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«Mos nwbos — Ykpaina i mamemamura». I]i crosa Mu-
xaiuna Iununosuua Kpasuyxka (1892-1942) euxapbosano
HQ 2PAHIMHOMY nocmamernmi nam’ AMmHUKA HAYKOBYe8i.

Mu cnodisaemocs, wo ue nampiomuyHe BUCILOBJLIOBAH-
HA 6UOAMHO20 YKPAIHCLIKOZ0 MamemMamura cmane 018 sac
HadillHum 0opo208KA30M HA WIAXY 00 npodecionaniamy.
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Mpasuna gudepeHuitoBaHHA
F+ey=f+¢g,
(f_g),:f,'_g"

(kf) = kf’,
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PiBHAHHSA OOTUYHOT

Y = (2 )x — x4) + F(x,)
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- Bip aBTopis

MOBI OAUHAAUATUKNACHUKA!

¥ npoMy HaBYAJIBHOMY POIi BH 3aKiHUYYETE IIKOJIY, i MU CIIOZiBa-
€MOCSH, IO OTPUMAHI 3HAHHSA CTAHYTH AJA BaC HANIWHUM OiAI'PYHTAM
B OIIaHYBaHHI MaibyTHBOIO mpodecien. MaemMo Haxio, 10 B LEOMY
BaM JIONIOMOYKe IMiIPYYHMK, AKUI BH TpuMaeTe B pykax. Os3Haiiomrecs,
6yap nacka, 3 ¥Oro CTPYKTYpOIO.

TexcT miApyYHNKA PO3ALIEHO HA MIiCTh Maparpadis, KOXKHUMN 3 AKUAX
CKJIAAETHCA 3 MYHKTIB. ¥ IYHKTAaX BUKJIAJIEHO TEOPETUYHUM MaTepial.
OcobyimBy yBary 3apepraiTe Ha TEKCT, BUALICHUN JKHPHUM WUPUPMOM.
Taxox He 3aJumIaiTe MO3a yBarol CJI0Ba, HALPYKOBAHL KYPCUBOM.

3a3BHYail BUKJAJ TEOPETHYHOI'O MaTepiasly 3aBepIIyETHCHA IpH-
KJajaMH po3B’A3yBaHHA 3axad. Lli 3anucu MOKHA POIIVIANATH AK
OJMH 3 MOXKJIMBHX 3DPa3KiB ohopMyIeHHSA PO3B’A3aHHS.

Jo K0o)XHOr0o NYHKTY mixibpaHo 3azadi Qs caMOCTiHHOrO po3B’s-
3yBaHHSA, IPUCTYIATHA A0 AKUX PAJMMO JIMIIE ITiCJIs 3aCBOCHHS Teope-
THYHOro Marepiany. Cepex 3aBaHb € K IIPOCTi ¥ cepeiHi 3a CKJIAJ-
HICTIO BIIpaBH, Tak i ckiajHi 3agadi. CBoi 3HAHHA MOYKHA IIepeBipuTH,
po3B’si3yioum 3azadi B TecToBi# hopmi 3 pyOpuru «Ilepesip cebe».

3BepTaeMo yBary Ha Te, IO TeKCT MiAPYYHHUKA CTPYKTYPOBAHO 3a
ABOMA DiBHAMH — akazeMidHuM i npodinsauM. Tekcer, 0008’ A3KOBHIT
JUIA BUBYEHHS JIMIIE YYHAMH KJIACiB NPO(diJIBLHOrO piBHSA, IO3HAYEHO

¢ o ® . . . . .
OYHKTHPHOIO JIiHi€0 , . BiAnmoBizHi yacTUHM miipydyHMKa BiIOKpeM-
®

JIeHI TAKOXK IMiKTOrpaMamu g Vuni KnaciB akajgeMi4yHOro piBHSA
MOXXYTh BUKODHMCTOBYBATH Iie¥ Marepian mis camoocBitu. ITizxpec-
JIAMO, INO IJIA YYHIB KJaciB npodissHOro piBHSA 000B’A3KOBUM IJIA
BUBUYEHHSA € BeCh HABYANBHMU MaTepian miApy4YyHHKA.

KpiMm HaBYaIbHOIO MaTepiany, y MiApyYHUKY BH 3MOXKeETe 3HAUTH
omoBizaHHSA 3 icTopii MaTeMaTUKH, 30KpeMa PO AiANBHICTE BULATHUX
YKPaiHCBKUX MaTeMATHKiB.

Baxkaemo ycmixis!

LUAHOBHI KONErun!

IIs kHMUra € JBOPiBHEBUM MiAPYYHUKOM, TEKCT AKOI'0 mepenbadae
MOXKJIMBICTEH OpraHisamnii HaBYAJIBLHOI'O NpOIECY B KJjacax SK aKaje-
MiYHOro, Tak i npodisLHOro piBHIB BUBYEHHS MATEMATHUKH.

JepxaBHa nporpama 3 aiarebpu i mouaTkiB aHamisy npoginbHEOro
PiBHA MNOPiBHAHO 3 BiZMOBIHOI IPOrpaMoI0 aKaJeMidYHOTO piBHS
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Bin aBTOpIB

nepenbayae BUBYEHHA OiJbII IIMPOKOro NEpPeiKy HaBuyaJbHUX TeM,
a TAKOK CYTTEBO BUILi BUMOI'M [0 HABYAJIBHUX HOCATHEHb YYHIiB.
VYV niipyYHUKy YaCTHHU TEKCTY TEOPEeTUYHOro Marepiany i BIpas,
AKI BIAMOBIAI0OTH BUMOTaM JIMIIE IIPOrpaMu NpodiasHoro piBH#A, Mo-
o

3HAYEHO IMiKTOrPaMoio i IyHKTHPHOIO JIiHi€0 ~ . Yuureni, Aki
NPaLioTh Y KJIacax akaJeMidHOIo PiBHA, MOXKYTh BUKOPUCTOBYBATH
nei marepian ana opMyBaHHA IHAWBIAYAJIBHUX 3aBAaHb, 4 TAKOMXK IJIs
opranizaiii po6oTi MaTeMaTUYHOrO I'ypTKa i (hakyJIsTaTUBHUX 3aHATH.

YeproauM KOJIBOPOM IO3HAYEHO HOMEDH 3a7a4, 110 PEKOMEeHAyY-
IOThCH AJA AOMAIIHBOI po0OTH, CHHIM KOJIBOPDOM — HOMEpH 3ajad,
fAKi 3 ypaxyBaHHAM IHAUBIAYAJIbHHX OCOOJMBOCTEH y4YHIB KJacy Ha
PO3CyZ YIHATES MOYKHA PO3B’A3YBATH YCHO.

Vei 3apaui knacudikosaso 3a ix ckiaagsicTio. PiBHi ckiIagHOCTI
BiZIIOBiZIaI0TH BUMOraM IPOTPAMH AJIA KJIACiB 3 BiANOBiAHAM piBHEM
BUBYEHHS MATEMATHUKH.

.YMOBHi Nno3HaYeHHs

3aBJlaHHA, [0 BiAIMOBiAAIOTH IOYATKOBOMY i cepeHbOMY DiB-

n
HAM HABYAJLHUX JOCATHEHB;

nt 3aBAAaHHA, 110 BiANOBINAIOTE JOCTATHEOMY PiBHIO HaBUAJIbHUX
JIOCATHEHb;

n 3aBJaHHA, IO BIAMOBiZAIOTH BMCOKOMY PiBHIO HaBYAJIBHHX
JIOCAIHEHb;

n¥ 3ajavi Ans MaTeMaTHYHUX I'YPTKiB i hakyabTaTUBiB;

3azadi, y AKUX OTPUMAHO Pe3yJbTaT, L0 MOXKe OyTH BUKODH-
CTaHMI NPU PO3B’A3YBaHHI iHIIWX 3a7a4;

JIOBEJICHHSA TEeOpPeMH, IO BiAMOBijae AOCTATHHOMY PiBHIO Ha-
BUYAJILHUX JOCATHEHb;

JIOBEJIEHHA TEOPEMH, IO BiZIIOBi1a€ BUCOKOMY PiBHIO HABYAJb-
HUX JOCATHEHb;

3aKiHYEHHA JOBEJEHHA TEOPEeMH;
3aKiHYEHHsA PO3B’A3YBAHHSA IPUKJIANY;

Martepias, AKUH Bignosizae mporpami npodisbHOro piBHA;

pybpuka «Kosan 3pob6ieHO YPOKHU».
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§ 1. MoxigHa Ta ii 38CTocyBaHHﬂ

n Fpannus yucnosoi nocnigoBHocCTi

Posrasremo mnocaigoBricTs (a,), 3agany Gopmyon n-ro

wieHa a, = (TaK0X KaXKyTh, IO II0 IOCHiOBHICTE 3aaH0

n+1
¢dopMyI010 3araJHHOTO YiIeHA).

Bunumemo KijJbKa mepmiux 4jIeHiB i€l mocaifoBHOCTI:
1 2 3 4 5 6 7 8

T e ses e

Blat g E s 8 B
Axmo uneH: 1miel mocaizoBHOCTL 300pakaTH TOYKaAMHM Ha
KOOPAMHATHIN mpAMili, To i TOYKH OyAyTh PO3MiIIyBaTHCH
Bce Gumrxue i GamsKue 0 TOYKH 3 KoopamHaToO 1 (pmc. 1.1).

a ~a, otk
: }/‘ ‘ \‘L (‘1/\‘;& I >
o DRG] Bla b

2 3 4 56789

Puc. 1.1

IHakme Ka>XKyduu, 3Ha4eHHS BUPa3y | a, — 1| 3i s6lapmenaam
HOMEepa n cTa€ Bce MeHmuM i MmeHmuM. Maemo:

[are (e ol n—n—l‘ -1
% n+1 n+1 n+l

1
n+l

k A i
Toxi, HAIPUKJIaJ, PO3B’A3aBIIN HEPiBHICTH ——1 <0,1, ycra-
n+

HOBIIOEMO, O | @, — 1 | < 0,1 npu n > 10, a po3s’a3aBmn He-
L 1
pismicrs —— < 0,0001, yerasopmoemo, mpo | a, — 1| < 0,0001 opu
n+
> 10 000 Tormmo. Yaaraji, IOYMHAIOYM 3 AEAKOI0 HOMepa 1,
3HaveHHA BHpA3y | a, — 1 | crae menwunm 6id 6ydv-aK020 Ha-
neped zadanozo 00damHozo wucaa & (YATAIOTH «EICHJIOH»).
g ATV 1
3HaiiTu n, MOXXHa, PO3B’A3aBIIN HEPiBHICTH e <&
n+
VY npoMy pasi roBopsATh, IO YHMCI0 1 € rpaEMNero mocii-
nosHocTti (a,). KaxyTs Takoxk, mo 3i 30inbpmeHEAM HOMepaA n
YJIeH! MocaifoBHOCTI (a,) mpaMyioTs 10 yucaa 1.
Poarassemo mnocaigosricts (b,), sagany dopmynow n-ro

uneHa b, =—




1. MpaHunuA YMCNOBOI NOCAIROBHOCTI

BunumemMo KinbKa mepIInx 4ieHiB Iiel mocaifoBHOCTI:
[l L) Bl [l st bt |

218" raigtvelm! 8
3i 36inpmIeHHAM HOMepa n WieHH mociaimoBHOCT (b,) mpa-
myooThs no auciaa 0 (pue. 1.2).

’ P

..bib b, b, b,
; oooo o - 3 >
o liii11 1 1 1

87654 3 2

Puc. 1.2

Ile o3navae, mo s 6yAb-AKOr0 AOXATHOIO YHCIA € MOXKHA
BKAas3aTH TAKHHA HOMEpP n,, M0 AJA BCiX N 2 n, BAKOHYETHCH

g 2 1
HepiBHicTs | b, — 0| < €. Ockineku | b, — 0| = —, To HOMED R,
n

MOYKHA 3HAWTH, PO3B’sA3aBIIM HEPiBHICTE — <E&.
n

Ozmavennd. Yuciao a HAZMBAIOTH 'PAHMIC0 NOoCaigoB-
nocri (a,), AKmoO Aas GyAb-AKOro JOAATHOrO YHCIA £ iCHYE
TaKH# HOMEP N, WO JAJA BCiX N > n, BHKOHYETHCA HEPiBHICTH
la, —a|<e.

ITumryTs: }13}) a, =a (TyT lim — e nmo4yaTKoBi JiTepu dpan-

IIY3BKOTO cJIoBa limite — rpaHUIA).
JlJis IpUKJIAAiB, 110 POSIIAAANNCSA BHUINE, MOXKHA 3aIIHCATH:
lim —— =1, lim —=0.
noe 4+l noep
ITocnimoBHicTE, AiKa Mae rpaHUII0, HA3MBAIOTH 30iKHOIO.
MosxHa 10BecTH, IO KOXKHA 3013KHa IOCHiJOBHICTL Ma€E JIUIIe
OAHY I'DaHHUIIIO.

NMPUKNAL 1 Tlocrigosmicts (a,) 3amaso dopmyaono a, = 4.
3naiizite lima,.

n—x

Pozé’aszannsa. [losenemo, mo lim a, =4. Copasai, |a, —4|=
n—«

= 0 opu Bcix n € N. Tomy ais ZOBiIBHOIO JOZATHOrO YHUCIA €
i gaa Beix n > 1 BUKOHYeTHCA HepiBHiCTS | @, — 4 | < &. 3Bigcn
n, = 1.

Bidnosids. 4.
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§ 1. MoxiaHa Ta [i 3acTocyBaHHA

IocaimoBHicTs (@,), yci WwieHH AKOI OZHAKOBi, Ha3WBAIOTh
cranioHapHoI0. AHanoriveo npukiaany 1 MoxHa noBecTH, 10
KoMcHa cmayionapHa nocaidosricme (a,), de a, = ¢, mae zpa-
HUYI0, AKa OOPI6HIOE YUCLY C.

IToHATTA rPaHUII DOCIiZOBHOCTI Ma€ IIPOCTY reOMETPUYHY
inTepmperamnimo’.

Hepisgicts Buay | @, — a | < ¢ piBHOCHJIBHA HepiBHOCTAM
-£<a, — a < g, To6TO

a=g<ia,<iat.s.
ITe osnauae, mo koxu lim a, =a, To Ana 6yas-axoro € > 0

-0
3HAUIEeTHCA HOMED 7, MOYMHAIYH 3 SAKOT0 BCi WIEHH IOCJIi-
JIOBHOCTI HaJIexaTh inTepsany (a — €; a + ¢€). [nmumu ciosamu,
AKUM 0 ManuM He OyB iHTepBan: (@ — €; a + &), YIeHHu IOCJi-
JIOBHOCTi, sAKa 36iraeTbcs N0 YMCJIA @, PAHO YU Ii3HO IOTpAa-
IJIATH ¥ el iHTepBaJ i B)Ke HiK0oJIM He BUHAYTH 3a HOro Mexi,
TOOTO N03a 8KA3AHUM IHMEPBANLOM MONCe 3HAX0OUMUCA AUULe
CKiHYeHHa KiabKicmb YaeHié nocaidoernocmi (a,).

ITocnifioBHICTE, iKA He MAa€ TDAHWIII, HA3UBAIOTH PO30ikK-
HOXO.

Hanpukmaazg, mociifzoBHicTh (c,), AKY 3amaHO (GoOpMyIoIio
¢, = n, € po3bi’KHOI0, OCKLIbKYU OyAb-AKMi iHTepBaJ (@ — €; a + €)
MIiCTHTH JIMIIE CKiHUEHHY KiJIbKiCcTh 4JI€HiB mocaizoBHOCTI (c,)
(puc. 1.3).

o
o
(3

\j

Srl e s (/‘f\.?/.“e.\-\
YR - T 7
5

- e O
DO ¢
W 4
> ¢

Puc. 1.3

Tax camo pos6ikHOIO € i mocaimoBHicTS (d,), AKY 3amaHO
dbopmynoio d, = (—1)". Cupasai, DpUILyCTHMO, IO MOCJIiZOBHICTE

: A0 4 1 3
(d,) € 36ixkno0I0 i limd, =a. Toxi pna s=:2— 1o3a iHTepBaJIoM

n—w

1 1 N
(a—g;a+§ , IOBXXWHA AKOr0 AOpPiBHIOE 1, Mae 3HAXOAUTHUCS

! BBeprawyunch 0 reOMeTPHYHMX iHTEpIpeTanin, mpomixok Buny (a; b)
4acTO HASHBAIOTh iHTEpBaJOM, a NIPOMi’KOK BUAY [a; b] — Bimpizkom.
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1. [paHMuAa 4Y1CNOBOI NOCNIAOBHOCTI

Jume CKiHueHHa KibKicTh 4ieHiB nmociigoBHocTi (d,). Bunu-
caBIIM KiJIbKa NMepIuuX 4ieHiB mocaigoBHOCTi (d,)

d1=_1, d2= 1, da——-'—l, d4= 1, ceny
; 1 1
0aumMo, 10 IIPH KOAHOMY G iHTepBaJ a—g;a+5 He MOXe
mictuTu yucaa —1 i 1 ogroyacHO (puc. 1.4). Ile osrauae, mio
; 1 1 : -
1o3a iHTepBaJioM (a——z-; a+5) 3HAXOAUTHCSI HECKIHUYEHHA KiIb-

KicTek WieHiB mociaimoBHOCTI: a6o dy, ds, ds, ..., 800 d,, dy, dg, ... .
Omxe, (d,) — pos30ikHA MOCIiZOBHICTD.

-1 a 1; -1 a 1

NP v

( 1 1'J foide Tvemi I
a-=3a+— (a~~;1+a‘
2 2 2 - 2)

Puc. 1.4

SHAXOAUTH I'PAHUII YHCJIOBHUX IOCJIiJOBHOCTEH AOIOMAarae
TaKa TeopeMa.

Teopema 1.1 (npo apupmeruyni xil 3 rpaBHUAMH
nocainosnocrei). Axuo nocridosnocmi (a,) i (b,) € 36ixc-
Humu, mo nocaidosnocmi (a, + b,), (a, — b,), (a,b,) maxodxs
€ 36iHcHuUMuU, npuiomy

lim (a, +b,)=lima, +limb,,

0 n—>x

lim (e, -b,)=lima, -limb,,

n—w n—wx

lim (a,b,)=lima, -lim b,.

n—>® n—>w
Axwo, kpim yvozo, !Ln:bn #0i b,# 0 npu ecixn € N, mo

aﬂ

36i2cHO10 makoe € nocnidosnicms [b_)’ npuiomy

n
lim a,
1Y i e S
xw b he lim b

n-—®



LA B R A B B EE B RN EEREEBEEREEREEEEREEEREEREERE R R RN ENEREREREN R ERE R R R R R ENENENNENRHNR,]

§ 1. MoxiagHa Ta ii 3acToCyBaHHA

%-......................_-.............

osedenna TeopeMu NPOBEAEMO JIHIIE AJSA IIOCJIiZOBHOCTI

(a, + b,). OIna nocraigosuHocreit (a, — b,), (a,b,) Ta (-ai) 3 Jo-
bﬂ
BeJJeHHAM TE€OPEMH BU 3MOKETe O3HANOMHUTHCS, HAIIPUKJIAL,
3a miapy4yHUKOM «Aurebpa i nouarku asanisy. [Iigpyyauk ans
10 xnacy 3 moraubGIeHUM BUBUEHHAM MaTeMaTHKH» , m. 46.
Hexait lim a, =a. Toxi ana nopineHOro uncna € > 0 icaye

n-—»mxw

TaKHil HoMep 7, IO AJA BCiX n 2 n, BUKOHYETHCA HEPiBHICTH

| a, — a| < ¢, Tobro
a'—¢e<a. < ate; (1)
Amnanoriuno, Hexait lim b, =b. Toxi nna xopineHOrO YMCIa

n-—»x
¢ > 0 icHye Takmit Homep n;, IO AJA BCiX n, >N, BUKOHYETH-
ca HepiBHicTs |b, —b|< &, TOOTO
b-e<b, <b+e. (2)
O6epemo Takuit HOMeD n,, IO n, >n, Ta n, =ng. Toxi aus
BCiX n 2 n, 0JHOYACHO BUKOHYIOThCA HepiBHOcTi (1) i (2). Ho-
JaBIOM i HEPiBHOCTi, OTPUMAEMO
(@a+b)—2c<a,+b,<(a+b)+ 2,
| (@, +b,) —(a+0b)|<2e.
&
Axmo ana 6yas-axoro yucaa €, > 0 obpatu €= 5" TO OCTaH-
HIO HEPiBHICTHh MOXKHA IepenucaTy y BUIJIAAI
|(a,,+b,,)—(a+b)[<81. (3)
Takum yuHOM, ANA Oyab-AKoro &, > 0 icHye Takuii HOMEp
ng, IO AJA BCiX n 2 n, BUKOHYEThCS HepiBHicTh (3). Ile osHa-
yae, 0 IOoCaigoBHICTS (@, + b,) € 30ixkHOIO i
lim (¢, +b,)=a+b=lima, +limb,. A

n-—>w n-—wo

' A. T. Mepansak, JI. A. Homiposcsxuit, B. B. IMonorcekmit, M. C. fkip.
Aurrebpa i mowatku anamisy. Iligpyusnk aus 10 kiaacy 3 morsinbieHUM BHBYEH-
HAM MareMaTMku. — Xapkis: Timuasia, 2010. Jaxi nocuiraTumemocs Ha meit
mapyysuK «Anredpa-10 3 noriubieHuM BUBYEHHAM MaTeMATHKHS .,
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1 rpaHVlLlﬂ YMCNOBOT NOCNIAOBHOCTI

NMPUKNAA 2 3raiaite hm

n—>wo n

Poszé’azanna. Maemo:
T st A (2—"+1)= Him [2+l).
n-»wx n n-»< n n n—x n

IlocaizoBricTs i3 3araJbHUM YJIEHOM @, =

IIOJKAaHO
n
yV BUIVISAAL CyMH ABOX 301KHMX MOCHiZOBHOCTEH i3 3araJlbHUMHA

: 1 4
uneHamu x, = 2 i y, =—. Toai moxna sanucaru:
n

it (2+1)=1im 2+lim 1=2+0=2. ®
n

n—»wo n—->w n—-«x n
5n+3
NMPUKNAL 3 O6umcniTs rpasunio lim —— o b
n-—w n
Po3é’azanna. IloginuMo YMCeNbHUK i 3HAMEHHHUK ApoOy
5n+3
11-4n e
3
5+—
bn+3 s n
im ——=
n-x11-4n n—® H_4
n

Y umcenbHUKY i 3HAMEHHMKY OTPUMAHOro Apoby 3amucaHo
3arajnbHi YineHy 36iHEUX nocaigosHocTei. Tomi:
Mg 3 ' a8
54— lim (5+; lim 5+ lim —

n n-—wo n—w n—bc!:n

5+
s EE L Iy ™
—=4 lim (———4) lim —-1im 4

n n->x\ n n+® n A

g Y
4

0 00 00090 ONBOIRDPREISIAIOSTOBIOITOINODORTOOEDLOLOLOENEDYOIREDS

Teopema 1.2. Axwo nocnidosnicms (a,) € 36ixnor
ia, 20 npu ecix n € N, mo nocnidosnicms i3 3azanvrum

unenom \ja, maxox € 36innorwo, npuvomy lim \ja, = /lim 8.
n—»® n->x

3 noBefeHHAM Hi€l TeoOpeMH BH 3MOYKEeTe O3HAMOMMTHCH,
HaANpHMKJIaj, 3a nigpyuyauxkom «Anrebpa-10 3 mornubieHuMm »
BUBYEHHAM MaTeMATHKH», 1. 45. .
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§ 1. MNoxiaHa Ta ii 3acTocyBaHHA

NPUKNAA 4 O6umcnirs rpasumio lim (\/4n2 +n —2n).
Poszé’azannsa. IIpoBeeMo TOTOYKHI IepeTBOPEHHS:
S [4,,2 2
,_4n2+n—2n=( 4n"+n +2n)( 4n” +n 2n) .
Van? +n+2n
_(4n"’+n)—4n2 ¥ n X 1
2 2 <
Van?+n+2n  4n*+n+2n \]4+l+2
n

Tenep OTPUMYEMO

lim(\/4n2+n—2n)=1im : e, =1.
n—w n—)w\/ 1 \/Z+2 4

4+—+2
n
P00 00RO ADOONONOOENOIOOLOIBOENODLOENDOIEOSOLOLOLNOLOEMNDS

F Brpasm '

1.1, Vxaxite (6e3 o6r'pyHTYBaHHS), SKe YHCJIO € I'PAHUIEIO
IIOCJiZOBHOCTI i3 3araJIbHUM 4JI€HOM X,:

1 7 s sinn
1) x,=8+—; 2) x,= ;8) x,=—2L; 4) x, =—
n n+1 5_2 n
n

1.2, Vkaxite (6e3 o6rpyHTyBaHHS), fAKe YHCJIO € I'DAHHUIECIO
IIOCJNiJOBHOCTI i3 3araJIbHUM YJIEHOM X,:

2
Jnadnet’

1) x"=—l+4; 2) x, = 3) x, = cos n — cos n.
n

1.3." O6unciiTh rpaHUIIO:

1) lim 22 2) lim 2%, 8) lim 22002,
n>®n41 n>®n4+4 nso p®41
1.4." O6umemiTe TPAHUILO:
2 2
1) lmi 2) lim n+3; 3) lim 1200n
n->x 38n n—>m3n_ n-o n°4+92n
1.5." O6uuciiTe rpaHUILIO:
2 2
19"l n +3n+15 2) lit n-3n +44
n>» 2n? —n+100 nso n? 4 5n—7

12




1. MpaHnLA YMCNOBOT NOCNIAOBHOCTI

4n® +5n* =2
3) lim n +55n :3n
noe  9n°4+n” -1

1.6." O6uucaiTh rpaHUAIIO:

 aptan . O, Sy S
1) lim _"_:_’Hl; 3) lim n_ji_;l—l
n—yo n®+1 n-e —3n"+n"+12n
: 5—
2) lim =

n>on?+3n-8’
1.7.° O64ucHiTh rpaHUIIO:
1) lim(2n+1o n+3 ); 3) lim 2D (-2)@n+3)
n>o\3-2n 4n+5 n>» (4n—-1)(n+3)(bn-2)
i 2n(3n-1)(n+4) :
no (4+4+5n)(2n+1)(n+1)
1.8." O6uuciThs TPAaHUIIO:
n(n+l)(n+2) : 2) lim (2n+1)2(3n.—1).
n-o® (n+3)(n+4)(n+5) n-w 2n”“ -3
1.9.° HaBeniTh NpHKJIaAU TPHOX IOCJIiJOBHOCTEMH, M0 30iraroTh-
ca po gyuena: 1) 3; 2) —\/5 §
1.10." Yu 118 KOXXHOI0 YHCJIa @ iCHY€E IIOCHiOBHICTE, 110 36i-
racTbed o a?

1.11."” Vumrenp 3anpomoHYBaB O0YMCIMUTH rpaHUmIO lim 1.

—m

Yuenp Bacunp 3amiyTaiiko po3B’s3aB 3a7ady Tak:

: d i | f L. 1 1
liml=1limn-—=lim (—+—+...+—J=
n-»w n-—»w n n —» 0 n n n

n AOAAHKIB

R s ) |
=lim —+lim —+...+1lim —=0+0+...+0=0.
nomp noopn e Lol T R T
. ) n Romankis

i :
n jpopaskis

Yu noromxyerech Bu 3 po3s’asanaam Bacunsa?

o
1.12." O6uucaiTs rpaHULIoO: o
1), lin 2ol t8 oo 2) lim an : -
n=e J4n+1+Jn+3 15 02 11442+ 0 $

13




§ 1. MNoxiaHa Ta 1i 3acTocyBaHHA

1.13." O64mcaiTh rpaBUIIo:

g vn+2 y n+l
1) lim s 2) lim ———.
nye \_/n+1+\/n+3 now f4n? 41

1.14.” O6umucHiTE rPAHUILO:

3 2 3
1) lim (Ve +1-n); 8) L e p Ak "/;—.
2) tim (V- -n);

1.15." ObuucaiTe rpasuIo:
1) lim (n—vn?+3); 2) lim (Vr? +1-Vn?+3n).

1.16.” Hexait npu Gyab-axomy & > 0 inTepBan (a — ¢; a + ¢)
micTuTh Gesniv yieHiB mocaifzoBHOCTI (a,). Yu mpaBMIBHO,
mo lima, =a?

n—w

1.17.” Hexait lim @, =0. Yu MoxyTh y Wil mocaifoBHOCTI:

1) 6yTu wnenwn, 6inpmi mHixk 1 000 000;
2) yci unenu 6yt Bix’eMEAMU?

1.18.” 3i 36ixHOI MOCIiIOBHOCTI BHJIYYMJIMA BCi 4ieHH, AKi
MAaloTh NapHi HoMepH. YU € moCIifOBHICTH, 0 YTBOPHUIACH,
30ixHOI0?

1.19.7V 36ixkHi# HOCHIZOBHOCTI 3MiHMIN S IEepIIKX YieHiB. Uu
B3aJIMIIUTHCA MOCHiIOBHICTE 30i:xHO0? Yn MoXxe saMiEUTHCH
rPaHEUANA MOCTiZOBHOCTI?

1.20.” ITocaigosHicTs (sin a,) € 36ixHO010. Yu MpaBUABLHO, IO
nocaifoBHICTS (@,) TakoXkK € 36ixHOI0?

1.21.” Bigomo, mo mocxinosxicrs (| a, |) € 36ixknoro. Yu mpa-
BHJIBHO, IO IOCHiZOBHICTH (@,) TaK0X € 36ikHOIO?

1.22." Bigomo, mo lim @, =a. [loBexits, mo:
n-—o

1) lim @’ =a?; 2) lima}’ =a",
n-»m n-»x
1.23.” Bigomo, mo lim a, =2, 3raiaiTe rpaHumio:
. ; nzan +a,,,
1) lima,a,,,; 2) lim ——mm,
n—wo n—no(an_n) +1

LA B B B BB R E R BB R R EEREEREREEEREREEERERRERERE R EEE R R ERERERE RN R RN EREEEREE RN E RN E N NREEREENNRERN]
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2. YABNEeHH: NPO rpaHunuio yHKUIT B TO4LI Ta NPO HeNepepBHICTb yHKUIT B TOHUI

1.24." INocnigosricTs (a,) npamye o yucna 3. 3HaAUAITH rpa-
HHAILIO:

a 1

1) lim (a, +a,,,)(a,~2);  2) lim >
n—w by an+5

,wganenun NPo rpaHuLo GYHKUIT B TOYLL
Ta NPOo HenepepBHICTb PYHKLIT B TOYLL

Posrasaremo ¢yuaKIio f (x) =x + 11 Toury x, = 1. ko
3HAUYEHHS apryMeHTy X NpPAMYIOTH 0 umcaa 1 (mosHavaoTh
x — 1), 7o BignmoBinHi 3HaueHHs GYyHKII] [ IPAMYIOTH 0 YHC-
na 2 (mosuauawTs [ (x) — 2) (puc. 2.1).

IHmuMu caoBaMM: SAKINO 3HAYEHHS apryMeHTy oOHpaioTh
yce Oymoxde ¥ Omixde Ao uucaa 1, TO BiANOBigHI 3HaYEHHSA
dbyHKLUil f yce MeHIIe i MeHIIe BiApi3HAIOTHECA Bif yucaa 2.

Y npoMy pasi roBopATs, 110 YKUCJ0 2 € rpaEunero Gyskuii f
y Touni 1, i 3anucyioTh

lim f (x)=2
x—1
abo
lim(x+1)=2.

x=1

Taxkox BUKOPHCTOBYIOTH TAKHUHA 3aITHC:
f(x) > 20pux > 1.
Hanpukiazx, 3a JOIOMOroi pUCYHKa 2.2 MOXKHA 3po0uTH
BHUCHOBOK, IO 11_{13 sin x=0, lin}‘ sinx=1, limﬁ sin x =-1.

x—= x——
2

A\l
O\-—y g

B B B N N N N N




§ 1. MNoxigHa Ta il 3acTocyBaHHA

SIKIII0 3BEPHYTHCA [0 PHUCYHKaA 2.3, TO MOKHA 3alMCaTH:
lim arccos x =0, lim arccos x =m.

x—1 x— =1
2
x° -1

Ha pucysky 2.4 3obpaxeno rpagik GpyHKIil y= I
x p—

(yHKIIiA He BU3HAYEHa B TO4li X, = 1, a B ycix iHmmx Touykax
3biraeTsca 3 QyHKIiE ¥y = x + 1 (mopiBasiiTe puc. 2.1 i puc. 2.4).

IIpore AKIIO 3HAYEHHA aprymMeHTy X, Ae X # 1, npAMyOThH I0
2

§ LIy x
yucaa 1, To BignoBifHi 3HaYeHHA QYHKLIIL Y = IPAMYIOTH

0 uHMcJia 2, TooTo

Ileit npukIan mokasye, 1o GpyHKIia Moxe OyTH He BU3HA-
YEeHOIO B TOYIi, aJie MAaTH IPAHMIIO B il TOYMi.

L=]

f(x) =1, opu x < 0 orpumyemo [ (x) = —1. I'padix pyErmii f
300pa’keHo0 Ha PUCYHKY 2.5.

Posrasiremo dyskmio f(x)= . IIpu x > 0 orpumyemo

177 |
...... T y ‘}

Yy =arccosx

|
Ry
LN
e fee s cnnaaS
Ry
_L
|
ot
Ry

0 1
Puc. 2.3 Puc. 2.4 Puc. 2.5

Axmo 3HaYeHHA apryMeHTy x, ge x # 0, npamyors 10 0, To
HEMOXKJIMBO CTBEP»KYBaTH, 110 3HAYEHHA QPYyHKIII f n1pAMYyOTH
JI0 IKOrock neBHOro yuciaa. Crpaszi, Koy 3HAYEHHS apryMeH-
Ty OPAMYIOTH A0 HYJIA, 3aJUINAIOYUCH Bifi’€MHHMH, TO Bifmo-
BiiHI 3HaUYeHHs (YHKUII NpaAMyOTH A0 —1, a KOJH 3HAYEHHSA
apryMeHTy IPAMYIOTH A0 HYJIfA, 3aJUIIAI0YUCh JOAATHUMH, TO
BifinoBiAHI 3HaYeHHA GyHKOii npamyoTs 10 1.

Tomy dyaxnisa f(x) =1il y Touni x, = 0 He Mae rpaHUMi.
x

16




2. YaBNeHHs Npo rpaHuLio QyHKUIT B TOHLI Ta NPO HenepepBHICTb MYHKUIT B ToYL

.
] Posrisiremo  dysKmiio f(x)= % 4
(puc. 2.6). dxmo 3HayenHsa x, ge x # 0,
npAMyoTh 10 0, To BiAmoBiHI 3HAYEHHSA
¢byHKLIii craoTs yce OinbmmuMu i 6i1bIm- 0
mu. Tomy He icHYe yncia, 10 SKOIro IIpsi-
MVIOTH 3Ha4YeHHsA (PYHKII f 3a yMOBH, 1110

3HAUEHHA apryMeHTy npamyiors no 0.

Ry

Puc. 2.6

. 1 1 ;
Or:xe, dynknia f(x)=— He mae rpanuni B Touui x, = 0.
x

Mwu HaBenm NOpHUKJIAAM ABOX (GYHKIiH, AKI He BU3HAYEHI
B IesIKi¥ TOYIll Ta He MAlOTh I'PAHUIL B il TOYIi.

ITomunkoBuMm OyJ10 6 BBazKaTH, 110 KOJAU QYHKIIA BU3HAUEHA
B JIeAKiN ToYIi X,, TO BOHa 0OOB’SA3KOBO Ma€ TPaAaHUIIO B Iii
Touni. Ha pucysky 2.7 3o06pakeHo rpadixk ¢pyHkuii f, Axa Bu-
3HAUYEeHa B TOYIli X,, ajle He MA€ I'PAHUII B Iil TOYIIi.

y

y y
Bl /- y=1®  ax)

S
—
=
(=)
-
5]

Puc. 2.7 Puc. 2.8

Ha pucysky 2.8 3006pakeno rpadikm ¢ysuin f i g, axi
BU3HAUYEHI B TOYIi X, i MaloTh rpaHunio B mii Toumi. IIpore
MOBeAiHKA IUX (DYHKIIN y Touli X, icTroTHO pisHUTHCA. I'padik
¢byrknii g, Ha BigmiHy Bix rpadika dyskmii f, y Touni x, mae
pospues. Taxky BigMiHHiCTE MOBeAiHKK GyHKIiH [ i gy Toumi x,
MOYKHA OXapaKTepU3yBaTH 3a JOIOMOTIOI0 I'DAaHMIL.

Hna dyskiii g maemo: xlim g(x)=a+g(x,). Ina dysknii f

- X

MoskHA 3anucatu: lim f(x)=1(x,).

- Xy
Iammmu cnoBaMm: 2panuya Qyuruii f y mouuyi x, 0opieHIoe
, 3HAYEHHI0 PYHKYIL 8 ULlL moyyi.
Y mpoMy pasi roBopATh, o (yHKUia f € HemepepBHOIO
B TOYIL X,.

17
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§ 1. MoxiaHa Ta ii 3acTocyBaHHA

Y 3 piBHOCTI }Lnxl f(x)=f(x,) BuniuBae,

0
10 Koo (PDYHKIisA [ He Mae rpaHuIli B TOY-
0 % Ii x, a60 He BuU3HAYeHa B Iiil TOYIli, TO BOHA
/‘ HEe MOKe OyTH HeIepepBHOI0 B TOYINL X.
Hanpukaazn, dyHKIia, rpadik akoi 30-
Puc. 2.9 OpajkeHO Ha PUCYHKY 2.7, He € Hemepeps-

HOIO B TOYI X,. TaKOX He € HenepepBHOIO
2

B Touli x, = 0 bysKIig y= <l (puc. 2.9).
x

Ao GyEKLiA [ € HeIepepBHOI B KOXHIM TodYll AesKOl
MHOKUHU M < R, TO roBOpATH, 110 BOHA HeNlepepBHAa. HA MHO-
wuHi M.

Hanpuknan, GyHEKIia y = x° HenepepsHa Ha R, a QyHKmis

1 . 3
Y=—; € HeIepepBHOIO HAa KOXXHOMY 3 NPOMIXKiB (—«; 0)
X
i (0; +o0).
Axmo dyuknisa f € Henepepsroo Ha D (f), To Taky GyHKIiIO
HA3WBAIOTh HeNlePEePBHOIO.

2.1." ITo6ynysasmu rpadik pysrmii f, 3’acyire, un Mae GyHK-
i f rpaHUIO B TOYINL X

1) f (@) =221, %=-1; 5) f(x)=—, xo=~2;
X
857 L ag g oo ey F )L w20
X
x% -4
3) f(x)= » Xo = 1; T f (x) = k, ne k — nesxe
i YUCTIO, X = 3;
x® 4 |x 21
4) f(x)= rorS » X =2 8) f(x)= R O

2.2.° Ilobynysasiuiu rpadik dyskuii f, 3’ acyiire, uu Mae QyHK-
i f rpaHUIO B TOYI X:

f@)=2c+1, %=1 2)f(@)=2x+1,x=-2

18



2. YaBNeHHA NPO rpaHnuio yHKUIT B TOYLI Ta NPO HeNnepepBHICTb YHKLIT B TOYL

2
e Pttt et R ol P b3 Pl
*+8 x-1
HFH B ez gy inugypapatdzthingiang
x+3 x—-1

2.3." 3a momomoroio rpadika dysxmii f (puc. 2.10) 3’scyiire,
yu Ma€e QyHKLiA f rPAHUIIO B TOYIIL X,:

77 \ YA 177 \

0 X x o/ X, x
0 8
yA 77 | yh

/T /? an X, ?
DT e GO \
2 r 0
yA 7 S yA
i Bk
é \601
o Y i
0|7 5 x E 0 & X
e € HC

=)
~
8
i
=)
“
RY

Puc. 2.10

2% 19




§ 1. lMNoxigHa Ta il 3acToCyBaHHA

2.4." Ha pucysky 2.11 3o0pakeno rpapik dbysrmii y = f (x).

1) Yomy mopiBHIOe 3HaueHHA MyHKHII f v Touni x, = 1?

2) Yu icaye rpauna dyHkoii f y Touni x, = 1? ¥V pasi mo-
3UTHBHOI BiJIIOBiAi 3anmunIiTe 3 BUKOPHCTAHHAM BiJIo-
BilHOI CHMBOJIIKM, YOMY BOHA JOPiBHIOE.

3) Yu icuye rpanunsa ¢pyHKuii f y Touni x, = 2? ¥V pasi no-
3UTHBHOI BiANOBiAi 3anumIiTh 3 BUKOPHUCTAHHAM BiAmo-
BiZIHOI CHMBOJIIKH, YOMY BOHA JOPiBHIOE.

EuJEEEE |
_1‘_ — - .
i

11
/ 1

|
]l _,_0_ ]! £ . |

Al

(D] \\= o<

fadl

N

|12 \]

L

Pure. 2.11

2.5." 3HaueHHA aprymMeHTy GYHKIII [ OpAMYIOTH 0 YHCIA X,.
3’sacyiTe, 10 AKOr0 YHUCJIA NPAMYIOTH BiIOBifHI 3HAUYEHHA
bysRIii f:

1) f(x)': x2, x0: 1;

2)f(x)=x+1, x,=-2;

3) f(®)=", % =0;

4) f (x) =k, xo = a, ne ki a — pesaki yucia.

2.6." 3’sicyiiTe, UM € HeNePePBHOIO QYHKIiA [y TodLi X,:

| x|

Df@y=2=1,"%==1;  8){E)="—, %=1
X
2) f(x)=+x, x,=4; 4) f(x)=+-x, x5 = —1.

2.7 3’sicyiiTe, uu € HenepepBHOIO QYHKIiA [ y Toumi x,:

x?, armox<2,
1) f(x)={ i Xo=2;

X+ 2, AKIIO X 2 2,

20



3. O3Ha4yeHHs rpaHuLi yHKUIT B TouUi

X
—,axmo x # 0,

2) f(x)=1x %o = 0;
1, akmo x =0,
x?, sgmox>1,

3) f(x)= Xoimiide
x—2, aKmo x <1,

2.8." Hu € HenepepBHOWO (GyHKLiA [y ToUli X,:

E AKMII0 X < —2
1) f(x)=4x" A ==y

x—1, axmo x = -2,

0,5x%, axmo x < -1,

2) f(x)={ Xo=-1?

x+3, sAKmo x>-1,

r FoTyeMoca 00 BUBYEHH:A HOBOT TeMu

2.9. YoMy A0piBHIOE KYyTOBHM KoehiieHT mpsaMoi:
1)'y=2x=17; 3)y=x+ 10; ) y=4;
2) U =—-3%; 4)y=5—x; 6) 3x — 2y = 4?

2.10. CxkiaziTe piBHAHHA IPAMOI, KA IPOXOAUTH Yepe3 TOY-
Ky A (-3; 7) i kyroBu#i KoedimieHT siKoi mopiBHIOE: 1) 4;
2) -3; 3) 0.

2.11. Sxuit KyT YyTBOPIOE 3 AONATHHUM HAIPAMOM oci abcmuc
npsmMa:
1)y = X*=0; 2 Y =Ty 3)y =37

2.12. CkyaziTe piBHAHHA OPAMOI, KA IPOXOAUTH YePe3 TOUKY
A (2; 6) i yTBOPIOE 3 HOJKATHUM HAIIPAMOM Oci abcouc KyT:
1) 60°; 2) 120°.

3.......0...0.....0..0...0.0.'..0.0..00

HOauaquHa rpaHuui pyHKLUIT B TOYLL

Y nomepegHbOMY IYHKTI BU OTPMMAJIXA YABJIEHHS IIPO rpa-
Huo ¢Gyskoii B rouni. Ilepeitgemo 10 hopMyBaHHA CTPOrOro
O3HAYEHHS.

21
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§ 1. NoxiaHa Ta il 3acTocyBaHHA

Ha pucynky 3.1 3o6pakeno rpadik ¢yHKmii f i Ha ocax
abciuc i opgMHAT IO3HAYEHO BiAIOBIAHO TOYKHU X, i a. 3a3Ha-
yumo, mpo [ (x,) # a.

Hexaijt &-— pesike poxarHe uucso. Ha oci opamsaT posris-
HeMmo iHTepBaJ (a — €; a + €). Ha oci aGecnuc iioMmy Bigmosizae
Taku# iHTepBas I, AKHNA MiCTATh TOYKY X,, 10 AJs1 OYAB-AKOT0
x el N D(f), x # x,, BignosiaHi 3HaveHHa QyHKOii f HaTe-
JKaTh NPOMIXKKY (a — &; a + €), ToOTO BUKOHYIOTHCA HEPiBHO-
cri a — € < f(x) < a+ e. IHamuMu cioBamMu, Aasa OGYAb-IKOTO
x € I N D (f), x # x,, BAKOHYETHCA HepiBHicTs | f (x) —a | <e.

yA
y = f(x)
a+e et g
Pl seads i
1 1
PR
o borstminon |

Iarepsan [ Iarepsan I
Puc. 3.1 Puc. 3.2

3BY3UMO IIPOMIi’KOK Ha OCi opaMHAT, TOOTO PO3IrJISHEMO iH-
TepBai (a — &3 a + &), ae 0 < g; < &. Toai aAns yucyaa €, MOXKHA
BKasaTu Takui inTepsan I, oci abcuuc, AKUH MiCTUTH TOYKY X,
mo ana 6yas-axoro x € I, N D (f), x # x,, BAKOHYETHCSA He-
piBaicTs | f (x) — a | < ¢, (puc. 3.1).
vk Ha pucyskry 3.2 300pakeHo rpa-
dik rakoi dyuknii f, mo x, ¢ D (f).
Pucysok 3.3 Bipgmosimae ¢ysKmii f,
mna akoi f (x,) = a.

Y KoXHOMY 3 BHIAAKiB, 300pa-
JKeHUX Ha pucyHKax 3.1-3.3, ana
Oyas-akoro &€ > 0 MOXXHa BKasaTu
TaKui iHTepBan I, AKUMA MicTHTH
TOYKY Xy, 100 AudA Beix x € I N D (f)
i x # ¥y BUKOHYEThCHA HEPiBHICTH
[fi@=a| <
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3. O3HayeHHA rpaHuul yHKUIT B To4Li

HaBeneHi MipKyBaHHS J03BOJIAIOTH AATH TaKe O3HAYEHHA
rpaHuni GysKOii £y Touni x,.
Ozsavenns. Yucao a HazuBawoTh rpanunero pysrnii f
y TouNi X, AKMO AAA OyAs-AKOro JOJATHOrO YHCIA € icHye
Takui iETepBaJ I, AKMH MiCTHTH TOYKY X, IO NI Oyab-AKOT0
xelIND()ix+# x, BUKOHYETHCH HEePiBHICTH

|f(x)—a]|<e.

3ayBa)XMMO, 10 I'paHUuNA QYHKIII B TOYI] X, XapaKTepuaye
gHaveHHsA (GYyHKIIL 6118 TOYKHA X, TOAL AK MoBeAiHKa (HYyHKIIT
B caMiif Touli X, He BIJIMBA€ Ha 3HAYEHHS IPAHUI (3BEpHITH
yBary Ha yMOBY X # X, B o3Ha4yeHHi rpanuni). Tomy a1a KoxHOI
3 pyHKUi# f, rpadgiky AKUX 300paskeHO HA pucyHKax 3.1-3.3,
MOYKHA 3alucaTH:

lim f(x)=a.

X - X,
Ha pucysky 3.4 TouKka X, Taka, II10 JiiBOpy4 (IpaBopyd4) Bixg
Hel HeMa€ TOUYOK, fAKi HajiexaTh 006JiacTi BUsHaYeHHA PYHKIIIL f.

yl 177 yh
flx)f=~-~-4
R / a+ g4 E
) . s
avel | |
i, |
IsTepsain I
a 0 8
Puc. 3.4

Y KOXXHOMY 3 BHIIAJIKiB, 300pa’keHHUX HA ILOMY PUCYHKY,
s 6yab-axoro € > (0 MOXKHA BKasaTy Takuil iHTepBast I, AKUM
MiCTHTB TOYKY X,, 110 aas Bcix x € I N D (f) i x # x, BUKoO-
HyeThca HepiBHicTb | f (x) — a | < €. Ile o3navae, mo uuco a
€ rpasunero Gyskaii f y roumi x,.

LA B N B N NN N N EE R RN EE BB B BB BN B BB BB BB NBEZMSENZEBE B N B N BB N B B N B BN NENMNZMNEMNEMNMNNENNNJ

ko inTepsan I MiCTUTE TOYKY X, Iarepsan I
TO iCHye Take JOJATHE UMCJIO O, MIO -‘C"/}% -
IPOMiXKOK (X, — 8; X, + 3) HameRuUTH | %™ O Xo X, TO
(puc. 3.5). Iarepsan (x, — &; x, + d) Puc. 3.5
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§ 1. lMoxigHa 7a 1 3acTocyBaHHA

Ha pucynky 3.1 3o0paxeHo rpacdik ¢yHKIil f i Ha ocax
abcmuc i opaAuBEAT MO3HAYEHO BiINOBiHO TOYKH X, i a. 3asHa-
yumo, mpo [ (x,) # a.

Hexaii ¢ — nesaxe popatrHe yucio. Ha oci opausaT posris-
HeMo iHTepBaJ (a — &; a + €). Ha oci abcuuc #iomy Bisnosizae
Takui inTepBas I, AKUNA MiCTUTH TOYKY X, 110 AJis OYAL-IKOrO
x eI N D(f), x # x,, BignoBigHi 3HaYeHHA (pyHKHii [ HaIe-
JKATh NPOMIXKKY (a — €; a + €), ToOTO BUKOHYIOTHECA HEPiBHO-
cri @a — € < f(x) < a + e. Ismumu ciaosBaMu, AJs 6yIAb-AKOro
x € I N D (f), x # x,, BUKOHYETHCA HepiBHicTs | f (x) —a| < &.

YA YA
! (1) —————— ‘: [/ f( X) /] ,"( x)
@+ |- S a+g - —
a+£| """"" =2 ' ’ ?// i
a~S 1t o] g !
ant e (L 5 g / : 5
BT ] ;
/] psstug ol A frord et
Iarepsan [ Iarepsax I
Puc. 3.1 Puc. 3.2

3BY3UMO IPOMIiXKOK Ha oci opamHAT, TOOTO PO3IJISHEMO iH-
TepBaJ (a — &3 a + &), ae 0 < g, < &. Toai aAna yucaa &, MOXKHA
BKAa3aTu Takuu inTepsan I, oci abcuuc, AKAN MiCTHTH TOYKY X,
mo ana 6yas-axoro x € I, N D (f), x # x,, BAKOHYETHCA He-
pisaicTs | f (x) — a | < &, (puc. 3.1).

y 4} Ha pucysky 3.2 306pa’keHo rpa-

¢ik raxoi dpyskuii f, mo x, ¢ D (f).
Pucysok 3.3 Bignosinae ¢pysrmii f,
ana axoi f (x,) = a.

Y KOKXHOMY 3 BHIAAKiB, 3006pa-
JKeHUX Ha pucyHKax 3.1-3.3, ausa
6yab-akoro € > 0 MO’KHaA BKAasaTH
Takui iHTepBan I, AKHH MiCTUTH
TOUKY X,, 100 AasA Bcix x € I N D (f)
Iarepsan [ i x # X, BUKOHYETHCHA HEpiBHiCTH
Puc. 3.3 |f(x)—a|<s.
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3. O3HaveHHs rpaHnui dyHKUIl B TOHLI

HasezeHi MipkyBaHHA HO3BOJIAIOTH AATH TaKe O3HAYEHHS
rpaEuni GysKLil fy Touni x,.
Oanavennasn. Yucno a HasuBaoTh rpannner ¢pysrnii f
y Tounmi X, AKmO AaA OyAs-AKOro A0aTHOr0 YHCIa £ icHye
TakHil iETepBaa I, AKHE MIiCTHTH TOYKY X,, IO A5 OyAb-AKOTO
x el ND(f)ix+# x, BHKOHYETHCHA HEPiBHICTH

|f(x)—a|<e.

3ayBaXXKUMO, 110 rpaHunda GyHKIII B TOYIII X, XapaKkTepuaye
gHaveHHs QyHKIIT 6115 TOYKH X, TOAI AK MoBeAiHKa GyHKIIT
B caMiif TouIli X, He BIJIMBAE HA 3HAYEHHS I'paHUI (3BepHITH
yBary Ha yMOBY X # X, B O3HaueHHi rpanuni). Tomy a8 KoxHOI
3 pyaKuii f, rpadikm axkux 3obpakeHo Ha pucyHkax 3.1-3.3,
MOKHA 3aIlUCcaTH:

lim f(x)=a.

X X

Ha pucysky 3.4 TouKka x, Taka, 110 JiBopyY (IpaBopyd) Bix
Hel HEMAa€ TOYOK, AKi HaJexaTh 00J1acTi BUBHAYEeHHA DYHKILIIL f.

y
(R ] S— /
'/ § " &F:
a-ef ||
| H
1x H
el I
Iarepsan [
a 0 é
Puc. 3.4

Y KOXXHOMY 3 BHIAAKIB, 300parkeHUX HA IbOMY PHCYHKY,
st Oyab-axkoro € > 0 MOKHA BKasaTw Takuii inrepsan I, aKui
MiCTHTh TOYKY X,, o auas Bcix x € I N D (f) i x # x, BUKoO-
HyeThcs HepiBHicTs | f (x) — a | < €. Ile o3Havae, MO YMCHO @
€ rparunero Gyakuii f y rouni x,.

LA R N B N B N R R EENREZSENENEJENNEZSE-REZSESENEBEE-ER-EZJENREZJSENEJMNRZSENZ-EJENRJNENEEJNRJENIJENNEJNRJEJENRJNNEJNEJSE-SRJE-NEREJRE -~

ko inTepsasn I MiCTHTE TOUKY X, Iarepsan
- P o s TSR, v
TO iCHyE Take AOAATHE UMCJO §, 0 - e
npoMixoK (x, — 8; x, + 8) mamesxurs ]  Fo P X X TO
(puc. 3.5). Iarepsan (x, — &; x, + d) Puc. 3.5
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§ 1. MoxiaHa Ta 1i 3acToCyBaHHA

HA3UBAIOTh O-0KOJOM TOUYKHM x,. O6’exHaHHs iHTEpBAJiB
(xo — 8; x5) U (x4; X, + 8) HABUBAIOTH MPOKOJOTHM O-0KOJIOM
TOYKH X, (puc. 3.6).

OueBuzHO, mO npu & > 0 MHOMKHHOIO PO3B’A3KiB HEpiBHO-
eri | x — x, | < 8§ e 8-okin ToukM x,, & MHOKMHOIO PO3B’A3KiB
noasiitaoi HepiBroeTi 0 < | x — x, | < & € mpokosOTHIt F-OKinN
TOYKH X,.

Toxi, AKIIO TOYKA X, HAJIEKUTH iHTepBayy I, To nei inTepBast
MiCTHTh AeAKHUNA IPOKOJOTHH O-OKLI TOYKH X, TOOTO MHOXKHHY,
sAKa € po3s’sa3KoM nozsiitHOI HepiBHOCcTI 0 < | x — X, | < §, ;e
8 — pmesike pojpaTHe uucJo (puc. 3.7).

p—_t O -
X0 X, x,+0
Puc. 3.6

R S o O L 3 ]
——C — 7Z Oeepni ()t
X,—0 X, X, 10 X,=0 X, x,+0 X
Puc. 3.7 Puc. 3.8

Tenep HaBegeHe oO3HA4YeHHA rpaHuni GysHkoii f y roumi
MOKHa nepeopMyIiOBaTH TaK.

Oaumauwenns. Yneao a HasuBaTh rpasune bpyaruii f
y Touni x, AKmo Aisi OyAb-AKOro AO0JATHOTO YMCJIA £ iCHYE
Take aogaTHe wHcao O, mo aas Beix x € D (f) 3 mepisHOCTEIM
0 < | x — x, | < 8 BunuIMBae mepiBHicTs | f (x) — a | <e.

Pucysoxk 3.8 inocTpye 1ie o3Ha-
YeHHS. y

3ayBaeHHdA. K0 icHYyE o
NPOKOJOTHUH O-0KiJl TOYKH X, / -
y AKOMy (DYHKIis He BU3HAYEeHa xo—si i ' X, +t0
(puc. 3.9), To rpanmmo (ysruii Ol X, x
B TOYIIi X, HE 03HAYAIOTh. Puc. 3.9
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3. O3Ha4eHHs rpaHuui yHKUIl B TOMUI

NMPUKNAL 1 3a 10110MOrom 0O3HAYEHHSA rpaHui GyHKIii B TOY-
i goBeniTs, 110 lixrll (2x+3) =5.
x >

Poszé’'azanhnsa. [Insi KOMHOrO AOAATHOI'O YMCIA € PO3IJd-
Hemo HepiBHicTb | (2x + 3) — 5 | < ¢, IleperBopuBumin ii, 3amu-

& R . .
IeMO: \ x-1 [< 3 OrpumaHa HepiBHICTH MiAKA3y€E, AKUM YHHOM
naa pgasoro € > 0 Mo)kHA 3HaiTH MOTPiOHE ymMeso O > 0.
2 > 3 SR
Hexaii = B Toni 3 ymosu 0<| x-1 !<b:§ BUILIMBAE, 110

| 2x¢ — 2| < &. Beigen | (2x + 3) — 5| < &. Ckazane osnauae, mo
yueso @ = 5 € rpasunero GyHknii y = 2x + 3B rouni x, = 1. @

. . 9x*-1
NPUKNAL 2 HosexnirTs, o lm} & 1 =2
x4 3x -
: A 9x° -1 : AR
Poszg’azannsn. PyHKIig y= - Pk npu x¢§ 3biraeTncs
x_

3 pysKuicw y = 3x + 1. A ockisbKu 3HaYeHHA rpaHUIl QPyHK-
il B TOYIIl HE 3aJIe’KUTH BiJl TOr0o, BU3HAYEHA YU HEe BU3HaA4YeHa
(YHKIIiA B i TOYIIi, TO JOCTATHHO NOKA3aTH, 110 lirr} Bx+1)=2.
*73
Poarnsaemo HepiBHicTh | (8x + 1) — 2 | < ¢, ne € — nesike
£
<-—.

poxatHe 4ducyo. Ilicas mepeTBOPEHL OTPUMYEMO 5

1
x.—_—
3

5 g ¢/ (18 :
Tenep 3po3aymino, ik MokHa BuOpaTu d. Bizememo o = o Tonai

1
x__._
3
| (8x + 1) — 2| < &. Tum caMuM JOBEEHO, IO lim (3x+1)=2. ®

X
3

3 ymoBn 0<

Sim 1B 3
<b=§ BumIMBae, mo | 3x — 1| < &. 3pigcn

NPUKNAL 3 Jlosexits, mo pysknia f(x)=—

X
£d He Ma€ I'paHu-
ni B Touni x, = 0.

Poszé'azanna. llpunyctumo, o rpasuna Gyskuii f y Tou-
ni x, = 0 icaye i gopisHioe a. ITokaskemo, M0, HATPpUKJIAK, AJIA

25
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§ 1. lNoxiaxa 1a i1 3acTocyBaHHA

e = 1 HemoxxknuBo migibparu raxke 6 > 0, mob 3 HepiBHOCTEH

3§ x
0 <|x - 0| < 8 BunIuBana HepiBHiCTH |—l—a 4 iy
x
¥ Rl | x|
Axmo 0 < x < 3, To HepiBHiCTE |— —a |<1 crae TaKoIO:
X
|1-a| 1. 3Bigcn 0 < a < 2.
s N | x|
Axmo -8 < x < 0, To HepiBHicTL |—-a |<1 crae TakoIO:
X

|-1-a|< 1. 3sigen -2 <a <0.

OckinbKM He iCHYE 3HAYEHb @, AKi 6 3aI0BONBHANN KOKHY
3 nmoABiitHNX HepiBHOCTEH 0 < a < 2i -2 < a < 0, To dyHKUidA f
y Touni x, = 0 He mae rpaHuni. ®

. Bnpasun

3.1." 3a nonoMoroo O3HAYeHHs rpaHuIll QyHKOII B TOYIi MO-
BeAiTh PiBHICTH:

2— p—
1) olim (2B = =13 B i i
x—»~1 x-»=-2 I+2
2
& Hm T8
*23 -3

3.2 3a n1onoMorox O3Ha4YeHHsS rpaHuni GyHKnii B Toumi mo-
BeJIiTh PiBHICTH:

2
r . -4x+3
1) lim (3x+2)=8; HhmEI "o g
x—2 x1 x_l
2
: -4
2) lim v =—4;
2ok B
O-w3.3." lloBenith, mo lim c=c, e ¢ — gesiKe 4MCJIO.
O-w3.4." llosexirs, mo lim (kx+b)=kx,+b.
& i . -2 :
3.5.” Hosexith, mo GyHKIisA f(x)=|x 3] He Ma€ rpasaui
x_
B TOYIli X, = 2.
B ot ’ : | x+1| ;
3.6." Hosexaits, mo GyHKNiA f(Jc)=—1 HEe Ma€ rpaHuai
o A o

B Toumi x, = —1.
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4. Teopema npo apuMeTnyHI Ail 3 rpaHnuUaMK (YHKLIA Y TouL

ﬁo..0‘0‘.....0.....'......’.'OO..O'QOII

n Teopema npo apudmeTruni ail
3 rpaHuuaMU PyHKLIN y TouLi

3HaAXOAUTH IpaHUNIO0 QYHKII B TOYIi 3a JOMOMOI'0I0 O3HAa-
YeHHA IpaHMNi — 3ajgaya Tpyzomictka. IlosermmTy mpormec
NOIIYKY TPAHHMIi AO3BOJISIE TeopeMa IIpo apupmeruyHi mii
3 rpaHMIAMHE QyHKIiH '

Teopema 4.1 (npo apupmernuni xii 3 rpapuaAMH
byaxuii). Axwo pynxyiiy = f (x) i y = g (x) maoms zpanu-
yr 6 mouyi x,, mo pyuxyii y =f(x) + g (x), y =f (x) — g (x),
y = [ (x) g (x) makxos maome zpanuyo 6 mouyi x,, npuLomy

lim (f (x)+g (x))= lim § (*)+ lim g (x),
lim (f (x)- g (x)) = lim f (x)- lim g (x),
XX x—» X9 xx

}{)nxlo (f (x) g (x)) = }i_g}n f (x):lim g (x).

L B R B N BN EBEENBZSEERE-EMSE-SE-SEZ-SEHSEZSESEZHMSN-EZMN-SEH:RZSEH-:SH~NJE .

Axwo, kpim Yvozo, zpanuys Gynkyii y = g (x) y mowyi x,
f (%)

GiOMiHHa 6i0 HYAR, MO PYHKYIA Y :—(~) maxox mae zpa-
g(x

lim f(x)
i L&) _ 2%

x> x g(x)— lim g(x).

)

HUYIO 6 MOYYi X,, nPULOMY

3 IOBEAEHHSAM TEOpPeMH BH MOXKeTe O3HAWOMHUTHCSH, HAIIPH-
KJIaJ, 3a MApyYHUKOM «AJurebpa i moyaTku asariay. Iligpyuauk
ans 11 kaacy 3 norau6IeHNM BUBYCHHAM MaTeMaTHKM», 0. 2.

daxkTrysOo TeopeMa 4.1 CKIaIAETECA 3 YOTUPLOX TEOpeM, AKi
HA3WBAIOThH TEOPEMaMH IIPO TPAHUII0 CYMH, 'PAHUIIO Pi3HMIL,
rpaHUIio JoOYyTKY Ta 'PAaHUAII0 YACTKH.

SO DO OB EYTEYS

! ¥V reopewmi posrasparoTsea GyHKIIT, M0 BE3HAYEH] B OHMX i THX CAMHEX
TOYKaX JAESAKOro MPOKOJOTOrO §-0KONMY TOYKH X,.

2 A.T.Mepansk, JI. A. Homiposcskuit, B. B. ITonoreskuit, M, C. fkip.
Anrebpa i mouarku arasigy. Iligpyunnk ana 11 kaacy 3 noraubieHuM BH-

BYEHHAM MaTeMaTHKu. — Xapkis: Nmuasia, 2011. Jani nocuaarumemocs
Ha nei miapy4Huk ¢Anredpa-11 3 nornmubieHEuM BHBYEHHAM MaTeMaTHKH».
27
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§ 1. MNoxiaHa Ta il 3acTOCyBaHHA

Hacaninox. Axwo ¢pynxyin f mae zpanuyo 6 mouyi x,
i k — Odosinvra cmana, mo ¢pynrxyia y = kf (x) maxoxw mae
ZPAHUYI0 6 MOYYL Xy, NPUHOMY

’lix? kf (x)=Fk lrm}o f (x).

CrpaBefiyIuBiCTh HACJIIKY BUILIMBAE 3 TEOPEMH IIPO 'PAHUILIO
nobyTKy i Karo4yoBoi 3azgaui 3.3.
NPUKNAL 1 osezits, mo lim x* =x.
XX
Pos3é’azanna. 3 KI0OY0BOI 3ajxadvi 3.4 BUOJIMBAE, IO

lim x=x,. Toxi, akmo dysknio y = x* mopatm y BHIrIsm;i
XX,

Y = X * X, TO MOKHA 3aCTOCYBATH TEOPeMY IIPO I'PAHMILIO A0OYT-
Ky. Maemo:
lim x* = lim (x-x)=lim x-lim x=x?. ®

x X XX, XX X - X,

2
NPUKNAL 2 Braitnite lim 2>+

2 x?_4
Poseé’asanna. Ockinpku lin%(x"’—4)=lin%x2—lim4=
X - X -

x—»2

=2-4=0, To He MO’KHA 3aCTOCYBATH TEOPEMY IIPO TPAHUILIO

2
-5x+6
YacTKH A0 (QyHKMii f(x)=£——2—&— IleperBOpuMO BHpa3s
x -
2
-5x+6
—x—z—x—. Maewmo:
x" -4

x’-5x+6 (x-2)(x-8) x-3
x*-4 (x-2)(x+2) x+2’
Re x #2 Ta x # -2.

Posrnsaemo dyaknio g (x)= x_—g Ockinpxm pyHKuii fi g
X+

BiIpDIBHAIOTBCA JIMINEe TOBENIHKOI B TO4YHi X, =2, TO
lirr; f(x)=lin;g(x). BukopucroByioun TeopeMy mpo apudme-
X~ X

TAYHI Aii 3 rpaEAUAMUA QYHKIIA, OTPAMYEMO:

2. I lim(x-3) Lok
limx 25x+6=limx 3:,42 =2 3=_l. °
22 x°-4 x2 x+2 limz(x+2) 2+2 4
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4. TeopemMa nNpo apuMeTUHHI Ail 3 rpaHnUAMKU PYHKUIM Y TOHU|

NMPUKNAL 3 3uaiaite lin} f (x), ne

x =

2

N N N N N N

7 1
x® —2x, AKImo x # —,

2
f(x)= g
1 .
3, AKIIO X = — »
2
Posé’sazannsa. PosrngsaeMo GyHKIIO ” ') 1 -
g (x) = x* — 2x. Ockinpku B 6yAb-AKOMY . '] .
-9 / 2
IPOKOJOTOMY 8-OKOJi TOYKH X, =— 31 / .
S /
dyuknii f i g sbirajorscsa (puc. 4.1), T0 5 % ’2 >
i . 2 : / TN
JIOCTATHBO 3HAUTH Jlrm} (x*-2x). Buxko- [\Q/ '
PHUCTOBYIOUH TE€OpeMy Ipo apudpmMeTuuHi Pud.red 3
il 3 rpaEMOAMHA QYHKIINA, 3a0UIIEeMO: ?
2 .
: : . : . 1 1 3 s
lim (x* -2x) =lim x‘—hm2x=[—) ~2i====, @ .
x— 1 x> 1 X - 1 2 2 4 y
2 2 2 o
l Bnpaswn o
4.1." 3aaigiTe:
: . 2x-1 s
1) lim (2x* -3x-1); 4) lim <<=, -
x—1 x—>3 31' — '
{ oy -3x+5 e
2) lim x‘; 5) lim 2_._'?+_; ‘
x—-1 x50 x° +2x-1 s
- . 1 4
3) lmzle(x3 -3x-2); 6) llmz(x2 ——+2x—3]. .,
x— X =2 . X o
1.2." 3HaiAiTE: 4
. Tx-5
1) lim (2x* +8x+5); 4) lim ——>; )
x -1 x >510+2x ©
2 ®
; ; -1 a
2) lim (x® -3x% +2x +2); 5) lim _7- .
x—3 z~0 2x ~2~1 :
. 3 2 X x° +1
3) xlgmz(Zx 3x° +6); 6) Jlrmg ——(x—z)‘*“' :
29



§ 1. MNMoxigHa Ta 1i 3acTocyBaHHA

o

. 4.3." 3uaiigiTh:
© 2
A -2x-3

223 x2—5x+6

2) 11m_3x_2,
x»2  x'_8

4.4 3Hai&ni'rb:

1) 1tm -3x+2
o1 x -4x+3’
2) lim -8x+2

x " °-4x+3’

==+1\1-x 1-2°

1) llm(i— $ );

4.5." O0uucaiTh rPAHMUIO:

2) lim( Bieilyy 1

x—2 2

1) lim( : + 26 );

x>-3\x+3 -9

2 -2x x°-8x+2)

1.6." O6uucaiTh rpaHUIIO:

4 2
- -12x-4
3) lim L -2

x—2 12*4

4) lim

x +1
x--1 x+1

.
’

(1+x)* (1+4x)

3) lim
) x-0 24z
5
-1
4) lim =
x—*lx _1

m

4.9." 3naiaite hm

qucia.

m

oo o PO
4.10.” 3naigiTe lm}
X -

L A R A R B B R B R R R BEEREEREREEREEREEREREEREERERREERRERERRER R R R R RRE R R R ERERERENREREEREERENRERERESENRE:!]

4.7." 3HaiigiTe lin% f(x), ne f(x)=

4.8." Buaigite li'n}f(x), ae f(x)={

2) lim| —; +— .
22\ 2x° -5x+2 3(x"-3x+2)

x*-2x+2, axmo x # 0,
-1, axmo x =0.

—x* +3x, AKMmO X # 3,
25 AKIIO X = 3.

+1 . . ;
T’ Je m i n — HemapHi HaTypaJibHi
x—>-1 " 4

T’ e m i n — HaATypaJIbHi YHcJa.




5. HenepepBHICTb (hyHKLIT B TOYUI. BnacTmBOCTI HenepepBHUX (PyHKLIN

A R P

B HenepepBHicTb PyHKUIT B TOYL.
BnacruBocTi HenepepBHUX PyHKLIN

Y nyHKTI 2 B OTPUMAJIH YABJIEHHA PO (QyHKIIII, Henepeps-
Hi B Touni. PosriisHeMo ne nmoHATTA riubire i gerasbHINIE.

Ha pucysky 5.1 3obpaxkeno rpadiku ¢ysruii f i g, axi
BUBHAYEHI B TOYIi X, 1 MAalOTh I'PaHMUIIO B I[iH TOYIL.

y Y fO &
y=[(x) 8(x,) f-------- o ¥=8(x)
f(xu) _,-__/ a 7/———
Ol i % 0| x, x
a 0
Puc. 5.1

Ina pysknii g maemo: lim g (x)=a # g (x,). Oaa pysrmii f

X~ Xy
MoxkHA 3anucatu: lim f(x)=f(x,).
X —» .l'n
Osmavenns SAxuio BuKoHyeThea piBHicTh lim f(x) =7 (x,),

XX,

T0 (pyHKIiXO [ HA3HBAIOTh HENMEPEPBHOI B TOYIi X

Axmo B geAKoMy 8-0KoJi TOYKH X, QyHKIiA [ BU3HA4YEHA
JUIIe B Touli X, (puc. 5.2), 7o rpaHuUIio Takoi GyHKHOii B TOY-
ni x, He ogHavaoTh. Tomy piBricTe lim f(x)={f(x,) mepesi-

X = Xg

putu HeMoxkJauBo. Ilpore gomoBmiucs i Taky GyHKIio [ BBa-
JKaTHU HEeNepepBHOIO B TOYII X,.

Hanpuknax, oysknia y=v-x> ¥

. AR
€ HemepepBHOI B Toumi x, =0, /‘ ‘ol
. sz 4 of ! : s
a ynkuia y=+-sin’x e menepeps- x,=8] "I +S
HOIO B KOYKHI# 3 TOYOK BHUAY X, = Tk, of X, x
k e Z. Puc. 5.2

L B N N N B N N N N B N R R N N R N N N R N N N N R NN N N RN NN N N N N S R N N N N N NN NN N
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§ 1. MoxigHa Ta il 3aCToCcyBaHHA

3 TeopeMH IIpo apudmeTHdHi Aii 3 rpaHUIAMHE QYHKIIN BU-
nauBae, mo koau lim f(x)=f(x,) i lim g(x)=g (x,), To:
X=Xy X=Xy

1) im (7 (x)+g (x)) =1 (x;) + & (x,);
2) lim (f (x)-g (x)) = (%)) - 8 (x,);
3) lim (f (x) g (%)) =1 (x,) & (x,);

*=xn g(x) g(x)
BuKOpHCTOBYIOUH IIi PiBHOCTi, MOYKHA JOBECTH TaKy TEOpeMy.

3a ymoBH, 110 g (x,) # 0.

Teopema 5.1 (npo apudmernuni il 3 senmepeps-
aumn byaruiamu). Axwo pynryii y=f(x) i y=g8 (x)
Henepepeni 6 mowyi x,, mo 6 yil mo4yi HenepepeHumu
cigynryiiy =f(x)+ g (x), y=f(x) - g (x), y =7 (%) g (%)

x
iy= ;—((—)) (ocmanns 3a ymoeu, wo g (x,) # 0).
x

BukopucroByoudu Teopemy npo apubmeruuni aii 3 Bene-
pepBHUMHA GYHKIiAMUA, MAEMO, 110 KOKHA 3 QYHKIIN y = [ (X)
i yzw, ne f (x), g (x) — mMHOrouJeHu', € HelepepBHOIO.

3ayBa)KuMmo, 1o Koau GyHKUisA HenepepBHa Ha R, To BOHA
HellepepBHA Ha 0y[b-AKOMY YHMCJIOBOMY IIPOMIXKKY (puc. 5.3).

)

\

- LR

a b c
Puc. 5.3

d x

MoskHa TOKA3aTH, IO A8 6Yb-AKOTO X, € R BUKOHYETHCA
piBricTe lim sin x =sin x,. Ile o3nauae, mo pyHKLisa y = sin x

X%

HelepepBHa.

B x
! ®yrknio Buay y= u ne [ (x)1ig (x) — MHOro4wieHu, HA3UBAKOTh
g(x

PALiOHAJBHOIO,
* 3 nosefieHHAM 1BOro GAKTy BM MOKeTe 03HAHOMMTHCHA B ONOBiflaHHI
Ha c. 42.
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5. HenepepBHICTb yHKUIT B TOYLI. BnacTuBocTi HenepepBHUX yHKUIN

Hexait pyskuii f i g BUBHAYEH] Ha JeAKUX MPOMiKKax. 3 Ha-
OYHHX MipKyBaHb OYEBHUIHO, IO Koyx rpadiku QyHKOiA fi g
e piBHuME Girypamu i ¢yHKIiaA [ HenmepepBHa, TO QYHKIiA &
TAKO0XX HeIllepepBHA.

¥ 10 knaci 6ysno mokasasno, 1mo rpadik GyHKIii y = cos x
MOXKHa oTpuMaTu 3 rpadika GyHKIIl y = sin x y peayabTari

1
napaJieJIbHOroO IepeHeCeHHsA Ha BeKTOD 3 KOOpAuHaATaMHA (—5; 0)

(puc. 5.4). TakuM YUMHOM, HelepepBHiICTH PYHKMII y = cos x
BUILIMBAE 3 HemepepBHocTi GyHKHII y = sin x.

y = siny
Y = cosx

v=

Puc. 5.4

Ockinbkn GpyHKNII ¥y = sin x i y = cosS X — HemepepsHi, TO
3 TeopeMu Ipo apudMeTHuHi Ail 3 HeIePEePBHUMH (PYHKIIAMU
BUILIMBAE, 1m0 GysKIil y = tg x 1 y = ctg x TaKoX € Henmepeps-
HUMH.

Bu 3nacere, mo rpadikm B3aeMHO obepHeHHX (DYHKILIH cumeT-
puuHi BiiHOCHO npsaMol y = x. Tomy axmo oboporaa pyHKIia f
BU3HAUYEHA HA AeAKOMY IPOMIiKKY i € HelepepBHOIO, TO 0bep-
HeHa 10 Hel QyHKIiA g Takox OyZe HenmepepBHOIO.

fAx OyJyio BCTaHOBJIEHO BHINE, HyHKIIA y = x* € Hemepeps-
moio. Toxi # oboporma dymkuis f (x)=x°, D (f) =[0; +x),
¢ HenepepBHOW. OT)Ke, obepHeHa HO Hel QYHKIiA g(x)=\/;
TAKOK € HeNnepepBHOIO.

Mipkyoun aHAJOTiYHO, JOXOAMMO BHCHOBKY, IO (DYHKIiA
Y= Q/;, n e N, n> 1, ¢ HenepepBHoI. Tak camM0 BCTaAaHOBIIO-

€MO, II0 HellepepBHAMM € i (pyHKHii y = arcsin x, y = arccos x,
y = arctg x rta y = arcctg x.
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§ 1. lNoxiaHa Ta i1 3acToCcyBaHHA

NPUKNAA 1 3’sacyiTe, 4n € QyHKIiA
x*-16

f(x)=1 x-4
e e AKIO x =4,

, AKIIO X # 4,

HelepepBHOIO B TOUIi X, = 4.

Posé’azanHa Maewmo:

f(4)=2.

O6uncanmo lin} f (x). Banumemo:

2
lim £ (x) =lim £ 0 - jjp E- 024

=lim (x+4)=8.
4. v-4 x4 x—-4 x—4

Orpumasu, mio l'm}f(x);tf(4). Omaxe, dyEKOisa f y Toumi

X, = 4 He € HenepepBHOW. OTpPUMaHUN BHCHOBOK IIPOIJIIOCTPO-
BAHO HA PHCYHKY 5.5. ®

PosriiaEeMo HU3KY Ba’KJIMBUX BJIACTUBOCTEH HEIePEePBHUX
byarmii'.

Teopema 5.2 (npo HemepepBHicTH cKAAXeHOT
bynwuil). grwo pynxyia t = g (x) nenepepena 6 mouyi x,,
a pynryia y = [ (t) nenepepena 6 mouyi t,, de t, = g (x,), mo
cknadena pynxyia y = f (g (x)) € nenepepenoio 6 mowyi x,.

Hanpuknaz, Gysknia t = 2x — 1 HenepepBHA B TOYII X, = 5,
bysKIDIA yzﬁ HenepepBHa B Touni f,=2+5—1=9. Toxi
ckiageHa pyHkuis y=+/2x-1 € HemepepBHOIO B TOUMi X, = 5.
Mipkyioun aHAJOriYHO, MOXKHA [IOKA3aTH, 1[0 CKJIaZeHa (PYHK-
mifg y=+2x-1 € HemepepBHOIO B KOXKHii Toumi cBOEi o6iacti
BUBHAYEHHS.

Ile onpuknagu. Pysxnii y = sin xi y = 5x € HenmepepBHUMHU.
Toxni cknagena GpyHKIiA y = sin 5x TakoK HellepepBHA.

Koxxkna 3 ¢pyHKIik y:\/; i y=x* ¢ menepepsrow. Toxi

ckiafieHa QpyHKIia y=+vx°, mobro dysknia y =| x |, Takox
€ HemepepBHOIO.

! IloBeleHHA MUX BJIACTHBOCTEN BUXOANUTH 38 MeKi IIKiIbHOT nporpam,
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5. HenepepBHICTL hyHKUIT B TOYLI. BnactusocTi HenepepsHUX yHKLIN

NPUKNAL 2 o6yucrirs lim x—ﬂi
x4 \2x+1-3
Poszé’'sazanunasa
Ockinbkn dyeEKOiga f(x)=v2x+1-3 € HemepepBHOI, TO
lin} (\/2x +1 —3) =42:4+1-3=0. Omxe, 3acTocyBaTH TEOPEMY

PO I'PAHMII0 YACTKM HE MOXKHA.
IlepeTBOpUMO BHpPAa3, AKHNA CTOITHL IIiJi 3HAKOM I'DAHMILL:

-4 (x-9)(V2x+1+8)  (x-4)(2x+1+3)

J2x+1-3 (V2x+1-3)(V2x+1+3) (2x+1)-9
=(x—4)(\/2x+1+3):l(m+3)
2(x-4) 2 $

1
Ockinbkm pyHKOiA g (x)= = (V2x+1+3) e HEeIlepPepBHOIO, TO

MOJYKHA 3aIucaTH: lij’l} %(\/2x+1 +3) =%(,/2- 4+1 +3) =3.9

Teopema 5.3 (reopema Boasmamo—Komi). g,

@ynryia f nenepepeéna na s6idpisxy [a; bl i na xKinyax yvozo
npomixky nabyeae 3HaAYeHb PISHUX 3HAKIE, MO ICHYE MaAKa
mouka ¢ € (a; b), wo f (¢) = 0.

YecpKkuit MaTeMaTHK, pigocod i sorik. Odvo-
JioBaB Kadeapy icropii pexirii B IIpasbkomy
yHiBepcureri. [Ipn skurTi HaAPYKYyBaB (AHOHIM-
HO) JHIe 5 HeBeIMKHX MATEeMATHYHMX TBOPIB,
OCHOBHY YACTHHY HOro pYKONHMCHOlI CHANIMHN
BUeHI JochaifzKyBasm BiKe nicas iforo cmepri.
Tpakrar «YduesHs npo (yHKIii», HAMACAHWH
y 1830 p., nobauus csir TiabkH yepes 100 pokis.
¥ asomy Boabnaso, 3a bararo pokis so Beiiepm-
Tpacca i Komi, gopmynoe i goBOAHTE HHU3KY
[IOJIOJKEeHbh MATEMATHYHOro aHaxisy. ¥ pobori
«Ilapagokcn Heckinuennocti» Boabiano onpa-
IBOBYBAB MUTAHHSA NOTYXHOCTI HECKiHYEHHHX

Beprapa Boasnaso

MHOKMH; y pobori «HaykosHaBCTBO» BHCYHYB (1781-1848)
HUBKY ize#, AKi nepeaysanm MaTeMaTHUYHIH

Jorini.
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§ 1. lNoxiaHa Ta I 3acTocyBaHHA

IIst TeopemMa € Ha04YHO OoueBMAHOIO. CrpaBAai, AKINO TOYKH,
AKiI JeaTs y Pi3HMX IiBILUIOIIMHAX BiHOCHO oci abcimuc,
3’elHATH HEIePEePBHOI0 KPHBOIO, TO I KpuBa 000B’A3KOBO
neperHe Bieb abcuuc (puc. 5.6).

Hacainox. Axwo gpynryia nenepepéna i He Maec HYnié Ha
deaxomy npomixky I, mo eona Ha yvomy npomixcxy 36epizae
anax (puc. 5.7).

Hosedennsn. Ilpunycrumo, mo pana GyHKHis f HaA Ipo-
mikKy I He 30epirae 3HaK, ToOTO icHYyIOTh Taki a € I i b € I,
ae a < b, mo uncaa f (a) i f (b) pisaux s3nakis (puc. 5.6). Toxi
3a Teopemoio Boasnano—Komii icaye Touka ¢ € (a; b) < I raka,
mio f (¢) = 0. Orpumanu cynepeunicts. A

Haramaemo, 110 Ieil HACJIIOK JIeXKUTh B OCHOBLI MeToAy iH-
TepBaJIiB AJIA PO3B’sA3yBaHHA HEPiBHOCTEH.

NPUKNARD 3 Tosexite, mo piBEanES x° + 2x° — 11 = 0 Mae
KOpiHb.

Poszé’azannsa. Posrnsaemo HenepepBHY GyHKHioO f (x) =
=x° + 2x% - 11.

Maewmo: f (0) = —11, f (2) = 29. Orxe, 3a Teopemoro Bosbriano—
Komri nva Bigpisky [0; 2] piBusuHEA f (x) = 0 mae kopiHb., ®

He 6yap-aka yHKOis, BU3HAYEeHA HA Biapisky [a; b], mo-
cAra€ Ha ObOMY IIPOMIKKY CBOIX HaMbiJbmoro i HaWMeHIIOro
3HayeHb. lle inocTpye pucyHOK 5.8.

Dpasnyspkuil marematuk. Ony6ui-
kyBaB noHajx 800 pobir 3 apudpmMeTuru,
Teopil 4uces, aarebpu, MaTeMaTUYHOrO
aHanigy, audepeHnianbHAX DPIBHAHBD,
TEeopeTHYHOol i HeOecHOI MexXaHiKH, Ma-
TeMaTH4HOl (isWMKHM; 3aiMaBCA TAKOXK
JIOCHTi/PKeHHAMH 3 TPUIOHOMEeTpii, Teopii
OPY’KHOCTi, ONTHKH, acTpoHOMii. Bys
ynenom [lapusskoi akagemii Hayk, JIoH-
JOHCBKOIO KOPOJIIBCHKOrO TOBapHCTBA

Oriocren Jlyi Komi i mail>ke Beix akajemiit Hayk cBirty.
(1789-1857)
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5. HenepepsHicTb (yHKUIT B TO4UI. BnacTMBOCTI HenepepsHMX dyHKUIN

y s G

Puc. 5.6 Puc. 5.7 Puc. 5.8

=y

\
o}----=--0---0

=Y

IIpoTe pia HenmepepBHUX (DYHKIIN Mae Micie Taka TeopeMa.

Teopema 5.4 (reopema Beftepmrpacca). Axwo pynk-
yina Henepepéna na 6idpiaxy [a; b], mo eona na yvomy 6id-
pi3ky nabyeae c60ix HAUGINLUWLO020 | HAUMEHULOZ0 3HAYEHD.

I[Is TeopeMa HAOYHO OYEeBHUIHA. y)
SAKmo ABI TOYKKM Ha KOOPAMHATHIN f(xo)E ------- -~ Y
IJIOIIWHI 3’€/IHATH HeIlePEePBHOIO KPH- i
BOIO, TO Ha LI KpuUBi#A 3HAUAYTHCA /\
TOYKH 3 HAMOLIbIIOW 1 HAWMEHIIO
opauraTamu (puc. 5.9). f(a)|---

3azHauMMoO, 10 KoM B TeopeMi Be- avx
WepmTpacca Bifpizok [a; b] samimnTH
MPOMIKKOM IHIIOro BHZAY, HAIPUKJIAML
iaTepBasioM (a; b), TO 1A TeopeMa MOKe '.’J,ilf f(x)=f(a)
He BHKOHyBaTUCh. Tak, QyHKIA Y = X,
sIKa € HerepepBHOIO Ha nmpoMikky (0; 1),
HEe [IOCATAE HA HhOMY CBOIX HAMOLIBIIONO 1 HANMEHIIIONO 3HAYEHb.

=y

0

max f(x)=1(x,)

Puc. 5.9

Himeupkuii MmaremMaTuk, 4ieH Bepuin-
cbKol akazgemii Hayk, Ilapmusbpkoi akaje-
mii Hayk, nmodyecHu# wieH IlerepOypsskoil
axajgemii Hayk. OgHUM 3 HAWBaKJIMBIIINX
#oro 3no006yTKiB € cHCcTeMa JOridYHOro
oOr'pyHTYBaHHS MaTeMaTHYHOrO aHAaJIi3y,
3acHOBaHa Ha noOyxoBaHi HUM Teopiil
AiicEMX uyuces. Beltepmrpacc npupinas
3HAYHY yBary 3acTOCYBAaHHIO MaTeMaTHKHU
A0 MexaHikM Ta (QisMKH 1 3a0X04yBaB M0 Kapa Teoxop Binsrenasm
OO CBOIX YYHiB. Bejiepmrpace

(1815-1897)

L E R R B E R E R E N EEEEEEEE R EEREEENEEEREREEREENREENLSENREZSEHSEH:NEH:SHSEHSEH;SNHNEH-NZ-EH-SRHSE-EHSNHEJ-SE®-N-NE-RNESENRE-RE-R:'
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§ 1. lMoxigHa Ta ii 3acTocyBaHHA

ITokaskemo, AK IMOHATTA HENEPEPBHOCTI AOIIOMAarae 3HaXO-
aaTr obsacTh 3HaYeHb (hyHKITII.
Hexaii ipo (pyaK IO f BiZIoMO, 1110 xgiln f(x)=1, maxf (x)=5.
: 1) D(f)

Yu npasuasHO, o E (f) = [1; 5]? Pucy-

y ; -

EEtlet oty HOK 5.10 moxasye, mo Bignosine Ha 1e
’ | 3alNMTaHHA HEraTHMBHA: YMCI0 3 He Ha-

Glacs g i JIeIKUTH o0JsacTi 3Ha4YeHb miel (PyHKILII.

Ane aknio o6J1acTioO BU3HAUYEHHA He-
nepepBHOI (PYHKIIT € JeAKMIA MTPOMIYKOK,
TO BiANIOBiZF HA MOCTABJIEHE 3alTUTAHHA
Oy/ie TO3UTUBHOIO.

