B) YHCI0 KPATHOE 5?7

‘; .
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6. Ha ueThIpéx KapTouyKax Hanucansl yucaa 1, 2, 3, 4. Kaxkas Be-
POATHOCTH TOT'0, YTO CyMMAa YMCeJ HAa TPEX IPOU3BOJILHO BEIOPAHHBIX
KapTouKax AenuTcd Ha: a) 3; 6)2; B)67?

7. CKOJIBKO MOYKHO ITOJTyIUTh PA3IMYHBIX YeTEIPEX3HAYHBIX UMCEJI,
; IIOACTAaBJISSA IIPOITYIeHHbIe HU(DPEI B uncia: a) 3%6%*; 6) 57+%%; B) *2%4?
| 8. B dhyrbonsHOM KomaH e 11 yesroBeK: Bparapk, 4 3al[UTHUKA,
‘ 4 mony3anmUTHUKA, 2 Banazaomux. KoMmaraa BeibupaeT KanmuTaga
(l U ero samecTuTeNnda. HaiiuTe 9uCiI0 BCeX BO3BMOKHEBIX: 8) BADUAHTOB
BeIOOpa; 6) BApUAHTOB, ecJii Tpoe (PyTOOJIUCTOB HE YUACTBYIOT B BbI-
6ope; B) BADMAHTOB, €CJIH KAIUTAH — TOYHO He 3aIlUTHHUK, a €ro
| 3aMeCTUTEeNb — He BpaTaph.
l 9. KaxkoBa BEDOATHOCTE TOI'0, YTO IIPH YETHIPEX HOAOPACKIBAHUAX
MOHETEI: 8) HU pasy He BhInazer «repb»; 6) «uqudpa» BeIIageT POBHO
f 1 pas; B) «rep6» BeImazeT XoTsa 061 OAUH pas?
‘1 10. B kBaipaTHOM ypaBHEHUH 2 +bx+12=0 xoa(dunuesT b mo-
‘“ JKeT NpUHUMATH Henble 3HadeHus or 1 xo 10. Haligure BeposaTHOCTE
il TOI'0, YTO IIOJIyYeHHOE YpaBHEeHHE OyAeT MMeTh ABa PA3JINYHBIX KOPHS.

I TTCTOPUMECKME CBEJEHUSA

I IIpocreiimue KombuHAaTOPHEBIE 3aa4u yuéHble [IpesHeit I'penun
| pemasu ewé B IV B. 10 H. 8. OTAenbHEIe UHAUUCKIE MATEMATHKHA
yMeJN¥ HaXOAUTh YMCJIO KOMOMHAIMN U3 N 9JIEMEHTOB 10 k elne BO
l II B. mo H. 3., 3HAJIH TAKIKe COOTHOILIEHNE, KOTOPOE TEIePh 3aIINChI-

1 BAIOT B BUJle paBeHCTBa C0 +CL +C2 +... +C" =2".

: Haunnas ¢ XVII Beka, eBponeiicKue MaTeMaTHKHA MHTEPECOBa-
JINCh KOMOMHATOPHUKOM B CBSA3Y C PABBUTHUEM TEOPUM BEPOATHOCTEMH.
TepMun ¢« kKOMOMHATOPUKAY ITOJYYNJI PACIIPOCTPAHEHUE IT0CIe Oy 0~
‘ aukoBaHusa paborel I'. Jleibauna « Paccysxaenne o KoOMOMHEATOPHOM
| uckyccTBe»- (1666 r.). TepMuHE! 1 CUMBOJIBI KOMOMHATOPUKHU YCTAHAB-
} JIMBAJIUCH He cpady. IIpousBeieHUe n EPBEIX HATYPAJIbHBIX UHCEJI CHA-
: 4aJia HaskIBAJIM (aKyrbmamueom u obosuavany sgaxom 1"/,. Toas-
!‘ ko B KoHIe X VIII B. ero crasu Ha3bpIBaTh (paKTOPHAaIoOM U 0003HAYATE

L ‘ cumBoJsioM nl. 3Haku P, u C), nossuiuck TobK0 B XIX B. ittep uuc-
| m

\ 710 KoMOMHALMIE U3 M 9JIeMEHTOB 10 n 0603HaYA) 3HAKOM ( n ) . Or-
|
|

JleJIbHBIE MATEeMaTUKH ¥ Telepb NOoJIb3YIOTCA TAaKUM 0003HAUYEHUEM.
Dopmyay Ass pasioskerus 6uaoma (a + b)" HekoTOphIe yUéHbIE-
r apabnr 3Haum emé B X B. Ony6aukosan eé Hacupsaaun Tycu B

XIII B. ApabGckue yuéHble 3HAJIM TAKKe, YTO C,',' =C,'f_1 +C,'f:i i
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\______,—’
3TOr'0 PABEHCTBA BHITEKaeT MPaBUIBHOCTHL TpeyrojabHuka [Tackansa
JIISI BCEX HATypaJbHBIX 3HaUeHu n. CiregoBaTesnsHO, (popmMyia, Ko-
TOPYIO Telepb HasdbiBaoT 6MHOM HbloTOHA, OB1JIA H3BECTHA 38/10JITO
JI0O POXKAEHUSA BEJIMKOro y4éHoro. HbI0TOH TOJIBKO PacrpoCcTPaHMI
eé Ha cJyday OTPUIATENbHEIX U APOOHBIX IT0Ka3aTesel CTEeIeH .

B oTpenpHYI0 MaTeMaTHUECKYIO JUCIIUIIJIAHY KOMOMHATOPHKA
odopmusnack mocse XVIII Bexka. C eé moMoIisio yuéHsie pacurugpo-
BAJIM MHOT'O Pa3JIUYHBIX KOJIOB, IPOYNTANIA KPUTO-MAKEHCKHe Hepor-
audBbl, pasrajjaji CTPYKTYPY Ae30KCUPUOOHYKIIENHOBOM KUCIOTHI
(IHK) u 7.x1. B 1agHOM y4eOHHKe PacCMOTPEHBI TOJBKO IPOCTeH-
IIMe KOMOMHATOPHEBIE 3alaUuM U CIIOCOOBI MX PEIIeHHUs; B IMOJIHBIX
Kypcax ecTh MHOT'O ApYrux (popMyJ ¥ pemaioTcsa HaMHOTO TAKeiee
M MHTEpecHee 3aJadm.

CobupaTh 1 aHAJIM3UPOBATH CTATHCTHYECKHE JaHHbIe HEKOTOPhIe
Jonu Havanu gasHo. B Kurae nepenucu HaceJieHUs IpeJIPUHNMA-
Juck eme 6osee 4 Teic. get Hasajg. B Kuesckoit Pycu nepenucu npo-
Boauauch ¢ 1245 r.

B Espone B XVII B. mosBuiacs oraensHas Hayka «IlomuTuuec-
Kasa apudmernkas. Eé uannunposana kaura J)x. I'payara «Ecre-
CTBEHHBIE U MOJUTHYECKNEe HAOII0JeHuA, cleJIJaHHbIe 10 Orosere-
HIO CMEPTHOCTH ... OTHOCUTEJIbHO YIIPABJIeHUA, PEJIUTHUH, TOPIOBJIH,
pocTa, Bo3ayxa, 00Jie3Hel U pasaudHbIX M3MeHeHu ...» (1662). B
Heli BIlepBble BBEJAEHO MOHATHE YACTOTHI COOBITHA, BEIABIEHO, YTO
MAaJBYUKH POKAAIOTCA Hallle, YeM JeBOUYKHU (B oTHomeHuU 14:
13). ABTOp KHUI'H UCCJIE0BAJI, YTO B TorAaniHeM JIOHZ0HE U3 KaXK-
61X 100 HOBOPOYKAEHHBIX KU J0:

6 ner — 64, 36 et — 16, 66 meTr — 3,

16 ger — 40, 46 et — 10, 76 meT — 1,

26 ner — 25, 56 ner — 6, 1986 — 0.

TeopHio BepOATHOCTEH KAK OTPACIIbL MAaTeMATHK Y OCHOBAJIH (hpaH-
my3ckue mareMaTuku B. ITackans u I1. @epma.

MNACKAJIb Bnes (1623—1662)

Bolgaowmincs ¢paHuy3ckuid matematuk, uauk,
chunocod. B 16 net cchopmyMpoBas OCHOBHYIO TeOpemy
npoekTusHoH reometpuu. OguH U3 cospatenen Teopuu
BEPOATHOCTEH, pa3paboran HOBble METOAbI B
KOMBUHATOPHUKE ¥ MareMaTHIeckKom aHanu3ae.
«llackane — wyenoBek 6oabwozo yma u 6016w020
cepdya, oOuH u3 mex, KOmMopLIX HaseiBarom
npopoKamu ».

Jl. Toncmou
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BrocsieacTBry 60101 BKJIAJ B PA3BUTHE MATEMAaTHYECKOM cTa-
THCTUKH caesanu Y. Ilerrn, A. Myasp, JI. Dinep, . Bepuynnu,

I1. Jlannac, C. Ilyaccon m np. B Poccuiickoit umnepun B XIX B.
nmpobJieMamMu CTATHCTHKH OOJbINe 3aHUMAIUCH YKPAUHCKHAE MaTe-
matuk#u M. Ocrporpazcknii u B. Bynsaxoscknii. B uacraocru, M. Ocr-
POrpajiCKuit pa3paboTal CTaTHCTHYECKHe METO/IbI OPAKOBKH TOBApPOB,
i ) cocTaBui « Tabaunb! 1A 06aerdeHus BEIYUCICHUAA TPACKTOPUH TeJia B
| cpejie ¢ CONpoTHUBIIeHHEeM » . B. BYHAKOBCKMIT HCCIIe[0BAJ CTATHCTIYEC-
| “ KHe XapaKTepUCTUKHA HAPOJOHACEJIEHNS, BEPOATHBIX KOHTUHIEHTOB
' PYCCKOM apMHH, IIEHCH, IIPaBAONOA00U MOKa3aHUN B CYNOIIPOU3-
: BOJICTBE, IIOrpeIrHocTe B Habmogeausax u T. . OH Ob1JI riiaBHBEIM

| 9KCIEePTOM IIPAaBUTEILCTBA 10 BOIIPOCAM CTATUCTHKHU U CTPAXOBAHMUA.
{ B XX B. M3 yKpaMHCKHUX MaTeMaTHKOB B 00JIaCTH TEOPUH BEPOAT-
HOCTEW M MaTeMaTH4YeCKOM CTATHCTHUKM IJIOJOTBOPHO padoTanam
l E. Caynxuii, M. KpaBuyk, C. Bepamrreita, WU. T'uxman, 0. JInaauk

l I n apyrue y4éable. CoBpeMeHHOe TOCyAapcTBO He MOKeT (DYHKIIHO-
l HHIpoBaTh 6e3 crarucTuku. B Yxkpaune cymecrsyer ['ocygapcTBen-

4
U) HbﬁiKOMHTeTCTaTHCTHKH,THCHQHCHGHH&HHCTOBCOﬁMp&KﬂkaHa‘
\' JU3UDPYIOT U MCIIOJIB3VIOT Pa3/IMYHBIe CTATUCTHYECKHEe CBeJeHUA.

| bmABHOE B PA3JEIE 4

] 3amauu, B KOTOPLIX HAJO ONPENeUTh, CKOJbKO PA3JIUYHBIX ITO/-
‘ MHOKECTB WK YIOPAAOUYEHHBIX ITOAMHOMKECTB MOM¥KHO 00pasoBaTh
‘ M3 3JIEMEHTOB AaHHOTO MHOYKECTBA, HA3LIBAIOT KOMOUHAMOPHbLMU.
|
(

Ecau s7eMeHT HEKOTOPOTO MHOKeCTBa A MOYKHO BBIOGPATH M
” crocobamMm, a 9JIeMeHT MHOKecTBa B n criocobamMu, TO 3JIEMEHT U3
I MHOJKecTBa A WU U3 MHOYKeCcTBa B MOKHO BBIOpATh M + N CII0oco-
i 0amMu. ATO — NPABUNO CYMMbL.
1 Ecsu nepBbIit KOMIIOHEHT ITapbl MOXKHO BEIOpAaTh m criocobamu, a
f ;' BTOPO¥ — n criocofaMu, TO TAKYIO I1apy MOXXHO BEIOPATh 1 * 1L CIIOCO-
*’| bamu. ITO — NPABUNLO NPOU3EGeeHUL.
IIpou3sBenenmne BCeX HATYPAJIbHBIX YHCe OT 1 10 n Ha3HIBAIOT
H n-ghaxmopuaiom u o6o3xnavaiom n!
‘!r YnopagoueHHBIE B-3€MeHTHbIE TOJMHOKECTBA N-3JIEMEHTHOTO
},‘ MHOJK€ECTBA HABBIBAIOT PA3MEULCHUAMU U3 N dNemeHmo8 no k. Ux

’l YHCJIO 0003HAYAIOT A,’;’ . v
| JIlnsa m00bIX HATYPaAbHBIX n U k (n > k) BepHBI paBeHCTBA:

n!

| Af=n(n—-2)+ ...- (n—k+1), nm A,'f=—(n_k)!_.

I YucJsio pasMeIeHuii U3 72 9JIEMEHTOB II0 R PAaBHO MPOU3BEAEHHUIO k
| II0CJIeI0BATEIbHBIX HATYPAIBHBIX YHCEJI, HauboJIbIllee U3 KOTOPhIX 7.
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c lelend A8
PasmenieHus U3 n 3JIEMEHTOB I10 12 HA3bIBAIOT NePeCmaHO8KaAMU
u3 n anemenmos. Ux uucio obosuavaior P,.
Yucsio nepecTaHOBOK M3 1 9JIeMeHTOB paBHO nl, T. e. P, =n!
Kombunayueii us n siemernmos no k HazpIBaloT J1000e k-31eMeHT-
HOe IMOJAMHOKECTBO n-3JIeMEeHTHOr0 MHOKecTBa. Yucsio xomouHa-

3 k
Uit U3 n 97eMeHToB 110 k o6oznavaoT C, u BEIYUCIAAIOT 110 (Op-

k n!
myse C, k)Rl

Cmamucmurxa — 9T0 HayKa, KOTopas 3aHuMaercs cbopom, obpa-
OOTKOU ¥ H3yYEeHHEM PA3JINUHBIX JaHHBIX, CBA3aHHBIX C MACCOBBIMU
SIBJICHUSIMH, IIPOIIeCCAMHU ¥ COOBITUAMHU.

Moda evlbopKku — e€ BapuaHTa ¢ Hauboabiiei yacTroToir. Medu-
aHna 8vl00PKU — YUCIO0, KOTOPOE «Pa3feseT» COOTBETCTBYIOMIUA
BapManMOHHBIN pax nonosaM. Cpednum 3HaveHuem 6bL00pKU
Ha3BIBAIOT CpefHee apu(MeTHYECKOe BCeX eé BapUAaHT.

dnemenmaprvlm cO0bLmuem Ha3bIBAIOT KaXKIBIH BO3ZMOYKHBIA pe-
3yJIBTAT BEPOATHOCTHOTO 9KCIIepUMeHTa. MHOKeCTBO BCeX BO3MOK-
i HBIX IIOCJIEACTBUNA DKCIIEPUMEHTA HABBIBAIOT NPOCMPAHCMBOM dJle-
( MeHmapHbLX cobbimuil ¥ 0003HAYAIOT IPedYecKoi OykBoi Q (omera).
BepoamHocmbio CAYHailHoz0 co0blmus A Ha3bIBAIOT OTHOILIEHUE
f qucsa n(A) 61aronpusATHRIX IS COOBITHSI A 9JIeMEHTAPHEIX COOBI-
o THI K YHCJY 7 BCeX PABHOBO3MOXKHBIX M IIOIIAPHO HECOBMECTHUMBIX
/ 9JIEMEHTapPHBIX COOBITHI, KOTOPEIEe 00pas3yIoT NPOCTPAHCTBO AJIEMEH-
n(4)

Tt
N Taxoe onpejiesieHAe BEPOATHOCTH HA3BIBAIOT KAACCUYECKUM.
p 1 BakHelmue cBOMCTBA BEPOATHOCTH CAYUANHHOTO COOBITHA.
) 1. Ecsiun C — cobbiTe HEBO3MOIKHOE, TO P(C) = 0.

2. Ecim B — cobbiTHE JO0CTOBEpHOE, To P(B) = 1.

3. Ecau X — cobsrTue cayuainoe, To 0 < P(X)<1.

4.EcmE|,E,, E,, ..., E, — aneMeHTapHbIe COOBITHA, HCUEPILIBAIO-
mye HeKoTopoe ucneiranue, To P(E,) + P(E,) + P(E;) +...+ P(E)) = 1.

TAPHBIX COOBITHH 15 JAHHOTO HCnbITaHuA: P(A) =

: m
Eciu B n ucnpITaHUAX COOBITHE A TIDOUCXOAUT M pas, TO APOOH o=

OIIpeNeIsieT OMHOCUMEeNbHYI0 Hacmomy cobbimus A. Bo MHOTHX pe-
AQJIBHBIX CJIYYasaX C YBeJIUYEHUEM 7 OTHOCUTEIbHAS YACTOTA COOBITUA
CTAOHIM3UPYETCSA U BCE MEHBIIIE OTJIMYAETCS OT HEKOTOPOT'O YKCJIa P

m
(xorma n — o, TO o P). 9TO YHCJIO P HABLIBAIOT 8€POAMHOCTLLIO

cobbimusa A. TakoBo cmamucmuyeckoe oupejieieHe BepoATHOCTH.




PABHEHVS, HEPABEHCIBA
. M X CUCTEMbI. OBOBILEHNE
i 1 CUMCTEMATH3ALIVS

OcHoBHbie TeMbl pa3gena

1 YpaBHEHHs U METOLbI UX PeLUEeHKs
' HepaseHcTBa M METOADI MX peLLeHUS
CucTeMbl ypaBHEHUM U METObI UX PELLEHUS

i 3afiauu c napameTpamu .
N |

Mre npuxodumcs pacnpedensme cBo€ Bpems mexcdy noaumuxkol
u ypaBrerusmu. OOHAKO YpaBHEHUS, N0 MOEMY MHEHUIO, 20pa300
BaxcHee, nomomy 4mo noaumuKka cyuecmByem mosabKo 045
danHo20 momenma, a ypaBHerus 6ydym cyuecmBoBame BeyHo.
| A. Ednwmedn 1




B 3TOM pa3gesie Bbl pacluMpUTe CBEEHWA O PA3/IMUHbIX BUAX YPaBHEHUH,
. HEepaBeHCTB U X CMCTEM, PacCMOTPHUTE, NOBTOPHTE U 060BWMTE MeToAb!
. ux peweHus. PeweHue 3agay ¢ napameTrpamu cnocobcrayer Pas3BUTHIO
| IOFWHECKOrO MbILNEHUS U (POPMUPOBAHUIO HABLIKOB MCCIEL0BATENBCKOM
. geaTenbHOCTH. YnopHas pabora Hag matepuanom 3aToro pasaena
. [IOMOXET BaM CHCTEMaTH3MpOBaTh BeCb NPOMAEHHbIH MaTepuasn U XopoLLO
~ noarotosutbes k BHO.
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§ 37.YPABHEHUSA U METO/ibl UX PELLIEEHUS

B npeasigymux Kjaaccax Bbl O3HAKOMUJIUCH C PA3JIMYHBIMU BH-
. JaMu ypaBHeHUH M cmocobaMu MX pemreHusA. B aTom rogy pacemar-
| puBaiu JorapudMUdYecKue U IoKasaTejJbHble ypaBHeHus. [IoBTO-
puM 1 0000mKUM cBeieHUA 00 YpaBHEHUAX U JOIOJHUM UX HEKOTO-
PBIMH HOBBIMHU.

PaBeHcTBOC nepeMeHHbIMH Ha3biBaeTCs ypaBHeHHUEM, eC/IK Tpe-
it 2 6yetcu BbIACHUTb, NPHU KaAKUX 3HAYEHHUAX NepPpeMEeHHbIX faHHOe
PaBE€HCTBO NpaBu/ibHOeE.

5' VpaBHEeHHUE ¢ OJHOM IepeMEeHHOH B 001IeM BHAe 3aIIUCHIBAIOT TAK:
| f(x) = g(x) nnu @(x)=0

3neck f(x), g(x) u @(x) — HeKoTOpPHIEe (QYHKIUU OT X.

Kopunu ypasaenus f(x) = g(x) BxoaaT B 06J1acTh ONpeneeHus
Kaxkaou 3 Qysrnui f(x) u g(x). O6myro yacTs obracreii onpejgesne-
HUSA 9TUX QYHKIHA HA3BIBAIOT 001ACMbI0 QONYCMUMBLY 3HAYEHUL
(013) ypasnenus f(x)= g(x).

Hanpuwmep: a)x2+ 2x=0,013: R;

1 1
6) e O13: (—==; —2) U (—=2; 0) U (05 ).

IBa ypaBHEHUS HASHIBAIOT PAGHOCULbHLLMU, €CIA MHOYKEeCTBA UX
peleHuil paBHBIE.

Hanpuwmep, ypaBaerus 2x —6=10u 7x + 6 = 62 paBHOCHIILHEI,
TaK KaK OHU MMEIOT OAUHAKOBBIN KOPEeHb X = 8, 3amuchIBAIOT 9TO TaK:

(2x—-6=10) & (Tx+6=62).
PaBHOCHJILHBIMY ABAAIOTCA TAKKe ypaBHeHuA X + 12=x+6mn
. 8x + 7 =8x, moroMmy 4To OHM 004 HE UMEIOT PeIlIeHUH, a cje0BaTelb-

HO, MHOYKECTBA UX PEIIeHNI paBHEIE.

Ba)xHo 3HaTh, IPU KAKUX IPeo0Pa3oBaHUAX JaHHOEe YpaBHEHHe
IIepexXoUT B PABHOCHJILHOE €My YpPaBHEHUe.



Teopemal. Eciim x o6eMM yacTaM ypaBHEHU I IPHOABUTh OJTHO
M TO JKe BhIpajkeHue, OnpeaeéHHoe Ha BCel 00JIaCTH TOIyCTHMBIX
sHayeHui X JaHHOrO ypaBHEHHS, TO MOJYYNM YpaBHEHHE, PABHO-
CHJIBbHOE JaHHOMY Ha MHOJKecTBe X.

Teopema 2. Eciu 06e yacTu ypaBHEeHHA YMHOKHUTH HA OAHO H
TO K€ OTJIMYHOE OT HyJIsA YHCJIO MJIN BhIpajKeHue, CynecTByIomee 1
OTJIMYHOE OT HYJIA JJIs BCeX X U3 00JaCTH JOIMYCTHMbIX 3HAYeHUH
X naHHOrO ypaBHEHHSd, TO IOJYYHM ypaBHeHHEe, PaBHOCHIBbHOE
JaHHOMY Ha MHOMKecTBe X. ,

VpaBHeHUe A HASBIBAIOT cledcmeuem ypasHeHUA B, eciu Kaxgoe
pernieHue ypaBHeHUs B yIOBIETBOPAET U ypaBHeHUe A. 3anuchiBa-
10T: B = A.

Hanpumep, (2x -1 =15) = ((2x — 1)(x — 2) = 15(x — 2)). Bropoe
ypPaBHEHUE ABJIAETCS CIAEJACTBUEM IIEPBOr0, NOCKOJIbKY MHOKECTBO
ero KopHe# {2, 8} comepKuT MHOKECTBO KOpHe rtepsoro {8}.

JIBa ypaBHeHUs A 1 B paBHOCUJIbHBI TOTZJa X TOJIBKO TOT A, KOTAa
KayK/10€e U3 HUX SBJIAETCA CIAEJCTBUEM JAPYTOro.