Teopema 5.5, Ixwo obracmio 6usHawenna Henepepenoi
Qynryil f € deaxuil npomixncox i 1})1}’1)1 f(x)=a, nl}%( f(x)=>b

ia+b, moE(f) =|[a; bl

Hoeedennsa. Hexalt uucna x, i x, taki, mo f (x;) = a,
f(x;) =bix; <x,(BUDaJOK, KOJH X, < X;, POIVISAAIOTH AHAJIO-
riyso). Posrisinemo noBinbHe unclso ¢ € (a; b), robroa < ¢ < b.
HoBeaemo, mo icHEye TouKa x, € D (f), ans axoi f (x,) = ¢. Tum
camum Oyze mokasaso, mpo ¢ € E (f).

Posrasaraemo dyaKLio g (x) = f (x) — c. PyHKIiA g € Hene-
pepsuOO Ha D (g) = D (f), omike, BOHA HeepepBHA HA BiApi3Ky
[x,; x,]).

Maemo: g (x;,))=f(x)) —¢c=a — ¢ < 0;

g(x))=F(x)—¢c=b-¢>0.

Omrixe, 3rizHO 3 Teopemow Boasmano—Komi icaye TOuY-
Ka x, € (x;; x,) Taka, mo g (x,) =0, To6TO f (%)) — ¢ = 0;

f(xg)=c. A

- 25
=y

NPUKNAL 4 3Haiinite obracts 3HaUeHb QYHKIL
2
f(x)=

X
2

=i
1+x

Posze'sazanna. Maemo:

720 nns Beix x € R. Ockine-

1+x

ku f (0) =0, To mainf(x)=0.

3acrocyBaBmu HepiBricTs Komi, sanuimemo:

2 2 2 1

x X

x
< =— .
ftxt alffest T 2N g
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5. HenepepBHICTb QyHKUIT B TO4UI. BNacTBOCTI HenepepBHMX yHKUIA

; 1 1
Ockinsku f(1)= E To max f (x)= :2
dyuknisa f senepepsHa Ha R, 3 TeopemMu 5.5 BHIINBAE, 110

TR
E(f)—l_O,ﬂ- ®

l Bnpasun

5.1." O6uucaiTe:

1) lim Jx; 3) liﬂil tg x; 5) lim arctg x.
x-—9 ) .:?. x-1
o i
2) lim sin x; 4) lim arcsin x;
4 x—0
X »

6

5.9 O6uuncaiTs:

1) lim Vx; 3) lim ctg x; 5) lim arcctg x.
x—2 ! n |
X :
2) lim cos x; 4) lim arccos x;
n x—0
X —»
2

5.3." TlosicHiTE, YOMY € HenepepBHOK (DYHKIiA:

1) f(x)=Vx+3 3) f(x)=6x+2; 5) f(x)=

sin x

2) f(x)=Vx-x* 4) f(x)=Vxsinx;

5.4.° IloscHiTe, YoMy € HenepepBHOW QYHKILIA:

l)f(x)=%+\/§; 3) f(x)= \/;:

COsS X

2) T (%) ='81n.x + ctg x; 4) f (x) = ctg 5x.
9.5. ObumciiTe:

'F EEEEREEEEEEEEE A E s rannm m N B R R NESRENSEH:NMESHMNHSEZSEZ:SEJEJ;EJ;NJEJM;NJES;SRZSE;RHSESEH;E-E;NRBEH;RJE;BJ;

/ :
1) lin}\/2r—1; 3) lim tg| x—;];
i X yE \ 0/
5
2) lim sin 3x; 4) lim cos®x.
5.6.° O6uncaiTs:
1) liu(l) J1-3x; 2) lim cos4ux;
39



L
L]
T
o
o
B
-
>
L3
o
€
©
*
A3
©
e
©
“
®
o
o
v
®
@
o
&
o
e
o
o
v
o
o
=
o
“
o
e
©
a
e
@
w
<
o«
o
o
©
@
L J
L
L
¢
a
o
o
L3
o
v
.«
B
o
-

§ 1. MNMoxiaHa Ta il 3acToCyBaHHA

\/;+1

X

3) hn

. / n
4) lxr}(l)ctg(x—zj.

5.7." Yu € HemepepBHOO B TOYMLi X, GYyHKIisA:

2

=9 AKINO X # 3
1) f(x)=4 x-8° L X 2 B
6, AKII0 X = 3,
sin 2x T
,mcmox¢5,
COsS X T
T 2
1, mcmong,

5.8." Uu € HenepepBHOIO B TOYMI X, DyHKIiA:

2

it AKIO X # —1
1) f(x)={ x+1° A
0, AKIo x =—1,

'sin 2x
, AKIIO X # T,

2) f(x)=1 sinx
-2, AKIIO X =T,

5.9." O6uucaiTh:

e

\/;—2. Nt iy

A==

1'0:7!?

Y) B 2) lim : 3) lim
xﬁox_\/; x4 -4 x—1 1_\/;
5.10." O6uucaiTe:
- 3
1) lin 24s— 8, 2) lim <"1, 3) hm‘/; .
x’03\/_ 2x xﬂll_\/; x,]\/;_l

5.11." ObuucxiTe:

1) lim

x-3 ]
x338 \}x—2—1’

2+x

2) lim ———
X - 21 'X L
. Vx+13-2+x+1
3) lm% g H
X ~» x —




Konw 3pobneHo ypoku

5.12.' ObunciriTe:

-3 : x2+4-2 : \/31+x2—1‘
x ’

1) hm ; 3) lim———— ; 5) lim
+]0 4 x—0 x x>0
/ ¢ 3/ _ c
2) 11m Cloch L. 3, 4) limg—z; 6) lim w
7 x i x1 '2, = | x—>-2 x°+8
5.13.° ,lIOBeme, 110 PiBHAHHA MA€E KOPiHb:
1) x®* + 2x — 13 =0; 2)'8'sm ' x=2x —'1,
5.14." HoBsexiTs, ni0 piBHAHHA MAa€ KOPiHb:
1) x*+3x-8=0; 2) 2 cos x = x* + 4x — 6.

5.15." 3maitziTe 00acTL 3HAYEHb (DYHKIII:
: i .
1)y=sinx+2; 2)y=cosx-3; 3) W oyt ARCEL A,
5.16." 3HaiaiTE 0061acTh 3HAYEeHb (PYHKIIL:

1) y=sinx—4; 2)y=38 +'cos x; 38)y=n—'arccos x.
2

5.17.” BuaiiniTe o6aacTe 3HaYeHb QYHKIIT y=—F7.
Oxct-1

2
L3 X
5.18." 3HaiigiTe obsacTe 3HaYeHb MYHKIIL Y =

4x* +3x% +1
g........0‘..............I....O.....(\O

KON 3POBNEHO YPOKW Lé’s
Mepwa yypnosa rpaHnun

IToxaxemo, mo GYHKIiIA y = sin X € HenepepBHOW. [lisa
IILOTO JOBEJEMO TaKe JOIOMiXKHe TBepHKeHHS.

Jdema 5.1, Ara 6ydv-axozo x ¢ R suxonyemvbca Hepis-
nicms | sin x | < | x|

Noeedenna. Axmo x =0abo|x| =1, A p
TO HEPiBHICTH, II0 AOBOAMUTHCHA, € OYe-
BHITHOIO.

Hexait x € (0; 1). Ha pucynky 5.11 x
TOUuKy P, OTpHMaHO B pe3yJbTaTi Io- ol M
Bopoty ToukHu P, (1; 0) Ha KyT x paniaH.

x N

L g~

o T
Ockinbku x € (0; 1), To6TO 0<x<5, TO

LA B B N B N N N N N NN N NN N R R EEEEERENREEN B EE RN RN N N RN N N RN N N N N NN

Touka P, 3HAXOANTHCA B NEPIIiil YBepTi. Pue. 5.11
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§ 1. lNMoxiaHa 1a il 3acToCcyBaHHA

ITnoma TpukyrEuka P,OP, MeHmAa BiA mjoili cexropa
P_OP,. Maemo:

1 : 5.
Sar,om i 5 OP02 sin x = E sin x;

S —lOP.,"’x=—x.

cexr POR, ~—
s 2

T s 1 -
Toni s sin x < Ex. Orpumyemo sin x < x.

Hexait x € (=1; 0). Toxgi —x € (0; 1). MoxxHa 3anumcarTu:
sin (—x) < —x. 3Bizcu sin x > x.

Orxe, axmpo x € (0; 1), 70 0 < sin x < x. Tomy |sin x| < | x
axkmo x € (-1; 0), 70 0 > sin x > x. Tomy |sin x| < | x|. A

.
’

IToxaskemo, 1m0 4ucI0 sin X, € rpaEune0 GyHKLil y = sin x
y Touni x,, e x, € R.
BukopucToByoun HepiBHiCTH Jemu 5.1, Maemo:

: ' i - X+ Ty-x
]smx—smx0|=2!sm 2°cos 0 1<2|sin —=2 <
X=X
<2. 2 =]| x-x, |

2

Hexait ¢ — noBinbHe gojgaTHe umeno. Ockinbkm | sin x —
- sinx, | < | x — x, |, To 3 HepiBHOCTEH 0 < | X — X | < £ BEH-
mImMBae, mo | sin x — sin x, | < e.

Axmo moknacTy & = g, To oTpUMaEMo: A 6yaAb-aKoro € > 0
icaye 8 > 0 rake, mo 3 HepiBHOCTeM 0< | x — X, | < § BUNINBaAE
HepiBHiCTH [ sin x — sin x, | < &. Ile osnauae, mo lim sin x =sin x,.

x—xg
Taxkum unHOM, QYHKIifA ¥ = Sin X € HENEPepPBHO B KOXKHIN
TOYI X,, & OTKe, Ia (GyHKIis HenmepepsBHa Ha R.

sin x

Posrisaaemo dpyskuino f(x)= . s dyHKIiA He BU3HA-

yeHa B Touli x, = 0. IIpore B niit Touni icHye rpaanns QyHk-
uii f. [loBegemo, mo Ma€ Micue Taka piBHICTb:

l R e
ling o (1)

42



Konu 3pobneHo ypoku

5.9 Axwo |x|<1ix#0, mo

Jlema x
sinx «x
0<1- < —,

x 2

Hoeedennsa. Hexait x € (0; 1). 3H0OBY 3BepHEMOCH JI0 pU-
cyaka 5.11. Ilobyayemo npamoxkyteuxk MP NP,, Ajls sIKOTO
Bigpiszok P P, € piarosHaJiio.

Ockinsku P.M = sin x i OM = cos x, TO

[ : o
S,p vp =—8in x(1—cos x) =sin x sin* =.
X 0 2 2

Ockinbku x € (0; 1), To sin x > 0. Toxi 3a nemoro 5.1 orpu-

2
. Mg 2
mMyemo: sin x < x; sm"5<[5j .

2 3
- DT x x
Orsxe, S,, v, =sin x-sin’= \\x-[—J =
= x 0 2 \ 2 4
OueBUHO, IO IJIOLIA BAIITPUXOBAHOI'O CEerMEHTA MEHIIa
Big mromi rpukyrHuka P .NP,.
1 )
MaeMO: Scnrumna = Scem' P.OF, = S\ P,OF, = Ex = E sin x.
Troov x°
Tenep moxxHa 3anucatn: 0<—x— 5 sinx<—.
2

3BincH 3 ypaxyBaHHAM TOro, mo x € (0; 1), orpumyemo:
sinx x°

0<1- —
x 2
sinx.' /1, x?

Ockinpkn GyHKIil y=1- y=—2— € NapHUMH, TO

OCTAHHA NMOABifHA HEPIBHICTHL BUKOHYETHCH TAKOXK AJIA BCIX X
3 mpomixky (—1; 0). 4

Tenep nosegeMo piBHicTS (1).
Buxopucrosylouu gemy 5.2, aasa | x | < 11 x # 0 maemo:

. . 2
SRE =1—§—n—{<x—<x2<|x\=|x—0|,
x x 2
T06TO
}sinx |

—1|<]x—0[.
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§ 1. MoxiaHa Ta 1l 3acTocyBaHHA

Hexaii € — JfoBiJIbHE ZOAATHE YMCJIO.
Axmo 0 < e <1, To noxknagemo 6 = &. Toxi 3 HepiBHOCTI

ML il —0]<B=e

0 < |x = 0 < § BunIUBaTHME
X

Axmo & 2 1, To 3a  obepemMo OGyAb-AKe YNCIO 3 IPOMIKKY
(0; 1). Ockinbku y mboMy BHOAAKY O<€E, TO 3 HEpiBHOCTI
sin x

0 <|x - 0| < 3 BunaMBaTHMe

-1|<|x-0|<d<e.
X

Orxe, ana Oyas-sakoro € > 0 icHye Take umeso & > 0, mio
3 mepisrocti 0 < | x — 0 | < § BunIMBae HepiBHiCTH
sin x
L5

X

sin x
— 4 i

Ile osnauae, mo lim
x -0 x

110 piBHiCTE HA3UBAIOTH MEPIIOI0 YYAOBOIO rpanunero. Bona
IIOKAa3ye, M0 IIPH JOCHTh MAJUX 3HAYEHHAX X BUKOHYETHCH
HabamykeHa piBHicTH sin x ~ x. Biaem Toro, 3 semu 5.2 BH-
nauBae, mo Koaum | x | < 1, To BUKOHYETHCA HepiBHiCTH
|=[’

2

. Tomy abcomroTHA noxubka HabaAMMKeHOI (hop-

|= [’
2

| x—sin x |<

MyJm sin x = x, ge | x | < 1, He nepesuIye . Hanpuxnazn,

akmo x = 0,1, to sin 0,1 ~ 0,1 3 TOYHiCTIO HE MEHIIE HIiXK
0,1°

——=0,0005.
2
NPUKNAL 1 O6umcriTe rpaHUIIO hm a8 3x
X
Posé’azanna. lim 2= 21 =lim Agin Sy =3 lim 22 8% =3. ®
x>0 x x-0 3x x>0 3x

NMPUKNAL 2 O6uuciaires rpaHUIlIO hm o %
P

Po3zé’azanna

sin x ¢ L sy - 1
=lim -lim =1.@

lm =lim
x>0

x 1*°xcosx x>0 x x-0 cos x
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6. MNpupict yHKuUil. 3ana4i, AKi NPUBOAATL A0 NOHATTA MOXIAHOI

; e s sinuma
MPUKNAA 3 O6uucaits rparumio lim — .
x-0 gin nx
Pos3é’azanna
sin mx . sinmx
sin mx AR m - lim m
o » x>0
lim =lim mx_ mx_ - _. o
20 ginnx -0 sin nx . sinnx n
nes—= nelim ——
nx x>0 nx
3x’

NPUKNAL 4 O6uncrite rparumio lim

x-0]1—-cosx

Poszé’'azannsa 3

x
e S : X :
lim =t oc T & =6lim —4— =
x-0]—-cosx 1~)02 . 3. =0 . 90X
sin” - sin” —
2 2
= Blimer s =6, (@
x-—0 1
sin -
oy
2
' Bnpasu
5.19. O6uucyIiTh IPAHUILIO:
1) lim sin 4x; 3) liml—cos4x; 5) Tim colex;cosx;
x>0 2x x—0 gin 3x x50 4x
2) lim sin 3x; 1) liml—cos 3x; 6) lim cos x—czos 13x
x-0 sin 2x x>0 xtgx x50 sin” x

a Npupicr dywxwil. 3agavi, saxi npuesoasTh
A0 NOHATTR noxiawol

Axmo GyHKIiA € MaTeMaTHYHOK MOJAEJUJII0 pealbHOr'o Ipo-
Ilecy, TO 4aCTO BUHUKAE noTpeba 3HAXOAUTH Pi3HHUIIO 3HAYEHD
uniel ¢yHKII] y ABOX Toukax. Hampukiaja, mo3HayuMo 4depes
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§ 1. NMoxiaHa Ta 11 3acTocyBaHHA

f (t) cymy KomTiB, AKi HAKOIMYMINCA HA JEIO3ATHOMY' pPaxyH-
Ky BKJaJHUKA A0 MomeHTy 4dacy t. Toxi pisauusa f (t) — f (£,),
ne t > t,, mokasye npubyToOK, AKAI OTPUMAE BKJIAJHUK 3a 4ac
= SRR

Posransaemo ¢yeKLio y = f (x). Hexaii x, — dikcoBana
TouKa 3 obsacTti BudHaYeHHA QyHKII f.

Sxmo x — poBinbHA Touka obsiacTi Bu3HaUYeHHA (QyHKIIL [
Taka, Mo X # X,, TO PiBHUIIO X — X, HA3UBAIOTH NMPHPOCTOM
aprymenty (ysrmii f y Touni x, i mosgavyaiote Ax (YATAOTH:
«penbra ike»)?. Maemo:

Ax = x — X,. 3Biacu
X=:o 1t A,

T'oBopATh, 0 ApPryMeHT OTPHMAB NPHPIcT Ax y Touli X,.

3a3HaYuMO, IO NPHUPICT apryMeHTy Moske OyTH AK Hojar-
HUM, TaK i Bii’éEMHHUM: AKII0 X > X,, TO Ax > 0; SKmo x < x,,
To Ax < 0.

SKmo aprymesT y To4ii X, OTPUMAaB mpHUpicT AX, TO 3HAa-
yeHHA QyHKUil [ 3MiHMJIOCA HA BEJIHYUHY

f (xg + Ax) — f (x)-

ITo pisEHHII0 HazuBaTh npupocTroM ¢yHKuil f y Tounmi x,

i mosHavaooTh Af (4UTAIOTE: «AeabTa ed»).
Maewmo:
Af = f (xo + Ax) = f (x,) abo

v Af = f (x) — [ (xp).
Hnas npupocty GyHKIii
f(x,+Ax) y = [ (x) TakoX DPUHHATO NO-
f(x,) 3HaveHHA Ay, TOOTO

Ay = [ (x) = f (x,) abo
Ay = [ (xo + Ax) = [ (x).
IIpupicT Ax apryMeHTy B TOY-
ni x, i BignoBigauii npupict Af
¢byaknii nokasaso Ha puc. 6.1.

“y

Puc. 6.1

! IlenosuT (6aHKiBCHKHI BKIAK) — KOIITH, AKI BKIAJHUK mepejae GaHKY
HAa JIeAKHU CTPOK, 3a Io 6aHK BHIIAYYE BKJAAJHUKY IPOIEHTH.

* Topopaun mpo npupict aprymerTty dyeknii f y Touni x,, TyT i aanxi
6yaeMo mpumyckaTtu, o B Oyab-sikoMmy iHTepBaai (x, — € x, + €) € TOUKH
obsacti BuaHavenHs Qysknii f, siamiagi Bix x,.
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3a3HaYuMO, 1110 AJsA GiKCOBAHOI TOYKH X, npupicT GyHKIii f
y TO4lli X, € (DYHKII€IO 3 apryMeHToM AX.

NPUKNAA 1 BuaiigiTe npupict GyHKOil y = x° y Toumi x,,
AKHHI BiiOBiZae npupocTy AX apryMeHTy.
Posé’azannsa. Maemo:
Ay =(x, +Ax)* —x2 = x} +2x,Ax+ Ax® —x) =2x,Ax +Ax’.
Bidnosidv: 2x,Ax + Ax’.

3apava npo MUTTEBY WBMAKICTL

Hexait aBToM00inb, pyXaloO4uyuch NPAMOJIIHIAHOO ALIAHKOIO
JIOPOr'¥ B OJHOMY HAIIPAMKY, 3a 2 rof nojosas muax y 120 k.
Toxi #oro cepeans IBHAKICTH PYXY AOPiBHIOE U, =—1?=
= 60 (km/roxn).

3HalifleHa BeJIMYNHA A€ HEIIOBHE YSBJEHHSA IIPO XapakKTep
pPyXy aBTOMOOiNA: HA OAHMUX AINAHKAX HUIAXY aBTOMOOLNL Mir
nepecyBaTHCs MIBHAILIE, HA iHIIUX — IOBLAbHIIIE, iIHKOJIU Mir
3YNHUHATHCS.

Paszom 3 num y Oyab-iKHE MOMEHT 4Yacy CIiJIOMeTp aBTO-
M00i/ig IMOKasyBaB JesiKy BEINYUHY — IIBUAKICTH Yy AaHUN
MOMEHT yYacy. 3Ha4YeHHs MBHUAKOCTI B pi3HI MomeHTH Oinbur
IIOBHO XapaKTepU3ye PyX aBTOMOOLIA.

PoaryisiHeMo 3a/1a4y NpPO NOIMIYK MIBUAKOCTI B JaHUA MOMEHT
Jacy Ha IPHUKJIaAi piBHOIPUCKOPEHOI'O PyXY.

Hexaii marepianbHa TOYKaA DPYyXaeThCs IO KOOPAMHATHIN
npaMii i yepe3 yac ¢ micjad HMOYaTKY PYXy Ma€ KOOPAUHATY
s (t). Tum camum 3agaHo GyHKLiO ¥ = 8 (1), AKa AO3BOJIAE BH-
3HAYUTH NOJIOXKEeHHSA TOYKH B OyAb-AKHI MOMeHT yacy. Tomy
10 QYHKIII0 HA3UBAIOTH 3aKOHOM PYXY TOYKH.

3 Kypey isuku BijoMO, 1110 3aKOH PiBHOIIPUCKOPEHOI'0 PYyXy
2

at
sanaeTbca Gopmysno $(t)=s,+v,t +—2—, Zie 8, — KOOpAMHATA

TOYKM HA HO4YaTKy pyxy (mpu t = 0), v, — mo4aTKoBa IIBUJ-
KiCTh, @ — NPHCKOPEHHA.

Hexaii, sanpukaag, s,=0, v,=1 M/c, a = 2 m/c®. Toxi
s(t)=1t*+1t.

47



§ 1. [NoxigHa Ta il 3acTocyBaHHA

3adikcyemo akuii-HebyAb» MOMEHT uacy i, i HagaMo apry-
MEHTY B To4Ili {, npupicT Af, TOOTO PO3rIsTHEMO NPOMINKOK Yacy
Bix t, o t, + At. 3a mel NpoMiXKOK Yacy mMarepiajibHa TOYKAa
3MiMCHUTL IepeMileHHsa As, e
As =3 (t, +At) -5 (t,) = (t, + At)* +(t, + At)—(t2 +1,) =
8(t+AL) \_v(\l’“)_'

= 2 + Ot AL+ At + 1, + At —t2 —t, =2t At + At +At’.

Cepennsi BUAKICTD U, (Af) pyXy TOYKH 3a IPOMIXKOK Hacy
Bix t, 1o t, + At ZOpPiBHIOE BiHOIIEHHIO
As 2ty At +At+At?

At At
TOOTO U,.p(At) = 28 + 1 + At.

ITosnauenHs A5 cepefHbOI MBHUAKOCTI U, (Af) Harouo-
IIye, o IpH 3aJaHOMYy 3aKOHI pyxy y = § (¢) 1 dikcoBarOMYy
MOMEHTi uacy f, 3HAUEHHs CepeAHLOI IMIBUAKOCTI 3aJIeXUTh
TiNBKHU Big At.

SAXuio posrnAmaTH AOCHTH MaJji IMPOMIiMKKHU 4dacy Bix i, Ho
to + At, TO 3 IPAaKTUYHUX MiPKYBaHb 3pO3yMiJio, MI0 cepemHi
IIBHJKOCTI U, (A?) 32 TaKi NIPOMiKKY Yacy MasIo BiIpi3HAIOTHCH
oxHa Bif oxHOi, TOOTO BeaWUYUHA U, (Af) Mmaiike He 3MiHIO-
eTbesi. YuM MeHIme Af, THM OJIMI)KYMM € 3HAYEHHS CepeaHbOl
IIBUAKOCTI 0 HeAKOro YHUcia, M0 BU3HAYAE IIBHAKICTH Y MO-
MeHT vyacy t,. [Hmumu exoBamu, axiio npu At — 0 3HaueHHS
Ueep (At) mpaAMyIOTH 0 uHcCaa U (f,), TO uncao v (t,) HA3UBAIOTH
MHTTEBOIO IIBUAKICTIO B MOMEHT 4acy %,.

Y Hamomy npukiagi, skmo At — 0, To 3HaUeHHA BUPAa3y
2ty + 1 + At npamyiors g0 umciaa 2t, + 1, sKe € 3HAUYEHHAM
MUTTEBOI MIBUAKOCTL ¥ (1), TOOTO

v(t,)= Lm}) (2t, +1+At) =2t +1.

=2t, +1+At,

Ileit mpuKaak DOKA3ye, IO KOJM MATEpiadbHA TOYKA pyXa-
€ThCA 32 3aKOHOM Y = § (1), TO il MUTTEBY IIBHAKICTH Y MOMEHT
yacy t, BUBHAYAIOTH 3a JONOMOroi0 (hopmMysIu

v(t,)= Lun, Uyp (At), TOGTO
! :
. 8(t,+At)-s(t,)
m 0 0

YV
v(ty)=1lim —=1li
At—0 At At—0 At
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6. ﬂpmpm cpyHKuu 3anau| AKI NPUBOAATL A0 NOHATTA NOXIAHOI

3apava npo AoTUYHY Ao rpadika pyHKuIT

Bigome o3HaYeHHS JHOTHUYHOI [0 KoJia AK NPAMOI, AKa Mae
3 KOJIOM TiJIBKHM OJHY CHiJIBHY TOYKY, HE3aCTOCOBHE Y BUNIAAKY
JIOBLIBHOI KPHUBOI.

Hanpuknaj, Bick opauHaAT Mae 3 napadoJioio y
Y= x* Tinpku ofHY cminpHY TOuky (puc. 6.2).
IIpore iaTYiLisA migKasye, M0 HEIPAPOLHO BBaXKa-
TH II0 IPAMY JOTHYHOIO 0 BKasaHOI mapaboiam. N
Pazom 3 THM y Kypci anredpu MU HEPIAKO Ka3aniu, i 2x
Huc. 0.

mo napa6osa y = x° fOTHKAETECA A0 oci abemuc
y mouni x, = 0.

YTOYHMMO HAOYHE YABJIEHHSA ITPO JOTUYHY JI0 rpadika (PyHKIIil.

Hexait M — Jesika TOYKa, AKa JeKHUTh Ha mapaboui y = x°.
IIposegemo npamy OM, sky HaszseMo ciuHoio (puc. 6.3). YaBu-
Mo cobi, 1o Touka M, pyxaoducs 1o napaboJsii, HabJauIKaeThCA
o rouxku O. Ilpu npomy ciura OM Oyze moBepTaTHCA HABKOJIO
Touku O. Toxi xyT mixk npamoro OM i Biccio aberuc craBaTuMe
BCe MEHIIUM i MeHIIIUM, i ciura OM mparsyrTume 3alHATH I10-
JIOXKEeHHA oci abcruc.

IIpsamy, mono)keHHA sAKOI nparHe s3avHATH ciuna OM upu
HabamkeHHi Touku M mo Touku O, HABUBATUMEMO JOTHYHOIO
mo mapabosau y = x° y Touni O.

Posrisiremo rpadik Aeskol HenmepepBHOI B TOYIl X, (QyHK-
uii f i roury M, (xq; f (x,)). ¥ Toumi x, HazaMo apryMeHTy
npupicT Ax i posrasiHemo Ha rpadiky Touxky M (x; f (x)), me
x = x, + Ax (puc. 6.4).

y A
f(x,+ Ax)
\\ f(x, ){

Puc. 6.3
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§ 1. MNoxinHa Ta 11 3acToCcyBaHHA

3 pUCYHKa BHAHO, 1[0 KOJIH AX CTA€ BCe MEHIIe i MeHIIe, TO
Touka M, pyxalo4uck 1o rpadiky, HabJmKaeTbea A0 TOYKu M.
Armo npu Ax — 0 ciura M ,M nparse 3aiiHATH ITOJOKEHHA Je-
sikoi mpsiMoi (Ha pucyHKy 6.4 ne npama M,T ), TO TaKy IpAMY
HABUBAIOTH JOTHYHOIO 10 rpadika dyukuil f y rouni M,.

Hexait ciuna M M mae piBHsAHHA Yy = kx + b 1 yTBOpIOE
3 IOJaTHUM HampAMoM oci abecnue KyT o. K BigoMo, KyTOBHH
koediuierr k mpamoi M,M popiBHOE tg o, TO6TO kK = tg O.
OueBupno, mo £ MMyE = o (puc. 6.4). Toxgi 3 A MM ,E orpu-
MYyeMO

ME Af
o=—=—,
M,E Ax

¥YBenemo nosHaueHHA k., (Ax) ana kyroBoro koedimierta
ciugoi M M, THM caMUM HAroJIOUIyIO4H, M0 AN JaHOI (PyHK-
uii i pikcoBaHOI TOUKH X, KyTOBUi KoedinieHT ciunoi MM
BUBHAYAETHCH UYepe3 IMPUPICT AxX apryMeHTy.

(Ax) = A—f :
Ax

Hexaii gporuuna M,T yTBOpIOE 3 HOJZATHUM HAIPAMOM OCi
aberue kyT B (B # 90°). Toxi ii kyroBuit Koedinient k (x,) xo-
piBnIOE tg f.

IIpupoaHo BBa’kaTu, II0 YUM MeHIIe AX, TUM MeHIIe 3Ha-
yeHHS KyTOBOro Koedinienta ciunoi BiApisHseThCA Bij 3HA-
YeHHS KYTOBOro Koe@dimieHrTa KOTUYHOI. IHIIMMHM cjIoBaMH,
armo Ax — 0, 1o k., (Ax) > k (x,). Toai xkyroBuit KoedpinieHT
JOTHYHOI BUBHAYAIOTH 32 JOMOMOro0 (hopMyian

k(x,)= Li_lpok (Ax), TobTO

clun

Maewmo: k&

cian

Af

Bin,)= li = o 150 F 2971 (60)
Ax -0 Ax Ax 0 Ax

NMPUKNAL 2 3Buaiigite dopmyny aas o6YHUCICHHA KYTOBOTO
koedinierTa oTHuHOI K0 rpadika pyskmii f (x) = ~x* y Touni
3 abcumcon x,. AKUE KyT 3 JoAaTHUM HaAIpsaMOM oci abcmmc
YTBOPIOE JIOTHYHA, NPOBeAeHAa /0 Uboro rpadika B Touni 3 ab-

1
CILUCOI0 X, = —E?
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6. MNpupicT dyHKUIT. 3aaaYi, AKI NPUBOAATL A0 NOHATTA NOXIAHOI

Posé’'sazannsa. Maewmo:
2 2 2
Af =f (%, + Ax) =T (x,) = (2, + Ax)* —(—x5) =—2x,Ax - Ax".
Toxai, ckopucraBIIuCh (HGOPMYIIOIO A O0YUCIEHHS KYTOBOTO
KoedinieaTa JOTHYHOI, MOYKHA 3alIUCATH:

(oo . —2x,Ax—(Ax)?
k(x,)= lim 2 i i
Ax =0 Ax Ax >0 Ax
Axmo Ax — 0, To 3HaYeHHs BUpa3y —2x, — AX IPAMYIOTh 0
qucsa —2x,, To6TO lim0 (—2x, — Ax) =-2x,. 3BiacH k (x,) = —2x,.
Ax -

= lim (-2x, —Ax).
Ax =0

s dopmyna go3BoasA€ OOUUCIUTHA KYTOBUH KoediuieHT A0-
tuaHOi A0 mapabosnm y = —x° y Gyab-akii
TO4li, 30KpemMa B Touli 3 abcummcoio

1
X, Z—E.
Maewmo: k(—l]=—2-(-ljzl.
2 2

Hexaii goruuna 10 napabosu B To4uni 3 ab-

1
CIIHCOI0 X, = B yTBOPIOE KyT 0. (0 < o < 1)

Puc. 6.5

3 pomaTHUM Hanpsamowm oci abcmue. Toxi ii
KyTOBHUH Koe(dinieHT nopiBHIOE tg ao. Bume

1
MW BCTAHOBHWJIH, IO k(~§):1. 3Bigcu tg o = 1. Ockinbku

0<a<mn 1O azg (puc. 6.5). ®

e

6.1." 3naiiaitTe nopupict GyHKnii f vy Tounmi x,, AKIIO0:
D)6 =120 Ay ey =L Ax =023
2) f (x) = 8x* - 2x, x5 =2, Ax = 0,1;
3) f(x)-—-g, %o =1;2,4% = =0,3.
x
6.2." 3uaiaites npupict pyskmii f y Touni x,, AKIO:
1) £ (%) =4 —3x, X=1:sAx =0,3;
2) f (x) = 0,5x%, x, = -2, Ax = 0,8.
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§ 1. MNoxiaHa Ta i 3acTocyBaHHA

6.3." llna dyukmii f (x) = x° — 3x Bupasits npupicr Af GyHK-
uii f y Touni x, yepes x, i x. 3Haigite Af, akmo: 1) x,= 3,
Xis= 235;,2) x5 = mdm Sl=1A

6.4." Ina dynknii f (x) = x* Bupasite npupicr Af dyrkmii
f vy Touni x, uepes x, i x. 3maigite Af, axkmo x,= 0,5;
x =0,4.

. . . - . A
6.5." lna dyuknii f (x) = x* — x i Toukn x, sHaNAITH ;f

i lim ﬂ.
Ax—0 Ay
. . 1A Af
6.6." una dysrmii f (x) =5x + 1 i Toukn x, 3HAUZITH vl
i lim Af—
Ar-0 Ax
6.7." MaTrepianbHa TOYKA PYXAETHCA MO KOOPAMHATHIN mpamiii
3a 3aKOHOM s (1) = 2¢° + 3 (mepeMileHHA BUMIPIOETHCA B Me-
Tpax, 4ac — y CeKyHAax). 3HaUAiTh MUTTEBY MIBHAKICTH
MaTepiaJbHOI TOYKH B MOMEHT f, = 2 C.
6.8." Tino pyxaeTbcs IO KOODAMHATHIA NMpAMiil 3a 3aKOHOM
s (t) = 5t® (nepeMileHES BUMIDIOETHCS B MeTpax, 4ac —
y cekyHAax). 3HauAiTh: 1) cepefHI0 MIBUAKICTHL Tija mpm
3MiHi gacy Big f, =1 ¢ g0 ¢, = 3 ¢; 2) MUTTEBY IIBHIKICTH
Tina B MoMeHT £, = 1 c.
6.9.” 3raiigiTe KyToBHM KoedimicHT:
1) ciumoi rpadika ¢ymkmii y = x*, Aka nmpoxomuThH 4Yepes
TOYKH rpagika 3 abcuucamu x, = 11 x, = 1,6;
2) mormuHOi A0 rpadika Gpysrmii y = x* y Touni x, = 1.

6.10." 3HalAiTe KyTOBHM KoedimieHT:
1) ciunoi rpadika GyHKIil y = x°, AKA NPOXOAMTH Uepes
TOYKH rpadika 3 abcoucamMu x, = 21i x, = 1;
2) notuuHoi A0 rpadika dpyskmii y = x° y Touni x, = 2.




7. MoHATTA noxiaHol

MoHaTTa noxigHoT

Y nonepesHLOMY IYHKTI, pO3B’sA3yI04M ABI pi3Hi 3azgaui npo
MUTTEBY IIBHAKICTh MATEPiaJbHOL TOYKH i PO KYyTOBUA Koedi-
I[IEHT AOTWYHOI, MU JiAIIIMA A0 OAHIE] 1 Ti€l camMol MaTeMaTHYHOL
MOJieJIi: TPAHUIII BiHOMIEHHA NPUPOCTY (HYHKIII A0 IPUPOCTY
apryMeHTy 3a YMOBM, IO IPUPICT apryMeHTy NPAMYE A0 HYJIA:

v(t,)=lim 22,
At =0 At

k(x,)=lim A—f.
az0 Ax

o amajsoridamx (opmMys NPUBOAUTH PO3B’SA3aHHA Iiinoi
HU3KH 3ajay (pisukm, ximii, Oiomorii, ekoHomikm Tomjo. Ile
CBi[YUTH OPO Te, IO PO3IVIAAYBAHA MOJEJIb 3aCJIyTOBYE Ha 0c00-
JUBY yBary. lif BapTo NpPMCBOITH HA3BY, YBeCTH MO3HAYEHHH,
BHBYMTH i1 BJIACTHBOCTI TA HABYUTHUCH 1X 3aCTOCOBYBATH.

Osuavenna Ioxiamorxw ¢pyaruif f y rouni x, sasusarors
YHCJI0, AKe MOPIiBHIOE FPAHMIII BiTHOMIEHHS IPUpoCcTy PyHKIIT f
¥y TOYIIi X, 10 BiAIIOBITHOTO IPHPOCTY aPryMeHTy 3a YMOBH, IO
NPHPICT apryMeHTy NPAMY€E 10 HYJd.

IMoxigry ¢dyHKOii y = f (x) y Toumi x, mo3Ha4YalOTh TakK:
f' (x,) (umraoTh: «ed mWTPUX Bij ikc HyJIbOBOro») abo y' (xy).
Toxai mo)xHa 3anucaTu:

I (xo +Ax)—f (x,)
Ax

f (xo) > Al-quo

abo

' (x,)= lim L
Ax 0 Ay

IMoxigny dyHKIil f y Touni x, MOKHA O0YMCIUTH 3a TAKOIO
CXEeMOIO:
1) HazaBImIK B TOYIlI X, aprYMEHTy OpupicT Ax, 3HAUTH Bij-
noBigEUI npupict Af GyHKIIi:
Af = [ (%o + Ax) = [ (x0);

& p Af
2) 3HANTH BilHOIIEHHSA A—;
x
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§ 1. MNoxiagHa Ta il 3acToCcyBaHHA

! Af
3) 3’sicyBaTH, 0 AKOr'0 YUCJIa IPAMYE BilHOLIEHHA — IIPH
Ax

o 5 A
Ax — 0, TobTo 3HaTH rpaHMIO lim —{
Ax—0 Ax

NMPUKNAA 1 3Braitxites noxigny GyHKmii f(x)=l y TouIi
X

25="1\
Poszé’'szanna. [JoTpuMyO4YnCh BUIIEHABEAEHOI CXeMH, 3a-
IMUILIEMO:
1 1 1 1 -Ax

1) Af=f(x, +Ax)—f (x,) = AN = e :
R )l n+Ax x, 1+Ax 1 1+Ax

2) A—f:_ : ’
Ax 1+Ax
3) nmpu Ax — 0 3HaYeHHA BHpa3y & P IPAMYIOTH J0
+Ax
! 1
yuesa —1, Toéro f'(1)= lim (— )=—1.
Ax—0 1+Ax

Bidnogios: —1.

3a3HaunuMo, 1[0, 3HAWIIOBIIMA 3HAYEH-
Ha [' (1), MU THM caMHM 3HAWIILIA KYTO-
BUi KoedinieHT k (x,) noTHYHOI, IpoOBe-

genol jxo rpadika ¢pysxoii f'(x)=—y
b 4

Touni 3 abcuucoio x, = 1. Bim gopiBHIOE
-1, Tobto k (1) = —1. Toxi, mosHAUMBIIH
yepes3 o KyT, YTBOPEHUI Ii€I0 JOTHYHOIO
3 JOAATHUM HAIpAMOM oci aberuc, Mosxe-

Mo 3anucartu: tg a = —1. 3Bigcu « =¥ (puc. 7.1).

Yaarai, MOKHA 3poOUTH TAaKWH BUCHOBOK: KYMOBUIL Koei-
uyiewm OomuuHoi, npoeedenoi 0o zpagirka Qyuryii f y mouui
3 abecyucow x,, O0opiéHioe noxiOnil Qyurxuil [ y mouuyi x,,
TOOTO

k (x0) = ' (x0)

I1s piBHiCTH, BHPAXKa€ reOMETPHYHHH 3MiCT MOXiIHOIL.
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7. lNoHAaTTa NOXiAHOI

Takox 3posymino, mo woau y = 8 (t) — 3axon pyxy mame-
pianbHOl mouKu 1O KOOPAUHATHIN npamiil, mo ii mummesa
weudkicmv y momenm uacy t, OopiéHIoe noXiOHilk QyHKyil
y = 8 (t) y mouui t,, TodTo

v (tp) = 8’ (o)

IIs piBHicTh BUpaXkae MeXaHIYHHUM 3MICT MOXiAHOIL.

Axmo dyaknia f Mae noxigHy B TOYI X,, TO L0 PYHKILIIO
HA3UBAIOTh AH(epPeHiHOBHOIO B TOYL X,.

Hexait dysxuis [ gudepenuiiioBEa B Touni X,. 3 reome-
TPUYHOI'O 3MiCTy IIOXiAHOI BUILIMBAE, 110 A0 rpadika GpyHKIii f
y To4YIl 3 abCIuCco0 X, MOXKHAa ITPOBECTH He-
sepmuraaviy potrudnHy (puc. 7.2).

Ha pucyrHky 7.3 3o0paxeno rpadikn v = f(x)
¢byHKOii, Axki B Touni x, MalOThs pospus abo
«3nmoM». Ilo ix rpadikiB y Tounmi 3 abecou- —
COI0 X, He MO’XHa nposecTH AoTuuHy. Ili
¢dyuknii He audepeHniioBHI B TOULI X,. Puc. 7.2

Yy

Y Y

Puc. 7.3

Ha pucyrky 7.4 3o06paskeno rpadikm GyHKUii, axki B Todmi
3 abCIMCoI0 X, MAIOTh BEPTHKAIbHY A0oTHYHY. ToMy 1i dhyHKIiT
He nudepeHIinoBHI B TOYLi X,.

Y

=Y

| o

Puc. 7.4




} § 1. MoxigHa Ta 1l 3acToCyBaHHA

ITokakemo, Hanpukaaza, mo dysxuisa f (x) = | x |, rpadix
AKOI Mae «3J0M» y Touli X, = 0, He € gudepeHiHOBHOIO B I[ii
Touii. Maewmo:

DAf=f(xg+Ax) —f(x0)=| %o+ Ax | - | x| =

=0+ Ax|-|0|=|Ax];

A Ax
, 2) it |;
1l Ax Ax
| 3) v mpukJyazi 3 nyHKTY 3 Oyno mokasaHo, 1m0 GYHKILiA
" t
Y ! g(t)=]—7—| He Mae rpaHuani B rToumi ¢, = 0; me o3mauae,

k P 1 ;
10 He icHye rpaHuni lim — , T06TO DyHKIisA f He € AN-
ax-0 Ax

¢depeHLiIOBHOIO B TO4YLi X, = 0.
Teopema 7.1. Axwo Qynryia f € dugepenyiliosnoro
6 mouyi x,;, MO 60HA € HeNepepeHoIo 6 Yill mouyi.

Hoeedenns. Ockinbku pyuxuisa f qu-
¢depeHIifioBHA B TOYII X,, TO MOYKHa 3a-

DyrKIil,

l HenepepBHi j A

’ B TouNI X, mucarn: f'(x,)=lim AL,

| Ax -0 Ax

' @yuaxuii, 1

|j nidepermionHi Maemo: Ax = x — x,. OueBHAHO, IO

B TowLi X, koam Ax = 0, To x - x,. Toxi

f'(x,)= lim A i D82S (),
e fo% Ax <% x-x,

Maemo:
f(x)-1(x)

X—X,

lim (f (x)-f (%)) = lim [ (x—xo)j=

= lim 1)1 (%) lim (x-x,)=1"(x,)-0=0.

X —» Xo x ..xo X - Xg

Orxe, llm (f(x)-f(x,))=0. BBigem lim f(x)=f(x,). Ile

> X9
os3Havae, 10 QYHKIiA [ € HeepepBHOIO B TOYL X,. A
3asHauMMO, [0 HemepepBHA B Touli X, = 0 ¢ysknisa f (x) = x |
He € audepeHNifoBHOIO B i Toumi. Ileit mpuxnan mokasye,
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7. TNOHATTA NOXIAHOI

1110 HenepepBHicTh GyHKIIi B Touwi € HeobXiAHOW, aje He € J0- |
CTATHBOI YMOBOIO AudepeHuniioBHOCTI (yHKNIiIl B mii TOowmi®

o
(puc. 7.5). o

Hexait M — MHOXHMHA TOUOK, YV AkuxX GyHKIiA [ gudepen-
niriosHa. KoxkHOMY umcay X € M mocTaBMMO V BiAOBiAHICTH
gyueso f' (x). Tum camum 3agano ¢GyHKIiIIO 3 006J1acTIO BU3HA-
yeHHA M. I110 pyHKIi0 HA3UBAaIOTH MOXixHOX0 dyHKIIl y = [ (x)
i mosnauvaiors ' abo y'.

Axmo dyeKuia f audepeHniioBHA B KOMKHINA TOYIl JAe-
AKO0I MHOKHHU M, TO rOBOPATH, 110 BoHA AudepeHiiiOBHA HA
muoxunai M. Hanpuknan, Ha pucyHKy 7.6 306pakeno rpadik
¢byaknii, gudepennitoBaol Ha npomikky I. Ha npomikky [
1ei rpagik He Mae pO3pUBiB 1 3JIOMiB.

y
/0
N g — ?
ITpomixox [
Puc. 7.6

Axmo dyskuia f gzudepenuitossa Ha D (f), To ii HA3UBAIOTH
nudepeHiiioBHOIO.

3Haxo/KeHHA noxigHol ¢yHKHil f HazuBawTh audepeHii-
oBagHAM GyHKIIT f.

NMPUKNALA 2 IIpoaudepenmuiwoiite byakuio f (x) = kx + b.

Poszeé’azanna. 3aaigemo noxigny ¢dyukuii f y Touni x,, ge

X, — AOoBinbHA TOYKA ob6nacTi BUsHAUYEHHS (QYHKILT f.
1) Af =1 (xo + Ax) = f (%) = (k (xp + Ax) + b) — (kx, + ) =
= kAx;
2) _\L . kAx R
Ax Ax

g 0ss N 1A e
3) 3a osHaueHHAM moxigHol f'(x,)=lim —=1lim k=k.
Ax =0 A'r Ax — 0

Omrxe, f' (x,) = k.
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§ 1. lMoxiaHa 1a Il 3acTocyBaHHA

OckinbKku x, — JAOBiNBHA TOYKa 00JacTi BUBHAYEHHSA (DYHK-
uii f, To ocraHHSA piBHiCTH O3HAYAE, [0 AJaA Oyab-akoro x € R
BHKOHYEThCA piBHIiCTE f'(x) = k. ®

BucHOBOK 11po Te, 110 noxigHa JiHiiHol GyHKLii f (x) = kx + b
JOPiBHIOE R, TAKOK NPHUUHATO 3aIIMCYBATH TAKUM YHHOM:

(kx +b) =k (1)

Axmo y dopmyay (1) mizcrasutu k£ = 11 b = 0, To oTpMaeEmMo
(x) =1

HAxmo x y dopmyai (1) nokaactu k = 0, To oTpuMaemo
) =0

OcraHHA piBHiCTH 0O3HAYAE, 110 NOXiAHA QYHKILII, KA € KOH-
CTAHTOI0, V KOXKHIN TOYIi AOPiBHIOE HYJIO.

NPUKNAA B Braiizite noxiany dbyskuii f (x) = x°.
Poszeé’aszanna. 3uaigemo noxigny ¢ysknii f y Toqni x,, ae
X, — JOBiIbHaA TOYKa obJyacTi BUBHa4YeHHA QYHKIII f.
1) Af =f(x,+Ax)—f (x,) =(x, +Ax)* —x; =2x,Ax + Ax?;
Af _2x)Ax+ Ax?
Ax Ax
3) akmo Ax — 0, To npu 6yas-aKOMy X, € R 3HAYEeHHS BH-

pasy 2x, + Ax npamMyoTh A0 uucja 2x, Orxe,
f'(x)= Aljm0 (2x, + Ax) =2x,.

2) = 2x, +Ax;

OckinbpKu X, — JOBLIBLHA TOYKA 00sacTi BUBHAYEHHA QYHKILIT
I ()= x%, To pna Oyab-sikoro x € R BUKOHYeThCs PiBHICTH
f.{x)=2%.. 9
OcTaHHIO PiBHICTH TAKOXK NMPHHUHATO BAINCYBATH Y BUTJIALL

(x?) =2x (2)

NPUKNAL 4 Braiigite noxizey dyskuii f (x) = x°.

Po3zé’aszanHa. 3HangemMo noxigny ¢pyekuii f y rouni x,, ae

X, — HOBiJbHA TOYKA obyacTi BUsHAYeHHA DYHKIIT f.
1) Af = (xo + Ax)® — x,° = (2 + Ax — x)((x, + Ax)® +
+ (xy + Ax)xo + x°) = Ax ((x, + Ax)® + (x5 + AX) Xy + x,7);
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7. TNoHATTS NOXIAHOI

) Af Ax((x, +Ax)* +(x, +Ax)x, + X3 ) )
Ax Ax

= (x, +Ax)? +(x, + Ax)x, + x5 ;

3) axmo Ax — 0, 10 3HaYeHHs BUPa3y (x, + Ax)’ +(x, +Ax)x, +x;

] . A P,
IPAMYIOTH 70 uncaa 3x,°. Orxe, f'(x,)= llm) A_f = 3x,.
Ax-l C

OckiNBKH X, — AOBiJIbHA TOYKA 06JiacTi BUSHAYEHHA PYHK-
il f, To gnsa 6yab-akoro x € R BUKOHYETHCA PiBHICTH
f'(x)=3x% @

OcTaHHIO PiBHICTH MOXKHA 3anMCaTH TakK:

(x:i); d 3x2 (3)

Popmyan (2) i (3) € oOKpeMUMH BUIIAAKAMH OLIbII 3arajJbHOl
dopmysin:

") =nx"""“neNn>1 (4)

Hanpukaazg, (x°) = 5x*, (x7) = 7%

a“..‘.‘....'l......O.l......'........'

NMPUKNAQL 5 [losexits, mo noxigna pyurmii f (x) = x", n € N,
n > 1, popisHioe nx" .

Posé’azanna. 3aaingemo noxigay GpyHkmii f y Touni x,, ne
X, — AOBiJbHA TOYKa 06sacTi BusHaYeHHA (PYyHKUIL f.
1)'Af = (%, + Ax)" ~ Xp %
2) Haragaemo, mo a”" - b"=(a-b) (@" ' +a" *b+ ... +
+ b" 1), Toxi MokHa 3anmuCaTH:

Af iz +Ax) =ixg

Ax Ax
(% +Ax - x,) ((x, + Ax)" ) +(x, +Ax)" ;Zx(, 0ot Xg D s
Ax

 FEEE R EEEEEEERERELERZSES-SESE:RH:SEH;SH;:EH~E.]

=(x, +Ax)" ' 4+(xy +Ax)" P2y +uuat X
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§ 1. NoxigHa Ta ii 3acTocyBaHHA

. -1 -2 -1
3) f'(x0)=A1}£no((xo+Ax)" +(Xy +AX)* X+t 2 )=
Gt Rt 448y =pxt ™!

n popanxis

OckinbKu X, — AOBiJIBLHA TOYKA 00JacTi BUBHAYEHHS (DYHK-
uii f, To gasa 6yas-Akoro x € R BUKOHYEThHCHA PiBHICTH
f'(x)=nx""'. @
L A E R B R R RN N ENENREEEREENERERENEHNE-E-SRE-SRHSEH-NISEH-RMSHEHNSSEHRSE NN
Dopmyia (4) 3aIUIIAETHCA CIIPABEAJIUBOI0 A OYyAb-AKOTO
neZix#0, TobTo

(x")=nx""',neZ (5)

Hanpuxiazn, ckopucraemocs GopmMyJioo (5) Aas 3HAXOMKEH-
& 1
HA noxigHol ¢pyHKLii f(x)=—. Maemo:
vy
Y 2 e : 1
(—J :(x'l)=—1.xl l:—xzz——z.
X X
i 5 1
Oraxe, ayist Oyap-saKoro x # 0 BUKOHYeThesA piBHICTS [’ (X)=——

X
abo
(Alee
x xz

NMPUKNAL 6 IIpoaudepenuiwoire pyaknio f(x) = Jx .
Poszeé’azannsa. Hexait x, — noBiabHa TOuKa obsacTi BU3HAa-
yeHHA QyHKIII f, To6TO X, = 0.

1) Af = Jx, +Ax =[x, .
2) Maemo: A_f \/xo+—Ax \/Z (\/—)2_(\/;)2
Ax Ax(\/w—MJr\/Z)

(x, +Ax)~x,
Ax-(\/x°+Ax+ xo) \/xo+Ax+ xo

A
3) 3Haii1eM0 IpaHUIO Bn}) A—f . IIpn x, >0 maemo, mpo
-0 Ax
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7. NOHATTA NOXIAHOI

Af 1
llm——hm
Ax0 Ax  Ax—0 /x +Ax+f[, 2 xo
A 1
IIpu x, =0 maemo, mo ——’::—. Tomy npu Ax — 0 3Ha-

Ax  \[Ax

cTaioTh Bee OinbmuMu i 6inpmumu. Tomy

1
YeHHSA BUPAa3y
VAx

: A
He icHye 4mcsa, 0 SAKOro NpsAMYIOThH 3HAYEHHS BUPa3y Z£

x
Sy s
Omxe, rpasguni lim — He icHye.
Ax—0 Ax
TakuMm yuHOM, (DYHKIIiA f(x)=\/; € nudepeHiHoBHOI Ha
4 : 1
muOXHuHI (0;+0), nmpuyomy f'(x,)=——. 3a3HauuMo, IO
VxO

B Touni x,=0 dysknia f(x)= Jx mee audepeHniioBHOIO. @

LR B N B N N N N B N N BN N NENMNENZMEJMNZJEJ:RH-SE N BN N

Dopmyay (5) TakokK MOMKHA y3araJbHUTH ANA OyAL-AKOrO
reQix>0:

@)=rx"reQ (6)

Hanpukiaz, sHaiaeMo noxigay ¢pyseruii f(x)= \/; , CKOpHC-
TaBmuck popmyso (6). Maemo:

' Y 1_ 1
(\/;)=(x2) ;xz 1=%x2= 2 . Omxe, nns x > 0 moKHA

2x

a6o
4 1
(Vx) e

VYaarani, noxigay dyHkmii f(x)= 2/;, n e€ N, n> 1, moxxHa
3HaAXOAMTH 3a HOPMYJIOI0

sanucaru: f'(x)=

1
2x

(W) =—+ (7)

nf n-1

nvx

SAxmo n — HenmapHe HaTypaJbHe Yucio, To hopmyia (7) mo-
3BOJIIE 3HAXOAUTH NOXiAHY GyHKHII f ¥y BCiX TOUKax x TaKux,
mo x # 0.
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§ 1. lNMoxiaxa Ta i 3acTocyBaHHA

Axmo n — mapHe HaTypaJbHe YHCIIo, To hopmyna (7) no3so-
JIS€ 3HAXOAUTH NOXiAHY MYHKIII f AN BCiX A0JaTHUX 3HAYEHD X,

3BepHEMOCHA 0 TPUIOHOMETPHUYHHUX (DYHKIIA y = sin x
iy= cos x. ITi dyskuii € AudepennifioBErMH i ix moxizHi sHa-
XOAATH 3a TaKUMH (opMyIamMu:

(sin x)' = cos x

(cos x)' = —sin x

SAx poBoxuTH 1i hopMysin, BU 3MOXKeTe Ai3HATHUCA B pyOpHILi
«Komu 3pobsieHO YPOKM».

ITpu obumcneHHI NOXiAHUX 3PYYHO KOPUCTYBATUCH TabJIM-
IIeI0 DOXiHKX, po3MileHor Ha dopaani 2.

2 L J
NPUKNAL 7 [losexits, mo dyaknia f (x)= Foe 4 AKEP AT o
2x—1, akmio x21 e
€ nudepeHifoBHOIO B TOYIL X, = 1. 3HakaiTe f' (1). o
Posé’aszanna. Maemo: f(xg)=f(1)=2-1-1=1. <4
2 ©
Axmo Ax < 0, To — AT S A= T4 ol Ax) —1=2+Ax. B
Ax Ax Ax :
o 0 g AL Af f(x0+Ax) f(xo) (2(1+Ax)-1)-1 =2,
Ax Ax Ax °
Tenep 3posymiJyio, mo AlgmoA—f =2, TooTo f' (1) =2.@® ’
.................._;OAf....................
l- Bnpasn
7.1 Bmaiigite noxixny GysEKmii:
1).y = 5x—.6; 2)y—1Tx y=9.
7.2, 3maiigite noxigny GyHKmii:
Dy =xh 8)'y =7 By = x>
1
2) yo=x" 4) y=%; 6) y=x°.
X
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7. MNMoHATTA NoxigHo!

7.3." BraigiTe noxigny GyHKIii:

1) y = 2% 3) y—i,, 5) y=x%;

2y=x" 4) y =8 - 3x; 6) y =x
7.4." IIpoxpudepeniioiire (bymcu.i}o:

1) y=4x; 2) y=¥"; 3)y=%; 4) y=
X

o
1

1
7.5." Ilpogudeperiioiite GyHKIiIO:

1

1) y="x; 2) y="Yx’; 3)y=1\2/_7.
X

7.6." ObunciTe 3HaYeHHA moXigHOI MyHKMIL f y Touni x,:

1) f (x) = sin x, x0=£; 2) f (x) = cos x, x0=—%.

' 7.7." Obuncaites 3HaueHHsa noxigHol GyHKHII f y Touni x,:

1) f (x) = sin x, xO:%; 2) f (x) = cos x, xoz-g.

7.8." O6uncaiTe 3HaUYeHHA Moxignol GpyHKUil f y Toumi x,:

1) f(x)=x\/;, Xp=81; 3) f(x)=\/x X5 Xn =103
2) f(x)=x*Yx, x, = 1; 4) f(x)—\/_, X, = 64.
X

7.9." Obuucraits 3HaYeHHS NOoXigHOI GyHKLII [ y Toumi x,4:

1) f(x)=x¥x, x,=256; 2) f(x)=Yxx, x,=1.
7.10." Kopucryounch 0O3Ha4eHHAM NOXigHOI, sHaiaiTe f'(x),
AKIO:

3
1)f(x)=;; 2) f(x)=4'-
7.11." Kopucryiouucs 03HaYeHHAM II0XiTHOI, 3HAWITE ['(x), AKIO:
1) £(x)=——; 2) f (x) = x* + Bx - 2.
X

7.12." BuaigitTe KyToBUl KoedinieHT JOTHYHOI, TPOBEAEHOI 10
rpadika dysknii f y Touni 3 abcaucoi x,:

1) f () = &, xp = -1 3) £ ()=, %= 2;
2) f(x)=\/;, X, =4; 4) f (x) =sin x, x, = 0.
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§ 1. lMoxigHa 1a il 3acToCcyBaHHsA

7.13." 3HaigiTe KyToBui KoediieHT JOTHYHOI, IPOBEAEHOI 10
rpacdika ¢pysrnii f v Touni 3 abeumucoio x,:

D7 e)=x', 2= =2; 3) f(x)=%* %= —8;
2) f(x)=x, ;=27 4) f (x) = cos x, xoz_g

7.14." 3uaiigiTe 3a gomomorow rpadika ¢pyekmii f (puc. 7.7)
sHaveHHA [’ (x,) 1 (x,).

Puc. 7.7

7.15." 3naiigiTe 3a gomnomoroio rpadika ¢yekmii f (puc. 7.8)
saaveHHda f' (x,) i f' (x,).

yA yA

d 5 [ L6
S

-

Puc. 7.8

7.16." Ha pucynky 7.9 3o0paskeso rpadik dyaxmii f. Ykamxirs
KiJIbKa 3HA4YeHb aprymMeHTy X, AJd AKUX:
1) ' (x) > 0; 2) " (x) <0; 3) ' (x)=0.

7.17." lo rpadika dyskuii f y Touni 3 abeuucoio x, mposeaeHo
poruuny (puc. 7.10). 3raigits ' (x,).
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7. NoHATTS NOXiAHOI

!/4
v
H—1- 71 :r
Ve WENAEA x
Puc. 7.10

7.18." lo rpadika pyHKII f y Touni 3 ab6CIuCOI0 X, IPOBEAEHO
poruuny (puc. 7.11). 3uaizgite ' (x,).

vl | vl
W G
1 / ! —3 ‘0
0 48 VI I 10 R 9
Pnc. 7.11 Puc. 7.12

7.19.° Ha pucysky 7.12 300paskeno rpadik pysKmii f. YKaxiTs
TOYKH, V AKUX NOXiJHA JOPiBHIOE HYJIIO, 1 TOYKH, y AKHX
IoxXizHa He iCHYE.

7.20." Ha pucysky 7.13 306pakeno rpadik GyHKIi] f. YKaxKiTh
TOYKHM, V AKMX MOXiJHA JOPiBHIOE HYJIO, i TOUKH, V AKHUX
IOXiJIHA He iCHYE.

L

IF.JCY R S

Puc. 7.13 Puc. 7.14

7.21." Ha pucysry 7.14 zobpaxkeHo rpagik ¢yakuii f. Ilo-

piBHANTE:

D (=5)if" (1) 3) ' (=2)if" (4);

2) " (1) i [’ (6); 4) " (0) i7" (3).
5 Asre6pa ta novarxu amnisy, 11 k1 65



§ 1. NoxinHa Ta ii 3acTocyBaHHA

7.22." Jlormuna g0 rpadika GysKUil f v Touni 3 abcuucoio x,
Mae KyToBHil KoedinieHT k. 3HaAUAITL X, AKIIO:

1) f @)= k=3 3) f (D)=, k=—=;
x 4
2) f(x)=vx, k:i—; 4) f (x) =sin x, k= 0.

7.23." Horuuna no rpadika ¢pyskmii f y Touni 3 abenucoo x,
Mae KyToBuUi KoedilieHT k. 3HAUAITH X, AKILO:

¥ 17 gl 2 <0y S b
1) f (x) =x", k=-382; 3) f(x) ek k v
2) f(x)=¥x, k=2i7; 4)f(x)=cosx, k=1.

7.24." MarepiajbHa TOYKA PYXa€ThCs M0 KOOPAUHATHIN MpAMiit
2 % -2 [ 1 “ . “
3a 3aKoHOM S§ (1) = t°. 3HalgiTe 8 3 Axuit mexaHiYHANK

3MicT Mae 3HaleHa BeJUYnHA?

7.25." MarepiasnbHa TOYKA PYyXA€E€ThCA 10 KOOPAMHATHIN IIpaAMii
3a 3akoHOM s (t) = t°. Bmaizgite §'(2). Axuit MexaHigHMH
3MiCT Mae 3HaljieHa BeJuuYmnHa?

i........................0.....0.......

7.26." IloBeniTh, KOPUCTYIOUYHUCH O3HAYEHHAM, II0 (PYHKIiA
f(x)={

x, = 0. IIpoinrocTpyiiTe OTPUMaHUK pe3yabTaT rpadidHo.

1-x*%, axkmo x<0, by :
€ nudepeHIiHOBHOKW B TOYIIL
i Py Akmo x =20

x* -2, axmo x<2,

7.27." 3uainaite noxigry GyEKOii f(x)=
4x—6, akmo x>2

y Touui x, = 2.

7.28." JloBeniTh, KOPHCTYIOUUCH O3HAYEHHAM, 10 (DYHKIIA
f (x) = x | x | € andepenniitosroo B Touni x, = 0. IIpoimo-
CTpYi#TEe OTPHUMaHUN pe3yiasTaTr rpadiuso.

7.29." 3maitaiTe noxixay dyuknii f (x) = x° | x | y Touni x, = 0.
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Konu 3pobneHo ypoku

7.30." JloBeaiTh, KOPHCTYIOYMCH O3HAYEHHAM, IO (GYHKIisS
y=v1-x" He e mudepernioBHOI B TOUKax X, = —1ix, = 1.
ITpoinocTpyiiTe OTpUMaHUN pe3yabTaTr rpadidHo.

il....'................'..............
KON 3POBJIEHO YPOKH E

HoseneHHs ¢opmyn noxigHux
byHKUiIn y = sinx | y = cosx

Hosegemo, 1o moxigHi GyHKOiN y = sin x i y = cos x MoxHA
obumcaoBaTH 3a opMyaaMu
(sin x)' = cos x,
(cos x)' = =8in X.
Hexair f (x) = sin x.
st fOBiJIBHOI TOYKHU X, MAEMO:
1) Af = sin (x, + Ax) — sin x,;
Af _ sin(x, +Ax)-sinx,

S0 00 9 000 0000 BTINOTONSTSTBRTOTOETSTOTRTSTSIREYDYORNYODYONBSBYOSPOEBNOSIEODYOSYDYOSYOSEDRENY

2) ;
Ax Ax
. sin(x,+Ax)-sinx
3) f'(xp) = lim * ) 0 -
Ax—0 Ax
. Ax Ax
2sin——+cos| X, +— gin &% .
. 2 ) 2 Ax
= lim = lim | ——=--cos| x, +—1 |
Ax->0 Ax ax—0 | Ax 2
2
CropucTaBIIXUCH IIEPIIOI0 YyZOBOIO I'PAHUIEIO
. sint
lim——=1,
t—0 t
MOXKHA 3allMCcaTH:
3 AKX
sin é Ax
fli(x,) = l\i% e ..{i%cos(xo +?) = COS X,.
2
®dopmyny (cos x)' = —sin x ZOBOAATH AHAJOIIYHO.
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§ 1. MNoxigHa Ta 11 3acTOCyBaHHA

B Mpaeuna o6uncneHHsa noxigHux

3HaiAeMO, KOPHCTYIOUYUCH O3HAYEHHAM, NOXiZHY (DYyHKIIiI
f(x)=x*+ xy rouni x, € R.
1) Af =(xy+Ax)? +(x, +Ax) = (2% +x,) =
L g

f (x+Ax) f(xg)

=x3 +2x,Ax + Ax® + Xy + Ax—x} =%, =
= 2x,Ax + Ax® + Ax;
A
2) —f=2x +Ax+1;
0
Ax

3) akmo Ax — 0, To 3HaYeBHA BUpa3y 2x, + Ax + 1 npamy-
I0Th 10 yuciaa 2x, + 1. Orxe, npu Oyas-axkomy x, € R

f'(x,) :}}mo(zx0 +Ax+1)=2x, +1.

OcKinbKH X, — JOBLJIBHA TOYKA 00J1aCTi BUBHAYEHHSA (DYHK-
mii f(x) = x>+ x, T0 ANA GyAb-AKOro x € R BHKOHYETHCHA
piBHiCTH

f' (x) =2x + 1, TobTO
(* + x) =2x + 1.

3 momepeAHBLOro MyHKTY Bigomo, mpo (x%) =2x i (x) = 1.

TakuM YUHOM, OTPUMYEMO
(x* + x) = (2% + (%)

Omxe, moxigny GysKLii f (x) = x° + x MoxHa 6y10 3HaHTH,
He KOPHUCTYIOYUCH O3HAYEHHAM ITOXiZHOI.

CripaBeTMBOIO € TaKa TeopeMa'.

Teopema 8.1 (noxigma cymu).V mux moukax, y axux
€ dugpepenyitiosnumu Qynxyii y =f (x) i y = g (x), maxosxs
€ dugpepenyiioenoro pynxyia y = f (x) + g (x), npuvomy ons
6CiX MaKux mo4woK UKOHYEMbCA Pi6HiCMb

FE)+g &) =f(x)+g" ().

! YmoBamm Teopem 8.1-8.4 mepeabaueno rtake: AKmo GyHKmii f i g

€ nudepeHIiHOBHUMH B TOYNI X,, TO Bignosizuo dpyukuii y=f(x)+ g (x),
x

y=f(x)-g(x), y=f(x)g(x), y=%x—)) i y=f(g(x)) Busnaveni Ha

JeAKOMY NPOMIXKKY, IO MICTHTH TOYKY X,.
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8. [Mpasuna 0b4MCNeHHA NOXIAHMUX

KopoTko roBopsTh: noxidna cymu 00piéHIoE cymi noxid-
HUX.
Takox TPpUAHATO TAKUN CIPOINEHUH 3amuc:

F+g)y=f+8g

Hosedennsn. Hexait x, — moBiNbHA TOUYKa, y AKiA QYyHK-
nii f i g € gudepenniioBEuMu. 3HaWAeMO npupicT (GyHKIIL
y=f(x)+ g (x)y rouni x,. Maemo:

Ay = f (%o + Ax) + g (xo + Ax) — [ (x) — & (%) =

=(f (xo + Ax) = f (x0)) + (g (xo + Ax) — g (%)) = Af + Ag.

2 lim A8 limo[ i Ag)

Sanumemo: lim —= ol e i o
Ax -0 Ax Ax -0 Ax Ax Ax

Ockinbku (ysKOii f i g € andepeHiHOBHUMY B TOYN1 X,

Af A a3 )
TO iCHYIOTH I'DaAHHIL llm — i lim —. 3Bigcm oTpuMyeEMO:
0 Ax Ax -0 Ax

. Ay . A Ag A A
lim 22 = lim (—/+—) lim —f+11m —g—f(x0)+g (x,).
Ax -0 Ax Ax -0 Ax Ax Ax -0 Ax Ax ’OAX

Omxe, pyEKIiag y = f (x) + g (x) € nudepeHLIiHOBHOIO B TOYIL]

X,, TpUUOMY i noxizHa B miit Touni gopiBHIOE f' (x,) + &' (x). A
000000000V NROOONOIOLIOINSIODONONOOLOLRNONOSOIOSERNIOSITOOOLOSYRNDS

Teopemy 8.1 MOXHa NOIMIUPHUTH Ha OYAb-AKY CKiHUEHHY
KiNnbKIiCTh ZOMAHKIB:

(ot +eetBy) =B+ f 4ot o

IIBi TeopeMu, HaBeleHI HAMXKYE, TAKOXK CIPOINYIOThH 3HAXO-
JOKeHHSA MOXIiAHOI.

Teopema 8.2 (moxixua nobyrry). ¥V mux mouxax,
y axux € dugepenyitiosnumu Qyuxyii y =f(x) i y =g (x),
maxoxc € dugepenyiioenoro pyuryiay = f (x) g (x), npuvomy
OnA 6Cix MAKUX MOYOK 6UKOHYEMBCA Pi6HICMb
) g @) =1 (x)g @ +g @] .
Takox DpUHHATO TAKUMN COPOLIEHUN 3amuc:

|Gy =1g+g1)

69



§ 1. MNMoxigHa Ta il 3acTocyBaHHA

ﬁ......'.................0........Q...

Jlosedenna. Hexaii x, — AOBLIbHA TOUKA, V AKid hyHKii fig
» € mueperuiioBanmMu. 3Haizemo npupicr Gysrnii y = f (x) g (x)
. TOYLi X,. YpaxoByiouu piBHOcTi [ (x, + Ax) = f (x,) + Af,
o g (x, + Ax) = g (x,)+ Ag, Maemo:

Ay = f (xo + Ax) g (xp + Ax) = [ (%) & (%) =

= (f (x0) + Af) (8 (x0) + A8) — [ (x0) & (%) =
=1 (xo) 8 (x0) + A+ 8 (%) + Ag-f (%) + Af-A8 — [ (%) & (%0) =

=Af-g (x,) + Ag-f (xo) + Af-Ag.

3anumnemo:
Ay Af -8 (x,)+Ag * f (x,)+Af +Ag
lim 2% = 1im =
Ax =0 Ax Ax -0 Ax
A Af -+
hm(—f g(x0)+ f(xo) f Ag):
Ax-»0 A A

hm(A—f g(x, )+ f(xo) & g-Ax).
0\ A Ax Ax

Ockinbxky pysKUii fige ,nmpepenuifflosnnmn B TOYIIL X, TO

A
ICHleTb I‘paHHm llm —f l llm % Tenep MOJKHa 3anucaTrTm:
Ax >0 Ay Ax—>0 Axy
Ay _ Af

lim —==lim —-g(x, )+11m 2, f(x, )+llmﬂ hmé—g— lim Ax =
Ax-0 Ay Ax-0 Ay 0Ax P0Ax At-0Axy Ax-0
=" (%) & (x0) + 8" (x0) [ (x0) + [ (x0) &' (%) 0 =
= [ (x0) & (x0) + 8" (x0) [ (x)-
Taxkum umeOM, QyHKUiIA ¥ = f (x) & (x) € audepenuiiios-
HOI0 B TO4YIIl X,, OpU4YoMy il moxizHa B mi#l Toumi AOpiBHIOE

' (x0) g (%) + &' (x0) T (x0). A&

Hacxigox 1. V mux moukax, y axux € dugepenyiios-
HOMW0 QynKYia y = [ (x), maxox € dupepenyilioernor QyHKYin
y = kf (x), de k — Oeaxe wucno, npuwomy Ona ecix maxux
MOYOK 6UKOHYEMBCA PiBHICMDY

(Bf (x))' = Ef' (x).

KopoTKo roBopATh: nocmiltHuit MHONCHUK MONCHA BUHOCUMU

3a 3HaK noxidHol.
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H 8. Mpasuna 064MCcNeHHA NOXIAHUX

TakoX NPpUAHATO TAKUHA CKOPOYEHUNA 3aIluC:

(kf) = Ef’

Hosedernnsa. Ockinbku QyHKIiA y = B audepeHniiioBHA
B Oyab-AAKi# TouIli, TO, 3aCTOCOBYIOYH TeOpeMy IIPO IOXigHY
N00YTKY, MOKHA 3anMuCcaTH:

(Rf (x)) = (R) f (x) + kf'(x) = 0+ f (x) + kf" (x) = kf' (x). &

Hacaigor 2. V mux moukax, y axux € dugepenyiitoenu-
mu pynryii y = f (x) i y = g (x), maxosxs € dugpepenyitio6noro
pynkyia y = f (x) — g (x), npuvomy 0ra écix maxux movwox
6UKOHY EMBCA PiBHICMY

F)-g &)= ()-8 (x)

| Hosedennsa. Maemo:
| (f () - g () = (f (@) + (-1)-g @) =(f @) +
| F-D) g @) = (1) + (-1)-g' () =f (x) - & (x). A

Teopema 8.3 (moxigma wgwactim). ¥ mux moukax,
y axux gyuryii y =f(x) i y =g (x) € dugepenyitiosnumu
1@
g (x)
maxoxi € Oupepenyilio6noro, npuiomy Ona 6cix MaKux mo1ox
6UKOHY EMBLCA PiBHICMb

[ f (x) ) ) g@)-g @)

i 3Havenna QYnKYii g ne 00Pi6HIOE HYNIO, PYHKYIA Y =

g (x) (g (x)*
TarkoxX NPpUHUHATO TAKHUN CHPOIEHUMN 3aIuc:
( 1 J ~tg-¢f
g g

3 noBeneHHAM TeopeMy 8.3 BM MOKeTe O3HAHOMUTHCA Ha
3aHATTAX MATEMATUYHOIO I'yPTKAa.

MPUKNAA 4 3naiigite noxigay GyHKmii:

1) y:l—sinx+4x2; 3) y = x° cos x;
x
1 2
2) y=x 2 (5x-3); By
3x-2
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§ 1. MoxigHa Ta il 3acTocyBaHHA

Pozeé’'sazanna
1) KopucTyounch TeOpeMoI0 PO MOXiJHY CYMH Ta HACJiJ-
KOM 3 TEOpeMH IIpPO MOXifHY A00yTKY, OTPHUMYEMO:
e | ) 1 . p. ’ 1 ' . ’ '
y =(—-sm x+4x3) =(—) ~(sin x)' +4-(x*) =
x

x

1 1
:——z—cosx+4-2x:——5—cosx+8x.
X b

2) 3a TeopeMOI0 PO HOXiAHY AOOYTKY MaeMo:
1

y'=(x'2 (5x—3))' =(x";)l -(5x—3)+(5x-3)'.x'£ -

3 1

=—%x»é-(5x—3)+5-x_' 3- 5x 5 3-5x+10x 3+56x

N R :2\/-—'"

3) Maewmo: y' = (x° cos x) = (x® ) cos x + (cos x) + x®
=3x” cos x — sin x+ x* = 3x® cos x — x° sin x.
4) 3a TeopeMoI0 IIPO MOXiHY YACTKH OTPHMYEMO:

,_[2x2 +1)' _(2x%+1) (3x-2)-(8x-2) (2x* +1)
3x-2 (8x-2)°

_4x(3x-2)-3(2x*+1) 12x°-8x-6x°-3 6x°-8x-3
(3x-2)* (8x-2)* (8x-2)°

BuKOpHCTOBYIOYH TeOpeMy IIpPO MOXiZAHY YaCTKH, JIErKO J0-
BECTH, 1I0:

1
(tg x)' =
cos” x
1
(ctg x)' = -
sin” x
Cnpasni,
'
sin x (sin x)" cos x —(cos x)' sin x
(tg x)' —— - 2 =
cos X cos” x
_cosxcosx—(-sinx)sinx _ cos” x +sin® x 1

2 2 ) >
Cos X Cos X Cos X




8. Mpasuna o64nCNeHHs NOXIAHUX

JIOBEAITE CaMOCTiMHO.

Dopmyany (ctg x) =—— lz
sin X

Axmo 3HadeHHAMHU apryMeHTy (GyHKIII f € 3HaYeHHA QYyHK-
1ii g, TO FOBOPSATH, 10 3aJaHO0 CKIageny pynruio y = [ (g (x)).

Hanpukiazg, poarasHemMo GyHKOil y=f(f) it =g (x), ge
fW=2t-1ligx)=x*+x+1.Toaif(g(x))=2g(x) - 1=
=2 (x*+x+1)—-1=2x"+ 2x + 1. Orke, MO’KHA TOBODPHU-
T, mo dopmyna y = 2x° + 2x + 1 3amae ckaageny QyHKIio
y =1 (g (x)).

PosrnsineMo mie KinbKa MpUKJIaIiB.

Axmo f (1) =sin u, a g (x) =1 — 3x, To cKJIajgeHa QYHKIiA
y = f (g (x)) sagmaerbcs opmynoio y = sin (1 — 3x). PyHK-
mifo y = cos’ X MOKHA POSIJIAAATH AK CKJIAJeHy (YyHKIiO
y=1(g (), ge f (x) = x°, g (x) = cos x.

3HaAXOAUTH TOXi/IHY CKJaJeHol (pyHKIIl MOKHa 3a JAO0IO-
MOT'OI0 TaKOI TEOpPeMH.

Teopema 8.4 (noxiana ckaagenoi pyurxuii). Axwo
pynryin t = g (x) dugepenyilosna 6 mouyi x, a QYHKYin
y = [ (t) Ougpepenyiiosna 6 mouyi t,, de t, = g (x,), mo cxna-
dena ¢pynryia y =f (g (x)) € Qugepenyilioenoro 6 mowyi x,
npuvomy

Y (x0) =" () 8" (x).

3 ZI0OBEJeHHAM Ii€l TeopeMH BH MOYKeTe O3HAMOMHUTHCH Ha
3aHATTAX MAaTeMaTUYHOIO I'ypTKa.

NPUKNAA 2 Braiigite sHayeHHA noXigHOI HYyHKIIT B TOULi X!
— ¢ P . X
D)y=0Bx-T7° x,=2; 3) y:smg, Xy = T;

2) y=v4x*+1, x,=0; 4) y = tg® bx, x, 2
Po3é’'a3ann4
1) Hana dysknia y = (3x — 7)° € cknagenow GyHKIiEW
y=f@)mput=g(x), pef (@)=t g(x)=3x-T.
Ockineku f' (t) = 6¢°, a g' (x) = 3, To 3a TEOPEMOIO TIPO TIO-
XigHy ckyaazeHol GyHKIII MOKHA 3alUCcaTH:
Yy (x)=f(t)g'((x)=6t-3nput=38x- 7,
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§ 1. lNoxiaHa 1a il 3acToCyBaHHA

Y (x)=6(B8x—17)°83=18 (8x - 7)%

Yy (2)=18-(8:2 - 7)° = -18.
Posp’sa3anHsa miei 3agavyi mo)xkHA 0QOPMHTH i TakK:
“ : ¥ =(Bx-T°=6@Bx—-7°(B8x-T7) =

=6 (8x-7)’°-83=18(8x - 7)% y' (2) = -18.

T0b6TO

- s 1 g 8x 4x
2) y=(Vax'+1) =——— . (42? +1)'= - ;
2V4x* +1 2\/4x2+1 \/4x2+1
» y' (0)=0. i
s L | x 1 n
! 3 '=(sin£) =cosf—-(£) =—C0S —; "(n)=—cos —=0.
! ) ¥ 2 2.4\2 2 2 ym 2 2

(5x)  15tg’5x

4) y':(tg35x)l =3tg*5x - (tg5x) = 3tg’5x-

cos’bx  cos’Hx
T
15 tg® . 2
(= 3 BY.[1 1
| =15.{v3) | =| =45:—-=180.
y(lSJ 2 ( ) [2) 4
005’3’

Bidnosids: 1) —18; 2) 0; 3) 0; 4) 180.

. Bnpasu

8.1." 3uaigiTe NoXiAHY PYyHKILI:

1) y=x*-3x*+ 6x — 10; 5) y=—%x3+0,5x2+2x;

2) y=4x°+20/x; 6) y = tg x — 9x;

3) y=x8+7x6+%—1; Ny

\ 4) y =4 sin x — 5 cos x;
8.2.° Buaiigite noxigny GyHKImii:

1) y = 2x° - x;

2) y=x"-4x;
3) y=-3sin x + 2 cos x;

4) y=§x"—x2—7x;

5) y=x-—;
x

6)y=12 — ctg x;
7) y=0,4x7 ++/3.




8. MNpasuna ob4MCNeHHA NOXIAHMX

8.3." 3naiaire noxigay GyHEKOii:
1)y =(x + 2) (x* — 4x + 5);
2) y = (3x + 5) (2x* - 1);
3) y = x* sin x;

8.4, 3naigiTe noxigHy QyHKIiL:
1)y =(x* - 2) (x* + 1);
2) y=(x+5)Vx;

8.5." 3uaiigiTe noxigny GyHKIII:

x-1 X
1 = s 4) y = -
)Y x+1 )Y Ll |
2x-3 5x% -x-2
2) y=——:; O ) = ===}
4-5x x
5 x*
3) y= ; 6) y= ;
y 3x-2 y cos X
8.6." 3HaiigiTe noxigHy GyHKIii:
3x+5 2x*
1) y= ; 3) y= :
)Y x-8 y 1-6x
sin x
2) y= ; 4) y= ;
)Y 10x-3 ) ¥ x

4) y = x ctg x;
5) y=(2x+1)\/;;
6) yzx/;cosx.

3) y = x* cos x;

4) y = x tg x.

3-x°
7 y= :
4+2x
x°-bx
8) y= 5
4 x-7
2
x° -1
9) y=— $
Y g XY, |
2
x“ +6x
6) y=
x+2

8.7." Yomy mopiBHIOE 3HaYeHHA NOXixHOI GyHKIIT f vy Touni x,,

AKIO:
1)f(x)=x*-8x*-x+6, xo=-1;

2) f(x)=2+5x-2, x,= 2;
X

gy f(y=228% v Jug,
x+2
x%+2

-2sinx, x,=0;

1) f(x)="=

5) f(x):(1+3x)\/;, ah =9
6) f(x)=8Yx-10¥x, x,=1;

T f (x)=(x* - 2x + 3) cos x, x, = 0;

8) f(x)=xsin x, x, =07
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§ 1. MNoxiaHa Ta il 3acTocyBaHHA

8.8." O6umcaitTe 3HaYeHHs noxXigHOI MYHKIII f v ToUmi Xx,:

1) f(x)=vx-16x, x, =§;

2) f(x)="22, x,=0;
1-x :
3)f(x)=x2-4x>2 x,=2;
2
&) ) e AN
x+1

8.9." BapaitTe 3a momoMorow GopMyJa ckKJaazeHi GyHKIil
y=7(€ ) iy=g(f(x), axmo:
1) f(x)=sinx, g(x)=x*-1;
2)f(x)=x" g (x)=5x+ 2;
X

3) f(x)=vx, g(x)=——;

?
X —

4) f(x)=l, g(x)=2x"-3x + 1.
x

8.10." Bapaiite 3a gomomoroi Gopmys ckiaameHi GyHKOil
y=7(gx)iy=g(f(x), axmo:

Nf@=xg@=tgx; 2 f(x)=Yx, g(x)="—"—.
x+2

8.11." Yu mosxyTh ABi pisHi dyHKIIl MaTu piBHI noxixni? Bix-
MOBi/Ib OPOLIIOCTPYHTE IPHUKJIAJZaMU.

x+1

8.12.° 3naiigiTe noxigny QyHKIIL:

1)y = (2x + 38)% 8) y=vVx*+1;
18

2) y:(%x—G) ; 9) y=+vx*-3x;
3) y = cos 2x; 10) y= : ;

‘ 4x+5
4) y = sin® x; 11)y=(6-Tx)"

2 \~8

5) y=3ctg§; 12) y=(£2—+4x—lJ :

6) y=v2x+1; 13) y=.sinx;
7) y=Y-x; 14) y =sin Jx.
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8. lpaBuna 0bYnCcNeHHs NoXiaHUX

8.13." 3HaigiTe noxigHy GYHKIIII:

1) y=(8x - 5)% 6) y:cos(g—xJ;
2) y = (2x° - 3x + 4)% 7) y=v1-x°;
3) y:sing; 8) y=V6x+8;
4) y = cos’ x; 9) y = (9x — 2)°%;
5) y=2tg 4x; 10) y=./cos x.

8.14." Bacuap 3amnnyTaiiko 3HAXOAUTh IMOXiAHY GYHKOiI
y = sin 2x Tak:
1) poburs 3aminy 2x =t i orpumye (pyHKOio y = sin ;
2) paxni nume: y' = (sin t)' = cos ¢;
3) morim migcraBiaAe 3HaYeHHA 2x = ¢ i pOOUTH BHCHOBOK,
1o (sin 2x)’ = cos 2x.
Y uomy nmoasirae nomuiaxka Bacumnsa?

8.15." Tino pyxaeThcA IO KOOPAMHATHIN NpAMiA 3a 3aKOHOM
s(t)=+4t* -6t +11 (nepemimeHHA BUMipIOETHCA B MeTpax,
yac — y CeKyHJax). 3HauJiTh INBUAKICTH PyXy Tina B MoO-
MEHT 4acy f, = 9 C.

8.16." MarepiasnpHa TOYKA PYXA€ThCSA 110 KOOPAMHATHIN NpAMi
3a 3akoHOM § (1) = (t + 2)° (t + 5) (nepemieHHs BUMipIO-
€ThCH B MeTpax, 4ac — y CeKyHAax). 3HaUAiTh il mBUAKICTH
pyXy B MOMEHT 4acy &, = 3 c.

8.17." 3HalAiTh KYyTOBUHA KoedillieHT JOTUYHOI, IPOBEAEeHOI 10
rpadika ¢pyrrmOii £ y Touni 3 abcrucom x,:

1) f(x)=\25-2", z=-3; 8)f(x)=cos’x, x,= .

2) f (x) = sin 2x, x, =§;

8.18." 3aiiTe KyTOBUM KOoedili€HT JOTUYHOI, IPOBEAEHOI A0
rpadika ¢pyakuii / y Touni 3 abcuucoo x,:
1) f(x)=v4-8x, x,=0; 3)f (x) = ctg* x, x, :E.
T

2).f (x)=1tg2x, x, :g,
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§ 1. NoxiaHa Ta 1l 3acTocyBaHHA

8.19." Poas’sskiTe HepiBHicTs ' (x) > 0, axmo:

1) f (x) = 6x — 3x% 4) f(x)z—%x"‘ +3%% -Bx +T;
2) f(x) =x*+ 1,5x* - 1; 5) f(x)=%x—cosx;
‘ 8) f(x) = x* = 2x% 6) f (x)=x + tg x.
l 8.20." Poss’sixiTe HepiBHicTh f' (x) < 0, axmo:
" 1) f (x) = x* - 3x + 1; 4) f (x) = x* + 2x%
” 2) f(x)=2x"+8x* - 12x; 5)f(x)=2sinx+ 1;
i 3) f (x) = 3x* — x% 6) f (x) = x — cos x.
b !I ‘ 8.21." BuaiiziTe nmoxizny GyHKIIi:
i L w8 cos 3x
- Dy 6) y= ;
| )y Al )y x-1
i g 52 4 Jr-1
| 2) y=———+—; 7 y= :
W )yxx2 o )y o
i 3) y=x+2x+1; 8)y=(x+1)P(x-2)4
2
| 4) y = sin x cos 2x; 9) y= #otd
| x
|

5) y = tg x sin (2x + 5);
l 8.22. BmaiaiTes noxigHy QyHKIii:

1) y=—17+—17; 4) y = sin 2x cos x;
x X
R T
2) y=—+—-—; 5) y =(x+2)° (x - 3)%
| XXX X
3) y=xJx+3; 6) y=2x_3.
sin»x—
4

8.23." Poss’sxkiTe HepiBHicTs [’ (x) < 0, axmo:

1) f(x)=2x+5; 4) f(x)=x+l;
x+2 x
2

) upxys T8, 5) f(x)=2sin’x—/2 x;
ol

) f(x)=(x-20°(x+3); 6)f(x)=sin2x-x3.
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8. Mpasuna 0BYUCNIEHHA NOXIAHMX

8.24. Poas’sxiTe HepiBHicTs [’ (x) > 0, Axmo:

1) f @)= ) f(x) = (x + 2)° (x - 3);
2
2) f(x)=3~x ; 5) f (x) = cos 2x;
x+2
3) f(x)=i+2x; 6) f (x) = 2x — cos 4x.
X

8.25." MarepiajbHa TOYKa Macoi0 4 KI' pyXaeTbCs 110 KOOPAHU-
HaTHiN npAMii 3a 3aK0HOM § (1) = t* + 4 (nepemimeHHA BH-
MipIOETHCH B METPax, 4ac — y CeKyHAax). SHaAUAITh iMIyIse
p (t) = mv (t) maTepianbHOI TOYKH B MOMEHT dacy f, = 2 c.

8.26." Tino Macowo 2 Kr pyxaeTbCcA MO KOOPAMHATHIN npsamii
3a 3aKOHOM § (1) = 3t° — 4t + 2 (mepeMimeHHs BUMiPIOETHCH
B MeTpax, 4ac — y CeKyH/ax). 3HaiiTh KiHeTHYHY eHepriio

E(t)=mv (1)

TiJla B MOMEHT 4acy t, = 4 c.

8.27." Tino pyxaeThcs IO KOOPAHHATHIN npaAMiil 3a 3aKOHOM
s (t) = 2t* — 8t + 15 (nepemimeHHs BUMIPIOETHCA B METPax,
yac — y cekyHjax). BusHauTe KOOpPAMHATY Tijla B MOMEHT
yacy, KOJH HOro KiHeTu4YHa eHeprif JAOpPiBHIOE HYJIO.

8.28." 3maiigiTe noxigHy GyHKIII:

\6
1) y = cos’ 2x; 2) y= sin(%—%j; 3) y=(sin%—5) :
8.29.” OGunciiTs:
x-1

1) f' (0), axmo f(x)= ey

2) f[g) akmo f (x)=sin’ g;
3) f' (0), sixmo f (x) = (cos 3x + 6)°.

i...................0........0.........

a2

8.30." ¥V Toukax x, = -1 i x, = 2 3HaAUAITHE NOXiAHY PYHKIII: y

Df(x)=x*-4|x|+8 2)f(x)=|x*-4x+3]|. :

8.31." V Toukax x, = —2 i x, = 2 3HalAITL nOXiAHY QYHKOII:

1)f(x)=x*-6|x|+5 2)f(x)=|x*-6x+5]. -
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§ 1. lNoxigHa 1a il 3acToCyBaHHA

.32.” Po3B’sAXKiTh PiBHAHHA:

Wl B s isits f(x)=—§x3—18x, g (x)=2x;

'

g (x)

-X

2) ' (x) g' (x) =0, saxmo f (x) = x* - 6%, g(x)= At

8.33." Po3B’sKiTh piBHAHHA:
1) f (%) =0, axmo f(x)= lJr" —2x%, g(x)=vx;
g (x) 4
2) f' (x) g (x) =0, axmp f (x) = x* — x%, g(x)=2x.
8.34.” JloBexiTh, mjo moxizHa mnepiogwuHoi (GyHKIII € mepio-
AuYHOIO (hyHKIic. HaBexiTs mpukIamn.

8.35." oBexiTs, mo moxizHa mapHoi (GYHKII € HEmapHOIO
¢dyukuien. HaBegiTs npukmagm.

8.36." Hosexith, 1o moxigHa HemapHOi (YHKILI € mapHOIO
¢dyskuieo. HaBexites npuxkmaagm.

8.37."” ®yukuii f i g Bu3naueni Ha R. I1lo MokHAa CTBEPKYBATH
npo audepeHniioBHiCTh GyHKLIL y = [ (x) + g (x) y Toumi x,,
SIKIIO:

1) f € nudepenuiiioBHOIO B TOULi Xy, & § — Hi;
2) f i g He pudepeHiitoBHI B TOUMi Xx,?

8.38." ®yuknii f i g BusHaueni Ha R. IIlo Mo)KkHaA cTBEpAKyBaTH
upo audepeHninoBHicTs GyHKII y = f (x) g (x) y Touni x,,
AKIIO:

1) f € audeperuitoBHO0 B TOYLi X,, 4 § — Hi;

2) f i g He nudepeHuiiosHi B Touni x,?
P00 000000 OGOCORTOISIOLONOBDOOBNOTONOBTOIOONORDOLOIOEDOIEOODOOONNDBDDODS

‘ FoTyeMocs 0 BUBMEHHA HOBOT TeMK

8.39. 3anuuriTe piBHAHHSA NPAMOI, AKA NPOXOAUTH Yepe3 TOU-
Ky M (-2; —3) i mapanensHa oci abemuc.

8.40. CKJIa}Iin' PiBHAHHA NPAMOI, AKa NPOXOAHUTH Yepe3 TOU-
Ky M (1; —4) i xyroBuii KoedinieHT axol gopiBHIOE: 1) 4;
2) 0; 3) —1.
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9. PIBHAHHSA 1OTUYHOI

8.41. Cepex npaMux, 3ajaHUX DPIBHAHHAMH, YKaMXKITH mapu

napajgeabHUuX:
1Y y'=3%~= 8 Ny = —8x; 0) i =8x 4+ 2.=0;
2)y=-3x— 5; 4).yi= T —8x; 6)y=%x+7.

8.42. CknafiTe piBHAHHSA NPAMOI, KA IPOXOAUTH YEePe3 TOUKY
A (—-1; 9) i napanensra npamii y = 9x — 16.

8.43. CrinaziTey piBHAHHA IpAMOI, AKa mapaJjejbHa NIPAMIii
y=4x + 2 i neperunae npamy y = —8x + 9 y Touni, mo
HAJIE?KUTH OCi OpAMHAT.

B PiBHSIHHA OTUYHOT

Hexait dyskuia f audepeniti-
#oBHA B Touui x,. Toxmi mo rpadika
bysknii f y Touni 3 abecmmcoio X,
MOJKHA TIPOBECTH HEBEPTHKAJBHY
potuuHy (puc. 9.1).

3 Kypcy reomerpii 9 kmacy Bm
3HAETE, 10 PIBHAHHA HEBEPTUKAJIb-
HOI IpsAMOI Ma€ BUIIAL

y=kx+0,
ne k — kyroBui KoedinieHT niel npsamoi.

Buxoasuu 3 reoMeTpMYHOr0 3MiCTy HOXifHOI, OTPAMAaEMO
k=Tf"(x).

Toxi piBHAHHA AOTHYHOI MOXKHA 3alIUCATH TaK:

y=1"(xe)*x + b. (1)
I1sa npsamva npoxoauTs yepes Touky M (x,; [ (x,)). OTixe, KO-
OpPAMHATH IIi€l TOYKH 3a0BOJbHAIOTEH piBHAHHA (1). Maewmo:
f (%) = ' (x0)* %o + b.
3siacu b = f (x9) — f' (%) * xo.
Toxi piBEsaHHESA (1) MOYKHA epenucaTH Tak:
y=Tr" (xo)*x+ f(x0) — [’ (x0)* x.

Orke, piBHAHHA TOTHYHOIL, MpoBeneHol a0 rpadika pysk-

il f y Touni 3 a6CUHCOI0 X,, MAE BUTIAML:

Y =1 (%) (x — x¢) + [ (x)
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§ 1. MNoxigHa 1a Il 3acTocyBaHHA

NPUKNAA 1 Cxiazite piBHAHHESA JOTHYHOI A0 rpadika dyHKmil
f(x)=2 - 4x — 3x* y Touni 3 abcnucoio x, = —2.

Poszé’azanna. Maemo:
f(x)=F(-2)=2-4-(-2) - 3:(-2)" = ~2; [’ (x) = ~4 ~ 6x;
['(x)=f"(-2)=-4-6-(-2) =8.
ITigcraBuBImIY 3HAWAEH] YUCIOBI 3HAUEHHSA B PIBHAHHSA JI0-
TUYHOI, orpuMyemo: ¥ = 8 (x + 2) — 2, To6T0 y = 8x + 14.

Bidnogiov: y = 8x + 14.

NPUKNAA 2 Cxanazite piBEAHHEA J0THYHOIL 10 rpadika GyHKIT
f (x) = 2x* — 6x y Toumi ioro mepeTuHy 3 Biccio abemuc.
Posé’azanna. Poss’asasmu pisaanas 2x° — 6x = 0, 3Ha-
uneMmo abcuucu TOYOK mepeTHHy rpacdika ¢yakumii f 3 Biccio
abemuc. Maemo: 2x (x — 3) =0; x =0 abo x = 3.
3anunieMo pPiBHAHHA AOTHUYHOI B KOXKHiIN i3 3HaWaeHUX
TOYOK.
1) Axmo x4=0, T0'f(0)=0;.f. (x)=4x — 6;. f..(0),= =6,
Tozxi piBHAHHA AOTUYHOI Ma€ BUIIAL y = —6x.
2) Axmo x, =3, 10 (3)=0; f' (3) =4+3 — 6 = 6. Toxi mykaue
piBHAHHA Mae Burasg y = 6 (x — 3), Tobro y = 6x — 18.

Bidnosgide: y = —6x, y = 6x — 18.
NMPUKNAJ 3 3saiigiTh piBHAHHEA ZOTHYHOI 20 rpadika GyHKmii

4 o
F(x)= x_+4’ AKINO IIA JOTUYHA NapajiesibHa IpaMiid y = —2x + 4.

o

Posé’azanna. Maemo:

P (x) = (x+4) (x-4)—(x—-4) (x+4) o (x-4)-(x+4) _ 8
(x-4)° (x—4)° (x-4)°"

Axmo noruuna napanensHa npaAMmii y = —2x + 4, 10 ii Ky-
TOBUI KoedimieHT R HopiBHIOE —2.
Ockinskn f' (x,) = k, ge x, — abcuuca TOYKH AOTHKY IIy-
KaHOl npamoi xo rpadika ¢ysruii f, To f'(x,) = -2, T06TO
8

(x,-4)°

=-2. 3Bigcn

x,-4=2, {xo =0,

- 4)% = 4;
(xo ) [x0_4=_2;

X, =2.
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9. PiBHAHHA NOTUYHOI

: 4 A
Otrixe, Ha rpadirky GyHKOil f(x)=£z € IBI TOYKH, JO-

THYHI B AKUX OapajenbHi AaHi#l npaMii.

IIpu x, = 6 maemo: f (x,) = 5. Toxi piBHAHHA AOTHYHOI Mae
purnag y = —2 (x — 6) + 5; y = —2x + 17.

Ilpu x, = 2 orpumyemo: f (x,) = —3. Toxi piBHAHEA JOTUYHOI
Mae Burnaa y = -2 (x —2) - 3; y=—-2x + 1.

Bionoeidv: y = —2x + 1Tiy=-2x + 1.

NPUKNAL 4 3raiixite abecnucy Toukm rpadika GyHrmii
f(x)=+2x-1, y akiifi npoBeieHa A0 HBOTO JOTHYHA YTBOPIOE
3 IOJATHUM HANpsaMoM oci abcuuc xyT 45°.
Poszé’'sazanna. Maemo:
2 1

1
"(%) = ———(22-1)' = = £
Fhsi 2/2x-1 orr e 22x-1 /2x-1

OcKinbKH JOTUYHA YTBOPIOE KYT 45° 3 JOAATHUM HAIIPAMOM
oci abcruce, To il KyToBUM KoedinieHaT £ nopiBHioe tg 45°, TobTo
k = 1. Hexaii x, — abcuuca Touku gotuky. Toxi ' (x,) = 1.

OTtpumyemo ;=1. 3eigcm  |[2x,-1=1; 2x,—-1=1;

\/210—1
xo=1.

Bidnosidv: 1.

30.o".coon.odoo‘oo.oateot»coo.oooooot

NPUKNAA 5 CxkaaziTe piBHAHHEA JOTHYHOIL A0 rpadika dyHKIil
f (x) = —x* -bx — 6, aka NPoxXoAuTH Yepe3 Touky M (—1; —1).

Po3eé’aszanna. 3ayBaxkumo, mo f (—=1) # —1. 3 usoro BUmIN-
Bae, mo Touka M (—1; —1) He HamexuTh rpadiky pyHrmii f.

Hexait A (x4; f (x,)) — TOYUKa AOTHKY INYKaHOI IpAMOI A0
rpadika ¢ynknii f. Ockineku f(x,)=-x; -5x,-6; ' (x,) =
= —2X, — 5, TO PIBHAHHA JOTHYHOI MA€ BHIJIAL

Yy =(—2x, —b) (x — x,) +(-x5 —5x, —6).

YpaxyBaBmu, mo KoopauaaTu Touku M (—1; —1) 3a10BOJb-

HAKTH OTPUMaHe PiBHAHHSA, MAEMO:
—1=(-2x,~-5)(-1-x,)+(-x. —5x, —6).

(LR N E N N N N NNENBMNEZSENEZSSJEHMN-EMNMNN~NJE
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L I I N N I

§ 1. NoxiaHa 1a 1l 3acToCyBaHHA

3BijicH, PO3KPHBIUM AYKKH i po3B’sizaBIIM KBajpaTHe PiB-
HAHHSA, OTpUMAaEMO X, = 0 abo x, = —2. TakuM unHOM, Yepes ToY-
Ky M mpoxomaTs ABi foTr4yHi g0 rpadika pyskmii f: y = —5x — 6
id= -t

Bionoeide: y = —5x — 6, y = —x — 2.
L B OB N OB N B N B N N N N N R N NN N NN NN E RN NENR-ENE BN BB N B N
l Bnpasn

9.1." CkiaziTs piBHAHHSA ZOTHYHOI A0 rpadika GpyHKIii f y Toumi
3 abcuucoio x,, AKINO:
1) f(x)=x*+38x, xg=-1; 6)f(x)=cosx, x,=";
2) f(x)=x® - 27, x,=2; 7) f(x)=tg(x—§], xo=§;
1 1 x
3) f(x)=—, x,==; 8) f(X)=——7, Xo=-2;
£ 2 x+1
4) f(x)=4Vx-3, %=9; 9) f(x)=v2x+5, x, = 2.
b).f (x) = sin x, xo = 0;
9.2." CknazgiTs piBHAHHS ZOTUYHOIL A0 rpadika ¢pysknii f y Tou-
i 3 abcucoi x,, AKIIO:
1) f (%) =2x* - 3x, x, = 1;
2) f(x)=0,5x" - 2x + 2, x5 =0;

3) f (x) =cos x, x, =§;

[y

4) f (x) = sin x, x, =?n;

) f(x)=ctg(x+£j, x, 2uN
4 2
6) f(x)=v4x’+3x, x,=—1;

2
A Y

.
b4

’ x0=3.
X~

9.3." BanumiTe piBHAHHEA AOTHYHOL N0 rpadika gaHol GyHKIil
B TOYI[l HOro nmepeTHHY 3 BiCCIO OpAMHAT:

1)f(x)=x>-3x - 3; 2) f(x)=cos(§—§].
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9 PueHﬂHHn aomunm

). 4" BanuuiTe piBHAHHA XOTHYHOI 0 rpadika naHoi GyHKIii
B TOYIl #Oro mepeTuHy 3 BiCCIO OpAUHAT:

1) f (x) = 22" - 5x + 2; 2) f(x)=sin(3x—§).

9.5." Cxkyiazite piBHAHHEA AOTHYHOI 0 rpadika GyHKIIl f y Toumi
¥oro mepeTuHy 3 Biccio abcmuc:

1) f(x)=8x*-1; 2) f(x)zx—l.
x

9.6." CruazniTs piBHAHHSA HOoTHYHOIL A0 rpadika ¢yskuii f y Toumi
¥oro nepeTuHy 3 Biccrwo abcmuc:
x=1
D f@)=5— 2) f () = 3x — x*.
+
9.7.° 3Haﬂ,luTb KOODAMHATH TOYKHM mapabonu y = 2x° — x + 1,
y AKiM JoTHYHA [0 Hel mapaJiesbHa npamii y = Tx — 8.

X . 1
V¥V akux Toukax AOoTHYHI J0 rpadika pyrkmii y=— napa-
s o
JIeJIbHI npaMiit y = —x?
9.9.° Jlo rpadika ¢pyskmii f (x) = 2 sin x + 3 cos x TpoBeAeHO
: %05 3n
NOTHYHI B TOYKax 3 abcnucamMu X, 23 I % - HAxe Baa-

€MHe DO3MIillleHHA UUX JOTUYHHUX?

9.10." 3uaiigiTe Taky Touky rpadika ¢pyrknii f, mo nposeaeHa
B Ii¥ TOYIll JOTHYHA YTBOPIOE 3 JHOAATHUM HAUPAMOM OCi
abcuuc KyT o, AKIIO:
1)f(x)=x"-Tx+ 3, a=45%

2) f(x)=-3x*+2 \/gx—2, a = 60°;

3) f(x)=V3x+2, a =45
4) f(x )_“7 = 185°,

: BBaume TAKY TOUKY rpadirka dyHKII] f, 1o nposeseHa
B Ii#f TOYIi JOTHYHA YTBOPIOE 3 AOJAATHMM HAIIPAMOM OCi
abcouc KyT O, HKII];O

1) f(x)= J}——,a—sm
2)f(x) = x* —2x +x — 1, a=45°
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§ 1. lNoxigHa Ta i 3aCToCcyBaHHA

9.12.° Jlosenits, mo 6yab-aka goTudHA A0 rpadika dpysHKmii f
YTBOPIOE TYIHH KYT 3 AOAATHHUM HanpsaMoM oci abcmuc:
o-x
1) £ (D) =8t xits ol 2)f(x)=x—3-
9.13. osexiTh, mo Oyab-axa goTuuHa A0 rpadika Gysrmii f
YTBOPIOE I'OCTPU# KYT 3 AOAATHHUM HaNpAMOM oci abcuuc:
5 4
1) (%)= + 26 —i8; 2) f(x)=-1—.
-
9.14." 3HaiigiTh piBHAHHA NOPU3OHTAJBHUX JAOTHYHHUX O I'pa-
dika pysKIii: 1
1) f(x)=x*-3x+ 1; 2) f(x)=—2—x"—4x2+l.

9.15." BualigiTs PIBHAHHA MOPU3OHTAJIBHUX AOTHYHHUX /O rpa-
h 1
dika dyuknii f(x)= gxa ~x-8x+4.

9.16.” CxnazitTe piBHAHHA ZOTHUYHOL A0 rpadika QyHKIIi:
1) f(x) = x* — bx, AKImMO OA AOTMYHA MapaJeJbHA TPAMi
Yy=-x
1 35
2) f(x) =x—?, SAKINO 1A JOTHYHA IIapajesibHa IpaMi y = 3X;
3)f (x) = 2x* + 3x* — 10x — 1, AKMmIO OA JOTUYHA ITAPATEIIH-
Ha npsamii y = 2x + 1.
9.17.7 CkaaziTe piBHAHHA AOTUYHOIL 0 rpadika QyHKIii:
1) f(x) = 3x* + 5x + 3, AKWO A AOTHYHA NapaJeJIbHa
npamiu y = —7x + 3;
2) f(x)= \/;, AKINO I8 JOTUYHA NMapayielibHa NPAMil y = X.
9.18." VcraHoBiTH, M € mpama y = 12x — 10 gormuHOIO A0
rpadika dyrknii f (x) = 4x°. ¥V pasi nosuruBHOI Bigmosiai
BKaxXiTh abcmucy TOYKH AOTHKY.

9.19." VcraHOBiTH, Y € mpAMAa Y = X JOTUYHOKIO A0 rpadika
¢dyHKLil y = sin x. ¥ pasi mo3uTUBHOI BiANOBiAlI BKaXiTh
abcmucy TOYKH JOTHKY.

e \ B
9.20.” VcranoBiTh, UM € npaMa y=5x+5 JOTHUYHOIO IO I'pa-

dirka pyrruii y= Jx. ¥ pasi MO3UTUBHOIL BiAMOBiAl BKaXKITE
abcuucy TOYKH JAOTHKY.
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9. PIBHAHHA AOTUMHO!

9.21." O6umcJiTh IJIONIY TPUKYTHHKA, YTBOPEHOIO OCAMU
KOOpAMHAT i JOTMYHOIO A0 rpadika dyHKOii [ (x) = x* -4
y Touni 3 abcumucoio x, = —2.

9.22.” O6umcyiTh IJIONTY TPUKYTHUKA, YTBOPEHOT'O OCAMHU KOOD-
AMHAT i ZoTHYHOIO A0 rpadika pysKLii f (x) = x° + x* — 6x + 1
y Touni 3 abciucomo x, = 1.

9.23." Jlotmunowo no rpadika axoi 3 GyHkmii y = x* - 2,
y=2x"—2x,y=x*—-2x,y=—x"y rouni 3 abeuucoo x, = 1
€ npsMa, 300pa)keHa Ha pUCYHKY 9.27

9.24." Ha rpadiky dyskmii f(x)=-v2x+1 vl
3HAWJITE TOYKY, JOTUYHA B AKiil mepneH-
OUKYJIAPHA 0 IPAMOI
y=-2x+1=0. }\ ]
9.25.” Yu icayiors notuusHi a0 rpadika GyHK- 0 -
mii f(x) = x* + 2x — 1, axi mepmenauKy- N
JIAPHi K0 npaMol y = —x? \
9.26.” Ilpu sxux 3HaYeHHAX b i ¢ mapabona Puc. 9.2

y=x*+ bx + ¢ moTMkaeThcs 0 MPAMOI
y =4x + 1 y rouni 3 abcoucoio x, = 1?7

9.27.” Tlpu axux 3HaveHHAX a i b npama y = Tx — 2 KOTHKA-
€TheA 10 mapabonu y = ax® + bx + 1 y Touni A (1; 5)?

9.28." Banumire piBHAHHEA AOTHYHOI A0 rpadika yHKuii
f(x)=2x"+ 2, AKImMO 1A AOTHYHA NPOXOJAHUTH UYepe3 TOY-
Ky M (0; 1).

9.29." Banumire piBEAHHA AoTHYHOI A0 rpadika GyHKmIi
f(x)=x*-4, aKmo uA AOTHYHA NPOXOAATH 4Yepe3 TOY-
Ky M (2; —1).

4x—

9.30." ¥V akiit Touni rpadika GyHKUii f(x)= moTpi6HO

NIPOBECTH JOTHUYHY, 100 I8 JOTHYHA IPOXOAHJIA Yepe3 Io-
yaTOK KoopauHAart?
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<) 2 ’ ; 3 X
9.31.7 ¥V akii Touni rpadika pyHKuii y=x+— norpibuo npo-
X

BECTH JOTHYHY, 100 A AOTHYHA NEepeTHyJa Bick OpAMHAT
y Touni (0; 6)?

9.32.*% JIBi mepueHAUKYNAAPHiI AoTu4Hi A0 rpadika pymrmii

1 ; 3
fix)= 3—5x2 IIePeTHHAIOTHCA B TOUYLL A, AKa HAJEXHUTh OCi

‘ § 1. MNoxiaHa Ta i1 3acTocyBaHHA
] opAuHAT. 3HAUAITH KOOPAWHATH TOYKH A.

9.33.% JIBi nmepneHAMKYJAAPHiI AOTHYHI Ao rpadika dysHKuii

X oD : ;
y=5xa & IIePeTHHAIOTECA B TOUII A, AKA HAJEXHUTH OCi

OpAWHAT. 3HAUAITH KOODANHATHA TOUYKH A.

9.34.* TIpm AKHUX 3HAYEHHAX @ OpsaMa Yy = ax + 1 € gorwyHOIO
o rpadika dysruii f(x)=v4x+1?

9.35.% Ilpn AKUX 3HAYEHHAX @ NpaAMa Yy = 2x + @ € AOTUYHOIO
no rpadika pysrnii f(x)=+4x-1?

9.36.* 3maiiziTe piBHAHHA CcHiJBHOI AOTHYHOI A0 rpadikis
byskuii f (x) =x* - 2x +5i g (x) = x* + 2x — 11.

9.37.% BmalifiTe piBHAHHS CHOiJbHOI AOTHYHOI A0 rpadikis
dynkuiit f (x)=x*+4x + 81 g (x) = x> + 8x + 4.
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l FoTyeMoCs A0 BUBYEHHA HOBOT TeMM

9.38. Po3B’s3kiTh HEpiBHICTB:

2
| 1) 2+ x - 12 > 0; 9 522008 o,
B Il x"—4x+3
2
: ]} 2) x* - 3x - 10 < 0; 5y B Mg
. x°-6x+9

‘i 3) 6x — x* > 0; 6) (x + 1)°(x - 1)’(x - 3)° > 0.




10. Teopemun ®epma, Ponng, NlarpaHxa

ﬁ.......o.l'0...."00......0.9.00.'0.90

—

m Teopemu ®epma, Ponng, JlarpaHxa

Poarisaemo dyHKIio [ TA TAKY TOYKY X, iHTepBaxy (a; b),
110 1}1.%)]( f(x)=f(x,) (pmec.10.1, a). Ha puc. 10.1, 6 so6paxe-

HO rpadik QyHKUIl g, 1m0 '[".ib’,‘ g(x)=g(x,).

St-----
=
ot-4-
Ry

Puc. 10.1

Hexait ¢pyskuii f i g audeperniioBri B Touni x,. Toxi xo
rpadikiB nux ¢GpyHKOINA y Touni 3 abCnuco0 X, MOMHA IIPOBEC-
T AOTHYHI. 3 HAOYHUX MIpKYBaHb OYEBHIAHO, IO IIi JOTUYHI
OyAyTh IOPU3OHTANBHUMH OpAMAMH. OCKiIBKY KyTOBUH Koe-
(imieET ropu3oHTANBHOI IpsiMOi AOPiBHIOE HYMI0, TO f' (x,) = 0
ig'(x0)=0.

Ileit BICHOBOK MO’KHA IPOiJIIOCTPYBATH 32 JOIOMOIOI0 Me-
XaHiYHOl iHTepupeTaii.

Axmo MaTepiasbHA TOYKA PYXAETHCA IO KOOPAMHATHIHN IPAMIii
3a 3aKoHOM Y = S (1) , t € [a; b], i dysKuis y = 8 (¢) Habysae B TOUII]
t, € (a; b) HaMbLIBIIOrO (HAMIMEHIIIOr0) 3HaYeHHH, TO 1@ O3HAYaE,
1[0 B MOMEHT 4acy f, MaTepiaJibHa TOYKa 3MIiHIOE HAPpAM PYXy
HA OPOTHJIEKHUM. 3p03YMLIO, IO B el MOMEHT Yacy IIBHAKICTh
MaTepiaibHOI TOYKH AOPiBHIOE HYJIO, TOOTO U (1) = 8" (£,) = 0.

OTrpuMaHi BUCHOBKH IIiITBEPAXKYE TaKka TeopeMa.

Teopema 10.1 (reopema ®epma). Hexail pynxyis f,
euanavena na npomixky [a; b], y mouyi x, € (a; b) nabyeae
c6020 Haumernwozo (Haubinvuozo) anavenna. Axwo Qynk-
yin f € dugepenyiiiosnoro 6 mouyi x, mo f' (x,) = 0.
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§ 1. lNoxiaHa Ta ii 3acTocyBaHHs

Hoeedennsa. PosrusiHeMO BUIIAZ0K, KOJIHN rlnibxll f(x)=F(x,)
a;
(BUnmaziox r[ua})]{f(x) =f(x,) pos3rasanarTh aHAJIOTIYHO).
ao

Hexaii x e [a; b], momi Af=7F(x)~-f(x,) 2 0. Axmo Ax =

= x — x,> 0 (puc. 10.2), 10 =L >0. Bsizcu f(x,)= e ::fc

\:{ planccdtd | 3 -
1 I a. z, x b x
o |l Puc. 10.2

Axmo Ax < 0 (pue. 10.3), T0 % <0. 3Bigcm

f (xo)— llm A—f<0.
0 Ax

Orxe, JOBeleHO, 110 OAHOYACHO BH-

KOHYIOThCA ABi HepiBHOCTI: f' (x,) = 0 Ta A f(x!;t—-\/

f' (x0) < 0. Tomy [’ (x,) =0. A

Axi
Ha pucysry 10.4 zobpakeno rpadik B HTIGE, T
‘ ‘ dyuxuii f, audepeHIiiioBHOI HA BipidKy % 10"3
HcC. 5

[a; b], aka B Toukax a i b HabyBae onHAa-
KOBUX 3HAYEHb.

3 pHCYHKa BHJHO: iCHYE HIOHAiIMEHINEe OJAHA TAKA TOYKAa
x, € (a; b), mo moruyHa a0 rpadika B TOYli 3 abCHHCOIO X,
€ I'OPU30HTAJBHOIO IPAMOI0, T06TO [ (x,) = 0

@paHUy3bKUN MaTeMaTHK, YJIE€H
ITapusskoi akagemii HayK.

OcHOBHI Ipani npucBsiYeHi MeToxaM
YHCEJIbHOr0 PO3B’A3aHHA PiBHAHL. Bijk-
IIicTs HAYKOBUX gocArHeHs M. Ponns
He Oynu momiueHi 3a MOro »XUTTA; IX
OL[IHMJIM 3HAYHO Mi3Hime.

Mimens Poans
(1652-1719)

| -
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10. Teopemu ®epma, Ponng, Nlarpadxa

Sb----

Puc. 10.4

Ileit BUCHOBOK MOXKHA IIPOLIIOCTPYBATH 3a JOIIOMOTI'0OI0 Me-
XaHiYHOl iHTepnperamnii.

Sximo marepiaslbHa TOYKA PYXAETHCSA IO KOOPAUHATHIN TP -
Miit 3a 3akoHOM Y = § (), ¢ € [a; b], To piBHicTE s (a) = s (b)
03HAYAaE, III0 B MOMEHT uacy t = b MaTepiajibHa TOYKA MOBEPHY-
Jacs B IIOYATKOBE mojoxkeHHA. OTixKe, y AeAKHI MOMEHT dacy
to € (a; b) BOHA 3MiHMIJIa HAIPAM PYyXy Ha OIPOTUIEKHUNA, TOOTO
v (t;) = 8" (1) = 0.

OrpuMaHi BUCHOBKHM HiITBEP/YKYE TaKa Teopema.

Teopema 10.2 (reopema Poansn). Axwo ¢ynxyia f

20000000000

L R N R N N N N

>

]

2

dugpepenyitioena na 6idpisxy [a; b), npuvomy f (a) = f (b), mo »

icnye maxa mouka x, < (a; b), wo f' (x,) = 0.

Hlosedenna. Ockinbkn QyHKIIA AudepeHIiioBHA HA Bij-
pisky [a; b], To 3a Teopemoio 7.1 BoHA € HEIEPEPBHOIO HA IIHO-
my npomixkky. Toxi 3a Teopemoro Beiiepmrpacca Ha Bifpis3ky

[a; b] icEHyIOTH Taki 3HAYEHHS apIryMeHTY, OpH AKHX QYHKIIA .

f mocsaArae cBoix HaWOIIBIIOro Ta HAXMEHIIOrNO 3HaYeHb. IHmIN-
MM CJIOBaMH, iCHYIOTH Taki umecaa m i M, mo r[nibrllf(x)zm,
a;

r[nz't)]c f(x)=M. Toxi pgna O6yas-sxoro x € [a; b] BUKOHyETHCA
a;

HepiBHicTs m < f (x) < M.

Axmo m = M, To GyHKIiA [ € KOHCTAHTOX HA IMPOMIMKKY
[a; b]. Omxe, f' (x) = 0 gna 6yas-akoro x € [a; b].

Poaruisinemo BUNAAOK, Koau m # M. Toxi ¢pyskmis f He Moxke
Ha ofHOMY KiHui Bifpiska [a; b] HabyBaTm HAUOINBLIOrO 3HA-
yeHHd, a Ha JApyromy — Haimenmoro. Cupaszi, f (a) = f (b),
a m # M. Omxe, icHye Taka To4ka x, € (a; b), mo GpyHKIiA
B I1i#f Touni HabGyBae cBoro Haubinbmoro abo HAWMEHIIIOro 3Ha-
yenHsa. Toxi 3a Teopemoio Pepma [’ (x,) = 0. A
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. f(b)

" f(a)

§ 1. MNoxinHa Ta i1 3acTocyBaHHA

yi Ha pucynky 10.5 306paxxeHo rpa-
ik dysarnii, audepeHniiioBHOl HAa
Biapisky [a; b]. d
IIpoBepemo npamy AB. 3 TpHu-
KyTHHKa AMB MO>XHa 3HAWTH KYTO-
BU# KoedimieHT miel mpsamoi:
tg / BAM = BM _ f(b)—f(a).
b-a
Obepemo Ha ny3i AB Taky Touky C,

110 JoTuvHAa A0 rpadika B i TOYNi mapaJsienbHa npamii AB.

KyroBuit koepinienT f'(x,) miel foTHYHOI JOPiBHIOE KYTOBO-

. My koedinieaty npsamoi AB, TobTo icaye x, € (a; b), mo

' b)—
F ey O-1@
b-a

Ileit BUCHOBOK 1JIIOCTPyE€ TaKOYX MeXaHi4Ha iHTeprpera-

. mis.

fAkmo marepianbHA TOYKA PYXAEThCHA MO KOOPAMHATHIM

., TpaAMii 3a 3aKoHOM Y = 8 (1), t € [a; b], To cepeHs MBHAKICTE
_ JiopiBHIOE

_8(b)-s(a)
bl &
3po3ymiyio, IO IiJ 4ac pyxXy € Takuii MoMeHT i, € (a; b),
KOJIA MHTTEBA IIBHAKICTH JOPiBHIOE cepeaHi, TOOTO

v (to) =s,(tn) v S(bb‘)—:z(a)

PpaHNY3bKUHA MaTeMATHK, MEXaHIK
i acTpoHOM, npesuzeHT BepiaiHcbKOI
akagemii Hayk, wien Ilapuspkoi axa-
aemii mayk. OcHOBHI npani — y ramysi
MATEeMATHYHOIO AHANI3Y, BapiauiitHOro
yucJeHHda, anrebpu, Teopii umcesn, au-
tepenniiirux piBHAHL, MexaHiku. Ka-
Basiep opaena IloyecHoro seriony.

Hozed Jlyi Jlarparx
(1736-1813)
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10. Teopemu Depma, Ponns, JSlarpasxa

OTpuMaHi BUCHOBKHM IiATBEPAXKYE TaKa Teopema.

Teopema 10.3 (reopema Jlarpamxa). Axwo pynk- ,
yin [ dugepenyiiosna na 6idpisxy [a; b], mo icnye maxa |
mouka x, € (a; b), wo

' b) -
f (x0)=f( ) f(a).
b-a
Hoeedennsa. Posrnssnemo ponomizkay ¢QyHknino g (x) = °
=1 (x)—Ax,:ne A= {ﬁ););f_(_a_). OueBupHO, 110 DYHKIIA g € AU-
-a

depenniifosroo Ha Biapisky [a; b]. Jlerko nepesipuTu (3pobiTs
e caMocTiiHo), mo g (a) = g (b). Orxe, QyHKIiA g 3aK0BOJB- *
HsA€ BciM ymoBam Teopemu Posuisd. ‘
Takum 4NHOM, iCHYE TOUKa X, € (a; b) Taka, mo g’ (x,) = 0.
Ockinerm g' (x) = f' (x) — A, T0 f' (x0) — A = 0. 3Biacu ‘

! b)-f(a
fa) L @=1@
3ayBaykuMo, 1o Treopemu Posns i Jlarpasxka He BKasyioTh,

SAIK 3HAWUTH TOUKY X,. BOHM JuIIe rapasTyioTh, 10 iCHYE TOYKA
3 IEeBHOIO BJIACTHBICTIO.

l Bnpasn

10.1.” Bigomo, mo ¢dyeKIia f y Trouni x, sabysae Haibiipmoro *
abo maiimenmoro sgayesHsa. [lepesipre piBHicTS f' (x() = 0,
AKIIO:

1) f (x) = x5, Xo.= 0 2) f (x) = sin x, xo=§.

10.2." Bigomo, mo dysKUia f v Touni x, HabyBae HANOINBLIIOTO «
abo Halimernmoro sgayenss. [lepesipre piBaicTs ' (x,) = 0, |
AKIIO:
1f(x)=5-x* x,=0; 2) f (x) = cos x, x, = .

10.3." Banumiite Teopemy Jlarpamka ans Bigpiska [1; 2]. Ha
iHTepBaJi (1; 2) 3HaMAITE TAKY TOYRY X;, AJIA AKOI BUKOHY-
erbea pisaiers £ (2) — f (1) = ' (x,), AKmo:

1 O -
1) =" 2) f(x)=—; 3) f(x):sm?.
X
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§ 1. Noxiaxa Ta i 3acToCyBaHHA

10.4." BannriTes Teopemy Jlarparyka ans siapiska [1; 3]. Ha
igrepsai (1; 3) 3HAUAITH TAKY TOYKY X, AJIA AKO1L BUKOHY-

f3)-7f@)
2

€ThCA PiBHICTH =f"(x,), aAxmo:

1) 7 (x) =2 2) f(x)=x; 3) f(x)=cos’;—x.

10.5." Bukopucrosyiouu Teopemy Pepma, AOBEAITH, 110 DHYHK-
nis f He gabyBae B Toulli X, Hi Haitb6inbIIoOro, Hi HAXMEHIIIOrO
3HAYEHHS, AKIIO:

Dfx)=x'+x+1, x,=-0,5;

2) f(#)=mecx=l, D(f)=(153), 2o = 2;
1-x X

3) f (x) = sin x + cos %, D (f) =[1; 2], x, =§'

10.6." Dosexits, mo hyEKnisa [ He HabyBae B To4Ni X, HI HaM-
0iJibIOro, Hi HAMMEHIIOr0 3HAYEHHS, SKIIO:
1) f (x) = (2* + 6x + 8) (x* + 14x + 48), x, = -3;
2 1
2) f(x)=—+x2+——§. D () =(0; +0), x5 = 1;

X X+
3) f (x) = cos x — sin &%, D (f) = [0; 2], x, =\/§.

10.7." BukopucroByouu Teopemy JlarpaHika, JOBeAiTH He-
PiBHICTE:
1)|cosx—cosy|<|x—-y|;

2)[tgx—t e ,xe(-f;ﬁ), e(—f;f).
) | tg gyl>lx-yl ST i

10.8.” IIoBexitTe HepiBHICTD:
1)|sinx-siny|<|x-y|;
2)[ctgx—ctgy|2|x-yl x € (0; n), y € (0; m).

10.9.” ®yukuia f audepenniiiossa sa K. Ckopucrasmuce Te-
opemoio Poana aua dysknii g (x) = f (x) sin x, goBexiTs,
uio piBHAHHEA [’ (x) sin x + f (x) cos x = 0 mae npuraiMHI
OAMH KOpPiHG HA Bixpisky [0; =].

10.10."" dyaxnis [ gudepenuiiosaa Ha R. Mosexits, mo pis-
HaHEA [’ (x) = [ (x) tg x mae npuHaMHI OJMH KOpPiHEL HaA

IIPOMiXKKY (—E' E)
272/




11. O3Haku 3pocTaHHA | cnagaHHs dyHKLU

10.11.” Bacuias 3amayTraifko xode A0BECTH, 10 HoXigHA HyHK-
mii f(x)=|x| y Touni x, = 0 mopisuioe mHymw0. Bin kaxe,
mo f(—=1) =f (1). Tomy 3a Teopemoro Posis icHye TodYka
x, € (—1; 1) Taka, mpo f’ (x,) = 0. Ane Ha inTepBaui (0; 1)
TaKoOl TOYKM X, He icHye, 60 Ha upoMy IpoMixkKy f (x) = x i
f' (x) = 1. Tak camo ii Hemae Ha iHTepsBai (—1; 0). Buxoaurs,
mo X, = 0. Orxe, f'(x,)=/f"(0)=0. Yu npasnii Bacuin?

m O3Hakm 3pocTanHs | cnagaHHa PyHKuIT

Bu 3Haere, 1m0 Koau GYHKIA € KOHCTAHTOO, TO 11 MOXifHAa
JOpiBHIOE HYJI0. BUHNKae sanuTavHA: AKIO GyHKIiA f Taka,
110 AJA BCiX X 3 npoMiskKy I BUKOHyeThcs piBHIiCTS [’ (x) = 0,
TO 9i € QYHKLiA [ KOHCTAHTOI HA IIPOMIXKKY [?

3BepHEMOCA 0 MexXaHiuyHOI iHTepnperanii.

Hexait y = s (1) — 3aKOH pyXy MarepiajbHOI TOYKH IO KO-
OpAMHATHIN npaMii. AKmo B OyAb-AKUNA MOMEHT yacy ¢ Bif t,
2o t, BUKOHYEThCA piBHICTE §' (£) = 0, TO OPOTATrOM PO3TIAAY-
BAHOI'O0 NPOMIKKY 4Yacy MHUTTEBA IIBUAKICTH JAOPIBHIOE HYJIIO,
TOOTO TOUKA HE pyXaeThes i il KoopauHaTa He 3MiHIOETHCA. [le
O3HaYae, 10 Ha PO3IJIAAYBaHOMY NPOMIXKKY QyHKIIA ¥y = 8 (1)
€ KOHCTaHTOIO.

IIi mipkyBaHHA NiAKa3ylOTE, [0 CHPaBEAJHUBOI0 € TakKa
TeopeMa.

Teopema 11.1 (o3maka craxocri pyurnii). Axwo
0an ecix x 3 npomixcxky I euxonyemuvca pienicms ' (x) =0,
mo QyHKYif [ € KOHCMARMOIO HA YbOMY NPOMIHCKY.

Hoeedenna. Hexait x, i X, — JOBiIbHI 3HAUEHHA apryMeH-
Ty GyHKUII f, y34Ti 3 IpoMikKY I, OpHUIOMY X, < X,.
Ockineku [x,; x,] < I i dysknisa f audepenuiiioBsa Ha I,
TO AJA Bifpiska [x,; X,] BUKOHYIOThCA BCi yMOBH Teopemu Jla-
rpan:ka. Toxi icaye Touka x, € (x,; x,) Taka, 110
7' (x,) = f(xz)—f(xl).

Xy — X
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§ 1. MNoxigHa 1a i1 3acTocyBaHHA

f(x,)—1 (x;)

Xy =%

Ockinbku x5 € I, 10 f' (x,) = 0. Orike, =0,
3sijcu f (x,) = f (x,). Ypaxosyrwoumn, mo uucia x, i x, subpaso
JOBIIBHUM YHHOM, MOYXEMO 3pOOMTH BUCHOBOK: (yHKIism f
€ KOHCTAHTOIO Ha NPOMiKKY I. A

2000909009290 9 200 %9 2900000920020 022929229

Ha pucysky 11.1 3o6paxkeHo rpadik aeskoi pyakmii f, axka
€ audepeHiiOBHOIO HA TPpoMiXKKY [a; b]. Ileit rpadik mae Taky
BJIACTHUBICTH: OyAb-AKa JOTHYHA 0 rpadika yTBOPIOE rOCTPHIA
KYT 3 IOJaTHUM HanpamoM oci abcruc.

OCKiNBKHM TAHI'E€HC I'OCTPOro KyTa € AOAATHHUM YHCJIOM, TO
KyTOBUMA Koe(dinieHT OyAb-AKO0l JOTUYHOL TAKOMXK € JOJATHHUM.
Topni, BUXOAAYU 3 FEOMETPUYHOIO 3MICTY IIOXIAHOI, MOYKHA 3PO-
OuTH TaKMil BACHOBOK: A OyAb-saKkoro x € [a; b] BukonyeThes
gepiBHicTs [’ (x) > 0.

3 pucynka 11.1 BuasHO, mo GyHKOiA [ 3pocTae Ha pPO3rJifA-
AYBAHOMY IIPOMIiXKKY.-

yi 7
a1 h x
Puc. 11.1 Puc. 11.2

Ha pucysky 11.2 3o6paxeno rpadik geskoi pyHKnii f, axa
€ pudepeHioBHOIO HA TPOMIXKKY [a; b]. Byas-aka goTudyHa 10
rpadika yTBOPIOE TYIHI KYT 3 JOAAaTHAM HANpsAMOM oci abemuc.

OCKiNBbKH TAHI'eHC TYNOro KyTa € Bii’€MHMM YHCJIOM, TO
KyToBH# KoedimieHT OyAb-AKO0I JOTHYHOI TAKOXK € BiJl'’€MHUM.
Toni ns 6yae-sikoro x € [a; b] BuKoHY€eTHCSt HepiBHICTS f' (x) < 0.

3 pucyska 11.2 Bupno, mo GyHKIis [ cragae Ha poO3IJs-
AYBAHOMY IPOMiKKY.

IIi opukiagn MOKAa3yOTh, IO 3HAK NOXiAHOI (GyHKUiI Ha
JessKOMy NMpoMiKKy | BIUIMBA€E Ha Te, 4M € 0A (GYHKIA 3poc-
TAa04Y010 (CIagHOI0) HA NPOMIMKKY I.
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11. O3HakW 3pOCTaHHA | cNagaHHa QyHKuUil

3B’A30K MiXK 3HAKOM IOXiZHOI Ta 3pOoCTaHHAM (CraaHHAM)
¢dyHKIil MokHA MoGaYUTH i 3a JOMOMOIOI0 MeXaHiYHOI iHTep-
nperanii. CopaBai, AKINO IWBUAKiICTh, TOOTO moxigna GyHKII
y = s (t), € nopaTHOIO, TO TOYKA HA KOOPAMHATHIN npAMii py-
xaerbea Brapaso (puc. 11.3). Ile osHauae, mo 3 HepiBHOCTI
t, < t, BUILUIMBAE HEPIiBHICTE § (1) < s (1,), To6TO QyHKIIA Y = 8 (1)
€ 3pOCTaYoi. AHAJOriUHO, AKI0 IIBUAKICTE € BiZ'€MHOIO, TO

TOYKA PYXA€EThCA BJIiBO, TOOTO (DYHK- 0 s(t) vE)>0
niag y = s () € cnag=Ho0. F—
Ileit 3B’s30K yCTAHOBJIOIOTH TaKi
Puec. 11.3

JIBi TeopeMu.

Teopema 11.2 (o3uaxka 3pocranua pynruii). Axwo
' dnsn écix x 3 npomixexy I euxonyemuvcs nepienicms f' (x) > 0,
mo QpyuKryia [ 3pocmae Ha Ybomy nPoMiNHKY.

) Teopema 11.3 (o3maka cnaganusa bpyuruil). Axwo
I.‘ dnsn eécix x 3 npomixky I euxonyemuves nepisnicms f' (x) <0,
mo ¢yrkyin [ cnadae na Yyoomy npominKy.

5 3

y NMPUKNALA 1 Hosexits, mo GyHKIiA f(x):x?+1g—+x—100

F 3pPOCTAE HA MHOXKHHI JIMCHUX YHUCEJ.

Pozeé’azannsa. Maemo: f'(x) = x* + x* + 1. Ockinpkn
x*+ x*+ 1 >0 nopu Bcix x € R, To dyEknia f spocrac Ha
MHOXWHI AIMCHUX duces. ®

Hosegemo Teopemy 11.2 (teopemy 11.3 noBoAATH aHAJO-
rigHo).

Hosedennsa. Hexait x, i X, — NOBiJIbHI 3HAYEHHA apryMeH-
Ty GyHKOii f, y3ari 3 npomixkky I, mpudyomMy x, > X;.

Ockinbku [x,; x,] < I i dpyskuia f gudepenniiiopna Ha I,
TO AJSA BiApiska [x,; X,] BUKOHYIOThCA BCi yMOBH Teopemu Jla-
rpasxa. Toxi icHye Touka x, € (x,; x,) Taka, 1o

7' (x,) = f(rg)—f(x,).

Xy — X

—

-
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§ 1. lNoxiaHa Ta 11 3acTocyBaHHs

f(xz)-f(xl)

X2~ %
3 HepiBHOCTI X, > x, BUIIMBAE HepiBHicTs f (X;) > f (x,), TOG-
To pyHKIia f spocrac Ha I. A

3ayBaXuMo, IO MA€ Micle i Take TBEepAKeHHA: AKIIO JHU-
(heperuiiiosra Ha npoMixkky I hyaKuisa f apocrae (cnajgae), To
JUIS BCIX X 3 IOT'O MPOMIMKKY BHKOHYETHCA HepiBHIiCTE [’ (x) 2 0
(7' (x) < 0).

fAxmo pyskuia f BusHaueHa Ha IpoMiXKKY [a, b) i 3pocrae
Ha ivTepBani (a, b), To Le He o3HaAyYae€, M0 BOHA 3pPOCTAE Ha
npomixkky [a, b) (mogymaiite womy). [locaigxyBaT 3pOCTAHHA
i cnagasEsa (GyHKOIl Ha PI3HEUX NPOMIKKAX JoIOMarae Taka
KJII0YOBa 3ajaya.
O-w3AlAYA Hexaii s goBinsHOro x € (a; b) BAKOHYETHCS
HepiBHicTS [’ (x) > 0, i dysKuia f mae noxigHy B Tounli a. lo-
BeAiTh, Mo (yHKIiA [ 3pocTae Ha NpoMiKKy [a; b).

Pozé’azannsa. 3 reopemu 11.2 BunimBae Jjume Te, IO
¢dbynknia f spocraec Ha inTepsaini (a; b). JloBeileHHS 3pOCTAHHSA
¢byuakuii f Ha mpomikky [a; b) BuMarae QOZaTKOBOIO AOCJIi-
JUKeHHS.

Hexait x — noBinbHaA Touka npoMikKy (a; b). IloBegemo, mio
f (x) > f (a). 3 Treopemu Jlarpansxa ansa ¢pyHKUii f Ha BigpisKy
[a; x] BunHMBa€ icHyBaHHA TaKol TOYKH X, € (a; x), mo

' (x,) = f (x) f(a).
xX—a

Ockinbku x, € (a; b), To f' (x,) > 0. 3Bigcu f (x) > f (a).

TakuM YHMHOM, JOBeLeHO, mo (yHKIiA [ 3pocTae HA MPO-
MiXKKYy [a; b). ®

3ayeaxncennsa 1. Hacpasai chopmyIs0BaHy B AaHii 3agadi
YMOBY MOKHa nociabuTu, 3aMiHUBIIIMA BUMOTrY JU(EpPEeHIliHOB-
Hocti GyHKOii f y Touni x = @ Ha 11 HenepepBHICTE y il Toui.
TobTo Mae micie Take TBepAKEHHS: AKIIO AJA BCix X € (a; b)
BUKOHYEThCA HepiBHicTh f' (x) > 0 i ¢yHKUisa f HenepepBHA
B TO4Li X = a, To QyHKIisA [ 3pocTae Ha NPOMiKKY [a; b).

3ayeaxcernnsa 2. BAKOPDUCTOBYIOYHM BifNIOBiiHI TBEepAKEHHS,
MOKHA OOrpyHTyBaTH 3pocTaHHA (cnagaHHsa) GyHKOIl f Ha
OpoMiXKKax iHmoro Buay, HanpukJaazn [a; +«), (—o; b], [a; b].

Ockineku X, € I, T0 f' (xp) > 0. Omoxe, > 0. Toni
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dyHEKOia f 3pocTae Ha NpoMixkKy [a; +x).

{ O N N R N BB N N N N N RN N NN NN NENRNNEREMNSE:E:ES:RH} ]
|

11. O3Hakw 3pocTaHHs | cnagandHa GyHKUil
Hanpuknan, sKumio Ajasa Bcix x € (a; +o) BUKOHYETHCA He-
piBricts f' (x) > 0 i dynknia f HenepepsHa B TOYIi X = @, TO

NMPUKNAL 2 3uaiigite npoMixkKu 3poctanus (cnaganasn) GyHK-
nii f (x) = x* — 2x.

Posé’'azannsa, Maemo: f' (x) = 2x — 2. Po3s’sa3aBmiu Hepis-
HoceTi 2x — 2 > 01 2x — 2 < 0, noxoxmumo go Takoro: f' (x) > 0
Ha npoMixkKy (1; +); f' (x) < 0 Ha npomixkKy (—w; 1). Orxke,
t ¢yaKOia f s3poctae Ha npoMixkky (1; +o0) i cnagae Ha nmpoMmixk-

Ky (—o0; 1).

Ha pucynky 11.4 3ob6paskeno rpadik ¢pysknii /. 3 pucysaka
BH/IHO, 1[0 Hacnpasai hyHKIiA [ 3pocTae HA npoMiXkKy [1; +w)
i ctajae Ha mpoMixkKy (—o0; 1].

IIpu sammci BiANOBiZI KepyBaTHMEeMOCS TAKHMM IIPaBHJIOM:
AKIo GyHKOisA f € HenmepepBHOI B AKOMYChH 3 KiHIIB IIPOMiXK-
Ky 3pOocTaHH#A (CHagaHH#A), TO II0 TOYKY IIPH-
€IHYIOTH JI0 I[LOT0 IPOMIKKY. ¥ HAIIOMY IIPH-
kaaxi pyaknis f (x) = x* — 2x € HemepepBHOIO
B Touni x = 1, TOMy {0 TOYKY NPUELHAIHA O
npoMikkiB (1; +) i (—o0; 1).

Bidnosidv: 3poctrae Ha [1; +w), cnazae Ha

(o 1]. Puc. 11.4
NMPUKNAA 3 3uaiiziTe NPOMiIXKKY 3pOCTAHHA 1 cnaflanHA QyHK-
Imii:
2
1)f(@)=2*+3-9x+1; 8) f(x):x—l‘-‘fl——l;

2) f(x)=—%x"+4x3-6x2+5; 4) f(x)=+/x" ~3x.

Poszé’'azanna
1) Maemo: f' (x) = 3x* + 6x — 9 = 3 (x + 3)(x — 1).
JlocaiauBIIM 3HAK MOXiAHOI METOAOM
irrepBaJiB (puc. 11.5) i BpaxyBasuiu He-

%olﬁ; nepepBHicTh GyHKOII f y Toukax x = —3

//«y- A9 e i x =1, orpuMyemMoO, IO BOHA 3POCTAE HA
i KOXHOMY 3 MPOMikKiB (—w; —3]1[1; +x)
Puc. 11.5 Ta crnajae Ha npoMixkky [—-3; 1].
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§ 1. lMoxiaHa Ta 1l 3acTocyBaHHA

2) Maemo: f' (x) = -3x® + 12x° — 12x = -3x (x* — 4x + 4) =
=-3x (x — 2)%.

Hocaiausmm 3HaK noxigsoi (puc. 11.6), noxoaumo BUCHOB-
Ky, o (yHKIiaA 3pocTae Ha nmpoMixkkKy (—oo; 0] i cnagae Ha
npoMixkky [0; +o0).

3) Maemo: D (f) = (—o0; 1) U (1; +o0). O6yucauBmu noxigHy
byukuii f, orpumyemo:

f'(x)=

x*-2x-3 _(x+1)(x-3)
x-1  @-1)®
Hocaigumo 3Hak pyHKUii y = f' (x) (puc. 11.7). Omxe, nasa
(yHKOiA 3pocTae Ha KOXKHOMY 3 HPOMIMKKIB (—o0; —1] i [3; +0)
Ta cnajgae Ha mpomiskkax [—1; 1) i (1; 3].

4) Maemo D (f) = (—; 0] U [3; +w). 3HaiigeMo moxigHy
bysrmii f: (x)=(\/x2—3x)'=—2ﬂ—. 3ayBa)KumMo, IO

2Vx%-3x
B Toukax x = 0 Tta x = 3 dysKuia f He € AUdeEepPeHIINOBHOIO,
ajie € HelepepBHOIO.
2x-3>0,

x?-3x>0.

A 2x . .
HepiBricTh ————= >0 piBHOCHJIbHA CHCTEMI
2vx%-3x

OTpumyemoO, 110 MHOKHHOIO PO3B’A3KiB PO3IIsAAyBaHOI HEPiB-
HOCTi € IpOMiXKOK (3; +x).

Jaii 1erko BCTAHOBUTH, 10 MHOXKHMHOIO PO3B’I3KiB HEpiBHO-

3 2x-3 P
eTi ————=<0 € npomixkok (—; 0).

2Vx®-3x

Orixe, akmo x < 0, To f' (x) < 0; akmo x > 3, 70 f' (x) > 0

(puc. 11.8).

= =~ N ST .\
02 N bl b 0 3

i M A i W G N » ol
Puc. 11.6 Puc. 11.7 Puc. 11.8

Tomy byukuisa f sapocrae Ha npomikKy [3; +w) i cnagae Ha
NPOMiXKKY (—0; 0]. ®
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11. O3Haku 3pocTaHHs | cnapaHHa dyHKul

NPUKNAL 4 Posp’sixits piBaaaEa x° +x° -J1-8x+4=0.

Pos3eé’azanna. Posrnaremo dyukmio f(x)=x"+x°-
—\J1-8x +4, D(f)=[“°°;ﬂ. Ilna Beix xe[—oo;%) MaeMo:

f (x)=5x* +8x*+ OueBuzgno, mo f'(x) > 0 npu

3
241-3x '
1 X s 1
xe(—w;gj, T00TO (DYHKILiA [ 3pOCTaE HA IIPOMIMKKY [-—oc,gJ

. ) ( 1
Ockinpku (yHKNis f € HenmepepBHOIO B TOYILi x=§, TO O

dyskmia spocrae Ha D (f) =(—oojlg—] Toxai ¢pyuxuis f Habysae

KOXHOT'O CBOT'O 3HAYEHHHA TiJIBKU OJWH pas, a OTIKe, JaHe piB-
HAHHS He MOYKe MaTH Oinblne Hi’K OAWH KOPiHb.

Ockinbku f (—=1) = 0, T0 x = —1 € €AUHUM KOpPEHEeM JAaHOTIO
pPiBHSAHHSA.

Bidnosgios: —1.

MPUKNAA 5 losexits, mo Ajs BCix X > —1 BUKOHYETHCA He-
piBmicTs x° + 4x + 3 > 2x°.

Po3zé’azannsa. JoBegemo, o AIA BCiX X > —1 BUKOHYEThCA
HepisHicTh x° — 2x° + 4x + 3 > 0.

Posrasinemo dyskuino f (x) = x° — 2x° + 4x + 3. Ockins-
ku f (1) = 0, To HepiBHiCTHL MOKHaA NIOJATH Yy BUTIALL
f (x) > f (-1), ne x € (-1; +x). Maemo: f' (x) = 9x* — 10x" + 4.
Ockinpku KBagpaTHuWil TpuuwieH 9t — 10t + 4 mae Bix’emumit
muckpuMminasdT, To f' (x) > 0. Tomy dyEKLiA f € 3pocTarndoio.
3Bigcu ansa 6yab-AKoro x € (—1; +o) BHKOHYETHCSA HEPiBHICTH

f(x)>f(-1). @

AR B R R R E R EEREEEREREEREREREEREEREREEREEREREREERERE R R ERRERERE R R R R R R R R R R R ERERERRERE R REREERERRENENESNDSEHS.!]
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§ 1. lMoxiaHa Ta il 3acToCyBaHHA

. Bnpasu |
11.1." 3raiiziTe NIPOMIMKKH 3pOCTaHHA i cnafaHHa QYHKILL:
Df@x)=x*+4x-T; 4) f (x) = x* — 2x* - 8;

2) f (x) = 2x® — 8x* + 1; 5) f(x)=x*+ 4x - 8;
3) f (x) = 2" + 9x* + 21x; 6) f(x)=ix‘ ~8x+9.

11.2.° 3Ha¥AITh NPOMIYKKHM 3POCTAHHA 1 cnagaHHa GQYHKILL:
1)f(x)=-x*+6x-5 3 f(x)=ix‘—2x2+1;

2) f (x) = x* + 3x* — 9x; 4) f (x) = x* + 4x — 20.
11.3." 3uaiaiTh NTPOMIMXKKH 3PDOCTAHHSA 1 cnafaHHA QYHKIIL:

Df(@x)=x"'-4x>+4x*-1; 5) f(x)=x+2;
x

1 1 x2—3 i
2) f(x)=—x'-=2*-T; 6) f(x)= - :
) 1(%) 4 3 ) 1(0) x+2
2
3) f(x)=lx5—19—x"+9x—6; 7 f(x)ziﬂ;
5 3 3-x
2
1) f(x)=x"+=; 8) f(x)=——. |
X x - ||
11.4." 3aigiTh OPOMIKKH 3POCTAHHA 1 cnagaHHA (QyHKIIL: Y
2
1) 7 (x) = 8x' - 20x° + 36° — 4; 4) f(x)=2> *‘:"; /
x_ >
2) f(x) =9 + 4x* — x; 5) £ (x)=3x+22; '
X
2x-9 8
8) f(x)=""—; 6) f(x)=——.
x-5 x° -

11.5.° Ha pucynky 11.9 zo6paxeno rpadik noxiguoi audepes-
nioBHol Ha R dyExmii f. YkamxiTe NpoMiKKH crnagaHHA
bysakii f.

Yh y=1(x)

Puc. 11.9 Pue. 11.10




11. O3HaKW 3pocTaHHs | cnapaHHsa yHKU

11.6." Ha pucysnky 11.10 so6paskeno rpadik ¢dysrmii y = f (x),
pusHaueHol Ha R. Cepes HaBegeHux Ha pucyHKy 11.11 rpa-
bikiB yxkaxire ToO#t, AKM Moxke OGyrTm rpadikom GyHKIiI

y=rf"(x).

y y 7
0 X \OT’\,? //?‘/A
0 6

Pmnc. 11.11

=\
(=}
=

11.7." Ha pucysky 11.12 306paxeno rpadik
noxiguol audeperniitoproi Ha R QyHK-
mii f. YKaXiTe IPpOMIXKKH 3pOCTAHHSA |
dyeKOii f.

11.8." Ha pucynky 11.13 300paxeHo rpa-
¢iku noxigaux audepenniioBaux Ha R
dbyuxuii f, g i h. Axa 3 dyskuiu f, g,
h cnapae Ha Bigpisky [—1; 1]? Puc. 11.12

TR Y [ |

0 0 7 2 VISLOLE3)

CINCTOL T 1/
+1 1 | | | x|
TR M / \ ("

5

S\O —
A

= I\\I
RS
\

Puc. 11.13

11.9." Ha pucyrky 11.14 306paxeno rpadiku noxigaux aude-
perniiioBanx Ha R dynkuii f, g1i k. fAxa 3 bysknii f, g, h
cnazae Ha R?

yT y
0l y=h'(x)
/‘ﬁx) g a iy
a8

a 0
Puc. 11.14
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§ 1. MNMoxiaHa Ta ii 3acTocyBaHHA

11.10." HoseaitTp, mo GyHKIiA crnagae HA MHOMKWHI AiCHHUX
YUCesI:

1) f(x)(=6—.1c+%.7c2 —%xs; 3) f (x) = sin2x — 3x.
2) f (x) = —2x* + 2x* — 10x + 80;

11.11." dosexnits, mo GyHKIiA 3pOCTAE HA MHOMKMHI AificHUX
YUCeJI:

1) f (x) = 10x® — 9x* + 24x — 90; 3) f (x) = cos 3x + 4x.
2) f(x) =sin x + x* + x;
11.12."° 3HaiigiTe OIPOMIKKH 3DOCTAHHA i cnafaHHa QYHKIIL:

1) f(x)=x\[§+sinx; 3) y=cosx+%.

2) fi(x) =2 —icos x;
11.13," 3naiigiTh NPOMiKKHN 3POCTAHHA 1 cnajaHHs QYHKIII:

1) fi(x) =sin"x —x; 2) f(x)=$—sinx.

11.14." 3Ha#AITE OPOMIYKKH 3POCTAHHA i cagaHHA QYHKIIL:
1) f(x)=Vx®+4x; 2) f(x)=V6x—x°.

11.15.” 3maiigiTe NpoMi’KKu 3pocTaHHA i cnagaHHs QYHKII

f(x)=vx®-1.

ﬁ.....................O‘..............

11.16." Ha pucyrky 11.15 306paxkeno rpadiku dpysxuii fi g,
BusHayeHux Ha R. BukopucroByioun i rpadiku, poss’ skiTh
HepiBHicTe: 1) f' (x) < 0; 2) g' (x) = 0.

11.17." Ha pucynky 11.16 306paskeno rpadiku pyskmii [ i g,
BusHavYeHUX Ha R. BukopucroByioun ui rpadikn, po3s’ sxkiTh
HepiBHicTE: 1) f' (x) 2 0; 2) g’ (x) < 0.

11.18." 3HaiigiTs NPOMiKKHM 3pDOCTAHHA i cnaflaHHd (QYHKILI
TAX)=rtgx = 2%

11.19." 3maiigiTe npoMikKu 3pocTaHHs i cnagaHHA GYHKIIT
f(x)=ctg x + 4x.
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11. O3Haku 3pocTaHHA | cnagaHHa dyHKUI

| YA
Y= 4
\ 3 0] 1 A X
a
y = g(x), Y
\~ 1 :
W01 %
0
Puc. 11.15
7 ] yA
y.=f(x)
A4\l Y= g(x)
4 '1 1 ‘ —ti
i | \0 x
0| 1 lx :
{
I
0

Puc. 11.16

11.20.” Ilpu AKMX 3HAYEHHAX IIapaMeTpa a € 3POCTAalyolo

byBKIiA:
1)y =x" - ax; 3) y=-2Jl-x+ax;
3

4) y:;-.LZ(u». 1) x* +9x-47?

<

2) y = 3 sin 4x + ax;
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§ 1. lMoxiaHa T1a 11 3aCTOCyBaHHA

1131
1)

2)
11.22

11.23

11.24

11.25

11.26

o 1147
*11.28

L3

*11.29
$11.30

11.31

.
®11.32
°
o
3
®11.33

J* Ilpu sAKMX 3HAYEHHAX IIapaMeTpa a € ClajgHO (DyHK-

oisAa:

y=ax - x% 3) y=-2Vx+3 +ax;

3 2
X

y‘=2cos 3x + ax; 4) y=—?+%—4x+21?

" Ilpu skuX 3HAYEeHHAX mapaMerpa ¢ QyHKILis
f(x)=(-12)x*+3(c-12)x* +6x + 7

3pocrae Ha R?

" Ilpn sAkuX 3HAYEHHAX mapamerpa a QyHKUis
y=(a+2)x*- 3ax’+ 9ax — 2

cnanae Ha R?

. Ilpu AKUX 3HAYEHHAX napaMerpa a QyHKIiA
y=(a+3)x*+3(a+3)x’-b5x+ 12

crnazae Ha R?

- . . . x2
. JloBexiTe HepiBHiCTH cosx 21— i

A P . T
. HoBexnits HepiBHiCTL X < tg x, me xe(O;E).
" PosB’axkiTh piBHAEHEA 3x’ +x+7=+1-8x.
."* Poap’skiTh piBHAHHSA x° + 4x + cos x = 1.
* Poap’skiTh piBHAHHA Xx° + 2x = sin x.
. PosB’sxkite HepiBHicTh X' + 3x > 2x* + 2.
** Poap’skiTh HepiBHicT x° + 4x < 2x* + 3.

15 el g x-y=sinx-siny,
. Po3p’sxiTh cHCTEeMy DiBHSAHB
3x+4y="1.
2x -2y =cos y —Ccos X,

x+y=8.

" Po3B’sKiTh cuCTEMY PiBHAHB {




12. Toukun ekcrpemymy DyHKul

Touku excrpemymy pyHKUIT

3HAMOMJIAYNCE 3 TAKUMH HNOHATTAMH SK I'DAHUIA i Heme-
pepBHiCTE GYHKIII B TOUIi, MU AOCHIPKYBAJIH NOBEAIHKY QYHK-
il mobmay miei Touku a6o, IK DPUAHATO FOBOPUTH, B i1 OKOJII.

Ozusavenns 1. Iarepsax (a; b), AKMH MICTHTH TOYKY X,, Ha-
3UBAXOTHE ggoJNOM TOYKH X,.

3posymino, mo Oyab-AKa Touka mae Oeauriv okosis. Hanpu-
Kaajn, npomixkok (—1; 3) — oauH 3 okouiB Touku 2,5. Pazom
3 THM Ieil IPOMIKOK He € OKOJIOM TOYKH 3.

Ha pucysky 12.1 306paskeHo rpadiky 40THPHOX (PYHKILIN.
¥Yei oi dysknii MaoTh COiJbHY 0COOJIMBICTE: iCHYE OKIN TOY-
KH X, TAKUM, [0 AJA BCiX X 3 HbOI0 OKOJY BUKOHYETHCA HeE-
piBHicTE [ (x,) 2 [ (x).

, y
. P W )
a 0 8 2
Puc. 12.1

Oszmavenns 2. TOURY X, HABHBAIOTE TOYUKOI0 MAKCHMYMY
dysruii f, AKMO iCHye OKiJ TOYKHM X, TAKHH, [0 JJA BCiX X
3 IBOT'O OKOJIY BHKOHYETHCH HepiBHicTs [ (x,) 2 [ (x).

T
Hanpukian, Touka x, =5 € TOYKOK MaKCUMyMy (QyHKIii

y = sin x (puc. 12.2). ITumyTs x

max

S
s, T /\\/C
; x
Puc. 12.2
Ha pucynky 12.1 x,,., = X,.

no|
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§ 1. MNoxigHa Ta 11 3acTocyBaHHA

Osmavennsn 3. Touxky x, HA3MBAKOTh TOYKOIW MiHiMyMmMy
dyaruii f, AKNI0 iCHYE OKLI TOYKHM X, TAKMIH, IO AJs BCiX x
3 BOTO OKOJIy BHKOHYETHCHA HepiBHIiCTS [ (x)) < [ (x).

1 il ia
Hanpuxiazx, Touka X, :—E € TOYKOI MiHiMyMy YHKII

y = sin x (puc. 12.2). ITumyTe x_, =—§.

Ha pucynky 12.3 3o6paxeno rpadiku QyHKIINA, 408 AKAX
X, € TOYKOI0 MiHIMyMy, TOOTO X, = Xg.

Yi

Puc. 12.3

Touku mMakcuMyMmy i MiHIMyMy MaiOTh CHiJIBHY Has3BY: iX
HA3UBAOTh TOYKAMH eKcTpeMymy (yHKILl (Big JaTHHCBKOTO
extremum — KpauHii).

Ha pucysky 12.4 TOYKH X, X5, X3, X4y X5, Xg € TOYKAMH
€KCTPEeMyMY.

LY L

=y

X,

L}
]
1
]
1}
'
: Yl
3 %4 X5 X X 0|

Puc. 12.4 Pue. 12.5

3 o3HaYeHb 2 i 3 BUILIMBAE, [0 TOYKYU EKCTPEMyMY € BHY-
TpimuiMu Toukamu' obsacri BmaHaveHHsa dynknii. Tomy, Ha-

NPUKJIaA, Touka X, = 0 He € ToYKo10 MiHiMyMy GYHKIIT y = Jx
(puc. 12.5), a Touka X, = 1 He € TOYKOI MaKCUMyMy (QyHKUii

' Touky x, € M Ha3HBAIOTH 6HYMPIUWHBOI0 TOYKOK MHOKHEN M, AKIO

iCHYE OKiJ TOYKH X,, AKUNA € NIAMHOMKHHOIO MHOKHMHEM M.

108




12. Touku ekcTpeMyMy yHKLT

y = arcsin x (puc. 12.6). PazoMm 3 TuM HaliMeHIle 3HAYEHHHA
byHKIIiT y=\/; Ha MHOXUHI [0; +o0) mopiBHIOE HYII0, TOOTO
. % 3 T
[rgun Jx=4/0=0, a ma>]( arcsin x =arcsin 1= 5
; +0) [-1;1
Ha pucysnky 12.7 zo6paxeno rpadik geaxoi GyHkuii f, Axa
Ha OPOMIKKY [x;; X,] € KOHCTAHTOIO.

,{Mf(.r) = aresin x

2

o
=Y

-1 Y
""" 1*'2"‘ OF X Xy X E;
Puc. 12.6 Puc. 12.7

Ockinpku HepiBHOCTI [ (x,) = f (x) i f (x,) < f (x), aAKi BH-
KOPHCTOBYIOThCS B O3HAYEHHAX 2 1 3, € HECTPOTUMHU, TO MOXKHA
3poOMTH TaKMil BUCHOBOK: TOYKA X; € TOYKOI MaKCHMyMY,
TOYKAa X, — MiHiMyMmy, a Oyab-aKa To4uka iHTepBany (x;; x,)
€ OJITHOYACHO SK TOYKOK MaKCHMYMVy, TaK 1 TOYKOI MiHIMyMy
dyarUii f.

I'padiku dysKUii, sobpakesnx Ha pucyHkax 12.8 1 12.9,
IIOKA3yIOTh, II0 TOYKH €KCTPEeMyMYy MOXKHAa IOJIJIUTH Ha JBa
BUJM: Ti, YV AKUX DOXiZHA AopiBHIOE HYy O (HA puc. 12.8 noTuu-
Ha 10 rpadika B To4Ii 3 abGCIUCOI0 X, € TOPUBOHTATIBHOIO MPH-
MO010), i Ti, Vv AKUX (yHKIiA Heaudepenniiosra (puc. 12.9).

Yy Y
0] X, 3 0] x‘o x
a (] a ]
Puc. 12.8 Puc. 12.9

IiiicHO, cIpaBeAJIUBOIO € TaKa Teopema.
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§ 1. MNoxigxa Ta i 3acTocyBaHHA

Teopema 12.1. Axwo x, € moukow excmpemymy Qyn-
yii f, mo abo f' (xy) = 0, abo pynryia f ne € dugepenyilio6noro
6 mouyi x,.

Yuaui npodiasHEAX KJIACIB MOXXYTH, BUKOPHUCTOBYIOYH Teope-
my Pepma, noBectu Teopemy 12.1 camoctiiino.

BuHUKaEe OIpUpOJHE 3AaNUTAHHA: YU 000B’A3KOBO € TOYKOIO
eKCTPEeMYyMY BHYTPiIIHSA Touka objiacTi BU3HAYEeHHA (DYHKITII,
y AKi¥ moxigHa AopiBHIOE HyI0 abo He icHye?

Bigmosine Ha e 3anMTaHHSA 3alepedyHa.

Hanpuxkuiaz, Ha pucyrky 12.10 3o06paskeHo rpadik pyHKmii,
HenudepeHniioBHOl B Touli Xx,. IIpore ToOuka X, HE € TOYKOIO
€KCTPEeMyMY.

Y

=Y

0] Xo
Puc. 12.10 Puc. 12.11

Hasezemo me oxue npukiag. Jus dysknii f (x) = x° Maemo:
f' (x) = 3x%. Toxi f' (0) = 0. IIpore Touka x, = 0 He € TOYKOIO
ekcrpemymy byHKLii f (puc. 12.11).

IIi npukIagu HOKasyloTh, o Teopema 12.1 nae Heobxin-
HY, ajle Heé AOCTATHIO YMOBY iCHYBAHHSI €KCTPEeMyMy B JaHii
TOYI.

Osmavennn 4. Buyrpimmi Touku o6aacTi BU3HAYeHHA PyHK-
Iil, y AKHX moxixHa NOopiBHIOE HYII0 a00 He iCHy€, HA3UBAKOTH
KPHTHYHHMHE TOYKAMHE (QyHKuil.

Hanpuknazx, Touxka X, = 0 € KpUTHYHOIO TOYKOI (DYyHKILI#
J n
y=x*iy=|x|; Touxka x,= 3 € KPUTHUYHOIO TOYKOKI0 (DYHKIII]

Yy = sin x.
I3 ckaszaHOro BHUINE BUILIMBAE, IO KONHA MOYKA excmpe-
MYMY QUHKYIL € 1I KPUMUYLHOIO MOYKOI, npome He KOMCHA
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12. Touku excrpemymy yHKUIT

KpUmuyHa moyka € mo4kol excmpemymy. IHIMIUMU CIOBaAMH,
MOYKU excmpemymy caid wyKamu ceped KpumuiHux movox.
Ileit ¢pakT npoinocTpoBaHO Ha puUcCyHKyY 12.12.

Ha pucysky 12.13 3o6pakeHo rpagikm
byHKIOiNA, A08 AKX X, € KPUTUIHOKI TOY-
KOIO.

Ha pucyskax 12.13, a, 0, 8, 2 KpuTuuHa
TOYKA X, € TOYKOI EKCTpPeMyMy, Ha pH-
cyakax 12.13, r', 0 KpuTHYHA TOYKA X, HE
€ TOYKOIO EKCTPEeMyMYy.

y/\
X 0la X b x
a 0 8
y y y
0] a x, _; ol a % b_; O0la x b_;
2 r 0
Puc. 12.13

HasaBHicTs excTpeMyMmy GyHKIII B TOYni X, HOB’sI3aHa 3 I10-
BeliHKOI0 (yHKIII B okoui miel Toukm. Tak, mia ¢yHKOi,
rpadiku saxux szobpakeHo Ha pucyHkKax 12.13, a—2, maemo:
dyHKIia apocrae (crnasac) Ha IPOMiKKY (a; X,] i cnazae (apoc-
Tae) Ha IPOMIXKKY [x,; D).

dDyuakuii, rpadikum akux 3ob6pakeHo Ha pucyHkax 12.13,
r', 0, Takoi BJIACTHBOCTI HE MAIOTh: IEepIIa 3 HUX 3POCTAE HA
KOKHOMY 3 IPOMiXKKIB (a; x,] i [x,; b), Apyra — cnagae Ha
IHUX OPOMiMKKax.

¥Ysarami, akmo obnacTh BH3HAYEHHSA HemepepBHOI (hyHK-
il po3buTo HAa CKiHUYEHHY KiJbKicTh NPOMIXKKiIB 3pocTaH-

m
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§ 1. lNoxiaHa Ta il 3acToCyBaHHA

Hd 1 cnajaHHsA, TO JIETKO 3HAMTH BCi TOYKHM EKCTPEMYMiB

(puc. 12.14). yM
0 \/ x

Puc. 12.14

Bu 3HaeTe, 110 3a AOIOMOI'0I MOXiJAHOI MOMHA 3HAXOJUTH
IIPOMiXKKHU 3pocTaHHsA (cmagaHHA) AubdepeHIinoBHOI HyHKMIi.
IIBi TeopemMu, HaBeJeHI HU)KYe, IIOKA3YIOTh, AK 3a JOIIOMOI'0X0
NOXiZHOI MOYKHA 3HAXOAUTH TOYKHU €KCTpeMyMy (DyHKIIii.

Teopema 12.2 (03HAKA TOYKH MaAKCHMyMYy (yHK-
nii). Hexai ¢ynkyin [ € dugepenyiliosnoro na inmepsani
(a; b) i x, — Oeaxa mowxa ybozo inmepsany. Axuo Ona écix
x € (a; x,] euxonyemwvca nepienicms f'(x) 2 0, a dra eécix
x € [xy; b) euxonyemuvca nepisenicms f'(x) < 0, mo mouxa x,
€ mouxorw maxcumymy ¢yuxyii f (puc. 12.13, a).

Teopema 12.3 (o3HaKa TOYKHWM MiHiMymMy yHK-
1ni1). Hexau ¢ynxyin [ € dugpepenyilioénorw na inmepeéani
(a; b) i x, — Oeaxa mouka yvozo inmepeany. Axwo ona écix
x € (a; x,) éuxonyemuvca nepienicme f'(x) < 0, a dnn ecix
x € [xy; b) eurxonyemuvca nepisenicms f'(x) > 0, mo mouka x,
€ moukorw minimymy Qynxyii f (puc. 12.13, 06).

Hosenemo Teopemy 12.2 (Treopemy 12.3 10BOAATEH aHAJIOTIYHO).

Hosedennsa. Hexait x; — JOoBiIbHA TOYKA iHTEpBaNy (a; X;).
3 Treopemu Jlarpasska ana Bigpiska [x,; x,] BuniuBae icHyBaHHA
TaKoi TOYKH ¢ € (X3 %), IIO

7 (c) = f(xo)—f(x,).
Xy — %,

Ockinbku ¢ € (a; x,], T0o f' (¢) 2 0. 3 HepiBHOCTEH [’ () 2 0
i x,—x, >0 orpumyemo: [ (xy) = [ (x;).

AHajoriyHo s JOBiJIBHOI TOYKH X, € (X,; b) MokHaA ZHO-
BecTH, mo f (x,) = [ (x5).

3BiZic BUILIUBAE, IO X, — TOYKA MAKCHMyMYy. A

12




12. To4ku ekcTpemymy yHKLii

IHKOMM 3PYYHO KOPHUCTYBATHCHA CIPOLIeHUMHU (POPMYyIIOBaH-
HAMHA IOUX JABOX TEOPEM: AKW,0 npu nepexodi uepe3 mouKy X,
noxiona 3MIiHIOE 3HAK 3 NAKNCA HA MIHYC, MO X, — MOYKQ
MAKCUMYMY; AKWO NOXIOHA 3MIHIOE 3HAK 3 MiHYyca Ha naioc,
mo X, — MOYKa MiHimMymy.

s pyHKOIL f TOYUKH eKCTPEMYMY MOYKHA LIYKATH 3a TaKO0I0
CXEeMOI0.

1) 3uaittu ' (x).

2) HocnizuTu 3HAK HNOXiZHOI B OKOJaX KPUTUUYHUX TOYOK.

3) Kopucryouucs BiAMOBIAHUMH TeOpeMaMHu, CTOCOBHO KO-

HOI KPUTUYHOI TOYKH 3’CyBaTH, Y4 € BOHA TOYKOIO EKC-
TPEMyMY.

NMPUKNALA 1 3BmaiigiTe TOUKM eKCTpeMyMy (DYHKILII:
2 _x+4

1) f (x) = 2° — 3x% — 12x; 3) f(x)zx—l,

2) f (x) = 2x* — x*; 1) f(x)=x—\/+—2-

x
Pozé'szanna. 1) Maemo: f' (x) = 6x° — 6x — 12 =6 (x* -
-—x—-2)=6(x+ 1) (x — 2). MerooM iHTEpBAaJIiB AOCIiTAMO
3HAK MOXiJHOI B OKOJAaX KPUTHYHHUX TOYOK X; = —1, x, =2
(puc. 12.15). OrpumMyemMoO, IO X, = —1, X = 2.
2)f'(x)=4x —4x’ =—4x (x* - 1)=—-4x (x + 1) (x — 1).

F= 5N ? s Then E NG ¢:E£:> >
—1 2 =] 0 1
Puc. 12.15 Puc. 12.16

Hocaiguemu 3HaKk noxiguol (puc. 12.16), orpumyemo:

xmnx T —1’ xm'm ™ O l xmnx = 1'
3) Maewmo:
. (2 -x+4) (x-1)-(x-1)' (x* -x+4)
f(x)= 3 =
(x-1)
C@x-1)(x-1)-(x*-x+4) x*-2x-3 (x+1)(x-3)
(x-1)° (x-1)* s |
8 AnreBpa ta nousTiu asanisy, 11 xa 13
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§ 1. lNoxiaHa Ta 11 3aCTOCYBaHHA

- g HocniguMo 3HaAK NMOXiAHOI B
W_’ OKOJIaX KPUTHYHUX TOYOK X = —1,

-1 1 3 x, = 3 (puc. 12.17). Maemo, mio
. PilC. 12.17 xnm\ i 1 xl!llll i 4 3‘
4) Maewmo:

- 3 \/——— 1 o
oy G NE () ey el T

(V) x

21—(x+2) x-2

2x\/- 2x\/—.

Akmo 0 <x < 2,10 f' () < 0; akmo x =2 2, To f' (x) 2 0
OmKe, KpUTHYHA TOYKaA X = 2 € TOYKOIO MiHiMyMmy, TOOTO
Xt =

min

NMPUKNAL 2 3HaiigiTe TOUYKH eKCTpemyMy byHKII
x)=sin — + J3 oos Stz
f(x)= N

Posé’azanHa. Maemo:

V8 yirdig x Vi
s

; 1
f (x)z—cosi——sm——-—:cos —+—
22 2

2 (2 2
3HaEMO KPUTHYHI TOYKM Aauo'i (l)ynxui'i:
p E +—= 2Ttk
( x ) 1 28 8
COS| —+— —5—0,
Il Iionk ke
L2 3 3

X =4nk,

4n
X=——+4nk, keZ.
3

. : (% Ly . .
®yuknia ' (x) = cos| 2-*5 ]———é € NMepioIMYHOI0 3 mepioxom

T = 4n. MeTogom iHTEepBaJiB ZOCHiAMMO 11 3BHAK HA MPOMIKKY

14




12. To4ku ekcTpemymy yHKU!

[-2n; 2n] saBaoBxkkm B nmepioa. Ilpo-  _o SEL o
MYy OPOMIKKY HAJIe)KaTh ABiI KPUTUY- —4x 0 = .
. Y-{ S 01 2 4rn i3 .
e S e 3’ Puc. 12.18 =
Ha pucynky 12.18 nmokasaHo pe3yJbTaT AOCHiKeHHA 3HAKA |,
noxigHol Ha npoMmixkKy [—2n; 2n]. Tenep mokHa 3pobuTH BU- *
o

4n v

CHOBOK: X, =0, x , =——. o
a

Y3araJbHIOIOYH OTPUMAHUI Pe3yJIbTaT, AiCTaEMO BiANOBiab: |

4n . .

Xmax = 4Tk, X, =——3—+4nk, kel.® ’
>

o

BB AR BN EE R ERENEEEEENREREEENRERENEERESENESRNENEE-SRSE-RH-NHE}-R )

' Bnpasn

12.1." Ha pucysky 12.19 3o6pakeHo rpadik dpyukuii y = f (x),
Bu3HauveHol Ha npoMixkky [—10; 9]. Vkaxirs: 1) kpuruuni
TOYKH (PYyHKIiI; 2) TOUKH MiHIiMyMYy; 3) TOYKH MAaKCHUMyMY.

4R 7]\
VA AN
{ N
— 1
= 0 | h Ax
| \| V
[ 1
Puc. 12.19

12.2." Ha pucysky 12.20 3o6pasxeno rpadpik pyukuii y = f (x),
BU3HAYEHOI HA NpoMiXKKY [—T7; 7]. Vkaxirs: 1) KpuTuuHi TOY-
K¥ GyHKOiI; 2) TOYKH MiHiMyMy; 3) TOUKH MAKCHMYMY.

7 Sl l
- 3 T
|
\ 1
4 A
>
=1 0 71X
\l/
\
Puc. 12.20
g* )

|



§ 1. lNoxiaHa Ta i1 3acToCcyBaHHA

12.3." Ha pucysky 12.21 ykaxite rpadik dyHruii, mis akoj
TOYKA X, € TOYKOIO MiHiMyMy.

Puc. 12.21

12.4." Yu Mae KpUTHYHI TOUKH PYHKIiA:

1) f (x) = x; 3) [ (x)=35; 5) f (x) = tg x;
2)f@x)=x"+1; 4)f(x)=sinx; 6) f(x)=Vx?

12.5. Ha pucynky 12.22 3o6paskeno rpadik pyskuii y = f (x),
BU3HAYEHOI HA MHOKHUHI AIHCHUX ynces. Y4 € NpaBHJIbHOIO
PiBHICTB:

1) f' (-3) = 0; 3) f' (0) = 0; 5) ' (2)=0;
2) ' (-2)=0; 4) f' (1) = 0; 6) f' (3) =07

\/\y|
: TerNG
-3 =2 0’\/23 x

Puc. 12.22 Puc. 12.23

12.6." 3naitgiTe TOYKM MiHIMyMy i MAKCHUMYMY QYHKILII:

1) f (x) = 0,5x"; 4) f (x) =x"-8x" + 5;
2) f (x) = x* — 6x; 5)f(x)=x"—-6x*—-15x + T;
3) f (x) = 12x — x% 6) f(x)=x2—%.

12.7." 3uaiigiTe TOYKH MiHIMyMy i MAaKCHMYMy DYHKILII:

1) f(x)=%x3—x; 2) f(x):4x—%x3;
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12. To4yku ekcTpeMyMy yHKUi

—

8)f (x)=-x"+4x-8; . 5)f(x)=2x"~4x" +2;

4) f(x)=%+3x2—7x+4; 6) f(x) =2 + 2® + 2x° — 2%,

12.8." Pysxuis y = f (x) audepeHniiioBHa Ha MHOMKHHI JIHCHUX
gucen. Ha pucynky 12.23 sobpakeHo rpadik ii moxigHoi.
VEKaXiTh TOUKH MAKCUMYMY i MiHIMyMYy
dyskuii y = [ (x). \ vk

12.9." ®yuknia y = f (x) BusHayeHa Ha \ of //
MHOKHMHI AifiCHUX YHces i Mae moxXigHy 4
B KOXKHiM Touni obsacti BusHavyeHHs. Y =/['(x) '
Ha pucysky 12.24 zobpakeHo rpadik 0
dysknil y = f' (x). CKinTbKH TOYOK eKc-

Tpemymy mae GyHknia y = f (x)? Puc. 12.24

=Yy

12.10.° 3HalAiTs TPOMIXKKH 3POCTAHHSA 1 CIaZaHHA Ta TOYKH
eKcTpeMyMy QyHKILIi:

1) f(x)zix"—2x3+7; 3) f(x)=—éx“+—:—x5+x"+3.
2) 1 (x) = (x - 1)° (x - 2)%;
12.11." 3HalAiTh NPOMiKKH 3POCTAHHA 1 CIIAJAaHHA Ta TOYKH

excrpemymy (QYHKIIL:
Df(x)=3x"-8*+6x>-9; 2)f(x)=(x+4)*(x - 3)’

12.12.° [ToseniTe, 1m0 faHa PYHKIIISA HE MA€ TOYOK EKCTPEMYMY:
51 q 2 !
1) f(x)=§x’—2x“+4x—10; 2) f (x) = sin x — x.
12.13." HosexniTe, mo faHa QYHKIiA He MA€ TOYOK EKCTPEMYMY:
1) f (x) = 6x° — 15x* + 10x* — 20; 2) Ti(x)=rcos'x' 4 x.