Y10o0BI pelIuTh yPaBHEHUE, JOCTATOYHO PEIIUTE €TI0 CJIeICTBHAE U
U3 TIOJIYIeHHOTO MHOKECTBA PEeHIeHU 0OTOPOCUTE Te U3 HUX, KOTO-
pEIe JaHHOe YPaBHEHUWE He YAOBJIETBOPAIOT (ROCMOPOHHUE KOPDHU).
9T0 MOYKHO AeJjlaTh IPOBEPKOM.

Yarme BCEro HCI0JIb3YIOTCH TAKHUE METOIbI DEIIeHNU S YPaBHEeHUI:
pasiioyKeHue Ha MHOKHUTENHN, 3aMeHa ITepeMeHHOH, TpUMeHeHue
CBOMCTB (DYHKITUMA.

Pa3zinosxeHne Ha MHOKUTENH. MHOXKECTBOM pellieHN i ypaBHeHUS
f(x) » g(x) =0, onpemenéHHOrO0 Ha HEKOTOPOM MHOKecTBe X, sABJIA-
eTcs 00'befUHEHNEe MHOXKECTB PeIIeHUH KaXJI0T0 U3 ypaBHEHUH
f(x) =0 u g(x) =0, B3ATHIX HA 3TOM MHOKecTBe X.

YunTeIBas yCJIOBHE PaBEHCTBA IPOU3BEAEHUA HYJII0, UMeeM:

f(x)=0,
o(x)=0.
IIpumep 1.Pemure ypaBHEeHHE (3x2+2x—3)2=9x4—42x2+ 49,
Pemenue. [Ipeo6padyem ypaBHeHUE, UCIIOJIb3YA (DOPMYJIEI CO-
KPAIéHHOI0 YMHOMKEeHUA:
(8x2+2x-3)%2=(8x*-T)%, (8x%+2x-3)*-(8x>-T)%=0,
(8x%+2x-3-3x*+7)(8x%+2x -3+ 3x*-T)=0.
YupocruM 00pasoBaHHOE ypaBHEHUE!
(2x +4) (6x% + 2x - 10)=0, (x +2) (3x* + x — 5)= 0.
x+2=0,

3x%+x-5=0.

f(x)~<o(x)=0@{

(x+2)(3x2+x—5)=0@{

—— Pazpen 5
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Pemum kaxzgoe us ypasaenwmii: 1) x +2 =0, x, = —2;

2) 3:\:2+x—5=0,xz=_1_\/Eﬁ,x3=_1+\/6i "
6 6
=1- \[-i —1+\/_ 3
OTrBer. 5 5

Hpumep 2. Pemure ypasHenue 2sin’x + 2sin’x cos x —
—sin x cos?x — cos®x = 0.

Pem e H # e. Pasnoxxum Jie 3110 YacTh YPaBHEHUSA HA MHOYKUTE-
o 2sin® x(sin x + cos x) — cos“x(sin x + cos x) = 0, unu (sin x +
+ cos x)(251n X — cos x) = (0. Y4uThIBasg yCI0BYME PABEHCTBA IIPOU3-
BeZleHUs HYJII0, IOJYYUM COBOKYIIHOCTh YPABHEHUI:

tgx=-1,

uian

sinx+cosx =0,
2sin® x—cos® x =0, tg =

=
2

Torza x=—%+nn, neZ, nnu x=iarctg§+nk, ke Z.

OrBer. —%Hm, ne z; iarctg—gz—+nk, ke Z.

3amMeHa nepeMeHHOM. ITOT METO/| 3aKJII0YACTCHA B TOM, YTO JJIsA
pemeHnda ypaBHeHUA f(x) = 0 BBOAAT HOBYIO IePEeMEHHYIO I = g(x) u
BBIpaXKAIoT f(x) gepes y. O6pasyercsa HoBoe ypaBaeHue @(y) = 0.

‘Haiifis ero KOopHH Yy, Ys, Y3, -+-, PEIIAIOT COBOKYIHOCTH yPaBHE-
Hu# g(x) = y;, 8(x) = Yy, 8(X) = Y3, ..., B3 KOTOPBIX U IOJYYAIOT
KOPHHU JAaHHOI'O YPABHEHUS.

IIpumep 3.Pemure ypaBHeHHE (5x —4x+1) (5x°—4x+2)=6.

Pemenue. Crenaem sameHy 5x?—4x+1= Y, (%)
rorga y (y +1) =6, mmy +y—6=0,0rciona y, =-3, y, = 2. '

Yr0o0B! HAWTH KOPHH 3aJaHHOT'O YPaBHEHU, IOACTABMAM II0OJY-
YeHHBIe 3HAYEHWSA I J B YPABHEHHE () U PELIMM COBOKYIITHOCTH
YPaBHEHUU

5x°—4x+1=-3ubx’-4x+1=2.

IlepBoe ypaBHeHNe A€HCTBUTENbHBIX KOPHEH HEe MMEET, a BTOPoe
uMmeer ABa KopHA: x; = —0,2mx, = 1.

OrBer.—-0,2; 1.

WHorna, BEINONHAS 3aMeHy, YI00HO BBOAUTH He OAHY IIepeMeH-

HY10, a HECKOJIBKO.
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IIpumep 4.Pemure ypaBHeHHE Y2-x+414+x=16.

Y2-x =i
14+ x =b.

Torpa 3aganHOe YPaBHEHNE MOKHO 3anicaTh B Bujge a + b = 16.
Yr00BI ITOJYYHUTSH €111€ OHO YPaBHEHHE, BO3BEIEM @ U b B 4eTBEPTYIO
CTEeIeHb U cJIoKUM. Ilonyuum ypaBHeHUE a*+bv*=16.

Wrak, uTo66I HAWTY @ 1 b, HY’KHO PEIIUTH CUCTEMY YPABHEHUI:

{a+b=2,

at+b% =16.

Pemernue. O603HAUUM {

Pemum eé:

a=2-b, a=2-b,
(2-b)* +b* =16; |16-32b+24b%-8b% +b* +b* =16;

a=2-b, a=2-b,
b(b® -4b% +12b-16)=0; |b(b—2)(b* —2b+8)=0.
W3 BTOpOro ypaBHeHu HaxXoquM, 4To b =0 wnu b = 2. Torga a = 2,

nama= 0. Bosspamaacr: K 3aMeHe, IIOJIYYHMM COBOKYIIHOCTE ABYX
CHUCTEM ypaBHeHuﬁ:

Yo_x=2, el 4fo-x =0,
Y14+x =0, 4+x=2.

Orcrona x =—14 nuu x = 2.
OrserT.—14; 2.

IIpuMeHenne CBOMCTB (DYHKIHH K PeIIeHUIO ypaBHeHHH. Brl
yoKe 3HaeTe, YTO ypaBHEHU S MOYKHO pemaTh rpadudecku. Ilpu arom
IIOJTy4aloT NpUOIHKEHHBIE 3HAYEHUA KOPHEH, MOdTOMY BCerza Ta-
KO€ pelleHue CIeAYeT AOMOJHATH IPOBEPKOM.

IIpumep 5.Pemure ypaBaenue 2* =3 — x.

P eme H u e. ITocTtpouM B OfHOM cuCTEME KOOPAMHAT rpaduKu
byaxnuit y =2 ny =3 — x (puc. 169). Kak BuauM, OHM IIePECEKAIOT-
cs B OLHOM TouKe ¢ abemuccoit x = 1. IIpoBepka mocTaHOBKOM MOKa-
3BIBAET, UTO 9TO TOYHEINA KOpPeHb ypaBHeHUsA 2% = 3 — x.

OrBer. 1.
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T e, Aemmme— ey
Y10o6BI peIIuTh TaKOE YpaBHEHHE,

He00A3aTeJIbHO CTPOUTE rpaduxu hyHK-

Ui, 3a7al0IUX ypaBHeHua. MosxHO uc-

I10JIb30BATh CBOMCTBA HEIIPEPHIBHOCTH U

MOHOTOHHOCTHY (hyHKUMA. [JocTaTo4HO

o6paTuThr BHUMaHMeE Ha TO, 4To obe (hyH-

KIMM Ha BCEM MHOKecTBe R HelpephIB- N Yy=3-x
Hble ¥ OfiHa U3 HuX (y = 2%) — Bospacra- |' ;
ouad, a Bropad (y = 3 — x) — ybpiBan- =F——+ T
. mas. B aToM ciyyae ypaBHeHHEe MOKeET = OI S
' IMeTh TONBKO OJMH KOPeHb, KOTOPHIH Puc. 169

HaXOJAT oAGOPOM.
Ipumep 6.Pemure ypaBreHne x> ~|x|-12=0.

2

P emenue. Oysruua y=x“-x —-12 — uérHad, eé rpadpuk

CUMMETPUYEH OTHOCHUTEIBEHO OCH J, & KOPHHU YPaBHEHUS — IIPOTH-
BOIIOJIOMKHEIE yuciia. [109ToMy H0CTaTOUHO HAWTH HEOTPHUIIATEIHLHbIE
KODHM YPaBHEHUA x2-x-12=0 (KOTOpPOE HE CONEePIKUT MOAYJIA) U
JOIOJIHATE UX IIPOTHBOIIOJIOKHBIMYA YUCIAMH.

VYpaBHenue x° — x — 12 = 0 umeeT ABa KOpHA: —3 1 4,HO TOJBKO
OZIMH M3 HUX — IOJOXKUTENbHBIN: X = 4. IIpOTHBOIOIOKHEIM €My

2

€CThb YMCJIO —4, I09TOMY ypaBHeHHe X° — x —12=0muMeeT ABa KOp-

HAIX; =4, xy=—4.

o L] .2 TX

IIpumep 7.Pemure ypaBHeHHEe X +x_2 =2sin B

P emenume. OI3: (—==; 0) U (0; o). JIeBas uacTs ypaBHEHHSA
(Ipu ompezesIEHHOM 3HAYEHHUH X) — CYMMAa JBYX IOJOKUTETbHBIX
B3aMMHO 00paTHBIX YHMCEJI, KOTOpasd Bcera 00JIbIIe HIM paBHA YHC-
ay 2. 3HaueHue IpaBoi YacTu He npeshinraer 2. CiegoBaTesbHO,
PaBEHCTBO MOJKET OBITH NPABUIIBHBIM TOJBKO IPH YCJIOBUU, YTO IIpa-
Bas U JieBas YacTH paBHEI AByM. T.e. JaHHOE ypaBHEHUE DABHOCHJIIb-

HO cucTeMe
. 9 TMX
2sin® == =2,
2

Cucrema umeer 2 pemenus: X =—1 u x = 1 (mposepbTe).




@ MPOBEPBTE CEBSl

1. Yro rakoe ypasHerue? .

2. Kakue Bbl 3HaeTe Buabl ypasHeHun? lpuseagurte npumepsl.

3. Yro HasbiBaloT 061aCTbIO AONYCTUMbBIX 3HAYEHUW YpaBHEHWA?
4. Kakue ypasHeHWs Ha3blBalOT PaBHOCHJ/IbHBIMKU?

5. Yro Takoe ypasHeHue-cneacteme?

6. Kakve Bbl 3HaeTe cnocobbl pelweHus ypaBHeHU1?

#49 BLINONHUM BMECTE
e T e

P SN v _1_2—x2—x
. Peminre ypaBHeHUE ST 3

P emenmne. O13: R, tak Kak x> + x + 1#0.
ITocne nmpeobpasoBaHusi IPAaBOM YacTH ypaBHEHUE IIPUHUMAET
BUJ:

3 gd—w " 1+ x+x2
s l= , AN 2—1=1— :
1+x+x 3 1+x+x 3
2
s xi+xt1
Beeném zameny y = 3 . ITonyuum ypaBHeHHUE:
1 1 2 _2y+1
——1=1-y, you —+y—-2=0, l—y—=0 ,orcionay =1,
Y Yy Yy
+x+1 9
T. €. —3—=1- Pemum nonyueHHoe ypaBHeHue: x~ + x + 1 =3,
n.rmx2+x—2=0,o'rcxonax1=—2,x2=1.
OmBeT:=2; 1,

2. PemiuTe ypaBHEeHHE 2§/(x S 2?/(9,; -3)% = 5§/Ex -2)(x-3).

Pemrenue. 9ro ogHopoaHoe ypaBHeHue. [logcTaHOBKOM yOerk1a-
eMcs, 4TO X = 2 He ABJAETCA KOPHEM yPaBHEHUS U JAeJIUM IOYJIeHHO

. 2
-3 x—3
Ha 3(x—92)? . [lonyunm ypasrerne 2+ 23| X—2 | —53 %2 =0, ko-
(x-2) y yp [x_z) \’x_z
o 3 x-3 2
TOpOE ITOACTAaHOBKOI RET) =1 cBogMM K ypaBHeHu 2t~ — 5t +2=0.

. Pemenusa

1
Erokopau: t=2unt= g TOITOMY ~ 0 = 8, win
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~—g BRS-
13 2
X = 57 MX= 7 YIOBJETBOPAIOT JAHHOE yPABHEHMUE.
OTrBer. E; @ .
(e ¢

3. Pemure ypaBuenue log,(14 — 2x) = x — 3.

Pemenue. Haitgém O113: 14 — 2x > 0, orcroma x < 7.

ITo cBoticTBy norapudmoB 14 — 2x = 28w 7 - x =24 Io-
CKOJIBKY JIeBas 4acTh YPaBHEeHUS — (QYHKIUsS yOLIBAIOIIAs, a Ipa-
Bas — BO3pacTailnas, TO ypaBHeHHe MOKeT MMETh TOJILKO O H KO-
peHb. ITog6opoM HAXOAUM, UTO X = 5 — KOPEHb YPABHEHU.

OrBerT. 5.

2 ] 1
4. Perunre ypaBHEHUE ; arcsin E x+—|||=1-log, x.

X

Pemenue. 06/1acThI0 ZONYCTHMBIX 3HAYEHU JAHHOTO ypaBHEe-

1 1
HUA ABJIAETCS cucTeMa yesaoBuii: x > 0u—1< Py x+ 3 <1.ITockoabKy

1 1 1
x+ = > 2, KaK cyMMa B3auMHO 00paTHBIX (DYHKIIUI, TO E(x 8 ;]2 1 e

, 1
IMonyunan, uro 1 < E( x+ A ) < 1. IToaTomy ypaBHEHHE MOKET UMETh

1
peleHne TOJMbKO IPU E( x+ % ) =1.Orcrona x = 1. [IpoBepkoii yoesx-

. ;aewmcd, 4T0 X = 1 y/I0BJIETBOPSAET JAHHOE YDAaBHEHHe.

OrBer. 1.
| Buinonuure yctHo R~ S SR N AR S g s
1314. Haiigure 061aCTh JOIIYCTUMbBIX 3HAYCHUNA YPABHEHUA:
e L N AL L gl
a) x_z - ) x2_1 x x+1’ B) x3_x xz_l

1315. Mo:xet iu ypaBHeHue Buja f(x) = 0, rae f(x) — yérHaa hyHK-
U1, UMeTh HeU6THOE KOJIUUECTBO KOPHEH ?
1316. YéTHOoe M1 HeYETHOE KOJUYECTBO KOPHEH nMeeT ypaBHEHUe:

a)x®=x; 6)x*-4=0; B)x%(|x|-2)=0; r)x®+2|x|=3?




Paszpnen 5

‘(;__ = T

Yponeub A 3 [y, = (MEEE S ARSI AN S 2
Permrure ypaBHeHHe (1317-—1320)
1317. a) 4x* - 522 +1=0; 6) 6x* - x2-15=0.
1318. a) 815 —9x3+1=0; 6) x1°-31x°-32=0.

x+1 it yebd iy 32
1319. a + T !

a) gy 0 y4 y+a 216

radi =2 Y+l 8y=1 duy=1

ll320.a)m—m; 0) 2y—1 4y® -1 2y+1°

Pemmure ypaBHeHUE METOZOM PA3JIOKEHAA HA MHOXKUTeH (1321 —
1322).

1321. a) x®+ 2x2 - x - 2=0; 6) x*+ x* - x® - x=0.
11822. a) x3-2x2+ x - 2=0; 6) x2+ 2x*—5x - 6=0.
Pemmure ypaBHeHMe MeTOOM 3aMeHEI TepeMenHOM (1323—1326).
11323.a) (x - 2)* + 3(x - 2)2=18; 6) (38x%+ x)® — 9(3x% + x) = 8.
1324. a) (x +1)° - 2(x +1)>=48; 6) (x®>+2x)8 +4(x® +2x)* =5
i el 4%l x=1

1325. =1 T Sy
o) 2x+1 X 6)x Julliste.
x-2 x+3 5 2(21)x+1
1326. =—; =i
0926.0) S 8ty 2 2 N
1327. Pemure ypaBHeHUe: a) ¥=2- x5 0) 2x5 =—x—3.

e =T

'Yposens b PR T

Pemure ypaBHeHne (1328—-1335)
1328. a) x* + x3-2x%2-3x=3;  6)x®—2x*—x®-8x? +16x=-8;
B)x  + 2% - Tx? - x+6=0; r)x*-2x°-9x%+2x+8=0.
11829. a) (2x% + x)® =x* —4x% + 4; 6) (x® + 3x +2)> =% — 10x + 25;
B) x* - 6x%+9=(2x+3)%; 1) (x -1)° + (2x + 8)® = 27x° + 8.
2x+1 x+1
+2x— 3 2 +x- 2

5-x 3x+9 2x+1
2 t3 TV .
x“+6x+8 x“"—-x-6 x"+x-12

1330.0) _

0)

11831. a) (x + 1)(x + 3)(x + 5)(x + T) = —16;
6) (x + 1)(x — 2)(x — 3)(x — 6) = 13;
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R SEGeE ———~————

1 B) (x —3)(x +4)(x +5)(x —2)=18;
i r)(x—2)(x+3)(x—4)(x—9)=-124.

l-.»' a2y 1870 A 185 1) : 1, 6)x2+1+ x __5
) x“+2x+1 x“+2x+2 x°+2x-3 % ¥2+1 1.2
“ B (x_zl)fx_4)+(x_1)7(x_5)=1; D) gt =S
r
| T1833.0) x2_2x+6+x2-32§+6=4' ©) x;f’;;z x:i;j:iZ: ’
et

1334. a) (x2+i2)+(x+l)=4; 0) 2(x2+.}EJ+9[x+lJ=1;
X X x x

e
i ]

3 B) 2[1‘2 +—1§-)—7[x—l)=—2; r) (xz +—13J—3(x—l)=2.
q X X X X

Rt

' 4x 3x 2x 5x

- 1335.a + =1; 6 + LLS

_ ) 47 8x+7 4 —10x+7 ) P 1x-6 ¥ +32-6

5 B) 22.1’ b 5 5x =1; P) X iy X =_l.
3x°—-x+2 3x°+5x+2 r-x~4 xyx-4 "4

4 ‘]':1336. Pemure 0HOPOJHOE YPaBHEHUE:

a) 316+ 2:81" = 5:36%;6) ¥(x +4)% +43(x - 4)? =5316-x2 ;
9 B) 10sin®x + 5sin x cos x + cos®x = 3; r) sinx — 3cos®x =sin2x.
1337. Pemiure ypaBHEeHUE:

l«

244x-12
b a) 1+ 2|sin x| =cos 2x; 0) 3|x+6‘—3 R I=1n(tg225°);

; B) Vx+11-61x+2 +\x+11+6Vx+2 =6;

r) [2+log, x|+3=[1+log; x].
5
:‘ 1338. Ucnonn3ys cBoiicTBa (PYHKIUI, pelIuTe ypaBHEHUE:
b a)3—x%=2x; 6) 2x" =8 —x; B) x2—6|x|+8=0;

' r) x®+2)x|-83=0; )6 -3"=27; )3 +47=5"
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! Yposenn B il gENpSS
Pemrure ypasuenue (1339—1344).
peat A1ye x-1Y (x-1} 40
£ Xt =40; _— | | =—.
1998 8 Gy 6)( x ) [x—Z] 9

1340.2) ¥8x+4 -¥8x -4 =2 6) Yx+8-Yx-8=2.

1341.2) Jx-1+Jx+3+2Vx% +2x-3=4-2x;

6) sin2x=sinx+cosx—1.

——

1342, a) 254 _5/°016 541 _Jog _g./3 —95"one;

6) 1_25(1610g91+1 _161033\[;)+16'°g3x _log\/g 5\/§=0.

1343. a) (x — 2)® - 6(x% —4) + 5(x + 2)° = 0; 6) 9% + 6~ = 22**1,

1 1 2 X 2 2.0
B) 10 +25% =4,25.50; )| ZX2| [ £22) pZ 4 o
x+1 =B x“=-1

11344.2) V4x* —11x+6log,,, . (32 ~7|+1)=0;

6) (4x% +x-3)log,,, .. (v2x-1+1)=0.
1345. CKOJIBKO pelIeHui UMeeT YpaBHEHUe:
a)In(x—x*)=cosx; 6) 2" +2'F =log,(16-x7)?

Pemnre ypaBuenue (1346—1347).
13486. a) cos (m(cos®2x — 2cos®x + 1)) = 1;

.6) tg( % cos? 2x ) =tg(2ncos ’x).

~4x+5

8 o T
11347. a) 2 =1+sin® =0 2x? +logy(7+ 2x — x%) = x* +3.

1348. Haiinure Bce maps! (X, y), YAOBJIETBOPAIOIINE YPABHEHHE!
a) 12sin x + 5cos x = 2y° — 4y + 15;
i
6) ( 2] +%J(3+sin2 xy)=1+5cos® xy.
9" g

Pemure ypasaenne (1349—1350).
T‘fl349. a) 3arctg’x + 2\/§arctg x = 3; 6) 4arcsin®x — 4arcsin®x=-1.
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v
[ 2 2
1350. a) g a T E —\/x\/x2 +28% —x%=3;

X

2 2
RSt L oG L L6 B e IR

X

fr_)'npaxmenml ANsi MOBTOPEHMA

1351. IlocrpoiiTe rpadpuk GyHRIHU Yy = (X + 3)2 + 2 u HayiguTe Ipo-
MEKYTKHY 3HAKOIIOCTOSHCTBA M MOHOTOHHOCTH. MeeT jin
byHKIUA HauMeHbInee 3HaYeHne? A Haunboabiee?

1352. Beruncaure: a) (2412 -75)-4/3; 6) (\/4—ﬁ—J4+ﬁ)2.

1353. Pemure mepasencTso |lgx—1|< 1. .
1354. Pemure HepaBeHeTBO 6(x — 1) + 4(x + 2) > -9(x + 1) + x.

§38. HEPABEHCTBA U METOJbl MX PELUEHUSA

IToBTOpuM B 0600IIUM CBEJEHUA O HEPABEHCTBAX M3 IPEABIAY-
IIAX KJIACCOB M JOIOJHUM X HEKOTOPHIMHA HOBbIMH. B.o0miem Bu-
Iie Hepasencmeo ¢ 00HOIL nepemMerH Ol 3aTUChIBAIOT TaK:

f(x) < g(x), f(x)> g(x), f(x) < g(x), f(x) > g(x), nin
P(x)<0, ¢(x)>0, 9(x) <0, ¢(x) > 0.
3necs f(x), g(x) 1 ¢ (x) — HeKOTOPHhIe PYHKIHUH OT X.

Peuwrenuem nepagéercmaea Ha3blBAIOT 3HAUYCHU S IEPEMEHHOM, IIPU

KOTOPBLIX HEPABEHCTBO ABJIAECTCS BEPHBIM.

' [lBa HepaBeHCTBA Ha3bIBAKOT PABHOCUNbHLIMU, €CNK OHWU UMEIOT

° OfHMW M Te Xe pelleHUs, TO eCTb eC/iM Ka)Koe pelueHu1e nepsoro
HepaBeHCTBa YAOBNETBOPSET BTOPOE, a KAXKA0€ pelueHHe BTOporo
HepaBeHCTBa yOBNIETBOPAET NepBoe.

HepaBeHcTBa, KOTOPEIE HE UMEIOT PEIIeHUH, TAKKe CUUTAIOT
PaBHOCHUJIBLHBIMU.