12.14." 3maiigiTe MPOMiMKKHM 3pOCTAHHA i CIAJAHHA TA TOYKH
eKCTpeMyMy (DYHKILII:

‘)

(5]

4 x 9

1 - — 4 =—t— 7 Lo
) f(x) x'+_rz ) F(x) PR ) f(x)= T
2)f(x):x“"23; 5)f(x)~”, 8)f(x)=zJ}—x.

x-
g e T

x°+1 (x-3)°

17
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§ 1. lNoxiaHa T1a i1 3acToCyBaHHA

12.3." Ha pucysky 12.21 ykaxirTe rpadik dyHruii, mis axoi
TOYKA X, € TOYKOIO MiHIiMyMy.

=Y

Puc. 12.21

12.4." Yu Mae KpUTUYHI TOUKHM (PYHKIiA:
1) f (x) = x; 3) f (x) =5; 5) f (x) = tg x;
RF )= % i | AV S ()= sin w10 8) ] ()= &7

12.5." Ha pucysky 12.22 3o6pasxeno rpadik dysruii y = f (x),
BU3HAYEHOI HA MHOKHHI AilicHUX quces. YU € NIpaBUIbHOIO
PiBHICTB:
1) f" (=3) = 0; 3) 1" (0) = 0; 5) f'(2) = 0;
2) ' (-2)=0; 4) f' (1) = 0; 6) /' (3) =07

Pnc. 12.22

12.6." 3HaiiAiTe TOYKU MiHIMyMy i MaKCUMyMy DYHKIII:

1) f (x) = 0,5x*; 4) f (x) = x* - 8x* + 5;
2) f (x) = x* — 6x; 5) f (x) = x* — 6x* — 15x + T;
3) f (x) = 12x — x° 6) f(x)=x2—x—;.

12.7." 3uaiigiTe TOYKH MiHIMyMYy i MaKcuMyMy DyHKIIi:

1) f(x)=§x3—x; 2) f(x)=4x—%x“;
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12. Touyku ekcTpemMyMy OyHKUil

3) f(x)=—x*+4x — 3; 5) f (x) = 2x* — 4x® + 2;
3
4) f(x)=%+3x2—7x+4; 6) f(x) =2+ x* + 2x° — 2x*.

12.8," ®ysknia y = f (x) gudeperniiioBHa HA MHOKHUHI AIHCHUX
yucen. Ha pucynky 12.23 3o00pakeso rpagik ii moxigmoi.
VKaxXiTh TOYKA MAaKCUMyMY 1 MiHIMyMy

bynkuii y = f (x). A
12.9." @ysknia y = f (x) BusHayeHa Ha \/’\ /
TP

MHOMKWHI JIMCHAX YHCe] i Mae MoXiiHy

B KOXKHiM Toumi obsacti BusHayeHHsa. Y =['(x)
Ha pucynky 12.24 306pakeHo rpagik 0 =
dbyeKLii y = f’ (x). CKinTbKU TOYOK eKc-
TpemMyMy Mae QyHKIig y = f (x)? Puc. 12.24

12.10." 3HalifiTh TPOMIKKH 3POCTAHHSA 1 cCHaaHHA Ta TOYKU
eKcTpeMyMy QyHKIii:

1 4
1) f(x)=ix*‘—2x3+7; 8) f(x) =5 4= 2! 43,
9
2) f (x) = (2~ 1)° (x - 2)%
12,11, 3HaigiTh NPOMIKKHM 3POCTAHHA 1 CIIaJJaHHA Ta TOYKHU

excTpeMyMy (hyHKILii:
1)f(x)=38x"-8x*+6x>—-9; 2)f(x)=(x+4)" (x - 3)’.

12.12.° [losexiTs, 1m0 aHa QYHKIIA HE Ma€ TOYOK €EKCTPEMYMY:
1) f(x)=%x3—2x2+4x—10; 2) f (x) = sin x — x.

12.13.° [loBeniTs, 110 faHa QYHKIIA HEe MAa€ TOUOK EKCTPEMYMY:
1) f (x) = 6x° — 15x* + 10x°® — 20; 2) f (x) = cos x + x.

12.14." 3HalAiTF IPOMIKKHK 3POCTAHHA i CIIaJaHHA Ta TOYKH
eKCTpeMyMy (DyHKILIi:

4 £°.,.9
Df@=rrss D F@=Teg D r@=-F
2
D r@-2% 5 f@=5n 8 f@=2VE-x
1 1
3) f(x)—x2+1, 6) f(x)—‘m,

17
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§ 1. lNoxiaHa Ta il 3acTocyBaHHA

12.15." 3HaiigiTe NPOMI’KKMA 3POCTAHHA i CIIaaHHSA Ta TOYKU
eKCcTpeMyMy (DYyHKILIL:
2
x’ —6x x R
. =

1) f(x)= 3 8) f(x)= 3 9) f(x)=

x+2 22 +3 16—x

2) f()=x+2;  4) f(¥)=—z; 6) f(x)=20—1x.
x (x+1)

12.16." Yn € npaBUJIILHUM TBEPIYKEHHS:
1) sHaueHHA (PYHKIII B TOYII MAKCUMyMy MOKe OyTH MeH-
UM BiJi 3Ha4eHHA QYHKHOII B ToUmi MiHIMyMYy;
2) (byHKIiS B TOULi eKCTpeMyMy MoxKe OyTu HeaubepeHi-
MOBHOIO;
3) AKIIO MOXiZHA B AEAKiN TOYI AOPiBHIOE HYJIIO, TO LA
TOYKA € TOYKOIO eKCTpeMyMy (DyHKIii?
12.17." Yu € npaBUILHUM TBEPAKEHHS:
1) y Touni exctpemyMmy nmoxigHa (GyHKIil ZOpiBHIOE HYJIIO;
i | 2) axkmo (GyHKOiA B AesAkii Touni HexamdepeHIIHOBHA, TO
‘ Isi TOYKA € TOUYKOI eKCTpeMyMy (MyHKIii?
12.18." 3HaigiTs IPOMIMKKM 3DOCTAHHSA i CIIAJAHHA TA TOYKHU
eKCTpeMyMy (DYyHKILII:

| 1) f(x)=§—sinx; 2) f(x)=cos2x—x\/§.

f 12.19." 3HaiigiTh NIPOMIMKKYU 3POCTAHHSA i COANAHHA Ta TOYKHU
ekcrpemyMmy QyHKIIii:

“ 1) f(x)=cosx+§; 2) f(x)=sin2x—x\/§.

12.20." Ilpu axux 3HaveHHsax a pynkmiay = x° — 3ax’ + 27x — 5
MAa€ TiJIbKH OAHY KPUTHUYHY TOUKY?

: 1
12.21." Ipu axux 3HaveHHAX a GyHKNia y=—x° —2ax* +4x-15
MAa€ TiNbKHM OAHY KPUTHYHY TOUKY?
1 12.22." 3HaliAiTe TPOMIXKKM 3POCTAHHSA i CHIANAHHA TA TOYKHU
eKCcTpeMyMy (DYyHKILii:
Jx
1) f(x)=x*V1-x; 3) f(x)=——1;

X+

2) f(x)=(1-x)Vx; 1) f(o)=222T.

-X
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12. Touku ekcTpemymy dyHKuii

12.23.”" 3HaiiTh NIPOMiKKH 3POCTAHHSA i CIIafaHHA TAa TOYKH
eKcTpeMyMy (QPyHKIIiL:

1) f(x)=x" Jx+2; 3) f(x):\"’/’ii.
==

2) f(x)=(x-2)* Jx;

12.24." Yu € npaBUJILHUM TBEPIKEHHS: AKIIIO max f(x)=1(x,),

x, € M, i byeknisa f audepenuiiioBEa B TOUIL X, TO
' (x) = 07

12.25." Yu Moke MaTH TiJIbKH OJAHY TOYKY E€KCTPEMyMY:
1) mapua ¢yHKUia; 2) HemapHa (yHKILis; 3) mepioguyHa
bysKmia?

12.26." [lns Beix x € D (f) BuKoHyeThCs HEPiBHICTS f (x) 2 f (x,)-
1) Yu € mpaBUIBHHAM TBEDPJKEHHSA, 110 X, — TOYKA MiHIMyMy
dyarmii f? 2) Yu smisuTsca Bignmosiap, axmo D (f) = R?

12.27.”" Touka x, — KpuTHuHa Touka (yHkuii f. Idna Beix
x < X, BAKOHYEThCA HepiBHicTh f' (x) > 0, a ay4 BCix X > X,
BHKOHYeThCA HepiBHICTE f' (x) < 0. Yu MoKe TOuKa X, OyTH
TOYKOIO0 MiHIiMyMmy?

12.28." Touka x, — xkpuruuHa Touka GyHKOii f. Ina Bcix

uiv Takux, mo u < X, 1 v > x;, BUKOHYETHCA HEPiBHICTH
(@) f' (v) < 0.Yu 060B’ ABKOBO TOUKA X, € TOUKOIO EKCTPEMYMY?

12.29.”" Touka x, — KpuTuyHa Touka (QyHkmii f, Idnsa Bcix
i v Takux, mo u < X, i v > x,, BUKOHYETHCSA HEPiBHICTH
' () f' (v) > 0. Y Mmoxxke TOUKA X, OYTH TOYKOIO EKCTPeMyMy ?

12.30." 3uaiiziTh TOUKU MiHIMyMy i MaKCUMyMy QYHKIII:
1) f(x)=sin xsin (x—gj;

2 T'(x) =8in x = cos8 ¥ 4+ x;

3) f(x)= ? cos 2x — su;Zx L —;/Ex;

4) f (x) = sin® x — cos x.

19
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’ § 1. MoxiaHa Ta il 3aCToCcyBaHHA

12.31."” 3HaiAiTs TOYKHN MiHIMyMYy i MakcuMymMy (DyHKII:
1) f(x)=cosxcos(x—§];

2) f_(x)=\/§cosx-sinx—x;
3) f(x) =05 sinx + 12 cos.x — 13x:
12.32.” Ilpu AKHMX 3HAYEHHAX IapamMeTrpa a QyHKIis
¥’ 3a+1

E ol x?+(2a*+2a) x-17
y 3 5 ( )

Ma€ AOAATHY TOYKY MiHiMymy?

12.33."” Ilpu skuX 3HAYEHHAX IapameTrpa a (QyHKIIid
3
=3 | »
y =%— 3a2 x*+(2a°-a) x+19

Mae€ JOJATHY TOYKY MiHiMymy?

12.34.” Ilpu sKHAX 3HAYEHHAX IapaMeTpa a To4Ka X, = 1 € To4-
3

KOI0 MiHiMyMy GyHKHII y= % +ax.+(a®-4)x+T?

12.35." Ilpu AKUX 3HAYEHHAX IIapaMerpa a To4kKa X, = 0 € Tou-
3

KOI0 MaKCUMyMy (pyHKIII y= % —-ax’+(a®*-1)x-9?

12.36.” Ilpu AKUX 3HAYEHHAX HapaMeTpa a TOYKa X, = 1 € Tou-
KOIO eKcTpeMyMy dyHKHii y = x° — ax® + (@® — 2a)x — 7?
12.37.” Ilpu AKUX 3HAYEHHAX IIapaMeTpa @ TOYKa X, = 2 € TO4-

KOI0 ekcTpeMyMy dyHKII y = x° — 2ax® + (24° — 2a) x + 9?

LA A R A N B B A R AR A R B B R R R R R R R N R R R NN N N N NN NN R E

t FoTryemocs 0 BUBHEHHNA HOBOT TeMK

12.38. 3raiiziTe HaliMenme sHaueHHA GyHKNIT y = 3x° — 18x + 2
Ha BiJIpi3Ky:
1) [-1; 4]; 2) [-4; 1]; 3) [4; 5].

12.39. 3raiiziTe HaitbibIIe 3HaYeHHS GYHKNIT Yy = —x° — 8x + 10
Ha Bipi3Ky:
1) [-5; —3]; 2) [-1; 0]; 3) [-11; -10].




13. Hanbinbwe | HanMeHLwWwe 3HaveHHA DYHKUIT Ha BIAPI3KY

HanbGinbwe i HaNMeHLWwe 3HaYeHHA PYHKLIT
Ha Bigpi3Ky

Ax noburucs HaMEHIIOl Macu KOHCTPYKIIii, He 3alIKOAHUB-
mu ii minsocTi? fAK, Maouu oOMe)KeHi pecypcH, BHKOHATH
BUpOOHMYE 3aBAaHHA B HaukKopormui yac? Sk oprauizysaTu
JIOCTABKY TOBapy II0 TOProBeJbHUX TOYKAX TakK, 1100 BUTpaTHU
najuBa Oynm HaliMeHIIMMH ?

Taxi # noxiGHi 3agadi Ha MOIIYK HaM- 4
Kpamoro abo, K roBOpAThH, ONTHUMAaJb-
HOI'0 PO3B’A3KY 3aiMalOTh 3HAUHE MicIe
B IPAKTUYHIN AiAJTBHOCTI JIOAUHU. ol > :
a

YaBimo, mio Bimomo GYyHKIIiIO, SKa
OIMCYE, HANPUKJIAKA, 3aJIEKHICTH MacH
KOHCTPYKIil Bijx ii mimmocti. Toal 3azmaya 3Benacd [0 IOLIYKY
aprymeHTy, Ipu sikomy (yHKIiA HaO0yBa€ HAMEHIIION0 3HAYeHH.

Y mpOMy IYHKTiI MU 3’ACYEMO, AK MOYKHA 3HAUTH HanOLIbIIe
i HaiMeHIIe 3HAUeHHA GyHKIil Ha BiApisky [a; b]. Obmexxumocsa
PO3TJISAZIOM JIAIEe HelepepBHUX (QYyHKILIHA.

3ayBa)KuMo, 110 TOYKA, y AKii (PYyHKIiA HaOyBae CBOro Hau-
MEHIIIOT0 3HAa4YeHHdA, He 000B’A3KOBO € TOUKOI0 MiHiMymy. Ha-
IIPUKJIAJ, Ha pucyHKy 13.1 1[12_1',111 f (x)=1 (a), a To4oK MiHIMyMY

Puc. 13.1

dbyukuis f He mae. Takox Touka MiHiMymMy He 000B’A3KOBO
€ TOUKOI0, V AKiM (pyHKIOiIg HaOyBae HaWMEHIIOrOo 3HAYEHHHA.
Ha pucysky 13.2, a Touka x, — €1MHa TOYKa MiHIMyMy, a Haii-
MeHIIIe 3HAUYeHHSA ?}1,}]1 f (x) mocsiraeThbCs B TOYIL Q.

y y 7 Y ;

a ! | 1 a & :'/ /\/ -
QLY el e Sl Ol Boel RSy O P
llllﬁ’)lllf(x):f(a) Il’r}lblll f(x)=1(a) lln_ibf)lf(x)=f(x2)
1Eg;lcf(x)=f(b) rgg§f(x)=f(xl) rlr}'g)ff(x)#(xl)

a 0 8

Puc. 13.2
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§ 1. lNoxinHa Ta i1 3acTocyBaHHA

AmBanoriuee 3ayBa)KeHHA CTOCYETHCHA i TOUOK MAKCHUMyMYy Ta
TOYOK, V¥ AKUX (PYHKIiA HaOyBae HaUOIIbIIOr0 3HAYEHHS.

Ha pucynky 13.2 mozasHo pi3Hi BHODAAKM pO3TAIIYBAHHSA
TOYOK eKCTPeMyMiB i TOYOK, y AKUX (GyHKUia HabyBae Haii-
OiBIIOrO Ta HAWMEHIIIOr0 3HAYEHb.

TyT Ba)XJIMBO 3PO3yMiTH, IO BJACTHUBICTE (YHKIII MaTH
TOUKY €KCTPEMyMYy X, O3Ha4Ya€ Take: (PYHKIiA HaOyBae B TOU-
ni x, Haubinpmoro (HaWMEHIIOr0) 3HAYEHHS IOPiBHAHO 3i
3HAUYEeHHAMH (DYHKII] B yCiX TOYKAX JeAKOr0, MOKJIUBO, AYIKe
MaJIOr0 OKOJIY TOYKH X,. TOMy, AKIIO X0UYTh HAr'OJOCUTH HAa
oMy (haKTi, TO TOUKH eKCTPEeMyMYy IIjeé Ha3UBAIOTh TOYKAMM
JOKAJBHOTO0 MAaKCHMyMy ab0 TOYKaMHM JIOKAJBHOI0 MiHiMyMy
(Bix naTuHCHKOrO locus — micie).

HenepepBHa Ha Bifpi3Ky [a@; b] dyHKILia HaGyBae Ha LIHOMY
IPOMIKKY CBOIX HaWbinbIIOro i HaliMeHIIOro 3HaYeHsL abo Ha
KiHIAX Bifpiska, abo B Toukax excrpemymy (puc. 13.2).

Toxi nius rakol hyHKIIT TOITYK HANOIIBIIOIO i HAXMEHIIIOro
3Ha4YeHb Ha BiApi3Ky [a; b] MoKHA TIPOBOAUTH, KOPUCTYIOUHCH
TAKOIO CXEeMOIO.

1. 3naiiTn KpUuTHUYHI Touku PyHKOIl f, Axki HamexaTs Bif-
pisky [a; b].

2. ObuuciauTyn 3HaYeHHA QYHKIIl B 3BHAWAEHUX KPUTHIHUX
TOYKaX 1 Ha KiHIOAX PO3IVIsAAYBAHOIrO Biapiska.

3. 3 ycix 3HaWAEHUX 3HAYEHb oOpaTw HaMOigbImIe 1 Hai-
MeHIIIE.

3po3yMisio, IO el AJrOpUTM MOYKHA peaJidyBaT JIHIIe
TOAL, KOJIM PO3IJiAAyBaHa QYHKIiA [ Mae CKiHUEeHHY KLJIBKIiCTh
KPUTUYHUX TOYOK Ha BiApisky [a; b].

3a3Ha4YUMO, IO KOJM BU3HAUUTH, AKI 3 KPUTHUYHHUX TOUYOK
€ TOUYKAMH EKCTPEeMyMYy, TO KiJIBKiCTh TOYOK, Yy AKHUX CJIif
ITyKaTH 3HaueHHA (GyHKIil, moxxe OyTu smeHIieHa. IIpore Bu-
SIBJICHHA TOYOK EKCTpeMyMy, K IpaBujo, HoTpedye OiabImoil
TexHiYHOI poboTH, HiXK NMOMYK 3HaYeHb (QYHKI[I] B KDUTHUYHUX
TOYKAaxX.

! Vunsam npoditbHUX KJaciB HaragaeMo, 1o icHyBaHHS HARGIIBIIOrO Ta
HaNMEHIIIOro 3HaYeHb HellepepBHOI HA Bifpisky dyHKHii rapasTye Teopema
Beitepmrpacca (Teopema 5.4).
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13. HanbinbLue | HavMeHLe 3HaYeHHA PYHKLIT Ha BIAPI3KY

NPUKNAL 1 BraiixiTe Halibiibre i HaliMeHIIIe 3HAYEHHA PYHK-
nii f (x) = 4x® — 9x* — 12x + 6 ma Bigpisky [-2; 0].
Po3é’azarnnsa. 3HAKIEMO KDUTUYHI TOYKH JaHOI (DYHKILIL:
f'(x)=12x" - 18x — 12;
12x* — 18x — 12 = 0;

2x* - 8x - 2=0;

x= 2:a00 %= —l.

2
Orxe, GyHKIiA f Mae ABI KPUTHUYHLI TOYKH, & IPOMIMKKY

1
*  [-2; 0] BasexuTh oxHA: x:__z__

Maeno: f(—%j:%, f(~2) = 38, f (0) = 6.
Orskce maxf(x)~f(—1)—§Z in £ (x) = (~2) = -38
" 12:0) ol ) Tkl g e /i Yo

; Bidnogiob: :%7; —38.

—

NPUKNAJ 2 3raiigiTe Haibibine i HaliMeHIlIe 3HAUeHHA QYHK-
uii f (x) = 4 sin 2x — 2 sin 4x Ha npomixkky [0; 7].

Posg’azanns. Maemo: ' (x) =8 cos 2x — 8 cos 4x =
=8 (cos 2x — cos 4x) = 16 sin 3x sin x. 3HalAEeMO KPUTHUHI
TOYKH JaHOI (PYHKIIII:

sin 3x sin x = 0;
sin 3x = 0 ab6o sin x = 0;

x:’;_k abo x =nk, k € Z.

i — e ———

; k
3Bincu x=1t3—, ke Z.

nk
Omxe, TOYKH BULY X = ? € KpUTHYHAMHA TOYKamMu QyHKIIT f,

. T 2n
3 HUX npomixkky [0; n] Hanexars yorupu Touku: 0; E; E; .

O6YHCITIOEMO:

T 2n
f()=f(m=0, f(§]—3\/§, f(?j—-s\/i
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§ 1. MNoxigHa Ta i 3aCToCyBaHHA

Taxum uynHOM,
T ; 2n
r[rgtn]i f(x)= f(g)—3 J3, min f(x) -f(;)- =3./3.
Bidnosids: 33, -3/3.
NPUKNAA 3 TlopaiiTe yucso 8 y BUIIALL CYMH ABOX HeBil'eM-

HHAX 4YHCeN TakK, mo0d cyma Kyba mepmioro 4ymcija i KBajpara
Apyroro Oyja HalMeHIIIO.

Po3é’sazannsa. Hexait nepie 4ucyIo JOPiBHIOE X, TOAL Apyre
nopiBHIOE 8 — x. 3 yMOBM BUILIHUBAE, 110 0 < x < 8,

Posrasaemo ¢yukmio f (x) = x* + (8 — x)°, BusHaueny Ha
Bigpisky [0; 8], i sHaligemo, IIpu AKOMY 3HAUYEHHI X BOHA Ha-
OyBa€e HalMEHIIOr0 3HAYEHH.

Maewmo: f' (x) = 3x° — 2 (8 — x) = 3x* + 2x — 16. 3naiizemo
KPUTHYHI TOYKH JaHOI PYHKIIII:

3x* + 2x — 16 = 0;

x = 2 abo x=—§.
3

Cepen sHaliieHUX yucea npoMiskky [0; 8] HaIeKUTH TiIBEKH
yucyo 2. O0YHCII0EMO:
f(2)=44, f (0) =64, f (8) =512.
Orixe, hyHKIiA f HaOyBae HAMMEHIIIOTO 3HAYEHHSA IIPU X = 2.
Bionosiov: 8 = 2 + 6.

NMPUKNAL 4 3HalaiTh CTOPOHM NPAMOKYTHHKA, BIIMCAHOIO
B KOJIO pagiyca R, AKIIO IJIOMIA NIPAMOKYTHUKA HAOyBae Haii-
6iBIIOro 3HAYEHHS.

Poszé’a3zannsa. PosrnsgsHeMo mpsaMo-
KyTHUK ABCD, BONCAHHH Yy KOJIO pajgiyca
R (puc. 13.3). Hexait AB = x, Toxi

BC=VAC?- AB® =4R* - x*.
3Bigcu miaoma npamMokyTHuka ABCD
nopiBHioe x V4R®-x*. 3 ymoBu zazaui
BUILIMBAE, 10 3HAYEHHA 3MiHHOI X 3a-
ZIOBOJIBHSAIOTH HepiBHicTs 0 < x < 2R. Ta-

KUM YMHOM, 3a7ada 3BeJaca 0 3HaXO-
JOKeHHSA HauOiabIoro sHa4eHHss QyHKIIT
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13. Hanbinbwe i HaMMeHLwWwe 3HaYeHHs DYHKLUIT Ha BIAPI3KY

¥ p
. S(x)=xV4R*-x* ma imrepBani (0; 2R). Posriauemo Herme-
1

pepBHY byuKnio f(x)=xV4R?-x*, D (f) =[0; 2R), i 6ynemo
mykaTy i Haibireme 3HaYeHHa Ha Biapisky [0; 2R].
3HaieMo KpUTHYHI TouKH GYHKIIL [:

£ (x)=(x) VAR —%* +x —% (4R? - x?) =
2V4R® —x

ViR -2 x>  (4R*-x")-x* 4R’-24°
=v4R" —x° — : = = =
JAR?-x®  JAR*-x® 4R -

DyHKIiA [ Mae OZHY KPUTHYHY TOYKY X =R J2.
Maewmo: f(R/2)=2R?, f(0) = f (2R) = 0. Orxe,
maxf(x)zf(R \/§)=2R2.
[0; 2R]

BBizcm orpumyemo, mio GyEkmia S (x) = x V4R® -x®
Ha imTepsaji (0; 2R) mabyBae HaWOIJBIIOro 3HAYEHHSA NIPH
x=R+2. Topi AB=R2,

BC=+4R?-2R? =R /2.

Omxe, cepesi IPAMOKYTHHAKIB, BOIUCAHUX Y KOJO paziyca R,

Ha#biIbIIy IUIONIY MAaeE KBaApaT 3i CTOpoHOI R J2. ®

giﬁﬁmuﬂﬁ“ioﬂﬁd.'tb-?!v‘}ipun,.f,c..'.'...L‘r,', 5 08 0

MPUKNAL § Poss’sixkits pisaanns Yx—-2+44-x=2.

Posé’azannsa. Posrngaemo GysKiio [ (x)= m 4 Q/Z:,
D (f) =[2; 4]. dnsa Bcix x € (2; 4) maemo:

; 1 1

T Yx-2° 44427

Poss’siokemo piBHAHHA [’ (x) = 0. Sanumemo:

1 1
- =0.
14(x-2° 44@4-x)°

3Bijicu JIerko 3HaWTH, o x = 3. OrpumManu, mo GysKIia f

Ha Bizpisky [2; 4] Mae eAUHY KPUTUYHY TOYKY X = 3.
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§ 1. MoxiaHa Ta ii 3acTocyBaHHA

Ockinpku GyHKIIA f € HenmepepBHOIO HA BiApisKy [2; 4], To
i1 Haibinplne 1 HaltMeHIIe 3HAYEHHA 3HAXOAATHCSH CePe YUCe
f (3), 1 (2), f (4). Maewmo: f (3) = 2, F(2)=F (4)=42.

Omxe, 1};a4)]c f(x)=71(3)=2, npuuomy HaH#OIIBLIIOIO 3HAYECHHS

¢bysKUia f Habysae juire n1pu x = 3.
Ockinbku HaM NOTPiOHO pos3B’sizaTu piBHAHHA [ (x) = 2, TO
OTPHUMYEMO, IO X = 3 € HOT0 €AUHUM KOPEHEM.

Bidnogios: 3.

NPUKNAL 6 TIyuxtu A, Bi C poamimeni y BepimuHax mpsaMo-
KyTHOro TpukyTtHuka (£ ACB = 90°), BC = 3 ¥m, AC = 5 KM.
3 nyHKTY A no nykry C Bene moceitHa gopora. Typucr mo-
YUHAE PYXATHCA 3 OYHKTY A mo 1roce. Ha akiit Bigerani Bix
NYHKTY A TYPUCT Ma€ 3BEePHYTH i3 mIoce, o0 3a HaiMeHIINHA
gac AiUTH 3 IYHKTY A 10 OYHKTY B, AKIIO
IIBUAKICTh TYpPHUCTa IO IIOCE IOPiBHIOE
5 KM/rom, a mosa moce — 4 km/rox?

A Poseé’szanna. Ilosgauumo uepes D

D C TOYKY, V AKIH TypHCT Mae 3BEpHYTH i3

Puc. 13.4 moce, 100 HAWIUBUAIIE MTOAOJATH IJISX
(puc. 13.4).

Hexait AD = x kM. Maemo: DC = (5 — x) km, DB=+DC?+ BC? =
={(5-x)*+9. Toai uac, 3a AKMil TypUCT MOZONAE ILIAX, JO-

x J6-%)7°+9

iBHIOE — +
5 5 4

3azayi AoCTAaTHHO 3HANTU HaWMeHIIe 3HA4YeHHA (PYyHKHII

)= x \/(5—x)2+9
4

o
5

. Tenep 3po3ymisio, o AJsA Po3B’A3aHHSA

, 3amxaHoi Ha Bigpisky [0; 5]. Maemo: [’ (x)=

1 5-x . ! 1 5-x
————=———, Po3B’A3aBmIu pPiBHAHHA —-— =0

5 45 +0 5 46-0+9

(3pobiTh 1Ie caMOCTiitHO), YCTAHOBJIIOEMO, IO YHUCJIO X = 1 € #oro

V34 f(1)=%

eaIuHUM KopeHeM. IlopiBHIOIOYM YHCcIa f(O)=T 5
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n 13. HanbinbLue | HanMeHwWwe 3Ha4YeHHs yHKUIT Ha BIAPI3KY

|

| . 7 29 5

x i f(5):Z, YCTaHOBJIIOEMO, IO f(l):2—0 — HaliMeHIIe 3Ha-
|

yeHHA (GyHKIII f Ba Bigpisky [0; 5].

Bionosgidb: 1 kM.

00000000 OIEDPINTOOSNOINODTONOSIBEAIDIOIYTBEPDPOODYDYDS® VS

R

‘ 13.1." 3uaiaite HalbinbmIe i HaliMeHIe 3HAYeHHA (QYHKIIT f
‘ Ha BKa3aHOMY BiJIpi3Ky:

1) f (x) = 3x* — %%, [-1; 3];
2) f (x) = x* — 2x* + 5, [0; 2];
3)f(x)=x*-2x>+8x -3, [1; 3];

‘ 4) f (x) = 2x° — 9x* - 3, [-1; 4];

‘ 5) f (x) = 2x* + 9x* - 60x — 7, [-1; 3];

| 2
| 6) f(x)=212

y 1—95 OF
1
13.2." 3uaizite Haibigpmie i HaliMeHIIe 3HAYeHHA (QyHKOIL [
, HA BKAa3aHOMY BiJpi3Ky:

| 1) f (@)= 52" -4z, [0; 3];

AN R (o) e Al —xs—xz,[—2;0];
3) f (x) = 2x* — 8x, [-2; 1];

4) f(x)= %—sz, -1; 2].

13.3." BuaiiaiTe HaMbiAbIIEe i HAaliMeHIIe 3HAYEHHA (YHKII [
Ha BKa3aHOMY BiApPi3KYy:

1) f(x)=+100-2%, [6; 8];
2) f(x)=1/0,5x%+3x+5, [2; 4];

3) f (x) = (x + 1)* (x — 2%, [-2; 4];
20X
4) f(x)==+=, [-4; -1].
x 2
13.4." 3uaigite Haibinbme i HaliMeHle 3HaYeHHA QyHKUil f
Ha BKA3aHOMY BiJIpi3Ky:

V1) F(x)=v9+8x—2, [0; T 2) f(x)=——, [-2; 4);

2 b
x“+1
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§ 1. MNMoxigHa Ta 11 3acTocyBaHHA

8).f (%) = (2= 1) b+ B)% [-8; 2);
4) f(x)=—x—%, [=6; —1].

13.5." BuaiigiTe Haubinbile i HaliMeHIIe 3Ha4YeHHA GyHKuil f
Ha BKasaHOMY BiJpisKy:
1) f (x) = sin x — cos x, [0; «t];

2) f(x):sin(zlx—g), [0; %}’

3). fx)=% J3 —cos 2x, {—-g; —g—}
13.6." BmaiigiTe HaWbinbme 1 HaViMeHITe 3HAYeHHA QYHKIIL f
Ha BKa3aHOMY BiJPi3Ky:
1) f(x)= J3 sin x+cos x, [0; m];
T T K
2 x :2cos(4x+—), [———;—}.
) [ (x) 5 £y
13.7.° TlogaiiTe uucao 8 y BUINIAAL CYMH ABOX HEBiJ' €MHHX
yuceJs Tak, o6 1o0yTOK Ky0a OGHOIO 3 IUX YUCeJ Ha Apyre
yucJ0 OyB HAUOiIbIINM.

" 13.8." TlomatiTe umcno 12 y BArASAlI CyMU ABOX HEBiJl’€MHHX

yuceJs Tak, o6 JoOYyTOK KBajapaTa OJHOTO 3 IIMX YHceJ Ha
IIO/IBOEHE Apyre 4ucio OyB HaubiabmuM.

13.9.” 3maiaiTs HaKblabIIe i HATMEHIIIe 3HAaYeHHA JaHOol (QyHK-
mil f Ha BKasaHOMY BiApisKy:

1) f (x) = 2 sin 2x + cos 4x, {O;gil;

n

2) f(x)=+/3 sin 2x +cos 2x -5, [o;g];

3) fi(x)=:2 sin:x + sin. 225, 03 EZE}

13.10." BmatigiTe Haibinpmie i HaliMeHIIe 3HAYEeHHS HaHOL
yukuii f Ha BKazaHOMY BiApi3Ky:

T T
1) Flx)=2'c —sin 2x, |——;—|;
f (%) 08 x 72 2}
2).f (%)= 23 cos x + 2sin x, {—g,g}
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13. Hanbinble i HavMeHLLe 3Ha4eHH:A DYHKUIT Ha BIAPI3KY

13.11.” Pos6uiire uncao 180 Ha Tpu HeBi’eMHUX AONAHKHU TaK,
1100 ABa 3 HUX BigHOCHIUCH AK 1 : 2, a 10O6YyTOK yCiX TPHOX
JOMaHKiB OyB HAWOIIBIIUM.

13.12." Iloxgaiite unciao 18 y BUrIsai cymMu TPHOX HEBiJ €EMHUX
yucesJ Tak, mob ABa 3 HUX BigHOCcHMImCh AK 8 : 3, a cyma
Ky0iB XX TPHOX yHcena OyJjia HANMEHIIO.

13.13." ¥V rpukyraux ABC BIHCAHO IPSIMOKYTHHK TaK, IO
JBi 0r0 BepIIMHU JexxaTh Ha cTopoHi AC, a aBi iHnIi — Ha
cropoHax AB i BC. 3HaijaiTes Haibinbiie 3HAYEHHA MJIONIL
TAKOr'0 IPAMOKYTHHKA, AKI0 AC = 12 cm, BD = 10 cMm, ge
BD — Bucorta TpukyrHUKa ABC.

13.14." V npaAMOKYTHUI TPHUKYTHHUK 3 rinmoreHys3omw 16 cm
i roctpum KyroMm 30° BImCaHO IPAMOKYTHHK, ABi BEPIIMHMI
AKOro JieKaTh Ha rimoTeHysi, a ABiI iHIII — Ha KaTeTax.
AxuMu MaoTs OYyTH CTOPOHM NPAMOKYTHUKA, 00 ioro
maoma Oyna Haubinbinow?

13.15.” ¥V miBkoJso pagiyca 20 cM BIUCaHO NPAMOKYTHUK Hal-
oinpmrol maomni. 3HAMAITE CTOPOHU NPAMOKYTHHUKA.

13.16.” ¥ miBxoJso pagiyca 6 cM BnucaHO NPAMOKYTHUK Hau-
OinBIIOro mepuMeTpa. SHAWAITH CTOPOHU INIPAMOKYTHUKA.

13.17.° JIBi BepIuMHEA IPAMOKYTHHKA HaJIEKAaTh rpadiky QyHK-

mii y =12 - «%, D(y)=[—2 \/g; 2\/§], a aBi immi — oci

; abcuuc. ARy HaROiIbIIY IOy MOKe MaTHd TAKUMN IIPSIMO-
KyTHUK?

13.18." IIBi BepIIMHY IPAMOKYTHUKA HANEKATH rpadirky QyHK-
mii y = 0,5x%, D(y)=[—3 \/5; 3\/§], a mBi iEmi — mpamii
y = 9. dxy Ha#bLIbIIy IJIONIYy MOXKE MaTH TAKUHU IPAMO-
KYyTHHAK?

13.19." Ilepumerp piBHOOGEAPEHOr0 TPUKYTHHUKA HTOPiBHIOE
48 cm. koo mae OyTH JOBYKMHA OCHOBU TPUKYTHHUKA, 1100
#oro mroma Habysasia Ha#bGiIBIIOro MOKJIMBOrO 3HAYEHHA 7
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§ 1. lNMoxinHa 1a 1i 3acTocyBaHHA

13.20.” Bacuis 3amiyTaiko BUPIMUB 3HANTH HAOLIbIIe 1 HA-

1 v s A
MeHIne 3HaYeHHA GyHKIii f (x)=— Ha Bigpisky [—1; 1]. Bin
X

% . L R ;
sHaiiimoB moxigny f'(x)=-— i BCTaHOBMB, IO PiBHAHHSA
X

1 P ]
~— =0 He mae poss’askis. IlopisaaBmIM 3HaYeHHsA [ (—1) = |
X

=-11f(1)=1, Bacunp cTBepmxye, 0 HauUbiIbIme 3HAa-
uyeHHA QyHKOIl f Ha Bigpisky [-1; 1] gopiBHwe 1, a Hal-
MeHIIe nopiBHIoe —1. Yn npaBuibHO Mipkye Bacmib?

=

13.21." ¥V rpanmenii menma ocHoBa i 6iuHi CTOPOHM HOpiBHIO-
0Th a. 3HAUAITEH OLIBIIY OCHOBY Tpamenii, npu AKii ii mioma
HabyBae HaubiNbIIOrO 3HAYEHHS.

= S—— =

13.22.”" ¥V piBHOOeApEeHUI TPHKYTHUK BIMCAHO KOJIO pajiyca r.
Axum mMae OyTH KyT IPH OCHOBI TPUMKYTHHKA, I[00 HOro
mroma oyna HaiMeHII0w?

13.23." Sfxum mae OyTH KyT IpPH BepHmiuHi piBHOOGEIpEHOro
TPUKYTHHUKA 3aaHO] IJIOIIi, 00 pajiyc BIMCAHOrO B IeH
TPHKYTHUK KoJia 6yB Haibiabmum?

13.24." Ha xoxi pazaiyca R mosHadeHo ToOYKy A. Ha akiit Bia-
craHi Bixg Touku A Tpeba mposectu xopay BC, mapajienbHY
JOTHYHIN y Touni A, mob maoma TpuKkyTHHKA ABC Oyia
Haubinpmoon?

13.25." ®irypy obmexxeHo rpadikom GpyHKIil y = Jx, IIPSMOIO
y = 21iBiccio oppuHAT. ¥ AKi# Toumi rpadika Gyl y = Jx
(0 < x < 4) Tpeba nMpoBecTH AOTHYHY, 00 BOHA BiATHHAJA
Biji BKa3aHol Qirypu TPUKYTHUK HaWOiNbInol rrongi?

13.26.” Ha KoopAuHATHIN MJIOIIMUHI PO3MIIEHO IPAMOKYTHHUA
TpukyTHUK ABC (£ ABC = 90°). Bepmuaa A Ma€ KOOpAHHA-
™ (—2; 0), BepmuHa B Hane:xuTh Bigpisky [2; 3] oci adenuc,
a Bepmuna C — mapabosi y = x> — 4x + 1. fAkuMu MaoTH

oyTu koopauHatu ToukH C, mob miaoma TpukyrEuxka ABC
Oysa HaubiabIIo0n?
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13. Hanbinbwe i HaMMeHLWe 3HaYeHHs dYHKLUIT Ha BIApPI3Ky

13.27.” Ilyaxktu A, B i C 3HaXOoAATHCA Y BEpPUINHAX IPAMO-
KyTHOrO TpukyTHUKa ABC (£ ACB = 90°), AC = 285 KM,
BC = 60 gm. ITyaxtu A i C 3B’aA3ye 3ani3Hun. Y AKY TOUKY
Bigpiska AC cjij mpoBecTH I'PYHTOBY AOPOTY 3 NYHKTY B,
100 yac nepebyBaHHA B AOPO3i BiJg NyHKTY A D0 NYHKTY B
OyB HaMMEHIINM, SAKINO BiJOMO, IO IIBHAKICTH PYyXy 3a-
JIIBHHIEIO NOPiBHIOE 52 KM/roj, a I'PYHTOBOK JA0POTOK —
20 km/ron?

3.28.7 BaBox A poaminieHo Ha Bigcraui 50 kKM Bij npsamosi-
Hi¥HOI AiNAHKM 3aJi3HUI, AKa e B micTo B, 1 Ha Bigcrani
130 kM Bixg micra B. Ilig axum KyTom [0 3aiizHuni ciifx
IIPOBECTH IIIOCe Bij 3aBoAy A, 100 JocTaBKa BaHTaXKiB 3 A
no B byna Ha#emeBmIow, SKII0 BAPTICTh IIEPEeBE3eHHA 10
moce y 2 pasu Oinbina, HiK 3agisHuIEo?

13.29.” osexits HepiBricTs —20 < x° — 3x* < 16, e x € [-2; 4].

13.30."” 3BmaiigiTe HaWbiNbmIe i HaliMeHIIe 3HAYEHHA (DYHKILIT
f(x)=-5x°+ x| x — 1| ma npomisxkky [0; 2].

13.31.7 3Bmaizaite Haubigsme i HaliMeHIIe 3HAYeHHA QYyHKIIT
f (x) = 4x° — x | x — 2 | ma mpomixkky [0; 3].

13.32." Poap’skiTh piBHAHEA V56— X +Vx—-3 =x° —8x+18.
13.33." Poap’saxkiTe piBHAHHA VX+T7+vV1-x =2 +6x+13.

SO D00 SOOI PNDTEINLNINIEIENINOEOEIERTOINRTIEOPINODTPOODPONIYOEYEYOD VO

LA A A R B A R N RN R RN AR RS NENEENRENERSENRENENRNNE-N-SEHMN-NNRN

ar

t Foryemocs no sBuBYeHHA HOBOT TeMH

13.34. HakpecritTs rpagik axoi-HeOyapr HemepepBHOI QYHKINT
TaKoi, 1mo: 001acTIO BUBHAYEHHSA € NPoMisKoK [—4; 3]; obaac-
TIO 3HAYEHB € NPOMIXKOK [—5; 3]; Hy i (pyHKIII JOPIBHIOIOTH
-2 i 2; pyHKOia cmajgae Ha nmpomikkax [—4; —1]1 [2; 3],
apocTae Ha nmpomixkkry [—1; 2].

13.35. HakpecriTs rpadik skoi-aebyas audepesniioBHOl (hyHKIIIT
TaKol, mo: 06JIaCTIO BUBHAYEHHS € NPOMiKOK [—3; 4]; obnac-
TIO 3HAYEHb € MPOMIXKOK [—2; 3]; Hyxi dyHKIIl ZOPiBHIOIOTH
-11 2; f'(x) >0 pna Oyme-skoro x 3 npoMikkiB [—3; 0)
i(2;4); f' (x) < 0 pna 6yae-sikoro x 3 npomizkky (0; 2).
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m b.pyra noxigHa. NMoHATTa onyknocTi pyHKUIT

i
‘ § 1. lNoxigHa Ta i 3acToCyBaHHA
!
!
[ |

Hexait MaTepiaspHa TOUKA PyXaeTheA 3a 3aKOHOM Y = § (1) mo
KOOpAUHATHI#A npamii. Toal MUTTEBA MBUAKICTE U (f) y MOMEHT
yacy ¢t BUBHAYAETHLCHA 38 (POPMYJIOIO

vi(t) =8 \(#)-

Posrasanremo dysknio y = v (¢). Ii noxigay B MmomenT wacy ¢

Ha3WBAOTh NPUCKOPEHHAM PYyXy i mosHavawTs a (t), To6To
a(t)="v (1).

TakuMm yuHOM, (QPYHKIiA IPUCKOPEHHA PYXy — e HOXif-
Ha (QYHKII IIBUAKICTE PYXY, AKA Y CBOIO YEpPry € IMOXiZHOIO
dyHKIil 3aKOH PyXy, TOOTO

a(@)=v (@)= @@).

Y TakuWx BHUDAAKAX IOBOPATH, IO (DYHKIiSA IPUCKOPEHHS
PYXy ¥y = a (t) € gpyrox nmoxiguoxo pynkuii y = s (¢). [Iumyrs:
a (t) =s" (t)

(Bammc s” (f) UMTAIOTH: «€C ABaA IITPUXHU Bifg Te»).

Hanpukaaz, SKOI0 3aK0OH PyXy MaTepiaJbHOI TOYKH 3a4aHO
dopmymomw s (t) = t* — 4t, To Maemo:

g'l(t) =v (t)'= 2t —4;
88 ="0 ") =ra (6 =2.

Mu oTpumMany, 0 MaTepiaJbHA TOYKA PYXAEThHCA 31 CTAJIUM
NIPUCKOPeHHAM. fIK BH 3HaeTe 3 Kypcy GismKm, TAKUHA pyX Ha-
3WBAIOTh PiBHOIIPHUCKOPEHUM.

Y3zaraabHMMO CKasaHe. ,

Posrissremo dyukuio y = f (x), sudepeHiioBHy Ha AeAKii
muOKUHLI M. Toxi il moxizHa TakoX € neAKo0 QYHKIiE, 3a-
JlaHOIO Ha Wiy MHOXHHI. Axmo ¢yaxuis f' € gudepenniios-
HOIO y AedAKi# Touni x, € M, To moxiary ¢yaKOii f’' y Touni
X, Ha3UBAIOTH APYrox noxinuoro dymkuii y = f (x) y Touni x,
i mosravawThk [" (x,) abo Yy’ (x,). Camy dyHKUIiO [ HABHBAIOTH
aBivi qudpepeHIiHOBHOIO B TOYNL X,.

DyHKIi0, KA YUCHY X, CTABHUTh y BiAMOBiAHIiCTH YMCIIO
f” (x,), Ha3uBaOTH Apyrow noxiagmow ¢gyskuil y = f (x) i mo-
3HavaloTs f” abo y".
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l 14. [pyra noxigHa. MoHsTTa onyknocTi dyHKLii

Hanpukaazn, axkmo y = sin x, To y” = —sin x.

Axmo dyukuia f € aBivi gudepeHnifOBHO B KOMXHINA TOY-
i mEOKUHU M, TO i HasuBaOThH ABivi AU(epeHIiHOBHOW0 HA
muoxuui M. Axmo dyexuisa f asivi nudepenniitosra gHa D (f),
TO 11 HA3UBAIOTH ABiUi AU epeHiHOBHOO.

Bu 3HaeTe, 1m0 QYHKIIIO XapaKTepU3yIOTh TaKi BJIaCTUBOCTI
SAK DapHICTh (HemapHicTh), NepiOAUYHICT, 3POCTAaHHA (CragaH-
Hs) Touro. Ille oxHi€0 BAYKIMBOIO XapaKTEePUCTUKOI (PYHKILIT
€ OIYKJIICTH yropy abo BHHS.

3BEpHEMOCS /10 IPHUKJIAAiB.

IIpo dyrkLii y = x%, y = | x | KaKyTH, MO BOHK € OMYKIUMH
BHHEB (puc. 14.1), a hysKuii y = -x2, Y= \/; € OIIYKJHMMU Bropy
(puc. 14.2). PyHKOiaA y=s8inx € ONYKJIOI Bropy Ha IPOMiXKY
[0; w] i omyk010 BEM3 HA npoMikKy [m; 2nt] (puc. 14.3). Jliniii-
HY OYHKIIII0 BBAXKAIOTh K OIYKJIOIO BIOpY, TaK 1 OIYKJIOIO BHU3.

Puc. 14.1 Puc. 14.2

HapgaJii, BUBYAIOYM NOHATTSA ONYKJIOCTL (DYHKIII] HA IPOMIiXK-
Ky I, oOMexxumMocs BUnagKom, Koau hyHKIia [ audepeHiiiios-
Ha' Ha IbOMY IPOMIKKY.

y

M A
AO n\/an

Puc. 14.3

Hexait ¢pysknis f gudepenuiitiosaa Ha npomixkky I. Toxi
B Oyab-sikii Toumi ii rpadika 3 abcuucoio x € I MOKHAa IIpoBec-
TH HEBEPTHKAJIBHY JOTHYHY. AKI0 npu nsomy rpadik GyHkmii
Ha OpPOMiKKY I/ po3minieHUH He BHIe OyAb-AKOI TaKkol A0THY-

'V Bumi mxosi HOHATTA OMYKJIOCTI y3araJsHIOTh i Ha 6LIbm HIAPOKi
Kaacu GyHKUiN, HANPUKIIAL HenepepsHi.
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| § 1. MoxiaHa Ta ii 3acTocyBaHHs :

Ol (puc. 14.4), To dyHKIioO f HASUBAIOTEH OIYKJIOI Bropy Ha
npomiskky I; Ao 'K rpadik Ha npoMixkky I posMimeHuil He
HUKYe Oyab-aAKkol Takoi HoTuuHOl (puc. 14.5) — TO ONMyKIOXO
BHM3 Ha NPOMIiKKY I.

Y

en--—-——-_--
Ry

Puc. 14.4 Puc. 14.5 Puc. 14.6

Hanpukiazx, gosegemo, mo GyHKHA f (x) = x° € onykioio
BHU3 Ha MPOMIXKKY (—o0; +). IIpoBegemo noruduny no rpadika
dyeKLii f (x) = x° y Touni 3 a6enucoro x, (puc. 14.6). Pisasana
niel 7oTHYHOI Ma€ BUTJIAL:

Y=2x,(x—%x,)+xp.
PoariisseMo pisHEHUIIO
f(2)=(xy(x—xy)+x0)=x" - (2x,(x —x,) +x5) =

80008 SFPSSPRPLTOISOBTOITODONOLOIEDS

L E B B B N B N N

<

=1 —2x,x+x2 =(x—x,)°.

OckinbKu 1A pisHEUANA HaOyBae JTUIIe HEBil’€MHENX 3HAUEHD,
TO Iie 0O3HAuae, 1o rpadik GyHKII [ IeKUTs He HUXKYe Oyab-
axoi moruunoi. OTxke, f (x) = x° € ONYKJIOI BHA3 HA ITPOMIiK-
Ky (—o0; +0).

AHAIOTMIYHO MOYKHA JIOBECTH, IO MYHKIIA J = X° € OIyKJIOIO
Bropy Ha npoMiKy (—oo; 0] 1 omykJyoro BEU3 Ha mpoMixkKy [0; +o0)
(puc. 14.7).

o

|
1
'
[}
[
|
[}
[}

G- -—-—- -asonon e -
=Y

L 0403 ! e yOa| Oz £ 1oy
a b x ' a
Oy < Oy <0l << ov'e Oy > 0Oy > Oz = ...
Puc. 14.7 Puc. 14.8 Puc. 14.9

Ha pucynkry 14.8 sobpaxkeno rpadik dyHkmii f, axa € omy-
KJIOI0 BHM3 Ha OpoMikKy [a; b]. 3 pucyHKa BUAHO, mO 3i
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14. [ipyra noxigHa. NMoHATTS onyKNnocTi yHKUil

301JIbIIEHHAM APryMeHTY X KYT HaXHJIy BiAIDOBiZHOI AOTHYHOL
30inpmyersca. Ile osmauae, mo dyHKOia f' 3apocrae Ha Ipo-
MixkKy [a; b].

Hexaii dbyHKUiA [ € ONyKJIOH Bropy Ha mpomixkky [a; b]
(puc. 14.9). 3 pucyHKa BUAHO, IO 31 301IbIIEHHAM apryMeHTy X
KYT HAXWJIy BiqmoBizHoi foTuuHOI 3MeHmyeTbed. Lle o3nauae,
mo GyHKOia f' cnagae Ha npoMikKy [a; b].

IIi mpuKJIagy IIOKa3yIoTh, IO XapaKTep ONyKJIOoCTi (PyHKIiL
f Ha mesKomy npoMikKy I IoB’A3aHui 3i 3pocTaHHAM (cHazaH-
HAM) GyHKIOIL f' Ha OhOMY IDOMIiKKY.

Has gBiui gudepeHIiiioOBHOI HAa INPOMIXKY I byuruii f
apocraHHA (cnagasHsg) GyHKII] /' BUBHAYAETHCA 3HAKOM JApPYyroi
noxiguol ¢yrkmii f Ha npomixkky I. Takum umHOM, XapaxkTep
OIYKJIOCTI ABiui AudepeHmifnoBHOl GHyHKIII TOB’ A3aHM 31 3HA-
KOM ii apyroi moxigHoi.

Ileit 38’A30K YyCTAaHOBJIOIOTH TaKi ABI TeopeMH.

Teopema 14.1 (o3maxka onykaocTti pyrruil BEH3).
Axwo 0asn ecix x € I suxonyemvca nepisnicms f” (x) 2 0,
mo @ynkyia [ € onyxnorw é6nu3 na npomixky I.

Teopema 14.2 (o3Haka onykixocTi hyHKuii Bropy).
Arxuwo dnsn ecix x € I euxonyemoca nepignicms f” (x) < 0, mo
¢ynryia f € onyxnoro 6zopy na npomixcxy I.

Iosegemo Teopemy 14.1 (teopemy 14.2 noBOAATH aHAJIOTIYHO).

Hosedenna. Y Touni 3 abemucoio x, € I mpoBefeMo JOTHYHY

no rpadika ¢ysekmii f. PiBHaHHEA 1iel [0THYHOI Mae BUIVIAL
y=71"(x) (x — x0) + [ (x).

Poarasiremo dyukLio r (x) = f (x) — (f' (x) (x — xp) + [ (xp)).

3HaueHHA i€l QPYyHKIII MOKa3yOTh, HACKIIBKY BiIPi3HAECTL-
cs opauHATa TOUuKHM rpadika GyHKmii f Bij,
OPAMHATH BiIIOBiIHOI TOYKH, KA JIEKUTH
Ha IPOBeJeHi# morwuHii (puc. 14.10).

Axmo mu moxaxkemo, mo r (x) =2 0
IS BCiX ¥ € I, TO TaKUM YMHOM ZioBeje-
MO, 1110 Ha npoMizkky I rpadik dpyukmoii f =@
JIeKUTH HE HUIKYe IPOBEJEHOI 10 HHOTO | X,.C.C, X
JOTHYHOI. Puc. 14.10

2 |
 EE R EEEEREEERE R R R EEREERE N EEREREREREEREEREREEREREEREREEREEREEREESRSERERER-ESLSEZSE-EREH-SRESE:RZSESEH:SRSEZHSE:SSEZ:SH}:,]
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§ 1. MNoxigHa Ta i1 3acTocyBaHHA

Hexait x € I'i x > x, (BUDAagOK, KOJHU X < X,, PO3IIALAIOTH
ananoriuno). Maemo: r (x) = f (x) — f (xo) — ' (x0) (x — x,).

s dyaruii f i Bigpiska [x,; x] 8acrocyemo Teopemy Jla-
rpanka: f(x) = f (%) = ' (¢)) (x = %), Ae ¢; € (%3 X).

3siacu r (x) = f' (¢;) (x — x0) — [’ (%) (x — x);

r(x) = (' (@) — ' (x0)) (x = xo).

Ockineku dyeKuisa y = f' (x) € audepeHniitoBHO Ha Bij-
pPisKy [x,; ¢;], TO MOKHA 3acTocyBaTH Teopemy Jlarpamixa:
' (¢1) = ' (x0) ==T1" (¢5) (¢1 — %), me ¢; € (X5 €1)-

3sigcu r (x) = " (¢3) (¢; — Xp) (x — xp).

Ha pucysky 14.10 nmoxasaHO po3MilleHHSI TOYOK €, i C,.

3 HepiBHOCTEH X, < €, < ¢; < X BUILIUBAE, 010 (¢; — X,) (x —
— Xo) > 0. Ockinbku ¢, € I, TO 3 ypaxyBaHHAM YMOBU TE€OPEMU
orpumyemo: " (¢,) 2 0. 3Bigcu gnsa Bcix x € I BUKOHYETHCA
HepiBricTs 7 (x) 2 0. Tomy dyEKIiA [ € ODYKJI0OH BHM3 HA
npoMikKy I. A

NPUKNALMA 1 Hocaizite Ha onykaicTs hyrKIio f (x) = tg x Ha

MPOMIKKY (—E'E)
2°2)
Poszé’aszanna. Maemo: f'(x)=——. 3Bincu
COosS X
' ] ) ,_ 2si
f"(x)=( 2 ) =(cos?x) =-2(cos x)? (cos x)' = 51;1x.
Ccos X COosS X

HepiszicTs f” (x) Z 0 Ha TPOMIXKKY (—g; g) BUKOHYETHCS IIPU

yh 0<x< g Omxe, QyHKIIA ¥y = tg X € OIYKIIO0

BHU3 HA IIPOMIKKY [0;2—] (puc. 14.11).
Hepisricts f” (x) < 0 Ha IPOMIMKKY (_E. EJ

2’2

T X
BUKOHYETLCHA IIPU s <x<0. Omxe, QyHKIiA

CIE]
=Y

1
|
|
1
|
'
'
'
1
1
|
|
|
]
1
|
|
|
1
1
1
1

Yy =1tg x € OmyKJIoI Bropy Ha OPOMIMXKKY

? T
Puc. 14.11 (—5,0:' (puc. 14.11). ®
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14. [Ipyra noxigHa. MoHATTa onyKnocTi OyHKUIT

Ha pucysky 14.12 3o6paxxeHo rpadixm GpyHKIiNA Ta JOTHY-
Hi, IpoBeieHi o HUX y Toukax 3 abcnucoio x,. Ii pysknii va
npoMikkax (a; x,] i [x,; b) MaloTh pisEUHE XapakTep OMYKJIOCTi.
Tomy Ha mux npoMi’kkax rpadik GyHKIIII po3TalIoBaHUM y pis-
HUX NiBILIOIUHAX BiZJHOCHO ZOTHYHOI. ¥ IIbOMY pa3i FOBOPATE,
III0 TOYKA X, € TOYKOI meperuny GyHKIii.

7]

N
N
1
1

<
\ \
\

oY
Ry

Ry
:""\
[ 73]

Xo: 40

Y RS
<

Puc. 14.12
Hampurinaz, Touka x, = 0 € TOUKOI0 eperuHy QPyHKMIl y = X
(puc. 14.7); TOYKH BHAY 12[-+1rn, n € Z, € TOYKaMH IEePEeruHy
¢yrKIil y = cos x (puc. 14.13).

APUKNALA 2 HdocnigiTe XapakTep ONYKJIOCTI i 3HAXAITE TOYKHA
5 4

X X
IeperuH HKOil f(x)=—-—.
P y Gysxuii f(x) o 5
Poszé’'azannsa
4 3
Maemo: ' (x)=2——2; " (x) = 2* - ¥ = 2* (x - 1).

3

BHKOPHUCTOBYIOYM METOJ iHTEpPBAJIiB, AOCIIAUMO 3HAK QYHK-
il y = f"(x) (puc. 14.14).

Maemo, mo GyHKIia [ omyKaa Bropy Ha IpoMixKKy (—oo; 1]
i omykJia BHE3 Ha MPOMIXKKY [1; +).

dDyuknia [ Ha nmpomixkkax (—oo; 1] i [1; +w) mae pisHHHT
xapakTep omykJjocTti. ¥ Touni 3 abcimcoo x, = 1 mo rpadika
dyrrmii f MoxHa npoBecTu gorudny. OTixe, X, = 1 € TOYKOIO
neperuny GyHKmii f. @

yf R

no
no| A

/TN, i
o 00 i R NG PR R

Puc. 14.13 Puc. 14.14

L B N R N N BN N N N N RN NN NN NN NNMNNEZENHSHJNJ}E )
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§ 1. lMoxigHa 1a ii 3acTocyBaHH:

I Bnpasn
14.1.° 3Ha#AITE APYTy NOXiAHY QyHKII:
1)y = x% 5) y = cos x; 9) y=sin§;
Qy=2x"-2x+5 6)y=2x-1)° 10)y=xsin x.
3) y=—1—; 7) y = sin 3x;
p: 74
4) y=+/x; 8) y = cos® x;
14.2.° 3HaUAiTh APYry HoXigHy DYHKILIL:
1) g = xct; 4) y=x; 7) y = sin® x;
2y=3-5x+x° 5)y=(@1 - 3x)’ 8) y = x cos x.
3) y-‘--l—; 6) y = cos 2x;
x-1

14.3." Yomy popiBHIOE 3HAYEHHS APYroi moximuoi yHKuii

y =95 sin x — 3 cos 4x y Toumi: 1) ng-; 2) x=—g?

14.4." MarepiaJbHA TOYKA PYyXa€ThCA 110 KOOPAUHATHIN npaMii
3a 3aK0HOM § (1) = 2t° — 5t° + 4 (mepemileHHA BUMipIOETHCS
B MeTpax, 4yac — y CeKyHJax). 3HAWAITh il IPUCKOpPEeHHH
B MOMEHT 4acy t, = 2 c.

14.5." OxHe TiNO pPyXae€ThCs MO KOOPAMHATHIN NpsMiil 3a 3a-
KoHOM 8, (1) =t*—t* + 3t — 2, a npyre — 3a B3aKOHOM
3 2
t 5 t
s, (t)= §+E+ 5t —8 (mepeminieHHs BUMiDIOETHCSI B METPax,
yac — y CeKYHAax). 3HAUAITH IPUCKOPEHHSI KOMKHOTO Tijia
B MOMEHT 4acy, KOJM IX IIBHUAKOCTI piBHIi.

14.6." Tino mMacoi0 5 Kr pyXaeTbCs MO KOOPAMHATHIN npsamii
3a 3akoHOM § (1) = t° — 61 + 4 (mepeMileHHS BUMIDIOETHCH
B MeTpax, 4ac — y CekyHzax). 3Hauzites cuny F (t) = ma (1),
IO Zi€ Ha Tijg0 yepes 3 C HiCHasA HOYATKY PYXY.

14.7." 3HaiifiTs NPOMIXKKH ONYKJIOCTI TA TOYKHU NTeperuny hyHKmii:
1) y=x*-3x + 2; 2)y=x"—-8x"+18x* - x + 1.
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15. MNobyposa rpadikis GyHKLIN

1 4.8.° BHAUAITH IPOMIKKY OMMYKJIOCT] T TOYKHU EePEeTUHY (QyHKIIL:
Dy=x*-22*+x-2; 2y=x"-6«>+12x* - 3x + 4.
14.9." 3HaigiTes TOYKU meperuny QysHrmii
y=38x" - 10x* + 10x® + 12x + 3.

14.10." 3HadiTh TOYKU Ieperuny GpyHKiii
y=3x"+ 10x* + 10x° - 5x — 4.

14.11.° osexiTs, mo dyukmia f (x) = x* —4x* + 12x* - 11x -7 °*
€ OnyKJIOI BHU3 Ha R. ¢

{.12.° Iosexits, mo dyaknisa f (x) = sin® x — 2x° € onyko10 *

Bropy Ha R.
14.13." 3naiiiTh OPOMIKKHA ONYKJIOCTI Ta TOYKHU IEPErUHY :
byHKImii: .
x X =
1)Y= =3 2) y= :
4 1+x? 4 (x—l)2
{.14." 3HA¥UAITF TPOMIKKH ONYKJIOCTI Ta TOYKU IEPETHHY
byHKIi:
1-x° x
1) y= ; 2) y= -,
TR (e T (x+1)?

14.15." 3HaliTh NPOMIMKKH ONYKJOCTL Ta TOYKH [IE€PEruHy
byrknii y = x* + 4 sin x.

14.16." 3HaiAiTh NPOMIMKKM ONYKJOCTI Ta TOYKH Ieperuny °
bynxnii y = x* — 4 cos x.

| B NoGypnosa rpagikis pyHkuin

Kosu B momepesHixX KjIacax BaM JOBOAUWJIOCA OyAyBaTH rpa-
¢iky, BH, AK OPABHUJIO, IIOCTYIAJH TaK: MO3HAYAJIH HA KOOP-
JUHATHIN IJIOMIUHI eAKY KiJIbKiCTh
TOYOK, AKi HauexaTh rpadiky, a mno- Y
Tim 3’eaHyBanu ix. TounicTs moby-
JIOBH 3aJIeXKaJia BiJl KIIBKOCTI ITO3Ha-
YeHUX TOYOK.

Ha pucysky 15.1 zobpaxeHo
KiJIbKa TOYOK, K1 HaJexaTh rpa- Puc. 15.1

R [t it

T ]

Ri-e
Ri--e
=Y

o} 3
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§ 1. MNoxiaHa Ta 11 3acToCyBaHHA

biky mearoi dyHKOil y = f (x). IIi Touku MoKHaA 3’€gHATH
IMO-Pi3HOMY, HAIIDUKJAJ TaK, K IIOKAa3aHO Ha pucyHKax 15.2
1.15.3.

7

e cnam——

Puc. 15.2 Puc. 15.3

=Y
=Y

IIpore axkmo 3HaTH, 1m0 MYHKUiA f 3pocTae Ha MPOMIMKKaxX
[x; x,] Ta [x35 x,], cnmagae HA TPOMIXKKY [X,; X3] i € gudepeH-
1iHOBHOIO, TO, CKOpilIe 3a Bce, Oyxe mobymoBaHo rpadik, mo-
KasaHU# HA pUCYHKY 15.4.

Bun 3HaeTe, sKi 0cOGJIHMBOCTI TpU-
TamMaHHIi rpadikamM mapHOi, HEIIapHoi,

| nepioguyHol (PyHKII#A TOHIO. ¥Y3ara-
; x’3 x Ji, yuM O6iybIne BaacTUBOCTEH (hyHK-
1l il Basocs 3’scyBaTH, THM TOYHIiIIIE
‘ | Pac. 19.4 MOKHA Io0yayBaTu ii rpadik.
i HocnimxerHs BIacTUBOCTeM GYHKIII OyaeMo NPOBOAUTH 3a
TAKUM ILIAHOM.

=Y

. 3Ha¥TH 00JIACTh BH3HAYEHHA (PYHKILI.

. HocmimuTy GYyHKIiIO HA IIapHICTH.

. 3aiiT HyIi QyHKIII.

. 3HAUTH NPOMIKKH 3HAKOCTAJIOCTI.

. 3HAUTH NPOMIKKM B3DOCTAHHSA i cagaHHA.

SOt W N =

. BHAUTH TOYKHU EKCTPEMYMY i 3HAUYeHHS (PYHKIII] B TOUKaxX
eKCTPeMyMY.
t 7. Buasutu iHmi ocobnuBocti dyHKIil (mepioguuHicTh
; ¢byHKLil, moBefiEKY MYHKIII B OKOJIaX OKPEMUX BAXKJIU-
BUX TOYOK TOILO).

3ayBa)KUMO, 10 HaBeAeHUM IJIaH AOCJiJKE€HHS HOCHTH pe-
KOMEHJAaIiiHui XapakTep Ta He € CTaJIUM i BUyepnHuM. Barx-
JUBO NPH AocimkeHHl GYHKOII BMABUTH Taki il BIacTUBOCTI,
AK1 J03BOJIATH KOPEKTHO MobyaysaTu rpadik.
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15. Mobyposa rpadikis GyHKUI

NPUKNAL 1 Hocaixgite pyrknio f(x)= §x2 ——l—x3 1 TOOy My -
Te i1 rpadik. - .

Poszé’aszannsa. 1. DyHKIiA BUBHAUEHA HA MHOMKHUHI TiHCHUX
yuce, Tooro D (f) = R.

Ly oS izt Lo, Slauilig Rt "
20T ( x)—2( x) 4( x) zx +4x.31;1,z1cnf(x)¢f(x)

if(—x) # —f (x), TobT0o byHKUig y = f (—x) He 36iraeTsca Hi
3 pyuknicw y = f (x), Hi 3 pysKUico y = —f (x). Takum yuHOM,
AaHa GYHKIIA He € Hi MapHOI0, Hi HEmapHOIO.

3 1 i

3—4. Maewmo: f(x)=§x2—zx3 =%(6—x). Yucna 0 Ta 6 €
gyJaaMu GyHKIII f. 3acTocyBaBmu MeTox iHTepBasiB (puc. 15.5),
3HAXOAMMO IIPOMIMKKHY 3HaKocTanmocTi pyHKHii f, a came: ycra-
HOBJII0EMO, IO [ (x) > 0 mpu x € (—o0; 0) U (0; 6) i f(x) <0
npu x € (6; +x).

y 3x* 3x .

5—6. Maewmo: ' (x) =3x——;— = 7 (4—x). HocniguBiiy 3HAK
noxigaoi (pmc. 15.6), ZOXOAMMO BHCHOBKY, II0 (GYyHKIiA [
apocrae Ha npoMixkKy [0; 4], criajjae Ha KOXKHOMY 3 IPOMiKKiB
(—o05 0] i [4; +0), Xpax = 4, Xpin = 0. Maemo: f (4) = 8, f (0) = 0.

Puc. 15.5 Puc. 15.6

ﬁ.............................0..DOQQ@D

7. Maemo: f"(x):3—37x. IocaiguBmim

3HAK Apyroi moxixgnol (puc. 15.7), moxonn- HPd
MO BHCHOBKY, 1IN0 (QYHKLIsA [ € OmyKJIoio 2
BHHU3 HA NPOMIXKKY (—o0; 2], OIIYKJIOI0 Bropy N N

Ha NPOMIXKY [2; +®), ¥ = 2 € TOYKOIO IIepe- Puec. 15.7
runy i f (2) = 4.
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YpaxoByouu OTpUMAaHI pesyabTaTH, Oyayemo rpadik pyHK-
uii (puc. 15.8). @

P
g
\\\

4

i

||

il § 1. MoxiaHa Ta ii 3acTocyBaHHA
|
]
|
|

1' il Puc. 15.8

NMPUKNAL 2 [ocaigites pyaxnio f(x)=
rpadik.

i mobypmy#Te ii

2
X +4X

‘ Pozé’azannsa. 1. Pyaknia susaadesa Ha MHOKHUHL D (f) =
il = (—o0; —4) U (—4; 0) U (0; +o0).
2. Obnacts BU3HAUYEeHHS (DYHKII HECMMETPHUUYHA BiXHOCHO
f IIOYaTKy KOOPJAMHAT, OTKe, JaHa (PYHKIliA He € Hi nmapHOoi0, Hi
HeIIapHOIO.
3. ®YHKIIisT He Ma€e HYJIiB.
ll 4 fER)=——
| x(x+4)
! f(x) <0 opu x € (—4; 0) (puc. 15.9).
5—6. Maemo:
(4) (x* +4x)-4-(x* +4x)  4(2x+4)  8(x+2)
x? (x+4)° o (x+4)? 2P (x+4)?
j Hocaigusmu 3Hak [’ (puc. 15.10), m10X0AUMO BUCHOBKY, IO
¢yurais f coagae Ha KOKHOMY 3 poMixkKis [—2; 0) i (0; +), 3poc-
i Tae Ha nmpoMidkKax (—oo; —4) i (—4; —2], X = =2, [ (—2) = —1.

. 3eigen f (x) > 0 mpu x € (—o0; —4) U (0; +0),

f'(x)=

| L@@ 4 20
i ‘ —4 0 e (R o N
| 3
filll Puc. 15.9 Puc. 15.10
|
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15. Nobynosa rpadikis dyHKLLiI
7. BayBaskumo, 110 KOJH 3HAUEHHS apryMeHTy X 00upaioTh
yce OinbmmumMu # GibIIuMu, TO BiANOBiAHI 3HaYeHHA QYHKIIT

4 it S 2
f(x)= Fr v yce MeHIIIe i MeHIIe BiapisHaoTsesa Big unucia 0
X +4Xx

i MOXYTH CTaTHU AK 3aBIrOJHO MaJIMMH. I.IIO BJIACTHUBICTH apu-

3 A 4 4
HHATO 3amucyBaTd Tak: lim ———=0 abo ————>0 npnm

TR 4 4 x" +4x

x — +oo, Ko x — +oo, TO BifcTaHi Bix TOYoK rpadika GyHK-
mii f mo mpsamoi y = 0 craloTh yce MEHIIMMH ¥ MEHIIUMH
i MOXKYTH CTATH MEHIOIVMHM BiJi JOBLJIBHOIO Hamepejn 3aZaHOTO
JOAATHOrO yucjaa. ¥ mboMy pasi nupamy y = 0 HasuBawTh 20puU-
30HmanvHO0 acumnmomoio rpadika GyHKLii f npu x — +oo.
AHaJIOTIYHO MOKHA BCTAaHOBHUTH, Io npaMa y = 0 € ropusoH-
TAJIBHOI aCUMITOTOIO rpadika GyHKuii f nmpu x — —o.

SKII0 3HAYEHHA apryMeHTy X NPSAMYIOTh 0 HYJs, 3aJIHIIa-

I0YHCH JOAATHUMH, TO BiATIOBiIHI 3HaYeHHA QYHKIIL [ (x) = %

x +4x
CTAIOTh yce OinpmumMu i OlrbmuMu, TOOTO BigcTaHi Bifg TOYOK

rpadixka ¢ysrmoii f mo mpamoi x = 0 cTaTh yce MEHIIUMH
¥ MEHIIUMHM i MOKYTH CTATH MEHIIMMU BiJl JOBLILHOI'O Hamepes
3aaHOrO AOAATHOrO Yucaa. ¥ IboMy pasi npamy x = 0 Hasu-
BAIOTh 8EPMUKANLHOI0 acumnmomoio rpadika ¢pyeKLIil f, Konu
x npaMye no Hyas cupasa. IIpama x = 0 Takox € sepmuKaio-
HOI0 acumnmomoio rpadika GyHKIl f, KOMKX X IPAMYE A0 HYJIA
griBa. @yHKLisA [ Mae me OAHY BEPTUKAJIBHY ACHUMIITOTY —
npsaMy x = —4, KoJu X npaMmye a0 —4 A 3jiBa, Tak i crpasa.

a‘..‘.................0...........0...0.

Maemo:

f(x)=-

8x” (x+4)° -8 (x+2) (2x (x +4)* +2x* (x +4))
! (x+4)* y
CopocruBmu Api0, oTpUMAaEMO > =
) 8(3x*+12x+16 T -
I ()= 3 5 ). -4 0\
x° (x+4)

Hocnigusmu 3uax [~ (puc. 15.11),
IOXOIIMO BHCHOBKY, 110 (DYHKIIiSI € OIYKJIOI) BHU3 HA ITPOMIMK-
Kax (—oo; —4) i (0; +), € onyKI010 Bropy Ha npomixkky (—4; 0),
TOYOK IIEPErMHY HE MAae€.

Pue. 15.11
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) i
“ § 1. MoxiaHa Ta 1i 3acTocyBaHHA

uii f (puc. 15.12). ®

|
I
I YpaxoByo4u OTPUMAaHi pesysibTaTi, Oyayemo rpadik GyHK-
l
!

\

\
-1
. (=}

/

il Puc. 15.12

l

| * NMPUKNAL 3 Kopucryouucs rpadikom dysrmii f (x) = x* —
? » —4x* + 3, ycTaHOBITH, CKiNbKM KOpeHiB Mac piBHAHHS f (X) = a
+ 3a7I€KHO Bij 3HAUEHHA mapaMeTpa a.
Poszé’aszanna. Pyaxuis [ BUsHAYEHA HA MHOMKHHI JIMCHUX
yuces, To6tTo D (f) = R.

Maemo: f'(x)=4x® —8x =4x (x* -2)=4x (x+v2) (x-2).
Orsxe, QyHKIiA [ Mae TpH KPUTHYHI TOYKHU: —\/5; 0; J2.
HocaiguBmu 38aK moxigHoi (puc. 15.13), orpumyemo: QyHK-
nig f 3pocTae Ha NPOMiKKax [—\/—2_; 0] i [\/§;+oo), criaziae
Ha NIPOMiKKax (—oo;—\/§] i |:0; Jé],

M xmin TrkeE 2’ xmin :\/53 xmax T 0' Mae-

N / \\ 7 MO: f(_\/é):f(‘/é)z_li 7 (0) = 3.

5

Puc. 15.13 YpaxoByoo4u OTPUMAaHI pesyib-
i Tati, Oyayemo rpadik dyaRIii f
‘ (puc. 15.14).

Kopucryouucs modyzoBaHuM rpadikomM, yCTaHOBJIIOEMO
KinbKicTh KOpeHiB piBHAHHA [ (X) = @ 3aJI€)KHO Bijf 3HAUEHHS
napamerpa a (puc. 15.15):

AKIOo a < —1, To KOpeHiB HeMaE;
Axkmo a = —1 abo a > 3, To 2 Kopeni;
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15. lMobyaosa rpadikis (yHKLIN

AKINO a@ = 3, TO 3 KOPEeHi;
akimo —1 < a < 3, To 4 KopeHi.

| 10
{ 11

Puc. 15.14 Puc. 15.15

3ayBaxeHHs. 3 po3B’A3aHHA JaHOI 3ajadi BUIYUYEHO
nysKTH 2—4, 7 mnaHy [OCHifKeHHS BJIacTHUBOCTEH (GyHKII.
BaacruBocTi GyHKIIL, AK1 ZOCHIIMKYIOTHCA B IIUX IYHKTaX, He
BUKOPUCTOBYIOTHCA IIPHU 3’ ACYBaHHI KiJTbKOCTI KOPEeHIB PiBHAH-
Ha f (x) =a. ©

-4
X

NPUKNAAL 4 Hocrxixite ¢pyrknio f(x)=
rpahixk.

; i mobyayire ii

x" -2
Po3é’a3aHHs

1. ®yHKIiaA BU3HAUEHA HA MHOYKHHI

D (f)=(-o0; ¥2) U (¥/2; +0).

2. ®yHKIiA He € Hi mapHO, Hi HEeapHOI.
4

3. Poa3p’si3aBmIn piBHAHHA =0, ycTaHOBIIOEMO, IO

3
X

x =0 — eguEu#A HYIb gaHOl QYHKIII.
4. f (x) > 0 npu xe(f/é;wo), f (x) <0 npu
xe(—w;O)U(O; 3/5)
5-6. Maemo:
o=ty
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§ 1. MoxiaHa Ta ii 3acTocyBaHHA

Hocmigusmm 3Hak f' (puc. 15.16), 10X0[AUMO BHCHOBKY, IO
dbyHKLiaA f cnazae Ha TPOMiMKKax [0; Y2 ) i (‘\’/5, 2], 3pocTae Ha

mpomisiKax (—c; 0]1 [23 ), Xygn = 2, £ (2) = g % =0,7(0)=0.

%‘%
0. Y2..2
Puc. 15.16

12x% (2 +4)

-2y

Hocnipusmm 3uak f” (puc. 15.17), 10X0AMMO BUCHOBKY, 1110

234
3

7. Maemo: " (x)=

x=-34 — Touxa IIeperuny i f(—Q/Z)=— , GysEKUia f

€ ONYKJIOI0 BHM3 Ha NPOMiKKax (—oo;—i’/Z] i (%3/5;+oo), omy-
KJIOIO Bropy Ha [—i’/Z; ‘\‘/5)
\/‘\/ﬁ

3 3
~r-Y4 0 2\

Puc. 15.17
IIpama x=32 — Bep'mxa.nbna acuMnrTora rpadika masoi
byBKIii.

Maewmo: f(x)=

x! (x* -2x)+2x 2x
Silia 3 ol S
x -2 x" -2 x" -2

: . 2x 3 : :
Ockinpku lim ———= lim =0, To mpu x — +o BiA-
xrt0 x° 92 x3tm0 o 2

x4 —=
X

craHi Bij Touok rpadika GyHKIii f A0 BIAMOBiAHMX TOYOK IIps-
MOi Yy = X CTAlOTh yce MEHIIMMHM ¥ MEeHIIMMM 1 MOKYTh CTaTH
MEHIIMMH BiJl ZOBLIHHOIO Halepes 3aJaHOro AOAATHOIO YHMCJIA.
Y npoMy pasi npaMy y = X Ha3UBAIOTH NOXUJL0I0 ACUMNIMOMOI0
rpadika ¢pyHKOil f npu x — +oo, Takok MoKHA ITOKasaTH, 110
opsAMa Yy = X € IMOXHJIOK acuMnrToroio rpadika ¢yHKOil f npu
X — —o0,
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15. MNobynosa rpadikis hyHKLX

YpaxoByooun OTpuMaHi peay.ub'raTu 6yayemo rpadik GyHK- o
uii (puc. 15.18). ® -
7] S .

: &// -

3 1: ):/' -

’:1’ A o

43 | s -

N ¥z * .

It .

3 | E

b : .

Puc. 15.18 .

o

®

LA B L B B B L B B BB B BB B B N N N R NN N RN NENENRENRHEMNNEEZSNEMNEHNNN)

r Bnpaeu

15.1." HocaixiTe many GyHKIioO i noﬁy,u;yffrre ii rpadik:
1)1 (x)=8x~ x>~ 2; 5) f(x)=> x—x,
2) f (x) = 2x° — 8x* + 5; 6) f (x) = x* - 22% + 1;
3

3) f(x)'=3x—fg—; ) f (%) = (x + 3)* (x — 1)

4) f (x) = x* - 3x* + 2;
15.2." Hocaigite many GyHKUio i nobyzayire ii rpadik:

)  (x) = x* + 3x% 4) f(x)=%‘—4x2;

2) f(x)=4x—%x3; 5) f (x) = 8x* -7 — x*.

Hf()=%=-%%
15.3." IlobyayiiTe rpadik pyHKmii:

4-x x*-9
1) f(x)—ma 4) f(x)—x2_4y
2) f(x)=— 5) f(x)=
x° - -x
6x-6 2x
3) f(x)—x2+3, 6) f(x)——x2+l,
10* 147
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§ 1. MNoxigHa Ta il 3acTocyBaHHA

2
7 £ =290, 8) Fl) =
x X —
15.4." Io6ynyiiTe rpadik GpyHKILII:
Y D=t
x—-1 x°+1
1 3x
2) £ ()= 5) £ (5)=—
e 8 ()= 222
il C(x+1)?

15.5." ITo6yayiire rpadikx dysknii f (x) = x* (2x — 8) i Bera-
HOBiTH, KOPUCTYIOUUCh HUM, KiJIbKiCTh KOPEHIiB PiBHAHHA
f (x) = a 3anmexHO Bij 3HaAUEHHS IapameTpa a.

15.6.” Io6yayiite rpadix dyskmii f (x) = —x* (x* — 4) i Bcra-
HOBiTH, KOPUCTYIOYUCh HUM, KiJIbKiCTh KOpPEHIB PiBHAHHSA
f (x) = a 3anmeXHO Bij 3HaUEHHs mapamerpa a.

15.7.” Tlo6yayiite rpadixk GyHKII:
1
1) f(x)=x+—; 3) [(x)=

x° +3x x'-8

2) ()= 9 1@="

15.8." ITo6ynyiiTe rpadik GpyHKIIL:
1
1) f(x)=x+—;
X

3

2_
2) f(x)="—x¥;

-4

3) f(x)=—

'1 (x-1)°
’
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15. Mobynosa rpadikis hyHKUIN

l FoTyemocs 40 BUBYEHHA HOBOT TeMM

15.9. ITopaiiTe Bupas3 y BUIJIALL cTeneHs a0o fOOYTKY CTEIleHiB:

5 1
@*)° - a* a 2b12

y L 9 L
a a'4b3

9) (ag )1.8 . (a - ; )2.'l ’

’

~8)3,

2) (@@ *: (a

105 -7 \~2
3) [&j :

CGd-AH
15.10. 3HaiiziTe 3HAYEHHA BUpPA3y:
310, 973 ( 1 )"6 :
1) ——; 4) \4 8) -16*%;
o
1 s
(-36)° -6° 122, TL3%. 78
) 316 o oA
78 .8 6 82
2 3N
14°.27" 53.33
28—2 .78 2 71(?
1632 3
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§ 1 l'onmHa Ta i 3aCTOCYBaHHA

2 2
1. Bnaiixite noxigny pysrnii f(x)= ?+—2—
2
A) 1'(x)="+ 2 By ' ()= 4" +'x;
B) f' (x) = 3x* + 2x; T) f'(x) =2+ %

|
. l 3ABAAHHSA B TECTOBIV ®OPMI «MEPEBIP CEBE» Ne 1
|
|
|
1
|
|
|

it 2. BuaiziTe noxigny GysEKOil f(x)=-—
it L _ e
; - A) f'(x) IR e

B) f'(0)=-23; I) =5
3. YraxiTe nmoxizry dyHKOii f (x) = tg 4x.

A)f (x)— B) /' (x) = ctg 4x;

s’ 4x
. 4
{ B) f'(x)=—s—;
1 cos” 4x
‘ 4. O6umcaiTs 3Ha4YeHHA moxigHOl GyHKRIII f (x) = (8x — 2)°
y Touni x, = 1.

Il A) 5; B) 15; B)=bs 5 I') -15.

') f' (x) =4 ctg 4x.

I 5. BuaiaiTe moxizny dysknii f(x)=v6x-17.

“ | A { = ; B ’ =____;
| ! | ) ' (%) T ) ' (%) S
I . .
B) f'(x)= ; T) f'(x)= ,
| ) () NPT ) f'(x) P
: 6. 3uaigiTe noxigny pysknii f(x)=cos E
il 1t
il A) f'(x)=sin£; B) f'(x)=—sin£;
:‘ 1 4 4
|
l B) f'(x)=isin§; T) f’(x)=_isin$.

l
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3aBaaHHs B TecToBin hopmi «IMepesip cebe» Ne 1
S w2 ik : 2 byt )
7. Tino pyxaeTbcs 1o KOOPAMHATHIN IIpAMii 3a 3aKOHOM
s(t)=38t-2t+1
(mepeMillleHHs BUMIPIOETHCA B MeTpax, 4ac — y CeKyHJax).
YoMy JOPiBHIOE IIBUAKICTE TiJIa yepes 3 C IiCJIA IOYATKY PyXy?

A) 16 m/c; B) 17 m/c; B) 18 m/c; I') 20 m/c.

8. Ha pucyHKky 300paseHo rpadik Gpysknii y = f (x) i. gotuyny
0 HBOTO B TOYIl 3 abcrucomo Xx,.
Buangits ' (x,).

2

2
A) _2_1
B)1;
B) /3;

I') 3HAWTH HEMOKJIUBO.

0

9. YoMy IOpiBHIOE KYyTOBUI Koe(dimieHT JoTU4HOI A0 rpadika
dyeKUii y = x* — 2x y Touni 3 abenucow x, = —1?

A) —5; Bl B) 5; | iy 10 2
. § 3x+4
10. ke piBHAHEA Mae goTraHA A0 rpadika GysKmii f (x) =
. x_
y Toumi 3 abcuucor x, = 27
A) y=13x — 36; B) y = —13x — 36;
By = —x — 8; ') y=-=18x+ 16.

11. BnaiigiTe abenucy Touku rpadika Gyskmii f (x) = x° + 4x,
Y AKiH DoTHYHA A0 IhOoro rpadika mapajesibHa IPAMINA
= 10x — 6.

A) 3; B) =ik B) 7; f5): =0

12. Ha pucynky so6pakeno rpadik dysknii y = f (x). Kopu-

cTyioyuch rpadikom, mopiBusauTe [’ (x,)

b7 ()

A) f' (x,) > f' (x5); /j\
B) f' (x,).< " (x2); § o
B 1 () =T1" (x2); x, O x x
I') nopiBHATH HEMOKJIUBO.
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§ 1. NoxigHa Ta ii 3acToCyBaHHA

3ABAAHHS B TECTOBI ®OPMI «MEPEBIP CEBE» Ne 1

1
‘! 5. 3uaiigiTe noxigay dyseknii f(x)=v6x-T7.
‘ 1 1

h il ’
il de ; =2 X
| ' 1. Bnaitgite noxigny Gysknii f(x) =?+?.
i} 2
i A) (0= B) f' (x) = #* + x;
i B) /' (%) = 3x® + 2x; T) f' (x) = 2* + x%
;:{ | | 2. 3uaigiTe noxigHy pysKOoii f (;:c)=45—4
x
' ' 20 , 5
1 . A)f (x):—?; ’ B) f(x)=§;
‘ ; B) f' =—§; i) 28 i =i.
” ) f'(x) = ) (%) o
i 3. Yraxirte noxigay oyskuii f (x) = tg 4x.
I8
; A) f'(x)=: i 3 B) f' (x) = ctg 4x;
' 1 cos” 4x
| / 4 )
| B) ! (x) =553 ') f' (x) =4 ctg 4x.
! .! cos” 4x
il 4. ObuucrniTs 3HaYeHHs moxXizHOI (yHKUII f (x) = (8x — 2)°
fl y Toumi x, = 1.
i. A) 5; B) 15; B)-5; . TI)-15.
:
|
|

|
l
\
|
il 6. 3HaligiTe moxigry dyeEKOii f(x)= cosi.

A) f' = s B) f' = ——
| 2. L J6x-7 ) 7'() 2J6x-7
| 6 3

B / == ; F { - .

) f'(x) lox—7 ) (%) T
k ‘! A) f'(x)=sin f; B) f'(x):-sini‘-;

| Y _l X ? =__l 2
, B)f(x)—4sm4, ) f'(x) 4sm4.
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3aBaaHHs B TecToBiv hopmi «Mepesip cebe» N2 1

7. Tino pyxaeThcsa N0 KOOPAUHATHINA IPAMiN 3a 3aKOHOM
s(t)=82-2t +1
(mepeMimeHHs BUMIpPIOETHCS B MeTpax, 94ac — Y CeKyHax).
YoMy [OPiBHIOE MIBUAKICTE Tijia Yyepes 3 C IMCis HoYaTKy pyxy?

A) 16 m/c; B) 17 m/c; B) 18 m/c; I') 20 m/c.
8. Ha pucynky 3o6pakeno rpadik pyskuii y = f (x) i goruuny

J0 HBOTO B TOUNi 3 abCIMCOI0 X,.
3HaaiTe ' (x,).

A) Q;

2
B) 1;
B) /3;

I') 3HAATH HEMOXKJIUBO.

Y

9. Yomy nopiBHIOE KyTOBUM KoedimieHT moTnuHOI 0 rpadika
dynkuii y = x* — 2x y Touni 3 abernucon x, = —1?

A) -5; b)=1; B) 5; LI Y B
: ¢ 3x+4
10. fixe piBHsHHA Mae goTHuHA 10 rpadika GysKmil [ (x) = s
. x_.
y Toumi 3 abcnucoi x, = 27
' A) y = 13x — 36; B) y = —13x — 36;
B)y=-x-8; F) y==13x+ 16.