HepaseHcTBO A HA3BIBAIOT credcmeuem Hepasencmea B, eciu
Kajk/ioe pelneHre HepaBeHCTBa B yZoBIeTBOpAeT U HePaBEHCTRO A.
3anuceiBaioT: B = A.

JIBa HepaBeHCcTBa A 1 B paBHOCHMJIBHBI TOTZIa B TOJIBKO TOT/A, KOT'-

a KaxKJjgoe U3 HUX ABJIdeTCsdA CJeJCTBUEeM Jpyroro.
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. HepaBeHCTBA C IepeMEHHLEIMHA UMEIOT MHOT'O CBOMCTB, AHAJIOI Y-
HBIX CBOMCTBAM ypaBHEHHUH.

1. Ecix 13 ofHOM YacTH HEPABEHCTBA MepPeHecéM B IPYTyIo ciaa-
raemMoe ¢ IPOTHBOIOJOKHBIM 3HAKOM, TO IIOJYYUM HEpPaBEeHCTBO,
PaBHOCHJIbHOE JaHHOMY.

2. Eciix 00e yacTH HepaBeHCTBA YMHOMKHM HJIH IO/IeJIMM Ha OTHO
H TO JKe IOJIOKUTEJbHOe YHCI0, TO IOJYIHM HepaBeHCTBO, PABHO-
CHJIBHOE JAaHHOMY.

3. Eciin 00e yacTy HepaBeHCTBA YMHOKUM WJIH IOIeJIMM HA OTHO
M TO K€ OTPHIATEeJIbHOE YHCJIO0, H3MEeHHUB IIPH 3TOM 3HAK HepaBeH-
CTBa HA MIPOTHBOIOJOMHBIN, TO IOJYYUM HEPABEHCTBO, PABHOCHIIb-
HOE JaHHOMY.

Hcnons3yst aTu CBOMCTBa, HEPABEHCTBA C NEePEMEHHBIMH pella-
IOT TO00HO YpaBHEHUAM.

IIpumep 1. Pemure HepaBeHCTBO H5x — 7= 2x + 5.
Pemenue.
Bbx—-T722x+5) o (bx—-2x27+5) & (3x212) & (x=4).
OrBerT.[4; ).

3—-x
IIpumep 2.Peunre HEPABEHCTBO T <33

Pemenue. O3: x < 15. 3anumemMm HepaBeHCTBO B BHJe

3—x—-+15-x

""__1\/'—5? < 0. ,lIam{oe HEepaBeHCTBO BBIINIOJHAETCHA, €CJIN YHuC-
-X

JINTeJIb 1 3BHaMeHaTeJIb UMEeOT pa3Hble 3HAaKH, TO eCTh, €CJIKM UMeeT

3-x-15-x <0,

pelIeHue COBOKYITHOCTE CHCTEM HEPABEHCTB \/—— I
15-x>0

3-x-vJ15-x>0,

OueBHUIHO, UTO BTOpPaAs CHCTEeMa PenIleHUil He
15—z <0. ; P P

V15-x>3-x,
x<15.
Pernum nepBoe HepaseHeTBO. OHO PABHOCHIBLHO COBOKYITHOCTH JIBYX

3-x20, 3-x<0;
15-x>(3-x)° I |12 _ <0 Pemenuem BTOpPO# cucre-

MEI AABJISIETCA NIPOMEKYTOK (3; 15). PemuMm nepsyio cucreMy:

HuMeerT, a IIepBy CUCTeMy MOXHO 3aliucaTh B BUJe

CHCTeM

-
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v
1<3, x<3, x2<8,
15-x>9-6x+x2, "™ |x2_5x-6<0, °TCO%2 |_1<x<6,

moaromy x € (—1; 3].
YuuTeiBasg pelmieHus BTOPOM CHUCTEMBI, IOJYy4YHUM obIiee perie-
HUe HepaBeHcTBa: x € (—1; 15).
OrBer. (—1;15).
5x% -2x-3

IIpumep 3. Pemure HEpaBeHCTBO Riovisir s 20.

Pemenmne.
151 pereEUs ApOOHBIX HEPABEHCTB UCIOJIB3YIOT PABHOCHIbHBIH
mepexoi K CMelIaHHOM cucreme:

£5x2—2x—3>0] {(5x —-2x-8)-(x2 +x-2)>0,

x:+x—2 x“+x-2+#0.

YrpocTuM JeBylo 4YacTh HEpaBeHCTBa (5x —2x-3)(x*+x-2)>0,
pasnoxan Ha MHOKHMTEIN MHOTOWIEHBI: X° + x — 2 = (=1)x+:2),
5x? —2x — 3 (x — 1)(5x + 3). ITosryuuM paBHOCHJILHOE €My HepaBeH-
cTBO (x — 1) (x+ 2)(5x +3) > 0. Pemum ero MeToioM HHTEPBAJIOB.

YpaBHeHUE (X — 1) (x + 2)(5x + 3) = 0 umeer Kopuu X, = 1, x, = -2,
x3 =—0,6. O6o3HauMM MX Ha YUCJIOBOW NMPAMON B BUJIE 3aKpallleH-
HBIX ¥ IIYCTHIX KPY’KOYKOB, YUMTHIBAsI, YTO 3HAMEHATEJIb He PaBeH
HYJIIO. C IIOMOII[BI0 OT/AEJIbHBIX TOYEK HAWAEM 3HAK QYHKIHUU Y =
(x-1)>% (x + 2)(5x + 3) Ha KaxK/AO0M U3 0OPA30BABIINXCS IPOMEIKYT-
KOB (puc. 170).

BriOupaem npoMesKyTKH, Ha KOTOPLIX QyHKIUA y = (x — 1) (x+
+ 2)(bx + 3)umeer 3HAK «+», ¥ 3aIIUCHIBAEM OTBET KaK 00beIUHEeHNE
COOTBETCTBYIOLIUX IIPOMEKYTKOB M YHCEJ, COOTBETCTBYIOIIMX 3aK-
PaIIeHHBIM KPYKOYKaM.

OTrBerT. (—o; —2) U[-0,6; 1) U (1; ).

2
bx“-2x-38
IIpumeuanue. Ecin ey yacts HepaBeHeTBa —5 20
X

+x-2
5x+3
COKPATHUTB Ha X — 1, TO IOJIYYUM HEPABEHCTBO o

>0, ge paBHO-

CHJIbHOE JaHHOMY.
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151 pemeHu st HEKOTOPBIX HEPABEHCTB IPUMEHAIOT 0006 111 é H -
HBI MeTOJ MHTEepPBAaJoB.

YrobObI peIIUTh 3TUM METOAOM HepaBeHCcTBO Bua f(x) > 0 (f(x) <
0), rae f(x) —npousBosibHAA DYHKIUA, HYKHO:

1) maiiTu obaacTs onpenenesus Gysroun f(x);

2) onpezieTUTH BCe €€ HYJIH, TO €CTh PeIIUThL ypaBHeHue f(x) = 0;

3) pasbuTh ¢c MOMOIIbIO HANIEHHBIX YHCeJ 00JIaCTh OIpejeIeHu s
(YHKIIMM HA IPOMEKYTKH 3HAKOIOCTOSHCTBA;

4) onpeneJUTh 3HAK (DYHKIIMM HA KajsKAOM M3 00pa3oBaBIINXCH
IIPOMEIKYTKOB;

5) 3amucaTh OTBET.

ITOT c10cO6 MOKHO UCIIOIH30BATH /IS PEIIeHUA HEPABEHCTB, eCJIN
MOXKHO HauTu obacTh onpenenenus GyHkuun f(x) u eé nynu. Pe-

M 3THM MeTOJOM HepaBeHCTBO <1 . 3amnumrem ero B BHUE

3—x
J15—x

J15—-x

x —_
Pacemorpum dyrxknumio (X) =—\/T—x—— . Eé obmacte onpe-
JeneHud: x < 15.

3-x—-+15-x
- 15—-x

x—A

Haxonum KOpHU ypaBHEHUS T = (. 910 ypaBHeHUE
<15,
x <15,
£<a,

PaBHOCHJILHO CHCTeMe | /1= §% 8871
J15-x=3-x, 2
15-x=9-6x+x°.

Pemus aTy cucTeMy, HOJYYIUM, YTO X = —1.

Hraxk, obnacts onpeneneHus GyHKIUHA TOYKOU X = —1 genmres
HA JIBa IPOMEKYTKAa 3HaAKomocTossHCTBA (puc. 171). Onpeaesrus 3HAK
(GYHKUHUHT Ha KaXKI0M B3 IIPOMEXKYTKOB, IIOJYYUM, 94T0 X € (—1; 15).

HepaBeHcTBa pemraoT U APyrUMU METOJaMU: 3aMEeHOI [IepeMeH-
HBIX (cM. c. 41) u rpadudeckn.

+ 4
S | 15
Puc. 171

=Y

-
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IIpumep 4.Pemure rpagpudecku
HEepaBeHCTBO 3x2-2>x72

Pemenwue. IloctpouM B ogHOMI
cucTeMe KoopAuHAT rpaduKu (DyHK-
oui Yy = 3x%-2u y= x % (puc. 172). Or-
BeT MOYXHO IIPOYUTATHh U3 PUCYHKA,
ecii HauTH abCIuCcChl TOYEK Iepeceyve-
HUA rpauKoB.

OrBeT. (—o0; —1]JU[1; o).

Cyi03KHbIe HEPABEHCTBA rpaduIecKu
peImamT ¢ IMOMOIIbIO CIIeIHaJlbHBIX
KOMIIBIOTEPHBIX nporpamm. Hanpn-
Mep, Ha pucyHke 173 npeacraBieHbI Puc. 172

: 1

peleHn A HepaBeHCTBa xt-242+2 < 4—1 ¢ IIOMOIIBIO IIPOI'paM-
x —x+

mbi GRAN.

Orser. [a; 1], roe o= 0,69.

@ MPOBEPbTE CEBAl

1. Kakue 8b1 3HaeTe Bugbl HepaseHcTs? [1puseagute npumepbi.

2. Kakue HepaBeHCTBa Ha3blBAIOT PABHOCH/bHBIMK?

3. CchopMynupyiTe CBOWCTBA PABHOCH/IbHBIX HEPABEHCTB.

4. Yro TaKkoe HepaseHCTBO-cnieacTaune?

5. B yéM cocTouT cywHoCcTb 0606WEHHOro MeToaa UHTepeanos?
6. Kakue Bbl 3Haete MeToAb! pelleHus HepaBeHCTs?

G fonant £ \Dorapents and 5ehmgn ' SASHAY sond of on' oty ! o
Fan Ofexy Burpsensen Fpose. Onepad 7 1
# [ AT RS TRD, P P . T U s 00| e

o) 168 YO 6845 ¥ {
5 a ':T']zmls lalsls|z|els]. | lsli
= ; '\ ; .

\ B YDOK 42K 02 i
=€ B Y3121
v % v .

e \\ At

N
=

+ 7 CO2K 22N 2] =
X : - a0e2n
5 = MY +577
t P08 RIUBM I CHCTEMM
P ;fl-;"-'?o? 124 IK0

W
) 05%28 1

ot

| — o=

Puc. 173
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¢ BbIMOJIHMM BMECTE

1. Pemuure HEpaBeHCTBO (x2 K 2 1)(Jc2 + X 2) <24

Pemenue. Caenaem sameny x> + x + 1 =y,'ror11ax2 +x+2=
=y + 1. Ilosyuum HepaBeHCTBO ¥ (y + 1) < 2, nim y2 +y—-2<0.

MHO0KeCcTBOM ero peleHui ABIAeTCA IPOMeKYTOK [—2; 1]. Uro-
OBl HAWTH UCKOMBIEe 3HAYEHUSA X, DEIINM CHCTEMY HEPABEHCTB:

x¥+x+1<1, x%+x<0,
: AJIH
22 +x+l1>-2, x*+x+83>0.

YpasHeHue x? + x = O umeer gBa KopHA: x; = —1, x, =0, nosTomy
MHOKECTBOM PEIIeHH# MepBOr0 HePABEHCTBA ABJAETCH IIPOMEKY-
ToK (—1; 0). YpaBHeHHE x? + x + 3= 0 He umeer KOpHEe, I109TOMY
MHOKECTBOM pPelLlIeHUI BTOPOro HePaBeHCTBA ABJISAETCH MHOKECTBO R.
WUrak, pemienueM cucteMbl (M 3aJaHHOTO0 HEPABEHCTBA) SABJIAETCS
mHOKecTBO (—1; 0)N R =(—1;0).

OrBerT.(—=1;0).

x*-2x%+9

2. Pemute HepaBeHCTBO =

<1.
9-x

PemeHue. IlepeHecém Bce 4IeHBI HEPaBEHCTBA B JIEBYIO YaCTh U
CBeIEM UX K 001eMy 3HamMeHaTe 0. IloryduM paBHOCUIILHOE HEPaBeH-
4—2x3+.152< % (x —2x+1) xz(x—l)2

A i O (R
e T (B-x)3+x) 20, BonEre) - Hocue:

x%(x-1)*(8-x)(8+x)<0,
JlHee HepaBEeHCTBO PABHOCHJIBHO CHUCTEME (3—x)(3+ %) £0.

O6osnaunM Ha yucaoBoi ocu Toukm 0, 1, 3 u —3 u onpegenum
3HAK JIEBOI YaCTH HEpPaBEHCTBA HA KaXKJAOM M3 00pa3OBaHHBLIX HH-
TepBasioB (puc. 174).

BribupaeM mpoMesKyTKHI CO 3HAKOM «—» U 3aIINCHIBAEM OTBET KaK
00'beIUHEHNE 9TUX IPOMEIKYTKOB M YHCEJI, COOTBETCTBYIOI[HAX 3aK-
PALIeHHBIM KPYXKOUKaM.

OTBerT. (—oo; =3)U{0, 1} U (3; <0).

Puc. 174
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3. Pemure HepaBencTBo 8° + 18% — 2:27* > 0.
Pem e H 1 e. BanuineM HepaBeHCTBO B Buge 2°F + 2532 — 2.3%% > 0
¥ nozessuM obe 4acTHu 3TOro HepaBeHCTBa Ha 3450, ITosyunm Hepa-

3x X x
2 2
BEHCTBO (5) [g) -2>0 , xoropoe nmocse 3aMeHsI £ = (5) 3anmu-

meMBBnnet3+t—2>0,unn(t—1)(t2+t+2)>0,o'rcrouat>1.

2 X
BoaBpaiiaschk K 3aMeHe, IOJIYIUM, 94TO [‘3-] > 1, orcioga x <0.
OrBerT. (—=;0).

: 2n
4. Pemnre HepaBeHCTBO 3arccosx —2arcsinx > 7

Pemenue. HepaBencTso onpegesneno npu x € [—1; 1]. ITockoanb-

b 2
Ky arccosx=5—arcsmx ’ TO IIOJIYyYHUM HepaBeHCTBO
3 b . . 9 s 2m : 51
E —arcsinx |—Z2arcsinx > —3—- , WIH Sarcsinx < —6— , OTCIoZAa
A T
arcsinx<-—,
6
T - T
ITo onpesieseENI0 —— < aresin x < — , IOATOMY IIOJIYYUM HepaBeH-
2 2

T . 14 s %
. CTBO _ES arcsinx < 6" Bepém cuHYyC OT BCeX 4acTell HepaBeHCTBa,

n T
VUHUTEIBAsA, 9YTO HA IIPOMEKYTKE ["E; g] cuHyc Bo3pacraer. Ilomy-
. umm,uro-1<x<0,5.
OrBer.[-1;0,5).
lgvx+7-1g2 g
lg8-lg(x-5)
PemeHue. 3anumnieM HEPABEHCTBO B BHJE
lg\/x+7—lg2+lg8—lg(.1c—5)< lg4\/x+7—lg(x—5)<0
lg8-1g(x-5) lg8—-1g(x—5)

Bocnonbayemcs 0000IIEHHBIM METOAOM MHTEPBaJIOB. [l aTOT0O
cuavasna Hauaem OJ13: x > 5ux# 13, Toecth x € (5; 13) U (13; o0).

5. Perrute HepaBeHCTBO

0

b



Paszpen 5
— + W1
29 it
Puc. 175
s lgd4Jx+7-1g(x-5
Haiiném perieHnsi ypaBHEHUA o g(x~5) =0, To ecTh pe-

lg8-1g(x—-5)

M ypaBHeHue lg 4+/x +7 =1g(x —5) , mam 16(x + 7) = (x — 5)2, OTCIO-

na x% — 26x — 87 = 0. KopHAMM 5TOr0 ypaBHEHUS ABIAIOTCH Yncia 29

u —3. OrpunarensHbId KopeHb He BxoauT B OI13. Hanecém HaiineH-

HbIE TOYKH, COOTBETCTBYIOIME uncaaM 5, 13 u 29, Ha YUCIOBYIO IPA-

MYIO X HaiIEM 3HAK JIEBOM YaCTH HEPABEHCTBA HA KAYK/IOM U3 IIOJIyYeH-

HBIX IIPOMEKYTKOB (puc. 175). VI3 pucysaka BUAHO, 4TO X € (13; 29).
OTBerT. (13;29).

| Boinonnute ycrHo o gk
1355. Ects 1 pemieEueM HepaBeHCTBa 3x — 2 > Hx + 1 uncio:
a) 0; 6)—10; B) 10; r) (-2)%; n) —222

1356. VImeer s1u pelieHUsA HEPABEHCTBO:
a)x*< 0; 6) |x|> -10; B)x®<0; r)x®>-1; p) [x-1|<-1?

Pemure HepaBencTBo (1357—1358).
1357.a) 2x < 5; 6) 15 > 3x; B) —bx <10; 1)=0,5x>1,

1358. a) x2<1; 0) 2> 4; B) x> 8; r) %2 <-1.
1359. PaBHOCHIBHEI 1M HEPABEHCTBA:
a)x2—4 <0nmx<2; 0) x+15>3u x+3>15;

) —0,5x> 1 m4x+8<0; 1) x’-5<0u (x—5)*<0?
{Ypopewn A ypguye
1360. Kakoe HauMeHbIIIee HATYPAJIbHOE YKCJIO SABJISETCSA PEIleHu-

€M HepaBeHCTBa:

a)d(x—-1)<Tx+2; 6)4x—-9 > 3(x — 2);

B) 2(3x —5) < 5(2x - 3); r) 5(x —2) + 2> 3x?
1361. Kaxoe HanboJibliiee HATYPAJIbHOE YHCJIO IBIAETCA PeIIeHHeM

HEPaBeHCTBA:

a)4d(x+2)>5(x—1); 6)3(2x—4) > 9x—17;

B) T(x—1) < 17 +5x%; r) 0,3(x—2)>0,5(x—3)—-0,1?
Pemure HepaBeHcTBO (1362—1367).
1362. a) 3x%2 —x —4 >0; 6) 5x% — 2x — 3> 0;

B) 9x% +6x +1 <O0; r)4x2-12x+9<0.
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1363. a) (2x + 1)(x +1)> 0; 6) (3x — 2)(2x + 3) >0;
B)(x—T7)(38x+1)<0; r)(2x - 5)(3x —6) > 0.
11364. a) (x-1)(2 - )>0; 6) (3 +x)(x + 7)< 0;
B) (8 —x)(b+x)<0; rG-x)(1-x)>0.
x+3 x 2+x 3—-x
.a) ——>0: ——>0; ——<0; —<0
e g0 e B) 748 2y
x+3 % 2+x 3-x
) st —F o bt BT ity
o 0) ;7c—7> ©) ;1c+2> s x+3< r) x i
5 Tx x? x%+1 3x-4
7. : —<0; 0; ~<1
T.0) o N O s B r) 5

Pemure HepaBeHCTBO MeTOIOM UHTepBaJioB (1368—1370).

1368. a) (5 + x)(x — T)(x +3) > 0;
11869. a) (x + 1)(x - 2)(x +3) < 0;

(F=INeh3) [y

1370. a) (x+3) s

x-DE+2) |
B) x—2)x+3)

6)(x+2)(x+1)(x—-5)<0.
0)(x—2)(x+1)(x—-11)<0.
x-2)(x-3)_,,
(x+1) 2
k (x—2)(x—3)>0_
(x+1)(x+5)

ﬁ371- Pemute HepaBeHCTBO rpadu4ecKu:

a)x2<2+x;

6) x2> 4x;

B)x3>2—x.

——

!Yposenn b

Pemure nepasencTso (1372—1373).

1372. a) 8" 8 <4;

1)2 {
B) (7) Sl,

I_Ll,373- a) logs(.ac2 -4x+3)<1;

x+1
B) logz——x—>1;

e S

6x+10-x2
2 8
= SeEi
2 [3) 27"

x2+2

r) [%j;i"_l >9.

0) log , (8+6x-x%)>-2;
V5

>0.

2
x“+2
r) lg =

8x -7
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1374, Haiignre HanboJIbIIEE IIEJI0€ PEellleHre HepaBeHCTBRA:

a) Jx+3<b; 6) V4x+4>5-x;
G vz il
B) 9 27 31 I‘) .
Ti375. Haligure HauMeHbIIIee IieJioe PelleHre HePaBeHCTBa:
: x_{_1>0. i g 2x. -9_ 2x 27
AT '\3) |8) “ea’
B) V11x -2 > 2V7; r) 4x+10 <2.
Pemure HepaBeHcTBo (1376—1377).
1376. a) 2sin x> 1; 6) 3tgx >+/3;
B) 4sinxcosx <2; r) cos? x—sin?x>0,5.
4 3 x 2x+2 4x+5
$ 2 _+_.21; ——2(—— +——->221.
as o) x x+3 )x+3 x-1 B) x-5 x+2

Pemure HepaBeHCTBO MeTOnOM HHTEPBaJIOB (1378—1380).
1378. a) (x + 1)(x®>—2x + 3) < 0; 6) (x% —x - 2)(x—1,5)<0;
: B) (x-2)8x*+x-2)>0;  r)(52°+2x-3)(x +6)% > 0.
M879.a) 5-x)(x -1 x+1)>0;  6)(2-x)>(x+1)(x-5)<0;
B) (= x2)(x +3)(x—1) < 0; r) (x2 —4)(x+3)(2x —4) >0.
Hx-D(x+2) o o (x—22)(x~3) S 0ie) x%-3x+2 5
(x+3)(1-x) x(x®+x+1) x(x — 2)(x+ 3)
PeniuTte HEpaBeHCTBO METOAOM 3aMeHEI nepeMenHoi (1381—1383).
1381.8) (x* + 2x +1)(x® +2x +4)>10; 6)(3x +1)°<3x+1.
11882. a) (2x% - 5x —4)(2x® - 5x)<21;  6)(8x+1)® > (6x +2).
1383. a) x(x + 1)(x + 2)(x + 3) < 24;
6) (x —2)(x + 1)(x + 2)(x + 5) + 20> 0.
1384. Pemure HEpaBeHCTBO rpauyecKu:

1380. )

8
a)22<>;  6)22x-1; ) 42218; )25,
X X x x

Pemure HEpaBeHCTBO (1385—1388).
1385.a) Vx2-3x+10>x-2; 6) Vx2-x-12<x.

1386.2)Yx? -9x+20>-2; 6) (x-3)Wx? +4<x%-9
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1 1
1387. 2 _ ,/ 2 _ s L 6)4[2+=>—F.
a) (3x“ —4x+1)V25x° -20x+3<0 ) PR

2 AN 2 pre L 2
11388. a) ‘/122 x—x s‘/12 .

; 6)Vx+6 -v2x-5>Vx+1.
x-T x—-5

| VYpoBeunp B P ——

Pemnre HepaBeHcTBO (1389—1391).

1389. a) log, (x* ~6x+18)-log ;(x-4)<0; 6) log,
3

3';_1>0;
3 x

+1

2
b B)log;[bg‘,(%J}O; r)logx+1(x2+x—6)24.
4
1139(). a) \/§ sin2x+cos2x<1; 6)sin2x>cos 2x;
B) COS 2x cOs Hx < cos 3x; r) 3cos® x sin x —sin® x < -1.
1391. a)x* +3x® - 2x2 <6x—4; 6)x* —4x®-13x% +28x +12>0;
B) 2x* —5x —5x% +2x > 0; r) x* + 223 - 11x% + 4x + 4 <0.
PemuTe HepaBeHCTBO METOAOM 3aMeHEI mepemMeHHoi (1392—1396).

21 2 x(x-1) 2
1392.3) ——————x“+4x<6; T o o A
- 92-8) S oue 10 0 (x®-x+1)%2" 9’
x x x2-13x+15 3x
B) 3 S )i S35 .
x°-3x+2 x“+3x+2 x“-14x+15 x°“-6x+15
1393. a)tg x + 3ctg x> 4; 0) 5sin? x — 3sinx cos x > 36cos? x;
B)tg3x+3>3tgx+tg2x; r)sinzx—cos2x<3sinx+2.
» 1-log,x 1
.a) ———=<=; 1 -1)- :
11394 a)1+log2x =3 6) log,(x~1)-log,(x+1)+log .4 2>0;

x-1

B)log, 2-1ogy, 210g, 4x>1; 1) logy(8* ~1)log, (3** -9)<-3.
3

1395. a) 22**2 4 6* - 2-3%* 25 ; 6) J9* 372 =3 _g;
| 2x x+1
9821882
’ B) \/13x -5 S\/2(13x +12)—\/13"'+5 ; T) i A SN

3-2x-x2

1 2 2 = = R x 2

e
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R

4-7|3*-2|
2
5(3" —2) -12|3% -2|+4

B)

sg; r) [gle gl -tem|> 2,

Pemmure HepaBeHcTBO (1397—1401).

’ 2
1397.a) 3—+2—’5l2—’5-<1; 6) (x+2)V3-x >sinZ.log x(ZcosE);
5x ...x..l 2 008—2- 3

Vx%-16 5

+VXx—-8>—:

3) Jx-3 =g

r) Vx? —8x+15+x2 +2x 15 >v4x2 —18x+18 .

1

2

& x
ﬁ398. a) log,xl (\/9—x2 —x—l)Zl; 6) log,(3* ~1)-log, 3
4

o Sé'
16 4

2
2 2 _ [ =
5 log2x+log%x 8>v59log, ; r)loggleogg,fl—i.

vy
log, (\/4;\: +5 —1) 1 9 -logz(zx)loxg[;] log, B43
1399.2) S0 0) | <(3,5) ;
log, (\/4x+5+11) 2 7
2
B) W<O : 1) V4-x? (loga (xz +2x+1)—1)$0 ;
logg s (x +4)
52+ ctgx +3/1-ctgx i
1400.3)\/ 9 \/ g <0; 6) (3—|x|) %=l >0.
x"=Tx+10 5% _925
R L
1401.a) 2arcsin(x —x+3—]>-2—; 6) ctg (2arccos x) > 0.
4{r‘)'upaumenml ANSl MOBTOpPeHMs
W——»
1402. [Toxaxkure, 4TO IPH JIOOOM HATYPAJHHOM 3HAUYEHUHU N YUCJIIO
na n2 n
T - 5 + 3 ABJIAETCHA HATYPAIBLHBIM.
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s ———
© 1403. PemuTe ypaBHEHHE:
a)|2x—1|=5; 6)[6 — x| =2x.
1404. 3anunuTe B BUJe MHOTOYJIeHA:
. a) (" + 1)% 6) (a®™ - 1) B) (a" +a™)?;
2 2
DE-0%  p (%y”‘ +ym ] Sy (ib ~ 267 ) .

339. CHCTEMbI YPABHEHUIA U METO/bI
MX PELLUEHUA

Ecom 3agansl ABa uin 60Jiee ypaBHEHUA C OHOM NI HECKOJIbKH-
MU IIePEMEHHBIMH, JJI5I KOTOPBIX HYKHO HANTH 3HAYEHUS IIepeMeH-
HOU (IepeMeHHEIX ), VAOBJIETBOPAIOIIYE BCEM 3aJaHHBIM YPaBHEHU-
fAIM, WM BBISICHUTH, CYyI[eCTBYIOT JIA TaKWe 3HAYEHUs, TO TOBOPAT,
YTO TAKUe YPaBHEHHUs 00pasyioT cucmemy ypasHeruil, m obo3gava-
10T e€ (PUrypHO CKOOKOIM.

B obmem Buzie cucTeMy m YPaBHEHHH C 71 IepeMeHHBIMH 3anu-

CBIBAIOT TAK:
(x5 %5500, %,) =0, (X1, X5,..., X,);
: (X, X950 X)) = Qo (%15 X950, X, )3
T (215 %55 e0n ) = D (15 Xy e sis X )i
: 3HaYeHUSA NEPEMEHHBIX X1 = Ay, Xo =y, ..., x,; =@, WY yIops-

NOYeHHYIO n-Ky yucen (a,, s, ...,a,), KOTOPLIE YIOBJIETBOPAIOT BCE
YPABHEHUS CUCTEMbI, HA3bIBAIOT €€ peuLeHUeM.

Pewums cucmemy ypa8HeHUll — 3HAYUAT HAUTH BCe e€ pelIeHnsd,
HJIYA CKa3aTh, YTO TAKUX HET.

Cucrema ypaBHeHHI, UMeIONIad, 10 KpaHel Mepe, OJHO pelle-
HUe, HasplBaeTcd cosmecmumoil. CucTeMa, MHOYKECTBO PellleHUui KO-
TOPOH IMyCTOE, HA3BIBAETCA HECOBMECMUMOLL.

Cucrema ypaBHeHUI HA3BIBAETCH A/12€0pau4ecKoil, eCJiv Bce e€ ypas-
HeHud anredpandeckue. Eciu cucTeMa CONEPIKUT XOTsA ObI OHO TPaHC-
LIeHJICHTHOE YPaBHEHUe, TO OHA Ha3hbIBAETCA MPAHCYEeHOeHMHOIL.

O6.acmuio donycmumblLx 3HAYeHUU cucmembsl () Ha3bIBaeTCA MHOMKe-
CTBO BCEX 3HAYEHWI IEPEMEHHBIX X1, Xy, ..., X,,, IPH KOTOPBIX BhIpaske-
HAA f(X1, %o, ooy X,) H QX5 Xy, ..., X,) AMEIOT CMBICH (i = 1,2, ..., m).

IIBe cucTeMbl YyPaBHEHUM C 77 IepeMeHHBIMU Ha3bIBAIOTCHA
PABHOCUNbHbLMU HA HEKOTOPOM YMCJIOBOM MHOMKECTBE, eCJIM UX
pellIeHus Ha 9TOM MHOK€eCTBe PDaBHEI.

—



IIpaBuJILHBEI TAKHE YTBEPIK A€ HHU I O PABHOCHJIBHBIX IIPeos-
Pa30BaHUAX CUCTEM.

1. Ectu M3 0OXHOro ypaBHeHHA cucTeMbI (¥) BHIPA3UTH ONHY
KaKy10-1m00 epeMeHHYI0 4epe3 OCTaJbHbIe, 2 3aTeM IOICTABHTH
HalJeHHOe BhIPa’keHHe BO BCe OCTAJIbHbIE YPABHEHHU A CHCTEMBbI, TO
MOJIy9UM HOBYIO CHCTEMY, KOTOpasi BMeCTe ¢ TeM ypaBHEeHHeM, U3
KOTOPOro BhHIPAkajach NepeMeHHasl, PABHOCHJIbHA JaHHOI. f

2. Eciim ¥ ogHOMY M3 ypaBHeHHI cucremsbl (¥), yMHOMKEHHOMY Ha
BeIpaxenue F (x, x,, ..., X, ),AMelONIee CMBIC] H OTIHYHOE OT HYJIA
Ha Bce# obmacTu onpenenenus D naHHOM CHCTeMbI, 100aBHTH
HEKOTOphIe ApyrHe k eé ypaBHEeHHH, YMHOKEHHBIX COOTBETCTBEHHO
Ha KakHe-J1H00 BeIpamenna Y, (x4, X, ..., x,) (i = 1,2, ..., k), koTo-
Phle onpe/ieJieHbI H He PaBHBI HyJIX0 Ha D, a ocTajbHbIe ypaBHEHU 0CTa~
BHUTH 03 H3MEeHEeHHU s, TO IIOJYYHM CHCTEeMY, PABHOCHIBHYIO JaHHOM.

Cucremy A Ha3BIBAIOT C.ledcmeuem CUCTeMEBI B, ecitu Kaskj0e pere-
HUe CUCTeMbI B yIoBIeTBOPAET U cucTeMe A. 3anuChIBalOT: B = A.

Y100BI pEIINTE CUCTEMY, JOCTATOYHO PEIIUTH €€ CJE[CTBHE U U3
TIOJIy9YeHHOT'O MHOKECTBA PEIIeHNA OTOPOCUTE Te U3 HUX,, KOTOPBIE JaH-
HOM CHCTeMe He YOBJIETBOPSIOT. ITO MOXKHO JIeJIaTh IIOJACTAHOBKOM.

Ecau oxHO U3 ypaBHEHHUI CHCTEMbI 3aMEHHTH €TI0 CJIeJCTBHEeM,
a Ipyrue ypaBHEHHS OCTaBHMTh 0€3 M3MEeHeHMH, TO IMOJyJYeHHAA
cucrema Oyaer CleACTBHEM HaHHOM.

EcTb pasHBIe cIOCOOEI PEIIeHUs CHCTEM YpaBHEHMIA: cnocob nod-
CMAaHOBKU, cNnoco0 JUHelHbLX npeobpa3osanuil (arzedbpauyeckozo Cio-
JHeeHus), zpaguieckuil, pa3noiceHUs Ha MHONCUMEIU, 3AMEHbL NePeMeH-
HOlL, npuMeHeHus coitlcme PyHKyuil. PaccMoTpUM HEKOTOPEIE U3 HUAX.

Metox nogcranoBKH. Pelmenue cUCTEM 9THM METOLOM COCTOUT B
TOM, 9TO U3 KaKOro-Jnb0o ypaBHEHUS BHIPAXKAIOT OJHY U3 IIepeMeH-
HBIX Yepe3 APYryIo U HaiIeHHOe BhIpaskeHue IOACTaBISAIOT B APYroe
ypaBHeHHMe. B peaynbraTe mMOJIy4alOT YpPaBHEHUE, PEIIUB KOTOPOE,
HaXOoJAT 3HaYeHUe OAHOM M3 IepeMeHHBIX. 3aTeM, IIOJCTABUB OTH
3HAQYEHMA IepeMeHHOH B J1I000e U3 JaHHBIX YPABHEHUM, BHIUUCIIA-
IOT COOTBETCTBYIOIIAE 3HAYEHUA BTOPOU IIePEeMEHHOM.

IIpumep 1.Pemure cucremy:

2x% +15xy +4y® +43x+24y+7=0, [3Y.9*=81,
x-2y+5=0; ©) 2lg(x+y)-lgx=1g9.

Pemenue. a) I3 Broporo ypaBHeHUA HAXOAUMX = 2y — 5 ¥ IOA-
CTaBJIfAeM AaHHOe BEIDa’XeHue B IlepBoe ypasHeHue. Ilonyunum:
2(2y - 5)% + 152y - 5)y + 4y* + 432y — 5) + 24y + T=0.
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fansataalisiftae
ITocJre pacKpEITHA CKOOOK M BO3BEAEHMS IOI00HBIX YIEHOB IIOJIYINM:
- 79 37
NS = = AALE S E e A
42y°- 5y — 158 =0, orcrona y, = 2, y, 12 Tk
184 16
N Tl AP P e e S S Y
W3 paBencTBa X = 2y — 5 HAXOAUM: X 1; x, 21 21"

IIockoJBKY B IIpollecce pelIeHUsA BHIIOJHAJIMUCH TOJBKO PABHO-
CHJIbHBIE IIPpeoOpasoBaHus, TO IIOJYYeHHbIE 3HAUCHUA IePEMEHHBIX
SIBJIAIOTCS PEIIEHUSMU AaHHOM CUCTEMBI.

6) IIpeobpasyem Ka)ka0e ypaBHEHUE CHCTEMBI:

gytix _gt y+2x=4,
8%t

lg(x+y)? =1g9x, ™™ |(x+y)? =9x.

ITocnenusasa cucremMa — cJelCTBHe 3aJaHHOM. Pemmum eé croco-
OOM ITOICTAHOBKH

y=4-2x, y=4-2x, y=4-2x,
(4-x)2=9x, ™™ |16-8x+x%=9x, ™™ |x2-17x+16=0.

Bropoe ypaBHeHue umeer Kopsu x; = 1, x, = 16.

W3 paBeHCTBA Y =4 — 2X HAXOAUM: Y; = 2, Y, = —28.

CliegoBaTesIbHO, CHCTEMA-CJIeACTBHE UMeeT ABa peruenud (1; 2) u
(16; —28). IloacTaBuM MOJIy4EeHHBIE PENIEHUA B 3aJaHHYIO CUCTEMY
u ybexumes, 4To o6a yA0BIeTBOPAIOT e€. [IpoBepKy BBINIOJIHUTE ca-
MOCTOATEJILHO.

o | ~g X6 Ly dE) . :
Ormer.a)(-1;2); | 85~ | 6)(1;2), (16;-28).

Meton nuHeHHBIX Npeodpa3oBaHui (aareb6panyecKoro CJiosxe-
Hu#A). Pelmenne cucteM aTUM METOAOM DasupyeTcs Ha yTBepIKJe-
HuM 2. Yanie Bcero ero UCIOJL3YIOT AJIs PEIIeHus JUMHEeHHBIX CHC-
TeM, HO eCTh MHOTI'O HeJIMHEHHBIX CHCTEM U Jlajke TPAHCIeHIeHTHHIX,
KOT/]a MeTOJI INHEeHHBIX nTpeobpasoBannii Hauboaee aHeK THBHBIHA.

IIpumep 2.PemmuTte cucreMy ypaBHEHHI:

4) x% —xy=5+y°, 6) {cosxcosy=0,25,

y2+xy=—1; sinxsiny =0,75.
Pemenue. a) CiosxuM 06a ypaBHEHUA CHCTEMEI, HOJYIUM ypaB-
HeHpe x° = 4, orciona x, = 2, X, =—2. [lanHasA cucTeMa paBHOCHJIbHA

COBOKYIIHOCTH CHCTEM:
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x=2, x==2,
yi+ay=-1 o v +xy=-1.

Pemus ux, monyuum: x; = 2;y; =-1; x,=-2,y,=1.

6) Cnoxxum oba ypaBHEHHUS CHCTEMBI; IIOJYYUM YpPaBHEHUE
cosxcosy + sinxsiny =1, mimcos(x —y) =1, orcioga x —y = 2 nk
(3mecs u nanee k € Z).

Haiiném pasHOCTH YpaBHEHUN CUCTEMBI:

cosxcosy — sinxsiny = —0,5, mmm cos (x +y) =— 0,5, orcropa x +y =

2n
3
ITociienHee ypaBHEHHUE JIyUIlle IPECTABUTE B BHU/IE COBOKYITHOCTH:

-+ + 2nn (3xech u fayiee n € Z).

2n 2n
xty= 3 + 2nn unu x +y R + 21n.
3anunreM COBOKYIITHOCTD ABYX CHCTEM U PEIINM KaKAYIO U3 HUX,

HAUAA CYMMY U PA3HOCTh YPABHEHUM CUCTEMBI:

x—y=2nk, xl=§+n(n+k),
D 2n
_2n oTcroZIa
x+y 3 +2nn’ y1=§+1‘r.(n—k);
x—y=2nk, x2=—E+n(n+k),
2) oTCcIona 3

2n
X+y=——+2nn b
yoie > Yp == g tHn=k).
ITockonBKY B mpouecce pelleHns BBIIOJHIAINCH TOJBKO PaBHO-
CHJIbHBIE IIpe0Opas3oBaHuUs, TO IOJIYIEHHbIe 3HAUCHU A IIEPEeMEeHHBIX

SABJIAIOTCA PEIICHUAMY JaHHON CHCTEMEL.
OrBer.a)(2;-1)u(-2;1);

xl=§+n(n+k), x2=—§+n(n+k),
0)
y1=g-+n(n—k); y2=—§+n(n—k), (ke Z,ne Z).

3amMeHa nepeMeHHbIX. OTOT METO/] IPUMEHAETCS K PEIIeHHIO Pas-
JIMYHBIX BUJOB CUCTEM KaK CAMOCTOATEIbHEIN, TAK ¥ B KOMOMHAIIAHN
¢ ApyruMu MeromaMu. PacecMoTpuM, KakK ero NpuMeHSIIOT AJs pe-
IIeHUS CUMMEMPUYHbLX CACTEM.
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CucreMa ypaBHEHHH ¢ JBYMs IIEPEMEHHBIMU X ¥ i HA3BIBAETCH
cuMMempu4HOiL, eCIIA IIPU 3aMeHe IIepeMeHHbBIX X Ha I U I/ Ha X OHA
He U3MEHSeTCH.

IIpumep 3. Pemure cucreMmy ypaBHeHUI:

33 3
a) %+ XY Y0 =17, 6) [16* +16Y =13,
x’y+xy® -6=0; 45V =6
Pemenue. a) OueBUHO, YTO AaHHAA CHUCTEMa CHMMETPUYHA.
IIpeoOpasyem kasx/goe U3 e€ ypaBHEHUH, BEIJ€JIAB BEIDAKEHUA X + Y
u xy. omyuum:
(x+y)(x* —xy+y°) +(xy)’ =17,

xy(x+y) =6, i

(x+y)(x+y)* -3xy) +(xy)* =17,
xy(x+y)=6.
x+y=u,
BBeéM HOBBIE IEPEMEHHBIE { xy=v. (*)
BBITOJIHUM COOTBETCTBYIONIYIO 3aMEHY ¥ IOJYYUM HOBYIO CHCTE-
MY, PABHOCHJIBHYIO JaHHOM.

31l g1l 3 B2
u(u®-3v)+v° =17, o 1% ~8uv+v° =17,
uv =6, uv =6.

IlogcTaBuM B EepBOE YpPaBHEHHE 3HAUEHUE IIPOUBBEJNEHUS UV,
BTOpPOE YPaBHEHUEe BO3BEEM B Ky0:

ud +08 =395, u? =2, u® =8,
udvd =216, TOA2 | 3_g WM |3 o7,

PemenuaMu noCaeJHAX CUCTEM ABIAIOTCA mapsl yucet (3, 2) u
(2, 3). Haiiném nmepeMeHHBIE X U Y, IOACTABUB B cuctemy (*)
3HAYEHWS U U U ¥ PEIUB e€.

x+y=3, x=1, r=2
TO

Ecnn { xy=2, y=g B

Takue ke pellleHus IMOJYUYUM, eCIu oAcTasuM napy (2, 3).
6) OueBuaHO, YTO JaHHAA cCHCTeMa cuMMeTpuuHa. [Ipeobpasyem
Ka)x/i0e U3 eé ypaBHEHUH, UCIIOJIB3Y s CBOMCTBA creneneit. Ilomyaum:
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(4%)% +(4¥)% =183,
4% .4Y =6,

4*=a (a>0),

4 o
BBezném HOBBIE ITIEpEMEHHBIE { 4=b (b>0). (*%)
a*+b* =13,

PELIEHAAMHI KOTOPOM
a-b=6,

ITonyuuM HOBYIO CHCTEMY {
ABAAOTCSA mapsl (2; 3) u (3; 2).

Haiiném nepeMeHHEBIE X U Y.

Ecin4*=2,a4Y=3, tox=0,5,ay=1log,3.

Ecrm 4"=3,a4Y=2,Tm0x=1l0g,3,ay=0,5.

OrBer.a)(1;2),(2;1);6)(0,5; log,3), (log,3; 0,5).

CymiecTByeT MHOT'O UCKYCCTBEHHBIX METO0B, HCIOJIb3YEMBIX JJIsT
pelIeHus ONPEeJeEHHBIX BUAOB cucTeM. PACCMOTPUM OAMH U3 HUX.

IIpumep 4.Pemure cucremy:

2% —xy+y® =21,
y? -2xy=-15.
PemeHu . YpaBHAeM CBOOOJHBIE UJIEHBI:

x? —::cy+y2 =21,
y2 —-2xy=-15;

5‘ 5x% —bxy +5y° =105,
7| |7y®-14xy=-105.

CioskuMm 1oJiydeHHbIe ypaBHeHuA. [lomydum:

5x% —19xy + 12y% =0.

ITockoasky y # 0 (3TO ciieAyeT U3 BTOPOTO YPABHEHU ), IIOAEIAM
ofe YyacTH IOJIYYeHHOI'0 YPaBHEHU S Ha y2:

2
5(5) —19(£)+12=0 , WA 5u?—19u+12= 0,rneu=
Yy

y

SR

L 2 = Jeg. )
Orcrona u; =3, u, = 5 CrnenoBaTesbHO, X = Y UM X = 5 Y
IlopcraBuB 3HaYeHUE X = 3y B ONHO U3 JaHHBIX YPaBHEHWH, Ha-

IIpUMep, BO BTOPOe, MOJYIUM y2 =3,y = i\/§ ,orciofa x =+ 3 \/§ !
4
Eciu B3ATH X = 5 Y TO ONyIHM X = t4,y=15.

Orser. (3v3; V3), (-3v3;-3), (4; 5), (-4; -5).
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—
K pemenuio cucreM ypaBHEHUH CBOAUTCS MHOTO 3a/1a4.
3aavya. CTyAeHTHI B3AIU Ha JIONOYHOM CTAHIINY HAIIPOKAT JIOJ-

ku. CHavasa oHu nporuisin 20 KM BHA3 IO TEUEHHUIO PeKH, 3aTeM

BEPHYJIMCH HA JIOJOYHYIO CTAHIHIO; BCA ATa IIPOTYJIKA AJIUIach 7 Ja-

cos. Ha o6paTHOM myTH, HA pacCTOAHUM 12 KM OT JIOJJOYHOM CTaH-

YU, CTYAEHTHI BCTPETUJIU ILJIOT, IPOILILIBAIOLIAI MUMO JIOZOYHOH

CTAHIUY B TOT MOMEHT, KOrZJa OHMA OTIPABJISAJIUCH HA IPOTYJIKY.

Onpejenure, CKOPOCTh ABUMKEHUSA JOAKH IO TEUEHHUIO U CKOPOCTh

TeYEHUS PEKH.

Pemrenue. Ecix 0603HAYUTE CKOPOCTH JIOAKH B CTOSAYEH BOJIE
yepes X (KM/4), CKOPOCTh T€YEHHs, & CJIEJOBATEIHLHO, U CKOPOCTh
miaoTa 9epes y (KM/49), TO CKOPOCTh JIOAKH 110 Te4eHUIo Oyzer x +y, a
[IPOTHB TEUEHHUS X — Y; BpeMs JBUKEHUA JIOJKH (B yacax) IIo Tede-

20 20 20 8

HHUIO x+y’ IIPDOTHUB TEYEHUA x-y’ J0 BCTPpEeYH C IIJIOTOM x+y x-y

12
", HAKOHeIl, BpeMd ABUKEeHHUdd ILJIoTa 7 .

HOCKOJII:RY oporyJjaxa njiujacbh 7 9, TO IIOJIYYUM YpDaBHEHUE
20 20

x+y x-y

Bpems ABUIKEHUS JIOAKH U ILJIOTA 0 UX BCTPeUYX OBLIO OJHUM U
TeMm 2Ke. [ToaTomy

Pemnasi cucreMy ypaBHEHUH

20 , 20 _.
x+y x-y
20 8 _12

x+y x-y y’

HaxoauMm x = 7, y = 3. CiegoBaTebHO, CKOPOCTH JOAKH II0 TEYEHHIO
pasHa 10 KM/49, CKOPOCTE T€YeHUS — 3 KM/ 4.