11. 3raiixiTs abeuuey Touku rpadika byskuii f (x) = x* + 4x,
, y fAKi¥ goTHYHA A0 IBOro rpadika mapajesibHa IIPAMIiN
y = 10x — 6.

J A) 3; B) -1; B) T; T) -5.
, 12. Ha pucysky s3o6paskeHo rpadik ¢yukuii y = f (x). Kopnu-
cTyiounch rpadikom, mopisBusiite [’ (x,)
if"(xy).
b A (@) > ()
‘ B) ' (x).< [’ (x);

B) ' (x)) = " (x3);

I') mopiBHATH HEMOKJIUBO.
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§ 1. lMNoxigHa Ta i 3acTocyBaHHA

13. 3uaigiTe NPOMiKKM 3pocTaHHA QYHKIIIL
f(x)=4-3x+2x" —%xs.
A) [-3; -1]; B) (—o0; 1]1 [3; +o0);
B) [1; 3]; I') (-3 =3] i [-1; +x).

14. [IndepernnuiitoBsa pyskuisa y = f (x) BUsHa4YeHA HA MHOMKUHI
mivicamx yucesn. Ha pucysky so0pakeHo rpadixk (pyHKIil
y = f' (x). Ckinpku npoMi’kkiB 3pocraHHsS Mae (GyHKHis
y=1(x)?

A) »KomgHOrO; \ UW“)
B) onuH; 0 x
B) nBa; \'/|

I') BUBHAYUTH HEMOKJIMUBO.

15. CkinpKy KPpUTHYHHAX TOYOK Mae hysKuia y = f (x), D (f) = R,
rpadik AKol 300pa’keHO Ha PUCYHKY?

A) 2; B) 4; y
B) 3; I') »xoxHoOi.

16. CKiNbKM TOYOK EKCTPEeMyMy MAa€e | e
byukis / 0| \/ x

Py 2%
xX)=—x"—-——x"+8?
f(x) i o

A) onuy; B) nmsBi; B) Geauriu; T') xomHOI.
17. Indepenuiiiossa GyHKIia y = [ (x) BUsHaueHa [ | ]

HA MHOXKWHI AiicHnx yuces. Ha pucyHKy 30-

opaxeno rpadik Gysxmii y = ' (x). 3gaigiTs

TOYKY MakcuMyMmy GyHKIII y = [ (x).

A) -2; B) 2;

B) 0; I') BU3HAYUTH HEMOYKJIHUBO.

BIEIAE)

18. Yomy zsopiBHIOE HaliMeHIIe 3HAYEHHSA HYHK-

A :
oii y=x+— Ha npomixkky [1; 3]?
X

A) 3; B) 4; B) 4%; r) 5.
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§ 2. MNoka3HukKoBa i NorapudMivHa pyHKLII

mCTeniHb 3 AOBINbHUM AINCHUM NOKA3HUKOM.
MokasHukoBa PyHKLIA

¥V 10 xnaci B 03HAMOMUIMUCA 3 MOHATTAM CTENeHs JA0AaT-
HOT'O YMcJia 3 panioHadbHUM MoKasHukoM. Tenep mu 3’sicyemo,
1[0 sIBJIs€ c0oD0I0 CTeniHb JOAATHOIO YHMCJA 3 AIMCHUM IIOKA3-
HHUKOM.

Crpore o3HaUYeHHS CTEeNeHA 3 AIMCHUM IMOKA3HUKOM Ta JO-
BeJIeHHs MOro BJIACTHBOCTEM BUXOAWUTH 3a MEMXi HIKIJIBHOIO
Kypcy. Tekcr mboro ODyHKTY CJIiZf pO3ryIsiflaTH JHUINE SAK 3a-
raJbHi IOACHEHHS A0 TOro, AK MOX<HA ITpoBecTH HeoOXiaHi
OOI'DYHTYBaHHA. .

ITounemo 3 oxkpeMoro BHmajgky. 3’sfcyeMo, [0 PO3YMIiIOTH
i CcTeleHeM Yucja 2 3 MOKa3HUKOM T.

IppanioHanbHe YMCJIO T MOXKHA HOJATH V BUIVISAAI HECKiH-
YeHHOI'0 HeIepioANYHOI0 AeCATKOBOrO Apody:

n = 3,1415... .
PoarnsHeMoO moOCTiIOBHICTS paliOHATBHUX YHUCET
3; 3,1; 3,14; 3,141; 3,1415; ... . . (1)

3po3ymiJio, 0 LA MOCHiZ0BHICTE 36iraeThes 40 YHUCIa 7.
Bignosiano xo nocaigosrocti (1) nobyayemo nmocainoBHicTh
CTEeNeHiB 3 paliOHAJIbHUMHU MOKA3HUKAMMU:

23’ 23.1, 23.14, 23.[41, 23.1415’ R (2)

MoskHa mokKasaTH, 10 YiIeHH HocaigoBHOCTI (2) 31 36ijb-
IeHHAM HOMepa IpPAMYIOTH A0 AeAKOro A0AaTHOro umcia. Ile
YHUCJIO I HA3WBAIOTH CTEIIeHEM 4Yucja 2 3 NOKA3HUKOM T i Io-
3HAYAIOTh 2",

AHaNoriyHO MOXKHA AiSITH B 3araJibHOMY BHUIAJAKY, O3Haya-
1049u 3mict Bupasy b%, me b > 0, oo — pgoBinbHe AificHe YmcJIO.
Hns uncna o 6yayoTs 30iKHY A0 HHOTO IOCHiOBHICTEL paiio-
HAJBHUX YHCEJ Oy, O, Oy, ... . JlaJi PO3rIaAaoTE NOCTIIOBHICTE
b™, b™, b™, ... cTemeHiB 3 pamioOHAJLHUMHU MOKA3HUKAMU
(marazaemo; 110 CTENiHb JOAATHOIO YHCJIA 3 PAliOHAJIBHUM I10-
Ka3HUKOM € BU3Ha4YeHHM). MOKHA JOBECTH, IO IA IOCJIiL0B-
HicThb 30iraeThcs A0 AOJATHOrO YHUCIA €, AKe He 3aJIeKUTh BiJ
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16. CreniHb 3 AOBINbHUM AIMCHUM NOKa3HUKOM. MNoka3HWKoBa yHKUIA

Bubopy 36i1’KHOI 10 L IMOCTiIOBHOCTI pamioOHANBHUX YHUCEa O,
Olgy Olgy +». . JUHMCIJIO ¢ HABMBAIOTH CTENEHEM AOAATHOro ymesaa b
3 NiMCHUM IMOKA3HUKOM o i mosnavaoTs b”.

Axmo ocHoBa b gopiBHIOE oguEMNi, To 1% =1 aus Beix aii-
CHHUX OL. :

SAxmo ocHoBa b nopiBHIOE HYJIIO, TO crenidb 0" o3HauawThH

Tinbky s o > 0 i BBaxkaoTs, mo 0°= 0. Hanpukaag, 0** =0,
0" = 0, a Bupa3 0¥® me mae amicry.

IIpu b < 0 Bupas b°, ne o. — ippanioHaJbHe YHUCIO, HE Mae
3micry.

Cremiab 3 AIMCHUM NOKA3HMKOM Ma€ Ti caMi BJIACTHBOCTI,
10 ¥ CTeNniHb 3 PAalliOHAJBHUM IIOKA3HUKOM.

Orxe, g x > 0, y > 0 i 6yap-axkux gpidcaux o i B copa-
BeJJIMBi Taki piBHOCTE:

1) x° 2P = x**P;

2) x* s xP = x*

3) (=) = =%,

4) (xy)* = x"y%;
5) (f) w¥l
v) v

IloBeaemMo, HANIPHUKJIAZ, BiaacTUBIiCTh 1.
Hexait o i B — aidicui yncaa, npudomy a=lima,, f=limp,,
n—»x n-—+x

B.
’

ne (a,) i (B,) — mocaigoBHOCTI panioHanbHUX yucea. Maemo:
a+f=lima,+limp, =lim (a, +B,).
n—»x n—sx n—-s><
IIns AOAATHOI'O YMCJA X PO3TJIAHEMO TPH IIOCIiZOBHOCTI:
(x™),(x") i(x° - xP).
Maemo: lim x** =x%, lim x™ =x".

n-»m n-—»x

Ockinpky BracTusicTs 1 Mae micue A panioHAJNBHUX IO-
KA3HAKIB 0, i B,, T0 x™.x" = x*Pn,

LA R B R EE N EENRESE-ENEZSEZ:ES:SE:SE:SSEH}E )
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§ 2. lNoka3Hwkosa i norapudmivHa dyHKUII
TocmiroBHICTE paiOHATBEHUX YuCcen o, + By, oy + Py, oz + B, ...
3biraersca o yucaa o + . Tomy mokHaA 3anucaTu, 110

x% 2" =lim 2% lim 2™ =1lim (2% . 2" ) = lim 2% P = x*P,
S n-»xw n-~»x R ~»x
0000 P0 00000 ONOOIDOIOOINOIOIOLOIOOIRNOONOIBDRDY

S e —

NMPUKNAL 1 Copocrite Bupas (

.I‘ Poszeé’aszanmns. Maemo:
" (@ +1) (@7 -a?"1a7) (a7 +1)(a?7" -0 +1) a7
|

| -‘5 G 103 0l
: aV" +a’ (aa\7+1)a\ﬁ

|
i 347
f iy i

| asﬁ +1 |
ObGepemo aesike HoxaTHE YMCIO a, BiamiaHe Big 1. KoxxHOMY
.’ HiHCHOMY YHCJIY X MOYKHA MOCTABUTH Y BiANOBiAHICTE AoxaTHE
(| yucao a*. Tum camum sazgano ¢pysknino f (x)=a*, ge a > 0,
i‘ ’ a # 1, 3 obnactio Bu3HadeHHA R.
w’ f 1o pyHKOiI0 HA3UBAIOTH MOKA3HUKOBOK (DYHKUIEKO.
[ 3’AcyeMO JeAKi BJIACTUBOCTI MOKA3HUKOBOI (DYHKIIIT.
i IIpu a > 0 i 6yab-AKOMY X BUKOHYEThCH HepiBHiCTH a* > 0.
| Tomy o0nacTs 3HaYEHb NMOKA3HUKOBOI (DYHKIII CKJIagaeThCs
| TiIBKH 3 JOAATHUX YHCEJ.
‘ }} MoskHa rokasaTH, 10 A8 fagoroyuciaa a, nea > 0ia#1,
| i gnsa OyAL-AKOTO AOJATHOTO Yucsja b icHye Take 4HCjIO X, UI0
, “ BHKOHYEThLCA piBHiCTEL a* = b.
,h % CkasaHe o3Hadae, 10 001aACMI0 3HAYEHb NOKA3ZHUKOB0L ‘
| Gpynryii € mroxwuna (0; +o).
’, > IToxa3nurosa PYHKYLA He MAE HYNI8, i NPOMIKCOK (—w; +o0)
€ il nPOMINCKOM 3HAKOCMmaAroCmi.
| % IMTokazHukoea PYHKYis € HenepepeHow.

Ilokasxxemo, mo npu a > 1 nokaznukxosa pyrnKyia € apocma-
’l 10wo10. JIna nporo CKOPUCTAEMOCSH JIEMOIO.

I

4

!

Jdema. Axwo a>1i x>0, mo a*>1; acwo 0 <a<1 |
| ix>0,mo0<a*<1. |
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16. CreniHb 3 4OBINbHUM AIVNCHUM NOKa3HUKOM. NokasHUKoBa (hyHKUIA

1 v2
Hanpuknan, 2* >1, 0<(%) <1

PosranssEeMo foBinbHI yKucaa X, i X, TakKi, mo x, > x,, i QyHK-
mito f (x) = a*, pe a > 1.
Ockinbku x,> x,;, T0 X, — x; > 0. Toxi 3a nemo0 maemo:

X,
X.

: a” z :

a® " >1, 70610 —>1. Ockineku a™ >0, To a® >a". 3Big-
a 1

cu f (x3) > f (x)).

Omxe, MM DOKasajlu, 0 3 HEPIiBHOCTI X,> X, BUILIMNBAE
HepiBHiCTE f (x,) > f (x,). Ile osHauae, mo ¢yHKLiA [ € 3poc-
TAIY0I0.

Amnanoriuao MoxxHa nmokasaTu, mo npu 0 < a < 1 noxasnu-

Ko8a (pyHKyia € cnadHolo.

% OckinbKM NmoOKasHUKOBa (GyHKHisA € abo 3pocramuon (mpu
a > 1), abo cnagsoo (npu 0 < a < 1), TO BOHA He MAE MOYOK
excmpemymy.

IToxasnukosa pyHkyis € Oupepenyiiiosron. JleranbHinle mpo
MOXiZHY TOKa3HUKOBOI (GyHKIII BH AidHaeTecsa B m. 23.

e

u: Ha pucyskax 16.1 i 16.2 cxemaTuuHo 300pakeHO rpagik
\ MOKa3HMKOBOI yHKHIil ana Bunmaakis a > 11 0 <a <1 Bix-
} IMOBiHO.
. 7 vk
]
|
i o
J
' 0<a<l1
;f Ay =ar i
1 : a> 1 1
I — 3 GSE\A
I & 138 G o] 1 x
'I Puc. 16.1 Puc. 16.2
([ 3okpema, Ha pucyHkax 16.3 i 16.4 zobpakeHo rpadixku
|

l’ byEROin y = 2* i yz(%} .
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§ 2. Moka3HukoBa i norapumivHa pyHKuil

[ [y
| [WFEE

|
B,
\

N

~

I f 1 |
i — ~
| 0 o171 [x

<
|
il
“ |
|1
|
|
!
|
|
| .
AL Puc. 16.3 Puc. 16.4
:
]
]
:

ad

3ayBakuMo, mo npu @ > 1 rpadik mokasHuUKoBOi HyHKIII
g! Ma€e ropu3oHTanbHY acuMnTory y = 0 npu x — —c0. AHaJOrivyHO
!“ npu 0 < a < 1 rpadik moxkasHMKOBOI (HYHKIII Mae ropusoH-
‘_f TanbHy acuMnTory y = 0 npu x — +o0.
t; IToxasHukoBa (DYHKIIA € MATEMATHUUHOI MOAEJII MiJol
!3 ‘J HUBKH [POIECiB, AKi Bi0OyBaOTHCA B IPUPOAL Ta B AiAJIBHOCTI
Il JIIONVIHHA.
[ Hanpuxknan, 6iomoram BiiomMo, 110 KoJIOHisA 6aKTepii y nes-
37 HUX yMOBaxX 3a pPiBHI IPOMIKKM yacy 30iJbIIyE CBOIO Macy
1! B OJHY i Ty caMy KiJbKiCTb pasis.
" ITe o3Havae, 10 KOJIM, HAIIPHUKJIAA, Y MOMEHT dacy t =0
3 Maca JopiBHIOBasia 1, a B MOMeHT yacy ¢ = 1 maca ZOpiBHIOBa-
1 Ja a, TO B MOMeHTH 4acy t =2, t=3, ..., t = n, .... Maca Jo-
l‘ piBHIOBaTHMe Bignomigmo a’, @°, ..., a", ... . ToMmy IpUPOAHO
‘

BBQYKaTH, 110 B OyAb-AKUNA MOMEHT 4acy { Maca ZOPiBHIOBATHME

| a'. Mosxaa nepesipuri (3pobiTh Ie caMocTiifHo), 0 3HAYEHHA
dyarnii f (1) = @' 36inpmyersea B ofHY it TY caMy KinpkicTs

’ pasiB 3a piBHI NPOMIXKKH Yacy.

Takum YMHOM, PO3IVIAHYTHUN IPOIEC OMUCYIOTH 3a JOIIOMO-

i roio MoKasHUKOBOI dyHKLii f (1) = a'.

5 3 kypey GisukH Bizomo, mio miz dac pafiOaKTHBHOrO pO3-

-,' najgy maca paZioaKTHBHOI PeYOBHUHHM 3a PiBHI MPOMiXKKH yacy

: ‘ 3MEHIIIYEThCA B OAHY ¥ Ty caMy KiJbKicTh pasis.

‘ ‘ Armo nokacTu rpouri B 6aHK IT1iJl IEBHUM TIPOLIEHT, TO KOMXK-

| HOT'O POKY KiJIBKICTH rpomieil Ha paxyHKy 6yae 30inbpmryBaTucsa

’l B ONHY ¥ Ty caMy KiJIbKiCThb pasis.

Tomy nmokasHuKOBa (PYHKIisA onucye i i mporecu.
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16. CreniHb 3 AOBINbHUM AIMCHUM NOKa3HUKOM. NokasHukoBa PyHKUIA

V¥V rabauni HaBegeHo BaacTUBOCTI QyHKOiI y = a”, ge a > 0,
a # 1, BUBYEHi B IIbOMY OYHKTIi.

O6s1acTh BUBHAYCHHA R

Ob6aacTs 3HAYEHB (0; +)

Hyni ¢pysrmoii —

IIpomisxkku

: y>0mnaR
3HAKOCTAJIOCTI

Axmo a > 1, To hyHKIiA
€ 3pPOCTaY0I0;

3pocTaHHA / ClIaJaHHsA .
/PR akmo 0 < a < 1, To QyEKIiA

€ CIaJHOIO
HenepepsHicTh HenepepsHa
HudepeHiiiioBHiCTH HudeperniioBra

Axmo a > 1, To rpadik pyHKIIl
Ma€ TOPU3OHTAIBHY
acumnrory y = 0 nmpu x > —0;
axkaio 0 < a < 1, To rpadik bpyHKIil
Ma€ TOPU3OHTAJIBHY
acumnrory y = 0 npu x — +

AcuMnToTu

NPUKNAJL 2 3maiiaiTe HaiiMenme i Haibinpme 3HaYeHHA
dbyukuii f (x) = 3" ma Bigpisky [—4; 3].

Pozé’azannsa. Ockineku QysHKIisa f spocrae Ha Bifgpisky
[-4; 3], To HaiiMeHIIOroO 3HAYEeHHA BOHA HaOyBae npu x = —4,
a Haubinemoro — npu x = 3.

Omxe,

. g e
m{g}f(x)—f( 4)=3 =3

max [(x)=1(38)=8%=217.

Bidnoeids: i, 27.
81
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§ 2. Noka3HumkoBa | norapudmivHa pyHKUii

VA ] e e ———— ) ) (o S Py
Posé’azanns. Ockimeku 0<+2-1<1, a I x |20, To

(\/é—l)mé(\/g—l) =1. Boxgnouac sin® x + 1 > 1. Takum uu-

HOM, [laHe DiBHAHHA PiBHOCHJIBLHE CHCTEMI

{(\/5—1)" -1,

e
sin“ x+1=1.
3sinacu x = 0.

Bidnosiows: 0.
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. Brnpaswu

16.1." O64ucxiTL 3HAYEHHA BUPA3Y:

1) 3(\/2 l 32\,2 3) : 6 J5+ 1) 36 \-’.
= \V8 annt
alon (3]

16.2." 3BaiiiTh 3HAYEHHS BUPA3y:
’ 1 2V3 7 J6 B -25
1y 5U64F =(5J ;2 (@) 3 ((¢10)°) .
16.3." loseniTs, mio:

\8 \f3 ‘{27 PN \”i‘é AL 4 \fl_g_ =
D)oL LisBe 2y (l) (e By it g,
5 8 4\.']08 X 6\’21

16.4." IlopiBHsaiiTe 3 yncaoMm 1 cremiHb:

1) [1] ; 3) 0,6%%; 5) [3];

-4 5

- J3 Jé
) (3] s e
)(3 o 3 6) 4

16.5.° ki 3 ganux uwmcen 6ixpmii 3a 1, a axi mermi Big 1?

J10
194,872 112) [%] TR 4) 0,3".

/
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16. CeniHb 3 AOBINLHUM AINCHUM NOKA3HWKOM. Noka3HuKoBa yHKUIA

16.6." fixa 3 gaHuX PYHKIIN € TOKA3HUKOBOIO:
Hy=x% 2y=Yx; 3)y=6% 4) y = 6?
16.7." I pynTyiounch Ha AKii BIACTHBOCTI MOKA3HUKOBOI QYHK-
il MOKHA CTBEpAKYBaTH, II0:

o W)

16.8. YkaxiTs, AKi 3 JaHUX QYHKIIN € 3DOCTAIOYUMHU, a AKI —

coajHuMMHU.:
1) y = 10% 8) y=275% 5) y = 2%.3%

5)" £ 1) via 1%
2 :(—J; 4 :[—j ; 6 =12‘-(—].
)y = )y = )y P

16.9." ITo6yayiire rpadik pyskmii y = 3*. ¥V Akux mMexax ami-
HIOEThCA 3Ha4YeHHA (PyHKIII, Koau x 3pocrae Bixg —1 mo 3
BKJIIOYHO?

16.10." TIo6yay#re rpadirk pyHKMIii y=(§] . ¥ AKHX MeKax
3MiHIOETHCA 3HAUYEHHA (PYHKHII, KOJM X 3pocTae Big —2 1o
2 BKJIIOYHO?

16.11." ITopiBusaiiTe:

1

1) 5@ . B i [3}3; 5 (v2)° 1 (42)";

-2,7 2,8
2)0;3% ‘i 0,3°% 4)0,17% i '1; 6) G) i G) )
16.12." IlopiBHaiiTe 3 yncaoM 1 3HAYEHHA BHPAa3y:
2 1
43 '6) 2
1 (—J : 3 (—) ; 5) 0,62°%%;
) @ ) = )
2 ) 1
2) [3]‘ 4) (11 b 6) 3,147,
16.13." IlopiBHsaiiTe 3 uncaoM 1 goxaTHe YHCIIO @, AKIIO:
5 2
1)“a® >a3; 8) TS ght
2) a” <q** 4). a™" <at
11 AnrcGpa Ta nouaTku ananisy, 11 xa 161



§ 2. lNokasHWKoBa i norapupmivHa hyHKLII

16.14." TlopiBHsAMTe YHCcHa M i n, AKIO:

1) 0,8" < 0,8"; 3) (3) >(§J :
T 3 3
2) 3,2" > 3,2"; 1) (13) <(13] :
7 7
16.15." CuopocriTh BHpas:
’ ] L 2 2V3 242
1) (@® +2)(a“‘ —2)—((1"’ +3) 8 f%+1;
(a”® +6%2)
21 7 $24 _ ¥s1
2) a - a? a 4) a”’ l_a ” +1.
a*V" -a*" a® -1, a1

16.16." CrpocriTh BUpas:

(a2 _1)(a" +a2V8 4 g3 )

1) = ;

al J6 =¥

1
2) ((@"+b")’ —(a”-b")* ).
16.17." Yu € npaBUIBHAM TBEPAKEHHS:
1) Haitbinpme 3HauyeHHs GyHKOii y = 0,2° Ha nDpomixk-
Ky [-1; 2] mopiBHIOE 5; !
2) obnactio Bm3HayeHHA QYHKHII y =4 — 7° € MHOXKHHA E
MIMCHUX YMCeJ; i
3) obsacTio 3HaYeHb PyHKLII y = 6 + 5 € mpomixkok [5; +x);

s

4) HaliMeHIlle 3HaYeHHA (QYHKII y:(Z) Ha IPOMiK-
Ky [—2; 2] nopiBHIOE 167 !

16.18." 3uaigiTe ob6nacTs 3HaAYEeHb (QYHKILIL:

1) y =-95 2)y=[%] +1; By=T7-4; '§hy=6"*.

16.19." 3naiigiTe HaibinbmIe 3HaYEeHHA (PYyHKILII y=(gj Ha

npomixkky [—2; 3].
16.20." Ha axomy npoMiKKy Haibinbie 3HadYeHHA (QyHKIII

; % 1
y = 2" nopiBaioe 16, a HalimeHIIe — Z?
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16. CreniHb 3 AOBINbHUM AINCHUM MOKa3HWKOM. Moka3HWKoBa yHKUIA

16.21." Ha sxoMy npoMiKKy Haibisbme sHadyeHHA (DYHKIII
x : " 1
y:(g) popiBHIOE 27, a HallMeHIIe — 5?

16.22." PosB’siokiTh HEpiBHICTE:
1) 2°>-1; 2) 2% >-2.

1
16.23." Posp’skiTe HepiBHicTs 2% > 0.

16.24." IToGyayitTe rpadik GyHKIII:

1 x+2
y=2"-1; 4)y=[-2—j :
2)y=2""1 5) y=-2%
3) y=(%) +2: 6) y=5-2".

16.25." Ilobyayitre rpadik GyHKIii:

1 x-2
Dy=3"+1; 4)y=(§) ;

1 X
2)y=3"Y 5 :*[*} ;
)y )y )

3) y=(%] 054 LeBhgner-8® — 1.

16.26." I'padik skoi 3 QyHKIi, 300parkeHnX Ha pUcyHKY 16.5,
neperuHae rpadpik ¢ysknii y = 5 Ginpme HiK B OmHIN
TOYIi?

« YA YA
N
\\ £
5\, -5\, 0]
; N \
; \ _i \
0 5\ -5\
a 0 8

Puc. 16.5

1* 163




§ 2. lNoka3HukoBa i norapumMivHa yHKUIT

16.27." Ha pucysky 16.6 ykasxits rpadik pyHKOii y = (ij -1.
y \-‘/
\
- x
O s =
8

2

3

Puc. 16.6

16.28." ITopiBusaliTe (7+4 \/5){"2 i (7—4 \/5)5'6 4

16.29." YcraHoBiTh rpadivyHo KibKiCTh KOPEHIiB DiBHAHHA:
1)r2* =% 3) 2* = sin x;
2) 2% = x%; 4) 27 =2 — x%.

16.30.” YeranoBiTh rpadivyHO KiJBKICTh KOPEHIB DiBHAHHSA:

5 gt L 4 e 1V 4.3
n (Ej W 2) (3) it v d (3) Mg

16.31.” Ilodyayiire rpadik GyHKIii:

)y=2%, Hy=[2"-1}|;
2)y=2"%+1; 4) g4 2%—1‘.

16.32.” ITobyayitre rpadix GyHKIIi:
1)y=%; 2)y=8*1-1; 3 y=|3-1|

16.33." Tlo6yayiire rpadix dymkmii y=+2°"" -2.

16.34." 3uaiigiTe Halbinblre i HaliMeHIIe 3HAYEHHA QYHKIIL:

1 sin x v :
1) yz(Z) ; 2) y=8"""-2,
16.35." 3naiaits Haibinbme i HaliMeHIle 3HAYeHHS QYHKIII:
cos x |
1
1) y =67 2) y=[gj +5.
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16. CreniHb 3 AOBINbHUM AINCHUM NOKA3HUKOM. MNokasHMKoBa (hyHKUIA

3"‘49009090956900003.0'0.0.&@.0000.0.00@‘

16.36." Po3p’aKiTh HEpPiBHICTH:

D000, D205 >_£3 3) 2" * > arccos x:— .

16.37." Po3B’AKiTh HEPiBHICTH:
y { n :
1):2" >8in ' — 15" 2) 2‘”>arcs1nx—5; 3)2**>cosx - 1.

16.38." ITobyayiiTe rpadik GyHKIIi:

SO0 OO OOV ITONENOLTIOSTOIPDOEEDSTOEPRSDS

4 2* -1
Dy=|2"*"-1}; 2) y=——-.
y=| A bt Py
16.39." ITobyayiire rpadik GyHKIii:
. PEg|
)= 1—'3‘”|; 2) :l—_
y=| ST

2(sin X +cos x)2

16.40." 3mailigiTe obnacTs 3HaYeHb QYHKIIL f(x)=
16.41." Buafigite 06aacTh 3HAYeHb DYHKNII f (x) = 3/#" <=,
16.42." Po3B’si2kiTh DIBHAHHA:

1) 2°%* = x* + 2; 2) 2% =cos x.

16.43." PoaB’saXKiTh pPiBHAHHA:

(L N N B N N ENBENENEBEMEBZEZM®REZSEJBE®E NN B B N

|x|
1 . |
1) (5) =x?+1; 2) 2'*! = cos x.
16.44.” Po3B’sxiTh HepiBHiCTb
1) 2” > sin x; 2) 2% >|sinx|+1; 8)i2':F 1=+,
16.45.” Po3B’s12KiTh HEpPiBHICTE:
1) 2% > cos x; 2) 2% > +1.
s o : A 2*-1 o
16.46." HocnixiTe Ha napHicTh QyHKIIO Y= e
7 2
. 9% _Jg*
16.47." NoecnimiTe Ha mMapHICTL QYHKIIIO Y = TS
+

ki f)
{221

oo OPOeNS

16.48." ocrigiTs Ha mapHicTh QyHKII0 Y = (2 +4/3 )
)

16.49.” MocaimiTe HA MAPHICTE QYHKINIO Y = ( J2+1

o0®
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§ 2. [NokaszHukoBa i norapudpmivHa pyHKuUIT

. - . . e 2’ oy 1
. 16.50." 3uaiigiTe o6acTs 3HaYeHs QYHKIIT Y= g
p =
9 x
* 16.51.” 3uaiigiTe o61acTs 3HaYEHb QYHKIIL Y = T
L J —

L B B B B B BB B BB N R N R N N A N RN R N R N NN N NN N N NN

l FoTyemocs o BUBYEHHA HOBOT TeMM

16.52. Ilopaire uncaa 1; 4; 8; 16; 3%; é; \/é; 9/‘_1—; §32

; 1
y BUIVISIAI CTENeHs 3 OCHOBOW: 1) 2; 2) 2!

16.53. Ilomaiite uucaa 1; 9; 81; 51;; \/E’?; {243 y Burnani

1
cTeneHsa 3 OCHOBOIO: 1) 3; 2) —.

16.54. CopocriTs BHpas:
1)71+l+7x; 5)2x+3+3.2x+2_5.2x+1;
1-x x

6) (%J +362 —6**";

7) gx+l s, 32x+l;

8) V252 -2.5°+(v5)" ",

mnoxaauuxosi PiBHAHHSA

Poarissaemo piBHAHHA 2° = 8,
3: A 3x ~1 £ 4’
0,374 =0,3",
¥ Beix nux piBHAHHAX 3MiHHA MiCTHTBCHA TiJIbKH B IOKA3HHU-

Ky creneHss. HaBeeHi piBHAHHA € NIPUKJIAAMHA MOKA3HHKOBHX
PiBHSAHB.

2) 10 % - 10%
3) 2x+l + 2:»-4;
4) 8*+1 8 4 857N

Teopema 17.1. IIpua > 0ia # 1 pienicms a™ =a™ eu-
KOHYeEMbCa modi i mineku modi, Konu x, = x,.

Josedenna. ® OueBUAHO, IO KOJU X; = X, TO @' =a 2,
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17. NoKa3HUKOBI PIBHAHHA

IloBememo, mo 3 piBHOCcTI @' =a™ BuNAUBae piBHiCTH
X, = X,. IIpunycTuMo, 1o x, # X, T06TO X, < X, 260 X, > X,.
Hexaii, HampukJIam, x; < X,.

PosrinsremMo mokasHMKOBY (yHKILiO y =a*. Bora € abo
3pocraw4orw, abo cnaguoo. Toxi 3 HepiBHOCTI X, < X, BUIIH-

Bae, mo a! <a'? (mpma>1)abo a” >a™? (upu 0 < a < 1).

. . X X,
IIpoTe 3a YMOBOIO BUKOHYEThCA piBHicTE a'! =a 2. Orpumann
CynepedHiCTh.
AHANOriyHO PO3IJIANAIOTh BUNANOK, KOJHU X; > X,. A

Hacaninok. Axwo a > 0ia # 1, mo piénanna

al® = g8 ® (1)
piBHOCHJIbHE DiBHSHHIO
f(x) = g (x). (2)
Hlosedennsa. ® Hexait x, — KopiHb piBHAHHA (1), ToOTO
a'™ =a*™, Toxi za Teopemoro 17.1 orpumyemo, mpo [ (x,) =
= g (x,). OTxe, X, — KOpiHb piBHAHHA (2).
Hexaii x, — KopiHb piBHAHHSA (2), T00TO f (Xx,) = & (X)).
3gigen a’"? =a*"?,

Mu nokasaniu, [0 KOXKHHUMA KOpPiHb piBHAHHSA (1) € KOpeHeM
piBHAHHA (2) i HaBIaKH, KOXKHUYU KOPiHb piBHAHHSA (2) € KOope-
HeM piBHsAHHSA (1). OTxe, piBHAHHA (1) i (2) piBHOCHABHI. A

PoarisaaeMo NpUKJIaAN PO3B’A3yBAHHSA ITOKA3HUKOBHUX PiB-
HAHB.

NMPUKNAL 1 Poss’sxite piBasaEa (0,125)° = 128.
Poszé’aszannsa. llogaMo KOKHY 3 YaCTUH DIBHAHHA Y BHU-
IISAL cTemeHs 3 ocHOBOIO 2. Maemo: 0,125= % =2%3128 = 2",

3anuiemMo:
(2".1).( - 2|; 2'J.r . 24.
Ile piBHSHHS PiBHOCHUJIbHE PiBHAHHIO
-3x = 1T.

: 7
3Bigcu x=——.
3

7
Bidnoeidv: —5.
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§ 2. lNoka3HukoBa i norapumivHa yHKL

NPUKNAR 2 Poss’soxiTs pisasaasa 2° 2 +5% 2 =0,01-(10% )",

POJG’ESGH.H.H. CKOpHCTaBLUPICb BJIACTHBOCTAMM CTeEIIeHsd,
IOJaMO KOXKHY 3 YaCTHUH PiBHAHHSA Yy BUIVIAZLL CTEIeHA 3 OCHO-
Boio 10. Maemo:

(2 . 5):2» 3 = 102 . 10'31‘ 3;

10 -* =10%-5,
ITepexoaumo 0 PiBHOCHJIBHOTO PiBHAHHSA:
x* -3 =38x-5.

BBigem x* - 3x+2=0; x, =1, x, = 2.
Bidnosgiow: 1; 2.

NMPUKNAL 3 PosB’skiTh piBHAHHA
212’(, oin 46x—l i 8-!:—1 i 163:—1 = 1280.
Poszé’azannsa Maemo:
212x 0 0 T 212x 2 + 2121 KW 2121 4= 1280;
212 -4 (2% — 22 4+ 2! — 1) =1280; 2'* *.5 =1280;
21%-4_256; 2% 4-25 12x-4=8;x=1.
Bionosios: 1.

NMPUKNAL 4 Po3ss’skiTh piBHAHHS
2.3*t2 gt 51 4 4.5%
Poszé’azanna Maemo:
3*(2-32-3)=5"(6+4); 8°-15=5%+9;

3= (3] =5
5 15 5 5
Bidnosiob: 1.

NPUKNAL 5 Poss’sxkite piBasaaHEsa 25 +4+5° — 5 = 0.

Pozé’azanna. Ockinekn 25° = (5%)° = 5** = (5*), 1o nane
PiBHSAAHHA 3PYYHO PO3B’A3yBATH METOJOM 3aMiHU 3MiHHOI.

Hexaii 5 = t. Tozai 3ajane piBHAHHEA MOYKHA [IEPEIIUCATH TAK:

t*+4t-5=0.

3Bigcu t = 1 abo t = —5.

fAxkmo t = 1, To 5* = 1. BBigen 5* = 5% x = 0.

Akmo t = -5, To 5 = 5. Ockinsku 5° > 0 npu 6yas-
SAKOMY X, TO DiBHAHHA 5° = —5 He Mae€ KOpeHiB.

Bidnosios: 0.

168




1

17. MNoka3HnKOoBI PIBHAHHA

NPUKNAL 6 Poss’sxits piBaaana 4+ 2% — 6° = 18- 3%,
Pozé’azanna. Maemo: 4+2% — 2.3 — 18-3* = 0.
Ockinpku 3** # 0 npu 6yAb-AKOMY X, TO, HOALTHBIIN OOU/BI

YACTUHM PiBHAHHSA HA 3°, OTPMMAaEMO DiBHAHHSA, PiBHOCHIbHE

JaHOMY:

22x 2.x

4.—
32.) 31

x

gk >
-18=0; 4(2—] —£——18:0.
3 3"

- ' ,
Hexait [é] =t. Toxi mokHa 3anucatu 4t° — t — 18 = 0.

2] -3
3 4

G 2 .
OckinbKu [EJ >0 npu Oyab-IKOMY X, TO Iepuie piBHAHHA

CYKYITHOCTI po3B’si3KiB He Mae. [[pyre piBHAHHA CYKYIIHOCTI
IePeruIIeMo TaK:
3 2
2 2 ;
[—) :[—) . 3Bigcu x = —2.
3, 3
Bidnosiov: —2.

§.0‘0...'00‘0...0‘0.00‘0‘.‘0..00.00..0.

\ X

: 2Y {5 :
Posriaaemo GyHKIIIO f(x):[ J +[ ?J . Ockinbku QyHKIIII

”

v

" 3 <

NMPUKNAL 7 Poss’sokiTe piBEAHEA 2° + 5 = 77, o
Po3é’a3zanns. OueBUAHO, MO X = 1 — KOpiHb JAHOTO DPiB- 4
HaHHA. [Tokaxkemo, 10 1eif KOPiHb — €AUHUM. 3
IMopimuBmm o6UABI YaCTMHM MOYATKOBOIO DiBHAHHA HA T , e

/ \.l' 5 x :

OTPUMAEMO: L—J +| = =1. s
7 7 °

B

Y

]

o

o

B

N3 '5Y .
y :(;J 1 Y= {;] € cnagHUMH, TO QYHKIIA [ TAKOXK € craj- ®
<o
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§ 2. [NokazHukosa | norapmdmivdHa pyHkuUil

HOIO, & OTKe, KOXKHOI'0 CBOI'0 3HAUEHHA BOHA HAOYBAE€ TiJIBKH
oauH pas. Tomy piBHAHHA [ (x) = 1 Mae eguHNA KOpPiHb.

Bidnosgiov: 1.

NPUKNAL 8 Ilpu sxkux 3HAUeHHAX NapaMeTpa @ PiBHAHHA
4" — (a + 3) 2" + 4a — 4 = 0 mae eaAuHUNA KOPiHB?

Posé’azanna. Hexau 2° = t. Maemo:

t?—(a+3)t+4a-4=0.

3Biacu t, = 4, t, = a — 1. OT:Ke, NOYATKOBE PiBHAHHA PiBHO-
CHUJIbHE CYKYITHOCTI:

25 =4,
2" =a-1.

Ilepmie piBHAHHSA CYKYIOHOCTI Ma€ €IUHHHN KOpiHBL X = 2.
Jlpyre piBHAHHSA CYKYIIHOCTi IpH KOKHOMY 3HAUEHHI Imapamer-
pa a abo mae ofuH KOpPiHBb, a00 B3arajii He Ma€ KOpPEeHiB.

Jns BUKOHAHHA YMOBM 3aadi Apyre piBHAHHA CYKYIIHOCTL
IIOBUHHO a00 He MaTH KOpeHiB, a00 MaTH €IUHUNA KOPiHb, AKUA
JopiBHIOE 2.

Axmo a < 1, 10610 @ — 1 < 0, To piBHaAHHA 2" = a — 1 Ko-
PeHiB He Mae.

Yucno 2 € KOpeHeM ApPYyroro piBHAHHA CYKYITHOCTi, SAKIIIO
2° = aq - 1. Bsigen a = 5.
Bidnosiov: a < 1 abo a = 5.

. Bnpaan
17.1." Po3B’siskiTe DiBHAHHSA:
1) 4 = 64; 6) 8" = 16;
2) 8% = 7) 0,16* =2;
81 2
3)0,6* *=1; 8) V5* =25;
4) 10 = 0,001; 9) 0,25° 4 =21,
x-1 x-1
5) 25~x=23x—7; 10) (é) .(ﬂ) =g;
9 8 3
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17. lNoka3HWKOBI PIBHAHHSA

11) 2%+ 5% = 0,1+ (10 " 1)%;

o (47

2-x
13) 36* =[—1—) ;
216

17.2.° Po3B’siokiTh piBHAHHA:

1) 0,4 *=1;
(2]
5) 3
3) 0,7 =2-2;
49
4) 97 = 27;
2
5) V2* =83;

2x+3
6) (EJ =4,5"%;
9

17.3." Po3B’si3kiTh PiBHAHHSA:

1) 3**2 + 3* = 30;
2) 4! + 4% = 260;
3) 2**4 - 2* = 120;

17.4.° Po3B’sioKiTh PIBHAHHA!

5" 4+ 5 ="150;
2) 2 + 2% = 18;

17.5." Po3Bs’s3xiTs DiBHAHHA:

1)2*-6-2"+8=0;
2)9*-6-3"—-27=0;

17.6.° Po3B’sKiTh PIBHAHHA:

1) 6* — 36" — 18 = 0;

17.7." Po3s’sikiTh piBHAHHA!

3
1) %-\/33’*‘ w81

14) 5\'2 2x :612 Z.r;

15) 3:‘ 1 < 6.r.2'.r.3,r< l.

7) 100* =0,0110;

o (] (2] -2
5 8 ) 64

9) 2:»1-3.1' l:_l__'62,x..');
36

B 3

10) 325" " =4" 2,

11y 3=

12)18%=% £10:125%°,

) TN+ 4T =177;
5) 5* + 7+5° "% = 160;
6)6'' —4.6*"'=192.

)T 2+ 4.7 =347;
4) 4* — 3+.4*" % = 52,

3) 25" - 5* - 20 = 0;
4)100:0,3* +91+:0,3* -9 =0.

2)2:4"—-9:2"+4=0.

2) 4*-3°*1=0,25-12% Y
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§ 2. lNoka3Hukosa i norapvmivyHa pyHKUii

{ ! — ——— —— - —— - ——
l 3) 4.2coax=\/§; 5) 5x~1=10x'2~x.5x+1;

| 4) 0,25-2% =30,25.4>;  6) Yo =—5\7—§.
]
|

17.8." PoaB’sKiTh PiBHAHHS:
1) £§=83"; 3) 2x—l=122x'3—21.2x4l;
16 ’
49
Vi d
‘ . 17.9." Po3B’skiTh piBHAHHSA: ‘
1) 2+ 21 + 2*" 2 = 56;
2)6:5"—-5"*"1—-3.5°"1=10;
1 8)2: 7"+ 7***-8.7""1=354;
’ 4)4*° 2 -3.2%"1 4+ 5.2% = 228;
‘1

2) 9.3sinx=\/2_7; 4) 57x¢l L

| 5)4.9],51-1_27x—l:33;
6) 0,5~ * + 3-0,25°* = 5;

1-0,5x
7) 2’“"+4*—[I%) 47

8) 4.83°-5.831-6.8"2=15.9" 1,

|
|
|

-v 17.10." Po3B’sKiTh PiBHAHHSA:
| 1)5**  + 5+ 5° 1 = 31;

2)8" "1 —2.3""1 - 4.3 2=17T;

' 3)2x‘2_2x+1+2x—1_2x—2___9;
| 4)2_32x+l+32:—1_5.32x=36;

3-x x-1
5) 6"‘2—(%] +36 7 =246;
Il 6) 5-2°1-6.2°"2-7.25* g1,
| 17.11." Po3B’skiTh piBHAHHSA:
‘1 1) 2%t — 5.2 4+2=0; 4)9°+~6:3""'=3;
i 2) 4" + 4" * = 10; 5)3**! + 32~ * = 28;
9 .21

| g g g

:
|
:
‘ 3)5* 3 -2.5""2=-3; 6)
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17. INOKa3HUKOBI PIBHAHHA

17.12." Po3B’sioKiTh DIBHAHHA:
1) 8% *1-10:83*+83=0; 4)4**"*+7.2°=4;

2) 22 % —~8.2""*4+1=0; 5)3-5*'-2:5""1=0,2;
5 5
+
3*-6 846

3)5"-0,2°"'=4; 6)

17.13." Po3B’siKiTh PiBHAHHA:
1)2.r+2.r*1+2x72:3x_3x»1 +3x—2;
2) 87 +2uip Tl gt 487 Y
8) 7 —5*t2=2+7""1 - 118+ 571,

17.14.” Po3B’sKiTh piBHAHHSA!

1) 6: + 6x—l [ 61-2 & 7x i 8.7.!—2;
2) 5:_2.51—1=3x+1 _2.3.:»2;
3) 2\/;+1_3\/;:3\/;—1_2\/;.

17.15.” Po3B’sKiTh DiBHAHHA!
2 x+3

1) 27; __2.3T _27=0; 5) 5.2coszx_2sin2x___3;
2) 49" 507" +1=0;  6) 4™ +4"*=3;

1

g) 271 =g. 91 1 g 7) 4'€°% 42~ _80=0.
4) 378 4315 _g;

“17.16.” Po3B’sKiTh PIBHAHHA:

g 2x+3
1) 85-2 * —32=0; 3) 2%02F _g.2%¢* 1 4 -0,
9) 5¥F2 _5iV=-2_4_0;

17.17." Po3B’axXiTh PiBHAHHA:
1)3:2% - 5.6+ 2-83%=0; 3) 749" + 328" = 4167
2) 2%*1 _7.10" + 259 =0; 4)9* +4*=2-6".

¢ 17.18." Po3p’axiTh DiBHAHHA:

1)4-9* - 7-12° + 3-16*=0; (2) 5-2*+2.5" =7-.102,
17.19." Posp’sikiTh piBHAHES V4" —2° —3 = \/4 +3 =T,
17.20.” Po3B’a:iTh PIBHAHHSA V1+8°-9° = \/4—3-3‘.
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§ 2. NokasHukosa i norapudmidHa yHKUIT

17.21." Po3p’siskiTh piBHAHHSA (\/2+ J3 )x +(\/2— 3 )x =4,

17.22.” Poap’axirh piBHAHHSA (\/4+\/T5) +(\/4—\/ig) =8,
17.23.” Po3B’siskiTh piBHAHHSA:
1
1) 472 +3+14=9(2’ +l);
4* -
ges g
2)9 2 +§;+26=16(3" +37%).
17.24.” Tlpn sAKUX 3HAYEHHAX llapaMeTpa a4 PiBHAHHA
9* —(a+ 1)+ 3" + 3a — 6 = 0 mae eauHNH KOPiHBL?
17.25.” Ilpu AKUX 3HAYEHHAX IapaMeTpa a4 PiBHAHHA
25+ 51— @¢® + a + 6 = 0 He Mae KopeHiB?
17.26.” Ilpm AxkuX 3HaYeHHAX NapaMeTpa 4 DPiBHAHHSA
4" — (a + 1)+ 2* + 2a — 2 = 0 mae gBa pi3HUX KOpeHi?
17.27.” Po3B’siKiTh PiBHAHHA:
1) 2% =8 — x:
2) 8* + 4% = 5%;
17.28." Posp’sxkiTh piBHAHHA:

YT F=x+2;
4) 8714+ 5° = 34,

18" =11 x; 3) 42 + 6% = 100;
2) 85~ % = x + 4 4 3-2=2,
X

17.29.% Ilpu AKMX 3HAYEeHHAX IapaMeTpa a PiBHAHHA
(Vx—a)(8%* -4-3° +3)=0 mae aBa Pi3HUX KOpeHi?

17.30." Tlpm axkux 3HaAUYeHHAX IapaMeTpa a4 PiBHAHHSA
(Vx —a)(2** -10-2° +16) =0 mae xBa pisHMX KOpeHi?

17.31.* Po3B’siokiTh piBHAHHEA 4° — (19 — 3x)+ 2" + 34 — 6x = 0.

17.32.% Poap’axire piBaaaEa 9° —(14-x)-3* +33-3x =0.
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18. Moka3HWKOBI HEepIBHOCTI

m Moka3HuKoBi HepiBHOCTI

Hepisnrocri 0,2° < 25, 2 + 5 > 1, 752" ¢ IPUKJIAAaMHU
NMOKA3HUKOBHX HEPiBHOCTEH.

{ IIpu posB’sizyBaHHI Dararb0X NMOKA3HUKOBHUX HEpPiBHOCTEH
i 3aCTOCOBYIOTEH TAKY TeopeMy.

i Teopema 18.1.ITpu a > 1 nepisnicmo a >a’? euxonyemo-
L cR modi i minvku modi, Koau x, > x,; npu 0 < a < 1 nepisnicmo
i a” >a euxonyemwvca modi i minvku modi, kKoru x; < x,.
i CopaBefnuBicTh 1i€el TeOpeMH BHILIMBAE 3 TOro, M0 ITPH
: a > 1 noxkasHuKoBa (QYHKIIA y = @ € 3pOCTAl4Y0I0, a IpPH
a 0 <a <1 e cnagHOMO.

: Hacainok. Axwo a > 1, mo nepisnicms a’' ¥ > a*"* pieno-
cunvha Hepienocmi [ (x) > g (x); axwo 0 < a <1, mo nepis-
nicms a' ¥ > a* " pienocunwvnra nepienocmi f (x) < g (x).

CKoOpHCTaBIINCEH iZIe€10 JOBEEHHA HACHIAKY 3 Teopemu 17.1,
JOBEAITH Lei HaCJHiJJOK caMOCTiiHO.
i

PoaryiaHeMo NpUKJIagu PO3B’sA3yBAaHHA IOKA3HUKOBUX He-
piBHOCTEI.

NPUKNAJL 1 Poss’suxkiTe mepismicts 8+ 2% ' < (0,5) .
Pos3é’azannsa. Maemo:
23 5 23.\r -1 < (2 l)~ l; 23: + 2 < 21.
Ockinbku ocHoBa cremenis 2% ' 2, 2! 6impma 3a ogumHMIIO,
TO OCTAHHA HEPiBHICTH PiBHOCHJIBHA TaKiif:
X w2=<"1,

: 1
3Bigcu 3x < —1; x<—§.

Bidnogiov: ( —00; — % J

2x x x
NMPUKNAL 2 Poss’skiTe HEpiBHICTH (E] (14—7) >[£) a
7 20 625

Poszé’'azanna. Maemo:
(5)-G) o) s (5 ) >[5
49) \ 20 625) ' \49 20 625)
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§ 2. lNoka3HukoBa i norapuMidHa QyHKUl

HECIRHESE

b i 3 N 2. :
Ockinpkn 0<—<1, TO ocTaHHs HEPiBHICThL PiBHOCHJIbHA
5

Takin: x € 4x; x 2 0.
Bidnosgiow: [0; +x). S
NPUKNAL 3 Poss’sskite mepiBricTs 4% -2*"D 48 3 552,
Poze’'azanna. IlepenuniemMo faHy HEPiBHICTH TaK:
9% _ 92x-2 4 92-4 y B9
3Bincn
2% -1 (2" - 22 + 1) > 52;
" Sl [ 82 0 0 R B
2=t > 9% 94 — 4.>.2: ¢ > 3,
Bidnogiov: (3; +x). 1

NMPUKNAL 4 Poss’skiTs HepiBHiCT 42 _739% Lge )
Poszé’sazannsa Maemo:

1
(2%

- +

2_7.277-4<0;
21 _7.2*-4<0;
2:27% -T7.2%-4<0.
Hexait 2= ¢t. Toni 2t* - Tt — 4 < 0.
Po3B’aA3aBIIM 10 HEPiBHICTH, OTPUMAEMO —é <t<4. 3Bigcu

o <2% <4,
¢ 1
Ockinpgu 2> 0, T0 2°° > s npu Bcix x. Tomy gocraTrHbO

po3B’sizaTH HepiBHiCTH 2 * < 4.
Maemo: 2% < 2% —x < 2; x > 2.
Bidnosiov: (—2; +x).

NMPUKNAL 5 Poss’sxite HepiBHicTh 4% — 2+ 5% + 10* > 0.
Posé’azanna. Maemo: 2 — 2+ 5% + 2%+ 5° > 0. Ockiabku

2 . .
5 >0 npu OyAB-AKOMY X, TO, IOXIJMBIIM OOMABI YACTHUHMU
ocTaHHBOI HepiBHOCTI Ha 5%, OTPUMYEMO PiBHOCHJIBHY HEpiB-

& 2x poa N2
HiCTH (EJ —2+(3J >0.
5 5
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18. lNoka3HnKoBI HepPIBHOCTI

) .
Hexaii [EJ =t. Toxi t* + t — 2 > 0. Po3B’s3aBIe IO He-

. t>L :
pPiBHICTBH, OTPHMYEMO { 9 3Bincu:
t<—2.

(&
(] <

2 X
3 HepiBHOCTI (:] >1 sHaxoammo, mo x < 0. HepiBHicTh
D]

2y ALy
(gj <—2 He Ma€ po3B’sA3KiB.
Bionogids: (—x; 0).

2

NPUKNALA 6 Poss’skite mepiBricTs 3° + 4% > 57,

-

X 4 x
Poszé’azanna. Maemo: [g] +(—-] >1.
0
. Rl 1
PosrasiremMo byHKIiO f(x)=[gJ +(g) . 3ayBa)Xumo, 110

f (2) = 1. Ockinbku pyHKUia f — cmagHEa, TO NpH X < 2 BH- 4
KOHYE€ThCA HepiBHIiCTE f (x) > f (2), a npu x > 2 BUKOHYETBCH ¥
HepiBHicTh f (%) < f (2). OTiKe, MHOIXWHOIO PO3B’A3KiB HEPiB- o
Hocti f (x) > f (2), To6ro HepiBHOCTI f (X) > 1, € MPOMIXKOK |
(—o0; 2). @ o

l Bnpasu

18.1. Yu piBHOCHIBHI HEpiBHOCTI:
TS 2k 4 > 2~ 15
2) 0,9°°4<0,9°"? i 2 -4 <’ +2
3)a*>a’, pea>1, i x>5;
4)a*<a®, ne0<a<1, i x<-3?
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§ 2. lNokazHukosa | norapumivHa PyHKuUII

18.2." Po3B’sio>kiTh HEpPiBHICTH:

x x+2
1) [1) L 6) 272*">(1] 8
8., 4 9
2) 5"<%; 0823
It eqeTh 8) 0,1** ! < 1000;
\N2-x
4) 0,45 > 0,4% "5, 9) (%J <216*"",

2_
5) 21 <8;
18.3." Po3B’sAXiTh HEpPiBHICTH:

)6 %> 8: 3) (g]x >(§)4; 5) 49" <(1JX;
3. 2, 7
2) 10° < 0,001;  4) 3*°~° >$; 6) 0,2 °° < 1.
18.4." CkinpKHu LinuX po3B’A3KiB MalOTh HEPIBHOCTI:
1)0,2<5 1< 125 2) %<6“‘<6; 3)2 < 0,5 ! < 322
18.5." 3HaigiTh CyMy HiJIUX PO3B’sA3KiB HEpiBHOCTEM:

1) l<3J"3<9; 2) l<22"‘<16.
3 8

18.6." 3uaiigiTs 006nacTh BUBHAYEHHA (QYHKIIL:

1) f(x)=,fl—[l) ; 2) f(x)=—~—3—~—.
2 3x’2_27

18.7." 3uajiigiTes 061acThs BU3HAYECHHA QYHKILII:
1) f(x)= (i} -16; 2) f(x)=v1-6"%,

18.8." Po3B’siTh HEPiBHICTE:

6x—x° \.') x-0,56
1) (l) >(1J ; 4) [sin %} >2;

4. 4
, \3x2 -4x 2.3
2) 125-L1j >(l) i g (?) <2
5 25 3 4
3) 0,6 ° <1; 6) 4-0,5%+9 > 0,25%,
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18. MNoka3HnKoBI HEPIBHOCTI

15.9." PoaB’saKiTh HEpPiBHICTH:

(3] "%
7 49

o)) <)

18.10." Po3B’sikiTh HEpiBHiCTSH:

1) 742 - 147" > 5;
2) 9-3%,' + 8* < 36;
8) 2° + 271 + 2°7% > 56;

18.11." Po3B’aAKiTh HEPiBHICTE:

1)3**% - 4.3% < 45;

("] »

18.12.° Po3B’sokiTh HEpiBHiCTSH:

1) 3%* - 4.3 - 45 > 0;
2)4*+ 2°*% - 20 < 0;
3)49* - 87"+ 7< 0;

18.13." Po3B’aKiTh HepiBHICTb:

1)9** -2.3"-7<0;

2) 2 +22-722>0;

18.14.” Po3B’sikiTh HEpPiBHICTE:

2_4¢

8) 0,8*°! >1;

1

x-1
4) (t ’—] >89
& -

/ x=1 \x+1
4)(1] +(1J > 26;
5 5
5)2-6'r+3'6""3<650;
x+1
) 3

3Y (3
ot
R
3) 5.r+5,\-1__5,x 2]\) 145’

2N (8 2
4) | = +—) &t
(5)45) <12
4) 0,25 - 12-0,5" + 32 > 0;

5) 6% —=.6*-4<0;
3
6) 25 + 5 — 30 > 0.

o) 5[t w0

4) 25" — 265" + 25 < 0.

5% -125 2% -1
% Ihe. Lok 2) >0.
x“"—-4x+4 x-1
18.15.” Po3B’sKiTh HEpiBHiCTE:

16-4* 5% —0,04 _
LECEN P36 2)'2 >0.
9x" +12x+4 S5-x

18.16." Po3s’saKiTh HEPIBHICTE:
1-3x 3x
1) 2%140,25 2 -42 >192;
2) 22); 1 + 22‘ re 22: 5 ~ 27 x + 2') £ 23 X
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§ 2. Noka3HukoBa i norapudmivHa DyHKUIT

18.17." PosB’saxiTh HEpiBHICTH:
1 ) S

1) 3*+3*  >84; 2)2.16* — 3-2% ! + 7.4%2< 120.
18.18.” BuaiigiTe MHOMKUHY PO3B’A3KiB HepiBHOCTI:

1)3*-9:3"-8>0; 3)6*2+6*-372>0;
x+1 1-x
2) 2:4 3 + 21—! < 17; 4) (?_) +(§) <§.
5 5 5
18.19." 3maiiaiTe MHOXKHUHY PO3B’A3KIB HepiBHOCTI:
1)8°'} - 28> 17T 2)4'"*-0,5'""* > 1.

18.20." Poas’sxxiTh HepismicTs 2°° —2V* <1,
18.21." Poss’axiTe HepiBHICTH go_grEgg,
18.22." Po3B’skiTh HepiBHICTH:
1 1 1
1)3:4*+2:9"-5:6"<0; 2) 5:25*+3-10* 22.4~,
18.23.” PosB’sikiTh HEPiBHICTH:

1 1 1
1)3+16" +2+81" - 5-36"<0; 2)2:49*-9:-14*+7-4* 20.

a.....0..0..C........................

18.24." Po3s’skiTh HEpiBHICTE:

1) x2-2°+ 1> 2% + 25 2) 25+ 2% — 10* + 5° > 25.
18.25." Poss’sxire HepiBHicTh X°+3* + 9 < x* + 3°*2,
18.26." Poas’sxiTe piBasEHa |83 - 1|+ |3 -9 |=8.
18.27." Posp’saxiTs pisgannsa |2 - 1|+ (2 -2|=1.
18.28." PoaB’siaKiTh HepiBHICTH:

1) 5> 6 — x; 2).5* + 12% <.13%,
18.29." Poss’sxiTs Hepismicts 10 * > 7 + x.

18.30." Poar’sxkiTe HepiBHicTh (2° -2)Vx*-x-620.

18.31." Poss’axiTe HepiBricTs (3° -9)Vx® -2x-8 <0.
18.32.% Jlnsi KOKHOro 3HAYEHHA IMApaMeTpa @ pPo3B’sKiTh He-

piBaicTs (x—a)3:2*-2-3" 20.

18.33.% Jlns xoHOro 3HaYEHHS NapamMerpa a po3s’sKiTe He-

pisricrs (x—a)/6-5°-5-6 <0.
18
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19. Jlorapudm | noro BNACTUBOCTI

: m Norapudgm i noro enacrmsocti

Jlerko posp’szaTu piBHsHHEA 2° =4 i 2" = 8. Ix kopenamu
OyayTe BianmoBigHO umena 2 i 3.

IIpore ans piBHsAHHA 2° = 5 oApasy BKasaTH HOro KOpiHBb
CKJIATHO.

BuEuKae nNpupoaHe 3alIMTAHHA: YU € B3araji KoOpeHi y 1boro
piBHAHHSA?

3BepHemocs g0 rpadiunoi inrepnperanii. Ha pucysky 19.1
3o6paskeHo rpadikm Gyskuii y = 2° i y = 5. Bouu neperuna-
OTHCA B AesAKii Toumi A (x,; 5). Omxe, piBHaHHA 2° = 5 Mae
€IMHNHN KOPiHb X,.

y=5 ¥ |
B x
y=a
AR
Puc. 19.1 Puc. 19.2

IIpore rpacdiuamii MeToJ HE AO3BOJIAE BCTAHOBUTH TOYHE
BHAYEHHSA X,.

3 noxibHOI cHUTyalliel0 MH 3ycTpidajaucs, pPO3B’A3yIOYHU
B 10 xuaci piBasHEsS x° = 5. padiuna inTepuperanisa TaxKox
IOKAa3ye, 10 Ie PiBHAHHA Mae €AuHUMN KopiHb (puc. 19.2).
ITorpeba HasmBaTH i 3amMMCyBaTH Meil KOPiHbL CBOrO 4Yacy IpH-
8BeJIa 10 HOBOIrO IMOHATTA «KyOiuHMI KOpPiHb» 3 ymena 5 i mo-
snauenns 5.

Kopius piBHAHHEA 2° = 5 JOMOBIINMCSA HA3UBATH JIOTapH(pMOM
yucaa 5 3 ocHoBoxo 2 i noguavatu log, 5. Takum ywHOM, YHCIO
log, 5 — 1e noka3HUK cTENeHs, A0 AKOro Tpeba mifHeCTH YUCIO
2, mo6 orpumaTu yucao 5. MokHa 3anucaTu:

278 5§
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19. Nlorapudm | oro BNacTUBOCTI

Iiro 3HAXO[KeHHS YMCJa ¢ 3a JaHUMH yucaamMum a i b, ne
a>0,a#1ib>0, sazusawTs JorapudmyBanaam yucaa b
3a ocHosoo a. Crnpaszi, ¢ =log, b.

3aszHaunmo, mo npu a > 0 gisa wacTuHa piBHOCTI @ = b
e pomaraoo. OTixe, b > 0.

Tomy npm b < 0 Bupas log, b He mae amicry.

Jlorapudm 3 ocEoBoio 10 Ha3UBAIOTHL JECATKOBHM Jorapud-
mom. 3amicts log,, b mumyTs 1g b.

BuKopucTOBYIOUM Iie IO3HAYEHHS Ta OCHOBHY JiorapugmMiday
TOTOMKHICTS, A1 KoxkHOTOo b > 0 MoxkHa sanucatu 10%° = b,

PoariisHeMo OCHOBHi BJIACTHBOCTI Jiorapugmis.

Teopema 19.1 (norapudpm nobyrry). Arxwo x > 0,
y>0,a>0ia#1, mosuxonyemoca piéHicms

log, xy = log, x + log, y

KopoTko hopMyn0Ts: 102apugm dobymiy 0opieHIoe cymi
Jozapupmis.

Hosedenns.© PosrisineMo ABa BUPAsu: a
JloBenemo, 110 BOHM PiBHi.

BuKOpPHCTOBYIOUH OCHOBHY JIOrapu(Mi4Hy TOTOMXKHICTH, 3a-

log, xy log, x+log, v

ia

IUIIEMO:
alogu xy _ xy;
alog,, x+logay alog‘, x alug,, e xy.
| +1 .
Omxe, @™ =g'*%a**%%¥ Bpinen 3a Teopemoro 17.1 orpu-

myemo, mo log, xy = log, x + log, y. A

Teopema 19.2 (norapudm ugacrru). Axwo x > 0,
y>0,a>0ia+1, moeuxonyemoca piénicmo

log, T log, x-log, y
y

KopoTko GopMyJIIOIOTE: J102apudm vacmicu 0opiéHI0E Pi3HUYI
Jozapugpmis.

CxopucTaBmINCh ie€r0 AoBeAeHHA Teopemu 19.1, nosenitn
IO TeOpeMy CaMOCTiiHO.

183



o X

§ 2. [NokasHukoBa i norapumivHa dyHkuii

Teopema 19.3. Axwo x > 0,a > 0ia# 1, mo dna 6yds-
akozo B € R euxonyemuvcsa pienicmo

log, x* = B log, x

Tosedenns. @ Posrasmemo nBa Bupasm: a' e i gP%e*,

JoBenemo, 110 BOHU PiBHIi.

log, xﬂ p

Maemo: a = s

a[}logax =(alngnx)ﬁ zxﬂ.
B ;
Omxe, a'®* =qa"'**  Bpixcn 3a Teopemoro 17.1 orpumyemo:
log, x* = B log, x. A
Teopema 19.4 (mepexin wixg oamiel ocwoem aora-
p"(bma o iﬂmo'l'). Hnlqo a> 0, a # 1, b > 0, e’ 0, C #* l,
mo 6UKOHYEMbCA Pi6HiCMb

loga b = .loi'_b
log, a

Hoeedenna. ¢ Posrnssremo Bupas log, b+ log. a. Ileperso-
pumo ¥oro, ckopucraBmuck Teopemoio 19.3 mpm B = log, b.
Maewmo:

log, b-log, a=log, a'*" =log, b.

Orxe, log, b-log, a = log, b. Ockinbkm a # 1, To Jlerko no-

Kasatu, mo log, a # 0. Tenep MoxxHa 3anucaTn:
log, b= log, b S\
log,. a

Hacainor 1. Axwoa>0,a+1,b>0,b # 1, mo suxo-

HYyEmvbca piénicmo

log, b=

log, a

JloBexiTs 1el HACHIZOK CaMOCTIHHO.

Hacainor 2. Axwoa > 0,a#1,b > 0, mo dan 6yde-axozo
B # 0 suxonyemovca pienicms

logaﬁb = %3 log, b
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19. Nlorapudm i noro BRaCTUBOCTI

Josedenmnsa. Y Bupasi logd,, b mepeiemo 10 OCHOBH a:

1 b 1 b
]og ” b 2 Oga ‘ =2 Oga -— l log“ b. A
a log, a B log,a P

NPUKNAL 4 Poss’sukite pisaarua: 1) 3* = 7; 2) 0,4* " ° =9,
Poszé’azanna. 1) 3 odHauyeHHA JiorapudMa BHILIABAE, IO
x = logy 7.

log,, 9+5
2) Maemo: 2x — 5 =logy,9; 2x =log,, 9 + 5; x=—"—.

logy , 9+5
Bidnoside: 1) log; T; 2) —2o4 "2

NPUKNAL 2 ObuuciiTe 3HaUYeHHS BUPA3y:
logga 40,5
1) 102 +21g 7; 2) 903“ .).

Poszé’azannsa. 1) 3acToCOBYIOYH BJIACTHBOCTI CTENEHiB

i OCHOBHY J}orapmbmiqny TOTOXXHICTh, OTPUMYEMO:
10°72%7 = 10%-10°" " = 100+ (10" ")* = 100 - 7* = 4900.
2) Maewmo:

9lug34 -0,5 o (32 )lug3 4-0,5 g (32 )log34 :(32 )0_5 " (31033 4 )2 :3 il 42 :3 o ? ®
NPUKNAA 3 Ilpn AxoMy 3HA4YEHHI X BUKOHYETHCA PiBHICTS:

1) log, x=-5; 2)log, 16 = 4?7
2

Pos3e’asanna. 1) Bupas log, x Bmamaveno mpu x > 0.
2

5
1
3 o3HaueHHA JorapudMa BUILIMBAE, 110 (—2— = x, To6TO X = 32.

2) Bupas log, 16 Busnauerno npu x > 0 i x # 1. 3rigso
3 0O3HAYEHHAM Jorapudma maemo: x* = 16. Bpigcn x = 2. @

NPUKNAJA 4 OGuucriTs 3HAYEHHS BUpPa3y:
1) log; 20 + log, 12 — log, 15; 2) %logaﬁ 9+—:1;log3ﬁ 8.
Posé’azannsa. 1) BAKOPHCTOBYIOUM TEOPEMH IIPO Jiorapudm
HoOyTKY i morapuM 4aCTKH, OTPUMYEMO:
log, 20+log, 12—-log, 15=1log, (20-12)-log, 15 =

20-12
=log, r =log, 16 =4.
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§ 2. Noka3Hukosa i norapudmivHa dyHKLi

2) Maemo:

1 1 1 1
Eloga6 9+§ log,, 8= ~ log,, 3* + = log,, 2° =

=log,s 3+log,s 2=1log,, 6= % @
NPUKNAL 8 TTo6yayiire rpadix dynxmii f(x)=5"%""?,

Wi 1 ,,4F1 Poszé’azanna. lana pyHknia BusHaYE-

;, e Ha Ha MHOXHHLI D (f) = (3; +0). Ockinbku

o 1 %Yyl ans Bcix 3Hawens x € D (f),

tl' | _| TO ZOXOAMMO BHUCHOBKY, IO rpadikom GpyHK-

01 11 18] x| niifevacruna npsamoi y =x — 3 (puc. 19.4).
Puc. 19.4 ®

NPUKNAL 6 Binomo, mo lg 2 = a, log, 7 = b. 3raiigits 1g 56.
Poszé’azanna. Maemo:
lg56=1g(8-7)=1g8+lg7=1g 2’ + 28T _
log, 10
=31g2+log, 7-1g2=3a+ba. ®
L AR B R R R R R R R AR R R RN E R R AN E N EENENEENENENNSENHNEHNHZE]
.' Bnpasun
19.1." Yu € npaBUILHOIO PiBHICTH:
1) log, 4—1.9-=-3; 5) logg; 10 = 2;
2) log,; 5 = 2; 6) g 0,0001 = —4;
3) log, 125=1; 7) log, 333 =2;
3 9 3
1) log, = =4 8) log . 0,2=-2?

19.2." 3uaiigiTe JorapudmM 3 OCHOBOIO 2 YMCA:

1)1; 2)2; 3)32; 4) V2; 5)0,5; 6) =; 7) —; 8) 242.
8 J2
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19. Jlorapudm i horo BNacTMBOCTI

19.3.” 3uaigiTs sorapudm 3 OCHOBOIO 3 YMciaa:

1)3; 2) 2; 3)1; 4)81; 5) X5 6) ——; 7) V3; 8) 343.
3 9 243

o & 1
19.4." 3gaiigiTe JorapudM 3 OCHOBOIO — YHCJA:

’ 1 1
1y Tt 2y 28 : 4)0,25; 5) —; 6) —; T) V2 64.
) )2; 3)8; 4) - )JE ) V2; 8)

. s 1
19.5." BuaigiTe JorapudM 3 OCHOBOIO — HHCIA:

1, oy R I ; p it 30 3
D Do HH 8L ) 5 6) 4/3.
19.6." 3uaigiTe AecATKOBMIA Jorapudm gyucaa:
1) 1; 3) 100; 5) 0,1; 7) 0,00001;
2) 10; 4) 1000; 6) 0,01; 8) 0,000001.

19.7.° Yomy nopisHioE jorapudm uuciaa 10 000 3 ocHOBOIO:
1) 10; 2)100; 3) J10; 4) 0,1; 5)1000; 6)0,0001?

19.8." 3aaiziTe gorapudm uucsaa 729 3 0CHOBOO:
1 1 1
1 27; 2) 9; 3) 3; 4) —; 5) —; 6) —.
) ) ) ) o ) 3 )
19.9." PoaB’axKiTh piBHAHHA:
1) log,; x = —1; 4) log, x = 0; 7) log, 2 = 2;
2) Iog4x:é; 5) log, 9 = 2; 8) logx5:%.
3) log ; x=6; 6) log, 0,25 = —2;
19.10." PosB’axXiTh piBHAHHA:
1) logs x = 2; 3) logy, x = —3; 5) log, 81 = 4;
2) log% % =—z-; 4) log, 6 = 5; 6) log. 1T ==1;
19.11." Po3B’skiTh piBHAHHA:
1-x
1) 6* = 2; 3) 0,4" = 9; 5) (%] -2
2) 5° = 10; 4) 277 % = 5; 6) 0,3% "2 =1,

19.12." Po3B’axiTh PIBHAHHA:
1) 3* = 2; 2) 10’=%; 3) 7°*%*=9; 4)0,6> %= 20.
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§ 2. lNoka3Hukosa i norapudmitHa dyHKuIl

19.13." O6umciiTh:
1 logg 6 9 Iogzﬂ—~2
1 2105232; 3 7210g72; 5 (_) : 7 (_) 3 ;
) 2 ) i )3
10118

2) 510150.45; 4) 640.5101212; 6) 61+log6 5; 8) 6 6 .
19.14," O6uncxiTh:

l) 31033 517; 3) 41012 9; 5) 102 +1g s;
Liog, 49 frifione 18 { \oey 822
2) 8% % s 4(—) : 6(~2.
) ) > ) 3
19.15." 3naiigiTh 3HAYEHHA BUPA3y:
1) logs 3 + logg 2; 4) log, 5 — log, 35 + log, 56;
2) log, 100 — log, 4; 5) o8: 84,
log, 4
3) log,, 84 — log,, 12; 6) 21g 5+%lg 16.
19.16.° Ob6unciiTs 3HAYEHHA BUPAa3y:
. 125
1) 1g8 + 1g12,5; g), ok 125,
log, 5
2) log, 162 — log, 2; 4) 3log, 2+§log6 81.

19.17." Ilopaiire:
1) uucno 2 y BUIIISAAL cTeneds ducia 5;

1 i
2) uncao : y BHIIAAL crenens yucaa 10;

3) uncao V14 y Buraani crenessa umesaa 7;
4) yucio 0,17 y Burnszi cremens umena 18.

19.18." Ilonpaiire:
1) uucao 3 y BUrasAi creneHs yucaa 8;

; L
2) qHuCcIo % VY BHIVIAAL CTelleHdA Yucja 5

19.19." Ilogaiire:
1) uncno 6 y Burasaai gorapugma 3 OCHOBOIO 2;
2) uueno —1 y Buraazgi gorapudma 3 ocaosowo 0,4;
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19. Jlorapudm i noro BnacTMBoCTi

1 X
3) yucsio — y BUNISAAL Jorapudpma 3 OCHOBOKWO 9;
2

2 .
4) yncJo = y BUrasAAi Jorapuagma 3 ocaosoio 10.

19.20." TIlonaiire:

: 1
1) uucno 4 y Burasgi sorapudma 3 0CHOBOIO 5;

2) uucno —2 y BATAAAL Jorapugma 3 OCHOBOIO \/-é

19.21." O6uncuaiTs:
1) 23 log2 5+4

2) 81 lm(2 3,

logg 2-3
1 9
[ ) :

2log, 3+log s 4

4) (' R
19.22." O64uciiTs:
1) 2‘llng23— l_

2

/ -lngzﬁg.
(™
5

lugz 12

3) 8
%10“69‘1031 3

4) 6 &2

19.23." O6uucriTh:

1) log, log, §/5;
2) log log,, 343;
3) log9 log, 8;

19.24." ObuuciiTse:

1
1) log. log, —;
) log, €115

W ——

2log, 2+4logg, 2
5) 9°'%3 81°,
ligg-21g2

6) 2-1002 ;

log 0,8 log, 0,6
+973 )

7) 1g (25

1 1 1

8) 27ld.£5 3 +2510'gz 5 —3610“" (;'

5) 12'%F144 4+ 108y 5.

Ig2) 3lg2

6) 10002 ;

1

7) log,, (100"‘“"" 2“‘“2“"'3);

3

8) Slog5 4. Iog2

4) log, sin 135°;  7) log, sin E;

5) log, tgg; 8) log, tg (-120°).
3
6) log, cos315%
2
2) log, log, 64;
3
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3) log, tg 225°% 4) log ; tg %.

19.25.° 3HaiigiTe X, AKIO:
1) log, x = 2 log; 8 — 4 log,; 2;
2)lgx=2+1g3—-1g5;

3) log, x =§log3 216+% log, 25;

‘ § 2. MNokasHukKoBa i norapudmivHa pyHKuUii
2 1
; 4) 1gx=§1g32—§lg128+1;
l

5) log, x = 3 log, 5 — 2 log, 25 — Ig 10.
19.26." 3uaigiTe x, AKILO:
{ 1) log, x = 3 log, 2 + 2 log, 3;

2) log, x =iloga 16+3log, 0,5;

{
Il 2 1
3) lgx=glg32—§lg64+l.

19.27." O6uuciiTs 3HAYEHHS BHPAa3y:

log, 27-2log, 3 9 log, 125+3 log, 2
log, 45+log, 0,2 log, 1,2-log, 12
Il . @ 4
( 19.28," 3nainiTs 3Ha4eHHA BUpa3y:
‘ lg4+1g 0,5 1 -8lg 2
I 1)3g +1g a; 2) g625-8lg '

lg9-1g18 ;1g256—21g5

19.29." O6unciiTe 3HAYEHHS BHPAa3y:

1) log, sin %-log 549 2) log, cos® g-log 9
sin ‘5 cos

x¥e
9

19.30." CopocritTe BUpas:

| 1) log ; a-log, b% 2) log,; 5-log; 8.
|
|

19.31." O6uucrniTh 3HAYEHHA BUDPA3y

4 __9'1—10154

| 5" +361log, 42 ¥2.
1 19.32." O6umcaiTe 3HAYEHHA BUPA3Y

|

|

|

{ 6 b 1 I')gG 27

6" * " _1210g, Y7 47.

1
Il 190
|
|
|




st

19. Jlorapudm i MOro BNacTUBOCTI

1-log’ b

19.33."” CupocriTe Bupas
(log, b+log, a+1)log, Z
log, ab(log, a—1+log, b)

19.34.” CopocriTe Bupas
] 1+log b

19.35." Jlosexith, mo 3HauyeHHs Bupasy log, , - (7—4 \/§)
€ IiJIMM 4YUCJIOM.

19.36." IoBexiTh, M0 3HAYEHHS BHUPA3y logg'”5 (9+4 \/5)
€ IiJIUM YUCJIOM.

19.37."” Ilpu sKUX 3HAYEHHAX X € NPABUJILHOIO PiBHICTH:

1) log, (1 — x%) = log, (1 — x) + log, (1 + x);

2) 1g —2x+—1—lg(x2—2x+l)—lg(x2+1);

x? +1

3) log; (x* — 4x + 4) = 2 log; (2 — x);

4)log; (x* —4x +4)=21log; | x—2|?
19.38." Yomy nopiBHIOE 3HAYEHHS BUPA3y:

1) lg sin 1°+1g sin 2°+1g sin 3°-...+1g sin 89°-lg sin 90°;

2) 1g tg 10°-1g tg 15°-1g tg 20°-...-1g tg 75°+1g tg 80°;

3) lg (tg 30°-tg 32°-tg 34°-...-tg 58°-tg 60°);

4)Igtg 1° +1gtg 2° + 1g tg 3° + ... + lg tg 88° + lg tg 89°?
19.39.” Caopocrite Bupas log; 2-log, 3-log; 4-...+log,, 9.
19.40.” O6umcriTs 3HaUeHHA BUpasdy log, 5 * log; 6 + logg 7 « log; 32.
19.41."” IloGyayiiTe rpadik GyHKIIL:

2
y=lgtgx+lgectgx; 6) y=2"2";

log1
2) y=log 1; N y= 3

logl

2
3) y= 31023(,\'*3) 8) y:logl log;,,, (3_x)~l;
4) ol 5—lt»g5 x; 9) y= 21(;‘;4 x°
5) y= lolog 10,
191
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§ 2. MNokasHukoBsa i norapumivHa yHKuUIl '
19.42." Tlobyayitre rpadik QyHKIiI:
) g (x* +1)
1) y=7"%" o, ) y=——5—3
) ¥ MY D
? logy (x-1) x
ByET s 6}y =l :
; |
1 \ Iog2 x L
3) y=(5J ; 7) y = logs log, . ; (x + 1)™;
4) y = log, x; 8) y=log, (x~2)-log, , .
3

3‘.................Q......‘...........O

19.43.” 300pas3iTs Ha KOOPAMHATHIN IJIOMINHL MHOKUHY TOYOK,
KOODAMHATH AKHUX 3a70BOJBbHAIOTH PiBHICTH:
Digxy=1gx+lgy 3lgx* + gy’ = 21g|x| + 21g|yl;
2)1g xy =g (-x) +1g (-y); 4) log , y* =log, (-y).

19.44." 306pasiTh Ha KOOPAMHATHIN NJIOIMUHI MHOKHUHY TOYOK,
KOOPAWHATH AKHUX 3a0BOJIBHAKOTH PiBHICTH:

1) Ig f =g (~x)-1g (-y); 3) log , y’ =log, y.

lgx*+lgy*=21g x+ 21g (-y);

19.45." Ynenu reoMeTpuuHOI mporpecii € AOJATHUMH YHUCJIA-
mu. JloBeniTh, mo JorapudMu MMOCHIOBHUX 4YJEHIB i€l
nporpecii 3 6yAb-AK0I0 OCHOBOIO YTBOPIOIOTE apu(METUUYHY
Imporpeciio.

19.46.” Bupasits log,, x uepes log, x i log, x.

R06, % 1+log, b.
log,, x
19.48. Bnaiiaits log,, b, axmo log,, a = 4.
19.49.” Bmaitaite log,; 60, axmo log, 2 = a, log; 8 = b.
19.50.* 3uaigits:
1) logg 9, axmpo log;, 18 = a;
2) log; 6, akmo lg 2=a, lg 3 =0.

19.51.% Bmainite log,, 8, axkmpo 1g 5 =a, 1Ig 3 = b.

19.47." Nosexuits, mo

LA A R B R E R R R R R R EEREEREREEREREE R R REREERERRERE R R EREREERERERRERZSEH:E.J:E,]

192




20. JlorapudgmiyHa yHKUIA Ta 11 BNACTUBOCTI

m NorapudmiyHa pyHKUiA Ta 1T BnacTneocTi

OGepemo nomatHe umcio a, Bigmiaee Bixg 1. KokHOMY HO-
JATHOMY YHCJIYy X MOXXHA IIOCTABUTH Yy BiNOBIAHICTH YHUCJIO Y
rTake, mo y = log, x. Tum camum 3agaso ¢pyskuio f (x) = log, x
3 obsiactio BusHaueHHsa D (f) = (0; +o0).

ITr0 dyHKOi0 HA3UBAIOTEH JorapudmiuHoo.

ITokaxxemo, mo norapudpmiuaa ¢ysruia f (x) = log, x
€ 0ob6epHEHO0 10 MOKa3HUKOBOI GyHKLil g (x) = a”.

HOnsa 6yas-akoro y, € R pisHanaa log, x = y, Mae KOpiHb
(im mopiBmioe a”).

% Ile o3Havae, 10 061ACMIO 3HAYECHb J02APUPMIYHOL PYHKYIT

€ mroxucuna R.

Maewmo: D (f) = E (g) = (0; +x);

E(f)=D (g) =R.
Nns 6yas-axoro x € D (f) = (0; +x) BUKOHYETHCA PiBHICTH

logax

= x. Inmumu caosamu, g (f (x)) = x gaa scix x € D (f).
CkagzaHe o3Havae, o [ i ¢ — B3aeMHO oOepHeHi MYHKIIII.

Ockinbku rpadiku B3a€EMHO 00epHeHHX (DyHKIIM cCUMeTpUYHI
BiIHOCHO IpsAMOi y = X, TO, KOPUCTYIOYHCH rpadikoM mokas-
HUKOBOI QyHKUII y = a*, Mo:kHA mobyaysaTu rpadik gorapud-
Miunoil hyHKHii y = log, x (puc. 20.1).

Yl

(=}
—_
=)

) y=log x

Puc. 20.1
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§ 2. lNoka3Hukosa i norapudmivHa yHkuii

% @yukuyis y = log, x mae edunuit Hyav x = 1.

Y Dyuryia y = log, x mae 06a npominKu 3HAKOCMALOCMI.
Axwo a > 1, moy < 0 na (0; 1); y > 0 na (1; +x);
akwo 0 <a <1, moy <0 ua (1; +x); y > 0 na (0; 1).

Konu ¢yaKIOisa € 3pocrandon (cnaaHoo), To obepHEeHA IO
Hel (DYHKIIS € TaKOXK 3pocrarndoi (cnaaHow). IToxasEukoBa
dbyHKIig y = @ € 3pocTapyo0 npu a > 1 Ta € CuagHOK IpH
0<ac<l.

% Tomy ¢yukuyin y = log, x € 3pocmaiowow npu a > 1 ma

€ cnadnow npu 0 < a < 1.

% Ockinsku gorapudmivea pyakmia € abo 3pocrandon (Ipu

a > 1), abo cnagsoo (nmpu 0 < a < 1), TO BOHA He MAE MOYUOK

excmpemymy.

Bu 3Haere, mj0 KOs BH3HAYEHA HA JAEAKOMY IPOMIMKKY
¢dyHKIig € 000pPOTHOI i HemepepBHOIO, TO obepHeHa A0 Hel
dyHKIis Takox € HenepepBHOW. [lokasHuKoBa QyHKLiA ¥ = a”
€ HellepepBHOIO.

% Tomy @yuryia y = log, x € HenepepsHOoIo.
% Jlozapugmivna pynryia € dugepenyiitogroio. JleranbsHime

IIpo moxizHy jJorapudmiunol ¢pyHKIII BU AidHAaeTecs B M. 23.
Y Dyuruyia y = log, x mae eepmuraavry acumnmomy x = 0,

KOIU X npamye 00 HYAS Cnpasa.

Y tabnuni HaBemeHo BaacTuBocTi GyHKOII y = log, x, BH-
BUE€HI B [bOMY INYHKTI.

ObsnacTs
(05 +)
BUBHAYEHHSA
Ob6sacTh 3HaAYEHB R
Hyni ¢pysxoii -l |
Axmo a > 1, Toy < 0 wa (0; 1),
IIpomikku y > 0 ma (1; +x);
3HAKOCTAJIOCTI akmo 0 <a <1, Toy <0 Ha (1; +w),
y > 0mnHa (0; 1)
3pocTaHHA / Axmo a > 1, To QPyHKIiA € 3pOCTanyoIo;
crnaflaHHA akmo 0 < a < 1, To QyHKUisA € cnagHOIO
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20. NorapudmivHa yHkuUia Ta 11 BRacTUBOCTI

HenepepsHicTh Henepepsua
Hudeperuiion- ¥

. udepeHiioBEA
HiCcTH Audepary

IIpsama x = 0 — BepTHKAJIbLHA ACUMIITOTA,
KOJIM X IPAMYE JI0 HYJIA CIIpaBa

AcuMnToTHu

NPUKNAJL 1 IlopiBHsiiiTe 3 OAMHUAIIEIO OCHOBY a Jiorapudma,
KoJIx Biziomo, mio log, 5 < log, 4.

Poszé’azanna. Ockineku 5 > 4, a log, 5 < log, 4, T0o j0-
XOAMMO BUCHOBKY, mjoa < 1. ®

NPUKNAL 2 3maiigiTe obsacTs BUSHAYEHHA (DYHKITIL:

1) f (x) = logo,s (f" +38x);  3) f (x) =log, 4 (16 - x).

2) f(x)=20"%),
lg (x+2)

Pozé’szannsa. 1) Ockineku 00JIaCTIO BUBHAYEHHHA Jiora-
pudmiuHol GYHKIII € MHOKHUHA JOJATHUX YHUCEN, TO 001aCTIO
BU3HAUYEHHSA AaHO0l QYHKII] € MHOKUHA PO3B’A3KiB HEPiBHOCTI
x>+ 3x> 0.

Maemo: x (x + 3) > 0; x < -3 a6o x > 0.

Orxe, D (f) = (—o0; —3) U (0; +x).

2) Bupas lg (9 — x*) mae amicr mpu 9 — x* > 0, Bupas
lg (x + 2) — opu x + 2 > 0. Kpim Toro, 3sHamMeHHUK Apoby He
MO’Ke JOPiBHIOBATH HYJIIO, ToMy 1g (x + 2) # 0. Takum unHOM,
obnacte Bu3HaueHHsa D (f) maHol (p)yHKHiIl € MHOMKHUHOIO
poO3B’A3KIB cUCTeMH HEpiBHOCTEM:

9-x%*>0,
A e LS I 5

x+2>0,

-3 -2 -1 3
x+2+#1. Puc. 20.2
x*<9, [-8<x<3,
Maemo: {x>-2, {x>-2, 3BepHyBIIUCH 10 pucyHKa 20.2,

x#-1; [x=#-1.

JIOXOIMMO BHCHOBKY, IO OCTAHHA CHCTeMa PiBHOCHJIbHA CYKYII-
HOCTI
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i § 2. lNoka3sHukoea i norapupmivHa PyHKLi W
| -2<x<-1,
! [—1 <x<3.
! Orxe, D (f) = (-2; 1) U (-1; 3).

: 3) Obnacte BusHAueHHA AaHol (GyHKIII 3HaigeMO, pO3B -

' 3aBIIN CUCTEMY HEPiBHOCTEMH:

16-x>0,
r‘ x—4>0,
l x—-4%1.
l x <16, |
: : 4<x<5,
Toxi <x>4,
5<x<16.