OrserT. 10 kM/4; 3 KM/4.

IlpuMedaHue. 3aady MOYKHO PEeIIUTh 0ojiee palHOHAIBHO,
€CII CHCTeMy KOOPAMHAT «IIPUBA3aTh» K IUIoTy. Torga MoKHO 1m0~

20 8

et B |
Jy9UTh yPABHEHMe “T =T I



MPOBEPBTE CEBSl

1. Yro noHWMaIoT nop CUCTEMOM ypaBHEHUM C HECKONIbKUMU NepeMeHHbIMMU?
2. Y10 Ha3biBaIOT PELUEHHEM CHCTEMbI ABYX YPABHEHHWM C ABYMSA NepeMeHHbIMU?
3. Kakas cuctema Ha3uBaeTca COBMECTUMON?

4. Kakue cucTeMbl Ha3blBAIOTCSA PaBHOCHNbHBIMU?

5. CchopmynupyiiTe yTBepXaeHHs O PABHOCHNbHUX Npeobpa3oBaHUAX CHUCTEM.
6. HasosuTte OCHOBHbIE CNOCOBbI PELLEHHA CUCTEM YPaBHEHHH.

W9 BbINONHUM BMECTE .

S~

1. Pemure rpadudecku cucTeMy ypaBHEHHIL:

x* + y? =9,

y=2x%-2x-3.

PemeHnue. 'padukoM nepBoro ypaBHeHUsA SBISETCHA OKPYIK-
HOCTB C IIEHTPOM B Ha4aJle KOOPAUHAT ¥ PaJUyCcOM 3, rpad)uKoM BTO-
poro — napa6oJsia ¢ BepmuHoi B Touke (0,5; —3,5). ITocTtpoum aTu
rpaduKu B OJHOM cucTeMe KoopauHAT (puc. 176). OHu nepecekarT-
¢ B YETHIPEX TOYKAX, KOOPAUHATEI KOTOPHIX IPHUOINIKEHHO PABHEI
(0; -3), (-1,2; 2,7), (1,1; —-2,8), (2,2; 2,0). IIpoBepKoi yCcTaHABIHN-
BaeM, 4To (0; —3) — TO4YHOE pelieHue.

Orser. (0; -3), (-1,2; 2,7), (1,1; -2,8), (2,2; 2,0).

2. PemnTe cucreMy ypaBHEHMIA:

4 A
y=\/x2+y2 i, \/xz_yz, cos x + 4jm y=1,
% xt -yt =144 —Ey-:cos%.

Puc. 176
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P e meHue. a) O61acTh AONYCTHMBIX 3HAYEHUU CHCTEMBI:
x22 y y=0.
IlepBoe ypaBHEHHE CHCTEMBI ABAXK b Boanouum B KBanpa'r, Kax-

JIBIH pas ynpomas. Mmeem: y2 =x2+ y2 +x% - y2 -2 \]x —y4 , WA
y2 = 2x” — 24, IOCKOIBKY U3 BTOPOr0 YPABHEHHS CHCTEMbI BH/IHO,

uTO \/x‘ -yt =12

41/4 =4x* —96x%+ 576, nimn x'-144=4x* - 96x% + 576. Orcrona
3x* - 96x% + 720 =0, mm x* — 32x% + 240=0.

KopHAME IOCTIeIHET0 YpaBHeHUSA ABIAIOTCA Uucaa ++/20 1 /12 .
ITopcTaBUM 9TH 3HAYEHUA X B ypaBHEHHE y2 = 2x% — 24 n naiigém
3HAYEeHUE Y.

Ecim x= £J20 , TO y2 =16, orciona y; = 4, y, = —4.

Ecmu x= +J12 'roy =0, orcrona y; =y, =0.
YuureiBas OI13 cucTeMbl, IOJNYYUM TaKHe €€ PeIIeHUA:

(—20; 4), (1203 4), (V12 ;0), (V12 ; 0), wm
(245 ; 4), (245 ; 4), (243 5 0), (243 ; 0).

0) Ilpeobpasyem BTOpOe ypaBHEHHUE CHCTEMBI CAEAYIOIIM oOpa-

X % X
30M: COS E = COS(E‘f'y] = CO0s E , AT COS(E'Fy) =0u PelInumM ero.

Ecnn cos(—’25+y) =0, T0 %-i—,y= §+nk, wiu x = —2y + n +2nk,

raeke Z.
IToacTaBuM MOTYyYeHHOE 3HAYEHHE X B IEPBOE YPABHEHHE CHCTe-
MBI, I'Ionyth
cos*(— 2y +m+2 1tk) + 4sin? y =1, nim cos 2y + 4sin? y=1.
ITockombKy 2sin® y=1-cos 2y, To 4sin* y=1-2cos 2y +cos 2y
Oﬁoanaqnm cos 2y = a, TOTJla MOJIYYUM YpaBHEHHUE
a*+1-2a+a*=1,mma 44a%-2a= 0, kopau KoTOoporoa=0ua =1.

Ecan a =0, rocos 2y =0, orciofa y = Z+—2—,me Z.

Ecau a=1,Tocos 2y=1,orciogay =mnn,ne Z.
Haiiném cooTBeTCTBYIONHE 3HAYCHUSA X.

Ecnu y= §+£2ﬂ,'rox= g+ﬂ(2k-m), me Z,ke Z.
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Ecmmy=nn,rox=n+2m(k—n),nec Z, ke Z.

Orser. a) (-2V5 ; 4), (2V5 ; 4), (—243 ; 0), (243 ; 0);

x, -_—g+1u(2k—m), {x2 =n+2n(k—n),

0) T, mm, Yo =TN; meZ,keZ,ncZ.
AT

'Boimonuute ycrHo P s WM RS E SE Y PR RN RE S SE

1405. Kakas us map uucen (1; 0), (0; 1) u (1; 1) aBnaercsa pemeHnemM
CHUCTeMbl YDABHEHMIA:

x+y=1, x+y=1, x-y=1
a) xy=1; x-y=1 B) 2—-xy=2?
1406. CkoJIBbKO pelIeHuii UMeeT CHCTeMa YPaBHeHUH:
x+y=1, x+y=0, x-y=1,
a) x-y=1; ) x?+y%+1=0; ) {2+x=y?
o 2y
Pemmure cucremy ypaBHeHui criocobom nmoscranoBku (1407—1410).
fims =3, -Uy= 2 P
1407.2) iley : 6) {x y=3, p) |X +xY=2,
x“+y“=9; xy=4; y-3x="T.
i) ayy-ig
. x“+y“ =100, x“+y° =4, x+y=5,
[4408. a) {x—6=0; 6) {x+1=0; B){xy_—_4-
-y=1, 2x-y =8, £5 AT |
1409.a) |7 Y e 5y |G- -y =45,
x3—y3=7; 2x° -y* =32; x+y=5.

lgx-lgy=2, 6) lgx-lgy="T, = x+y="T,
x—-10y=900; lgx+lgy=5; lgx+lgy=1.
PemuTe cucTeMy ypaBHEHUM cIIoco60M anredpandecKoro CJIOKeHU s
(1411—1412).

1410.a) {

x2+y% =41, 6 x2+22=34,
2%% _3%W -2,

{4‘ +9¥ =30,
B)
x2=15;

1411.3) {
xy =20;
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O RN TRON —_—— ——
2 2 2 £ X
fid12.2) J* Y =26, 6) 1% +xy =15, 8) jlog2x+log2y 3,
x% - y? =5; Y2 +xy=10; llogzx—log2y=1.
Pemmure rpaduuecku cucremy ypaBHeHui (1413—1414).
+ =2, xy=—12, x+ ___2,
1413.2) |* 7Y 6 { o gy e
21y =4; Xy =25 TE
; -Xx+y=2, 44+y= 2, yzzlog (x+3)’
T1414. ) i 6) Y& it ae 3
xy=8; 2x+y=-1 x“+y° =4.

Pemure 3adavwu Mazasupwor (IX B.) (1415—1416).

1415. Bo Bpems 0051 IeTYX0B OUH U3 3PUATEJICH JJONOBOPUJIICS C ABYMHA
BJIaJle/TbIIaMu ITeTyXoB. IlepBomMy oH ckasan: « Eciii mobeauT TBoi
IIeTYX, TO BBIMIPHIII OTJAIIb MHE, €CJIH JKe IIPOUIPaellb, TO i

2
samaqgy rebe 3 TBOETO BO3MOYXHOTO BHIMTPLIIIA» . Bropomy yua-

CTHHKY OH cKasas: «Eciu mobeguT TBOI HETyX, TO BBIMTPHIIIL

3
OTAailb MHe, eCJIH e IIDOUIrpaelllb, g 3arjiadyy Tede Z BO3MOX-

HOT'O BBIMT'PHIIA». B 000HMX ciryuasx 3puTesb noaydaT 12 Mo-

HeT. KakuM I0oJKeH ObITh BEIMIPBIII KaK0r0 yYacTHUKA 00sa?

'[i416. ILroasr rpaHaTa, MAHTO U JIECHBIX A0JIOK IIPOAAIOTCHA COOTBET-

) CTBEHHO T10 3 IIT. 32 2 MOHETHI, D IIIT. 38 3 MOHETHI, 7 IIT. 3a

5 moner. Kak 3a 76 MOHET KYIIUTH CTOJIBKO ILJIOJ{OB, YTOOBI ILJIO-

0B MaHro 0bLIO B 3 pasa, a rpaHaToB B 6 pa3 Oosblre, yem
JIECHBIX A0JIOK?

| Yposenr b : L B e

Pemure cucremy ypaBHeHnil (1417—1418).

X 34 =
_+£-_-_1_5, x,¥_ 59 x+y=8,
1417.2) | ¥ * 6) 1y  x 340 1 G
x?4y?=34; | 7= Y g
X 2 % " SCHILE 8 x-2y=0,
1i418.2) x“y+xy° =6, 6) %"=y =15, 5) Y ;
xy+x+y=5; x3y_xy3=6; 5xy+y =44,



x4y =22,
., 2

YPaBHEHMH: (XZ=Y", .

xy =10.

Pemure cucremy ypasaenui (1420—1422).

log;(x+3y2)=—2, log, x+log,8=4 Ll
3 y y_loa
1420.2) 3 6 5 {
3 13
logy(|x|-y)=1; logy(x+y)=73; (gx)lgy)=-2.

| teyt=g, [ Hyf=xty, i SIS,
H421.0)) 6, 5_, 0 (s BTN it
Xr+Y =25 x4yt = Yy) . Al
G xy=2(x+y).
r2005293::=1+c0510x, sinx+siny=—2—,
1422. a) 1cos9x +sindx =1, 6) \/5
| x |< 55 cosx +cosy =~

‘Yposenn B

Pemure cucremy ypaBaenuit (1423—1429).

0)

- 2x® ~Bxy+3x-2y=2, 2x? - 2y% =14,
Wa oy il it
5xy—2x* +Tx -8y =-22; x®+xy-y® =5.

(
x, |y 13
X, 9445 \/:«r\/:—l: :
1424.2) ]y t2* =% o) Vv Nz [y
%4y |=5; Yy +{xy® =10.
coszx:tg(y+§)’ 4tg 3x=3tg 2
1425. a) | . 6){ gix=Big s | |
cos2y=tg(x+§); 2sinxcos(x—-y)=siny.
a f e
1426.0) |V ~17¥1+2=0, 5) Il -2l=6-2°,
8—x2=(.‘x+2y)2; 2+3y2=2xy.
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TR o T T e e e
sinx +cosx =2+siny+cosy, tge=tg’ y,
1427. a) g / :
2sin2x +sin2y=1; sinx =cos2y.
i sinx+cosy _ 45inx _3.2Si“~’“’5i"y 9.451Y =08
Ti428. a) |2 2 6) &
16sin x—coszy =4; logﬁcosx(1+31ny)=2.
L9x-y+l L92x+y _ (3x +y)x—y =9,
I A i RS 2 9 2
2x- 224V 1 3y. 8% =1, V324 =18x" +12xy +2y°.

Pemure 3adavwu Jeonapdo Pubonauyu ( XIII B.) (1430—1431).

1430. Tpoe nMeIOT HEKOTOPYIO CYMMY J€HET, IPH 3TOM JIeHbI'H IIep-
BOT'O COCTaBJIAIOT IIOJIOBUHY, BTOPOT'O — TPETh, & TPETHEr0 —
IIECTYIO YacTh Bceil cymMMsl. Jesras COKOHOMUTE YacTh JeHer,
KaXJpli 6epér u3 o0Imed CyMMBI CTOJIBKO, CKOJIBKO MOXKET
VHECTH, IIOCJe Yero IepBhIM OTAAET Ha COXPAHEHHE IIOJOBU-
HY, BTOPO# — TPeTh, & TPETH — ILIECTYIO YaCTh U3 TOT'0, 4YTO
OH HEc. Uepe3 HEKOTOPOe BpeMs OHHM OepyT 9TH AEHbIH, U

1 ¥
KamujoMy NpUXOoAUTCA IOoJay4daThb § BCeu CyYMMBI, KOTOpas

ObL1a HA coxpaHeHuU. CKOJIBKO AeHeT ObLIO Y KaKaoro?
1431. YBenuuuB WM YMEHBIIUB YMUCJIO — TOYHBIA KBajpar Ha 5,
IIOJIYYUM TOYHBIN KBaapaTt. Haiijure aT0 4MCIIO.

:}_l, i_!l_lg_aglg_l_e_nuu ANsl NOBTOPEHMS . i
',;\‘l‘ 1432. Pemure ypaBHeHUe: ) xt+4x®-5= 0; 0) L+x-2=0.
;'i' 1433. Permure HepaBeHCTBO: a) x-4> 0; 0) x> +38x—-18< 0;
A B) x2 + 10x>0; r) (x - 1)%(x + 8)(x - 2) 2 0.

. 1434.Tlocrpoiire rpadux dyuxmun: a) y = (x - 2)° — 3;6) y 2_3: 2 T2

8 40.3AJJA4YM C MAPAMETPAMM

CroenuajucTaM 9acTO MPUXOAUTCS UMETh JeJ0 ¢ YPaBHEHUSMHU,
KOTOpbIe, KpOMe HEU3BECTHBIX IePEMEHHBIX ¥ U3BECTHBIX YHCEJI, CO~
JepaKat u napameTpsl. Ilapamemp B ypaBHeHUH WX HEPABEHCTBE —
ATO MOCTOSIHHAS, 3HAYEHUE KOTOPOU TPU HEOOXOAMMOCTH MOMKHO U3~
MEHATH. Y PABHEHHE MOYKET MMeTh HEeCKOJbKO NMepeMeHHBIX U He-
CKOJIBKO ITapaMeTPOB, KOTOPhIe 0003HAYAIOTCA PA3HBIMU OyKBaMH.
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PewwuTb ypaBHeH1e (HEpaBEHCTBO UJIM CUCTEMY) C NapamMeTpoM O3HavaeT
AN KOKAOro 3Ha4eHUs napameTpa ykasarb, UMeeT I ypaeHeHue (Hepa-
BEHCTBO M/IM CUCTEMA) PELUEHUSA U KaKKe OHM.

9

PaccMoTpuM npuMephl pelIeHus 3aad ¢ JapaMeTpaMu.

IIpumep 1.Pemure ypaBHeHHE (a2 —4)x = a’+a-2.

Pemenue. 3azjano JUHEHHOE YPaAaBHEHHE OTHOCHUTEJBHO IIepe-
meHHOH x. [IlepemenHasn a 3geck — mapamMerp. [JaHHOMY YpaBHEHUIO
paBHOCHIBbHO ypaBHeHHE (@ — 2)(a +2) x =(a — 1)(a + 2) .

Ecau (a—2)(a+ 2) # 0, Toectb @ # 2 ¥ a #—2, ToO ypaBHEHHE

_(a-1)(a+2) a-1
(a-2)a+2) a-2
Ecnu a = 2, To ypaBaeHue umeet Buj Ox = 4, 1 mosaTOMy KOpHEH

He nMmeeT. Ecinu a = —2, To ypaBaernue numeet Buj Ox = 0, pemennem
KOTOPOTI0 ABJIAETCH JH060€ YHACJIO.

nmMeer e}IHHCTBeHHbIﬁ KOpPEeHb x

OrBerT. Eciiu a € (—oo, —2) U (=2; 2) U (2; ), TO x=£——2 ; ecau

a=—2, ToO KOpHEM YPaBHEHUs SABJIAETCA KaKI0e AeHCTBHTEIbHOE
YHUCJIO0; eClIU @ = 2, TO ypaBHeHUEe KOPHEH He uMeeT.

IIpumep 2.Pemure ypaBHEHHE ax’+4x+a+3=0.

Pemenue. Ecniua=0, To paBEeHne umeer Bug 4x + 3 =0 u ero
eIUHCTBEHHBIA KopeHsb x = —0,75. )

Ecima # 0,Toax®*+4x+a+3=0— KBaJIpaTHOE YpaBHEHUE
OTHOCHUTEJbHO IEPEMEHHOH X.

Haiiném ero fUCKpPUMUHAHT.

D=16-4-a-(a+3)=-4a*—12a +16.

HlanHoe ypaBHEeHHEe UMEeT KODHH X, 5 = _4; VD ,ecau D =0, To

a

ects ecou — 4a’ — 12a + 16> 0, unu a’®+38a-4<0.
MHOK€eCTBO pelIeHU# MOCIeJHEer0 HePABeHCTBA, IPU YCIOBUHA
a #0, rakoso: [-4; 0) U (0; 1].

-2
Paccmorpum gBa cayuasn. Ecau D =0, Tox = — . Barom cayuae,
a

ectma=-4,tox=0,5,aecima=1, o x=-2.
Ecnu D > 0, to ecth a € (—4;0) U (0; 1), ypaBHeHHe UMeeT JBa

—2+\4-3a-a?
> s

KODHA X 5=

-
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OrBer. Ecnmua € (—e, —4) U (1; 0), TO eACTBUTETbHBIX KOPHEH
geT;ecana =—4,r0ox =0,5;eciua =0,Tox =-0,75;eciiua =1, To
-2++/4-3a-a*

: !

x=-2;ecnua€ (—4; 0)U(0; 1), To x; ,=

Ecuu TpebyeTcs onpeeuTh KOJIMYEeCTBO KOPHEH ypaBHEHU S IPH
OIIpEe/IeIEHHEIX 3HAYEHUAX [1apaMeTpa, TO Ienecoo0pasHO UCIIOJIb-
30BaTh rpa)u4eCcKuil MEeTOJ.

IIpumep 3.IIpu KakoM 3HAYEHUHU ITapaMeTpa a ypaBHEHHE

|x? — 6|x| + 5| = @ mmeer mamGoaBIIEe KOMMIECTBO KOpHEi? Mosxer
JI KOJIMYECTBO KOPHEe# 6BITh HEeYETHBIM 7

Pemesnue. I[Tocrpoum B OZHOM cuCTeMe KOOPAUHAT rpaduru
byaruuit y = |x% - 6|x| + 5| uy = a (puc. 177).

Bugum, 4To ypaBHEHUE MOYKET UMETh:

1) 2 xopusa (npamada p, ), ecau a > 5;

2) 3 xopHs (IpAMAada p,), €Cu a = 5;

3) 4 xopH# (upAMadA py), ecnu 4 < a < 5;

4) 6 xopueit (mpaAmasn py), ecnu a = 4;

5) 8 xopHei (mpsamada p;), ecmun 0 <a < 4;

6) 4 xopua (npamas pg), ecau a = 0;

7) 0 xopueit (mpaMas p,), ecau a < 0.

Orser. Eciu 0 < a <4, To ypaBHeHUE HMeeT HauboIbIee KOJIu-
gecTBO KOpHei#: 8. Eciu a = 5, To ypaBHeHUe UMeeT He4ETHOE KOJIU-
YeCcTBO KOpPHeH: 3.

yA
5 ot
P.
oA
I
H A
v Al
R
5, . =8 [e~(OUEr S SHs x
: P,
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IIpumep 4.Halianre Bce 3HaUEHUA yA
rapaMerpa a, Ipu KOTOPHIX YpaBHEHUe
log, 2|x| + log, (2 — x) = log, (1g a) umeer y
€IMHCTBEHHOE PelIeHue. 2 '

P e 11 e H 1 e. 3anumeM JaHHOE YpaBHE- ;
uue B Buje log, (2[x| (2 - x)) = log, (Ig a),
wm 2[x|(2 — x) =g a, rae 1g a — HexoTO- ‘
poe uucyo. Obozaaunm ero m (lga = m)u \L \
pemuM rpaduUYEeCKH YpaBHeHHUe ol 1 9
2x|(2-x)=m,rnex<2,x#0 um>0. Puc. 178
W3 pucynka 178 BugHO, 9TO €IUHCTBEH-
HOE pellleHre JaHHOe ypaBHeHue OyaeT mMeTh Ipu m > 2, T. e. IPHu
lg a> 2, orcronaa > 100, To ectsb a € (100; ).

OrBer.ac (100; ).

IIpumep 5. IIpn KaKMX 3HAUYEHUAX apamMeTpa ¢ KOPHU ypaBHe-
Hus x2 + (¢ - 1)x + ¢ + 2 = 0 npuragIeKaT HIpoMekyTRy (—4; 2).

Pemenue. YToOb JaHHOE YpaBHEHHE HMEJIO AEHCTBUTEILHBIE
KOPHU, He0OX0AMMO, YTOOBI ero0 AUCKPUMUHAHT OBLI HEOTPULATE ] b-
HEIM, T. €. (¢ — 1)2 —4(c+ 2)2 0. Yrobs! Hynu GyHKIUN f(x) =x +
+ (¢ — 1)x + ¢ + 2 npuHaAIIEKATHA TPOMEKYTKY (—4; 2), HY’KHO, 4TO-
On1 3HaueHNA f(—4) u f(2) ObLIM OJIOKUTEILHBIMH, a adcIucca Bep-
IDUHEBI Tapabosbl Jexana Mexay KOHLAMHI AaHHOIO IPOMEXYTKa
(puc. 179). CnegoBaTesibHO, ACKOMBIE 3BHAUCHUA IapAMETPA ¢ 0K~
HBI YIOBJIETBOPATH CUCTEMY HEPABEHCTB:

I
S

®Y

(c+1)(c-T)=0, ,
(c-1)*-4(c+2)20, [c?-6c-720, .1
f(-4)>0, 22-3¢>0, ‘“ 3’
(2)>0, c+4>0, | 41
-4<0,6(1-¢)<2; |[-83<ec<9; 3
-3<c<9.

1 1
OrBer.ce (-1;;-11U[T; 75).

IIpumep 6.Ilpu kKaKuX 3HAYEHUAX oA
napamMeTpa a CHCTeMa ypaBHEHUH =

+ t+ +—
- _4 xl x2 2 X
sinxcosy=a”®,
HMeeT pereHus?

sinycosx=a Puc. 179
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el AL
Pemenue. Haiiém cymMy ¥ pasHOCTh YPaBHEHUN CHCTEMEI.
sinxcosy+sinycosx=a2+a, 3 sin(x+y)=a? +a,
IMonyuum: | . ) P HIH
tic? sinxcosy—sinycosx=a" —a, sin(x—y):az-a.

i Ira cucteMa OyieT UMeTh PelleHUs TOT/[a U TOJLKO TOTrAa, KOraa

a®+a<l, a®+a-1<0,
2
la® +a|<1, a®+a>-1, a’+a+120,
! T. €. IPA YCJIOBUH, UTO Wi |
|a*-al<1, a-a<l, a’-a-1<0,
at <a> =1 a®-a+120.

BTopoe u 4eTBEPTOE HEPABEHCTBA CUCTEMbI BRITTOJTHAIOTCA AJIA BCEX

a’+a-1<0,
x€ R, u60D < 0. Pemuum cucremy OTCIOJIa HAXO/AUM,

az—a—lso,

A W

4To a € [—T; T] (yOenuTech B 9TOM CAMOCTOATEIBHO).

OrBeT.Q€E [“2—' 2

IlIpumep 7.Pemnre HepaBeHCTBO 3(2a — x) <a(x + 1).

Pemenue. PackpoeM CKOOKH M IIepeHECEM BCE YJIEHBI Hepa-
BEHCTBA B OJIHY YaCTh:

6a—3x—ax—a<0,nmu (3 +a)x > ba.

Ecmu 3 + a =0, To ectb a =—3, HepaBeHCTBO uMeeT Buj 0x > —15.
OHO BepHOE NP JI00BIX 3HAUCHUAX X.

ba
Ecim 3+a>0,T0ectba>—3, T0 x> &

5a
Ecoin 3+a<0,T0ectba<-3,T0Xx < o

S5a
OrBer. Ecima=-3,Tox € R; ectma > -3, 70 x > §—+—a;ecnn

a
! @ <=3, TOX< T
. 3+a
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Ilpumep 8.Pemmure HepaBeHCTBO @'°%* + x'%%a* <94 .
| Pemenue. B cOOTBETCTBHHU ¢ OCHOBHBIM JIOrapuGMUYeCKHM

il [l log, x 2
1 ToxmecTBOM ¢'%8* = x , Torma x'°%% = (a"’g“ -y ) =a'"%s* TIoaro-
1
4: 2
; i My JIaHHOE HepaBeHCTBO MOYKHO 3aIIucaTh B BU/Je 2a'%%a* < 2¢ | wn
; logzx
\ a *®*** <a . OHO PABHOCHJILHO COBOKYIITHOCTH CHCTEM HEPABEHCTB:
0 B
r [(a>1
1 a>1, 2
a> )
2' -1<log, x<1, XE l;a ”
| log® x<1 a
‘ €a p O<a<l, 0 1 ,
<a< '
<a< ’
| 0 ;1 1, wanm log, x>1, oTCIOfa : ‘
‘ > . x,
N log; x>1, | |[log, x<-1, xe(O,a)U(a,oo). ,
{

OrBer. Ecu ae (0;1),Toxe (O;a)U(l;oo];ecm{ae (1; 00), TO
a

X€E (:11-; a ) ; ecana € (—oo; 0]U {1}, To HEPaBEHCTBO PEILIEHUIT HE UMEET.

[IPOBEPBTE CEBA

1 Kakoe ypaBHeHHe Ha3biBaloOT ypaBHEHHEM C napameTpom?

2. MNpuseauTte npumepbl ypaBHEHWH C NapaMeTpoM.

3. MNpuseauTe npUMepbl HEPABEHCTB C NapaMeTPOM. ’

4. Y70 03HauaeT pelwnTb ypasHeHue (HepaBeHCTBO) ¢ napaMeTpom?

5. Kak pewwaiot 3agauv c napaMeTpom, B KOTOpbIX TpebyeTcs onpeaenuTs Ko-
JIMYECTBO UNU HaNU4YUe KOpHen?

A% BblﬂOHHMM BMECTE :

1. Haiigure Bce 3HaYeHHUA IapaMeTpa @, IIPH KOTOPBIX HepaBeH-
cTBO X%~ 2(a2 —-2)x+ a*>0 BepHoe 11 Bcex X € R.

P e m eHHUE. HePBHﬁ Koo hUunueHT KBaJAPATHOTO TPEéXUjaeHa
1 - 2(a — 2) x + a” TOJIOMKUTEJILHEIN, II03TOMY MHOKECTBO pelle-
HUH HepaBeHCTBA 3aBHCHUT TOJBKO OT 3HAKA JUCKPUMUHAHTA TPEX-

D
Z=(a2—2)2—a4=—4a2+4.

) qJjieHa.
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i B —

KBajgpaTHbIN TPEXYJIEH IPHHAMAET TOJBKO MOJIOKUTEIbHEIe 3Ha-
yeHHuA, ecau rpaduk QyHKIUMA He Iepeceraer och abciuce, T.e.
ecau D < 0. IToaromy HY?KHO pelINTh HEPABEHCTBO -40%°+4 <0,
orcona a’> 1, 1o ecTba € (—o0; —1) U (15 <0).

CuenoBaTesbHO, ecsin @ € (—eo, —1) U (1; =), TO MHOKECTBO peIie-
HUIT HepaBeHCTBA x2— 2(a2 - 2) x + a'> 0 — Bes unciosas npsaMas.

OrBeT.a€ (—,—1)U(1; ).

2. Ilpn KakuxX 3HAYEHHAX IapaMeTpa a HA MPOMEKYTKe

2m,
[ 3’ 7‘} ypaBHEHUe 2sin® 3x — (2a + 1)sin 3x + a = 0 uMeeT POBHO TPH

Kopus? Haiigure T KOpHH.
Pemenue. Crenaem sameny: sin 3x = ¢, [t| < 1. Toraa ypasne-
HHue OyIeT UMeTh BUJ
2t - (2a + 1)t + a = 0. Pemum ero.
D=4a’+4a+1-8a=4a’>-4a+1=(2a-1)".
2a+1+2a-1 2a+1-2a+1

i 1
Ty 4 2 4 2

Torga sin 3x = a niu sin 3x =

Mll—‘

2
Ecnux e [_:_315, 7'5] ,T0 3x € [2m; 3n]. Ha npomeskyTke [2m; 3] ypas-

z 1 13n
HeHue sin 3x = 5 MMeeT POBHO /BA PeIIeHUs: 3x = E +2n= 6 U
1Tn !
3x = ? + 2n = 6 - Torga ypaBHeHue sin 3x = @ Ha 9TOM IIpOMe-

JKYTKeE JOJKHO HMeTh TOJIbKO OHO pemeHne. A aTo Oyzer B cirydae,
Korpaa = 1.

CrenoBaTesIbHO, YPAaBHEHHE HMEET TPU KOpH#A, eciu ¢ = 1. Haii-
JIEM 3TH KOPHHU.

13n 13n 17n

17
Ecan 3x = »TOX = Jg .Ec.xm3x—T,'rox 18 . Ecom

. 5t _5m
sin3x=1,T03x= 5 yAX= "

OrBeT.a=1,x€

{131: 17r, 5n}
187" 188
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3. Pemmure HepaBeHCTBO Yx+2a +Yx—a <¥3a .

Peurenue. BocnonbsyeMcs CBOMCTBOM MOHOTOHHOM (DYHKITMM:
ecan (pyHKOUA f(X) MOHOTOHHO BO3pacTaeT Ha BCEeH YHUCIOBOM mps-
MO¥ ¥ B TOYKE X, BEIIIOJIHAETCA ycaoBue f(x,) = m (m — mocroan-
Had), TO pemenueM HepasBeHceTsa f(x,) < m (f(x,) > m) sBnserca na-
TepBal (— °2; o) ((xg; «))-

Oyaxnua f(x) = Yx+2a+¥Yx-a aBnserca Bospacraiomei,
KaK cyMMa ABYX Boapacraiomux (pyexuuit. Ecau x = a, 1o f(a) =

=3%a+2a +3a-a=3%3a . Arak, periennem faHHOTO HEPABEHCTBA AB-

JasieTcsa UHTEepBaJ (— oo; a).
OrBeT.x€ (—;a),ectnac R.

—

1435. Pemure ypasuenue: a) |x-2|=a; 6) |[x-a|=2; B) |x—a|=-2.

'1436. Pemure HepaBeHCTBO: a) 2X < a; 6)ax<1; B) §< 2.

1437.IIpu KakuX 3HAYEHUAX apaMeTpa b ypaBHeHHe He UMeeT pe-
mennii: a) |[x-3|=b+2; 6)xT_1=2b; B)x2—x+b=0?

1438. IIpu KaKKUX 3HAYEHUAX NapamMeTpa a 4ucjio 2 ABJISAeTCS KOp-
HEM YDaBHEHUS:
a)x2—2x+a=0; 6)x2—2a+4=0; B)ax2+2x+4=0?
1439. IIpu Kakux 3HAUYEHUAX ITapaMeTpa m UMeeT eAWHCTBEHHOE
peleHue ypaBHEeHUE mx’+x+m=07?

{Yposenn A s T s o) 4
s S

1440. Pemure ypaBHeHME:

a)(a®-9)x=a’-a-6; 6) (a® — 3a + 2)x =8 — 2a — a>.
1441. Pemure HepaBeHCTBO:

a)(a2—9)x3a2+2a—3; 6) (a® - 2a)x < 8 — 2a —a>.
11442, Pemnure ypasuenue:

a) x2 —ax - 2a® =0; 6)ax’—(a+2)x+2=0.

1443. Pemunre HepaBeHCTRBO:
a)x’-(2a+1)x+a’+a 20; 6)x*-(2a-2)x+a*-2a<0.
11444, Pemure cucreMy HepaBeHCTB:

{2x—3<3(x+4), {x2—7x+1020,
a

x<a; xza.
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1445. Pemure HEpaBeHCTBO:
a)(x—4)(x—a)<0; 6) (x - 1)(x —a) > 0;
B) (.1c2 -4)(x—a)<0; r) (x—2)2(x—a) > 0.

, ﬁ446. IIpk kKakoM 3HA4YEeHHWH IIapaMeTpa ¢ ypaBHEHUe

A x2 —(c+Dx+c

Ay " —— =( uMeeT TOJBLKO OAUH KOPEHL?

i x% -4x

f’ 1447. IIpu KakoM 3HAYEHUHU ITapaMeTpa m UMeeT eJWHCTBEeHHbII

i MOJIOYKUTENbHBIX KOPeHDb ypaBHeHue m(3x —m) =3x — 1?

1448, TIpu kakom 3HaueHUN b ypaBHEHVE % - (26—-1)x + b% —b=2ume-

. €T: a) IBa IOJIOYKUTEIbHBIX KOPHSA; 0) KOpHM PasHOro 3HaKa?

i f_i449 IIpu KaxKoM 3HAYEHHMH IDapaMeTpa a IMIPUHALJIeKaT OTPe3Ky
[-1, 6] KopEM ypaBHEHUA x2 - (Ba+1)x+ 2a(a+1)=0?

1450. IIpu KaKoM 3HAYEHUM IapaMeTpa @ MHOKECTBOM pelleHui
HepaBeHCTBa |x - 2a| <a+1 asusercsa oTpesok [—3; 2]?

1451. lIpu kakKoM 3HAYEHU U TAPAMETDPA & HePABEHCTBO BHINOJIHALT-
Csi IJIs1 BCEX AeHCTBUTENbHBIX 3HAYECHUH X7
a)x—(a-2)x+4>0; 6) x> - 2ax+a’-2a+3>0?

1452. TIpu kakux 3HaueHUAX b QYyHKIUA Y = x2+20b-1)x+4-b-b?
NIPUHUMAET MOJIOKUTEIbHBIE 3HAYEHUS JUIA BCeX JeHCTBU-

. TEeJBHBIX 3HAYEHUN X7

: '7‘_‘ : ﬁ453. s KasK[0T0 3HAYEHU S TApaMeTpa a OIPeAeIUTe KOJTHIECTBO

) KOpHeil ypaBHeHHA:

a) |[x* - 2x - 8| =a; 6) |5 + 4x —x% = a;
B) [|x - 2| - 8|=a; r) |3 - |x]|=a.

1454. Halinure Bce 3HAYEHUS MapamMeTpa d, IpU KOTOPBIX CHCTEMAa

yPaBHEHUI MMeeT eJUHCTBEHHOe pelIeHue:

y=x2+a; (x-4)% +1° =1.

x2+(y—-a)2=9, x2+y2=4, x2+y2=a2,
) B
y=-6;

1455. Pemure ypasHenne ya—-x° =x+ 1.

1456. IIpu kakux 3HAUEHUAX apaMeTpa a ypasaesue sin x = 0,5(a + 3)
UMEeT pelieHne: a) x = % 2 0)x = % ?

3" Ti457 IIpu xaKux 3HAYEHUAX ITapaMeTpa p UMeeT pemexipm ypaBHe-

aue 4sin’® x — 8cos’x =5~ 3p? HaliguTe a1 pemieHu.

i ol
1458, IIpu Bcex JelicTBUTENIbHBIX 3HAYEHHAX IIapaMeTpa a peIure
f nepaBeHcTBO 25 — 5 —a —a% < 0.




g
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1459. ITpu KaKoM 3HAYEHUH ITapaMeTpa p MUMeeT TOJIBKO ABa KOPHA
ypaBHeHme x” — (2p - 1).7c2 +p2 -p=0?

1
|

|
|
il

1460. Haitznre o61acTs onpesestenus GyHKIuH J = /x> —(a+3)x +3a .

11461. IIpu KaKoM 3HAYEHAH M cyMMa KBaJpaToB KOpHeH ypaBHe-
ausA x° + (m — 2)x—m+1=0 siBnAeTcA HAUMEHbIIeH?

i 1462. IIpu xaxoM 3HAYEHNHU @ QYHKIUA Y = 2ax*— (@®+Ta—4)x+5
‘| JocTuraet HauboabIIero 3HAYEHUA B TOUKe X = 172
| 1463. IIpn xakxoM 3HaYEHHUHM IapaMeTpa ¢ HauMeHbIIee 3HAUYeHHe
' ] bysRIEN Y = x2—-2(a+2)x+a’+4a paBHO 5 — a*? |

11464, Haiizure Bce 3HAYEHUS IapaMeTpa p, IpH KOTOPBIX JABOWHOE He-
| 2

+(p+1)x-

: paBeHCTBO —7 < x__gp_ﬂ
| x"=x+1
’i 1465.1Ipu KaKuX 3BHAYEHUAX @ HEPABEHCTBO HE MMEET PellleHui: l

< 3 BBITIOJTHAETCS IJI Beex X € R.

| a) (a-1)x* + (a—2)x+a+1 < 0; 6) (a+1)x*-2(a—1)x + 3(a—1) > 0?
l‘ 1466. CKoIBKO 00IIMX TOYEK MMEIOT rpaduKy (DYHKIUYM B 3aBUCH-
MOCTHU OT 3HAYEHUI mapaMeTpa a:

“ a)y=|x’-8x|-Tuy=a; 6G)y=|x+1|+|x-4ny=aq;
6
1467. Haiinure Bce 3HAUEHUA TapaMeTpa m, IPH KOTOPBIX:
a) HauMeHbIllee 3HaYeHne QYHKIHUU Y = - 2x+m paBHO A

‘ 0) HauboJbiIee 3HaYeHUE (DYHKIIUH Y = -x2-2m+1 PaBHO
Ha¥MeHbINEeMy 3HAYCHUIO QYHKIMA Y =|x —2|+|x —4]+m.

1468. HaliiuTe Bce 3HAYEHUA apaMeTpa @, IpU KOTOPLIX CUCTEMAa

YPaBHEHUI MUMeeT eIJMHCTBEHHOE pellleHue: ﬁ‘

U llxl+lyl=2, {le+lyl =2,
| a

) (x-a)® +y% =16; 6) 2 +(y-a)?=9. i
|

HanGOIbIIEMy 3HAYEHUIO DYHKINH Y =—|x|+2-2m ; i
I
|

’ 1469, Haliiure Bce 3HAYEHUA apaMeTpa @, IPHA KOTOPBIX CUCTeMAa
YPaBHEHUH MMeeT:

|

|

\

|

x| +ly]=2,
5 pemmeHui.

{lxl+lyl=2,
a)

2+y’=a

» 4 pemenus; 0) {

y=x’+a
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'11470 Haiigure Hauﬁonbmee 1eJioe 3HaAYeHUe mapaMerpa p, Ipu Ko-

" |y-x=p, )

TOPOM cHUCTeMa uMeeT ABa pelleHunus.

*+y?=1

1471. Pemnure ypasrenne —log, (2 — |x — al) = log, 5(5 — x).

11472. Haiigure Bce 3HAYCHUSA napame'rpa a, 1P KOTOPBIX KOPHH
ypaBHeHHA (a- 1)log3(x 2)-2(a+1)logz(x-2)+a-3=0
MEeHbIIIe TPEX.

1473. IIpu xaxkux HAUEHNAX [apaMeTpa a KOPHH YPaBHeHMs 4% +

+(5—2a)- 42 +a+ 1 =0 npurajIexar npoMekyTKy (—1; 2)?

11474.11pu KaKuX 3HAYEHUAX TapaMeTPa @ UMeeT pellleHue ypaBHe-
Hue sin 2x — 2(a + 1)(sin x + cos x) +6a — 2 =0?

1475.1Ipu kakux 3HaYeHUAX napamerpa b Ha orpeske [—0,5m; 1,57]

2 X bx
VpaBHEHUE COS i —sin% 2% 2 =1 uMeeT TOJBKO OJUH KOPEHb?

Haiigure 5TOT KOPEHB.
1476. Ilpu Kakmx 3Haqemmx napamMeTpa ¢ Ha IPOMEXYyTKe

3n, 71t

8’12
eT: a) TOJBbKO OAUH KOPeHb; 0) TOJBKO JBAa KOPHA; B) TOJBKO
TP KOPHA?

11477, Haiizure Bce 3HAUEHMsA NapaMeTpa m, P Kax/0M M3 KOTO-
PBIX YpPaBHEHHE m? + 2m — sin® x — 2m cos x = 2 He UMeer
pelIeHu .

. 1478. Haiipure nanﬁonbmee 3HAQYEHWe mapaMeTpa p, IpA KOTOPOM
HEPaBEHCTBO DL TaREES P BBIIIOJIHAETCS AJIS BCEX JAeHCTBH-
TeJbHBIX 3HAYCHHUH X.

11479. I1pn kaKuX 3HAYEHHUAX IIapaMeTpa a A BceX X € R BBINOIHSA-
eTcs HepaBeHCTBO 4 cos’x — 4asin x < 10 — a?

YpaBHEHUe 3cos® 4x — (3a + 2)cos 4x + 2a = 0 ume-

' Yposenn B =ER -

1456, Haliiure Bce 3HAYEHUSA IMapaMeTpa d, IPH KakKJ0M U3 KOTO-

4 ‘
PBIX YypaBHEeHUE |x—a|+|x+aI=Earcsm(x+1) uMeeT eJuH-

CTBEHHOE peIlleHHe.
1481, s Bcex 3HaUueHH# napamerpa a (a = 0) HaifguTe oTpUIaTe b
Hble KOpHU ypaBHeHus (a* — 2a)(a” — Ta) = 6a’.
11482, Haiiure Bce 3BHaYEeHUA mapamMeTpa b, Ipu Ka)Ja0M U3 KOTO-
PBIX ypaBHeHHMe log, 9° + 9b3) = X AMeeT JBa Pa3JMYHBIX
KOpHA.




Pazpen 5

. JIns KaskIoro 3HaYeHUA apaMeTpa @ pelinTe ypaBHeHue
lgzcostr 21gcosx—(a2+a—3)=0.

1484. HaiijuTe Bce 3HAYEHHUS IIapaMeTpa p, IpU KaKJ0M U3 KOTO-

PLIX YPaBHEHHE ps'm2 x+2(p+ 1)sin x =1 — p Ha IPOMEIKYTKE

[0; 0,5m] umeeT efUHCTBEHHOE PEIIeHHE.

T_i485. Pemmure ypasaerne va’ —sinx =a(sinx—1) .
1486. IIpu kaknx 3HAYEHUAX apaMerpa a Ha npomexyTke [0; 0,57]
ypasHenne cos” 2x + (7a — 4)sin 2x — 10a* + 11a — 4= 0 umeer:
a) TOJNILKO iBa KOPHA; 0) yeTwhipe KopHA?
1487. Tlpu Bcex 3HAUEHUAX ITIAPAMETPAa @ PEIIUTEe HepaBeHCTBO
a2_2,4x+1_a_2x+1>0‘
']1‘1_488. PemmuTe HepaBeHCTBO |3° — 74|+ 12-83*>7* 1 —q - 7%,
1489. TIpu kakUX 3HAYEHUAX IapaMeTpa P IPOU3BOJILHOE PelIeHre

nepasencrsa logh x —2log, x~3<0 sABaAercs Takske peme-

HUEM HepaBeHCTBA logg x—(38p-5)log, x—(p+2)<0?
1490. Ilpu xaxuX 3HAYEHUAX IIapaMeTpa @ He UMeeT PellleHHuH He-
PaBEeHCTBO (sin4 x +cos? x)2 + a(sin6 x + cos® x)+a+2<50?
1491. Ilpu kakux 3HaYeHUAX napamerpa a (a > 0) cucrema ypaBHe-
HUU UMeeT POBHO YeThIPEe PeIIeHU:

|| +|y|=a, ‘{(le—a)2+(ly|—a)2=1,
1492, IIpu KaKuX 3HAYEHUAX [IapaMeTpa @ CUCTeMa ypaBHeHUi uMe-
er pemenusa? Haigure atu pemieHus.

) y—x=§, 6) sin(x+2y)=a®+a+1,
(a-Dtgx+atgy=-1; sin(x—2y)=a® -a+1.
JYNpaXHeHus Jjis noBTopeHmMs . S S I
1493. Peminre ypaBHEHHE:
a)x® +2x2 +3x +6=0; 6) x% +2lx—1]-6=0.
1494, Peniure COBOKYIIHOCTH HEPABEHCTB
x?-2x<3,
(x-1)* -2(x+2)>15-x.

1495. Hasinure AN B, AU B, A\B, ecitu A = [-2; 6], B = (—4; 5).
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" rOTOBMMCA K TEMATMYECKOMY KOHTPOJIIO
7 TECTOBBIE 3AJAHMA

1. Kaxoe HaubosbIee KOTUUYECTBO KOPHEH MOKeT HMeTh OUKBaJ1-
paTHOe ypaBHEHUE:

a)omuH; 0)aBa; B) yeTbipe; I)0ECKOHEUHOE MHOKECTBO?
2. Kakoe u3 ypaBHeHUI ABJIAETCA OJHOPOAHBIM:
a)sin® x + sin 2x + cos? x = 2; 6) 22* 4+ 8% + 3% = 0;

y B) Yx-1)2 +¥x?-1-Y(x+1)2 =05 n)lg'x+1g?x-5=0?
' 3. CKOJIBbKO KOpHeil mMeeT ypaBHeHue 2° 2 - log 5 x:
9 a)onun; 0)7aBa; B)OECKOHEUHOE MHOKECTBO;  I') HM OZHOTO?
‘ 4. HaiiguTe KOpHU YpaBHEHUA LG9 )
{ a) {1}; 6){0,1}; B) (2); r){0,2}.
Ik 5. IIpn Kakux 3HAUEHUAX DapaMeTpa @ UMeeT PelleHus ypaBHe-
| Hue 3cos x —4sinx =a — 3:
a)ac (2;6); 6)ac[-2;8]; B)a€e (—=;—2]U [8;); Tr)ac '[—3; 3]?

b 0% A . |lgx+1lgy=3,
\ 6. Haiiure pemmeHus CUCTEeMbl YPABHEHUH -
1 lgx-lgy=1.
a)(2;1); 0)(10;100); B)(—10;100); r)(100;10).
1 7. Haiinure KopHU ypaBHeHus 3 =4 — x.
a){1}; 6){-1}; =B){0,1}; I') ypaBHEHHE KOPHEU He HMeeT.
LA 8. Hauaure cyMMy NDeJblX peIIeHUH HepaBeHCTBA
(x-5)%(x® +2x+1)
x(x+3)

<0.

a) 2; 6)—3; B) —2; I') YCTAaHOBUTH HEJIb3A.

9. Han6oapImM [eJIbIM pelleHHeM HepaBeHCTBa \/5.; +V2x+5<5
ABJISAETCH YHUCJIO:

a) 2; 0) —2; B) 0; r) 7. i

10. IIpu xakoM HaWMEHBIIEM 3HAYeHHUH Iapamerpa b cucrema

[l +[y] =4,

ypPaBHEHUM { HMeeT 4 pelieHud:

x2+y2=b2

a)4; 6)2+/2; B) V2 ; r) —4?