3sigcu D (f) = (4; 5) U (5; 16). @

|

i X #5;

\

= NPUKNAQL 3 IlopisHsaiiTe:

} 1) log, 6 ilog, 7; 3) logs 7 i log; 6; 5) log, 38 i 2.
6

2) log,, 61ilog,, 7; 4) log, 4 i0;
4

Posze’'azanns
I 1) Ockinbku Jgorapudmivna dpyskuisa y = log,x € spocraio-
I 4yo1, To log, 6 < log, 7.
| 2) Ockinpku norapudmivna pyskmnia y = log, , X € cnag=HoIo,
| 10 log,, 6 > logy, 7.
3) Maewmo: log; 7 > logs 6, To6ro logs 7 > 1. Pazom 3 Tum
log; 7 > log; 6, To6To 1 > log, 6. OTxe, logs 7 > 1 > log;, 6.

il 4) YpaxoByiouu, 1m0 0<§<1, maemo: log 4 <log_1. Orixke,
1 4

log, 4<0. 1
4

[{l -2
| | 5) Maemo: -2=log, (%) =log, 36.
6 6

Ockinbku log, 38 <log, 36, To log, 38<-2. @
6 6 6

196




20. JlorapumivHa dyHKLIs Ta 11 BNACTUBOCTI

r Bnpasu

20.1." 3pocTapyuo YM CIHAAHOI € (MYHKINIA:
1) y=log, x; 4)y=1g x; ) y=log; ,
2

2) y = log; x; 5) yzlog\,s . - 8) y=log, x?
6
3) y = logy, x; 6) y=log, x;
3

20.2." Cniuparounck Ha AKY BIACTUBICTD JorapudmivyHol QyHKILIL
MO’KXHA CTBEPIKyBaTH, II0:
1)1g 7 > lg 5; 2) log, s 4 < logye 3?

20.3." ITopiBaaitTe:

1) log,, 5 i logy, 6; 4) log, = i log, >;
9 9 9 6
2) log, ' i log, l; 5) log_ 0,7 i log, 0,6;
2 3 2 2
3) log, 2 i log, 4; 6) log,, 8,4 i log,, 8,3.
3 3 5 5
20.4." ITlopiBHAUTE:
1) log,, V3 i log,, V2; 3) log, 6,8 i log, 6,9;
3 3
2 1 T n
2) log, — i log, —; 4) lg— i lg—.
) log, 2 & ) g 18
20.5." ITopiBHAliTEe 3 OAUHUIIEI0 OCHOBY Jorapudma, siKIio:
1) log, 0,5 > log, 0,4; 3) log, V5 <log, V6;
2 T n
2) log. —>log, 1; 4) log, —<log, —.
) log, 3 g, ) log, 1 g. 3

20.6." IlopiBHAlTE 3 OAMHHUIEIO OCHOBY Jorapudma, AKIIO:
1
1) log, §> log, 5; 2) log, 2<log, J3.

20.7." JopaTHUM 4YM BiJi’€MHUM YHCJIOM €:
1) log,; 0,6; 2) logg; 3; 3) log, 0,27; 4) log, 37

20.8." TlopiBaaiiTe 3 HyJIeM:

1)log, 5; 2)log,~; 3)log,=; 4) log, 2.
3 3 2 3
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§ 2. lNokasHwmkosa i norapudmivHa PyHkui

20.9." 3uaizgite HaibinbIe i HaliMeHIIe 3HaYeHHA QYHKILI] HA
JaHOMY BiJpi3Ky:

1) y =og, x, B;B} 3) y=10g§ x, [%;f—é]-
2) y=log, x, [i;8}
3 16
20.10." 3naigite Haibinbre i HaliMeHIne 3Ha4YeHHA (GyHKIil
Ha JaHOMY Bifpisky:
1) y=log, x [%;3}; 2) y = lg x, [1; 1000].

20.11." Ha axomy npomixKy GyHKUia y = log, x HabyBae Haii-
O6ipIIOro 3HAYEHHS, fAKe AOPiBHIOE 3, i HAWMEHIIOro, fAKe
JopiBHIOE —17?

20.12." Ha axomy npoMikKy dhyHKIia y=log, x HabyBae Haii-

2
OinpImIoro sHaYeHHH, AKe JOpiBHIOE —1, i HaliMeHIIOroO, AKe
JopiBHIOE —27
20.13." 3uaiigiTe 06JacTh BUSHAYEHHA DYHKIII:

1) f (x) = logs (x + 1); 8) f (x) = log; (x* + x + 1);
2) f(x)=log, (x*+1); 6) f (x) = logo,s (5x — 6 — x°);
3) f (x) = log, (—x); Nf(x)=21gx +31g(2 - x);
4) f (x) = 1g 2% 8) 1 (x)=log, =,

20.14," 3gaiigiTe obsacTh BUBHAYEHHA QYHKIIL:
1) f (x) = log; (6 - x);
2) f (x) = log;, l x|;
3) f (x) =1g (x* - 1);
4) f (x) = logy (Tx — x%);
) f(x)=lg(x+2)-2Ilg(x + 5);

2x+1
16) f(x)-1g T
20.15. ITobyayiiTe Ha OAHIN KOOpAMHATHIN mIomKHI rpadiku

s . 1 d
byukniit y = log, x i y=log, —. fAxe B3acMHe poaMimeHHsA
X

nobyaosasux rpadikis?
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20. Jlorapudmi4Ha yHKLIA Ta 1T BNACTUBOCTI

20.16." IlobyayiTe HA OAHIN KOOPAMHATHIN mIomuHI rpadikn

dbyukuiit y = log; x i y=log, x. fIxe BaacMHe po3MimeHHA
3

nobyaoBaaux rpadikis?
20.17." IlopiBasiiTe:
1) logy 2 i 3; 3) log\,3 26 i 6;
2) log, 27 i -2; 4) log, 0,1 i —g.
5
20.18." ITopiBusaMTE:
1)log,; 12 i 1; 2)log, 3 i —%; 3)% i logyss 30.

20.19." Mik AKMMH ABOMA IMOCJIOBHUMM IiJIMMH YHUCJIAMH
MICTUTHCA HA YMCJIOBiN nNpAMiil ymco:
1) log; 10; 2) log, 5; 3) log, T; 4) log,, 2?
3

20.20." Mik gxuMH ABOMA TOCJIJIOBHUMH IIJIUMH YHCIAMH
MIiCTHUTBCH HA YHUCJIOBiH NpAMIiN YMCIIO:
1) log, 29; 2) log, 9?
2

20.21.° ITopiBHaAliTe:

1) log, 5 i log; 4; 3) log,; 0,8 i logyg 0,7;

2) log,; 1,3 i log,; 1,5; 4) log,, 0,1 i log,, 0,2.
20.22." IlopiBHsAiTE:

1) log,, 1,8 i log,51,7; 2) logy, 0,3 i log,; 0,2.
20.23." 3uaigiTe o6nacTs BUSHAYEHHA QPYHKIIL:

1) f(x)=]g%; 3) f (x) = log, cos x;

2) f(x)= 4) f (x) = log; tg x.

log, (10-x)"
20.24. 3naiaiTe 061acTh BU3HAYEHHA QYHKIIL:

5
1 =—
)y lg (x+3)

20.25." Tlo6yayiiTe rpadik GyHKIii:

2) y = lg sin x.

Dy=log,(x—1); 3)y=1log, x—1; 5)y=-log; x;
2)y=log,(x +3); 4)y=log,x+3; 6)y=log, (—x).
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§ 2. MNoka3Hukosa | norapudmivHa dyHKUIT

20.26." ITobyayitTe rpadik hyHKIii:
1) y=log, (x-2); 3) y=log, x-2; 5) y=-log, x;
3 3 3

2) y=1log, (x+1); 4) y=log, x+1; 6) y=log, (-x).
3 3 3
20.27." Po3B’sikiTe rpadivHo piBHAHHA:
1)loga x=3—-x; 2)log, x=x-1; 3)log,x=-x-0,5.
3
20.28." Poss’sixkiTh rpadiuHo piBHAHHSA:

1
1) log, x=x+5; 2) logsx =4 — x.
2
20.29." Yera"osiTes rpadiyHo KiJbKicTh KOPeHIB piBHAHHSA:

1) log, x = —x; 2) log; x = —x%  3) log, x=x.
2
20.30." CkinbKu KOpeHiB Mae pPiBHAHHA:

1) (l) =log, x; 2) log, x=l?
2 x

20.31.” IlopiBusaiire log, 3 + log; 2 i 2.
20.32.” osexits, 110 log!_ 4 +log, Eli< -2.
3

20.33.” 3naiigiTe o6sacTs BUBHAYEHHA (DYHKILIL:
1) y =g x*%
2)y=1g (1 - sin x);

3) y= ’logl A+x%);
3

4) y=./lg cos x;

9) y= 6-x;

—_—
log, (x-3)

4
6 = +1g (3—x);
)y 5 (x72) g(83-x)

(x+1)(3—-x)
N y= |———=;
) \] lg (x* +1)

8) y=log, (x* —4x+38)+ :

log, (7-x) :

200




20. JlorapudmivHa yHKUIA Ta 11 BNACTWMBOCTI

9) y=1g (6x-x*)+

Ig(3-x)’
10) y = log, ., 5 (x* + x).

20.34.” 3uaigiTe obmacTh BU3HaAYeHHA (PYHKIIL:

1 1
Syttt ey 6) y=1lg (10x —x*)~——;
)y g (2 +1) ) y=lg( ) i

\ X

J 2)y =1lg (1 + sin x); N y=——;

)y =1g ( sin x) )y s (47
3) y=ylg 1+x); 8) y=lg(9x—x2)—l—(51——);
g ="
| 4) y=4lgsin x; 9) y =log, ., (8 + Tx — x%);

5 (x+5) (2-2)
8)"y g (x 28y B (ylay = 2 80 By
8 ke i /i ol ot nra oo

20.35." Ilobyayitre rpadik GyHKIii:

log, ., x
1)y=’10g,x; 3)y=|—L|:
3 log,, x
2) y=log, | x|; 4) y=/log: x log, 3.
2

20.36." ITobynyiiTe rpadik GyHKmii:

1)y=|logsx|; 2)y=logs|x] 3)y=——1;\/—g—2—;-
2

3000&0.00\7-..0..&00‘0‘-0\)&00&64-"?51;'l"aﬂl.ﬁ»
a
»

20.37." 3naiigiTe Halbinbme sHaYeHHA QYHKINIL:
1) y = log,, (x* + 100); 2) y=log, (x* -6x+14).
5
20.38.” 3uaiigiTe HaiMeHIIe 3HAYEHHS (QYHKILII:

1
1 1) y=log, —; 2) y=log, ——.
)y g; x*+8 )y g; x® —4x+T
20.39." JlocnimiTes Ha nmapHicTs QyHKIi0O y=Ig (\/x2 +1 —x).

B

20.40.” NocnigiTe HA mapHicTs GyHKIiO Yy =Ig (\./x2 +1 +x).
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§ 2. Noka3HukoBa i norapumMivHa QyHKLl

m NorapudmiyHi piBHAHHSA

Pisusanusa suay log, x = b, ne a > 0, a # 1, Ha3uBAIOTH HAM-
npocTimuM JorapudmiveauM piBHAHHAM.

Ockinpku rpadiku GyHKNiN y = log, x i y = b nepeTHHAIOTH-
¢ B oaHilk Touni (pue. 21.1), To Haiinpocrime gorapudmiune
PiBHAHHSA Ma€ €AMHUN KOpiHb npu Oyab-axkomy b. Ileit kopiab
MOJKHA B3HAWTH, BUKOPHCTOBYIOYHM O3HA4YeHHsA Jorapudma.
Maewmo: x = a’.

Ui \
a>1 o 0D<a<l
Y ]u;g‘.x'
b b
T
/ L y=b \ y=b
' > : 1 L2
0] /1 a’ x 0f a’ x
y=logx
a 0
Puc. 21.1

NPUKNAL 1 Poss’ssxite piBaaans log, (3x — 1) = 2.
Po3g’a3anna. 3a 03HaAYEHHAM Jorapugma MOKHA 3aIuca-
’ 10
™ 3x —1=3% BBigcn 83x - 1=9; x=—.
10 8
Bidnosgidv: Y

Posp’si3aHe piBHAHHA € OKPEMHUM BUNAAKOM PiBHAHHS BHAY
log, f(x)=b, ne a > 0, a # 1. Mipkyroun, sk y npukaazi 1,
MOYKHA NOKas3aTH, 0 Ile PIiBHAHHA PIBHOCHUJIbHE DPiBHAHHIO

b
f(x)=a.

IIpu poss’sa3yBaHHiI Gararsox JjorapudMidHUX PiBHAHL 3a-
CTOCOBYIOTH TaKy TEOpeMy.

Teo > 2 .~

leopema 21.1. Hexaii a > 0, a # 1. Axwo log, x, = log, x,,
mo x, = X,, i Hasénaxu, akwo x, > 0, x,> 0 i x, = x,, mo
log, x, = log, x..
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21. NlorapuMivHi piIBHAHHA

Ockinexu Jorapudmiuna GyHKLia € 3pocrap4doro abo craj-
HOIO, TO ISl JOBEAEHHS Ii€l TeOpeMH MOXKHA CKOPHUCTATUCH
ineeio mosenenHa Teopemu 17.1. IlepekoHaiiTecs B mboMy ca-
MOCTi#fHO.

Hacaninok.Hexai a > 0,a # 1. Pienanunsa eudy log, f (x) =
=log, g (x) pienocunvre 6ydv-axii iz cucmem

f (x) . g (x)y
f(x)>0
abo
f(x)=g (x),
g(x)>0.
Bubip BigmosizHOI cucTeMu, AK OPABHUJIO, OB’ SA3aHMHI
3 TUM, AKY 3 HepiBHocTei, [ (x) > 0 un g (x) > 0, poss’aAzaTu
Jierie.
CkopucTaBIIKUCEH ile€I0 AOBeAeHHS HACTIAKY 3 Teopemu 17.1,
HoBeaiTs Hacxiiok 3 Teopemu 21.1 camocTiitHo.
Tenep po3s’s3aHHsa PiBHAHHEA NpUKIany 1 MoxkHA 0DOPMHUTH
v i Tak:
l log; (8x — 1) = 2 log; 3,
log; (3x — 1) = log, 3%,

3x - 1=3% x=£.
3

NMPUKNAL 2 Poss’skiTh piBHAHHA
lg (x* — 4x + 2) = 1g (2x — 3).
! Poseé’azannsa. [Jase piBHAHHS PiBHOCWJIbHE CHCTEMi
‘ x*-4x+2=2x-38,
2x-3>0.

Li=1

2— —
x‘-6x+5=0, L=5,

Maewmo: 3
| xX>—; 3
* 2 &X>=,
| 2

3Bigcu x = 5.
\  Bionosidv: 5.
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§ 2. MNokasHwkosa i norapudmivHa pyHKuil

NMPUKNAL 3 Poss’skiTh piBHAHHSA
log; (2x — 1) + log; (x — 2) = 3.
Posé’aszanna. [IpuposHO NepeTBOPUTH Iie PiBHAHHSA TaK:
log; ((2x — 1) (x — 2)) = 3.
3gimen (2x — 1) (x — 2) = 8% 2x* — 5x — 25 = 0;

x =5 abo x=——5—.
2

5
Jlerxo INepeKoHaTucCsHd, o Y1ucjiI0o —5 He BXOAHUTH A0 obJsac-

Ti BUBHAYEHHA JaHOTO PiBHAHHSA.
Y yomy K moJsArae NpuYMHA MOABH CTOPOHHBOIO KOpPeH:?
Ob6sacTh BUBHAYEHHA TOYATKOBOI'O PiBHAHHSA 3aJJa€THCA CUCTE-

MO0 HepiBHOCTeH {Zx-l e MHOYKHHOI PO3B’A3KiB AKOI € mpo-
x—-2>0,

MixkOK (2; +). 3aminusmm Bupas log, (2x — 1) + log; (x — 2) Ha

Bupas log, ((2x — 1)(x — 2)), Mu posmupuiIx 00JIaCTh BUSHAYECHHA

mo4aTKoBOro piBHsSHHA. Cupaszi, o6sacTs BU3HAYEHHA DIBHAHHA

log; ((2x — 1)(x — 2)) = 3 3agaerhesa HepiBHicTIO (2% — 1) (x — 2) > 0,
R i 1
MHOKMHOIO PO3B’A3KiB AKOI € (—oo; E)U(Z; +00).
Omxe, po3mMUpPeHHs 001acTi BUBHAYEHHSA DIBHAHHA BiJl MHO-

1 s
KUHH (2; +o0) 10 MHOKHHHI (—oo; 5) U(2; +0) i cTasio NpUIHHOIO

5
INOABH CTOPOHHLOI'O KOPEHA —-é-.

Hacnpasai pisasaaa log; (2x — 1) + log; (x — 2) = 3 piBHO-
CHJIbHE CHCTeMi
log, ((2x~1) (x~2))=3,

2x-1>0,
x—-2>0.
x=Db,
_93 2 By OB w
R 2x-1)(x-2)=38°, |2x°-5x-25=0, x:—é,
x>2; X2 2
x>2.

Orpumyemo x = 5.
Bidnosidv: 5.
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21. JlorapuMidHi PIBHAHHA

NMPUKNAJ 4 Poss’soxiTe pisaanna log, x+log, 2= g

Posé’aszanna. Ockinern log, 2= : , TO laHe DiBHAHHSA
og, x

PiBHOCHJILHE PiBHAHHIO

1 5
log, x+ o

log, x
Hexait log, x = t. Toai orpumyemo: t+}: —g
2t* -5t +2=0 t=2,
3sincu { ” Omxe, 2
t#0. $=9.
Toxi moyarkoBe PiBHAHHA PiBHOCHJIBHE CYKYIITHOCTI
log, x = l.
2
log, x=2.

1
Bpizen | *=2% [*7 V2,
: x=2%1%

Bidnosiob: \/E; 4.

—

lgx+2

NPUKNAL 5 Poss’sukiTe pisaaaas x ° =10°""¢%,

Po3é’azanns. Ockinbku Ha 06JI1aCTi BUSHAYEHHSA PIBHAHHA,
Tob6To Ha MHOMXKMHI (0; +00), 06uaBi Horo yvacTuEu HaOYBAIOTH
JOJATHUX 3HAYEHb, TO MOYKEMO 3alicaTH PiBHAHHA, PiBHO-
.\ CHJbHE JAaHOMY:

Gl ——,

: lgx+2 ‘
lgx 3 =1g10%'%*,
Hani maemo: iy 2440 lg x=2+lg x.

(t+2)t

Hexaii lg x = t. Toai =2+1.

lg x=-2, [x:IO'Q.
lgx=3; |x=10°

L

3Biacn t = -2 abo t = 3; |:

Bidnoesidw: 0,01; 1000.
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§ 2. lNoka3Hukosa i norapudmiyHa PyHKUIi

3‘...0....hl..'Q'.....'.O.-‘I'OO..0.0.0.

MPUKNAL 6 Poss’soxiTh piBHAHHSA
2 log, (x — 2) + log, (x — 4)* = 0. (1)
Po3é’szanrna. 3a3HauUMO, IO mepexina Bijg piBHaHHEA (1)
JI0 PiBHAHHSA

2'logs (x— 2)+2 log; (x — 4) = 0. (2)
MOJKe IIPU3BECTH 10 BTPATH PO3B’ A3KiB.
Copaszi, ob6sacTi0o BUBHAYEHHA NMOYATKOBOTO DiBHAHHSA
e mHOXMHA (2; 4) U (4; +0), a obsacTs BUBHAYEHHA PiBHAH-
A (2) — me muHOKUHA (4; +0). OTKe, TAKUI ITepexis 3ByKYye
00J1acTh BU3HAUYEHHS IMOYATKOBOTO DPIBHAHHA HA MHOMXUHY
(2; 4), axa MoKe MicTUTH KOpeHi piBHAHHSA (1).
Hacnpasai piBasinEA (1) piBHOCHIBHE TAKOMY PiBHAHHIO:
2log,(x —2)+2log;|x-4|=0.
Bgigcu log; (x — 2) + log; | x — 4 |=0.
Ile piBHAHHSA piBHOCUJIbHE CYKYITHOCTI BOX CHCTEM:
{2 <x<4,

log, (x—2)+log, (4—x)=0,

L
log, (x-2)+log, (x—4)=0.
{2<x<4, _{2<x<4,

; log; (x-2)(4-x))=0, | [(x-2)(4-x)=1,
Hani maemo:

x>4, x>4r
log; (x-2)(x-4))=0; | [(x-2)(x-4)=1;

—{2<x<4,
2<x<4,
2=8; _
{x2—6x+9=0, x=8,
x>4, \/_
x>4, =3++2.
{26 7=0 x=3-42, T
x“—-6x+T7=0;
x=3+\/§;

Bidnosgios: 3; 3+ \/é
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21. Jlorapu@MiyHi piBHAHHA
J e e— — - ——

NPUKNAL 7 Posp’sxite piBasaanaa log ,16+log, 64 =3.

Poszé’azannsa. Ilepeitgemo no morapugmis 3 0CHOBOO 2:
log, 16 log, 64
og, 2 0g, 64 4
log, x* log, 2x

OckinpKu 3 yMOBHM BHILIHBAE, mo x > 0, To log, x* = 2 log, x.
Hani maemo:
4 6

+
2log, x log, 2+log, x

3 ; 2 6
Hexaii log, x = t, Toai oTpuMaemMo — +1— =3,
t +1

3Bincu t = 2 abo t= —21;-. Maewmo:
log, x=2, x=22,

1. H

. ]og2x=—§, =23,
1
Bidnoside: 4; 2 3.

NMPUKNAJL 8 Posp’sixith piBHAHHA log, (x + 8) = —x.

Poszé’azanmna. Posrnaaemo ¢pyukuil f (x) = log,; (x + 8) i
g (x) = —x. ®ysKOia [ € 3pocrawyoi, QYHKIIA g — CIagHOIO.
Toxi piBesEHA [ (x) = & (x) Mae He OijblIe OJHOrO KOpPEHI.
Ockineku f (-1) = g (-1), To x = =1 — eAUHUA KOPiHB JAHOIO
PiBHAHHA.

Bidnogidv: —1.

NPUKNALL 9 Poss’sokiTh piBHAHHA ,}sin x—% log, (x-2)=0.

Poszé’szannsa. IloMUIKOBO BBasXKaTH, IO PIBHAHHSA BUAY
: . | F(x)=0,
f(x)+ g (x) = 0 piBHOCHJIBHE CYKYITHOCTI IIpu raxo-
g (x)=0.
My Iepexoii icHye HeOesneKka OTpMMAaTH y BiAnoBizi cTopoHHI
KopeHi. Hanpukjaa, Hemae rapasrii, 110 Bci KOpeHi piBHAHHA
f (x) = 0 HanexaTrs obsacTi BU3HaAYeHHA GYHKINT g.

LA B B B B B B N E R R BEEEEREREEEERNEREREREEREEEERENRNEE RN EEEE N E E NN E FE E N E NN N ENENENENEEEEEERE S
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§ 2. Noka3HuKoBa i norapudmivHa pyHKUIT

Hacnpaszi piBasaasEA [ (x)+ g (x) = 0 piBHOCHJILHE cucTeMi
[f (x)=0,
g(x)=0,
x e D(f),
xeD(g).
CKOpHMCTaBIINCEH IIMM, 3alIAIIEMO CHCTEMY, PiBHOCHJIBHY

PiBHAHHIO Jsin x—% log, (x-2)=0:

[log, (x-2)=0,
. 1
Sin x =—,
2

B>

y 1
sinx>-—.
L 2

€AuHEIM KOpEeHeM NEepIIOro PiBEHAHHSA CYKYIIHOCTI € 4uciio 3.

Ockinpkm sin 3 <sin 56—7[ =% (puc. 21.2), To x = 3 HE € KOPEHEM

IMOYaTKOBOI'O PiBHSAHHA.

YA

1
: /-\
T

0 1 3
6

Puc. 21.2

Ry

; Al
Yei uncna supy (-1) -g+rm, n € Z, € KOPeHAMHI APYroro

piBHAHHA cykynHocTi. Cepen HuUX ciaix BubGparu jgume Ti, AKi
3aI0BONIBHAIOTE YMOBY X > 2. JLjIsT HpOro JOCTATHBO BUMATATH,
mob n € N.

Bidnosids: (—l)"-%ch, n e N,
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21. JlorapudMmisHi piBHAHHS
NMPUKJTAL 10 Poss’axiTh cucTeMy PiBHAHB
x, ¥
{4” =32,

log, (x-y)=1-log, (x+y).

2x 2y

Poszé’aszannsa. Maemo: !2,, T,
log; (x—y)+log, (x+y)=1.
£ %Y ®
3 mepmoro piBHAHHA CHCTEMH BHILJIMBAE, M0 —-+~=§.

. x x 1 .
3Bigcu —=2 abo -—:—é. Orxe, maHa cHcCTeMa PiBHOCHJIbHA
y Y

CYKYHHOCTi ABOX CHCTEeM.
x

1) 1y
log, (x-y)+log, (x+y)=1.
Maewmo: log; y + log; 3y = 1; log; y + (logs 3 + logs y) = 1;
2log; y=0; y=1. Toxmi x = 2.
x 1
2){y 2’
log, (x—y)+log, (x+y)=1.
Jlerko nmepexoHaTtucs (3pobiTe Ie caMOCTiiHO), [0 UA CHC-
TeMa po3B’A3KiB He Mae.
Bidnosios: (2; 1).

I Bripasu

21.1." Po3B’sxiTh piBHAHHSA:

bl

I E R B R EEEEE R EE R R EREENEREEERERERERESERENENESER-EZSHEZSEZSEZHSERZSESEHSEH:SEJ;EJ}E;

1)ilogs(x%—~1) =13 4) log, (4x-8)=-2;
6
2) log; (2x + 1) = 3; 5) log; (x* — 2x — 8) = 1;
3)1g (8 — 2x) = 2; 6) log, (x* +4x-5)=—4.
2
21.2. Po3B’sxiTh PiBHAHHA:
1) log, (x+7)=-38; 3) log (x*-5x-8)=2;
2) log, (2x — 5) = 0,5; 4) log, (x* -5x+6)=-1.
2
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§ 2. Moka3sHmnkoBa i norapudMidHa PyHKLIT

21.3." Po3B’siKiTh PIBHAHHA:
1) log, (x + 1) = log, (4x — 5);
2) log; (3x — 5) = log; (x — 3);
3) 1g (x* + 2) = 1g (8x + 6).
21.4." Po3B’s)KiTh PiBHAHHA:
1) log, (4x — 6) = logg (x — 2); 2) log, (x+7)=log, (x*+5).
4 4

21.5." Po3B’sKiTh PiBHAHHA:

1) log, \/;—log.‘3 l:6;
x

2) log, x + log, x + logg x = 11;
3) logs x + 2 logss x + 3 logye x = 3;
4) log, log, (x — 2) = 0;

1
5) log, log, log, x = E;
21.6." Po3B’siokiTh piBHAHHA:

1) log, %+log3 Yx :%; 3)1g Ig lg x = 0.

2) log, x—log,; x+logy,; x= %;

21.7." PoaB’aAxiTh PiBHAHHA:
1) log, (3°* % + 1) = 2; 8) log, (2* + 7).= 8 - x;
2) logs (8~ + 8) =x; 4) logs (67— 5)=x+ 1.

", 21.8." Po3p’sxiTh piBHAHHA:

1) logg (6 - 80) = x; 2)'log; (6 ="5%)=1=%.
21.9." PoaB’skiTh PiBHAHHA:

1) Ig (x* - 2x) = 1g (2x + 12);

2) log, (x — 1) = log, (x* — x — 16);

3) log 5 (x? + 3x —10) = logy 5 (x — 2);

4) log, (=* —x — 2) =logg (2.~ x);

5) 2 log,, x = logy 4 (227 ~%)

6) 2 log; (—x) = log; (x + 2);

7) 2 logg (1 — x) = logg (2,5x + 1);

8) 2 log; x = 1 + log, (x + 6).
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b 21.7ﬂorapv1d)M|~4H1 PIBHAHHA
\
21.10." Po3B’stakiTh piBHAHHSA:
1) logs (9 - )= logg (1 = 2x) ;
2) lg (x* + 2x — 3) = lg (2x* - 2);
3) log,7 (2x° — 9x + 4) = 2 logy; (x + 2);
4) 2 log, (—x) — log, (3x + 8) = 1.
21.11.° Po3B’aKiTh PIBHAHHA:
1) % log, (5x+1)=log, (x—1);

2) log; (25" — 2+ 5%) = 2 log,; 15;

3) log ; (16" —-6)=2+log ; (4" -2);

4)x1g3-1=21g3-1g (3" + 1).
¥ 21.12. Po3B’siKiTh PIBHAHHSA:

1) élog,l1 (2x+3)-log,, (2x-3)=0;

2) log; (2% + 2) = 2 log, 12;

H)x-lgb=xlghb+21g2-1g (1 + 2%).
21.13.° Po3B’s:kiTh piBHAHHA:

1) log; (x—8) +log; £=1;

2) logo; (4 — x) + loggs (x — 1) =—1;

3)Igi(x—2)+ g (x-3)=1 - 1g5;

4) log; (2x — 1) + log; (x — 4) = 2;

5) lgbx—-4+lgJx+1=2+1g0,18;

6)lg(x—-1) +1g (x —3)=1g (1,5x — 3);

T) log, (6 — x) —logy (x — 1) =1 — log, (x +2);

8) 2 log; (x + 1) — log; (x + 9) = log; (3x — 17).
21.14." Po3B’siKiTh PiBHAHHSA:

1) log; x + log; (x + 6) = 1;

2) log; (5 — x) + log; (3 — x) = 1;

3) log, (4x-1)+log, (x+1)=log, ; 3,5;

2 2

4) logye (x + 2) + log,s (6 — x) = logye (x + 8);

5) logs (2x — 1) — log, (x + 2) = 2 — log, (x + 1);

6)21g (x+ 1) —1g (4x — 5) =1g (x — 5).
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§ 2. NokasHukoBa i norapumivHa hyHKUIT

21.15." Po3B’saKiTh piBHAHHSA:
1) log, (5* + 2) + log, (5 — 1) = 2 + logy 2;
2) log, (2* + 3) + log, (6 — 2) = 4.
21.16." Posp’ skiTh piBHAHHSA:
1) log ; (27 -3)+log ; (2" -1)=2;
2) 1g (3* - 4) + 1g (3* — 2) = 1.
21.17." Po3B’axXiTh pPiBHAHHA:
1) log2 x+3log, x-4=0;  4) log; x + log, 5 = 2,5;
2) log: x—log, x-2=0; 5) 2log, x+3 [log, x —5=0;
6 6
2 4

ks =1
lg(x+2)-3 lg(x+2)+1

3)lglx-21gx*+3=0;

21.18." Po3B’sKiTh PiBHAHHSA:
1) 3log: (-x)-2log, (-x)-1=0;
2) 2log, Vx =log? x-6;
3) 38 log; x + 3 log, 3 = 10;

lg x " 2 s

lgx+2 lgx-1
21.19.” PosB’saXiTh PiBHAHHA:
2lgx ..
g (8x-T)
log, >*+x-2)-1 Ay

4) log, ., (x + 3) = 2;

0; 5)log, ,(2x* — 11x + 16) = 2.

log, (x-1)
3) log, (2x* — Tx + 12) = 2;
21.20." PosB’siakiTh piBHAHHSA:
2log, x .
log, (3-2x)
2) log, (x* -9x+25)-1 _0:
lg (x-3)
3)log, ,(x*-5x+T)=1;
4) log, (x + 6) = 2;
5) logs, 3 (8x* — Tx + 8) = 2.
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21. NlorapudmivHi piIBHAHHA

21.21." Po3B’skiTh piBHAHHA:
1) log, (x — 5)° — 2 log, (x + 2) = 2; 2) %lgx2 +1g (x+7)=1.
21.22." Po3B’siKiTh PIBHAHHA:

1) ilog2 x* +log, (x+10)=3+log, 3;

2) —;—log6 x* +log, (5-x)=1.
21.23." Po3B’siokiTh PIBHAHHA:

1) log? x*+4log, x—5=0;
2) lg (10x%)-1g x = 1;

3) log, x* log, =2

e

4) log, (4x)-log, (0,25x) = 5
5) 1g* (100x) + 2 1g x = 20;
6) log? (5x)+log, — =3;

) log; (5x)+log; Y,
7)1g (lg x) +1g (g x* - 1) =
8)2l1lg(lgx)=1g(21g x + 8).

21.24." Po3B’aXiTh PIBHAHHA:
1)31g2x*-1gx—-1=0;

X
2) log, x* - log, E+4 =0;

3) log, (7x)-log, %z log, x* -1;
4) 1g* (10x) + lg (10x) = 6 + 3 Ig x;

Z
5) log6 (36x)+log6 —8
6) log; (log, x) + log5 (log2 x°—14) = 1.
21.25.” Po3B’sKiTh pPiBHAHHA:

T EEEEEEEEEEE e R R R B R N N R EENRNELEZSHSEHNESESRZSEZSE:SE:SES:SE:SEZ:SEH;:R:SEH};.)

1) x'%* =5; By &% :%;
2) x***% = 1000; 4) x**6* =216x>.
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§ 2. MNoka3sHukoBsa i norapudmivHa pyHKuUi

21.26." Po3B’sKiTh PiBHAHHA:

1) x* =81; 3) x"2*"* - 256;
g x
2) x'** = 100x; 4) (¥x)"" =100+,

21.27." Po3B’sKiTh PiBHAHHSA:
1) log, 4+ logx_. 64 =5;
2) 3 log, 16 — 4 log,s x = 2 log, x;
3) log, 2-log,, 2 = log,, 2;
4) 3 log;, x = 2 log,, x*
5) 2 log,, x* = 5 log,, x;
6) log,, 2 + log, x = 0.

21.28." PoaB’skiTh piBHAHHA:
1) log, (9x%)log? x =4;
2) 5log, x+log, x°+8log_, =2
9 x

2-4log,, 2 s log, (8—x)

log,, (x+2) log, (x+2)
4)log, ., (x*-9x +8)log, ,(x+1)=38
21.29.” Po3B’s13KiTh PiBHAHHSA:
1) log, 9+logI2 729=10;
2) log, (125x)logs, x=1; )
3)3log, 4+ 2log,, 4+ 3log.4=0.
21.30.”" Hoexits, mo npu x > 0,y > 0,a > 0ia # 1 BHKOHY-
eTbest piBEicTE x'*% Y = 3% ”,
21.31." Po3B’saxiTh piBHAHHA:
1) x'*° + 5% = 250; 2) 8% 4 "% _18,

21.32." Po3B’siskiTh PiBHAHHA:

1) £ 41027 =200;  2) T4 xM7 214,
21.33." Po3B’sokiTh cucTEMY PiBHAHB:
[9*-4.3°"¥+27=0, x*8Y 4y 218,
llg(2y—3x)=lg(4—4x+y); log, x+log, y=3;
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21. NlorapudmivHi piBHAHHA

Jl‘lng,‘ ] + ylugx X L. 4

21.35." Po3B’sKiTh pIBHAHHA:

1) log; (x + 8) = —x;

2) log; x+(x-1)log, x =6-2x.
21.36." Poa3B’sKiTh PIBHAHHA:

1) log, (x-5)=x-9;

3

2) log: x+(x-1)log, x=12-3x.

21.37.” Po3B’sxkiTh pPiBHAHHA
g (x+1)=lg(x+1)Igx-1)+21g°(x-1).

215

Y : .
[log,x—lo 2 1; o
log, x+log, ¢ —E >

4) { 45 -
xy=27; ©
log, (x+2y)+log, (x-2y)=1, o

5) 1 3 :
X+y’ =4+-y; °

Y 2!/ .

y J2 =2, .

| xy = 20. :
21.34.” Po3B’s3KiTh cHCcTeMy PiBHAHD!: .

1 [4'+z"— .

llg(3x 29)-1g (5+x-3u); .
logy ¥ l«&. ®
2% =186,

gl .
|10g, x —log y=2 .

" [log, (3x+2y)=2, .

) llog (2x+3y)=2; <

H I2—log2y 2log, (x+y), -
[log (x+y)+log, (x* —xy+y*)=1; .

5 L J
x+y)3' F=—, o

)J( b) "ot -

l3log (x+y)=x-y. -
e
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§ 2. Moka3HuvkoBa i norapudmiyHa PyHKLII
21.38.” Po3B’sKiTHh PIiBHAHHA

21g(2x - 1)=1g* (2x + 1) — 1g (2x — 1)+1g (2x + 1).
21.39.” Poss’sixiTh piBHAHHSA:

1) x* log, 27+logs x = x + 4;

2) lgV1+x+3lgVl-x-2=Igv1-x°.

21.40.” Po3B’sKiTh PiBHAHHS.

5-log - (x+1)=x——4;
J e

\5
2) 108 4 s raine (B + X — 1) =108 4 2+ 4in« (8% + 2).

21.41." Poap’sukiTh piBEAHEA /tg x+1-log, (3—x)=0.
2

1) xlog

x+1

21.42." Ckinbku po3B’A3KiB Ma€ PiBHAHHA
(log, (x+1)-3)Vx-a =0
3aJIe’KHO Bij 3HaYeHHA napamerpa a?
21.43.” CkinbKku po3B’sA3KiB Ma€ PiBHAHHSA
(log, (x-2)-2)Vx—-a =0
3aJIe’KHO Bijl 3Ha4YeHHsA napamerpa a?
21.44.”" Tlpu sAKHMX 3HAYEHHAX IlapaMeTpa 4 PpPIiBHAHHA
(x — a) log, (3x — 7) = 0 mae eguuuUt po3B’a130K?
21.45.7 Ilpm #AKHX 3HaAYEHHAX TapamMerpa a PpPiBHAHHA
(x + a) log; (2x — 5) = 0 mae eauHUI po3B’A30K?

anorapmpmiqul HepiBHOCTI

IIpu poss’sisyBaHHi 6araTbox JiorapuMidYHAX HepiBHOCTEH
3aCTOCOBYIOTH TAKy TEOpeMmy.

Teopema 22.1. Ilpu a > 1 nepienicms log, x, > log, x,
6uKOHYy€EMbCA Modi i minvku modi, koru x, > x,> 0; npu

0 <a <1 nepisnicmoe log, x, > log, x, éuxonyemovca modi
i minexu modi, konru 0 < x, < x,.

CnpaseziuBicTh i€l TeOpeMy BHILIMBAE 3 TOrO, 110 pu @ > 1
aorapudmivyaa ¢ysknia y=log,x € 3pocramodoi, a Upu

0 <a <1 — cnagHOMO.
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I 22. NorapudmivHi HepPIBHOCTI

Axwo a > 1, mo nepisnicms log, f (x) > log, g (x)
pienocunvra cucmemi

]f(x)>g(x),
1g(x)>0.

Axwo 0 <a <1, mo nepienicme log, f (x) > log, g (x)
pisnocunvra cucmemi

[ (x)<g (=),

lf(x)>0.

CKOpHCTaBIINCH 1I€EI0 JOBeIeHHA HACHIAKY 3 Teopemu 17.1,
NOBeNiTh IeH HACJIIOK CaMOCTiHHO.

NMPUKNAL 1 Poss’sxite HepiBHicTh log, x > 3.
Poszé’azanna. Ockineku 8 = log, 2°, To Mmoxkna sanucarm:
log, x > log, 2°.
Ils HepiBHicTH piBHOCMABHA Takiii: x > 2°. 3pigecn x > 8.

Bidnoegidv: (8; +wx).

NPUKNAL 2 Poss’skits HepiBHicTh log,; x 2 1.

Posé’aszanna. Maemo: log,; x 2 log, s 0,3.
, Ila HepiBHiCTH PIBHOCHJIBHA CHUCTEMi
x<0,3;
{x > 0.
Bidnosids: (0; 0,3].

NMPUKNAL 3 Poss’sxkiThe HEpiBHICTH
log, (8x-4)<log, (x-2).
2 2
Poszé’azanna. lasa HepiBHICTE PIBHOCHJIbHA CHUCTEMI

3x-4>x-2,
x-2>0.
g x>1;
3BijcHu { x> 2,
x>2
Bidnosgiov: (2; +x).
217
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§ 2. lNoka3Hukosa i norapudmivHa dyHKuUil

NMPUKNAL 4 Poss’skiTh HEepiBHICTH
' log} (x-1)*~log_, (x~1)-5>0.
Pose’saszannsa. OcKiIbKY 00JIACTIO BU3HAYEHHS JaHOI He-
piBHOCTI € TpoMizKoK (1; +o), TO BUKOHYETHCHA PiBHICTH
log, (x — 1)* = 2 log, (x — 1).
Toxi many HepiBHICTE MOYKHA IIE€PEIIUCATH TaK:
4log; (x-1)+log, (x-1)-5>0.
Hexaii log, (x — 1) = t. Orpumyemo:
2 &=,
415+t -5 > 0;

$>1.,
5

5 f
log, (x_1)<‘z’ log, (x-1)<log, 2 4,
log, (x-1)>1; [log,(x-1)>log, 2%

Maewmo:

1
O<x-1<24, 1<x<1+432,
x-1>2; x>3.

Bidnogiov: (1; 1+ U (3; +x).

1
i)
NPUKNAL 5 Poas’skiTe HepiBHicTs log, 3—g—log1 x>0.

3

—§+log3 x>0.

Pozé’szannsa. Maemo:
log, x

Re st > ’
Hexaii log, x = t. Toai ——§+t >0. 3Biacu
t
2t* - 5t 2t-1)(t-2
Shonbigd >0; (~——)( : >
2t 2t
CropHCTaBIINCHh METOJO0M

inrepsanis (puc. 22.1), orpu- m\/é;
1 —0 e el

0<t<5, 2

0.

MYEMO:
Puc. 22.1

LA A B R B E R B E R EEREEEEEREEREEREREREEEEREEEEERESEREREEEEREEEREEEEREEREREEREREEREREREEREERNENREHNHSEHNHN,]

t>2.




22. JlorapudmivHi HepiBHOCTI

. ’ -
O<log, x<—, {
Ilani maemo: 5108, 2 1<x<V8,

log, x>2; %29

Bidnogiov: (1; \/§)U (9; + ).

x—1
NPUKNAQL 6 Poss’ssxirte HepiBHicTs log, 3—:— >0.
X

+1
Po3é’'aszanna. IlepenumemMo JaHy HepiBHICTH Tak:
3x-1 3 il N <
log, —; : >log, 1. Ila HepiBHiCTH, PiBHOCHJIBHA CYKYITHOCTI
X" + a

ZIIBOX CHCTEM.

0<x<l1,
3x -1
- >0,
1) 1 x*+1
3x—
- <1.
x*+1
3Bizacu
l<x<1,
O<x<l1, Jl : 1
—<x<l1, —<x<l1.
3x-1>0, 3 x> 2 3
x*-3x+2>0; lx3~3.r+2>0; x<1;
" x>1, iy Ix>1, [0>1, . >
o Bigcu { | < x <2,
s 1 1x"—3x+2<0; l1<x<2;

x*+1

Bidnosiov: ( %; 1 } u(;2).

NPUKNAQL 7 Poas’suxiTe HepiBHicTs logy (x + 7) < 4 — x.

Poszé’azannsa. Maemo: log; (x + 7) + x —4 < 0.

Poarasiremo ¢yeKIio [ (x) =log,; (x + 7) + x — 4. Bona
apocrae Ha D (f) = (—7; +»). Baysaxkumo, mio f (2) = 0. Or:xe,
npu x > 2 orpumyemo, 1o f (x) > f(2) =0, anpu -7 < x < 2
orpumMaemo, mo [ (x) < f (2) = 0.

Bidnosiow: (—7; 2).

L E B R B R EEENERERSENE-ENENE-E-RE-SE-E-S-E-RNESEZ-SEZSEHSNH-SE-SEZSE-RZ-SE-BREZ-SEH-SRZ:SEH;SESE-EZ-SE-RZ-SE-SRZ-EZ-;SE-SE-SRZSE-SZSEJ;BE-SRSESRNR;RH;R;
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§ 2. Noka3HuKoBa i norapumivHa dyHKUIT

l: Bnpasn

22.1." Po3B’skiTh HepiBHiCTH:
1) log,, x < logy; 9;

2) log,, x > logy, 12;
3) logy s x > log, g 14;

4) log, x < log, 15;

) Po3B’sykiTh HepiBHICTH:
1)I1g x < lg 4;

2) log, x>log, g;

6 6
3) log,, (x — 8) > log,, 3;
22.3." Po3B’si3KiTh HEPiBHICTB:
1) log, x > 2;
2) log; x < —-1;
3) log, x<5;
2
4) log, x>1;
3
5) log, (5x + 1) > 4;
Po3B’sikiTh HEpiBHICTH:
1) log, x<-1;
7
2) log, x > 2;

6

3)1Ig x < 5;

4) log, x>-3;

————— T

5) log, (x+5)<log, 8;

7 7
6) logg (2x — 3) > logy 7;
7) log, (x—4)>log, 2;

9 9

9
8) lg (1 + 3x) < lg 16.
4) logs (4x — 6) < log,s 10;
5) log, (2-x)<log, 2;

11 11

6) log, o (2x + 1) > logy, 5.

6) logo (x — 2) < 2;
7) log; (2x — 1) < 3;
8) log, (9x + 4) < 2;

9) logys (2x + 1) 2 -2;

10) logO,z (x + 6) > _1.

5) log, (2x—3)>-2;
3

6) log, (5x + 6) < 2.

22.5." CkinpKY IiaUX pO3B’A3KiB Mae HEPiBHICTH:

1) logy »5 (3x — 5) > —3;

2) log, (7 — x) < 3?

S3HAUAITE i PO3B’A3KH HEPiBHOCTI:

1) logos (1 — x) > -1;

2) logy (x + 1) < 0,5.

22.7." 3naiifiTe MHOJKHHY PO3B’A3KIiB HEPIBHOCTI:

1)Ig (2x + 3) > 1g (x — 1);
2) log; 2x < log; (x + 1);

3) logy; (2x — 1) > log,; (3x — 4);
4) log,, (x* — 3) < logo, (x + 3);
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22. JlorapvMivHi HepiBHOCTI

5) log,.; (x*-2x-3) < logy7 (9 — x);
6) log, (x* +x+31)<log, (10x+11).

3 3
. Po3B’sxiTh HEpiBHICTE:
1) log, (2x — 3) < log, (x + 1);
2) logps (3 — 2x) > log, ¢ (5x — 2);
3)1g (x* - 2) > 1g (4x + 3);
4) log,, (10 — 2x) > log,, (x* — x — 2).
22.9." 3naiigiTe HaUbGIIBIIMHA HiTHA PO3B’A30K HEPiIBHOCTI:

1) log, (x+l)>—g; 3) log, (8-x)>-1;
4 7
2) log 12-x*)>2; 4) log, (2x-5)>log, (x+1).
3 3
.. 10." 3gaiigiTe HaAUMEHIIUHA iUl pOo3B’A30K HEPIBHOCTI:
1) log, (x+2)<0; 3) logy 3 (4x — 3) 2 logy s (x + 3);
6
2) log, (6-x)>-2; 4) log, (x*-2x+1)>-1.
2 3
22.11." 3naiiiTh MHO)KUHY PO3B’A3KiB HEpiBHOCTI:
1) logs (x* —4x + 3) < 1; 5) log, 4x_5>0;
4x+7
2 x* -1
2) logy s (x* + x) > —1; 6) lg 5 >0;
(x-2)
2 : 2x+5
3) logy 7 (x* + 10x + 25) > 0; 7) log, <1
x+1
1) log, (x* - 3x) < 2; 8) log, 2*~1 <0,5.
.12, Po3B’aAxXiTh HEpiBHICTh:
1) log, (x*-5x+7)>0; 4) log,s (x* — 2x + 1) 2 0;
3
2 3x-1
2) logy (x* — 6x + 8) < 0,5; 5) log, - <1;
2 o~ 2x-1
3) logys (x° + 3x) 2 —2; 6) log, 3 >1.
s OX T
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§ R4 ﬂoxasumxoaa i norapmd)MNHa hyHkUil

22.13." Po3B’s:KiTh HEpiBHICTE:
1) logy; (x* + x — 12) > log,; (6x — 6);
2) Ig (x* — x) < 1g (8x — 3);
3) log,s (1 = x*) > logys (x* + 5x — 2);
4) 2 log, (2x + 7) 2 5 + log, (x + 2);
5) log; (x* + 2x — 8) < log; (x + 9);
6) log, (2x* +3x+1)>2log, (1-x).

‘ 22.14." Po3ss’axiTh HepiBHICTH:
{ 1) logz(6 2x) < log, (x* —2x-3);
3

2) lOg()l (x* = 3x — 4) 2 log,, (x + 1);

3) 2 log, (x + 5) < 3 + log, (11 + x);

4)1g (2x* - 9x +4) < 21g (x + 2).
22.15." Po3Bs’skiTh HEpPiBHICTS:

1)Ilgx+1g(x—-3)>1;

2) log, (x+2)+log, x<-1;

3 3

3) log, x + log, (x + 4) < 5;

4) log,, (x — 5) + logy, (x — 2) = —

5) logs (bx + 8) + logs (x + 1) < 1 — logg 3;

6) log; (1 — x) + log; (-5x — 2) > 2 log; 2 + 1.
22.16." PoaB’siskiTh HEpiBHICTH:

1) log, (—x) + log, (1 — x) < 1

2) logg, (x — 1) + loge, (x + 3) 2 —

3) log; (x — 2) + log; (x — 10) = 2

4) log, x + log; (3x — 8) =2 1 + 2 log, 2.
22.17." Po3B’saKiTh HEpiBHICTH:

1) log;, x<1; 4) log? x+2log, x—-8<0;

1 4

2) log} x>4; 5) log; x-5log, x+6>0;

3
3)lg’x+31lgx—-4<0; 6) 2log; x-5log, x+2>0.

9 9
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22. NlorapudMivHi HepiBHOCTI

22.18." Po3B’s12kiTh HEpiBHICTH:
1) log;, x>9; 3) 2log? x-log, x-1<0;
2)lgx-21gx-3>0; 4) log;, x-log,, x—2<0.
22.19.” 3HaiifiTh MHOKUHY PO3B’A3KiB HEpPiBHOCTI:
1g” x+lgx-6 <P
lg x
2) log: (27x)+3log, x-19>0; 4) 2 log; x — log, 5 < 1.
! 22.20.”" Po3B’s:KiTh HEepPiBHICTH:
1) log? (7x)-log, x = 3;

1) log; (4x)+2log, x-11<0;  3)

2) log? ;i—+810gﬁ x-12<0;

logi x-6log, x+8

3) = 0;
log, x—1
y 4) logy; x — 2 log, 0,5 < 1.

22.21." Po3B’s:KiTh HEPiBHICTE!:

1) log, ; logys (x* — x - 6) > 0; 3) log, log,
Q9 X =

2) log,; log, (2x° + x — 1) < 1; 4) log, , log, 9z-5 <0.
X

22.22." Po3B’s1>KiTh HEpiBHICTE:
3x-1

- X

1) log, log, (x*-2x-3)<0; 2) log,, log, > 0.

El

@..............O........‘OOOOO060...'05

22.23." Po3B’siokiTh HEPiBHICTS:
1) log,, .5 x> 1; 4) log,. s 2x— 7) <1;
2)log, »5.(2x:7:9) <.0; 5) log, (x + 2) < 2
3)log,.; (6 -x)>1; 6) log, (2x° — 3x) < 1

22.24." Po3B’aXiTh HEPiBHICTE:
1) logs,. 2 x <'1; 3)'log._ i (4 ="x) <1}
2) log, (x* - 7Tx+ 13) > 0; 4) log, (6 — x) > 2.

S0 00 OO0 OB PTBTOSOOERSESDPS

223

P



S 22.25.” Po3B’suKiTh HEpiBHICTH v2:5*-1>5-2.
o«
1 » 22.26.” Poss’axiTs HepiBHicTE /20:3" -11 >3* -4,

. -
s 22.27 . Po3B’siakiTh HEpiBHiCTB:

1) v-x*+7x-10log, (x-3)<0;
2) V4 -x* (log3 x—+1+2)<0;
: x

3) (x*-2,8x+1,8) flogl |x-2|>0.
5

22.28." Po3B’si>kiTh HEPiBHICTE:
P log2,E (x-3)
1) V-x"+6x-5log, (x-2)<0; 2) ———2>0.
x" —4x-b
22.29.% Jlnsa KOKHOro 3HAUEHHA IapaMeTpa @ po3B’sKiTh He-
pisaicTs (2* -a)Vx-320.
22.30.% IIna KOoKHOrO 3HAYEHHS NapaMeTpa a Po3B’sKiTh He-
piBHicTs (3* —a)Vx-2<0.
22.31.% PosB’aAXKiTh cCHCTEeMy HepPiBHOCTEH
{log, (2sin x+1) <0,

l , § 2. Moka3Hukosa i norapuMidHa yHKUIi
;
I
;1
ii

0<x<2m.

22.32.% Po3B’siokiThH cucTeMy HepiBHOCTEH
{log, (2cos x+1)<0,

O0<x<2m.

: m MoxiaHi nokasHukoBoi Ta norapudpmiyHoi
| pyHKUIn

Yu icHye DyHKIiA, DOXigHA AKOI JOPiBHIOE caMiil HyHKIii?
BiznosicTn Ha Ie 3anMTaHHA HecKJaaaHo. Hanpukiaan, GyHK-
IIifl, IKa € HYJBOBOI KOHCTAHTOIO, MA€ I[J0 BJIACTHUBICTE.

A uyi MOKHaA BKasaTH Taky (yHKIiio f, Bu3HayeHy Ha R,
BiZIMiHHY BiJi HyJILOBO1 KOHCTAHTH, 10 [’ (x) = [ (x) ana 6yab-
1 axoro x € R? Bignosiaks Ha e 3anUTaAHHSA HE € OYEBHAHOIO.
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23, lMNoxiaHi NoKasHWKOBOI Ta NorapudMiHHOT yHKLI

BusiBiisieThesA, M0 cepej] MOKa3HMKOBUX QyHKOiK [ (x) = a”
icHye enuHa GyHKLiA Taka, mo f' (x) = f (x) gna Bcix x € R.
Ins niei pyHKOil 4ucio, AKe € OCHOBOIO CTeNeHsl, NO3HaYaloTh
OyKBOIO ¢, a cama pyHknia mae Buraag f (x) = e*. Orxe,

(e.\')/ e ex

YeraHOBIIEHO, IO YHEJIO ¢ — ippaunioHaabHe. Yloro Mmo)xua
3aMMCATH Y BUIJIAJL HECKiIHYEHHOIO0 HEeNepiogu4yHOro JeCATKO-

BOTO JIpo0y:
e =2,71828182845... .

Dyukiio [ (x) = ¢' Ha3UBaIOTh eKCIIOHEHTOI0.
Bigzsauumo ogRy ocobauBicTh rpadika eKCIOHeHTH.
Maenmo: f' (0) = f (0) =€’ = 1.

Omxe, moTuyHAa 10 rpadika eKCIIOHEeHTH B TOYI 3 abciucolo,
PiBHOIO HYJIIO, Ma€ KYTOBHM Koe(ilieHT, vk
aAkui popiBHIOE 1. TobOTO A HoTHMYHA
YTBOPIOE KYT 45° 3 IOJAaTHUM HAIIPAMOM y=e
oci abcmue (puc. 23.1).

Busenemo opmysy Ui 3HAXOMMKEHHS

noxigHol mokasHuKoBOl GyHKIIl f (x) = a®. 1
Maemo: a=e ™", -—4 L
/45°|0 x

log_a

. x

Tomi.a*'=e" "%

Kopucryouuchk IpaBuIoM 00YUCIeHHSA
noxifHol ckaageHol PyHKIiI, 3anuIIemMo:

xlog a xlog, a
(@*)'=(e" ") ="

JlorapucmM 3 0OCHOBOIO ¢ HA3UBAIOTH HATYPAJbHHUM Jiorapud-
moMm i mosnauaiors In a, To6ro log, a = In a.

Toxi npu a > 0, a # 1 MoKHaA 3amucaTu:

Puc. 23.1

(xlog, a)' =a” log, a.

(@) =a"In a

115 dhopmysia nokasye, 0 Mi’K 3HAYEHHAM MOXiTHOI MOKAa3-
HHAKOBO1 (DyHKUII Ta BiANOBIHUM 3HAYEHHAM caMol (DYyHKIIiI
icHye mpsMO mponopuiiHa 3aneskHicTs. KoedimieHT nmponop-
niHOCTI AOpiBHIOE In a.

Y nyskTi 20 Mu BuUsHauMaH, MO Jorapudpmiuna GyHKIiA
f (x) =log, x € ngudepernuiiosuow. 3HaAEeMO (HOPMYyIYy A
obumciaenHA noxigaoi Jorapudmivaoi GyHKIII.
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§ 2. lMokasHWKoBa i NorapuMivHa yHKUIT

Ilnsa 6yas-saxoro x > 0 BHKOHyEThCs piBHiCTH x = €™ *, Toni
dyuxnii f (x) = x, D (f) = (0; +») i g (x) = "%, D (g) = (0; +x),
ABJIAIOTE c00010 ONHY ¥ Ty camy ¢yHKIilo. Tomy mis 6yab-
axoro x € (0; +=) BuKoHy€eThCA piBHIiCTS [’ (x) = g’ (x), TOOTO
(xY.=(e"%Y.

JliBa wacTuHa 1iel piBHocTi mopiBHIOE 1. ¥ mpasiit vacTuHi
orpumyemo: (") =e"*+(In x) = x (In x)'. Toxi 1 = x (In x).
3Biacu

(Inx) = "
X
Maewmo: (log, x)' = ]n—x} e i (Inx) = -
Ina Ina xIna
Omrxe,
1
(log, x)' =
xIna

NPUKNAA 1 3Braiigite moxigny byHKmii:
4
b

1) y = e* (x* — 4x); W%

In x
2) y=x"+3% 5) y=logg x;
8)y=e"; 6) y = log, (3x — 4).

Poszé’azanna. 1) 3acTOCOBYIOUH TEOpPEMy PO NOXiJHY AO-
OyTKY ABOX (DYHKIIiif, OTPHUMYEMO:
Yy =€) (x* - 4x) + (£ - 4x) € =
=e* (x* — 4x) + (2x — 4) e* = " (x* - 2x — 4).
2) Maemo: i’ = (x*)+ 8"+ (8") +x* =3x*+83"+ 83" In 8+:x° =
= 3*x* (3 + x In 3).
3) BHKOPHMCTOBYIOUYH TEOPEMY PO MOXiJHY CKJIaNeHOl (PYHK-

nii, sanumenmo: ¥’ = (e ) = e *+(-Tx) = -Te ™.
4) Maemo:
3 Roii
,_(x")"ln x—(nx) - x* _4x -lnx—x-x W
In® x In® x
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23. lNoxiaHi NOKa3sHWKOBOI Ta NorapumiyHOI hyHKLIR

& 4x° Inx-2° P x*(4lnx-1)

2 2
In® x In® x

5) 3acTocyBaBIIU TEOPEMY PO MOXiJHY CKJIaAeHOI QYHKILIT,

OTPUMYEMO:
{ 2log, :
y'z(logg x) =2log, x - (log, x),:__g_gﬁ_r.
xInb6
6) Maewmo:
1 3
= 10 ¢ 3x-—4 fos DTG T s 3x*4 1:_._.——_—. °
foliah! ) (8x-4)In2 ( ) (3x—-4)In2

NPUKNAL 2 Cknaxite piBHAHHA HOTHYHOI 10 rpadika GyHK-
mii f (x) = €** + x, AKO0 IA AOTHYHA TapaJeabHA NPAMii
y=4x-9.

Poszé’azannsa. OCKinbKM KYyTOBHH Koe(pimieHT mpsamoi
y = 4x — 9 nopisrioe 4, TOo KyToBUi KoedimieHT mykaHoi mo-
TugHOI k = 4. 3HaigemMo abcuucy X, TOUKH AoTUKy. Maemo:

f' (x) = 8¢ + 1. Ockinbku f' (x,) = 4, T0 3% 41= 4; 3¢°% = 3;

3 ¢

e °=1; x,=0. 3sigcu f (x,) = 1.

Toai mykane piBHAHHS Ma€ BuraAn y = 4x + 1.

Bidnoseidv: y = 4x + 1.

NPUKNAL 3 3maiigiTe NpoMiXKKH 3POCTAHHA %
<

1 cnalaHHs Ta TOUKH €KCTpeMyMy (DyHKIIii: iy
1) f(x)=e™ "% 3)f(x)=lgx - 3lgx + 2.

2) f (x) — ln x; Puc. 232

Poszé’azannsa. 1) Maemo:

2 R 2 P P R B -
fr(x):(eﬁx—x cS)r:ph.z - X <.)-(6x_x2+5)v:e€u x “)'(6"2.1').
HocniguBmu 3HaKk moxiguoi pysknii f (puc. 23.2), orpumy-

€mMo, mo (pyHKNiag [ 3pocrae Ha NpoMiKKy (—w; 3], cnagae Ha
HPOMime [3; +"f")v Xmax = 3
2) Maemo:

f'(x)=(x)+Inx+(In x)’-x:lnx+l-x:lnx+1.
X
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§ 2. Moka3HWKoBa i norapudmivHa yHKUii

Hocaigumo 3uak [’ (x) HA D (f) = (0; +0).
Maemo: f' (x) > 0 opu In x > —1. 3Bigcm

1 :
= x >—. Amnasoriugo sHaxoaumo, mpo f' (x) < 0

Pry o P e
Puc. 23.3 npu 0< x<l /
e
¢ y 1
Orpumyemo, mo GYHKIISA [ 3pocTae Ha NPOMIXKKY l:—;+oo],
e

CIaziae Ha MPOMIiXKKY (O; l], L — . (puc. 23.3).
e

min —

e
3) Maewmo:
1 31g’° x 3
"(x)=381g° x-(1g x)'-3- = . 4
F(x) & (lg ) xIn10 xIn10 xIn10
_3(1g° x-1) 3(lgx-1)(lgx+1)
xIn10 xIn10 )
Toxni f' (x) =0 npulg x = -1 abo lg x = %ﬁ;
0

=1. Omxe, nasa GyHKIisg Ma€ ABi KPUTHIHL /T16 \10/7

i Bk X
TOYKH: X = 3 ix =10. JocaiguBiiy 3HAK Puc. 23.4

noxiguol ¢yskuii f Ha D (f) = (0; +x)
(puc. 23.4), 1OXOAMMO BHCHOBKY, IO (hyHKIiA f 3pocTae Ha

MIPOMiXKKax (O; %] i[10; +=), crasgae Ha TPOMIMXKKY [%, 10},

x =i, Xmin = 10. @
10

max

O-w3AJAYA  JloBeniTs, m0:

1) nokasHEMKOBa QYHKILA y = @* € ONYKJIOK BHHU3;

2) npu a > 1 norapudmiuna pysKnis y = log, X € ONyKJI0I0
Bropy, a npu 0 < a < 1 — 0omykJoo BHHS.

Posé’azannsa. 1) Maemo:

y=a"lna,y =a"ln’a.

Ockinekn y” (x) 2 0 gnsa Bcix x € R, To mokasHUKOBa QyHK-

Lis Yy = a* € ONYKJIOIO BHUS.
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2) 3anuuiemo:

23. lNoxiaHi NOKa3HWKOBOI Ta NorapuMi4YHOT DyHKLLIA

' 1 ’ 1

“xlna’ " x*lna’

Axmoa > 1, o In a > 0. Tomy "’ (x) < 0 gus Beix x € (0; +0).
Or:xe, ipu @ > 1 norapudmivra pysKUisa y = log, x € onyKI010
BIrOpY.

IIpu 0 < a < 1 amanoriuso goBoaumo, mo y” (x) 2 0 i mo-

rapudmivHa GyHKLiA y = log, X € onyKJIoI0 BHU3. @
(A E N E N NN NNNMNNEMNJENHMEJEJEJBRBBMNEJMBJEJSBRJ-SBHE-RB-EJ;NRJEH;NE-;RHJEJRBEJB B ;N

e

23.1." 3aiaiTe noxigHy QyHKIIi:

x

1) y = 4e%; 5) y=——o:; 9)y="T*"3%
x—-2
2) y =e™; 6)y=e"+e7 10)'y ='%78"
3) y = x’"; Ty = 5% 11) y=2x_3;
2" +1

4) y = € sin x; 8) y=2°; 12) y =.0,83%%
23.2." 3uaiiniTe noxigHy GYHKII:

1)y=e™; g) y=22, T)y=107

2) y = 2% 5) y = 6% 8) y=z,+f;

3) y = e cos x; 6) y=8%*1; 9) y = 0,7"%*,
23.3." 3HaiaiTe moxXifHy QYHKINI:

1) y = log, x; 6) y=li3x-:

X

2) y = In 2x; 7) y = log,s (2% + x — 4);

3) y =lg (x* - 4); 8) y = In (1 - 0,2x);

4) y =In® x; 9)y=x"In x.

5) y = In sin x;
23.4.° 3naiiaiTe noxigHy QyHKIII:

1) y =1g x; 3)y =In’ x; 5) y=—;

In x
2)y=In(5x—4); 4)y=Igcosx; 6)y=log, (x*+ 6).
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§ 2. Moka3HukoBa i norapudmidHa PyHKUI

23.5." O6umciiTs 3HaAUeHHA NoxigHOl GyHKUII [ y Toumi Xx,:
1) f (x) = €* — 3x, %, =0; ) f(x)=8% 4+ +2
2) f (x) = e * cos 2x, x, = 0;

23.6." O6tmcnirs 3HAYeHHA MoxXigHol GyHKUil f y Toumi x,:
1) f(x)=€*+ e, x,=0; 3)f(x)=4" %4, xo=-1.
2) [(x)=e€ tg.x, X050;

23.7." ObuucyaiTe 3HaueHHA moXigHOI QyHKNIL f y Touni x,:

’ x0=1.

1 1
1) f(x)=gln (-12x), x, = ‘E;

2) f(x)z%x2 ~-In x?, x, = 4;

8) f (%)= log, (¥* + 3x — 2), x, = —4;
n

x
4 x)=Insin—, x,=-—.
) (%) P S

23.8." O6unciiTe 3HAYEHHS NOXigHOI PyHKLII f v ToUumi X,:
1) 7 (x) = In (6x - 5), x, = 3;
% 1
2) f(x)=8In ' x, =E;
3) f (x) = Ig (x* - 5x + 8), xo= 2;
n

4 =Incos=, x,=Z.
) f(x) n0053 Xa 8

23.9." 3maigite KyroBuil KoedimieHT moTrmuHOI m0 rpadika
¢yuxmii fy Toumi 3 abecumcoro x,:
1) f(x)=e*"1, x,=-1; 2)f(x)=x~-1Inx, x,=3.
23.10." 3maitgite KyToBH#M KoedinieHT ZOoTHYHOI A0 rpadika
¢dyuKUii f vy Touni 3 abcucow0 X,
1)f(x)=¢€' "% x,=1; 2) f (x) = logs (x + 2), %o = -1.
23.11." Cknaxite piBHAHHA AOTHYHOI A0 rpadika ¢pysKOoii f
y Touni 3 abcnucoio x,:
1) f (x) =€, x5 =0; 5) f (x) = 8x + In x, x, =1;
2) f(z)= "+ gin iz, '2y=0;" 6) /() ="In(d ¥ 4x), %, =-1;
8) [ (¥)=x22" f&s="13 DT (x)= logs(2x+ 1), xo=1;
4) f (x) = 6**4, x, =-1; 8)f(x)=2In (x - 2), x, = 4.
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23. MoxiaHI NOKa3sHUKOBOI Ta NorapnMi4HOT OyHKUIA

23.12." CxaagiTe piBHAHHA AoTHYHOI a0 rpadika dyarmii f
y Touni 3 abcmmucoio x,:
1) f(x) =€, x,=0; 4) f (x) =4x - In4, x, = 1;
2) [ (x)=2¢"—cosx, xg=0; b) f(x)=1In"(3x—5), x5=2;
8) f(x)=8%"% x5=2; 6) f (x) =log, (x + 8), x5= 1.
23.13." 3HalAiTh PiBHAHHA MOPU30HTAJBHOI JOTUYHOI A0 rpa-
dika pyHKIII:
1)f(x)=¢€" + e 2) f(x)=@2"-T7)(2"-9).
23.14." 3gaigiTe piBHAHHA FOPU30HTAJBHOI JOTUYHOL IO I'pa-
dira pysxuaii f (x) = (5" — 65) (5™ + 15).
23.15.” Ckiazits piBHAHHA JOTHYHOL 10 rpadika QyHKIIL:
1) f (x) = €%, aKuIo 1A JOTHYHA NapajeIbHa NpaMiii y = ex — 6;
2) f(x)=¢e"*"?% axmo nma AOTHYHA mapajeabHA NpAMii
Yi=:0% £l
3)f(x)= e ™, AKIIO 1A JOTHYHA napaJjejibHa IpAMii y = —X;
4) f (x) = In (3x — 2), AKIIO A JOTHYHA NapajeJbHa IMPAMIN
Y=8x—2
23.16.” Cxaanits piBHAHHA HOTHYHOI 10 rpadika pyHKIil:
1)1 ()i e’ ™%, akmo ns gorMuHA napajielbHa NpAMin

Yy =8 —Tx3

2) f(x)=¢" — e, AKIIO U AOTHYHA HapajejbHa IPAMIii
U=2% =82

3) f (x) = 6x — In x, AKIIO A ZOTUYHA ITapajiejibHA IPAMIiNi
y=x

4) f (x) =In (1 - x), K10 IA JOTUYHA HapaJieibHA NPAMii
y=ilimix;

23.17." 3HalAiTh NPOMI’XKKH 3PDOCTAHHSA i CIAZAHHA TA TOYKH
eKcTpeMyMy (hyHKILIi:

11 (x)=e" -4 8) T (x) = 4xe’ %
2) f (x) = xe™; 6) f(x)=e";
3) f(x)=(1 - x)e*; 7) f(x)=e" Y
4) f (x) = x*- 27 8) f (x)=—r;
x-2
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§ 2. MokasHwkoBa i norapudmivHa QyHKuil

9) 7 (x)="%; 14) f(x)=——;
e In x
| 10)  (x) = * In x; 15) f(x)=lnT::
11) f(x)=1n x — x; 16) f (x) = x* — In x%
12) f (x) = x* 1g x; 1 f(x)=2In>x-31n’x;
13) f(x)=1nx+l; 18) f (x) =1g* x — 1g x.
X

23.18." 3HaiAiTL NIPOMIYKKH 3POCTAHHA i CIAJAHHSA TA TOYKH
ekcTpemyMy GYHKILiL:

1) f(x):xe;; 7) f(x)=0,5x" = In x;

2) f(x)=e" 2, 8) J @)= % In' 'y

3) f(x)=5""1%"% 9) £ (x)=""

1) f (x) = (dx — 1) &*; 10) f(x)=In2*+2;

5 Ff(x)=x%3"%; 11) f (x) = In® x —x12 In x;
6) f(x)=222; 12) f (x) = 1g* x - 2 1g* x.

23.19.” 3maigiTe HaubiabIne i HaliMeHIe 3HAYeHHA (DYHKIIL:
1) f (x) = ' + x Ha npomixkky [-1; 1];
2) f (x) = x*¢** ma npomixky [-2; 1];

3) f(x)=7""% na npomixkky [0; 2];
4) f (x) = 2* + 27F Ha npomixky [—-1; 1].
23.20." BuaiigiTe HaMbinbmIe i HafiMeHIIe 3HAYEHHA DYHKILII:
1) f (x) = (x — 1) e ™ ma npomixkky [1; 3];
! 2) f(x) =57 % . ga npomikky [-2; 1].
| 23.21." HocaixiTes ¢yHKIi0 i mobyayire ii rpadik:
1) f (@) =xe5  3) f(x)=e™; 5) f (x) = In (9 - x).

2) f(x)=xe?; 4)f(x)=x*-2Inx;
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Konwu 3pobneHo ypoku

23.22." Hocaigite pyarnio i modbyayiire ii rpadik:

2

1) fx)=2; 2) f(x)=xe 2; 3)f(x)=log, (x*+ x).

x
ol

e

23.23." 3HalaiTh IPOMIKKHY 3POCTAHHA 1 ciafaHHa QYHKIIT
f (x) = e" — x — 11 goBexits, 1m0 npu BCiX x € R BUKOHYETBLCHA
HepiBHIiCTb € 2 1 + Xx.

23.24." 3gaiifiTh NPOMIMKKY 3POCTAHHA 1 cnafaHHda QYHKIII
f(x)=1In(1 + x) — x i foBeAiTH, WO NPH X > —1 BUKOHYETHCA
HepiBHicTh In (1 + x) < x.

23.25." IIpu axux 3HaYeHHAX @ QyHKuiay =4Inx —ax — 7
€ 3pocTandonn?

23.26." TIpu AKuX 3HAYEHHAX a QyHKOisa y = 2 — 3e" — ax
€ cragHoI0?

KON 3POBNIEHO YPOKM

Mos nwoboe — Ykpalua | maremarmka

Ileit maTpioTHYHUI BHCJIIB BHAATHOIO YKPaiHCBKOIO Mare-
MaTuKa, akajgemika Muxaina ITununosuuya KpaBuyka Bukap-
6oBaHO HA I'PAHITHOMY IIOCTAMEHTI mam’sATHUKa HayKOBIEBi
(nuB. dopsam 1).

Muxaiino KpaBuyk Hapoausca B ¢. JoBHuni Ha Boamai.
BakigumBmu i3 3070T00 Mexasaio JIyIpKy riMHasiio i morim
MmaTemaTnuyHe BigginenHs Kuiscbkoro yHiBepcurery, Muxaiino
Kpasuyk sanummscs npamosatu B Kuesi.

Bucoka HAyKOBa NPOAYKTUBHICTS i mpamesgaTHicTb, OpUTri-
HaJbHICTH i rHYuYKicTs mucnenas M. I1. KpaBuyka go3Boauian
oMy OTpMMATH BasKJMBI HAYKOBI pesyjbraTé B anredpi Ta
Teopii unces, Teopii pyHKIiN i MaTeMaTHYHOMY aHAJMi3], AUde-
peHIiaJbHUX Ta IHTerpaJbHuX PiBHAHHAX, Teopil iMoBipHOCTEH
Ta CTATHCTHIN ToIo. Bifjlomo, 1m0 toro HayKoBuii 1opobok OyB
3HAYHOIO MipOI0 BUKOPHUCTAHWI AMEPHKAHCBKUMH BYEHUMH IIPH
CTBOPEHHI IepIioro KoMm oTepa.
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§ 2. Noka3Hurkosa i norapudmivHa pyHKuUil

M. II. KpaBuyk OpaB aKTHBHY y4acTh y CTBOPEHHi yKpaiH-
CbKOI HAYKOBOI T€PMiHOJIOril, OJHUM 3 MEepPIIUX OYaB MHUCATH
HAyKOBI mpani yKpaiHCbKOI MOBOK, XO04Ya BiJIbHO BOJIOJIB
pocificbK0I0, (hpaHIY3bK0OI0, HIMEILKOI0, iTAXINCHKOI0, IT0JIb-
CbKOIO Ta iHIIMMH MOBaMH.

Benukoro smayenaa HagasaB M. II. KpaBuyk HaBuaidbHii
pobori 3 MmosoaI0, 30KpeMa, 3a ioro iHiniarusoiw B 1935 pomi
oysna nmpoBeneHa nepma KuiBcbka MaTeMaTwuyHa oJiMniaza
ansa mronapis. CanpobyiiTe ¢cBol cuin y po3B’A3aHH] 3aa4 1iel
oxiMniazm.

3aBnaHHdA

nepmoi KuiBcskoi maremaTuunol oximmiaau (1935 p.)

b® -a’b-bc+ca®
(b-¢)’

1. Ob6uucniTs 3HAYEHHS BHPAa3y +d npHu

& =-%, b=0,19, c = 0,18, d = 0,04.

2. Po3B’sKiTh piBHAHHSA 4’2'“C2 0-2075 _ /2,
x+y=4,
(x* +y*)(x* +y*)=280.
4. lopaTHi yncna u,, Uy, ..., U, yTBOPIOIOTH apUPMETHIHY IIPO-
rpecito. [loBeaits, mo

3. Po3B’sKiTh cHCTeMy piBHSAHB

1 1 1 n-1
+ +.oot = ;
Jin +fuy g tfug T fuy e,

5. Hexaii a i b — xareTu NpAMOKYTHOI'O TPDHKYTHUKA, a4 ¢ —
rinorenysa. [loBexits, mo
IOgcéh a+ lOgc~b a=2 lOgc+b a'IOgc>b a.




' 3aBaanHA B TecToBin opmi «epesip cebe» Ne 2

’

3ABAHHSA B TECTOBIV ®OPMI «MEPEBIP CEBE» Ne 2

1. fixa obsnacTs Bu3HAUYEHHA QYHKOIL y = — 1?
‘ -—
A) (—0; +oo); B) (—03 7) U (7; +oo);
B) (—o0; 1) U (1; +x); I') (—x; 0) U (0; +).

2. Ha ogaOMY 3 pucyHKiB 300pakeHo rpadik dpysakuii y = 37,
YKaxiTh neil pUCYHOK.

A) B) I)
y Y Yy
0 x
1 1 “1
0| x 0| x /T

. . ; 2) (15) 4
3. YoMy AOpiBHIOE KOPiHb PiBHAHHA : . 4 =§?

A) 2; B) -2; B) 1; I) =k
4. 3HaliIiTh MHOKUHY PO3B’fI3KiB HEpiBHOCTI (0,6)"2 >0,6.
: A) (-=; 1); B) (1; +0); B)(-5-1)U(1;+w); T') (—1; 1).
5. Poss’sixkiTe pisaaana 3* 7% + 53" ' = 86.

A) 0; B) 1; B) 2; ') 8,

6. O6uncrnite 3HayeHHa Bupasy log,, 25-log, 2—17—

) A)1; B) ~1; B) 5; I') -5.
7. Ilopaitre umeno 3 y Burasaai crenens yucaa 10,
A) 3=10"""; B) 3=10"%;
B) 3=1010333; I') nmogaTm HEMOXKJIHUBO.

8. Yomy nopisHOE 3HaueHHs Bupasy logs 108 — logy 37
A) -1; B) 2; B) -3; I) 4.
9. PosB’sisxiTh HepiBHiCTH log,, x > logg, 5.
A) (-3 5);  B) (5; +x); B)(0; 5) U (5; +0); I') (0; 5).
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§ 2. MNoka3HukoBa i norapudmMiyHa pyHKuUii

10. Yepes aAKy 3 AaHUX TOYOK NPOXOAHUTH rpadik dyHrmii
y=log, x?

A)@1); B)@-1); B) (2;%); I) (2; 0).

11. IIpu AxkuX 3HAYEHHAX @ i b BUKOHYEThCA PiBHICTH
lg ab =1g (—a) + 1g (-b)?
A)a>0,b<0; B)a<0,b<0;
B)a<0,b>0; I') Takux 3HaYeHb He iCHYE.
12. Ha pucyHky 3o6pakeHo rpadik ¢pyHK-
oii y = f (x), BUBHAYEeHOI HA MHOXHHI
aiicEux yuces. CKiIbKH KOpPEHiB Mae
piBEHAHHA In f (x) = 07
A) >XOIHOI0 KOpeHs;
B) nBa KopeHi;
B) Tpu KopeHi;
I') BU3HAYMTH HEMOIKJIHUBO.

13. VxaxirTes HaMOinpmui minuit po3B’A30K HEpPiBHOCTI
logos (3 — 2x) < —-1.
A)i=2; B) 1;
B) =13 I') Takoro po3s’sizKy He icHYE.

14. Axa mHOKXHUHA po3B’A3KiB HepiBHOCTI lo \/; <1?
x

A) (—o0; +0); B) (0; 1) U (1; +0);
B) (0; +x); ) @.

15. Posp’sakiTe piBHAHHEA log,(x — 4) + log(x — 1) = 1.
A) 0; 5; B) 0; B) 5; ) 14

16. ITopisusaiiTe yucaa log, 5, logs 4, log,, 3.
A)log,, 3 < logz 4 <log,5; B)logy,;3 < log, 5 < logg 4;
B) logs 4 < log,, 3 <log,5; T)log,5 <logs4 < log,, 3.
17. Bmaiizite noxigay dysknii y = 5.

A)y =2-5%; B) y' = 2+5% In 5;
B) y' = 2x- 5% T)y =5% 5.
18. 3naiigiTe npomMikKHM cnafgaHeEs QyHKOIT y= li
nx
A) (-5 0), (1; e]; B) (0; e];
B) (0; 1), (1; e]; I') (0; 1).
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§ 3. IHTerpan Ta Moro 3acTocyBaHHA

FE N MNepsicHa

Bu BmieTe 3a 3a7aHOI0 (QYHKOIE€ 3HAXOAUTH ii IOXiAgHY,
3HAETe, IO MOXiZIHA MaE pisHOMAaHITHI 3acTocyBaHHA. 30KpeMa,
ymiouu audepeHnioBaTH, 3a 3aJaHUM 3aKOHOM Y = 8 () pyxy
MaTepiaJbHOI TOYKHU 110 KOOPAMHATHIN NPAMIA MOXKHA 3HAUTH
8aKOH y = v (¢) smiBm ii mBHAKOCTi, a came:

v.(t) =80 (T).

Hepiaxo B mexawmini oBoAMTBECA PO3B’A3yBaTH OOEpHEHY
3ajlady: 3HAXOAMTH 3aKOH PYXy 3a BIJOMHM 3aKOHOM 3MiHH
HIBAJIKOCTI.

Hanpuxnan, 3 Kypcy GisMKH BaM BiIOMHI Takui (axT:
KOJH IIBUAKICTH 3MIHIOETHCA 3a 3aKOHOM v (2) = gt i s (0) =0,

TO 3aKOH PyXy 3a4a€ThCsA (HOPMYIO0I0
gt’
s(t)=—.

2
Bu 3Haere, mo 3HAXOMKeHHS HOXixHOi 3amaHol (GyHKIil
HasuBaoTh AudepennioBanaaM. OGepHeHy omepaniio, To6-
TO 3HAXO[KEHHA (PyHKIII 3a i1 MOXigHOIO, HASHBAIOTH iHTe-

rpyBaHHAM.

tauennsd  @yakngirvo F HazuBaioTh nepeicuow Gpysk-
nicw (abo koporko nepricuow ) dpyskuii f/ va npomikky I,
KO0 AJA BCiX ¥ € | BUKOHYEThCA PiBHICTH

F' (x) = f (x).

Hanpuknan, ¢ysknia F (x) = x° € nepsicHoo yHKmii
f (x) = 2x Ha TPOMIKKY (—0; +x), ocKinbKky HA R BUKOHyETHCA
piBmicrs (x?) = 2x.

YacTo B 3a71a4ax, OB’ A3AHUX 3 IIEPBICHOIO QYHKIIT, IPOMiKOK I
OIYCKAIOTh, ¥ TAKHUX BUNAJAKAX BBaXKAKTh, 10 [ = (—o0; +ow).
Tak, pyaruia F (x) = cos x € nepsicHoo GyHKLil f (x) = —sin x,
OCKiNTBbKHM BHKOHYETHCA PiBHICTH (cos x)' = —sin x.

Posrasinemo 1me oguH npukiaax. ®yskuia F (x)= Jx € nep-

X 1 P 1
picHOW0O (yHKUii f(x)=—= Ha mpoMixkky (0; +w©), oCKiIbKH

2x

HA IbOMY IPOMIiKKY BUKOHYETHCSH PiBHICTH (\/; ) =
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24, lNepsicHa

IIpore Ha nmpomixkky [0; +x) pyrKIOia F (x)= Jx me e nep-

. 1 ; 5
BicHOIO yHKIII [ (x)=T, OCKinbKH B TOoYli X, = 0 He BH-
2+x

KOHyeThCA piBHiCTE F' (x,) = [ (xp).

Poarnaremo pyHKnii y = 2+ 1iy=x ~+/2. Koxna 3 mux
Mae OfHY i Ty camy moxigHy y = 2x. Tomy obuaBi dyHKmii
Y= X+1iy=x* -2 & nepsicEuMn QyHKOii y = 2x. 3poay-
MiJjo, mio KoxkHA 3 dyHKLi BuAY y = x° + C, ne C — noBinbHe
4HCJI0, € MepBicHOIO QyHKLII y = 2x. OTKe, 3a1a9a 3HAXOAKEH-
Hs nepsicHOI Mae 6e3yiy po3B’sA3KiB.

Mera inTErpyBaHHS IIOJATAE B TOMY, 1100 AJIA 3a4aHO1 (DyHK-
uii 3uayTu Bei 11 nmepBicHI Ha 3alaHOMY IIPOMIXKKY.

Ak nos’s3aHi Mixk cob010 Bei nepeicHI gaHOl MYHKLIT, yKasye
TaKa TeopeMa.

Teopema 24.1 (ocHOBHA BJACTHRBICTHL mepBicHOIL).
Axwo pynxyia F € nepeicnoro ¢pynxyii f na npomixxy I ma
C — 0dosinvre wucno, mo pynrKyin

y=F(x)+C
maxodx € nepseicnoro gynkyii f na npomixky I.

Byodv-axy nepeicny Qynryii f na npomizxky I moxna no-

damu y euzaadi y = F (x) + C, de C — deake wucno.

Hosedenna. © Ockinbku dyHKIia F — nepBicHa GyHKIil
f Ha mpomixkky I, To Ans BCiX x € ] BUKOHYETHCHA PiBHICTH
F' (x) =f (x): Toxi

(Fx)+C)Y=F'(x)+C'=f(x)+0=Ff(x).

Orxe, dyrknia y = F (x) + C € nepsicHo0 (yHKIii f Ha
npoMixky I.

Hexait pyaknis G — oaHa 3 nepsicHuX QyHKOii f Ha npo-
mixkky I. Toai G' (x) = f (x) pna Bcix x € I. Maemo:

GEx)-Fx)=G®-F'(x)=f(*x)-f(x)=0.

3rifiHo 3 03HAKOI0 cranocTi pyHkIii (Teopema 11.1) orpumy-
emo, mo GysKuia y = G (x) — F (x) € KOHCTAHTOK HA ITPOMisK-
Ky I, Tobro G (x) — F (x) = C, ne C — pmesike 4HUCJO.

3sigcu G (x)=F (x) + C. A
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§ 3. IHTerpan Ta Moro 3acTocyBaHHs

Axmo ¢yuknia F € neppicHo QyHKI f HA npoMikKy I,
10 3anuc F (x) + C, ne C — pmoBinbHE 4YHCJIO, HA3UBAIOTH 3a-
raJibHHM BUIJIAAOM nepBicEux ¢GyHKHIil f Ha mpoMixkKy 1.

3 OCHOBHOI BJIACTHMBOCTI NEPBiCHOI BHIJIMBAE, IO Ipa-
¢pixkm Oyab-AKMUX ABOX mnepBicHUX paHol PyHKHIl MOMXKHa

OTPUMATH OAMH 3 OZHOI'O IAPAJIEJTbHUM
V4 4= F(x) + Cs IepeHeCeHHsAM Y3JOBXX OCi OpaAMHAT
(puc. 24.1).
/ B~ Y CykynHicTh yci.x nepBicHUX QHYHKILIT

v y = [ (x) HA npomikKy I HasuBawTh ii

HEeBU3HAYEeHUM iHTErpajnoM i mosHa-
JaioTh

(

0

y =F(x) + C
Puc. 24.1

jf(x)dx

(uuraroTh: «iHTerpaJ ed Bix ikc ge ikc»).

ITpu po3B’s3aHHi 3a/1a4 HA NEePBICHY 3PYYHO KOPUCTYBATHCSH
TabiuIeio, HaBeJAeHO Ha ¢opaani 3.

a+l

3ayBaxeHHsA. MoxxHa nosectu, mo pysakmia F (x)= T
o+

a € R, o # —1, € nepBicHolo @ysKIii f (x) = x* Ha TPOMIXKKY
(0; +w). Kopucryouuck mumM, MOKHA 3HAWTH, HANPUKJIAL,
nepBicHy (yHKIil f(x):Q/;. Ha npoMiKKy (0; +). Ockinpku

1
1 %1

Ux =x", TO dyakuia F (x)= ch € nepsicHOIO (hyHKIII [ Ha
-41
n
b g4 Bl
npomiskky (0; +o0). VpaxoByioun piBHOCT —— = > = 1+ &fx"*1
1 n+l np+1
+1 -
n n

n
MoskHa samucarn: F (x)= s Nty
n-+

[Toxasxemo Ha MpUKJIaAax, 3a AOMOMOIOI0 AKUX MipKYBaHb
MOXKHa OOIpYHTYBaTH TBepA’KEHH#A, HaBeJeHi B Tabiuii mep-
BicHUX Ha (opsani 3.
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24. [eps.icHa

NPUKNAL 1 3raiiaiTe 3araJabHAN BUIVIAJ NEePBiCHUX (GyHKILI

f (@) =x".

I
6

! J X 5 . .
Pozé’azannsa. OCKiLIbKHI [?J =x", TO OIHIEIO 3 IePBICHUX

6
5 . X . .
dyeKUii f (x) = x° € dysknia F (x)= ? Topai srizHO 3 Teope-
6
X o
Mmoo 24.1 3amuc ? +C, ne C — noBiJIbHE YMCJIO, € 3araJibHUM

BHUIJISIIOM HepBicHUX. @
3 po3B’A3aHHA NPUKJIaAy 1 BHILIUBAE, 110

6

Ix3 dx:%+C.

NPUKNAL 2 3saiifiTe 3araJbHEUA BUIVIA IIepBicHUX QYHKIIIT

f(x) :% Ha KOXXHOMY 3 HMPOMiXkKKiB (—o0; 0) i (0; +0).
POJ-B'ﬂJaHHﬂ. Ha npowmixky (0; +o0) mae micme piBHiCTB

(In x)’ :—1—: Ha OpOMiXKKY (—o; 0) maoTh Micue piBHOCTL

1 1

. (—x)' =
-X X

(In(-x))' =

: ¢ 1
Orxe, dyHKHisg y = In x € nepsicHOIO hyHKIii f(x)=— Ha
X
npomixkKy (0; +), a pyHKIia y = In (—x) € nepBicHO0 HyHK-
1 :
uii f(x)=— Ha mpoMixkky (—o; 0).
x

¥ Inx, saxmo xe(0;+x);
Ockinbku ln|x|= TO Ha OyAb-
In (—x), axmo x e(—«x;0),

SAKOMY IIPOMIXKKY, AKHUI He MicTuTh Touky 0, 3amuc

In|x|+C,
ne C — noBiJibHE YHMCJIO, € 3arajJbHUM BUIVISAOM IEepPBiCHUX
1
byekOii f(x)=—. @
X
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§ 3. IHTerpan Ta Moro 3acTocyBaHHA

NMPUKNAL 3 iaa dysxuii f (x) = 2 cos x 3HAUAITH NepBicHY,

"
rpadik AKOi MPOXOAMTHL Yepe3 TOUKYy M (%, 3}.

Posé’azanna. Ockinpku (2 sin x)' = 2 cos x, To QyHKIiA
y =2 sin x ¢ opuieo 3 nepBicHux QyHKHii f (x) = 2 cos x.
Omxe, mykasa nepsicHa mae Burasag F (x) = 2 sin x + C, ne
C — nmesAke 4MCJIO. 3HAWIEMO IIe YHCJIO.

3 YyMOBHM BUILIMUBAE, IO F(%j=3. Toxi 2sin %-+C=3.

3sincu C = 2.
TakuM YMHOM, IIyKaHa nepsBicHa Mae Buraan F (x) =
=2sinx+ 2. ®

t Bnpasu

24.1." YeranoBiTs, uu € QpyHKUisg F nepsicHOO (GyHKIII f:
DF(x)=38x*+x-2, f(x)=6x+ 1;
2) F (x) = x*, f(x) = —4x° 5a npomixkky (0; +x);
3) F (x)=sinx + 3, f(x)=cos x + 3;
4) F (x) = cos 2x, f (x) = —sin 2x;
5) F(x)=\2x+1, f(x)= \fzi_u 8 TpoMLy (_%;m];
6) F(x) =5% 1 (x)=56"InHb.

24.2." Hosexith, mo (yHKuisg F € nepsBicHow (GyHKIIlI [ Ha
npoMixkky I:
1) F (x) = x* —2x* + 6, f (x) = 4x° — 4x, I = (—o0; +0);

2) F(x)=—, f(x)=——, I =(~o0; 0);
-1y X

3) F(x):5—3\/;, f(x):——3-, I = (0; +x);
2/x

4) F(x)=3tg 246, f(x)=— ,zz[ﬁ;ﬁj.
3 Coszr 2513

3
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24, Meps.icHa

24.3." Yu € pyskuia F (x)= Lz nepBicHO©0 QYHKIIT f (x) = —3,‘
x X
Ha IMPOMIMXKKY:
1) (0; +);  2) (-2; 2); 3) (—=; 0];  4) (-6; 0)?

24.4." 3aiaiTe 3araJbHUN BAIIAJ HepBicHUX GyHKIIL f:

1) f(x) = 5; 5) f(x)=l7 HA IPOMiXKKY (—; 0);

x
2) f(x) =x; 6) f(x)=+vx Ha mpomixky [1; +o);
3) f (x) = x5 7) f(x):i'/; Ha IPOMiXKKY (—0; —3);
4) f (x) = 2% 8) f (x) = x° Ha npomiskky (0; +w).

24.5." 3gaiiTh 3araJbHUN BUIJIALA IepBicHUX (GyHKIII f:

1) f (x) =0; 4) f(x):% Ha npomixkky (0; +x);

x
2) f(x) = x" 5) f(x)=Ux ma npomixky (4; +o);
3) f(x) = %; 6) f(x)=4x na npomisxkky [0,5; +).

24.6." Ilepesipre, mio:
1) Ixcosxdx:cosx+xsinx+C; 2) I " dx=vx*+4+C.

vxi+4

-2
24.7." Ilepesipre, mo dyskuia F (x)= 3x

€ IepBiCHOIO (hyHK-

WL 1
il f(x)= Ha KOXXHOMY 3 IPOMIiXKiB (—o@;—)

(8x-1) 3

[ : 3 ;
1 (-é-, 15 73), Ta 3allMIIITh 3araJlbHUM BUIJVIAL II€ePBICHUX ('l)YHK-

il f Ha KOKHOMY 3 YKa3aHUX IIPOMIiXKKiB.

24.8." llnsa ¢yukuii f sHaigiTh nepBicHy, rpagik Aol npoxo-
IUATH Yepe3 YKas3aHy TOYKY:

1) f (x) = x°, A (-1; 8); 3) f (x) = €%, C (0; —6).
2) f (x) = sin x, B (n; —1);
24.9." Insa dysknii f 3HaigiTe nepBicHy, rpadik AKoOI ITPoOxo-

JUTH 4epes YKasaHy TOUKY:

1).f(x) = x% M(l;gj;
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§ 3 lmerpan Ta noro 3aCTOCyBaHHﬂ

2) f (x) = cos x, N(%;g];

3) f-(x) = 3%, K(Z —J
In3

24.10." Ins ¢pyskmii f sHakaiT™e Ha npoMiskky I nepsicuy F,
AKa HaOyBae JaHOro 3HAYEHHS YV BKasaHIM TOYII:

1) f(x)=L2, I = (0; +x), F(lJz—Q;
x 3 .
oy i (s ke 1=[~E;3), F(§J=3\/§;

cos” x 2 2

3) f(x)-; = (~o0; 0), F (—€%) =7
1
o1

X

4) f(x)= = (~o0; 0), F(—%):&

24.11." Insa ¢dbyskuii f sgaigite Ha npomMixkky I nepsicry F,
sAka HabyBae JaHOro 3HAUEHHS Yy BKas3aHi#d TOYIi:

1) f(x)= ,‘2 I =(0; m), F(§]=o;

sin® x
= (0; +x), F (16) = 10;

2) f(x)=—

- Sl

3) f(x)= = (0; +x), F(l)=—2;

x (4

4) f (x) = 2%, I = (—o0; +m), F (5) = 1.

24.12." Vkaxites Ha pucyHKY 24.2 rpadik, Ak Moxke OyTH
rpacdikom nepsicHol ¢dyHKLIii f (x) = cos 3.

a 0 8 2
Puc. 24.2
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25. MNpaeuna 3Haxo4XeHHA NepsicHOl

24.13. Vxkaxirte Ha pucyHKY 24.3 rpadik, akuil moxxe OyTH
rpadikom nmepsicHol pyHKUii f (x) = In 2.

y y y " y
-~ y T/ \\
I s | e
—_— ~
0 x 0 I AL L () x Ol

a (] 8 2
Puc. 24.3

I =

24.14.° [lna dysknii f (x) =sin® -;——cosz % 3HAUAITH AKi-HEOYAb

IBi mepsicHi, BicTaHp MiX BIATOBIZHMMH TOYKaAMM AKUX
(TobTo TOUKaMu 3 piBHMMH abcimcaMu) AOpiBHIOE 2.

24.15.” Hosexits, mo ¢GyHKIii Fl(x)=%sin2x i F,(x)=

=—gin® (x—g] e mnepsicEuMu ¢GyHKIii f(x) = cos 2x.

IIpu sxomy sHavyeHHi C € npaBMJbHOI0O piBHicTE F, (x) =

24.16." ITosexits, mo dyuaxuii F, (x) = sin® x i F, (x)= % cos 2x

¢ nepsicEuMHE QyHKHI f (x) = sin 2x. IIpu akomy 3HauenHi C
€ NpaBUJILHOIO piBHicTE F, (x) =F, (x) + C?

Bﬂpaauna 3HaxXoAKeHHn nepsicHoT

IIpu 3HAXOMKEeHHI MOXigHUX (YHKIIA BU KOPHUCTYBAJIUCH
He jume dhopMmyaamu, sanucanumu B Tabauni (aus. dopsarn 2),
ajie ¥ mpaBUJIaMu Au(epeHIiIoBaHHA. ¥ IbOMY NYHKTI MM PO3-
IJIAHEMO TPU IpaBUJja 3HAXO/KEHHHA IePBiCHUX.

Teopema 25.1. Axwo pynxyii F i G € 6i0noeidno nepesic-
Humu Qynkyil f i g wa npomixcky I, mo Ha yvomy npomixnKy
pynruyiay = F (x) + G (x) enepeicnoro pynxuyii y = f (x) + g (x).
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§ 3. IHTerpasn 1a noro 3acTocyBaHHs

Hoeedenns. ©® 3 yMOBH BHILIMBAE, IO AN OyAb-AKOIO
x € I BukonywThesa piBHOCTI F' (x) = f (x) i G' (x) = g (x). Toni
andA Oyab-akoro x € I Maemo:

FE)+Gx)=F'(x)+G" (x)=1(x) +g(x). A

3 Teopemu 25.1 BUILIMBAE, II10:

I(f (x)+8(x))dx= If (x)dx+ Ig (x)dx=F (x)+G (x)+C,
ne C — noBinbHA crana.

AHaJIOrivHO MOYKHA JIOBECTH, IO

[(f (x)-g () dx = [f (x)dx~ [g (x)dx=F (x)-G () +C.

Teopema 25.2. Axwo pynxyia F € nepeicnoro pynryii f
na npomixcxky I ma k — deakxe wucno, mo Ha Yybomy npomidic-
Ky Qyuryia y = kF (x) € nepsicnoro ¢pynxyii y = kf (x).

HosexiTs Teopemy 25.2 camocTiitHO.

Tenep mMokHaA 3amucaTH:

[kf (x)dx =k [f (x)dx=kF (x)+C.

Teopema 25.3. Axwo ¢pynxyia F € nepsicnorw gynxyii f
na npomixcky I ma k — deaxe wucno, 6idminne 6i0 HYyAR, MO

Ha 6i0nosidnomy npomixky QYHKYia y =%F(kx+b) € nep-
eicrnoro pynryii y = f (kx + b).

Hoeedennsa. © BUKOPHCTOBYIOYM NPABHJIO 3HAXOMYKEHHSA
MOXiZHOI CKJIaZeHol (yHKIil, 3anuIIemMo:
(% F(kx+b)j =%F’(kx+b)-(kx+b)’=-:;f(kx+b)-k=f(kx+b). A

Tenep MokHa 3anucaT:

Jf(kx+b)dx=%F(kx+b)+C.

NMPUKNAL 1 3saitaiTs sarajisEuil BUrIAA NepBicHUX QyHKIIL

2
f (x)=+Vx +— mna npomixkky (0; +w).
% a+l

Posé’azanna. Haragaemo, mo Gpysknia y=

€ Iiep-
a+1 P

BicHOO QyHKUil y = x* Ha mpomixkky (0; +w). Ockineku Ha
1

JAaHOMY NPOMIiKKY BUKOHYETBHCH PiBHICTH \/; =x?%, 70 QyHKIiA
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25. [paBuna 3HaxoXeHHn NepeicHol

2 . 2 [ ;
, T0OOTO hyHKIiIA Y :g vx*, e mepBicHOIO 1A DyHKII

Y= \/x Ha npoMixkKy (0; -+ox0).
2+1
1’ TO0OTO (DYHKIisA

=x%, To yHKIis Y=

Ockinbku —;

—2 +

1 : 1 ;
y=——, € nepBicHO0 (QyHKUiI y=— Ha npomixkky (0; +wx).
X

#
Toai 3a Teopemoio 25.2 GyHKIIA Yy =—— € NepBiCHOIO PYHKILI]
X
2
AaE %
X

CxopucraBuiuck reopeMoio 25.1, orpumyemo, mo GyHKIiA

2 S . . ; :
y-—;dx*‘ —— € mnepBicHOW0 3azanoi B ymoBi ¢dyakuii f. Toxi

2 F 2 8
ganuc —\x° ——+C € 3araJsHUM BUTJIAJAOM IEPBICHUX (QYHK-

< X
mii f. @
Posp’sizannsa npukJjgany 1 Mo)xHA 3anmucaTé ¥ Tak:

/\f;+i‘\dx: Jx dx+ i,dx = xi’d.r+2 xtdx=
i) e

1
2 2+1

2 x it
B = S IS o SRS SN0
1 -2+1 3 x

NPUKNAL 2 3raiigiTe oaHy 3 nepBicHUX QyHKIII:
1) y =cos (2x +'1);
1 : { 3 ‘|
2) y=-———7 Ha OPOMLXKKY | —;+0 |.
(5x -3)’ \5 )
Poszé’'azanna. 1) Ockinekn dyaknisa F (x) = sin x € nep-
BicHOW0O QyHKIIL f (x) = cos x, To 3a Teopemoro 25.3 pyHKIiA

1 - ) A
Y :; F (kx+b), TobT0 QyHKIiIA Y= 2 sin (2x+1), € nepBicHOIO
. P

byukuii y = cos (2x + 1).
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§ 3. |HTerpan Ta Moro 3acTocyBaHHA

1

. 1 s ;
2) Ockinpkn —=x %  mo mepsicHo GyHKmii f(x)=
X X

-3 +1

1 ;
< , To6To F (x)=———. Toai mepsicHa
1 2x

€ pyuknia F(x)= =

1
GyHKOii y=-——- Mae BUIIAL Y=—- ——1_2 , TobTO
(5x-3) 5 2(5x-3)
1
Y= Toex-37 ®

NMPUKNAL 3 Mnsa pysxuii f(x)=

3HAWJITH MEepPBiCHY Ha
4x-3

IPOMiXKKY (—oc;§J, rpaik sIKOI DPOXOAMUTH Yepesd TOYKY
M(l;z).
2
! 1
Po3é’a3anna. 3rigao 3 Teopemoro 25.3 3anuc i In|4x-3|+C,

ge C — JOBiIbHE YMCJIO, € 3arajJibHUM BUIVIAAOM I[EpPBiCHUX
byHKLi] f HA 3ajaHOMY HIPOMIXKKY.

Ha npomixkky (—oo,%) MIyKaHa IIepBiCHA Ma€ BUIJIAJ
1
F (x)= Z In (3—-4x)+C. 3 ymoBu BuUNIIMBaE, mo F (éj =2. Toni

im(s-m%)w:z, Heten =%

Orxe, F(x)=i1n (8-4x)+2. ®

NPUKNAL 4 IllBuzxicTs pyxy MarepiagbHOI TOYKH IO KOOD-

3
V2t +1
UZITH 3aKOH PyXy Yy = 8 (¢), axkmo s (0) = 3 M (mepeminieHHsa
BHUMIpPIOETHCA B MeTpax, 4ac — y CeKyHAax).

Poszé’aszanna. ®yaruia y =s (t) € nepsicHO (yHKIII
y = v (t) Ha nmpomixkKy [0; +w=). Toai Mmo)xHa 3anmcaru

s(t):3-—;--2\/2t+1+C, T06TO 8(1)=3V2t+1+C,

. 3Ha-

AVHATHINA NpAMiil 3MiHIOETBECS 3a 3aKOHOM U (1) =
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25. [paBuna 3HaxO[XEeHHA NepBiCHOI

ne C — pesake uucyo. 3Haigemo crany C 3 ymoBu s (0) = 3.
Maemo:
3J2:0+1+C=3,
aBigcu C = 0.
Toxi mykaHui 3aKOH PyXy 3agaeTbea GOpMyI0i0
s(t)=3VJ2t+1. ®

Y nyHKTI 8 BH Ai3HaNMUCH, AK 3HAUTH MOXiAHI Z0OYTKY DYyHK-
i, yacTku (YHKUINA Ta moxigHy ckiaazeHol ¢yaknii. OsHa-
MOMHUBILIMCH 3 MAaTepiajoM IBOr0 NYHKTY, MOXKJIUBO, V Bac BH-
HUKJIO 3alIUTAHHSA, AK 3HAWTH mepsBicHi pyHKLii y = f (x) g (x),

_ )

g(x)

y=7f(x)1iy=g(x). Ha xanp, 3araJJbHUX IPABUJ 3HAXOJKEH-
Hf IEepBiCHUX TaKuX (yHKOIN He icHYE.

t Bnpasu

25.1." 3HaiAiTh 3araJbHUAN BUIJIA/ MNePBiCHUX GQYHKIIL:
1) f(x)=4 - 2x;
2) f(x) = 8x* — x + 5;
3) f (x) = 5 sin x + cos x;
4)  (x) =2 (2 = x%);
5).f (x) =5 — 2-8%;

abo y = f (g (x)), AKImO BigomMo mepBicHI (GyHKMIN

6) f(:c):ﬁ—x3 Ha MPOMIiXKKY (—; 0);
x

4
+£4— Ha npoMiskky (0; n);

) [(x)=—7
sin X
8) f(l‘)=i+x3 Ha npomixkky (0; +);

Vx

9) /(x):ia+i‘ Ha MPOMiXkKKY (—o; 0);
X X

10) f(x)=s./_——6_7, Ha OpoMixkKy (0; +o).
X
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|l § 3. IHTerpan 1a Noro 3acTocyBaHH#

\ > i i
11 ‘ 25.2." 3uaiaiTh 3araJbHAN BUIIAA NepBicHUX QyHKIII:
I )f(x)=x+ 3;

I 2)f(x)=x"+4x—-1;
c 3
| X X

[ 3) f(x)=—5—;

| x"+1
]

!

4) f(x) :é(’"’ +2%In 2;

- 9 ; :
i 5) f(x)=——-3sinx Ha NpoMixKy (—E;E);
cos” x a: 2y

6) f(x)=5 \‘/;—?— Ha nmpoMixkKy (0; +o0);
bo
il 7) f(x)=6x° —3, Ha mpoMixkKy (0; +x);

2
X

8) f(x):%+% Ha MpOoMiMKKY (—o0; 0).
X X

25.3." 3uaiifiTe 3araabENM BUIVIAJ NEePBiCHUX (DYHKIII:
l 1) F(x)=8in'6x;

!; 2) f(x)=2cos=;

| s

o L\

| 3) f(x)=(6x+§] ;

Il \4

I 4) f(x =(£—‘J -
, f(x) - 2

| 1

[‘i" 5) f(x)=‘€—272

8) 1 (£) = T*;

‘ i 10 n)
‘ =-=sin| ~——|;
{ 7 (x) : s1n(3 %

€

| :|“ 8) f(x)=—15——
| cos

Ha IIPOMIKK [—E'E\'
e p y 6,6J,

fi§ f 8 :

il | 9) f(x)=—— na npomixky (0; —TE];
: sin” 4x b

| * 1 ¢ 1 k

f| 10) f(x)= HA POMIMKKY (—;+x);
l 2x — 2
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25. NpaBwna 3HaxoaKeHH:A NepBiCHOI

11) f(x)= \W:E HA NPOMiXKKY [—4; +m);

6 [ \
12) f(x)= HA IPOMIXKKY | ——; +0 |;
3x+ {\ 3 ]
13) f(X)—$ HA TPOMIMKKY [ o032 ]
(4x-3° i i L 14)

—t

14) f(x):\/IJT;‘ Ha MPOMiMKKY (—w; 2].

25.4." 3HaiaiTe 3araJlbHUMA BUIIAL NepBiCHUX (QyHKIIL:
b X
1) f(x)=sin—;
4

2) f(x)=2cos LA (3
\ 6 /

3) f(x)=¢ %

1
4 =
) f(x) P

5) 1 () =(2x = 3)"

’

1 I ' 3 )
6) f(x)=——— Ha IPOMIKKY L— -3 — J;
2( L l 8 )
cos” | 2x—
\ 4

=

o0

1 \
HA DPOMIXKKY | —;+ |;
\ :3 ]

7 f(x)= 5

(3x-1)

8) f(x):»él— HA OPOMIKKY (—0; 3);

oS-

9) f(x)=

Ha npomixkky (0; 5n);
. 2%
sin

D)

10) f(x)=44x+7 Ha npomixkKy [ —1;;+7, A

25.5." [Ins pyukmii f Ha npomikky I 3HaifiTe nepsicHy F, AKa
3a/I0BOJIBHSAE JaHY YMOBY:
1) f (x) =1 - 2x, I = (—o0; +x), F (3) = 2;
2) f (x) = 8x% — 4x, I = (—w0; +x), F (1) = 4;
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§ 3. |HTerpan Ta noro 3acTocyBaHHs

1 AR | x
3 x)=—sin—+-cos—, I = (—o0; +x), F — b3
)f()3 32682 (—o0; +), F (1)

1

:
|
| 4) f(x)=cos| ——38x |, I = (—; +x), F|—|=2;
| o) 7
| { :
! 5) f(x)=4_izv I= (O; +fX)), F("‘j—:l;
x 4

| Mol G 1 it % B
6) f(x)" x~4+JxT4’ I (4’ +w)’ F (5) 6s
7) f(x)=\/T3—+l-’ I=(-‘é;+WJ, F (4) = 7;

‘1\‘., 8) f(x) = e3x, I = (—o0; +o), F (0) =1;
if 9) f (x) = (2 — 3x)?, I = (=003 +0), F (1) = 0;

I 10) 7 (x)= £ : -"), F<0)=—2—fi.

: IR R AT TR I:(_——y_
' cos’ (Gx— n) it
6.

25.6. Ina ¢yskuii f Ha npomixkky I 3HaigiTe nepsicHy !
(,‘ rpadik AKOI NPOXOAUTHL Yepe3 NaHy TOYKY:

|| I 1) f(x) =3 = 6x, I = (—o; +x), 4 (=1; 0);

’ 2) f (x) =4x® — 6x* + 1, I = (—o0; +), B (1; 5);

tl 3) f(x):2x——1—, I = (0; +x), C (4; 10);

Jx
I 4) f (x) = 2 sin 8x, I = (—o0; +), D(g;o);
i 5) f(x)=—=—, I = (4; +), E (6; 12);

I K
2
|
|
|

6) f (x) = ", I =(—o0; +), M(—%AJ;

1 3¢® 2
7) f(x)Zm. I= T;+°C‘ , K. (€3 6);

|

|

‘I 8) f(x)=——, I =(0; 8r), N (2m; —3).
[ sin” 4

| 8
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25.7." Ilna dyuxnii f (x) = 4x* + 4x smaigitTe nepsicuy F,
OAWH 3 HYJiB sKOi fopiBHIOE —1. 3HAWAITH pemTy HYJiB
i€l nmepsicHOI.

25.8." lna dyuknii f (x) = x* — 12 suaiigite nepsicuy F, ogun
3 HYJIB AKOI AOpiBHIOE 3.

25.9." ®yuknii F, i F, € nepBicanmu dyskuii f. F'padik pyuak-
nii F, npoxoauTh dyepe3d TOUuKy A, a ¢yHKuii F, — uepes
Touky B. I'padik akoi 3 pyskmii, F, abo F,, posramoBaHui
BHILE, AKIIO:

1) f (x) = 5x* — 3x* -2, A (1; 2), B (0; 5);
2) f (x) = (2x — 1)?, A (2; 6), B (-1; 1)?
ok

5x-1

25.10." ®yskuii F, i F, € neppicauMu pyskuii f(x)=

) ) 1 !
i, HAa IIPOMIXKKY (g, +oo). I'padik ¢pyaKuii F, 1poXOAUTEH Yepes

Touky M (1; 9), a dyrkuii F, — ugepes Touxky N (10; 8).
I'padik sakoi 3 dyukuii, F, abo F,, posramoBaHuil Buie?

25.11." IlIBuakicTs MaTepiaJbHOI TOYKHM, AKA PYXAETHCA IIO
KOODAMHATHi# npAMiii, 3MiHIOETHCA 3a 3aKOHOM U (1) = t* +
+ 2t — 3. 3anumiTh (GoOpMyJIy 3aJ€KHOCTI i1 KOOpAUHATH Bij
yacy, SIKII0 B IOYATKOBHM MoMeHT yacy t = 0 Touka 3Ha-
XOAMJIACA B MOYATKY KOOPAMHAT (IIBHAKICTH BUMipIOETHCA
B MeTpax 3a CeKYHAY).

25.12." Tino pyxaeTbes 10 KOOPAWHATHIN OpAMiN 31 IIBUAKICTIO,
sIKa BUBHAYAETHCA B OYAb-IKUA MOMEHT 4acy ¢ 3a (hOpMyJIOI0
v () = 6¢* + 1. BHaiiAiTs GopMyITy, AKA BUPAKAE 3aJEIKHICT
KOOPJAMHATY TOYKH BiJ 9acy, SKIIO B MOMEHT 4acy t = 3 ¢
TiJsIo 3HaxoauIocs Ha Bifcrani 10 M Bif movyaTKy KOOPAMHAT
(IIBHAKICTH PYXY BUMIDIOETHCSA B METPax 3a CEKYHAY).

25.13." 3agaiite hopmyno0 GYHKIIIO, BUBHAYEHY HA ITPOMIiK-
KV (—o0; +0), rpadik Kol mpoxoanTs yepes Touky A (—1; 6),
a KyTOBHH Koe(imieHT AOTHYHOI, IPOBEAEHOI A0 IILOI'0 I'pa-
dika B Touni 3 abenucoo x, gopisHioe 6x° — Hx'.

25.14." 3apaiite ¢hopmysiow (GYyHKIiI0, BUBHAYEHY HA ITPOMIiK-
Ky (0; +0), rpadik AK0I npoxoauTs yepe3 Touky B (4; —5),
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§ 3. |HTerpan Ta Moro 3actocyBaHHA

a KyTOBUM KoeilieHT AOTUYHOI, IPOBEAEHOI A0 IILOr'0 rpa-

; y : 3
¢ika B Touni 3 abcumcor x, JOPiBHIOE ——+1.

Jx

25.15." 3uaigiTe:

1) |sin®xdx; 2) Isin bx.cos3x dx; 3) J‘sin’%x . sin%rdx.
25.16." 3BuakiaiTe:

1) Icosz 2x dx; 2) Icos x+cos 8x dx.

25.17." Ilna dpysknii f (x) = 2x* + 3x sHaliAiTL TAaKy NEpBicHY,
0 mpsiMa ¥ = 5x — 2 € ZOTUYHOI0 IO ii rpadika.

25.18." Ina dyuknii f (x) = x* — 4 3Haiigite Taky nepsicHy,
10 OpsAMa y = —3 € JOTHYHOIO Ao ii rpagika.

25.19." Ina pysrmii f (x) = —2x + 5 3HalAiTE TaKy NepBicHy,
mo 1i rpadik Ma€e TIIBKY OAHY CHLIBHY TOYKY 3 IPAMOIO
y'="2.

25.20." Ona ¢ysruil f (x) = x + 1 3HaiAiTh TaKy IepBicHY,
mo ii rpadgik Ma€ TiNMBKHA OAHY CILIBHY TOYKY 3 HPAMOIO
Y =i =4y

25.21." Bacmis 3amnyTaifko mykae nepeicHy GyHKIii y = cos x°
TaK:

1) pobuts saminy x° = ¢ i orpuMye GyHKIi0 Yy = cos t;

2) maji mykae nepBicHY (GyHKIIL y = cos { 1 orpumye y = sin ¢;

3) morim 3amicTh ¢ mifcraBnse sHayeHHSA ¢ = X° i poOUTH BU-
CHOBOK, II0 KOJXHa IIepBicHA Mae BUIJIAJ Y = sin 2+ C,
ne C — nesike 4HCJIO.

Y gomy moasirae nmommiaka Bacunsa?

a Mnowa KpuBoniHinHOT Tpaneuwil.
BusHayeHum iHTerpan

Posransinemo ¢yHKIIO f, KA € HENepepBHOI Ha BiApi3Ky
[a; b] i HabyBae Ha IBOMY IPOMIKKY HEBiJl’€MHHX 3HAYEHB.
®Dirypy, obmexkeny rpadikom ¢yHKmil f i npamumu y =0, x = a
i x = b, HA3UBAIOTL KPUBOLIHIUHOK Mmpaneyieio.
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r 26. [Nnouwa KkpuBONIHIMHOI Tpaneuii. BusHaveHun iHTerpan

Ha pucysky 26.1 HaBeieHO IPUKJIAAA KPUBOJIHIMHNX TpAa-
Meni.

Y

Ola

Puc. 26.1

PosrnisiHeMo Teopemy, siKa Ja€ 3MOI'y 3HAXOJAUTU IJIOIII
KPUBOJIIHIMHUX Tpamerii.

Teopema 26.1, IThnowy S xpueoniniinoi mpaneyii, 06-
medxcenoi zpagixom pynxyii y = f (x) i npanumuy =0, x =a
i x=b(a <b), moxuna obuucrumu 3a Gopmynoio

S=F (b) —F (a),
de F — 6yov-aka nepsicna ¢pynxyii f na eidpisxy [a; b].

Hosedennsa. Posrasaemo pyHKIio y = S (x), ge x € [a; b],
AKY BH3HAYEHO TAKUM IIPABHUJIOM. y

Axmo x=a, 10 S (a)=0; saAKIO
x € (a; b], To S (x) — me nIOIIa KPUBOJIi-

HiffHOI Tpamenii, moKasaHol IITPUXOBKOIO S(x)

HA PUCYHKY 26.2. 0 ¢ = R
Hosexemo, mo S'(x) =f (x) gus Beix Puc. 98.9

x € [a; b].

Hexail x, — pgoBinbHA TouKa Biapiska [a; b] i Ax — npu-
picT aprymeHTy B ToUIli X;, OOMeXUMOCHA PO3IJIAOM BUIAAKY,
y ko Ax > 0 (Bunmagok, xoau Ax <0,

PO3IIANAETHCA AHAJIOTIYHO).

Maemo: AS = S (x, + Ax) — S (x,).

A1 B 0 A
> TPUMYEMO o AS — me nijoma
0 a x,x,+Axb x pY y L ST ; na
KPHUBOJIIHIMHOI Tpanerlii, 3aITPUX0BAHO]
Puc. 26.3

L B R R B B R R BN EREENEENRESESERENRSSESRZSEZSSENJ ]

Ha pUcyHKY 26.3.
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§ 3. IHTerpan Ta noro 3actocyBaHHA

Ha Bigpisky AB K Ha CTOPOHI moOyAyeEMO NPAMOKYTHHK,
moma Axoro mpopiBHE AS (puc. 26.4). Io-
BXXUHH CTOPiH I[OI'0 MPAMOKYTHHUKA JOPiBHIO-
oTh Ax1i f (t), ne t — #esAKa TOYKA IPOMIXKKY

[x0; xo + Ax]. Tomi AS = f (t)*Ax. 3Biacn: E
AS A B 2
=1 (E)s x, tx,+Axx
Ax
Puc. 26.4

Axmo Ax —» 0, To t > x,. Ockinpku
dbyuknia f € HemepepBHOWO B TO4Li X,, To lim [ (f) = [ (x,).
t—-x,

3Bigcu, axmo Ax — 0, To f (t) = f (x,). Maemo:
; L TR 4
S (xo)‘BToA_x‘,\l,lTof(t)‘f(xo)‘

OcCKiTBKHU X, — AOBLIBHA TOYKA 00JacTi BUBHAUEHHA (DyHKIIIT
y = S (x), To pna Oyab-akoro x € [a; b] BUKOHYETHCA PiBHICTH
S' (x) = f (x).

Orpumanu, mo GyHKOiA y =S (x) € ofHiCIO 3 mepBiCHUX
dyukuii f va Bigpisky [a; b].

Hexait F — pesaka nepsicHa ¢yHKUii f Ha Bigpisky [a; b].
Toxi 3rilHO 3 OCHOBHOIO BJIACTHBICTIO IEepPBICHOI MOXKHa 3a-
MUCATH

Fi(x)=:S:(x) +.C;
ne C — nmesiKke 4HMCJIO.
Maewmo:

FMB)—-F@=S®)+C)—(S(a)+C)=S(b)—S(a)=S (b).
3a o3HaueHHAM QyHKOil y = S (x) mykaHa moma S KpUBO-
aini#HOI Tpamenii gopiBHOE S (b). OTxKe,

S=F(@®b)—F(a). A

 E R R R R B R EEEE R EREEREEEREERERNE-RE-NESEHSESESEH-EHSES:SSZSEH-ERZSEH;:RS-ES-SESEJ;:J;]
NMPUKNAQL 1 3Buaiigite nuoiy S dirypu, obmeskenoi rpadikom

dbysknii f (x) = sin x i npamuvu y = 0, ng i ng.

Posé’aszanna. Ha pucysky 26.5 300pakeH0 KPUBOJIIHINHY
Tpamneniio, IIoIy AKol MOoTpibHO 3HAWUTH.
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26. [nowa kpuBONIHINHOT Tpaneuii. BU3HayeHun iHTerpan

17

Yy = sinx

w|= |
o=
]y

Puc. 26.5

Opmico 3 mepBicHUX ¢yHKIII f (x) = sin x Ha BiApi3Ky

g W

[E- E:| € pynknia F (x) = —cos x. Toxi

3’2
S=F(E)—F(Ej=—cosﬁ+cosle. 8
2 3 2 3 2

!. NMPUKNAL 2 3raiigits mwromy S dirypu, obmeskenoi rpadikom
dyuknii f (x) = 4x — x* i npamoio y = 0.

Pozé’azannsa. I'padik dyskuii f
nepetuHae npamy y =0 y Toukax
x,=01i x,=4 (puc. 26.6). Toxi
¢irypa, nnomy skoi Tpeba 3HAWTH,

€ KPMBOJIiHINHOIO Tpameliemo, ska ‘:
obmerxkena rpadikom hyHKOii f i nps- ®
‘i muma y =0, x =0, x = 4. A
Opnniero 3 nepBicEUX QyHKUii f Ha I[ 0 y=0 4’\ x
Bigpisky [0; 4] € bysKIia
3 Puc. 26.6
F(x)=2x*-2.
3
Toni
3
S=F(4)-F(0)=2-42—i‘3—=§. o

3

Osnavenusn. Hexait F — nepeicaa ¢ysxuii f Ha npomix-
Ky I, yuncna a i b sanexars npomixkky I, ne a < b. Pizauuio
F (b) — F (a) Ha3uBalOTh BU3HAYEeHHM iHTEerpanom Qysk-
uii f ma Bigpisky [a; b].

17 Aunre6pa 1a novarxks ananisy, 11 xa. 257




§ 3. I|4Terpan Ta nMoro 3actocyBaHHA

Busnauenwuii inTerpan ¢pyskmil f Ha Biapisky [a; b] nos3raua-
b

0Th If (x)dx (umraiorh: «iHTerpan Bix a mo b ed Bix ikc ge

ike» ). Orxe,

b
[f (x)dx=F (b)-F (a) 1)

Tyt F — posinbHa nepsicHa ¢yHKOil [ Ha npomixkKy 1.

Hanpuknan, ¢yaknia F (x) = x* ¢ nepsicroio dynkmii
f (x) = 3x* ma npomixkKy (—o0; +o0). Toai Ana AOBINBEHUX YHCEN
aib, ne a < b, MO’KHaA 3aITUCATH:

b
jax2 dx=F (b)-F (a)=b*-d’.

3ayBa)kuMo, 1m0 3Ha4YeHHs pisHuui F (b) — F (a) He 3aie-
JKHUTH Bij TOro, siky came nepsicHy dyukuii f oopaso. Cupasai,
KO)XKHY nepBicHy G ¢yHKOil [ Ha npomikky I MOKHA DOAZATH
y Burasanai G (x) = F (x) + C, ne C — pesaka crana. Toxi

GbB)-G@=F@®)+C)—(F(a) + C)=F (b) — F (a).

PiBricrs (1) HasuBawTh (popmysoro Herorona—Jleionina.

b
Omxe, ansi obuMCIeHHSA BH3HAYEHOrO iHTerpaJa If (x)dx

3a dopmysroo Heorora—Jleitbrina norpiduo:
1) snaiiTu 6yab-aAKy nepsicHy F ¢yHKnOii f Ha Bigpisky [a; b];
2) obumcauTH 3HAYeHHS nepBicHOI F y Toukax x =b Ta
x=a;
3) suauTu pisaumio F (b) — F (a).
IIpu obuncienHi BusHaYeHUX iATerpasiis pisaumo F (b) — F (a)

b
nosHavawTs F(x)| .
a

BHKOpHCTOByIO‘!H TaKe NMO3HAYEHHHA, 00YHCIUMO, Hanpu-

n

6
KJaju, Icosxdx. Maewmo:
0

A

L4

: 8 St 1
Icosxdx=smx 6 =sin——-sin0==.
s 0 6 2
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26. MNnowa KpMBONIHINHOI Tpaneuii. BuaHaveHnun iHterpan

2
NMPUKNAL 3 O6uucrite I(x‘ +x°-2)dx.
1

Poszé’azanna. Maemo:

x 2

2 5 13
I(x‘ +x2—2)dx:(——+——2x]
; 5 3

1
5 3 5 3
=(2_+2__2.2j_(L+L_2.1J:6§, -
5 3 o -3 15
Axmo pyuxuisa f mae nepsicHy F Ha Bifpisky [a; b]ic € (a; b),
T0 3 hopmynu Heorona—JlelibHia BUNIINBAE TaKa BJIACTHUBICTH
BH3HAYEHOr0 iHTerpasa:

[f@)ydx= [f () dx+ [f () dx.
Cupaspai, ; ¢ \
[f (x) dx=F(b)-F(a)=(F(b)- F(c))+(F(c)-F(a))=

= ]f (x)dx+ ]f (x)dx.

Axmo koxkHa 3 GyHKHOiA f 1 ¢ Mae nepsBicHy Ha Bipis-
Ky [a; b], To, BuKOopucToByoun Teopemu 25.1 i 25.2, moxkHA
JoBecTH (3pobiTh Ie caMOCTiHHO) TaKi BJACTHUBOCTI BUBHAYEHOI'O
iHTerpasia:

b b b
1) [(f )+g (=) dx= [f(x)dx+ [g (x)dx;

b b
2) ka (x)dx=Fk If (x)dx, me k — nesixke 4mcio.

®opmyna Helorona—JleitbHina 03B0JIsIE BCTAHOBUTH 3B’ A30K
Mi’>K BH3HA4YeHUM iHTErpaiaom i miomeio S KpuBoJdiHiiHOI
Tpanenii, oomexeHol rpadikom bysKOii y = f (x) i npaMuMu
y=0,x=aix=0b(a<b).

BukopucroByoun Teopemy 26.1, MoyKHa 3anucaTH:

8= bff (x)dx
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§ 3. InTerpan Ta Moro 3acTtocyBaHHA

3ayBaKMMO, IO B HaBeAeHi (GopMyisi pos3rasganTbCs
dyukuii f, aki ga Biapisky [a; b] HabyBaOTh TiILKHU HeBix eM-
HUX 3HaveHb. IIpore Bu3HAYEHMIT iHTErpas MOXKHA BUKOPHCTATH
Anst obuucaeHHs mony Oinbir ckaagHux Giryp.

PosrnsaemMo dyHKOII f i g, AKI € HemepepBHUMH Ha IIPO-
MikKy [a; b] i ana Bcix x € [a; b] BUKOHYyEThCA HEpiBHICTHL
f(x) 2 g (x).

IToxaxxemo, Ak 3HauTH wiomy S ¢irypu @, axa obMexeHa
rpadikamu pyHKIiNi f i g Ta npamumu x = a i x = b (puc. 26.7).

177 | YA y=f(x)+e,

®y

Puc. 26.7 Pnc. 26.8

ITeperecemo ¢irypy @ Bropy Ha ¢, OZMHHUIH TaK, 100 OTPH-
maHa ¢irypa @, sHaxoauaacs Buie Big oci abemuc (puc. 26.8).
®irypa @, obmexeHa rpadikamu dysrnin y = f (x) + ¢,
iy=g(x)+ ¢, Ta npaMmumMu x = a, ¥ = b.

Ockinpkm ¢irypu @ i @, maoTs piBHI miomni, To MyKaHa
moma S AopisHIoe pisauni S, — S,
ne S; — moma KpuBOJiHiiHOI Tpamnenii, o6MesxeHol rpadikom

byakniiy =f(x) + coranpamumu y =0, x =aix =5
(puc. 26.9, a);

S, — nroma KpuBosiHiiHOI Tpanenii, obmesxeHol rpadikom
byskniiy =g (x) + coranpamumun y =0, x =aix=>b
(puc. 26.9, 6).

TakuM YUHOM, BUKOPHCTOBYIOUYH BJIACTHBOCTI BU3HAYEHOI'O

iu'rerpana, MOMeMO 3amnmucaTu:
b

S=8,-8S, = j(f(x)+co)dx—I(g(x)+c0)dx=

a
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26. ﬂnow,a KPUBONIHINHOI Tpaneun meaqeumm |HTerpan

= J((f(x)+c0)—(g(x)+co))dx: j(f(x)—g(x))dx

vh y=/(x) T i
i 7 i A
- 1 |

1 1

4 1

saeata e ot N S AR, (RN | L 1

Puc. 26.9

Omxe, axwo Qyukyii i g € HenepeperHumu Ha 6idpisky [a; b]
i Onsa ecix x € [a; b] suxonyemvca nepienicmy f (x) 2 g (x),
mo naowy S Qizypu, axa obmexcera zpadikamu ynryiic fi g
ma npamumu x = a i x = b, moxna obuucaumu 3a opmynoi

b
S= [(f (x)-g (x)dx

NMPUKNAL 4 3maizgite naomy S vh
dirypu, obmexxeHO1 rpacdikamMu
byEknit  f(x)=-x*+6x—-6 i
g (x) = x* - 2x.

y = g(x)

Pozé’szanna. Ha pucysky 26.10

Ry

300pakeHo (irypy, miaomy sAKoOi mo- 0
TpiOHO 3HAWTH. ‘ v)
Posp’sizaBmu piBaAHEA f (%) = g (%), / \

YCTAHOBIIEMO, IO rpadgiku (QyHK-
i f i g nepeTHHAIOTHECA Y ABOX TOY-
Kax 3 abcumcamm x = 11 x = 3.

Tozai mykasa mioma S AOPiBHIOE:
\ I8

3 3 / 3
S= I(f(x)—g(x)) dx = _[(—sz +8x—6)dx =L—2%+4x2 —6xJ

3
=(23+43Z 6-3)[21+4-1261)§0
3 3 3

1
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| § 3. IHTerpan ta noro 3acTocyBaHHs
|i‘ . Bnpasu
f ‘ 26.1." 3maiiaiTes mromy KpuBOJiHiHHOI Tpamemii, 3o0paskeHoi
i | Ha pUCYHKy 26.11.
! ||
f | yA
‘ A
y /}/ X
. /: O B
O] "2 2 /
a 0
| ." vk yh
' i AT Yy = COSX 4
| y=e
Al
il X 1
I LY n 5]
‘\ 0 = z _N /l/ it
<1:0] ‘1 x

| >
ll
| "
L
[ [ fN 4
il .
I )
] | x*
%
I L o
| =31 ol 2\ % 2 o
1
Il e e
|‘ Puc. 26.11
i
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26. Nnoua KpUBONIHINHOI Tpanewii. BuaHaveHwn iHTerpan

26.2.° 3HaligiTe nioNy KPHUBOJiHIAHHOI Tpamenii, 300paxeHOl
Ha pUCyHKyY 26.12.

YA
y =2 \
x
a
y=2

=3 B
0
YA y )x — X Y
—2-10§p &
ail] B
of 1 2 x
8 2

Puc. 26.12

26.3." O6uuciiTe BU3HAUYEeHUN 1HTEerpas:

7 2 . 100 dx.
1) dex, 4) '[x dx; 7 ﬁ[ﬁ,
2) E]bdx; 5) 3j‘sinxdx; 8) ";‘[E;

3 0 2 X

o 3 d 10 5
3) J;xz dx; 6) Jcosfx; 9) ljr—f

4
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i § 3. IHTerpan Ta Noro 3acTocyBaHHs Jb

3 6
10) ja'dx; 13) j(3x2—x)dx;
-2 0
i 11) Ii/;dx; 14) I(4sinx+2cosx)dx.
1 0

12) -J'(2x+4) dx;

26.4.° O6uucyaiTh BUBHAYEHHUN iHTErpas:

n

{} 3 g 2 dx . Tdx
q 1) szx, 4) Jsinzx’ 7) lj?
4
2 3 9
2) [x*dx; 5) j'i—f; 8) [Vxdx;
1 1 4
3) ?cosxdx; 6) ]e’ dx; 9) ](1—5x‘)dx.
0 0 -1

26.5." 3aigiTe IOy KPUBOJiHINHOI Tpanenii, ooMesxeHO]:
1) mapa6osoo y = x° + 1 i npamumu y = 0, x = 0, x = 2;

)
: | eiiitx |

2) KocuHYCOiioI0 Y = cos X impaMumMu y =0, x=——, x= —2—; L

, 3) rpadikom dyukmii y = —x° Ta npamumu y = 0, x = —2; ‘.
| 4) napa6osioro y =38 — 2x — x° i npamumu y =0, x = -2, Jy
! |

pi=103

4 1
5) rinmep6oJ010 y=—2—1— i npamumu y = 0, sz’ X=23
X

R "

6) napa6ousomo y = 2x — x° i Biccio abenuc;

o . . n n
‘ 7) curycoifow y = sin 2x i npamumu y = 0, x=—1—2, = Z;
|
\

8) rpadikoM GyHKIII Y=

1 .
7 i npamamu y =0, x = -1,

=10 ]

9) rpadikom byHKNii y =€* + 1 i npamamu y=0, x =0, .
L‘,

10) rpadikom dysruii y=+5-x i npamumu y =0, x = —4. y
i
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26. MNnouwia kpMBONIHINHOI Tpaneuii. BuaHa4yenun iHterpan

26.6." 3HaiaiTe mIOIy KPHUBOJiHINHHOI Tpamerii, o6mexenol
JiHiAMM:

Dy=2"-1,y=0,x=2;
y=-x*-4x,y=0,x=-3, x =-1;

3) y=—§, y: =10, %= 745%= <2
-

U= 00571y =4

4) y=

(x+2)2’
5) y=Jx+4,y=0, 2=+8, x=15;

6) y=(%J Sl iilla Iy

26.7." loseaiTh, 110 KPUBOJIiHIWH]I Tpanenii, })“c “26 '13
saapboBani Ha pucyHKy 26.13, piBHO-
BEJIMKI.

26.8." ObuuciTh BUBHAYEHUH iHTErpas:

3
3 A .
1) j(4x ~4x+38)dx; 7 j3 ~
35
2 X 2 x
2) J'os—dx; 8) I(sin—+c055x] dx;
n 3 0\ 6
2
g 2r
3) [ L 9) jsin(ﬁ-3x)dx;
x sin 22x’ 3 3
6
1 0 x
4) j(x 3)? dx; 10) je 6 dx;
12 t:
j(sx 3)°dx; 11) f ax
{ l(4x+l)
5
6 116
12) js/——zdx
2
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§ 3. IHTerpan ra noro 3acTocyBaHHA

26.9." ObumcaiTs BUBHAYEHUM iHTErpaJ:

‘74 1 % dx
1) J(~2—+2x—3xzjdx; 4) f(2x—1)‘ dx; 7) I ;
B el o

03x+1’
4x 7 é
x dx dx
2) |sin—dx; 5) s 8) =3
J 4 4‘"\/3x+4 J(ﬁx—S)“
3
b dx In4 4
3) I——; 6) je""’ dx; 9) I\/7x—3 dx.
°cosz(x—TEJ In3 1
«)'8
26.10." 3naiigite miomy ¢irypu, obmexeHol JiHigAMH:
) y=x*y=4; Ny=x"+2x+1, y=x+ 3;
2) y=2x%, y = 2x; 10) y = —x* + 2x, y = x%
Yy=€,y=1,x=2; M y=2,y=2%
4)y=%,y=1,x=1; 12)y=¢",'y ="e,;’s=0;
4 7
) y=—, y=4, x = 4; 13) y=—y x+y=8;
X X
6)y=x*-4x+5,y=>5; 14)y=%,y=2x,x=2;
x

Dy=2+x-2,y=2-x; 15)y=sinx,y=oosx,x=0,x=§.
8y=x"+2,y=x+4;
26.11." 3maizgite naomy Girypu, obmexeHoi:
1) rpacdikom dysknii y = x° i npamumu y = 8, x = 1;
2) mapa6onow y = 0,5x* i npamow y = —x;
3) napa6osoo y = 4 — x° i npsamow y = 3;
4) napabosow y = 6 + x — x* i mpamo y=6 - 2x;
5) mapabonamu y = x* —4x + 4iy=4 - x5

x 42
6) rinepboso0 y=— i npamumu y =3, x = 3;
X
7) rpadikom dpyHKUii y = ¢ * i npamMumu y = e, x = 0;

8) rinepboso0 y = 2 i npamoio x + y = 6.
b 4
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26. Nnowa KpUBONIHINHOI Tpaneuii. BusHayeHun iHTerpan

26.12.” Ilpu aKoMy A0AATHOMY 3HAYEHHI @ BUSHAYCHHI iIHTErpa

I(G —2x)dx mabysae HaWOLIbIIOrO 3HAYEHHA?

26.13." Tlpu sAKUX 3HAUYEHHAX a molna ¢irypu, odmerxkeHol
aigiamu y = x°, y = 0, x = a, nopisue 9?

26.14.” Ilpm axkux 3HAYEHHAX a miaoma ¢irypu, obmesxeHoi
nimismu y = 2x°, y = 0, x = a, popisH0OE 8?

26.15." Tlpu sxomy 3Ha4YeHHi a npsiMa x = a po3busae dirypy,

y 2.,
obmesxkeny rpadikom pyrHkuii y=— inpamamuy =0, x = 3,
v

x = 12, Ha aBi piBHOBesuKi dirypnu?

26.16.” Ilpu sxoMy 3HAYEHHI a npAMa X = a po3dusae ¢irypy,
obmesxeny rpadikom dyskmii y = —x° Ta npamumu y = 0,
x = —2, Ha ABi piBHOBe UK (irypu?

26.17." Ilpu AKuUX 3HAYEHHAX Q@ BHROHyeTbCﬂ Hepiauicn'

a

1) ](4—2x)dx<3(a>0); 2). | 02 dx>l
0

lng0'2 6

(a >log, ,6)?

26.18." Ilpnm AKUX JOAATHUX 3HAYEHHAX d BUKOHYETHCA He-

piBHIiCTH I(%+1de >1,56?

i\X
2

26.19." O6uuciaiTes BU3HAYECHUN iHTErpas:

% i

12
1) Itgz 3xdx; 3) .[cos 3x cos x dx;
0
0
2) _[2 sin® idx; 4) r +a
1
26.20." O6uucniTs BUBHAYEHUH iHTErpan:
16 =
4 4
1) I ctg® = dx; 3) Isin 7x cos 3x dx;
5 5 ;
4 2

2
2) Icosz 2x dx;

X
2

2
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§ 3. IHTerpan Ta oro 3acTocyBaHHA

26.21.° 3maiaites mromy ¢irypu, obMerxeHol JiHiaMU:

2

1)y=x>-8x-4,y=0,x=0, x=3;
y=-xy=x-2;
Yy=x*-4,y=4-x2%

4) y=2x*-2x,y=x;

5)y=8sinx, y=-2sin x,x =0, x:%ﬁ;

6)y=i~2,y=2,x=2,x=4.
b

26.22." 3uaugite miaomy G¢irypua, odmexeHol JiHiAMMA:

y=x*-4x,y=x—4;
2)y=8-x%y=2x;

3).y =08 x, Y =+2 co8 X, x=—§, x=g;
4)y=4-x*y=x*-2x.

A §‘OOOﬁ('.OOQQﬂ‘.o..OOOOOO...O..OQ..OO..0

» 26.23." 3naitaite muonry ¢irypu, oOMeKeHoi:

2-x°, axmo x<1; .
i nmpaMuMH

1) rpadikom dyHKOii y =
i ! {235—1, axkmo x =1

y=0,x=-1, x=2;

E<x€0:
2) rpadikom GyHKHIi y = st —E\x\O, i mpsa-
1-x, axmo 0<x<1
moio y = 0.

0.24." Buaiaite miromy ¢irypu, odmMexeHoi:

i x+3, Aakmo x<-1; ,
1) rpadikom pyHKIii y = § , i TpAMUMHA
x“+1, axmo x=-1
=0, 2=-2,x=0;
x+2, AKOo —2<x<0;

2) rpadikom hyHKOII y = i npsa-

2 cos 2x, AKIIO 0<x<£

Mmoo y = 0.
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27. ObumncnenHs ob'emis Tin

26.25." Bmaiiaite nmomy Gbirypu, ooMexeHoi mapaboio0 .
1 s
y:5x2+1, NpAMOI0, KA JOTHKAEThCA A0 miel mapaboam

y Toumi 3 abcumco x, = 2, Ta OCAMUA KOOPAUHAT.

26.26." 3maigite miaomy ¢irypu, obMeskeHol Biccio abcmuc,
rpadikom ¢pyHKOiI y = 2x® Ta mpsaMolo, KA JOTHKAETHCS
J0 uporo rpadika B Touni 3 abenucoio x; = 1.

26.27." O6umciaiTe BU3HAYEHUH 1HTErpaj, BUKOPHUCTOBYIOUU
AOro reoMeTPpUYHUMA 3MicCT:

1 1
1) [V1-x* dx; 4) [V5-4x-x* dx;
=1 -5
0 1
2) I\/Q—xz dx; 5) ﬂ x |dx;
-3 -4
8 5
8) [V8x-x* dx; 6) [|x-2|dx.
4 0

26.28." Ob6uucyaiTh BUBHAYEHHUN iHTErpaji, BUKOPHMCTOBYIOYH
HOro reoMeTpUYHMUM 3MICT:

5 5
1) j‘\/25—x2 dx; 3) IJGx—x2—5 dx;
1

23

2
2) IJIZ—xz dx; 4) I|x+1|dx.
0 -2

%
26.29.* O6umciTh BUBHAUEHUH iHTErpas jln xdx.

1

26.30.*% ObuucaiTh BUBHAYEHHUH 1HTErpa J'arcsin xdx.
0

acvv’.Daoﬁ L E B R E N ENERENERNRDLENSESEH®:RHMNH-E-~R

m O6uncneHHn 06’emis Tin

¥ nomepeaHLOMY IYHKTI BH Ji3HANIUCH, AK 3a JOIOMOTOIO iH-
TerpyBaHHSA MOKHA 00YMCIIIOBATH IJIONIY KPUBOJIIHIHOL Tpare-
nii ra igmux ¢iryp Ha nmiuomuHi. Haragaemo, mo koan ¢girypa
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§ 3. I4Terpan ta noro 3acrocyBaHHs

obmerxena rpadikamu GysKLid figTanpaMuMu X =aix=b
(puc. 27.1), To ii oIy MOXKHA 00UMCIUTH 32 (HOPMYIIOIO

S= (7 (-2 () dx.

Posrnanemo pysrnio  (x) = f (x) — g (x). Bernunna [ (x,) =
=f (x,) — g (x,) mopiBHIOE AOB}KHMHI BiZipiaKa, 1O AKOMY Bep-
THKaJbHA IpAMa X = X, NepeTuHae aany oirypy (pme. 27.2).
Orixe, MOKHA 3amIuCaTH:

S= ’Il (x)dx.

BusiBnsieTbes, M0 ocTaHHIO HOPMYJIy MOYKHA y3arajJbHUTH
ISl O3B’ A3yBaHHA 3a7iad Ha o04YnclIeHHsa 06’ €MiB IPOCTOPOBUX
TiJI.

YA y=r(x)
a; y=g(x) E b;
0 x
Puc. 27.1 Puc. 27.2 Puc. 27.3

¥ npocTopoBii NPAMOKYTHiM AeKapTOBii cucTeMi KOOPAMHAT
posrisieMo Tiio @, 06’eMm axoro aopisae V. Hexai miomu=aa
X = x, neperuHae Tisio @ no ¢irypi 3 mromgero S (x,), a Ipoex-
niero tina P Ha Bick abcmumc € Biapisok [a; b] (pue. 27.3). Toxi
06’em Tina @ moxkHA obumcaHTH 3a HOPMYIOI0:

V= ]S (x)dx

IIxo hopmyny MOKHA HOBECTH, BUKOPHCTOBYIOUH i/1€10 J0-
BeJleHHs TeopeMu 26.1.

Ilokasxemo, K 3a ZOIIOMOrOI0 OTPUMAHOIL (hPOPMYJIN BUBECTH
topmyny 06’emy nipaminum.
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27. O64ucneHHs ob'emis Tin
Hexait nano nipamiay 3 sucororo OM, piBHOIO /&, i OCHOBOIO
mromero S (puc. 27.4). Iloseaemo, o 06’eM mipamiau 1opiBHIOE

1
V= ESh. ¥YBenemMo cucreMy KOOPAMHAT Tak, mjo0 BepmiwHA mi-
pamizu O sbirsacsa 3 MoYaTKOM KOOPAMHAT, & BUCOTA ITipamian
OM manexaya HojaTHOMY Hanpsamy oci abemuc (puc. 27.5).

Toxi ocHOBa mipaMiau JexuTh y niaomuHi x = k. Tomy npoex-
niero mipamiau Ha Bichk abecmue € Bigpisox [0; A].

ZA

Puc. 27.4 Puc. 27.5

Hexait nuomuHa X = X, IepeTHHAE HipaMily IO MHOro-
KYTHHKY 3 miaomeio S (x,). 3po3ymisio, Mo IJIOLMHHA nepepisy
napajeJbHa IJIONINHI OCHOBHM mipamizau. ToMy MHOTOKYTHUK,
YTBOPEHUM y mepepisi, moaiOHuil MHOTOKYTHUKY OCHOBH ITipa-

1 - ; . . X
migu. Ilpn npomy koedimieHT moxiGHOCTI AOPiBHIOE ;" Cko-

PUCTABIIMCH TEOPEMOIO IIPO BiHOIIEHHSA IUIONY MOAIOHUX diryp,
MO’KHA 3aIMCATH:

S(xo)_x('f
S xr
2

3 X,
3Bigcu S (x,)= —h—‘;S. Tenep mosxHa 3anucaTH:

h

h hxz Sh
V= IS(x)dxzj‘Fde:—J'xz dx =
0 0

h* o

3 3
S A B A T
h* 3| h* 38 3

27
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J § 3. |HTerpan 1a ¥oro 3acTocyBaHHs
|

NPUKNALA Pirypa, obmexena rpadikom Gyaruii f (x) =
=x* 4+ 1inpamMumn x = 0, x = 1, y = 0 (puc. 27.6), obepraeTscs
HaBKOJIO oci abcuuc, yrBopoowoun Tino o6’emy V (puec. 27.7).
Buanaits V.

Poszé’sazannsa. Ilpn nepeTuHi yrBOPEHOro Tijia MIOIINHOIO
X = Xy, A€ X, € [0; 1], yrBopoeTscs kpyr (puc. 27.8), paziyc
akoro gopisHioe [ (x,). Toai miroma mporo Kpyra AOpiBHIOE

S (x,) = nf* (xo)=1t(x§+1)2 =n(x§ +2x; +1).
Tomy
‘ : x° 2x°
V.= IS(x)dx= In(x‘ +2x2+1)dx=1r(—+——+x)
0 0 5 3

1

0

|
'.
)
i 177
1’ A
{
I
0 1
(
i 0l
' Puc. 27.6 Puc. 27.7 Puc. 27.8

Yazaraii, Mmae Micie Take TBePHIKEHHSA.

Konun npu obepramHi ¢irypu, obmerxkenol rpadikom Heme-
pepBHOi Ta HeBiZ'emMHOI Ha BiApisky [a; b] byrknii f i npaMu-
Mu X = a, x = b, y = 0, HaBKOJO Oci abcuuc yTBOPIOETHCA TijIO
06’emy V, TO

b
V= njfz(x) dx

(R R N NN N B N B B N N B N B N N N N N N N NN N N N N NN B N N N N N N BN N N N RN NENMEZREZHSENEZSEJEHNRZE-RJES:SENJENBEJR ;N
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27. O64yucnenHs ob’emis Tin

. Bnpasu

27.1.° BuaigiTe 06’eM Tina, yTBOpeHOro o6epTaHHAM HABKOJIO
oci abcmuc ¢irypu, obmexkeHol JiHiAMM:
1Yy =221 2 =13x=0) y=0;
2)y:x2+ Lx=lpx=2,y=0;
3) y=vJx, x=1,x=4, y = 0;
)y=2,y=x;
1 1
DY S = =0 ==, ey &
3 2
27.2." 3maiaite 06’eM Tija, yTBOPEHOro 06epTaHHAM HABKOJIO
oci abcauc ¢dirypu, obmekeHol JTiHiAMHU:

1) y=/cosx, y=0, x:—g, ng;

2)y:x—x2,y:0;
3)y=\/;,y=1,x=2.

: 53 0L ’
27.3." ¥V wryui pagiyca R Ha BigcraHi : BiJi IeHTpa KyJi mpo-

BeIeHO IUIOIUHY, sfiKa po3buBae KyJil0 HA JABI YaCTUHH.
3HauAiTE 00’€EMM IIMX YACTHH.

! : . ; .
27.4.° [losexite, mo 06’em Kyii paxiyca R popiBHIOE gnR“.

27.5." BuBezgits hopmyny ansi obumnciaeHHA 00’€My KOHYCA.
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§ 3. |HTerpan Ta Moro 3acTocyBaHHA

KONW 3POBNEHO YPOKMU [

(iPosyMOM BiH nepesepLUUB pia NOACLKNIA»

IIi BennuHI cjoBa HaAmMCaHI HAIaAKaMHM NPO BUAATHOIO
aHIJIIMCHKOro HAYKOBIA — (hisuka i maremaruka Icaaka Heio-
ToHa. B icropii Hayku nopsaz 3 I. HeloToHOM CTOITH IIe OAHA ri-
rasTchbKa (irypa — mimMernpkoro Haykopnsa Iordpiza Binrbres-
ma Jleibuina, sKuit 3aJuImuB micas cebe HEMEPKHYYHMM CJij
y (inmocodii, maremaTni, JopucIpyAeHLii, gorigi, AunomMarii,
icTopii, moxirosorii. Cepes BeJHMKOI HAYKOBOI CHAAIIMHMA IUX
reHiaJbHUX YYEHUX 0COOJIMBE MiclLie HAJIEKATh JOCATHEHHSAM,
OB’ A3aHUM 31 CTBOPEHHAM AH(EepeHIiaJIbHOro Ta iHTerpasib-
HOro YMCJIEeHHS — HAYKH PO NOXiAHI Ta mepBicHi.

Cnix migkpecautn, mo HeroroH i JleibHin cTBOpioBain ¢BOi
Teopil B YacH, KOJHM 3BHYHI /I HAC HOHATTA i Tepminu abo
B3araJji He icHyBaJiu, abo He Mayu TOYHOro amicty. Ciupobyiite
yABUTH co0i nifApyyHHK 3 <«Anrebpu i moyaTkKiB aHaJi3y»,

T'ordpin Binsreasm
Jleii6rin
(1646-1716)

Icaak HsioTmoH
(1643-1727)




Konn 3pobneHo ypoku

y AKOMY HeMa€ TepMiHIB «MHOMKHHa», «(pyHKUisg», «aiiicHe
UMCJIO», «TPAHUIA» TOI[O. Binkm Toro, 6araro 3pyysux cyvac-
HHUX IMO3HAYEHb TOJAL e He HaOy/u 3arabHONPUNHATOIO BIKUT-
Ky. Hesaki 3 sux HeoroHy Ta Jleibuiny mosesiocs caMum
BHHAXOAUTH, y3arajJbHIOBATH i MPHCTOCOBYBATH X0 moTped.
Hanpuxian, Jlei6ain mouas nmo3HavaTy onepaniio MHOMKEeHHS
Kpankowo (paHime BHKOPUCTOBYBAJAU CHMBOJH: [], x, *, M
TOWI0), OIEepallilo AiJIEHHA — ABOKPAIKOK (paHimie 4acTo BH-
KOpPHUCTOBYBAJH JiTepy D); HeIOTOH NOMMWPUB IMO3HAYEHHA JJIs
CcTeneHsa a" Ha BUNAJOK LiIMX Ta APOOOBHUX 3HAYEHH N, a IO-

3HAYEHHSA \/—; y3araJbHUB 0 ix. Tepmin «hyHKIiA» i cHMBOJI
iHTerpaJa « I» BIieplne 3ycTpivaThesa B poborax Jleibuina.

¥Y3arayi, icTOpilo PO3BHTKY MaATeMaTUKM MOKHA CMIJIHBO
PO3AiNIMTH Ha €NOXH M0 i micyia mosBM moxXizHol i iHTerpaia.
Bigkpurra HeioroHa Ta JleiibHina ao3BoauIM HAVKOBIAM
IIBUKO i IPOCTO pO3B’A3yBaTH 3aja4i, AKi paHime BBa)kaIucs
abCcoNIOTHO HENIPUCTYIHUMHA.

Haseaemo noxkazoBuii npukiaaz. ¥ nepmiit monosuni X VII cTo-
JITTA BUAATHUM itTanidicbkuit marematnk BonaseHTypa Kaga-
JIbEP] 3aIIPONOHYBAB HOBUM METOXH s OOYMCIEHHS ILJIOII.
Kopucryouncs nuMm merozom, Kasanbepi aMir 064MCIATH ILIO-
my S KpUBOJiHiMHOI Tpanenii, oOMesxenol rpadikom dyHKIil
y = x", Biccio abcumc i BepTHKANBHOK NPAMOI0 X = 1, npu fe-
AKUX 3HaYeHHAX n (puc. 27.9). Hanonernmeo mpamnioodu Ipo-
Tarom Oinbm HisK 10 pokiB, MIAXOM HAA3BUYANHO CKJIAMHUX
Ta rpoMisakux Mipkysanb KaBanbepi 3mir poss’sizatm sagauy
JUIIe JJIA HATYpPaJbHUX 3HAYEHb 71, MeHmux Bix 10.

Toxi i kasartm, 1m0, BUKopucToByouu dopmyny HeoToHa—
Jleitbrina, myKaHy MmOy MOKHA 3HAUTH B OAUH PHAJOK He
TITBKY )15 HATYPAJABHUX, & ¥ JJIA BCIX AOJATHUX
8Ha4YeHb N: y

S 0 1

n+l
X

S= l'[x"dx =
0

n+l1 o_n+l n+1—n+l.

IIpore B Ti wacu meroxn, 3anmponoHosBanuii Ka-
Bajnhepi, MaB HAA3BUYAWHO BaXKJIMBe 3HAYEHHA, 0
ockinbku 70 XVII cToMiTTA npPOTAroM KidbKOX Puc. 27.9
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§ 3. IHTerpan Ta noro 3acTocyBaHHA

THCAY POKiB yci HaMarasHsa HAYKOBILiB po3B’a3aTHu Taky abo 1mo-
nibHy 3azaui Oysm B3araji Oe3pes3ybTaTHUMHA.

Insi cBoix pospaxyHkiB Kasanbepi chopmyioBaB Takui
IPUHIAIL

AKWO 6Ci npami, napanresvHi mixe co0010, nepemuHams
izypu F, i F, no sidpizkax odnaxosoi doexuru (puc. 27.10),
mo makxi gpicypu mawmov pi6Hi NAOULL.

O3Ha#OMUBIINCH 13 UM ODpuHIUIOM, v 1644 poui BHAaTHMM
itamidcekuit marematuk i ¢isuxk EBanmxenicra Toppigesni
nucas: «bBe3 cyMHIBiB, reOMETPUYHUNA IPAHITHAIL
KaBasibepi € AMBOBMIKHUM 32 CBOEIO EKOHOMIEI0
3aco00M [y 3HAXOMKEHHs TeopeM... lle —
cIpaB/i IIapchKa Aopora cepej Xalm maTeMa-
TUYHOTO TEPHUKY» .

Hanpuxnan, 3 npuanuny Kasanabepi BUmiu-
Ba€, 10 NPAMOKYTHMK 1 apajieiorpaMm 3 OfHa-
KOBUMHM CTOPOHOIO i BHCOTOI0 MalOTh pPiBHIi
momni (puc. 27.11). Ane npuanun Kasansepi
mpamnoe i ausa 6iasm ckaagaux ¢iryp. Hanpu-
KJIaJ, PO3rJIAHEMO ABi (pirypu: ofMHMYHUN KBAJIPaT i «KPUBO-
JiHIAHEWNE JOTUPUKYTHUK» ABCD, oOMe)xeHu# JiHIiAMA Y = \/; .

Puc. 27.10

y:«/;+1, x=0, x=1 (puc. 27.12). 3po3ymijio, 10 KOKHA
BepPTHKAJBHA IpAMAa nepeTuHae o0uaBi dirypu mo Bigpiskax
ozuHMYHOL moBxuHH. Toxi 3 npunnuny KaBankepi BUILIUBaE,
10 IJIOIIA «KPUBOJIHIHHOIO YOTUPHUKYTHHKa» ABCD nOpiBHIOE
ILJIOIIi OAWHUYHOrO KBaapaTa, To0To OAWHULL. ¥ CIIpaBeAJIHBOC-

yA

C BA
L/L,—"'y =Jx+1
o Y=

&

Puc. 27.11 Puc. 27.12
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Konu 3pobneHo ypoku

Ti IBOI'0 BUCHOBKY BH MOYKeTe ITepeKOHATHCH caMOCTiiiHO, 00-
YHCJIMBINM ILJIOLIY «KPHUBOJIHIHHOIO YOTHPHUKYTHHKa» ABCD
3a ponomorow ¢opmysan Heorona—Jleibrina.

Inei, 6mu3bKi g0 chopmynaboBaHoro npunnuny Kasaibepi,
gamToBxHyau Heioorona i JleitOHinma a0 CTBOpPeHHs 3pPYy4YHOI
3arajbHOl Teopii, AKa /aja 3MOr'y IpocTo 1 IIBUAKO OyayBaTH
JOTHYHI 10 HAWCKJIAAHIIINX KPUBHX, 3HAXOAUTH HaUbinbmri
TA HaWMEHIl 3HaYeHHA (YHKIiN, o0YMCIIOBATH IUIOIII pis-
HOMAaHITHUX ¢(iryp, po3B’sizyBaTm 06araTo iHIIUX BaKJIUBUX
i ckIamHMUX 3amad.

277




3ABAAHHS B TECTOBIN ®OPMI «MEPEBIP CEBE» Ne 3

1. fixa 3 HaBeslenux GyHKIIH € nepBicHO©0 DyHKHIT f (x) = x*?
5 5

A) F (x) = 42 B)F(x)=-’;—; B) F (x) = I‘)F(x)=x7.

]
§ 3. IHTerpan 1a noro 3acToCyBaHHA
:

|

, 2. V axomy 3 HaBeJeHUX BHUNAJAKIB QyHKUisa F € mepsicHOIO
|

!

|

byaKLil [?
| B) f(x)=-———, F (x) = tg x;
cos X

B)f(x)=x,F(x)=1;

! A) f (x) = sin x, F (x) = cos x;
1 I’) f (x) =cos x, F (x) =sin x.

2 o ; 4
il 3. Vkaxirh 3arajbHHi BArIA] nepsicEux pysrmii f(x)=—
X
Ha npoMixkKy (0; +x).
1
A) -

[V U

1 20 2
B) -——+C; B) -——+C; T) -——+C,
 Bom ) i ) P

4. fixa 3 HaBeseHUX (QYHKIIH € mepBicHOKO GyHKRIII f(x)=—
X

Ha IPOMIiMkKKY (—0; —1]?
A)F (x)=-1-In x; B) F (x)=In (x — 1);
B) F(x)=1In (1 - x); ') F(x)=1n(-=x) 1.

5. Ykaxirh 3araabHui BUTJIAA mepBicHuX dyHKLIL f (x) = €.
6x+1

i A)e* +C;  B)6e™ + C; B)ﬁe :
[ X+

j, ﬂ 6. ©®ynxuisa F € nepsicHo0 GyHKOII f (x) = x — 3. Uepes Ky 3 Ha-
I | BEJIEHUX TOYOK IPOXOAMUTH rpadik ¢ysrmii F, axmpo F (2) = 57
| A) (0; 8); B) (-2; 17); B)(1;5,5); T) (4; 4).

7. flka 3 nopanux pysKuiit € neppicuow GysKOii f (x) = 7*?

+C; T) %eﬁ" +C.

il A) F(x)=7 : B) F(x)=T%
i In7 L
il B)F (x)=7"InT; ) Feeit,
| 7 x+
: | 8. O6umciTs iHTerpan Ixz dx.
0

| A) 27; B) 9; B) 6; ') 3.

| ( 278
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3aBaHHA B TecToBIn hopmi «lepesip ceber Ne 3

;
9. ObunciiTe iHTErpas Isin 3x dx.

9

A) = B) -1; B) 13; ry -1,
2 2 2 2
" d
10. O6uuciiTe iHTErpan _[ o
~~'~ sin® x
2 o
A) & B) 2/3; B) # I) V3.
: ; % dx
11. O6uuciairs iHTErpas I
22T —x
A) —4; B) 4; B) -2; I') 2.

1 4
12. Ob6uucaitTe iHTErpa I(f (x)+1)dx, akmio If (x)dx=2
1

1
A) 3; B) 5; B) 7; I') 9.
13. Ha pucyHky 300paxeHO r‘pa(biK dbyekOii y = f (x). 3HauAiTH
0
3HAYEeHHS BUPAa3y Jf (x)dx- If (x)dx.

b

A) 0; x) ¥

B) 2; 2R ONP :

B) 1; \ \

I') 3HAUTH HEMOMKJIHBO. /-6 0] A x

14. Obuucraites mromy sadapboBanol ¢irypu, 3o0paxeHol Ha
PHUCYHKY.

T
A) —;

ar vy
i | l

/3 -
B) = ~X 0| k. R

2 6 2

1
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15. 3HaiAiT, NJIONy KPUBOJiHIAHOI Tpanmelii, ooMe)xeHoi Jri-
misMu y =6x — 2%, y=0,x=1, x = 3.

A) 123; B) 141; B) 143; I) 151.
NG 3 3 3

| 16. 3HaueHHA AKOrO 3 HABEJEHUX iHTEerpajiB HOPiBHIOE IO

It
‘ § 3. IHTerpan Ta voro 3acTocyBaHHA
E

! saapboBanoi ¢irypu, 300paxkeHol HA PUCYHKY?
|

I

A) ;gdx;

il 4

11 B) onde;

'j 1 B) ]‘[\/_—i) dx;
(|1 2

0
f 4
" ) J‘(f—\/;) dx.
] s 2

17. O6uncxite muomy ¢irypu, obMerxxeHoi diHiaMu y = x°,
y=2-x.

1 A) 3,5; B) 4; B) 4,5; I') 5.

18. IIpu sixoMy 3Ha4YeHHIi a npsaMa x = a po3busae ¢pirypy, o0-

; 10 ’;
MexxkeHy rpadikom ¢pyHKUii y=— inopamamMm y =0, x = 2,
> 4

x = 8, Ha aBi piBHOBenukKi Qirypu?
A)4; B) 5; B) 10; I') Takoro sHaueHHs He iCHYE.

i
|

|

|

.f!

’!
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§ 4. EnemeHTI TEOPIT UIMOBIPHOCTEN | MaTeMaTUYHOI CTaTUCTUKMN

KombGiHaTtopHi npasuna cymu Ta aobyTKky

CkinbkoMa crmocoBamu VYHI BAIIOrO KJIacy MOMKYTH CTaTH
OAMH 3a OAHHUM y uep3i mo Oydery? Ckinbkoma cmocobaMu
MO’KHA 00paTH y BalIOMy KJaci cTapocTy Ta Moro sacTymHuKa?
CrinbxkoMa ciocobaMm MOKYTH OyTH pos3noAiieHi 3omoTi, cpibHi
Ta OpOH30Bi MezaJi Ha yemmioHaTi cBiTy 3 hyrboay?

BigmoBigaoum Ha i 3anuTaHHA, NOTPiIOHO migpaxysaTH,
CKIJNBKHM PisHUX KOMOiHALiM, YTBOPEHUX 3a NEeBHUM IIPABHJIOM,
MOJKHA CKJIACTH 3 eJIeMeHTiB 3a/1aHO] CKiHYeHHOI MHOXHHHA. 00-
JIacTh MAaTEeMATHKH, KA 3aiMAaEThCA PO3B’ ABYBAHHAM HOAIOHUX
3aja4, HA3WBAIOTH KOMOIHATOPHUKOIO.

B ocHOBiI po3B’sasyBaHHA OinbinocTi koMOiHATOPHUX 3amay
JIe)KaTh ABa IIPaBHJA: IPABMJIO CYMH i MpaBHJIO AOOYTKY.

Posriisremo rakuit npukaazg. Typucra samikaBuiz 5 Mapii-
pyriB y Kpumy i 7 mapmpyriB y Kapnarax. 3’sicyemo, CKiIbKO-
Ma crnocobaMu BiH MOYKe OpraHi3yBaTH CBOIO BiAIIyCTKY, MalOun
yac JIMIIe HA OAMH MapUIDPYT.

Ockinbku Besoro € 5 + 7 = 12 pisHuxX MapmpyTis, TO OAUH
3 HAX MO’KHA BuOpar: 12 cmocobamu.
Y3araJbHeHHAM IbOrO MPHUKJIAAY € TaKe IIPABHJIO.

[Ipasuno cymu. Axmo exreMeHT a MOKHA BHOpATH M CIO-
cobamu, a exemeHT b MoxkHa BuOpaTH k cmocobamu, TO BHOIp
«a abo b» moxkHa 3xicHATH m + k cnmocofaMu.

3HOBY 3BepHeMOCs A0 NpHUKJaay 3 BHOOPOM MapmipyTis.
fAxmo TypueT Mae yac Ha JBa MapumIpyTH i xoue nobyBaTH CIO-
yaTky B Kpumy, a norim y Kapnarax, To BiH Mo:Ke opraiaysa-
TH CBi#l BiimounHOK 35 cnocobamm. Cripasi, AKIIO 0OpaTy OfUH
MmapuipyT y Kpumy, To mapoio A0 Is0Oro MapuipyTy Moxke 0yTu
Oyab-akuit 3 7 KapnarchKkux MapupyTis. OCKiNEKHA MapIIpyTiB
y Kpumy 5, To rRinekicts nap (mapmpyt v Kpumy; mapumpyrt
y Kapnarax) popiBaroe 7T+ 7+ 7+ 7+ 7=T7+5 = 35.

Ili mipkyBaHHA 1LII0CTPYE Taka Tabiaus.
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28. KombiHaTtopHi npaswna cymu 1a nobytky

N

Kapnarceki mapupyru

] 2 3 | 5] 6
(1;1)](1;2)](1;3)[(A;4) | 1A;5)[(A;:6)|@A; 7
(2;1)]1(2;2)](2;3) | (2;4)|(2;5) | (2;6)](2;
(3; 1) (3;2) |35 3) | (B54) | (355) | (3;6) | (35 7
(4;1) | (4;2) | (4:3) | (4;4) | (4;5) | (4;6) [ (45 7
5 |(5;1)[(5;52)]|(5:3)[(5;4)](5;5)](5;6)](5;7

Y3araJgbHeHHAM IBOr0 NPpHKJaAy € TaxKe IIpaBuJio.

L - S

Kpumeski
MAapIIpyTH

Sl B D

Ipasuno nobyrry. Axmo eJemenT a moxxHa BUOpaTH m
crnocofaMu i micas KOKHOrO TaKkoro BuGopy eaneMeHT b MOKHA
BubpaTu k cnocobamu, To Bubip «a i b» B ykazaHOMY HOpPHAI-
Ky, To6T0 BHOip ynmopaakosaHol napu (a; b), moxHa 3poduTH
mk cnocobamu.

NPUKNAL 1 Cxinbku 4oTUPHIU(DPOBUX YMCE MOYKHA CKJIACTH
3 mudp 1, 2, 3, 4, npuyomMy Tak, mob y KOMKHOMY UHCJIL BCi
nudpu Oynu pisEaM#I?

Poszé’azannsa. Ilepmow nudpoo B TAKOMY YOTHPU3IHAY-
HOMY umcJi Mo)Kke OyTm Oyab-Aka 3 4oTHphox mubp: 1, 2, 3
abo 4. Maenmo 4 BapiaHTH.

Ockinpku Bei gudpu B 4bOMY YOTHPHIU(PPOBOMY YHCJIIi Ma-
10TH OyTH pisHEUMH, TO AK0I0 6 He Oyna nepuia nudpa, ZPyrowo
nudpoio uucia Moxke Oyru Oyab-iKka 3 THX TPbOX Iudp, 110
aumunucsa. OTake, DA KOXKHOTO 3 4 BapiaHTiB nepmioi uudpu
icaye 3 BapiasTH A Apyroi nudpu. BukopucToByouu npasu-
J0 106yTKY, MaeMo, 110 mepiri ABi mudpu 4oTHPHUIIHGPOBOro
yucaa MoykHa Bubpatu 4¢3 = 12 cnocobamu.

Mipkyoouu aHAJIOri9YHO, CTBEPHIKYEMO, INO JJIA KOMKHOIO
3 nux 12 BapianTis Bubopy mepmmux ABOX mudp icHye aBa Ba-
piarTH BubOpy TpeThol nudpu. Cnpasai, AKII0 NEPIINMH JABO-
ma nudpamu BubpaHo, Hanpukaan, nudpu 1 i 2, To TpeThHOIO
nudpoio moske Oytu Oyab-aka 3 aBox nudp 3 abo 4. Bukopuc-
TOBYIOYH NPABHJIO AOOYTKY, AOXOAMMO BHCHOBKY, IO HepIIi
Tpu nudpu MoxHA Bubpath 4+ 3+ 2 = 24 coocobamu.

Ockinbkn Bei qudpu B 4oTHPpHIUGMPOBOMY YHCIIi MAaOTEL OyTH
Pi3HMMH, TO 3PO3yMiJIO, IO TepuIi Tpu Hudpu Yyucaa OAHO3HAY-
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§ 4. EnemeHTV TEOPIl UMOBIPHOCTEN | MaTeMaTUYHO! CTaTUCTUKW

HO BU3HA4alOTh OCTaHHIO YyeTBepTy nudpy. Tomy 3 nmudp 1, 2,

3, 4 moxxHa ckyuactTu 4-3+2+1 = 24 yorupunUPPOBUX UHMCIA

TaK, mod y KoKHOMY 4Hcii Bei nudpu Oyam pisaumm.
Bidnosidv: 24.

ITipg yac po3B’sisyBaHHA NPUKIaAY 1 HaM J0BeIOCsa 00UHCITIOBA-
T4 700yToK 4+ 3+ 2+ 1. ¥V KoMOiHATOPHMX 3aa4ax A0OYTOK IOCJIi-
JOBHUX HATYPaJbHUX YHces Bix 1 10 n 3yCcTpivaeThea HACTLIBKH
4acTo, 110 OTPUMAB CIIeliaabHy HasBy «(aKTopiai» i mo3HaYeHHS
nl=1+2+3+...*n
(Bamuc «nl» yurawTh «eH (akTopiais).
Hanpuknazg, 3!1=1-2:3=6,5!=1-2-3-4-5 = 120.

NMPUKNALA 2 [lns saxucTy indopmanii Ha KOMIT I0Tepi BUKOPHC-
TOBYIOTH IapoJib — NOCHiAOBHICTE OYKB a60 nudp A0BXKUHOIO
BiZ 3 10 5 cuMBOJIiB (IIAPOJIBL MOMKe MICTUTH KiJBbKa OMHAKOBUX
cuMBOJIiB). CKiJIBKM Pi3HHX MapoOJIiB MOXKHA YTBOPDUTH, BHKO-
pucroByioun 26 6yks ta 10 nudp?

Posze’azanmna. PosrigEeMO KilbKiCTh Pi3HMX IapoJjiB
3 TppOX cuMBOJiB. Ilepmum cuMBOJIOM MOXXKHa obpaTu OyAb-
ARy 6ykBy abo Oyae-aky mudpy. Orxe, maemo 36 BapianTiB.
AmnasnoriuHo i BU60py APyroro i TpeThoro CHMBOJIIB iCHYE 110
36 BapiaaTiB. BUKOpHCTOBYIOUHM IIPABUIO AOOYTKY, MAEMO, 10
icuye 36° pisEuUxX mapoJiB 3 TPHOX CHMBOJIB.

Tak caMO AOBOAMMO, INO KiJBKIiCTh NMAPOJIB 3 YOTHPHOX
cumBoIiB fopiBHIoE 36*, a mapouxis 3 n’sitm cumBoxiB —36°.

Tomy, BUKOPHCTOBYIOYH IIPABHJIO CYMH, OTPHMYEMO, 10 34-
ranbHa KigbKicTs mapouie cramosuts 36° + 36* + 36°. @

O-w3AJAMA [losexiTsh, 10 KiJBKICTH MiAMHOKHUH ZOBLIBHOL
n-eJeMeHTHOI MHOKuHU M nopiBHIOE 2".
Posé’azannsa. IIpoHymMepyeEMO BCi eJIeMEHTH MHOKHHEU M.
Maemo:
M = {@¢5.Bqgy soi 15 Qi)
PosrnsHemMo cKiHYeHHI IOCHiOBHOCTI, AKi MICTATH N YIeHiB
i ckIamaoTHCA 3 HYJIIB i OAUHUI.
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28. KombiHaTopHi npasuna cyMmu ta obyTky

Koxniit migmaOKMHI A MHOXKUHU M DOCTAaBHMO y BiAIo-
BilHIiCTH OZHY 3 TAKHUX IOCJiJOBHOCTEH, 10 obOMpaeThcs 3a
IIPABUJIOM:

AKINO @, € A, TO Ha k-My Micli B IIOCJiJOBHOCTI CTOITH umcio 1;
AKIIO a, € A, TO Ha k-My MicHi B DOCaiAOBHOCTL ¢TOITH uncsio 0.
Hanpukaapn,
A =0, Q) w015 0010 0,10y 0iv 50
B={a;} »0,0,1,0,0,0,...,0
c={a,}—>0,00,0,0,0,..,0,1
M-1,1,1, ..,1
2 —-0,0,0,...,0

3p0o3yMijio, [0 KOMKHIM MiAMHOKKUHI MHOXuUHHA M Biamno-
Bijlae €AMHA MOCJIIZOBHICTH i, HABIAKMN, KOXKHA IMOCJHIAOBHICTE
€ BiAnoBifHOIO eAuHIK migMHEOXKHHI MEOXKHEN M. OTKe, Kiib-
KiCTh MiAMHOXXUH MHOXXHHU M JOPiBHIOE KIJIBKOCTI IIOCJIiIOB-
HOCTEeH, 110 PO3IJIAfal0THCH.

IIpu KOHCTPYIOBaHHI IOCTINOBHOCTEH OYAb-AKUN YIEH MOXK-
Ha BUOpaTH TiEKHM ABOMa crocobamu: 3anucatn 0 abo samuca-

T 1. OTKe, MOKHA CKOHCTpyIOBaTH 2-2-...-2=2" pisHHX

Nl
n MHOMHHKIS

IIOCJiZIOBHOCTEH. @
AR B R R RN R EEEEE N EEERE NN ERENEREEEREENNEERENRNEH-SRHSEH®EH:~SN:E.HJ.)

' Bnpasu

28.1.° 3 micra A no micra B BeayTts
4 noporu, a 3 micra B po micra C
BeayTh 3 noporu (puc. 28.1). Crinb-
KoMa cmocofaMu MOXKHA IIPOiXaTH
3 micra A o micra C? Puec. 28.1

A B C

28.2.° Kade mponorye B MeHI0 3 mepuri crpaBu, 6 Apyrux crpas
i 5 Tperix crpas. Ckinekm icHye cmocobiB BuGpaTu 006ix
3 TPLOX cTpaB (1o OofHiM cTpaBi KOXKHOrO BUAY)?

28.3.° PosrasijaTuMeMO CKJaAu 3 ABOX OYKB, Iepumia 3 AKHUX
€ IPUTOJOCHOI0, a Apyra — roJocHo. CKilbKM TaKHUX pis-
HUX CKJIAJiB MOKHA YTBOPHUTH 3 OYKB CJIOBa:
1) mabas; 2) maposapu?

285



§ 4. EnemMeHTV Teopii MIMOBIPHOCTEN | MaTEMaTUHHO! CTaTUCTUKN

28.4." ¥V xopsuni gexars 10 abayk i 7 rpym. AETOH BUbupae
a6syko abo rpymy. Iliciasa nsoro Makcum Bubupae abayko
i rpymry. ¥V sikomy Bunajgky y Makcuma 6inbine MOMKIHBOC-
Tei- 1 BuOOpy: Koiu AHTOH y3AB AONYKO 44 Koau AHTOH
y3sB rpymy?

28.5.° Ha pucysxky 28.2 nmoxasaHO
cxeMy Aopir, AKi BeayTh 3 Micra
A po micra B. Ckinbkoma cmoco-
6aMu MOXKHA IpoixaTu 3 Micra A
1o micra B?

A

28.6." Kade npononye B MeHIO 3 pis- N
HUX caJjgatd, 6 piszHUX M’ACHHX Prc. 28.2
crpas i 5 pisaux aecepriB. CKiabKH
icHye crocobiB BuOpaTu 00ij i3 ABOX cTpaB pi3HOro BUAY?

28.7." Ha Bepmuny ropu Beze 5 mapmpyriB. CKinzbkoMa cHo-
cobaMy alpIiHICT MOJKe IiZHATHCA HA ropy i CIyCTUTHCH
3 Hei? JlaiiTe BiAIOBiAL HA Ie BANUTAHHA TAKOMK 38 YMO-
BH, KOJIM IiJiioM i coycK MaloTh BizOyBaTuCA 3a Pi3HUMH
MapIIpyTaMH.