—
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9 =
A+B=2TWHOBHE 3ALA4YMU Vi KOHTPOJIBHOMU PABOTDBI

1. Pemure ypasrenue x* + x° —9x% — 11x+ 6 =0.

T
2. IIpu KaKuxX 3HAYEHUAX IMApaMeTpa d Yucjo X = 3 ABIAETCA

KODPHEM ypaBHEHHSA 2COSX +sin( x+ % )= a®-1?

3. Pemure nepaseHcTso log, (x + 1) —log, 5 (3x — 1) 2 5.
4. Pemnre cucreMy ypaBHEHHUI

{2x2 -3xy+5y=>5,

(x-2)(y-1)=0.
2-— .
5. CKONBKO KopHeil umeer ypapaenme 2° > =1+sin® jnf ?
Haiigure a7 KopHH.
6. Pemure ypaBHeHue:
a) (Jc2 ekt 1)4 70 4x2(x2 =it 1)2 —bxt= 0;
2
6) logg 5(4x)+log, [—S—Jw =0
7. Haiigure cyMMy LeIbIX pelIeHui HepaBeHCTBAa:
0) (x-42)*Vx* —24x+143 L
) 289 x* [
6) J(x-1)(4—x)log,;, . (x+3|+V5)<0.
8. PemuTe cucTreMy ypaBHEHMIA:
o _geona? gy g gl 2o pight
a) ’ 6) Ayt
x4 ol _E, e
3% +2Y =5; log“(logl'3 searag )>0.

9. HajizuTe Bce 3HaYEHHA IapaMeTpa @, IPU KOTOPLIX UMeeT pe-

IeHUsA YpaBHEeHUe vx+a ++x—1=3.

10. Haitzure Bce 3HAYEHUA NapaMeTpa @, IpH KaXK0M U3 KOTOPhIX
JUIs BeeX X € R BBITIOJIHAETCA HepaBeHeTBo (a—1) sin®x +asinx+2>0.
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A TATCTOPUMECKME CBENEHMS

JlpeBHEUIIINE HCTOUHUKY (€rAIIeTCKIe HAIMPYCHI M BABUJIOHCKHE
TIIMHAHBIE JIOIEeYKH, IPeUeCKe U KUTANCKHe DYKOIIICH) CBU/IETeb-
CTBYIOT O TOM, 4TO elIé B JaBHUe BpeMeHa MHOT'He 3aKa4uy PenIajiu ¢
TOMONIBIO YPaBHEHNH U ux cucTeM. MCTOYHUKOM ypaBHeHUN ObLIa
NPaKTHKAa, & TaKyKe reoMeTpuIecKue U abCTPaKTHBIE 3aa4u.
B B pabore Myxammezna 6ea-Mycor an-Xopesmu (IX B.) «Kurab
‘ an-joxebp u an-mykabana» (« KHEUra o BOCIIOJHEHUH U IIPOTUBO-
MOCTABJIEHUU» ) NONAETCA TEOPHUA JUHEMHBIX U KBaJPATHBIX
. YpaBHEHWH, KOTOPBIE HCCIEOBAINCH KAK OTJeJIbHbIe MATEMATH-
yeckue 00beKThl. BopocaMu pelieHUsA YPABHEHUN 3aHUMAJICH
rakyke Omap Xaitam. OH cuuTad, 4To ajaredbpa — sT0 TEOPUSA YPaB-
HEHUU ¥ YETKO OTAeNAJ aarebpy or apudMeTuKu,
‘ Crioco6bl pelieHusl ypaBHEHUH TPeThei U YeTBEPTOM CTelleHH!
. Buepsble Obin onybaukoBansl B 1545 r. B kuure [[ix. Kapnano

- «Benukoe uCKycCcTBO, MM O IIPaBMJIaX aiaredpsl». XOTs OTKPBLITHE
3THX c10co00B He npuHaIexuT KapaaHo, ero pabora craJjia onpeje-

. JA0MEeH BeX0i B pasBuTuH anredpsl. OH CHCTeMATH3UPOBAJ METO-

. [Ibl pellleHMsl YyPaBHEHHU, TOAPOOHO PACCMOTPEJI Pa3JMyYHbIe YacT-

. HBbIe CIyYad; NOKas3aJ BO3MOKHOCTE IIPUBEIEHUA YPaBHeHUH 3-T0 U
4-ro cTemeHel K BHAY, HE COAEPKallleMy YJIEHOB COOTBETCTBEHHO
BTOPOH ¥ TpeTheil CTeNeH!; YKasal Ha 3aBUCHMOCTh MEXK/y KOPHS-
MU 1 K03 PUImeHTaMH YpaBHEHHS, a TAKKe Ha AeJIUMOCTb MHOI'0-
yJIeHa Ha BEIPpAjKeHUe X — a, rie a — KopeHb. OH Brepsrie B EBpone
JOIIyCKAaJI OTPUIlaTeJIbHEIe U MHMMEIe KOPHU, HA3bIBasi X COOTBET-
CTBEHHO «(DUKTUBHBIMH» U «COPUCTHUCCKUMHU .

OcHoBaTesieM CUMBOJIHYECKOH anrebpsl cunraoT P. Buera, ero
Jlajke HA3BIBAIOT OTIOM OYKBEeHHOU anrebpsl. Pemasa ypaBHeHus,
BueT mupoKo uCHoab30BaJ METOJ MOACTAHOBKH, Jejall 3aMEeHEI,
YT00BI UCKJIIOYHUTE X2, Jx , MM YTOOBI U30ABHUTHCA OT APOOHBIX
K03(hHULINEeHTOB. 3

. ®. Buer oTKPBLI OHY U3 BaXKHEHIIHUX TEOPEM aJIredpbl — O COOTHO-

 IIeHUH MeXKy KOPHAMHU U Koa(hhuIyeHTaMy MHOTO4JIeHA, paspaboral

~ MeTox IpUOIMKEHHOI'O PellIeHns alredpandecKnx YpaBHEeHUI ¢ YHCIIO-

. BBIMH KO2(D(UIMEHTaMU, KOTOPBIHA MpUMeHsIcsA 0 Korna X VII B.

: ¥ P. Jlekapra o0muii MeTO pelleHusI YpPaBHEHUH 3aKJII0YAJICA B
IIOCTPOEHUH UX KOPHE! KaK KOOPAMHAT CHelUaabHO I0A00paHHBIX
anrebpanyecKux KpHUBBIX. [lekapr rpaduuecky pemias ypaBHEHUS
TPETHET0, YeTBEPTOTO, IIATOr0 U IIECTOT0 CTeIIeHeH U YKa3bIBAJI, 4TO
KOJMYECTBO AEMCTBUTENbHBIX KOPHEH coBIajzaeT ¢ KOJHUYECTBOM
001U X TOYEK KPUBBIX.
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3anuch ypaBHEHHsI, KOTOPYIO Telephb
NPUHATO HA3bIBATh KAHOHMYECKOH (cJie-
BA 3allMCaHBI BCe YJIEHBI YDABHEHHUHA, a
* cmpaBa — HOJB), npeanoxua Y. HeoroH.
MeTtox npuOIMKEHHOTO PEIIeHUA ypaBHe-
HUU OH omucasa B «AHaluse ¢ IMOMOIbIO
YPaBHEHHUH ¢ 6ECKOHEYHBIM YHCJIOM
ujgeHoB» (HanucaHo npuMepHo B 1665 r.,
' onybnukosano B 1711 r.). U. HeoTon
2 @\ chopMynupOBAT OCHOBHYIO TeOpeMy
I’AVC Kapn anre6psI 0 KOJIMYECTBE Ropvnef«‘x YPaBHEHU S

(1774—1855) (uMes1 B BUAY TOJBKO AEeHCTBHUTEJNbHBIE

KOPHH): «YpaBHEHHE MOXKET UMETh

CTOJBKO KOpHE#, KaKoBa ero pasMepHOCTh, HO He OoJibmIie».
IloKkasaTh 9Ty TEOPeMY IIBITAJNCh MHOTHE MaTeMaTUKH.

B 1799 r. K. I'aycc BeIpasuJ MHeHHUE, YTO CYIeCTBOBaHHE
pellleHu# MPOU3BOJLHOTO YPABHEHHUSA B PaJUKalaX He ABJIAETCH
oueBuaHON mcTunHOU. I1. Pydhduau B counnernn «0O06maa reopusa
ypaBHeHH# ...» (1799 r.) cmenan nepByio NOOBITKY A0Ka3aTh
HepaspemnMOCTh B PafuKaIax 00Iero aaredpandecKoro ypaBHe-
HusA H-0# crenenu. CTporoe 0Ka3aTelbCTBO HEPa3peIMIMMOCTH B
paguKalax ypaBHEHHUH BbIIE YETBEPTOW CTEIIeHU BIIEPBHIE JaJl B
1826 r. HopBexkckuit marematuxk H. Abens.

Hcete1ysi BOIPOC O Pa3pelInMOCTH B pafAuKaIax o01iero ypaBse-
HUe OATo¥M cremeHu, H. AGenb BBIABUHYJ NPUHIUI, KOTOPBIA
BIIOCJIEACTBUM CTAJI IPUMEHATHCA BO BCeX 00JIACTAX MaTeMaTUKHU:
«BMmecTo TOro 4To66I MCKATH HEKOTOPOE COOTHOIIIEHNE, He 3HadA 3apa-
Hee, CYIIeCTBYET JIU OHO, CJAEAYEeT BHIACHUTH, AEMCTBUTENbHO JIN
CYIIEeCTBYET TAKOe COOTHOIIeHue». AGesb B pelieHun npodeMbl
cuena bosnbie, yem I1. Pyddunu, HoI1. Pyd-
¢uam 6611 mepBEIM. ITosTOMY TEeopemy o
HEpaspeIrIuMOCTH B paiuKaax anrebpanyec-
KOI'0 YPaBHEHUS IIATOM CTEIIEHU CIIPaBe/JIu-
BO HazBasm TeopeMoit Pybduau—Abensa.

H. AGeJb He ycnies MOJTHOCTHIO 3aBEPIIUTD
CBOM MCCJIEIOBAHUSA, & IIOTOMY HE CMOT AaTh
o0muii KpUTEpUil paspermuMOCTH ypaBHe-
HUM ¢ YUCJIOBBIMHU Kodh(puuueHraMu B
pagukanax. 9To OCYIIeCTBUI (hpaHIy3-

% ckuit maremaTuk J. ['anya.

ABEJIb Hunsc OH He TOJBKO IMOCTABUJ TOYKY B pele-
(1802—1829) HUY YPABHEHUY n-# CTENeHHU B paJUKaIax,
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HO ¥ OCHOBAJI HOBBIE HATIPABJIEHUS PAa3BU-
Tua anreopsl. ITo aromy moBoxy maparenu
lanya nucanu: «Ero meicis 6s1i1a He B3 TeX,
OT KOTOPHIX OTTAJIKHBAIOTCS, HO U3 TeX, K
KOTOPBIM eI HY3KHO JOPaCTh» .

B XVIIT—XIX BB. akTUBHO paspabarsi-
BaJlach TEOPHUA CHCTeM ajlredpamdyecKux
YPaBHEHUH CO MHOTMMY HEHM3BECTHHIMH.
Hap seit padoranu I'. Jleit6ann, K. Makio-
pen, I'. Kpawmep, II1. Baugepmonn, I1. Jlam-
nace, K. T'ayce u apyrue. B L

W3 yKpanHCKHX MaTeMaTHKOB IIpobJie- FANYA Jsapucr
MaMH COBPEMEHHOU aaredphl 3aHEMAaach (1811—1832)
KueBckas anrebpamueckas IIKOJa, BO3-
riasiasgeMas akagemuxomM I1. A. I'pase (1863—1939). Baskusie pe-
gyabrars! nosyanau O. F0. vmuar (1891—1956), H. I'. YeboTapés
(1894—1947), B. H. Ienone (1890—1980), M. ®. KpaBuyk (1892—
1942), C. H. Yeprukos (1912—1987).

Ly [JIABHOE B PA3JENE 5

PaBeHCTBO ¢ NepeMeHHBIMH HAa3bIBACTCH Y PASHEHUEM, ECIIH TPe-
OyeTcs BBIICHUTD, IPH KAKUX 3HAUYEHHAX NePeMeHHbIX JaHHOe pa-
BEHCTBO BepHOe. i

Ilo xapakTepy omepamnuii, BEIIOJHAEMBIX HaJ IePeMEeHHBIMH,
pasanyaloT panuoHaJbHBIE (Leskle, IPoOHEIE), HPPALMOHAIBHEIE,
TPUIOHOMETPHYECKHe, TToKasaTeJlbHble, JorapupMudecKue U Apy-
rue ypaBHEHHUA.

B obmem Buge ypasrerue ¢ 00HOIL nepemeHHOoll 3aTTUCHIBAIOT TaK:

f(x) = g(x) nnu @(x)= 0, rge f(x), g(x) u ¢(x) — HEKOTODPEIE
(DYHKIUH OT X.

YpaBHeHHe MOeT BOBCe He UMeTh PeIleHHil, UMeTh e IUHCTBEeH-
HOe pelIeHne, HeCKOJBKO PelnIeHni uiu 6eCKOHeYIHOe MHOKEeCTBO
pemiesnii. JIBa ypaBHeHUA HA3BIBAIOT PAGHOCUNLHBLMU, €CT MHOMKe"
CTBA UX PELIeHW PaBHEIL.

VYpaBHeHUe A Ha3BIBAIOT Cledcmeuem ypasHeHusa B, ecii Kaxnoe
pelneHue ypaBHeHUA B yI0BIETBOPSAET U YPABHEHHUIO A. 3anuchiBa-
oT: B = A.

Y100BI peIIUTH YPaBHEHHUE, TOCTATOYHO PEIIUTH €0 CJIe/ICTBUE U
U3 ITOJYYEeHHOI'0O MHOYKECTBA PeIIeHuit OTOPOCUTE Te N3 HUX, KOTO-
phle JAHHOMY YPABHEHUIO He YAOBIETBOPAIOT (ROCMOPOHHUE KOPHU).
9T0 MOYKHO AeJIaTh IPOBEPKOM.
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OCHOBHBIE MEeTO/AbI PelIeHNs YPaBHEHMI: DA3IOYKeHAe Ha MHO-
JKUTEJH, 3aMeHa MepeMeHHOH, GyHKIMOoHAaNbHO-TpaduuecKuit
(mpuMeHeHue CBOMCTB (QYHKIIHIA).

Hepaserncmeo ¢ 00HOU nepemerHoil B 00IeM BUJie 3alIHUCHIBAIOT
TaK: ,

[X)<g@), [®)>gx), [®<gx,  f(x)2gx),
wm @(x) <0, o(x)> 0, o(x)< 0, o(x) 2 0.

3necs f(x), g(x)u ¢(x) — HeKoTOpHbIe PYHKIIUH OT X.

IIBa HEPABEHCTBA HABBIBAIOT PABHOCUJIbHbLMU, €CITA MHOMKECTBA MX
perneHui coBnagaoT. HepaBeHCTBa, KOTOPBIE HE UMEIOT PEILIeHUI,
TaKKe CIUTAIOT PABHOCHJILHBIMU.

O0OOMEHHBIN METOJ MHTEepPBAaJoB. YTOOB pelIUTH
ATUM MEeTOA0M HepaBeHCTBO Buza f(x) > 0 (f(x) <0), rae f(x) — mpo-
HM3BOJIbHAA QYHKIAA, HYIKHO:

1) maiiT; o6aacTs onpeaeneHus GyHROuH f(x);

2) onpesie/IuThL BCe €€ HYJIH, TO €CTh PelInTh ypaBHeHHe f(x) = 0;

3) pasbuTh ¢ MOMONIBIO HAMJEHHBIX YHCeJ 00JIaCTh OIIpe/ieIeHU A
(DYHKIINH HA TPOMEIKYTKH 3HAKOIIOCTOSHCTBA;

4) onpenenuTh 3HAK (PYHKIIUU HA KaKJOM U3 00pa3oBaBIIUXCA
IIPOMEIKYTKOB;

5) sammucaTs OTBET.

Ecau 3aaH0 MHOK€ECTBO ABYX M 00Jiee ypaBHEHU U C OJHAM UJIH
HECKOJBKUMH II€PEeMEeHHBIMH, JJId KOTOPBIX HY)XHO HAWTH 3Ha-
YeHUS MepeMeHHOU (IepeMeHHBIX), YAOBJIEeTBOPAIOIINE BCEM
3alaHHBIM YPABHEHUSAM, UJIH BEISICHUTH, CYI[ECTBYIOT JH TaKHe
3HAYEHHU A, TO TOBOPAT, YTO TAKOe MHOXKECTBO ypaBHEHHH oOpa-
3yeT cucmemy ypasHeHuil; 0603HA4YAIOT €€ (DUTIyPHOM CKOOKOIM.

CucremMa ypaBHEHUHM, UMeIOIIas 10 KpaiHel Mepe OJHO pelle-
HHE, Ha3bIBaeTcA cogmecmumoii. Cucmema, MEHOKECTBO PeIIeHHH KO-
TOPOM IIyCTOE, HA3BIBAETCH HECO8MeCmMUMOLL.

IIBe cucTeMbl YPaAaBHEHHUH C N HepPeMeHHBIMU Ha3bIBAIOTCH
PABHOCUNbHBLMU HA HEKOTOPOM YHCJIOBOM MHOYKECTBE, €CJIN UX pe-
IIeHWs HA 9TOM MHOYKECTBE PaBHBI.

Cucremy A HaspIBAaIOT cedcmauem cucmemvl B, eciiv Kaxxaoe pelie-
HUe CUCTeMEBI B ynoBjieTBopsaeT 1 cucreMe A. 3anmuceiBaoT: B = A.

Yr0o06BI pEIIUTE CHCTEMY, HOCTATOYHO PEIINTH €€ CJIe/ICTBUE U M3
IIOJIy9eHHOT'O MHOK€ECTBA PEIlIeHN OTOPOCUTE Te U3 HUX, KOTOPLIe JaH-
HOM cHCTeMe He YAOBJIETBOPSAIOT. ITO MOYKHO J1eJIaTh IIPOBEPKOM.

OCHOBHEIE METOABI PEIIeHHsI CHCTEM YPABHEHMMH: METOJ IIOJ-
CTAHOBKH, METOJ JIMHEeHHEIX NpeobpasoBanuii (anrebpanyeckoro
CJIOKeHUuA), rpadhuyecKuii, pasjioKeHue Ha MHOXKUTEIN, 3aMeHa
IIepeMeHHOM, IPUMEeHeHue CBOMCTB (hyHKIIMM.

-
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11. 6)5215rpn 15 a)x > 0;r)R. 18. B)R r)[2; ). 19. 6)[0; );
B) R. 25. a) 10 muxn; 6) 40 kM. 32. a) 3; 6) 1. 33. a) [2nn; T + 2nn],
neZ.34.6)[-8; -2)U(-2; 2) U (2; 4]. 38.a)x + 3; 6) 4 + h.
41. 6) Hau6oasmee 107, naumenbinee —21. 42, a) 1) Haubonpiree
yY(1) =5 + a; vaumenburee y(—2) =a—4. 45.6) 5;r)—2u 3. 53. a) 23;

r) 272, 55. a) 4. 59. a) x — 1. 70. 6) ;T) -2— .71.6)0,0625; B) 0,2.

625’

1
73.6) 15. 78. 1) ab . 79. a) c + 1. 80. a) 5; 6) 2,9. 81. a) 4,7.
105.r) — Bospacraiomasn. 110. a) 3;6) 0,04. 111. 6) Hau6oasiee 3,

HauMeHbIIIee _81_1 .120. a) (—2;°);0) (1;0). 124. Her. 125.a)x=4; x> 4;

x<4.126.6) x =4; x>24; x <4.128.6) x = —1. 129. a) x > 0.
130. a) x 2 2; B) pemennii Her. 131. a) 1000 M2, 132. a) 24 A.
133. a) = 2,6 . 146. a) 2,5.147.a)0,75. 148.a) 3. 149.6) 1. 150. a) 3;
[3; e); 6) —1; (—1; =0). 152. a) 3. 153. a) 0. 154. a) 1. 155. a) 0 u 1.
156.6) 0 1 3. 157. a) (— =; 5). 158. a) R; B) (—1; ). 159. a) (- <=; 0).
160.6) (—0; 1). 161.1)a)0i1; 2) a) (—oo; 0]U[1;<0). 163. a) -2 u 4.
164. a) —1; B) 2. 165. a) 2. 166.a) 1; 1) 1. 167.a) 3 u 11. 168. 6) 3.
169. a) 0 1 0,5. 170. a) [1,25; <0). 171. a) (—e=; 0). 172. a) (—=o; 2].
173. a)8u—8.174.6) 0. 179. a) (—oo; —2]U[2; o0); 1) (—o0; —1)U [0; o0).
181 a) R.182:.:a) =2; —13 0515 '8)=2;—150;1;2.183..2) =15 1; 2,
184. a) (1;2); B) (0; —0,5). 185. a) (2;3)1(3;2); 6) (1;3). 186. 20 mu=H.
187. =7 muH.

202. a) 3= 81. 204. a) 3; 6) 8. 206. r)—1; ) 0,5. 207.a)25; ) 10.
208. a) log,16; B) log, , ;8. 209. a) log;15. 210. 6) 1g8. 211. 6) 5.
213. a)8; B) 1000. 214. a) log,5. 216. a) —3; 6) 6; B) 0,5. 219. a) —1;
6) 1; B) 5. 220.a) 10;6) 16; 8) —13. 221. a) 0,125; 6) 27; 8) 0,001.

20
222, a) g ;6) 3 B) % .223.2a)10.224.2a)9;6)—7.225.a)2p +q + .
226. a) 9. 227. 1) 32; x) 10. 228. a) 1 u log,2. 229. 6) 0 u log;0,5.

230. 6)(—3; 3). 231. a) 3. 232.a)log,3. 235.a) 2a-1) ° 236. a) %—a"

262. a) log;30; 1) log,4. 264. a) (—0;—1) U (4; < ); 6) (2; 3). 265. a) (1; );
6) (3; ). 270. a) (3; ==); 6) (0; 4). 299. a) 1000; 0,01; B) 4; 8.



300. a) 80. 301. a) 66. 302. a) 2; 0,125. 304. a) 11. 307. a) (8; 2).
308. a) (3; 27). 309. r) 4. 310. 6) 2. 325. a< 1, a = 5.
326.be (—oo;—%]U{O}U[l;oo). 327.a¢ (-1;1)U (1;0); x=1,

x = logy(a + 1). 329. a € (—=; 0) U {12}. 331. 6) Ecim a < 0, 10O
HepaBeHCTBO pemenuit He umeeT. Ecana € (0; 1) U (15 ), Tox €
(—<°; log,3) U (log,(2a + 1); ). Ecrma =1, To x € R. 332. a) Ecan

a€(0; 1), 7o xe (3; it—;i ). Ecit a€ (—eo0; 0] U [1; =0) — pemenwmii
mer. 6) Ecium €(0; 1), Tox € (m; 1)U(% ;o). BEecnum > 1,0 x €

(0; i—)u(l-;m). Ecmu m € (—«; 0] U {1} — pemenuii mer.
337. a) Ecima <0, 1o x > logy(— 2,25 : a). Ecim a > 0, To x > —log,a.
Ecmua=0 T pemrennii Her. 338. 6) Ecima € (0; 1), o x € (2; 1+
+J1+a).Ecmua>1,r0x € (1+ V1+a ;). Ecnua €(—; 0JU {1} —
permnenuii Her. 339. 0) a < —2. 340. a) a € [1,7; ). 341. Ecin

-2 -2 _2log,a
ac (0; 23 )U(28 ;1)U(1;), T0ox= 92+3log:a ; ecma € (—o0; 0] U

-2
{23 ; 1}, To pemennit Her. 342.p € [-1 - 372 -1 +3~/§].
343. a € (= «; 0)— nBa pemenusd; a € [0; ] — oxHO peleHHe.

1
-9% o
345. Ecima > 1, o x € (0; a 7); ecnm a<1, TO pemeHUH HeT.

1
-347. Ecmua<0,T0ox€R,ecimma >0, Tox € (—oo; logaé)u(log3z ;00).

357. a) 2; 6) 0,2. 358. a) 2; 6) «. 366. a) 5,5; 6) 3. 368. a) 1; 6) 1.
369. a) 2;6) . 371. a) 0. 373. a) —6;6) . 374. 6)0; B) 0. 375.a) 0;
6) —0,5. 389. a) —3; 6) 3. 392. a) 90; 6) —7; r) 2. 394. a) 0,5; B) 0,05.
396. a) 0,9. 398. a) Ax =0,2; Ay = 2.

405. a) -8;6) 2. 406. a) —0,5.407.a) 1;6) —0,4.409. a) -1,5. 417.

Her; na; 6. 420. —10x. 421. a) —1; 6) 6x. 423. 6) 2ax. 426. a —313;

6)1,5. 427. a) 0,5. 437. a) 4; B) —2. 438. a) 0; 6) —21.
439.a)1;8)1,5.440.2)0.441.a)—-0,2; B) 1. 442.2a) 4; B) 2. 445.2a) 0;
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\_—/’f
0)2.446.a)0;0)1.448.2a)0;06) 1.451.a)y=0;8)y=3.452.a) y =0.
455.2)0;6) 2. 456.2) V/5 ;6) 1.457.4) —’5‘ $6) 7 - 467. x€ (~o0; ~2]U[2;0).
469. x = 2 — Touka paspsiBa Broporo pozga. 471. a)x = 1; B) x = —3;
r)x==1; n) x =+2. 475. a) x = 1 — TOUYKa pas3psIBa IIEPBOT'0 POJa;
6) x = 0 — Touka paspsiBa BTOporo poza. 476. a) f(0) = —-0,4;
6) f(0) =0,75. 477. a) f(0) = 2; 6) f(0) = 2. 481. a) GyHKOUA
HellpepbIBHAsA; 0) x = —2 — TOYKa paspbIiBa BTOPOTO poja.
482. a) x = 2 — ToOYKa paspsiBa BTOPOro poxa; 6) x = 3 — Touka
paspbiBa BTOPOTO poja; B) X = —1— Touka paspbiBa IEePBOTO Poja
(HeycTpaHHUMBIN); T) ¥ = 1 — TOYKa paspbIiBa IIePBOr0 poja
(meycrparumeiit). 483. a) x = 0 — ToYKa paspbIiBa BTOPOI'O POJA;
0) x =4 — TouKa pa3pkIBa BTOPOI'O PoAa; B) X = 1 — TOUYKa pasphiBa
IepBoro poza (HeycrpaHuMEBIit); T') x = 0 — TOoYKa paspbIBa IEPBOTO
poza (HeycTpaHuMBIi). 484. a) x = 2 — TOYKa pasphiBa IEPBOTO POZA;
0) x =1 — TouKa pasprIBa nepBoro poja. 486.a) f(0)=1,5.487.a)a = 2.
501. &, = N8; ky=1.503.y=3x-1.505.k=0,4.510.a) 4; B) 1.

514. a) y = 3x —2. 515. (3; 9). 519. y'(x)=2x+2, y'(10)=22.
521. y'(x)=2x+5. 522.a) y'=6x+1; 6) y'=—2x+5. 528. a) 10;
6) 75; B) 10; r) 1. 529. a) y = 6x + 12. 531. (1; 1) a6o (7; 49).

2 x-1 -11 10x —x*
542. a) 1,5\/5.544.41)-;7;3) ordx 545:8) (5 _5730) (5

, 5148
551. ) y = dx — 9; y — —6x — 4. 553.a) ¥'=--=+3;6) ¥ =
. X

y,___2x2+2x+17 J i ]
556. a) @x+1)? 58. a) x-_6, B) 2 =05 2 =l

559. a) x € (—1; 2);T) x € (—o0; —2) U (2; ). 561.a) y = 0,09x + 1,6;
B)y =0,89x — 1,13. 562. a) x =0; x = +1. 563.a) x = 1; x = 2.

564.a)x, = 8, unu x, = —14. 565. % 571. a) a = —3.

583.a) y'=sinx+xcosx. 584. a) y’ = x*3sin x + xcos x).

_2(sinx—xcosx) 589

2

585.a) y’ _
sSin- X

a) 13.593.a)y = —x + m —1.

594.a)(2nn; 0), n € Z. 595. a) cos x; r) —sin x.



600. a) y'=—sin2x;6) y'=—-2sin2x.605.a) x=t-+7n, ne Z.

=20k

606. 6) xe(—%ﬂm;%ﬂm),nez. 609.a) y =x + 2. 612. a) y =

= 2sin x + 3. 613. 45°. 627.6) y'=-7(2-x)% ; B) y'=-15x2(1-x%)*.

628.a) y'=4cosdx;r) Yy’ = 3 3 .631.a) y'=sin2x+2xcos2x .
4cos? 2%
4

832.0) =2 snyyre o 2%+1 | gdg a) /3. .634.%)40;

/x2_5 2\(x-1)(x+2)
1) 5. 636. ) y=-8x+31 . 6) y=2x+2. 637.a) y' = ~2sin 2x;

r) ¥ =4sin 32x.639. a) y’ = 5cos 5x.640.a)y” =6;6)y” =12x— 6.
642. a) y” =—25sin 5x + 2; 6) Yy’ =—4 cos 2x. 644.a) y' = cos x cos 2x —

— 2sin x sin 2x . 645.a) y’ = 4sin® x cos x; B) Yy =—2% |
) Y )y 2Vsinx

2(V2-1) A
647. a) -21; B) 648 a)—2m; B) — .649.a)y=12x+1—§.
ol M el 5T 2
652.S—3§. 653. U 4x+4, 654. a= B b TR
656. a) y(lv)=—4cosx+xsinx. 657. a) y(") = Sin(’“’"'g}.

675. a) 2¢; 6) 1-Inv2.677.a) y = 2xIn2 + 2 — In4; 6) y = 1 — x.

678. a) y— . 682. a) y'= —e* + 2xe; B)y' =e***"* (1 +cosx).

683.8) Aot (F 420 6) W~ nC GRS
.a) Yy =4e (6’ +2) ) ) Y= (ex_'l)g . . a) (1_e3x)3 ’
1o 1=2e7" $xeF ,_6In*(2x+1) y,_1~1n4x

B) U= [1_2(?__‘- 5 P) Y5 2% +1 5 11) k# x2
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9 2 1 1
—a iR =-——+ el T
685.a) ¥ ; 0) y 2 . 686. a) ¥’ x+2 5

689. a)e 1%; 6)1 690 a) 15% 6)60° 691.y=2x+1. 692 y=0,5ex.
696. a) 0; 6) 4,5.

707. a) X =ig+2nn, neZ . 717. a) Yopsaer Ha (—oo; 1] 1 [0; 1];
ol
Bospacraer Ha [—1; 0] 1 [1; o0); 6) Bo3pacTaer Ha (‘“’ -3 g] u [0; o0);

1
yObIBaeTr Ha [‘3‘3';0]. 723. a) Boapacraer Ha (—o; 0) u (0; o0);
6) Bospacraer Ha (—oo; 0); yobiBaer Ha (0; o). 724. B) yOriBaer Ha (—o0; —1];

Bospacraer Ha [—1; «). 725. a) Bo3pacTaer Ha [ 24- 27;” : 2 + 27:;” ],

n € Z; yoriBaer Ha |:g+—2M E+E7EE} ne Z.729. a) Bospacraer Ha

g 253

~I i mnymn mn; T +mn 6 Zimn; Zimn
4 ; " i ; yOpiBaer Ha | ' g u

2

744. a) -0,5.745.2) x = 0; 6) x =—0,5. 746.a) x,,, .= —1; x,,;, = 0.
748.8) x 0 =1, Yoy = T3 %000 = 1, Y1 = 3. 771, 8) a € (—o0; —14) U
U(13; =) — oauH KOpeHb; @ =—14ma = 13 — aBa kopua; a € (—14;13)
— TpU KOPHSA; B) @ € (—°0; =7T) U (81; o) — oamu KopeHb; a =—17H
a=31-pnBaxopHs; a € (=77; 31) — rpu xkopua. 785. a) Boray-
Tasd, ecau x € (—0; —0,5) n x € (0,5; o0); BrmyxKTas, ecau x € (—0,5; 0,5);

3 1
(EHUI; Tn‘”m); ne€ Z.731.a)a 20; 6) a > 2. 732. a) 05-5.

x= + 0,5 — rouku neperuba. 786. a) » e(—oo; _g] " xe(%—g; oo)

V6. V6

— Borayragd, xe(—- 6.7 TJ — BBIOyKJad; X = +

J6

6

neperu6a. 787.a) x = 0 — Bepruxanpmag acumnroTa; ¥ = X —
HakJoHHasa acuMmnTora. 788. 6) x =41 — pepruKaiIbHBEIE

— TOYKH




acuMuToThl; Yy =0 — ropusoHTaNBHAA acuMnToTa. 791. a) Borayras,

ecau X € (—oo; —1) mx € (0; 0); BEIDyKJIas, ecaa x € (—1;0); x =—1

— To4yKa neperuba. 794. a) x = + J3 /= BepPTHUKAJIbHbBIE ACUMIITOTHI;
Y = —X — HaKJIOHHAsd aCHMIITOTA.

811.1.812.-0,5. 814. 1200 m. 817.6) 1) /20 ; 0. 818.a) 1) 5; 4.

819. a) Her. 820. a) [-2; «). 822. Kpagpar. 824. 4-3— 4. 825. 60°.

J‘

826.4 x4 x 2 (m). 828. (xB. ex.). 829. 18 u 3. 830. = 2,57 m.

831. = 20 ner, = 5,5 1. 833. (0,5; 0,5 J2 ).836.a=0,5,a=2+ V2.
844.a) 10 m/c. 847.a) v(t) =8t + 3; 6) a(t) = 8. 849. a) 16 M/c m 42 m/c°.

850. 1 c. 851. Yepes ch. 852. 4 rpax/c. 855. a) 4 m/c u 2 m/c.
856. a) 36 m/c?. 858. a) 40 m/c; B) 180 M. 859. t =4,1 ¢; h =82 m.

1 4t
3 1‘— o ey
861. 1A. 862.1=9 c. 863. 12r/q.866.3npan/c.867.WM/c.
895. a) @; 6) [1; 3]. 896. (—1; 0) U [4; 5].
910. (x4)=4x3; na. 912. (0,5x2+x) =0,5:-2¢x+1=x+1.

913. 0,5x% + x + C. 916. 6) Ilpu xaxgom n € N Ha IIPOMEXKYTKE
(nn; n(n + 1)) dyaxknusa ctg x onpenenesa u auddepeHIUpoOBaHa,

npiaén (ctg x) = - —=— .918.a)/Ia; B)er, u6oBouKe x= 0 € [3;3],

sin? x
¢yHKIUA He onpexeseHa. 925. a) -x% + 4. 926. a) f(x) = 2.

934. a) 3x + 0,5x% + C; B) x° + 2,522 + C. 935. B) ix“+e”+C.

936. a) x + 2 -x+C; B) 2x+%sin3x+C, 937. a) 15x*.

3
938. a) x+§-+21 .939.2)0,25x* +1,75.944.a) — +C B) 4x +— +C.

945. a) 4J/x+C; B) 2,7tg x + C; 946. a) tg x — cos x + C.




g
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947. a) —%cos14x+c .948. B) %sin4x ¥C . 984 f(x)= x+0,5¢% +
+ 2,5. 957. a) x(t) =t + t + 3. CHAvaIa OKAKUTE, UTO v(t)=3t%+1.

971. a) 8% .972.2)1.973.2)6.974. a)nt +4.975.a) 6,4. 976. Onnn us

c11oco60B — 110 (hopmy.Ie IIOLIaAM TPAIEIUY; €€ OCHOBaHuA 4 u 6, a

BbicoTa 4. 977. a) 0,25. 980. 10— 996.a)5.997. a) \/— . 998. )

1000. a) 2. 1003. a) e — 1; B) 12 + In 81. 1004. a) ln7 ; T) 4,5.

1007. a)-é 1008.2a)4,5; B) 4,25. 1009. a) _—2 1011. Tax. 1015. a)
6; r) 12. 1023. 1171 (xy6. ex.). 1026. 198M 1031. 0 125 x.

1032. 0,784 Txx. 1033. = 1800 H. 1046. 2 : 1. 1047. ke,e, ( o i) §

ka

1048. Ecain M — macca 3eMau, TO =mg , orciona kKM = ng

A=th kadx= gmRh
x2 R+h
R

1057. a) la; 6) Her; B) HeT. 1058. y = e + 2. 1060. y = 2¢.

. 1056. a) Ecoin y = 4¢%*, 1o i = 3 - 4¢* = 3y.

1061.y = 0,5¢>*.  1062.7la.  1067. a) f(x)=%(x3 -5).
1068. a) y = Ce®*. 1073. S(3) = 76 M, S(8) ~ 6 m. 1074. ~ 545 cyTOK.

1075.0,005. 1076. tln2:In"* | 1085.6){3; 6; 9. 1088. x) 3 628 800.

1089. 2) (n + 1)\, 1091. 18, 1092, 24. 1093, 12. 1095.120. |
1097. 20 160. 1102. a) 30240. 1105. a) 8. 1107. 27. 1109. 24.
1112. 240. 1114. a) 24. 1116. 14. 1129, 2520. 1130. 6. 1131. 18.
1133. 30 240. 1134. 6) 1. 1143. a) 648; 6) 4536. 1144. 60. 1145.60.
1146. 20. 1147. 950 400. 1148. P, - P, 1152. a) 10. 1153. 28.

1163. 190. 1164.496. 1167. C,, A% .1169.28.1170.2)0,5n(n—1);
6) ¢3.1171.35. 1172. 201376; 31465. 1174, a) * + 4xBc+6x%? +




+ 4xc®+ 1. 1183. 8) 9. 1185. Cag -Ca, -C{, . 1187, a) IllanCHI paBHLL.

1189. 685. 1192. 15368. 1193. a) 211876. 1194. Cf,-C7 = 945.
1195. a) 4. 1196. 5882.

1203. Mona 32, meauana 31,5.1204.1,1,1,1,2,2,3,3,3,4,4 —
BapMANMOHHBIA pAJ, 3 — ero pasmax, 1 — Moza, 2 — MeAuaHa.
1205. a) Yacrora 3, orHocuTessHasa gacrora 0,05; 6) B 3 pasa.

1206. 1, 2,3,4,5,6,6,7,8,8,8,9, 13 — sapuanonusii psax. 1207. Pas-

max — 4, moga — 3, mezmana — 3. 1213. a) 50,5. 1214. 4% ,5u4,5.

1215. 34,8 mun. 1216. 528 r. 1217. Ma. 1218. 2,7 % . 1219. z
i=1

1 n .
;Zaiz . 1220. Cpexgsue KBajpaTUuHbIe \/0,116, \/0,142, \/0,134 :

54
Jlyuime 3ajaHue BBIMOJHUJ mepBeiid. 1258, a) = 6 1264. a) —- 125

36 5)-8  1265.2)0,3:6)0,2.1270. — .1271. —— . 1272. —

0
)125 125° 1296

A

1273. 1274. a)gla;ﬁ)%.1276.— 1277. a )253 -

2520

1278. L. 1279. a) 33

330 1280. 0,78. 1281. a) 0,2; 6) 0,2.

% 118 118

1
2818 1283. a) C2: C?

6) Cs *Cia:Cio T1202° mn >

1282. a) Ciy:Cao = 1292 ;

6) mn:C?

m+n "

.1284. a) —.1286. a) 3 uncians 49; 6) paBHBIE BEPOATHOCTH,
9

m6o CT =CY . 1287.0,5. 1288. - . 1289.0,5. 1200. —— . 1291. E

1292, —~.1293.a) %; 1294. g abo % . 1299.0,511.

720 ®) 35 -
1300. ITourn Takwme xe. 1302. M(§) = 3,5. 1303. %
1304. M(§) = 4,5. 1305. B nociejHe# KJIeTKe HOJKHO OBITH % , ubo
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————
1-4.2-1.1 M(E)=32 , 1306. M(£) =350
6 12 4° So5s - - (rpH).
e o T T 3 A7
Beiurpsim ; 0 ‘[[ 1 20 100 J
- Y ST
Koangecrso ‘ 939 ‘ 50 10 1 /’

1307. M(9) = 2,5; D(¢) = 2,92. Takas caydailHas BeJddymHA
COOTBETCTBYET, HAIPUMEpP, BHINAJAHMAI0 OYKOB IIDU KUJaHUU
NPaBUJIBHOTO UrpanbHOro Kybuka. 1311. ObaacTe onpenenenus
— MHOJKECTBO HATYpaJIbHEIX yucesa, MeHbIIUX 4eM 7. Obnacrs
ompenenenusa {1; 6; 15; 20}. 1321. a) —-2; —1; 1. 1322, a) 2.

1323. a) 2 + /3. 1325.6)—1. 1328.a) /3 u—+/3 .1330.2)0,5(./5 —1)

u—0,5(+/5 +1).1331.a)~4 + /5 . 1332.8) -2, 3+ /3 u 8. 1333.2) 2

n3;6)—1. 1334.a) 1 u—0,5(3 + \/E ). 1335.a)0,5u3,5;r)—-1;1; 4
n4.1360. a) 1.1361.a)12.1365. 6) (—oo; —2)U (0;0). 1372. 6) (—o;—1)U

U (7; ). 1877. a) (~-3; —2] U (0; 6]. 1378. B) {—1; -f;} U [2; ).

1380. a) (—o0; —8) U (=2; 0). 1381. a) (—oo; —1-+/2 )U (-1++/2 ; ).
1384. a) (0; 2). 1389. a) (4; ). 1391.a)(—+/3 — 1;-2)U (\/§ salaltys

5)(—m;-3)u(5";/£;2}u(5+§/§;w} 1392. ) (=03 1) U (3; ).

1445.a)Eciima>4,rox€ (4;a);ecnmua= 4,rox € J;ecnua <4,
To x € [a;4);T)ecnua> 2, To x € [a;0) U{2}; ecmua =2, T0 x € (2;);
econ a < 2,70 x € [a; ). 1446. 1; 0; 4. 1448.a) b > 2; 6) a € (—1; 2).
1450. a € @. 1451. a) (—2; 6). 1453. a) Ecau a < 0 — KopHEH HeT;
ecnu a = 0 — nBa kopH#A; ecim a € (0; 4) — 4 xopusa, npua =4 —
TPU KODHHA; €CIU a > 4 — nBa KopHa. 1454.6) 2; B) =5; *3.
1459. p € (0; 1). 1460. Ecim a < 3, T0 x € (—; a] U [3; «); ecan
a>3,T0x € (—; 3]U[a; «=); ectma=3, T0x <€ R. 1461. m = 1.

272

1463. +3. 1464. (—2;4). 1465.a)a >

;6)a<-2.1467. aym = 1.

3
1468. 6) =5, +1. 1469. a) /2 , +2;6)—2. 1470.p=1. 1478.p=1.




Ananns marematTudeckuit 91
AprymenT QyHKIUHA 9
AcumnTora BepTuKadbHad 125
— ropusoHTansHasg 117

— HakJoHHaaA 183

Bunom Heiorona 287
Bapuanra 294

Bapuanuonusiit psayg 294
Bennuuna cayuaitnas 324
BeposarHocTs Kaaccuueckas 314
— cTaTucTUuyeckad 323
Bribopka 293

BrinykyocTs rpaduxa
pyaxnun 182
T'eomeTpu4yecKuit CMbICII

npoussoasoi 200

T'mcrorpamma 301

Hucnepcus 295
IuddepeHnanbHOE
ucuucienne 91
Huddepernuposanue 135
3navenusa Gpysxkouu 100

—— mgaunboasmue 193

—— HauMeHbiue 193

—— 9KcTpeManbHbie 174
Warerpan 223

— onpeaeneHHbIN 241

— HeolpeAeJeHHbIA 223
Warerpansuasa cymma 240
HUurerpuposanne 221
Hccnenosanmne pyaxmuu 176, 186
Kacarenpras 131

— K rpadury pysxkoun 131
Komb6unraropuka 271
Kombunaropabie 3agaun 272
Komb6unamuu 285
KpuBonuneitsaa Tpanenus 233
Kpurnyeckne Touku GyExknun 168
—-—— BTOpOro poxa 182
Jlorapupm 49

— NeCATUYHBIA H2

— HaTypaJbHBIA 52

Maxcumy™m pyaroun 174
MaremaTudeckoe oxuganue 324
MrroBenHas ckopocts 200
Meauana Beibopku 294

Merox unTepBasos 208

NPEOMETHbIW YKA3ATE/b

—— o606meénnki 350
Munumynm pyaxonma 174
MuosxecTBO Geckoneunoe 271

— ynopsazodensoe 272

— KoHeuHoe 271

— nycroe 271

Mopa Beibopku 294
HauGospniee 3HaYeHHE
¢byaxkoun 193

HaumeHbliee 3HaYeHHE
pyaxmun 193

Haxosxgeaue nmepsoobpasHbix 228
HenpepsisaocTs Gyaknun 105
HepasercTBo Jorapupmudeckoe 69
— noxkasarenbHOe 41

Obsnacrs 3HaYeHNN QYHKIHA 9
— onpezeneHud QyHKIIHA 9
O6muit Bux nepBoodpasHbIX 222
Oo0peuHEeENEe MHOXKeCTB 272
OxpecrHOCTH TOUuKH 116
OcHOBHOE JIorapuMuIecKoe
TokAecTBO H0

IlepBoobpasnas 221
IlepemenHas uHTErpUpoBanusa 241
Ilepeceuenue mHOMKeCTB 271
ITepecranoBku 280

Ilepuop hyaxmuu 10
IMoarpadpur Gyaxmun 234
ITogmuOkecTBO 271

ITonuron 302
TlocnemoBaTensHOCTs 91
IIpaBuio HaXOXKAEHUSA
nepBoobpas3Hbix 228

— npousBeaenusa 273

— cyMMmeI 272

IIpenen nmocnexoBaTensHOCTH 93
— ¢pyaxuun 101

IIpepensr uaTerpupoBanusa 241
IIpussak BO3pacTaHUA
byakoun 168

— MakcaMmyma pyHKuun 175

— MuHAMYMa GyHKOHHA 175

— yoOsiBanua Gpyaxkuuu 168
IIpumenenue uaTerpanos 250
IIpupoct aprymenTa 103

— (ysxnuu 103

IIpoussognasa 134
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— Kak ckopocth 200

— Jorapudpmuueckoi pyaxmun 161
— HokKasareabHOM QpyHKuum 161
— NOCTOAHHOM pyHKIuM 135

— cHoKHOM pyHKuum 154

— cTeneHHOM GyHKmuu 143

— TPUIOHOMETPHUYECKHX
byaxnuit 148

— (yHEKIUHA B TouKe 134
Ilepecranosku 280
IIpome)xkyTKH BO3pacTaHUSA
dysrnun 168

— 3HakonocrosiacTBa 10

— yOriBanusa pyaxkuun 168
Pabora nepemenHO# cuabl 251
Pasmemenus 280
Pacupenenenue

BepoATHOCTEH 325

— HOpMaJbHOe 327

CaoiicTBa sorapudmos 50

— norapumudeckoi pyHrnuu 60
— mnokasarenabHOH GyHKIHU 30
— cremneneit 20

CobsiTue aocrosepHoe 312

— HEeBO3MO)KHOe 312
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