28.8.° Ckinpky 1’ ATHIH(POBUX YMCEJ MOMKHA CKJIACTH 3 Tudp
1, 2, 8, 4, 5, npudomy Tak, 106 y KOXKHOMY YHCJIi BCi mud-
pu OyJsiu pizaEMHEH?

28.9." Ckinpkm n’sTunudpoBux umces, yci nudpu B AKHUX
pismi, MoxHa ckaacTu 3 uudp 1, 2, 3, 4, 5, AKmO Ui yrciaa
MAalOTh IOYMHATHUCH:

1) 3 nudpu 1; 2) i3 sanucy «34»?

28.10.° Cxinpku yoTUpUUM(GPOBUX YHCE MOYKHA 3aIIMCATH 34
pomomoroio nudp 1, 2, 3, 4, 5, 67

28.11.° Ckinbku icaye TpunudpoBUX Yuces, yci nudpu aKUX
HenapHi?

28.12.° Cxinbky yoTUupunu@GpPOBUX YMCE MOKHA 3AIIMCATH 34
ponomoroxo mudp 0, 1, 2, 3, 4, 5?

28.13.° Ckinbku icHye TpUIu@POBUX YHces, yci nudpu AKUX
napui?

28.14.° Ckinbku icHye ceMunudpoBux TejeOHHUX HOMEDPIB,
AKi He noumHAaOTHCA 3 Hubpu 07
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28. KombiHaTopHi npaBuna cymu Ta nobyTky
28.15." Monery kugaioTh 4 pasu. CKiIbKM piBHUX mocsimoB-
HocTe# repbiB i nudp MokHA OTPpUMATH?

28.16." 'panbEU KyOMK KuAaTh 3 pa3m. CKiJIBKH pisHHMX
IIOCJIIIOBHOCTEM OYOK MOKHA OTpUMATH?

28.17.° Cxinpku TpunudpoBUX NAPHUX YUCEJ MOYKHA 3alIUCATH
3a pomomoromw0 nudp 0, 1, 2, 3, 4, 5, 6?

28.18." CxinbKku TpUOu(POBUX HENAPHUX UHCEJ MOYKHA 3alH-
cata 3a gonomoroxw mudp 0, 1, 2, 3, 4, 5, 6?

28.19.° Cxinbku 0’ aTunudpoBux yuces, yei nudpu AKUX MaloTh
OyTu pisHHMH, MOXKHA cKJactu 3 uudp 0, 1, 2, 3, 4?2

28.20." Ckinbkyu napaux n’aTunudpPOBUX YUCE MO HA CKJIAC-
™ 3 mudp 1, 2, 3, 4, 5 Tak, n00 y KoKHEOMY uucJi mudpnu
Oynu pisEUMuU?

28.21.° Cxinbku icHye 1’ aTHOUPOBUX YHCEN, AKi AlaaTsea Ha 57
28.22.° Crinsky icHYe ceMumpoBUX YUCeN, AKi AinaTecs Ha 257

28.23.** Ckinbkoma crocofaMu MOKHA IMOCTABUTH HA IIAXOBY
ZomKy aBi Typm (06iny Ta 4opHY) Tak, mob BOHM He OmMam
OAHA OJAHY?

28.24."" YV KHWIKKOBOMY MAarasusi € 4 pisHUX BHAAHHA [10EMU
«Eneiga», 3 pisHux Buaanaa n’'ecu «Haranka Ilonraska»
i 2 pisHuX BugaHHEA I1’ecu «Mockanb-uapiBHUK » . Kpim TOTO,
€ D Pi3HUX KHMUTI, Y AKUX MicTaAThes nmoema «EHeiga» 1 m’eca
«Haranka ITonraBka», i 6 pisHUX KHUT, Y AKHX MICTATHCA
n’ecu «Haranka ITonraskas» i «Mockanb-uapiBHUK» . CKijb-
KoMa crocofaMu MOYKHA 3poOMTH NOKYIKY, sika 0 MicTuia
IO OZHOMY €K3eMILISAPY KOXKHOr0 3 IUX TBOPiB?

28.25."° Ckinpku icHye ceMuIu(poOBUX Unce, yei nudpu AKX
MaTh OJJHAKOBY MapHIiCTh?

28.26."° IIna mudpyBaHHA NOBiJOMJIEHbL BHKOPHUCTOBYIOTH
uudpu 0, 1, 2, 3. Cioso B noBigomienHi mictuts Big 1 g0
5 nudp. Axy HaibinpImy KinbKicTs Pi3HUX CJIIB MOXKe Mic-
THTH NOBiOMJIEHHSA?

28.27."* Ckinbkoma crmocobamMym MOJKHA POSHOAIMHTH 3aMOB-

JIeHHs Ha ApykyBaHHA 10 pisEmx miApyYHMKiB MiX ABOMA
KHIKKOBUMHE (abpuramMmu?
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§ 4. EnemeHTV TEOPIi UIMOBIPHOCTEN | MaTEMATUYHOI CTAaTUCTUKN
28.28.°° Yuens mae 7 KHUTI 3 MaTeMaTUKH, 4 KHUTH 3 Qi3UKHU
i 2 xkHuru 3 acrponomii. Ckinekoma crmoco6aMu BiH MOXKe
PO3CTABUTH Ii KHUT'W HA IOJHUII Tak, 100 KHUTU 3 OZHOIO
npeaMeTa CTOSIMA mopy4?
II’aTe xmonmiB i m’sATh AiBYaT cimalTs y pAA Ha
10 crinbuax. CKkineKkoMa cnoco0aMy BOHHM MOYKYTH PO3Mic-
TUTHUCH TaK, 06 XJIONNi CUALIH HA CTLIBIAX 3 MAPDHUMHU HO-
MepaMu, a AiBuaTa — Ha CTiIBIAX 3 HeIaDHUMUA HOMepaMu?

28.30."* Crinpku icHye n’aTUnU@POBUX YUCEN, V 3alIUCI AKUX
€ xoua 6 ogHa HenapHa nudpa?

" CrinbKH icHYE I’ ATHIU(POBUX YHCEJI, YV 3aIUCI AKUX
e xoya 6 ogua mapHa nudpa?

28.32."° Ckinpku icHye m’aTunudpoBUX uHces, AKI MicTATH
xoua 0 aBi ogHaKoBi uppu?

28,34, I'panpEU KyOMK KUAAOTh TpH pasu. CKiabKH pisHUX
IIOCJiZIOBHOCTEH OYOK, cepel AKHMX € Xxoda 0 ofHA IIicTKa,
MOXKHA OTpUMaTH?

28.34."* Cepen 10 nmogeit € gBoe 3Haiomux. CKiibKoMa cnoco-
famMu MOKHAa nmocaguTH nux gogei Ha 10 cTiabnis Tak, mo6
3HaoMi cupinu mopyu?

2835, Crinpku n’aTunudpoBUX YHCEJ MOYKHA 3alUCcaTH 3a
ponomororo nudp 1, 2, 3, 4, 5 Tak, mob6 nuudpu B yucii He
IIOBTOPIOBANIMCA i MapHi Mudpyu He CTOSIU MOpPyd?

28.36."° Byaemo BBasKaTu CI0OBOM Gy/Ab-AKY CKiHUEHHY MOCJIi-
JOBHiCTH OYKB yKpaiHChKOro andasity. CKinbKH Pi3HHX CiB
MOJKHA YTBOPMUTH, IIEPECTABIAIOYHN OYKBHU CJIOBa: 1) MOJIOKO;
2) matTemaTuka; 3) kombinaropuka?

28.37.* CkinpbKH HATYpAJIbHUX ALIGHUKIB Mae uncao 2° « 5%« 757

§'ﬁ&(‘¢0!\000\‘.!(QQO..BDDF‘T&O)OOlo"46000

m MepecraHoBKW, po3MileHHA, KOMBIHaLWiT

Bu 3HaeTe, 110 IpW 3aIMUCi MHOMKHMHY 11 €JIeMEHTH NUMIYTh
y moBinmprHOMY nopsaaxky. Hanpuknan, {a, b, ¢} = {c, a, b}. Ane
B KOMOIHATOPHIIL POSIIAAAIOTH TAKOXK YIOPAAKOBAHI MHOKHHH.
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29. MepecTaHoBKW, PO3MILLEHHSA, KOMBiHaLYi

Hanpuknan, sanuc (b, a, ¢) 3azae TpueleMeHTHY BIIOPSAAKOBAa-
HY MHOXHHY, V AKi Ha neplmomy Micui cToiTh exreMeHT b, Ha
ApPyroMmy — eJIeMeHT @, & Ha TPeTbOMYy — eJIEMeHT ¢. 3aluc
(¢, b, a) Bamae iHIIY BHOPAJAKOBAHY MHOXKHHY 3 THX CaMHX
eJIeMeHTiB a, b i c.

Ospmavennsn. IlepecTaHOBKOW criHueHHOI MHOMXHEH M
HA3UBAIOTH OyAb-AKY BIOPAAKOBAHY MHOMKHHY, YTBOPEHY 3 yCixX
eJIeMeHTIiB MHOXHUEN M.

Hanpuknan, icaye 6 nepecranoBok MHOXKMHEEA M = {a, b, c}.
Bunumenmo ix:

(a, b, ¢), (a, c, b), (b, a, ¢), (b, ¢, a), (c, a, b), (c, b, a).

ITepecTaHOBXM 3aJaHOI CKiHUEHHOI MHOYXMHHU DI3HATHCH
JIAIIEe TIOPAAKOM CJiyBAHHA eJIEMEeHTiB.

Temnep 3azady Ipo KJIBKICTH c1Ioc00iB, AKMMHM YYHi BAIIoro
KJIacy MOYKYTh CTATH OJUH 34 OLHUM Y 4epsi g0 Oydery, MOKHA
chopmystoBaTi Tak: «CKIJIBKHA iCHYE mepecTaHOBOK MHOMKUHU
Y4YHiB Bamioro Kjacy?»

KinrsKicTs mepecTaHOBOK 7-eJIeMEeHTHOI MHOKRHUHEU M mo3Ha-
Yal0Th CUMBOJIOM P,, BAKOPUCTOBYIOYH II€pUIy JiTepy hpaHIy3b-
KOro cJyioBa permutation — nepecraHoBka. Hampuxaaz, pos-
raspapoun MEHOKUEY M = {a, b, ¢}, Mu BcTaHoBMIH, 10 Py = 6.

Axmo M = {a}, To icHy€E JHIIE OANH CIOCI0 YyIOPAAKYBaHHA
Iiel MHOXKMHN: @ — Ie nepmmuii exemenrt. Tomy P, = 1.

JloBeaeMo, 110 A1 OyAb-AKOr0 HATYPAJILHOTO 11 CIipaBe/inBa

dopmyia

P.=nl

n

Hexayt mEOXKHUHA M CKIAJaEThCA 3 N €JIeMEHTIB. 3anucaTu
OyAb-AKY IepPeCTaHOBKY MHOKUHHA M — ne GaKTHYHO HAJaTH
KOXHOMY eJIEMEHTY Ili€l MHOXHHU IIeBHUN Homep Bix 1 mo n.
ToMy KinbKicTh HEepecTaHOBOK MHOKUHU M HOPiBHIOE KIJIBKOCTI
crocofiB HyMepyBaHHA 11 eJIeMeHTiB.

Bubepemo neBHUiT eTeMeHT a 3 Iiel MHOKUHU. IcHyE n cro-
cobiB mpucBoiTH HbOMY esieMeHTy HoMep. [lani BubepemMo nes-
HU# egeMeHT b 3 MHOKUHU M. OCKINIBKH eleMeHTy a HOMep
BJK€ IPHUCBOEHO, TO icHye n — 1 cmocib mpucBoiTH HOMED eJe-
MeHTY b. 3p0o3yMiJio, 1[0 HACTYIHUM €JIeMEeHT MOXXHA [IPOHYMe-

 FEEEENEEEREENENEEEEREEE RS REEEENEEREE R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R REEREREREZSENE.]
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§ 4. EnemeHTV TEOPIi MIMOBIPHOCTEM | MaTEMAaTUYHOI CTaTUCTUKML

pyBatu n — 2 cnocobamu i 1. . Ilis ocraEHEBOro HeBUOpaHOro
eJleMeHTa MHOXXMHH M icHye Juimie oAMH crooci® nmpucsoitTu
MOMYy HOMED, OCKiJIBKH 0 OO0 MOMEHTY 1 — 1 eneMeHT yixe
OTPUMAJIM CBOI HOMEpH.
Omxe, 3a MpaBUJIOM JOOYTKY MOXKHA 3amucaTh:
P,=n+(n—-1)-(n—2)+...+2+1, To6TO
P, =n!

NMPUKNAA 1 Ckinskoma cmocofaMu MOKHA PO3TALIYBATH HA
maxoBiu gomni 8 ofHAKOBUX TYDP TaK, 1100 BOHU He OMIH OXHA
onuy?

Po3zé’azannsn. [Iaa Toro mob Typm He Morau OMTH OXHA
ONHY, HA KOXXHi¥l ropmsoHTaNi i HAa KOXKHiM BeprUrayi mae
CTOATH TinbKH oxHa Typa (puc. 29.1).

Puc. 29.1

Hexait a; — HOMep BepTHKAaJi, Ha AKiA CTOITH Typa 3 mep-
1101 TOPUB0HTAJ, @, — HOMEp BepTHKaJi, HA AKi# cTOITh Typa
3 Apyroi ropus3oHTa’di, ..., dy — HOMEpP BepTHKaJi, Ha AKi#
CTOITH Typa 3 BOCbMOI FOPM30HTAJII.

3poaymijyio, mo (a,, as, ..., @) — AKACh NepeCTaHOBKA MHO-
xuam {1, 2, ..., 8}. Koxuiii Takiii nepecraHoBui Bignosigae
JesiKe pO3TallyBaHHSA Typ, fAKe 3aJ0BOJILHAE YMOBY 3ajauvi,
i HaBNMaKH, KOKHOMY IPUIYCTUMOMY PO3TAIIYBaHHIO TYp Bif-
IIOBiZIa€ IIeBHA MEPEeCTAHOBKA Ii€l MHOMKUHH.

Omxe, mykaHa KinbKicTs ciocobiB nopisaioe Pg, To6To 8!, @

PosrisireMo 1mie KiJlbKa THIIOBHX KOMOIHATOPDHUX 3ajad.
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29. MNepecTtaHoBKK, PO3MILLEHHA, KOMBIHaLii

NPUKNAA 2 3a npasunamu FIFA' y diransriit yacTuni yemmi-
oHATy cBiTy 3 pyrbony GepyTs yuacTs 32 komauau. CrisskoMa
crnocobamMu MOXKYTh OyTH PO3NOJijieHi 3007, cpibHI Ta 6poH30B1
meai (TpM DPHU30BHX MiCIf) MiXK KoMaHAaMu?

Poszé’aszannsa. Ha nepiie Micie MOKe IMOTPanuTH Oyab-aKa
3 32 KoMaH]|, Ha Apyre micue — Oyab-AKa 3 pemtTu 31 KomaH-
¥, Ha Tpere — Oyab-saika 3 30 KoMaHA, 1[0 3aJIUIIUIACA. 3a
IPaBUJIOM AOOYTKY KIJIBKICTh MOXKJIMBHX BapiaHTIiB PO3HOAiLy
micrp gopiBHIOE 32+ 31-+30 = 29 760. @

Posp’sizaBmin 110 3agady, MU 3’ SICYBaJM, CKiJIbKH iCHYE
3-eJIeMEeHTHUX YHOPAAKOBAHUX IiJIMHOXKHUH 3aJaHOl 32-eje-
MeHTHOI MHOXuHHN. KOKHY 3 TAKUX YHIOPAAKOBAHMUX ITiJIMHO-
JKUH Ha3UBAIOTh PO3MIIEHHAM 3 32 eJIEeMEHTIB 110 3 eJIeMeHTH.

Osuagenusn Byas-aky k-eleMEeHTHY BIODANKOBAHY IMiMHO-
JUHY JaHOI n-eJIeMEeHTHOI MHOKHHHN HA3HBAKOTh pO3Mime -
HAM 3 n eJeMeHTIB no k eJeMeHTiB.

KinpkicTs yciX MOMKJIMBHUX PO3MIIEHL 3 7 €JIEMEHTIB IIO
k eneMeHTIB MO3HAYAIOTH CHMBOJIOM A,',‘ , BUKOPHMCTOBYIOUH IIep-
my JiTepy (DpaHIy3bKOIo cjoBa arrangement — pPO3MiIIeHHS.

PesysnsTar, OTpUMaHUE y 3a7adi Ipo PO3IOAiN IIPU3OBUX
MicIib, [O3B0JIA€ 3POOUTH BHCHOBOK, IO

A.fz =32-31-30=29760.

JHosexemo, mo npu OyAb-AKUX HATYPAJBHHUX N i B Takux,

mo k < n, cupaBeAJMBOIO € (hopMyIa

A*=n(n-1)(n-2)-...-(n—k+1) (1)

PosrnsiremMo n-eeMeHTHY MHOXKHHY i chopMmyemo ii k-ene-
MEHTHY BIOPAJKOBAHY MiAMHOMXUHY.

Icaye n cniocob6iB BuGOpPY mepiuoro exeMeHTa MiAMHOMKUHH,
HApyruii eneMeHT MiAMHOXHHU MOXKHA BHOpaTH BiKe TiNbKH
n — 1 cnocobamu. ITicns BuGopy mepmioro i Apyroro ejreMeHTiB
danuniaeThes n — 2 crmocobu aasi BUOOPY TPETLOrO €JIeMeHTa
NiIMHOKUHU. ¥a3araii, BUbip k-ro eeMedTa MOKHA 3A1MCHUTH
n — k + 1 cnocobamu.

! MixxBapozra degepanis Gyr6onpEAX acomiamii.
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§ 4. EnemeHTV TeOpil MMOBIPHOCTEN | MaTeMaTUYHO! CTaTUCTUKKN

Omixe, 3a MpaBHJIOM JOOYTKY MOYKHA 3alMCcaTH:
A,',‘ =n(n-1)(n-=2)-...-(n—k+1).
OckinpKu icHye JuIIe oHa n-eJeMeHTHA i IMHOKUHA JaHOL
n-eJeMeHTHOI MHOYKHHHM, TO Yucjo A" — 1e KijapKicTs mepe-

CTAHOBOK N-eJIEMEHTHOI MHOXHWHH, TOOTO

|4 =2,

Ileit haxT nigrBepmxyeTsea dopmynoi (1). Copasai, npu

k = n orpumaemMo:
A =n(n-1)(n-2)-...-(n-n+1)=n!

3a 03HAYEeHHAM NPHUHHATO BBakatH, mo 0! = 1. I1a gomoB-
JIeHicTh H03BoJsie (hopmyny (1) 3anucaTu 6ibII KOMIOAKTHO.

IToMHOXKMMO 1 TOALIUMO BUpa3, AKUH CTOITH Y MpaBiil YaCTHHI
dopmyau (1), va (n — k)! (e moxxauBo, ockineku (n — k)! # 0).
Maewmo:

AN n(n-1)(n-2)-...-(n-k+1)(n-k)! _ n!
» (n—k)! (n-k)!’
OTrpumyemo hopmyny
k_ n!
A, T (n—-k)!

NMPUKNAL 3 Ckinbky iCHYE NpaBMJIBHHUX ApO0iB, YHCEIBHUK
i 3HAaMEeHHUK SAKHMX — IIpocTi umena, meHnri Big 307
Poszé’azannsa. Muoxuna {2, 3, 5, 7,11, 13, 17, 19, 23, 29}
CKJIaaeTheA 3 yeix mpocTux yuces, meHmux Big 30. KinskicTs
2-eIeMEHTHHUX YIOPAAKOBAHUX MiIMHOKHH I[i€l MHOXKHUHHA J10-
PiBHIOE KiTbKOCTI 3BUYAHUX Ap0o0iB, BiAMIiHHUX BiJ OAHHUII,
YHCEeJbHUK i 3HAMEHHUK AKUX — 3a3HadeHi npocti unciaa. Io-
JIOBMHA 3 IuX ApobiB € mpaBuasHUMHU. OTiKe, IIYKaHE YMUCJIO

JOPiBHIOE %Afo =45. ®

Posrnstnemo Taki aBi 3agaui. Ckinbkoma criocobamu B KJjaci,
y AxoMy HaBuaoThca 30 yuHiB, MOKHA BUOpPATH CTAPOCTY i HOro
sacrynHuka? Ckinmskoma crnocofaMu B IbOMY KJaci MOMKHA
NIPH3HAYUTHA JBOX YEpProBux?

Bigmosigs Ha mepmie 3anMTAHHSA BaM BifjomMa: Ie KiJIBKiCTh
2-eJIeMEHTHHUX YNOPAAKOBAHUX HiAMHOXHUH 30-ereMeHTHOIL
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29. [lepectaHoOBKN, pO3MilLleHHs, KOMBiHauil

MHOXXWHHU, TOOTO Afo. II1o6 BizmoBicTH Ha Apyre 3anUTaHHA,

nOoTPiOHO BCTAHOBHUTH KIJNBKIiCTh 2-eJIEMEHTHHX NiJMHOMHUH
30-esreMeHTHOI MHOXKHMHM (caMe IiIMHOXKHH, a He BIOPAJLKO-
BaHUX MiAMHOXUH). KOMKHY 3 TAKHUX MiAMHOKUH HA3UBAIOTH
cmoaykoxo (kombinanier) 3 30 eleMeHTIB 110 2 eTeMEeHTH.

Ozunauennsn Byas-axy k-eleMeHTHY HNiIMHOMKHHY 3aXaHOL
n-eJIeMEeHTHOI MHOKHHH HA3HBAIOTHh CnONyKo010 (kombima-
ni€i0) 3 n eJeMeHTIB o k eJeMeHTiB.

KinekicTs ycix mMoxamBux KomOiHAIIW 3 n eJeMeHTIB IO
k eJleMeHTiB I0O3HAYAIOTH CHMBOJIOM C:, BHKOPHCTOBYIOUH II€pP-

my JiTepy (paHIy3pKOro cioBa combinaison — xombOiHamisg.
Tax, 3aauy Ipo KiJBKiCTh cI10c00iB IpU3HAYEHHSA YeProBUX
MOXXKHa c(HOPMYJIIOBATH TaK: YOMY AOPiBHIOE C;o?

O6uucanmo sHaderHs C) A5 KiIBKOX 0OYeBMAHUX BUIAJKIB.

Hanpuxnax, C! =

n
NiIMHOKHH 1 OAHA n-eJleMeHTHA IIiIMHOKUHA 3aaHOl n-eJe-
MEHTHOI MHOXHUHH.

OckinbKy OyAb-AKa MHOYKHHA Mae€ JIMIIEe OJHY IMiAMHOXKUHY,
AKa He MICTHTH »KOZHOIO ejieMeHTa (MoBa e mpo IMOPOXKHIO
MHOXXHMHY), TO

n, C; =1. Cnpaszi, icaye n l-esreMeHTHHUX

3okpema,
0
C, =1.
JloBengeMo, 10 Ipu OyAb-AKUX HATYpadbHUX N i1 B TaKHux,
mo k < n, cupaBeanauBa GopmyJia

A =C;-P, (2)

PosrisgEeMo JesKy n-ejleMeHTHYy MHOKHUHY. KinbkicTe ii
k-eneMeHTHUX NiIMHOKHUH JOPiBHIOE C,f' . 3 KOXHOI Takol mifg-
MHO>KHHHU MOYKHA YTBOPUTH k! yIOPAAKOBAHUX k-€JI€MEHTHHUX
migMHOXKHUH. OTXKe, KIJNBKICTh yCixX k-eIeMeHTHHX YIOPAAKO-
BaHUX IIIIMHOKHH 3aJaHOI N-eJIeMeHTHOI MHOXKMHU JOPiBHIOE
C! -k!, Tobro A’ =C!.B,.
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] § 4. EnemMeHTH Teopil MMOBIPHOCTeR | MaTeMaTUYHOT CTaTUCTUKK
A

i 3 dopmyan (2) orpumyemo, mo C! = T i

| ke

3Biacu-

x n!

IV A ad P 3
(n—k)! k! acd

n

3asHauyuMo, 0 A GopMyJa 3aJUMIAETHCA CIPaBeJJIUBOIO
i ana Bunankis, koau k = 0 abo n = 0. Copaszai,

T Ny n! “nl
| " (n-0)10! n!
ASIA T )
° " (0-0)10!

NPUKNAL 4 NloseniTs, 1m0

ct = (4)

Poszé’azanuasa. 1o Gopmyny MOXHA JOBECTH 3a AOIIOMOI'0XO
dopmysnu (3). IlepekonaiiTecsi B IbOMY CaMOCTiHHO.

Dopmysa (4) Mae TakoK iHIIEe, KOMOiHATOPHE NOBENEeHHS.
Bubupaiouu k-eJleMeHTHY HiIMHOMKUAHY A n-ejieMeHTHOL MHOKH-
HU M, MM TUM CaMUM OLHO3HAYHO 3aaeMO (n — k)-eneMeHTHY
migmueoxuEY M \ A. OTKe, KiNbKicTh cnocobiB BubGopy k-ene-
MEHTHOI MiJIMHOXKMHM AOPiBHIOE KiJIBbKOCTI crioco6iB BuOOpY
(n — k)-enemeHTHOI MiAMHOXKHUHYN, TOOTO crpaBefuBa (opmy-
na (4). @

l Bnpasm

29.1.° Ckinbkoma crmocofaMu MOXKHA PO3CTABATH HA IIOJIHUILL
7 pi3HUX KHHUI?

29.2." ¥V mroxai 20 kxacis i 20 kinacHuX KepiBHEKIB. CKinbkoMa
crocofaMyu MOYKHA POBHOAINMTH KJAacHe KePiBHHIITBO MiX
yunTeaamu?

29.3." CrinpkoMa cmocobamMu MOXKYTh cicTh B aBTOMOOLIL 5 4O-
JIOBiK, AKINO KOKHHHN 3 HUX MoiKe OyTH BOAiemM?

B B B N N N N N N N N N N N N NN E N R N N NN N NN RN N R NN E NN EEENNENNEZ:NNEENENRESS;NRE;R;
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29. [epectaHoOBKW, PO3MILLEHHA, KoMDiHauii

29.4." V dyrboanHiii komauai (11 wonoBik) moTpibHo BUbGpaTH
KamiTaHa Ta ioro sacrynHumka. Ckinbkoma cmocobamu e
MOJKHAa 3podbuTn?

29.5." Kowmicis, mo ckaagaerses 3 15 oci6, mae BubpaTu roso-
By, MOro 3acTyImHHKa Ta cekperaps. CkimskoMa crocofamMmu
e MOXXHa 3pobuTu?

29.6." V 9 knaci BuBuaiors 12 mpegmeriB. [leHHHMIT poskajg
mictuTh 6 ypokiB. Crinpkoma crnocofaMm MOIKHA CKJIACTH
JeHHUU pPO3KJIax Tak, mob yci 6 ypokis 6ynu pisaumn?

29.7." V oinanpHili yacTuHi yeMmioHaty €sBponm 3 ¢yrboay
0epyTh yuacTh 16 komana. CkilbKoMa crocobaMu MOMKYTH
po3moAisiuTHCA 30JI0Ti, ¢piOHI Ta OpPOH30BI Haropoxu?

29.8." V nes’sitomy kJaci Buarses 32 yuni. KoxHi ABOE yuHiB
00MiHANIUCE OAMH 3 OXHUM (hoTorapTKaMu. CKiIBKH BCHOTO
O6yno pos3pano GoToKapToOK?

29.9." ¥V knaci Buarscs 29 yunis. CkibKoMa criocofaMu MOKHA
chopMyBaTH KOMaHAY 3 5 YYHIB IJIf y4ACTi B MATeMATUYHIN
onmimmiani?

29.10." avo npaBuabHHN n-KyTHUK. CKinbKH icHye 4doTH-
PUKYTHHKIB 3 BepIIMHAMHM, AKIi MICTATHCA Cepej] BEpPIIUH
JaHOrO N-KyTHAKA?

29.11." Ha nuomuei nossayeso 10 TOYOK Tak, 10 KOJAHI TpH
3 HUX He JIeXKaTh Ha OfHi# npsaMii. CKiIBKH iCHYE TPUKYT-
HUKIiB 3 BepIIHHAMH Y IIUX TOYKax?

29.12.° CkinbKu pi3HUX MECTUIM(GPOBUX YHUCES MOKHA CKJIACTH
3 mudp 1, 2, 3, 4, 5, 6, 7, mob uudpu He MOBTOPIOBAIUCH
i kpaini nudpu Oyau mapEuMu?

29.13.° Cepen 20 pobitTaukis € 7 myaapis. Ckiibkoma cnoco-
0aMu MOKHAa CKJacTH Opuraay 3 5 pobiTHUKIB Tak, 1100 10
Hel BXOAUJIO PiBHO 2 Mynsapu?

29.14." IIns mxinpsOi JoTepei migroroBiaeno 100 6ineris,
3 akux 12 ¢ BurpamrauMu. Ilepmuii yueHs HABMAHHS BU-
b6upae 10 Gimeris. Ckinbku icHye BapianTiB BuOOpPY, npu
AKUX BiH BuOepe piBHO 3 Burpamsi 6irern?
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§ 4. EnemeHTV TEOpii MMOBIPHOCTEN | MaTeMaTUHHOT CTaTUCTUKN

29.15.° Ha npsawmii nmosHaveno 12 To4oK, a Ha napayejabHil 1k
npamiin — 7 Touok. CKiBKM iCHYE TPUKYTHUKIB 3 BepIiu-
HAMH Y IIUX TOYKax?

29.16." Ilpama i Koo He mepeTnHaloTHCA. Ha Kol mMO3HAYEHO
9 yepBOHHX TOYOK, 4 Ha npaMii — 15 curHix Touwok. Bino-
MO, IO KOJHA IpAMa, AKa IIPOXOAMUTHL 4Yeped JABI YepBOHi
TOYKH, HE MiCTUTH CUHIX TOYOK. CKiNIBKY iCHYE TPUKYTHUKIB
3 BepIIMHAMH y OUX TOYKAX?

29.17.° ¥V kaaci saBuaiorhes 30 yuHiB, cepes Akux 13 xXJonimis
ra 17 giBuar. Ckinbkoma cnocobamMm MOKHA chOpMyBaTH
KoMaHAy i3 7 y4HIB IBOro KJacy, A0 AKOI MaE€ BXOIHUTH
IIPUHAKMHI OfHA AiBYMHKA?

29.18.° llns nigroToBKH 0 €eK3aMeHY 3alIPOIIOHOBAHO IEPeJIiK
3 80 zanuTaHb. YYeHb 3HAE BiAnoBiAi aunre Ha 15 3 HUX.
Exsamenaniitauii 6iner ckiagaerbes i3 6 pisHUX 3anuTaHb
zaHoro nepesiky. CKiJIbKH pI3HHX eK3aMeHalmiHuX OineTiB
MOJKHA CKJIACTH TaK, 00 yYyeHb Mir BiAIIOBIiCTH NpUHAKMHI
Ha OjHe 3anuTaHHA Oinera?

29.19.° Ckinbkoma criocobamMm MoxKHA po36uTH 12 criopTcMeHiB
Ha 3 KOMaH/JH 10 4 CIIOPTCMEHHU B KOMKHii?

29.20."" Crinsxkoma cmocobaMu MokHA poskjactu 20 pisHHX
KyJb 10 4 OJHAKOBHUX ANMKAX TaK, MO0 KOXHUNA AIMUK
MIiCTHB II0 5 KyJb?

29.21.°° Ckinbkoma crmocobamMm MoKHA m Olamx i n 4OpHHUX
KyJib (m 2 n) po3KJIaCTH B pAJ TakK, mio0 »KoAHL ABI 4OpHI
KyJi He Jexaau nopyu?

29.22.** II’saTe AMUKIB NpoHyMepoBaHi umcaamu Big 1 go 5.
Ckinpkoma crocobaMy MOYKHA PO3KJIACTH IO MHUX AMIMKAX
17 ofHAKOBHUX KYJb TaK, MI00 KOAHUNA AIMUK HE BUABUBCH
HOPOYKHIM?

29.23."" Ckinbkoma crmocofamMu HATYpajbHE YHCIO 7 MOMKHA
IIOIATH Yy BUIJIAAL CyMH kR HATYpaJbHUX AOAAHKIB (cymu,
AKiI BiIDIBHAIOTHCH MOPAAKOM JOZAaHKIB, BBajrKaTUMeMO
pisHIMH)?




30. YacroTa Ta AMOBIPHICTL BUNaAKoBoi noail

mrrrww 1

Yacrora Ta MMOBIpHICTL BUNagKoBoi noaii

HarajgaemMo oCHOBHi BiZJloMOCTi PO 4acToTy Ta MMOBipHICTH
BUIIAJKOBOI NoAil, 3 AKUMH BH O3HaloMuaucsa B 9 Kiaci.

Ham HepiZiKko IOBOAUTHCA IPOBOAUTH CHOCTEPEIKEHHS, JOCIi-
au, OpaTy yyacTh B eKcliepuMeHTax abo BunpobyBaHHax. Hacto
noAibHi JOCHIAKeHHs 3aBepIIVIOTHCH AeAKHM pe3yJbTaToM,
AKWHA 3a3jaJieriip nepeAdayuTH HEMOMKJIHUBO.

SAKo ekcriepuMeHT NPOBEAEHO N pasiB i moaisA, ska HaC
iKaBUTh, BigOynacs m pasiB, TO BEJUYUHY ™ HasmBaoTh

n
YaCTOTOX BHIAJKOBOI MOMIi.

Hmosipricme eunadkosoi nodii nabauxceno dopierioe wac-
momi yi€el nodii, 3Haitderiit npu npoeedeHHi 6eAUKOL KilbKoCmi
eunpobyeanv (cnocmepeicenn).

Taxy oumiHKY MMOBipHOCTI BHIaAKOBOI moxili Ha3WBAIOThH
CTATHCTHYHOIO.

Iliisi 3HAXOPKEeHHS MMOBIPHOCTI IeAKMX MOAiN He 000B’ AZKOBO
[IPOBOAMTH BUIPOOYyBaHHA ab0 crocrepeskeHHdA. JlocTaTHBO Ke-
pyBaTHCA >XKUTTEBUM JOCBIiZIOM i 3J0POBUM IJIy3A0M.

NPUKNAL 1 Hexait y xopoOui sexxats 15 GLIBAPAHUX KYJIb,
NpoHyMepoBaHuX umcaamu Bix 1 go 15. Aka iimoBipHicTE TOrO,
[0 BUMHATA HABMAHHA KYJs MaTUMe HOMep, KpaTHHi 37

Po3é’azaHHAa. 3po3yMiso, M0 B HOMY BHIPOOyBaHHI
€ 15 pienomoxncaueux pesyabmamie. 3 HUX € 5, AKI HAC 3a/0-
BOJILHAIOTh: KOJIM BUTATYIOTh KyJIi 3 HOMmepamu 3, 6, 9, 12, 15.
Tomy mpupoaHO BBaXKaTH, 10 WMOBIpHICTE MOAIl «BUTATHYJIHA
KVJI0 3 HOMEPOM, KDATHHUM 3» JOPiBHIOE i =l. @

15 3

Posp’a3apasa 6araTb0X WMOBIPHICHUX 3a7a4 MOXKHA OIMCATH
TAKOI0 CXeMOIO.

» Hexait npu BunpoOyBaHHI MOYKHA OTPMMATH OJMH 3 7. PiBHO-

MOJKJIMBHUX Pe3yJIbTaTiB.

* Posriaspaerbesa gesxka nopis A, sKy CIPUYUHAIOTE M pe-
ayabpraTiB. HasuBaTuMeMo iX CIPHMATINBHMH.
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* WwmosipricTs moxii A MoxkHa o6uncanTH 3a HOPMYI0I0:

( pa)=" 1
@ 2]

IMoxiio, sika 3a JaHUM KOMILIEKCOM YMOB 060OB’SI3KOBO Bij-
O6yznerbca B Oyab-AKOMY BUNIpOOyBaHHI, HA3UBAIOTH AOCTOBIPHOIO
(iporigmoro). VimosipricTs Takoi moaii BBakaoTh piBHOIO 1.
Iloxmiro, fAka 3a JaHUM KOMILIEKCOM YMOB HE MOXKe BidyTucs
B ’KOJIHOMY BUNIpOGYBaHHI, HA3UBAIOTH HEMOKINBOKO. MIMOBip-
HicTh Takol moxii BBa)kaioTh piBHOIO 0.

3ayBaKuMo, 110 ¥MOBipHicTE p (A) 6yas-axoi moxii A 3azmo-
BOJIbHSAE HEPiBHICTH

0<p@)<1.

JInsa obumciaeHHA MMOBiIpHOCTI BHOajakoBol moaii Ham mo-
BOJMJIOCH IiIPaXOBYBATH KiIBKICTh PiBHOMOXKJIHBHX DPe3y.ib-
TaTiB y 3a/laHOMY €KCIEepPHMEHTi Ta KiJIbKiCTh CHOPHUATIHBUX
pe3yJIbTaTiB.

YacTo mi migpaxyHKH OB’ A3aHI 3 BUBHAYEHHAM KiJIbKOCTI
pisHHX KoMOiHALiM, AKi 38 NEBHUM IIPABUJIOM MOYKHA CKJIACTH
3 eJIeMeHTiB 3ajaHol CKiHYeHHOI MHOXXHHH. Tomy 3acTocy-
BaHHA NpPaBuJ KOMOIHATODHMKM — e(eKTHBHHHN NpPHIOM IJs
po3B’sidyBaHHsA 6araThoX 3ajad 3 Teopil WMoBipHOCTEH.

PosrnsmeMo npuKIagn.

NMPUKNAL 2 Ha ToproselbHOMY JIOTKY JeXaTh 28 a6ayk —
15 »xoBTHX i 13 yepBoHHX. [Tokynens npuabas 3 abayka, Aki
npojsaBsens BuOpaB HaBMaHHsA. SIka WMOBiIpHICTE TOrO, IO BCi
npuadani A0ayKa KOBTi?

Poszé’azannasa. Ilepme s61yko npogasBens Moke BUOpaTH
28 cnocobamu, apyre — 27, Tpere — 26 cnocobamu. Bukopuc-
TOBYIOYM KOMOiHATOpHE NPaBHIO ZOOYTKY, MAEMO, IO IIPOAA-
Belb Moxke BuOparu 3 sabiayka n = 28 + 27 + 26 piBHOMOMKJIUBAMHA
crnocobamu.

O6umcauMO, CKiJbKH cepej HUX CHocobiB TAKHX, KOJH
Bcl Tpu abayka — xoBri. Ilepmie xoBTe AOMYKO MOXKHA BH-
opatu 15 cnocobamm, apyre — 14, tpere — 13 cmocobamu.
BuxopucroByioun KomOiHaTOpHE HIpaBujo AOOYTKY, MAaeMmo,
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30. Yacrora Ta MMOBIPHICTL BUNaAKOBOI NoAil

1110 ITPOAAaBeNs MOJe BudpaTu 3 »oBTUX abaykam = 15+14+13
criocobamMu.

Orxe, #MoBipHicTs Bumagkosoi moaii A — BubGparu Tpm
15-14:13 5

JKOBTHUX ADJIyKa — JOPiBHIOE A)=————=—,
¥ P 2L 28.27-26 36

NMPUKNAL 3 V aBox ypHax JeXxaTh KyJii, AKi BiApisHAIOTHCA
TLIBKHA KOJBOPOM. ¥ IepiIii ypHI JexxaTrs ABi Oiji Ta TpH YopHI
KyJi, a B Apyriii — Tpu 6ixai Ta ABi 4opHi Kyii. 3 KOMKHOI YpHH
HaBMAaHHA AiCTAIOTH 110 OAHINA KyJii. ika iMOBipHICTE TOrO, 1110
xoua 6 ofiHA 3 ABOX KYJb BUABHUTHCH 0110107

Poszg’aszannsa. ek nocaig Mae Taki e1eMeHTApHL HACTIAKHA:
1) obuasi Kymai, aki BaTAraM, € Oinumu; 2) obuasi Kyai, AKi
BHTATJIN, € YOPHUMHU; 3) KyJiA 3 nepiioi ypau — 0Oina, a 3 gpy-
roi — 4opHa; 4) KyJis 3 mepuioi ypHM — YOpHA, a 3 Apyroi —
6ina. Ilpore HeMae miacTaB BBAKATH Il HACTIAKU PIBHOMOMJIIH-
Bumu. I1st Toro mo6 MaTi 3MOry B IaHOMY JOCJiAl pO3ryIsiiaTH
PiBHOMOXKJIMBI pesysibTaTH, NIpoEyMepyemMo Bei 10 Kyurs.

OcCKiZTbKH B KOKHi# YPHI JIEIKUTB 110 5 KYJIb, TO 3 HUX MOYKHAa
yTBOpHUTH 5 * 5 = 25 TaKUX Hap, IO KyJii B napax y34aTi 3 pisHUX
ypH. OCKiNbKH KyJji IPOHYMEpPOBaHi, TO MA MOKeMO BBayKaTH,
110 Bei 25 nap Kyus pisHi. Kyl 3 ypa GepyTh HaBMaHEA. ToMy
B JAaHOMY EKCIIEPUMEHTI € 25 piBHOMOMKJIMBUX DPe3yJIbTATIB.

OckinpKy B mepiriii ypHi Jexarbh 3 4OpHiI Kyai, a B Apy-
rii — 2 4opHi, TO icHye 3+ 2 = 6 map KyJb YOPHOIO KOJBOPY.
Tomy KinbKicTs map KyJjb, cepel SKHUX € IIOHAWMEHIe OJHAa
6ina, mopiBHioe 25 — 6 = 19. OTike, KinbKicTh pesyabTaris,
CHPHATIMBUX JJIA NMOAil «xoua 6 ofHA 3 KYJIb BUABUTHCA 01/1010»
(monisi A), nopisaioe 19.

19
O1xe, A)=—. @
p(A) e

NMPUKNAL 4 [locnia nonArae B OAHOYACHOMY KHIAAHHI 4OTH-
PBHOX rpanbHUX KyOuKiB. 3HaiigiTe #MOBipHiCTE TOrO, MIO:

1) Bunasie piBHO oxHa micTka (moxis A);

2) BunaayThk 4oTupu pisHi nudpu (noais B);
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§ 4. EnemMeHTU Teopil IMOBIPHOCTEN | MaTEMaTUHHOIT CTaTUCTUKMU

3) He Bunaje xoaHOI mrictku (moxia C);
4) Bunaze xoua 6 oxHa mricrka (moxis D).

Posé’azannsa. Ilporymepyemo Kybukm umciaamu Bijg 1

* no 4. Byab-akuil pe3yJsibTaT €KCIEePHMEHTY 3alHCyBATHMEMO

., v Burasaxi (a, b, ¢, d), ne a, b, ¢ i d — KiJBKiCTH OYOK, KA

| BHIIaJa BiiNOBiZIHO Ha meplIOMy, APYrOMY, TPEThOMY i YyeTBep-

° TOMy KyOMKax.

. Pasom moxxe yrBoputHca 6:6+6+6 = 6° Takux uyerBipok.

* Hoanuit 3 peaynbraTiB He Mae nepesaru. Tomy B fasoMy no-

crigi € 6* piBHOMOMJIMBUX PEe3yJIbTATIB.

1) €auna miicTKa, AKa BUIIAIa, MOXKe CTOATH Ha OyAb-AKOMY
3 YOTHPHOX Micub. Hexall, Hanpukaax, BOHA CTOITH HA
nepmomy micoi. Ha iHIuX TphoX MicHsAX MOXKYTH CTOATH
Oyab-axi nudpu Big 1 g0 5. Toxi KinbKicTh 4eTBIpOK BUAY
(6, b, ¢, d) popisaioE 5+5+5 = 5°. BaraapHa KigbKicTh
CIPUATIMBHUX BapiaHTiB mopieHIOE 4 * 5°, OToxe,

4.5
)

2) V npomy pasi Oyab-fAKi 4oTMpH pisHi mudpH, 10 BHUIA-
JIA, YTBOPIOIOTH 4-eJIeMEeHTHY BIOPAAKOBAHY IMiZAMHOKHUHY
MHOXXuHH {1, 2, 3, 4, 5, 6}. OmxKe, KiIBKiCTh pe3yabTaTIB,
COPUATIMBUX JJIA HACTaHHA moxii B, nopiBHioe 6+5+4 + 3.

6-5:-4-3
6

3) Ha K0oXHOMY 3 YOTHPBOX MiCIb MOXKEe CTOATH OyAb-AKa
3 nudp Bixg 1 zo 5. 3BigcH KinbKicTh pe3yabTaTiB, CIpH-
ATIUBUX ANA HacTaHHA nozii C, fopiBHIoE 5+ 5+ 5+ 5 = 5,

4
Orpumyemo p(C)= 24—

4) KinpkicTs ycix peayasrariB sopisaioe 6. Kinpkicers yeix
peayJIbTaTiB, JIe HeMae Kool micTky, gopirmioe 5°. Toxi
6' — 5' — me ximpkicTs ycix pesyaprartiB, siKi MicTATH

6* -5

64

p(A)=

3Bigcu p(B)=

xoua 6 oxgny micTky. 3Bigcu p (D)= . @
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30. YacroTa Ta IMOBIPHICTL BUNaaKoBoI Noaji

NMPUKNAL 5 Kourposep y naprii 3 20 geraseit HaBMaHHA BUOHU-
pae 5 geraneii auaA nepeBipku. SIkmo cepes BubpaHux geraeit
HeMae XoJHOol1 OpakoBaHOl, TO BiH IIpMiiMae BCIO mapriio. Ska
MMOBIpHICTB TOT'0, 110 KOHTPOJIEP NIpUIMe NapTiio AeTajieil, Aka
mictuTh 7 GpakoBaHUX?

Poszé’azanna. OckinbKku KOHTpOJep Bubupae 3 20 geraei

5 meraseit HABMAaHHS, TO AaHUi excrnepuMeHT mae Cy piBHO-

MOXKJIMBHUX Pe3yJIbTATiB.

Ockinbku B maprii 3 20 geraseit € 7 6pakoBaHUX, TO AKICHUX |
Bupobis — 13. Konrposep nmponyckae mio napriio (moxia A),
AKINO 5 merasneit 6yayTs Bubpani 3 13 akicaux geraneit. OTxe,

KiZbKiCTh pesyabTaTiB, COPUATIMBUX AJIA HACTaHHA MOAIl A,
5

nopisrioe C),. 3Bincu p(A)=—C‘T3.
20

3ayBa)kuMO, IO IpH po3B’A3aHHi miel sagaui moxHa 6yI0

MipkyBaTy imakme. Ko koHTpoJsep Oyae BubupaTu jerasi

JLJIs1 TIEPEeBipKY MOCTiOBHO, TOOTO MaTU CIpaBy 3 YIOPAAKOBA-

HOI0O MHOKHHOIO, TO JaHMil eKcIepuMeHT Matume Aj, pPiBHO-

MOJKJHMBHUX pe3yJbTaTiB, cepes AKUX A‘i’a € COPUATIUBUMHA,

NPUKNAL 6 ¥V smaranusx 3 6ackerbony 6epyTs yuacTs 18 Ko-
MaHJl, 3 AKUX 5 KoMaH/ BBa)KaThcs pasopuramu. IIlnsaxom xe-
pebKyBaHHA KOMaHAM AiNATh Ha ABi rpynu A i B, mo 9 xomauj
y KOoKHil. fIxa #MOBipHICTH IOTPANJIAHHA A0 OAHIiEl rpymu:
1) n’arn xomaua-haBopuTtis (moxia M);
2) piBHO ABOX KoMaHA-haBopuris (nogia K)?
Po3zé’azanna. KoxKHY 3 rpyll MOXKHa YTBOPUTH C,"8 CIIOCO-

bamu.

1) Hexait 5 komauza-asopuTiB norpanuiau go rpynu A. Toxi
ans podopMmyBaHHA miel rpynu go 9 xKomaHa norpibHO
pubparu 4 Komauau 3 13 xomauz, mo sanumuianca. Ile
MOYKHA 3po0UTH Cf_., criocobamu, OCKiIbKHY II’ ATh KOMaH/-

$haBopuTiB MOKYTh IOTPAIMTH AK y rpyny A, Tak i B
rpyny B, TO KiJbKiCTh pe3yJibTaTiB, COPUATIMBUX IJIA

2%
s

nozii M, popisuioe 2-C,. Orxxe, p(M)= 7

18
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2) 3po3yMino, 0 KOXKHY 3 I'PYI, AKa MICTUTH JABi KOMaHIHA-
dasopurn, moxkua yreopuru C +C], cnocobamu. 3sixcu
g3,
P =51 @

18
LA R A A R R R R EREEREEERENENREERENERERENEZSE-RSES:ESEZS:E-NHEH-EHNHENN;N]

l Bnpasn

30.1." VimosipricTs KynmuTH GpakoBaHMIl eJIEKTPOIPHIAZ JO-
piBrioe 0,007. Yu npaBuabHO, 0 B OyAB-AKi# mapril
3 1000 enexrpoupunazgis € 7 6pakosanux?

L o

30.2.° MimoBipHicTs BAYYHTH B MimeHb craHOBuTH 75%. Un
Moxxe Oyt Tak, mo B cepii 3 100 mocrpinis 6yno 98 Bay-
YeHb Y MimIeHb?

30.3. ¥V myxaaai gexars 8 cuHix i 12 uepBOHMX OJiBIiB.
flka HMOBipHiCTH B3ATH HaBMAHHA 3 IIyXJAAu: 1) pyuky;
2) osiBennb?

30.4." 3 nudp 2, 4, 6, 8 yreopoTs TpU3HAYHE YHCJI0. SKa #Mo-
BipHICTH TOTO, IIO0 Ue Yucyo Oyae ginurucsa: 1) va 5; 2) na 2?

30.5." fixa iiMmoBipHiCTH TOTO, 10, IEPECTABUBINY GYKBHU B CJIOBI
«MaTeMaTHKa», OTPUMAEMO CJIOBO «JiTeparypa»?

30.6." ExcnepuMeHT noasArae B KUAaHHi 180X MoHet. IIposeniTs
neit excnepumenT 50 pasiB. 3HaAUAITL YACTOTY BHIIAAKOBUX
noaiit A, B, C:

1) A — Bumnasnu aBa repbmu;
2) B — Bunanm oguH repb i ogua mudpa;
3) C — Bunanwm asi nudpwu.

Yu MoKHA HA OCHOBi 3p00JIEHUX CHOCTEPEIKEHb NPUNYcmu-
mu, mo noxaia B 6iaem iMoBipHA, Hix nogia C? Yu moxHaA
HA OCHOBi IUX CHOCTEPEIXKEHb 2apaHmy-
eamu, mo noxisa B 6inkin iMOBipHA, HiXK
noxisa C?

20.7.° IlposeniTs cepiro, AKa CKIANAETHCH
3 200 exkCcnepuUMEHTIB, y SIKMX MiJKH-

Jal0Th KPHIIKY Bifi MUIAIKK 3 HAIIOEM
(puc. 30.1). 3naizgitTs wacrory moaii Puc. 30.1
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30. Yacrora Ta MMOBIpPHICTL BUNaAKOBOI NoAji

«KpHIIIKa BIiajga eM0JieM0I0 Hanmow BHU3». OLiHiTh HIMOBIp-
HiCTh HmoAil «KpHIIKA BrIajga eM0JIeMOI0 HAIIOK JAOTOPH».

30.8." ¥V 2010 poni 9788 yunis m. Kuesa Gpanu yuacrs y 30-
BHIITHBOMY HE3aJIeXHOMY OI[IHIOBAHHI 3 MaTeMaTUKM, HaHi
npo sAKe HaBeneHo B Tabmuui (aus. c. 304).

OwiniTes ¥iMOBipHiCTS mOJIi:

1) Bubpanuii HaBMaHHEA yueHb ['0JI0CiIBCEKOro paioHy OTpH-
maB pesayastat Bix 136 mo 150 6anis;

2) BubpaHuii HaBMaHHsA y4yeHb IleyepchbKoro paiioHy OTpuMasn
pesyabTaT, 6inpmuii 3a 183 6anm;

3) BubOpaHuii HaBMaHHA y4Y€Hb cepel THUX, AKi oTpuMa-
au pesayasTar Bixm 195,5 mo 200 6aniB, HaBYaeThCH
B ComoM’AHCHKOMY paioHi;

4) BuOpaHuii HaBMAHHS YYaCHUK TECTYBAHHA HaBYaeThCH
B IlleBueHKiBCEKOMY paioHi;

5) BuOpaHuii HaBMaHHA YYACHUK TECTYBAHHS OTPHUMAB pe-
3yabTar, Oinpmuit 3a 150 Oanis.

30.9." ¥V rabauni (aus. c. 305) HaBegeHO AaHiI PO KiABKicTh
nuiB 2009 poky, v axkux y M. Xapkosi Ha 12:00 6ymno 3a-
¢ikcoBaHO AaHy TeMIepaTypy Ta AaHUM piBeHb BOJIOTOCTi
MOBiTpA.

ITigpaxyiire gacrory cuocrepexenas y 2009 poui:

1) remneparypu moBitTpsa B giamasoni Bixg 11°C po 20°C
cepen THX AHIB, Koau 3adikcoBaHa BoJOricTh Oyna He
oinemoro 3a 40 %;

2) Bosorocri moBiTpsa B AianasoHi Big 71 % mo 80 % cepepn
THX AHIB, Koau 3atdikcoBana remneparypa 0yia MEHIION
Bix 0 °C;

3) remnepaTtypu nositTps B Aianaszoxi Big 11 °C xo 30 °C Ta ox-
HOYACHO BOJIOrocTi noBiTpa B mianaszoni Big 41 % mo 70 %.

30.10.° ITix wac emigemii rpuny 6yno oberexxeno 80 000 »xu-

TesiB: BusBniiocs, Mo cepes HUX 94acTOTA XBOPHUX HA I'PUII

cranoBuTs 12,3 % . Kpim Toro, 6yJo 3’sicoBaHo, 1110 cepej 3a-

XBOpiux 2245 mopeit pobuiu meniesss npotu rpumy. Omi-

i HiTH UMOBipHiCTE NOAII «HABMaHHA BUOpaHa JIOAUHA Cepes
- THUX, XTO XBOpPi€ HA I'PHIl, pobuia IIeIJIeHHs IIPOTH I'PUITY » .
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§ 4. EnemMeHTV TeOpii MMOBIPHOCTEN | MaTEMAaTUYHOT CTaTUCTUKW

30.11." Vuurens mareMaTUKu cmocrepiras 3a yuHeMm Ilerpom
Cnarwmo6oM nporsirom 175 mHaBuanbHUX AHIB. BusBunocs,
mo vacrora crisgedb Ilerpa no mxoum craHoBuTh 20 %.
Kpim Toro, yuurenb MOMITHB, III0 YAaCTOTA OTPUMAHHA He-
ratusHOI oniaku IlerpoMm y aHi cnidHens craHoBuTh 40 %.
SHAUAITH KiIbKiCTh HEraTUBHUX OLIHOK, AKi orpumas Ilerpo
yepes CIi3HEeHHA.

30.12.° fIxa iiMoOBipHiCcTH TOro, 110, BUKJIUKAIOYMA YIHA A0 HO-
IIKH y BAIIOMY KJaci, yY4UTeJ b BUKJIKHYE XJIomyuka?

30.13.° 3 muoxunu {1, 2, 3, 4, 5, 6, 7, 8, 9} HaBmanHa BUOHU-
paioTh ofHe yucsao. fIka HMOBIpHiCTH TOro, IO Ie YUCJIO:

1) nopiBHIOE 2; 4) kpatHe 4;
2) nopiBHIOE 5; 5) He AiMTHCA HALLJIO HA 3;
3) € HenapHUM; 6) kparae 11?

30.14." V kopobui 6yno 17 KapToK, NPOHyMEepPOBaHMAX YUCJIAMH
Big 1 1o 17. I3 KopoOKkm HaBMaHHS B3AJIH OJHY KapTKy. Hka
AMOBipHiCTH TOrO, IO HA Hi 3aNUCAHO YHUCJIO:

1)712; 3) KkparHe 3; 5) nBouudpose;
2) napse; 4) He KpaTHe 5; 6) npocre?

30.15.° V Kopob1i jie;xaTh @ CHHIX, b JKOBTHUX i ¢ Y4ePBOHHUX KY-
NBOK. fIka ¥MOBipHIiCTE TOrO, M0 BUOpaHa HABMaHHA KYJIbKa
BHSIBUTHLCA: 1) KOBTOI0; 2) CHHBOIO; 3) HE YEPBOHOI0?

30.16." ¥ mimky diza Moposa jieXaTh n MIOIIeBUX BeJgMen-
KiB, m nyKepok i k maggapunis. fika i#MOBipHiCTEL TOrO, 110
BuOpaHMii HABMAHHA NOAAPYHOK BUABUTHCA: 1) BeAMEIUKOM;
2) icriBHUM; 3) He IYKepKow?

30.17.° 3 muoxkuHHM {2, 3, 4, 5, 6, 7, 8} HaBMaHHA CHOYATKY
BubupamTs napay uudpy, a notiMm HenapHy. Ska HMOBip-
HiCcTH TOro, 1o i nudpu yTBOPATH Yucao 277

30.18.° 3 6yks A, B, B, I', I, ]l nocxioBHO HaBMaHHA BUGUpa-
I0Th TpH pisHi OyxkBu. AKa UMOBipHiCTH TOrO, IO i OYKBH,
3anucaHi B MOPAAKY BHOODPY, YTBOPATH ¢iI0BO «IBA»?

30.19." 3i caoBa «JIACOIILI» nocniioBHO HABMAHHSA BUOMPAIOTH
4 pisui 6ykBu. fIka iiMOBipHiCTE TOrO, 110, MOCJIZOBHO 3aIIX-
caBuiy BuOpaHi yorupu OykBH, cKIAaayTh ca0BO «CAJIO»?
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30. Yacrora Ta IMOBIPHICTL BUNAAKOBOI Noail

30.20.° Yuens Mae miipydyHUKH 3 reomerpii 3a 7, 8, 9, 10 ra
11 xnacu. Axa #iMOBipHiCTHL TOro, 0 BOHM PO3CTAaBJIEH]I HA
MOro moJIMIi B MOPAAKY 3POCTaHHSA HOMepa KJacy, AKII0
P OCTAHHBOMY NPHUOMpaHHI BiH PO3CTaBUB KHMIKKH HAa-
BMaHHA?

30.21.°* Ha nmoamnni geskars 12 30mATIB, 3 AKUX D V KIITHHKY.
Sxa #imoBipHicTs TOro, mo BUOpaHI HAaBMAHHA 2 30IIATH
OyAyTH YV KIITHHKY?

30.22.°° V ckapbuununi Anapis 40 MoHeT pi3HUX KpaiH, cepej
Akux 6 ykpaiHchbKHX. AHApPiA B3AB HABMAHHA 3 MOHETH.
fxa #MOBipHICTE TOro, IO BCi 1l MOHeTH OYAyTH YKpaiH-
CBKUMHU?

30.23.°* Ha aBox nmapajie/ibHUX NPAMHX IUJIOIMHY IIO3HAYEHO
TOYKH — 8 Ha oAHIN npamii i 12 Ha igmiik. 3 nux 20 Touok
HaBMaHHA BHOMpaioTs Tpu. SIka WMOBipHiCTH TOrO, IO TPH
BHOpaHi TOYKM € BEPIIUHAMH TPUKYTHHKA?

30.24."" Ha ToprosesibHOMY JIOTKY JekaTh abayka — 20 K0B-
Tux i 9 yepBoruX. [lokynens npuabas 3 abayka, AKi mMpo-
naBenb BUOpaB HaBMaHHA. fIka WMoBipHiCTH TOro, IO BCi
AGJIyKa MOKYIIA OJHOI0 KOJbopy?

30.25.°" V myxasaai gexars oniBni Ta pyuyku. Bigomo, mo
oxiBniB Ha 12 mTyK MeHmIe, Hi’K py4ok. CKinbKH osiBILiB
JICIKHUTH Yy IIYXJAAAL, AKIIO HMOBIpHICTE TOr0, 110 BUOpaHMIA
HaBMaHHSA IpPeIMeT:

! 5 : ] 1
1) € pyuKo10, JOPiBHIOE g; 2) € oyiBUEeM, JAOPiBHIOE g?

30.26."" IMopapyukoBmuii KoMmiaekT mictuth 12 3eneHUX Ta
JeKinbKa 4YEepBOHMX HAAYBHHUX KyJjab. CKINIBKH YepBOHHUX
KyJb V KOMILUIEKTi, AKINO MMOBipHiCTH TOro, o BHOpaHa
HABMAaHHA KYJIs:

p 3
1) BHABHUTLHCHA 3€JICHOXO, JOPIBHIOE —;
/

; 2
2) BUSABATHCS YEPBOHOIO, AOPiBHIOE g?
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3.0'000..‘0‘.0.0.000000......Q.O....ﬂ.

30.27.** TpuanaTh KapTOK NPOHYMEPOBAHO HATYPAJbHUMH
yucaamu Big 1 1o 30. Hamanus BubuparoTs aBi 3 Hux. fka
UMOBIipHiCTH TOrO, 1IO:

1) nobyTok HOMepiB BHOpaHMX KapTOK OyZe MpOCTHM YHC-
JI0M;

2) nobyToK HOMEpiB BUOpaHUX KapTOK Oyje HeIlapHUM YHUC-
JIOM;

3) cyma HOMepiB BUOpaHMX KapToK Oyae HemapHUM YHC-
JI0M;

4) Homepu BHMOpDAHMX KapTOK OyAyTh HOCHiIJOBHUMHU HATY-
PAJBHAMHU YUCIaMMU?

30.28."" CiMmmagnaTh KapToK NPOHYMEPOBAHO HATYPAJIbLHUMH
yncaamu Big 7 1o 21. HaBmasas BuOupaoTh ABi 3 HuX. Kka
MMOBipHICTE TOTO, IO CyMa HOMEpPiB BUOpaHUX KapTok Oyne
HEeIapHUM 4ucJIoM?

30.29.°* Jlns mkinsHOi gorepei migrorosieno 100 Gineris,
3 akux 9 BUrpamHuX. Y4eHb BUOpaB HaBMaHHA 7 Oiyeris.
fxa iimoBipHiCTH TOrO, 110 cepex Bubpanux Oyae 2 BUrpaii-
HuX Oijerm Ta 5 HeBUrpamHux Gineris?

30.30.** ¥V naprii 3 200 nernus € 5 GpakoBaHux. fIka iMOBip-
HiCTh TOTO, 10 3 8 BUOpPAHMX HABMAHHA IEIVIHH Iliel maprii
2 OyayTh OpakoBaHuMH, a 6 — aKicEEMHU?

30.31."" Ha aBox napajieJJbHAX NPAMHUX ILUIOL[MHMA MO3HAYEHO
TOuKU — 16 Ha omuii npsamii i 10 Ha igmii. 3 qux 26 Toyok
HaBMaHHA BHOMpAaOTH 4oTupH. fKa MMOBipHiCTH TOrO, 110
i yorupu BUOpaHI TOYKM € BEPIIMHAMHU YOTHPUKYTHHUKA?

30.32."* 3uaiiziTe ¥MOBipHicTH NOABH piBHO 6 repbiB npu mix-
KuZaHHL 9 MoHeT.

30.33."" BmaitaiTe #imMoBipuicTs TOro, mo B cepii 3 10 migkm-
laHb MOHeTH repd mepiiuii pas 3’sABAUTHCA HA YETBEPTOMY
MiKUAaHH].

30.34."° Illo 6inpin AMOBIPHO NPH YOTHPHOX HiAKUITAHHAX
rpajJbHOro KyOMKa: moABa NPHHAWUMHI OfHiel IIICTKH 4M
BificyTHiCTB IIicTOK y3arayi?

308




30. YacroTa Ta MMOBIPHICTL BMNAAKOBOI noail

30.35."° Ilocaix mossirae B OJHOYACHOMY KHJIAHHI YOTHPBLOX
rpaJibHUX KyOMKiB. 3HAUIITH MMOBIPHICTE TOTO, 1[0 BUNIAAYTH:
1) aBi n’ATipku i aABi Tpiiiky;
2) yoTupu pisHi umudpu;
3) piBHO TpH OJMHMIL;
4) nume nudpu, 6inbmIi 3a 4eTBIpKY.
30.36."" I'panpHu# KyOMK KHAAIOTH TPHYi IOCHiNL. 3HAUAITH
MMOBIpPHICTH TOro, HIO:
1) BunmaayTs OAMHMUIA, ABiMiKa i nm’ATipka B AOBiIBHOMY
HOPAAKY;
2) He BUMDajie KOAHOI IIICTKH;
3) BUmaayTh Julie Tpiiku abo ABIMKM;
4) nepiua OIicTka BUNaje INpH APyromMy NiAKUAaHHI KyOuKa.

A R B B R B B B B B B N N R B B N

30.37."* Ha xoxHiit 3 10 Tapiyiok (pYKTiB JemxKaTh 110 OAHOMY
A0NYyKyY, NEePCHUKY, alleJbCHHY, IPylli Ta cauBi. 3 KOMKHOI
TApiJIKM HaBMAaHHA B3AJM IO OJHOMY Iioay. Sika WMoBip-
HIiCTH TOrO, IIO Cepej Y3ATHUX IUIOAIB He Oyae HiI abayka, Hi
rpymi?

L E R E B B BN B N B N

L

30.38.** Koxxue 3 10 TecToBux 3anuTadh Mae 4 BapiaaTH Bigmo-
Bifileil. Y4eHb BiJIIOBia€ Ha TECTOBl 3anNUTAHHSA HABMaHHA.
Sxa WMOBIpHICTH TOrO, IO BiH AACTh PiBHO 7 NpaBHJIBHHUX
Bifgmosinei?

<

30.39."" 3maitgiTe IMOBiIpHiCTE TOro, IO KO/EH 3 5 HABMAHHSA
BHOpaHUX JIOAeH He HapOAUBCA B HEALIIO.

30.40.** ¥V amuxy nexars 20 yepBonux, 10 xoBTux i 5 3ese-
Hux a6nyk. HaBmarasa obupaiors 7 sa6ayk. Aka iiMmoBipHiCTE
TOr0, 0 cepen BUOpaHux AO0JYK € 2 4epBOHHUX, 4 KOBTHUX
i 1 senene?

SO0 SOORPOERSTBSEITORTE

30.41.** Ins rpm Gyso migrorosnesHo 24 kapTku — 12 mTyk
i3 cmHBOTO nanepy, 8 is sxkoBToro Ta 4 3 yvepponoro. Hasman- »
Ha BubupaoTs 9 Kaprok. fka itMoBipHicTH TOro, II0 cepex .
BUOpaHUX KapTOK € 4 cuHi, 3 X0BTi Ta 2 YepBOHI KApTKH? 4

30.42."" Ha cknaai marasuny 36epirarors 100 nmakeris 6opomi-
Ha 3 HanucoM 1 Kr, cepexa axkux 15 makeriB Ba)karhb 6ijb- »
me 1,02 kr, 12 nakeris — menme 0,98 xr, a Bara pemru ,
nakeriB craHoBuTh Bix 0,98 kr go 1,02 kr. 3 miel naprii *
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HaBMaHHs BuOuMpaioTh 5 makeriB. fika HMOBipHiCTE TOrO,
1m0 cepes Bubpanux Oyae Tpu nakeru sarorw oigsmie 1,02 kr
i aBa maxkerm Barow Big 0,98 kr go 1,02 xr?

30.43."° Ha aBox mapajeJbHHX NPAMHX NO3HAYEHO TOYKH —
n Ha OAHIN npsaAMik i m Ha apyrik. 3HalAITE KMOBiIpHiICTHL
TOrO, IO YOTHPHU BHOpaHi HABMAaHHS TOYKHU € BEepHIMHAMH
YOTHPHKYTHHUKA.

30.44."° TIIpsima i Kos10 He neperuHaThHCA. Ha KoJi mo3HAYEHO
n YepBOHUX TOYOK, & HA NPAMi# — m CHHIX To4oK. Bizomo,
1110 YKOJIHA IIPsAMA, AKa IPOXOAUTH Yepes ABi YepBOHI TOYKH,
He MICTHTH CHHIX TO4YOK. 3HaAWAITH WMOBIpHICTHE TOrO, IO
Tpu BuOpaHi HABMAHHA TOYKH € BePIIMHAMH TPUKYTHHKA.

30.45."° Ha TphoxX mapajenbHUX npaAMux l,, l,, l; mo3Ha4YeHO
TOYKH — 7 TOYOK Ha npsAmii [;, m To4ok Ha l, i B TOYOK
Ha l;. Cepex JaHUX TOYOK HAaBMaHHA BUOMPAIOTH TPH TOYKH.
3HaWAITs WMOBIpHICTE TOrO, 10 KOMKHIN 3 npaMux [y, l,, l;
HAJIEXKHUTH 10 OJHIN 3 BUOpAHUX TOYOK.

30.46.°° Jlns miiroToBKH J0 3aJiKOBOI poOOTH 3anPOIIOHOBAHO
45 3ana4y. YueHb ymi€ pos3s’ssyBaTu Tiibku 35 3agad. Pobora
CKJIAIaE€ThCA 3 D 3aBAaHb, BUODAHUX BUNAAKOBUM YHHOM,
i BBa’KaeThCA 3apax0OBaHOIO, AKINO IPABHJIBHO PO3B’A3aHO
npuHaiMHi 4 3azmaui. fka HMOBipHiCTE TOrO, L0 Y4Y€Hb
CKJIaJie 3aJiKoBY pobory?

30.47."° ¥V xousepri gisumaku jgexats 50 dororpadiit, cepexn
AKHUX € YOTUPH OAHaKoBi, JliBunHKa 30MpaeThes mofapyBaTu
OJHY 3 IHMX 4YOoTHPLOX (ororpadii moapy:xni. [Iias nporo
BOHA HABMAaHHA JicTae 3 KoHBepTa 8 hororpadiit. fxa iimo-
BipHICTH TOTO, 110 cepes HUX Oyae NpUHANMHI OHA IIYKaHa
dororpadia?

30.48."* Jlocain nonsarae B migxkuaasyi moseru. [{asa craTucTuy-
HOl OLiHKHM HMOBipHOCTI moxii A, AKa moJsArae B TOMy, IO
BUIIAB repd, manyeTbea nposectH gocuaix 10 pasis i o6umc-
JIATH YacToTy mogii A. fixka iMOBipHiCTE TOro, 110 OOYHCIeHA
IpH LBOMY YacToTa nojii A BuaBMThHCA MeHIIoK Big 0,37

«

30.49."° Hocuix monsarae B miazxkupasHi 7 moHer. fIka imoBip-
HiCcTh TOro, 10 BUnaje He 6insme 2 repbis?
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31. CratuCTUYHUIA aHanis gaHnx

.

'\’ LW CtaTMCTUYHUM aHani3 gaHunx

¥V 9 knaci BM 03HAMOMUINCS 3 €JIeMEHTAMH MaTeMaTHYHOI
CTATHCTUKHN — HAYKH OPO OTPUMaHHSA, 00pobJieHHs i aHasi3
JAaHUX, AKI XapakTepuayloTh MacoBi SABHUINA.

¥ craTucTHni CYKYIHICTh 3i0paHMX AAaHMUX, HA OCHOBi AKHX
IPOBOAATEL JOCJiJKEeHHsI, HA3UBalOTh BHOIpKo0. PaKTHUYHO
30upaHHA JaHUX — Il IIeBHe BHNPOOYBaHHS, iK€ IIPOBOAATH
KinbKa pasis.

Hanpuknan, n1a npoBeJeHHA e(heKTHBHOI PEKJIaMHOI KaM-
nanii gesaxa ¢ipMa BHPILIAIA CKJIACTH IICUXOJOriYHUM IOPTPET
CBOr'O THIOBOro KiaieHTta. [InA ImbOoro 3amIaHOBAHO OIMHUTATH
JeAKY KiNbKiCTh HABMaHHA BUOpPAaHUX KJIieHTIB (hipmu (Bumaj-
KOBHY BHOIp KJi€HTA — IIe MeBHe BUNPOOYBaHHS).

Y TaKHMX BUNAAKaX rOBOPATH, 1110 MHOXXMHA BCiX KJI€HTIB
¢ipMH yTBOPIOE reHepaJbHy CYKYIHICTh, & MHOMKHHA TUX KJIi-
€HTiB, AKUX Oyse onuTaHO, YTBOPIOE BHOIPKY.

Y3arani, MHOMKHHY BCiX MOMKJHMBHX pE3YJLTATIB IIEBHOI'O
BUIIPOOYBAHHSA B CTATHCTHUIL NPUHHATO HA3UBATH reHEPAJIHHOIO
cyxkynHicTio. CniBBiIHOIIEHHSA Mi’X IeHEpPaJbHOI CYKYIIHICTIO
i BubipKoi0 npoisocTpoBaHO Ha pUCYHKY 31.1.

I'eHepanbHA CYKYIHICTH

Bubipka

\REAN;

Puc. 31.1

OnHa 3 roJIOBHHUX 3a/la4 CTATUCTHKY IOJAra€ B TOMY, 100
Ha OCHOBi aHaNi3y AaHUX BUOIpKHM 3pOOMTH BUCHOBOK IIPO BCIO
PeHepaJIbHY CYKYIHICTh. AHaNi3dyouu 3i6pani gani, BUAIIAIOTE
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§ 4. EnemeHTV TEOPIi MMOBIPHOCTEN | MaTEMATUYHOI CTAaTUCTUKK

oauH ab0 KijnbKa 3araJbHUX NOKA3HUKIB, AKI XapaKTepU3yIoTh
HaMOiIbUI BaXKJIUBi 0COOIMBOCTI reHepasibHOl cyKkynHocTi. Ha-
IPHUKJIAA, AKINO BUOipKA CKJIAKAETHCA 3 YMCJIOBUX JaHUX, TO
Pi3HALIO Mi’K HANOIIBIIUM i HAUMEHINNM 3HAYEHHAMM JaHUX
BHUOIpKM Ha3sMBAIOThH po3aMaxoM BuOipku. BakiuBuMu noKasHu-
KaMu BHOIpKHM TaKOXK € cepeqHE 3HAYCHHS, MediaHa Ta MOJAA.
Haragaemo if yToUuHMMO BiIOBiZHI O3HAYEHHSA.

Hexait Bubipka CKIafae€ThCs 3 YHCIOBUX AAHHUX X;, Xo, .ee)
x,. Cepennim 3Havennam uiei Bubipku (BubGipKoBHM cepeaHim)

L e bl
Ha3UBaKTh YHCIO X = —— T,
n

Hanpuknaz, y tabauii nogaHo pe3yabTATH BACTYIIB YKpaiH-
ChKHX IIKOJAPiB Ha MidKHAPOAHUX MAaTeMATHYHHX OJiMmIiazax
nporarom 2001-2010 pp. (komaHza yyacHukis Ha MixxHApO-
HHX MaTeMaTHYHHMX OJIMIIiaZax CKJIAJAEThbes He Oiabuie Hixk
i3 6 ocib).

Pix  |2001/2002{2003|2004|2005|2006 | 2007 | 2008)| 2009|2010

KinepkicTn
Mexaien

6 4 6 6 6 5 6 6 6 6

Ons nasol BuOipKuU cepejHE 3HAYEHHS AOPiBHIOE:
6+4+6+6+6+5+6+6+6+6 57
10 10
Ockinbky 3a pik MoskHA BuOOpoTH He Oinbmie 6 memanei, To
BuUOipKOBe cepegHE 5,7 CBIAYUTH NIPO Te, 0 KOMaHAAa ¥ KpaiHu
riIHO BUCTYNIA€ HA IOMY IPECTUIKHOMY (opyMi.
3BepHiTH yBary Ha Te, 1[0 cepeHE 3HAYeHHA BUOIDKH BU3HA-
YaloTh JUIIe YV BUNAAKY, KOJIU 310paHNMH JaHUMHU € YHUCIA.
Posrnaaemo BuOipKy, 110 CKJIAJAETHCA 3 TAKUX AAHUX, AKI
MOKHA MMOPIBHIOBATH OJHE 3 OofHMAM. AKIO KigbKiCTeE HaHUX

xXx=

5,7.

HenapHa i iX ynmopaAKoBaHO: X; € X, € ... < X,, _ ;, TO MeIiaHOK
AaHol BUOipKM HA3UBAIOTH X,, TOOTO Te 3 JaHUX, AKEe B IIEPeIiKy
Xy, Xy eeny X9, 1 PO3MilIIEHE MTOCEPEANHI.

Hanpuknazg, y 6araTeox yHiBepcuterax YKpaiHM 3ampo-
Ba/PKEHO OIIHIOBAHHSA 3HAHBL CTYACHTIB He 34 YHUCJIOBOIO IIKAa-
JI010, a 3a mkajgow Oyks: A, B, C, D, E, F (A — Ha#Buia,
F — mpaitamokya oninka). Hexait npu onurysasHi 9 cryaenTis
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31. CratncTU4HMA aHanis naHux

PO Pe3yJbTATH CKJIAZAHHSI HUMM OCTAHHBOIO eK3aMeHy 0yJio
OTPUMAHO TaKy BUOIpKY (IOCJIIZOBHICTH OLIHOK):
F,F, D, D, ¢, C, C, B, A.

Bauumo, o nocepeauni poamimiena jgirepa C. Orxe, memi-
aHoI0 naHol BubGipky € omiaka «C».

SAxmo Bubipka cKIagaeThcsA 3 MAPHOI KiJBKOCTI AaHUX:
X, € x, € ... < Xx,, TO MeAiaHOI AaHOI BHOIpKH Ha3UBAIOTH
Oyap-AKe 3 AaHUX X, abo x, ., TOOTO Ti ABOE JAAHMUX, IO PO3-
TAIIOBAHI MOCEPEAMHI B MEPEIiKY Xy, Xay vuvy Xope

Hanpurnaja, Ak 10 9 HaBeJeHUX BHUIE OLIHOK CTYAEHTIB
JIoJaTH IIe OAHY OIiHKY E, To oTpuMaemMo Taky BUOiIpKy (mo-
CJIIIOBHICTH OILIHOK):

F, F, E, D, D,C;C,C, B, A.

Bauumo, 1m0 nocepeansi spaxoaaTses Jgitepu D i C. Orixke,
MeniaHo0 gaHol Bubipku € ouinku D i C.

3BepHITH yBary Ha Te, II0 B HaBeJeHUX NPUKJIALaX 3HAXO-
I)KeHHA MeaiaHW BHOIDKHM AOCHiJyKyBaHI AaHI He € YUCJIaMH.

SAKmo mochiyKyBaHMMM JAaHUMH € YHCJa, TO Yy BHOAAKY
MapHOl KiJBKOCTI JaHUX X; < X, € ... < X,, MexiaHo0 BubipKn

xn + xn +1

JIONIYCKAETHCH BBAXKATH 1 BEJIHYHHY . Hanpuxnan,

AKINO PO3IJIAHYTH BHOIPDKY 3 YOTHPHOX YMCJIOBHUX AAHUX:
1, 2, 3,7,

2+3 ; 3 :
TO YHCJIO s =2,5 MOYXHa BBa)kaTH MeAiaHOIO 1iel Bubipku.

Hexait BubipKa CKIaLAETHCH 3 JAHUX Xy, Xgy +vey X, MOZOXO
AaHOl BHOIpKY HA3UBAKIOTH Te 3 JaHUX, IKe 3yCTPiYaeThed B Iie-
pesiky Xx,, Xy, ..., X, Haiuacrime. Ko Takux HavacTiIHx
JaHUX JAeKiJIbKa, TO KOXKHe 3 HUX € M0oJ0I0 faHol Bubipku. Ha-
NPUKJIAJ, AKII0 BUOIPKA CKJIAJAETHCA 3 I’ ATH Pi3HUX AaHUX: 1,
2, 3,4, 5, To KOKHEe 3 IIUX II'AITHA YHCEJI € MOZOIO AaHOl BUGIpKH.

3BepHEeMO yBary Ha Te, o0 MOAY BUOIPDKH MOKHA BU3HAYHUTH
JUIA JaHUX Oyab-AKOI IPUPOAHN, HA BiAMiHY Bij JaHNX, HeoOXix-
HUX /IJIs BUBHAYEHHS CepPeHbOro 3HaYeHHA (YucaoBi gani) abo
menianm (naHi, AKI MOYKHA NMOPiBHIOBATH OJHE 3 OAHUM).

Posrasmemo npukiaan. Hexait y Bubopax o mKisgbHOro map-
JlaMeHTy 6epyTh y4acTh TPpH naprii: «3a MaTeMaTuKy», «3a Ccy-
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§ 4. EnemMeHTV TEOPIl UMOBIPHOCTEN | MaTEMATUYHOI CTAaTUCTUKK

YaCHY MY3HKY» i «3a KpacyHsb aiB4ar». Onurasmu 30 HaBMaHHSA
BuOpaHUX y4YHiB, 3’ACYBaJIH, IO NAPTiI0 «3a MATEMATHKY» IIijI-
Tpumye 7 ocib, «3a cyyacHy mysuky» — 15 ocib, «3a kpacyHs
ziBuaT»— 9 ocib. Ile osaauae, mpo cepes 30 oTpuMaHUX JaHUX,
II[0 YTBOPIOIOTH BUOIpKY, HAMOLIbIIY MIATPUMKY Ma€ naprisa «3a
cy4acHy mysury». Tomy n#a napris € MOHoo0 AaHOl BUOipKH.

3ayBa)KMMO, III0 B HABEJAEHOMY IPHKJIAAi HEMOXKJIHUBO BH-
3HAYMUTH Hi cepejiHe 3HaAYeHHS, Hi Mejiany BmOipKH.

HesBakaoum Ha Te IO ONMCAHI BHINE Y3araJbHIOKYi IO-
KasHUKH (cepeJHE 3HA4YEeHHA, MeJiaHa, MOJA) IO-PiBHOMY Xa-
pPaKTepu3yIOTh BUOIPDKY, 9YaCOM iX HEJOCTATHLO JJIA TOr'O, 100
JaTh KOPEKTHY OLiHKY BCi€l reHepajbHOI CYKYIHOCTI.

Hexait nmorpibHO 3’sAicyBaTH cepejaHiii piBeHb 3apobiTHOI
IIaTH B YKpaiHi. 3a iHdopMaimieo OZHOro 3i CTATHCTHYHHUX
JOCHiPKeHb BiZIOMO Taki JaHi npo 3apobiTHY miIaTy B TPhOX
perioHax YKpaiHH.

Pisens aapodi'rkoi‘ mxan HACeJeHHA

Perion Yxpainu P Y011 gay
;Izg:;?:;lbﬂuﬁ perion g
peri P 2 410 rp
3axifHnii perion (08 nE

Yxpaiau

Axmo ansa TPeOX HaBeAeHMX AaHUX X, = 2319, x, = 2410,
x; = 1934 obumcauTH cepefHE 3HAYEHHS, MeAiaHy i Moy BH-
6ipkn x,, X,, X3, TO OTPUMAEMO TAKi 3HAUYEHHSH:

CepeaHe 3HAYEHHA = LA R IUEAL L =222%:

3
Meniana = 2 319.
Mopa = 2 319, abo 2 410, a6o 1 934.

Hacnpasai sxozHe 3 [uX 3HAYEHb He BigoOpakae KOPEKTHO
abo, AK mIe Ka)yTh, aZieKBATHO CepeAHiii piBeHb 3apobiTHOI
nnaty B YKpaiHi. Ilpyumea moasira€ B TOMy, IO B Pi3HHX
perioHax jkmBe i mpaiioe pisHa KingbkicTs mwoaei. Tak, y nes-
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31. CratmCTUNHUIA aHani3 faHux

TPaAJIbHOMY perioHi Ykpaisu npamioe 6au3bKo 7 MJIH YKpaiHiiB,
y niBgeHHO-cXifHOMY — 10 MuH, a B saxigromy — 5 muaH. Ile
03Havae, IO MpaNiBHUKH LEHTPAJBLHOIO pPerioHy sapobmnin
7x, MJIH I'pH, niBgeHHO-cXigHOrO — 10X, MJH I'pH, a 3axigHO-
ro — Hx; muH rpa. Omke, y ciuni 2011 poxy ykpaismi Bchoro
sapobunu Tx, + 10x, + 5x; mae rpH. Ockinbku sarajbHa
KiJBKiCTh IPaIOOYOro HACENEeHHsI YKpaiHu cKaazae 0JIU3bKO
7+ 10 + 5 = 22 maH adonei, To cepeaHO 3apobiTHY maary
B YKpaiHi MOKHA OIiHUTH TaK:

Tx, +10x, +5x,
22
Tx, +10x, +5x,
22

3HAYEeHHAM 4YHCe] X,, X,, X3 3 BAaroBumMHu Koedimicaramu 7, 10
i 5 BigmosigHoO. '

Vsaraii, cepegHiM 3BaKeHHMM 3HAYEHHAM YHCEI X, Xy, ey
X, 3 JOAaTHUMH BArOBUMU KoedimieHTaMu m,, My, ..., M, Ha-
3UBAIOTHh YHCJIO

~ 2273 rpH.

Bennuuny HASHBAIOTH CepPeaHiM 3BaKeHHM

5 = DXty +oo X
m,+m,+..+m,

SAxmo cepex maHux BUOIPpKH 3yCTPidvalOThCA OJHAKOBL, TO
A OOYHMCJIeHHS CepefHbLOro 3Ha4YeHHS BHOIDKU 3PYYHO CKO-
PHCTATHCS CEepPeAHIM 3Ba’KeHUM 3HAYECHHAM.

Hanpuknan, Hexai Bubipka ckaagaerbea 31 100 ymcnmoBux
JaHWX, cepej]i AKMX YHCJIO X, = 2 3ycrpivaernca 40 pasis,
yucao X, = 3 — 50 pasis, a umeno x; =4 — 10 pasis. Toai
cepenHe 3HadyeHHA nAaHol BubOipku 3i 100 umcesn popiBHIOBATH-
Me CepelHbOMY 3Ba’KeHOMY 3HAYEHHIO YHCeJ X, = 2, X, = 3 Ta
x, = 4 3 BaropumMu Koediniearamu m, = 40, m, = 50, m; = 10.
Crpasni,

24+2+4...4+2+3+3+...+3+4+4+...+4

f Az 40 popankis 50 aonanxis 10 gopankis 2
100

_40-2+50-3+10-4 mx, + myx, + myx,

2 40+50+10 ¥ my +m, +mg :
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§ 4. EnemeHTV Teopii IMOBIPHOCTEN | MaTeMaTUYHOI CTaTUCTUKN

NMPUKNAL 1 YV neaxomy MicTi Aa BM3HAYEHHS BeJHMYMHU
BUTpPAT OJHi€l JIOAMHM HaA JiKapcbKi 3acobu OyJio mposexe-
HO onuryBaHHA 1000 oci6, cepex sxkux 400 Oynm mMomoxmuri
Bix 20 pokis, a 600 — crapmi 3a 20 pokis. 3’sicysaiiocs,
mo Jiroau, mosoxmi Bixg 20 pokis, y cepelHBOMY BHUTPAYAIOTH
Ha Micsanb Ha JikapcebKi sacobu 22 rpH, a Joau, crapmii 3a
20 pokiB, — 47 rpH. Illo B faHOMY CTATUCTHIHOMY AOCJIiKEeHH]
€ regepanbHOI0 cykynHicTio? IIlo € Bubipkorwo? OuiniTes piBeHs
BHTpPAT HA JIiKapchKi 3acobu Ha MicANb )i OAHIEl TIOAUHMA,

Pos3é’azanna. ¥ HAHOMY CTATHCTHYHOMY JIOCJiIKEeHHI
MHOKHMHA BCiX MEIIKAHIIB MiCTa € reHepajJbHOK CYKYIHICTIO,
a 1000 onmurarux 0ci6 yTBOPOIOTHL BHOIPKY.

3HalieMo cepefHe 3HAUYEHHS Ii€l BUOIpKH.

22+422+...422+47+47+47+...+47

400 nopanxis 600 goparxin 3 7

1000

=
Il

Te came cepefHe 3HAYEHHA BHOIPKH MOYKHA O0YHMCINTH SK
cepefHE 3BajKeHe 3Ha4YeHHs yucesa 22 i 47 3 BarosuMu Koedi-
miearamu 400 i 600 BiznmoBigro. Maemo:

400-22+600-47

X= =37 rpH.
1000 P

Yucsno 37 rpH nokasye, 110 cepej OIUTAHUX JIIOJEN cepenHin
piBeHb BUTpAT cKJaxae 37 I'PH HA MicALL. @

CepejHe 3BakeHe 3HAYEHHS Y CTATHCTHIIL YACTO BUKOPHUCTO-
BYIOTH TOJi, KOJH 3i0paHi AaHi He € PiBHOIIHHAMH, TOOTO JesKi
JlaHi MalOTh OLTBITY BasKJIMBICTE (3BHAYYIIICTE), 4 AeAKI — MEeHIIy.

Hanpuknazx, sKmo B yMOBI mpukgany 1 nomaTKoBo Bino-
MO, IIO YacTka Jiogei Bikom g0 20 pokis ckiagae 24 % ycix
MEIIKAaHI[IB IhOr0 MiCTa, TO BiiIOBiAbL HA IIOCTABJIEHE B 3a/1a4i
BalUTAHHSA CJIiJ 3MiHUTH.

Orpumani 1000 ganux He € piBHOmiEEMMH. Piu y Tim, 1m0
crniBBigHOMIEHHA 0¢ib BikoM 70 20 pokiB i micas 20 pokis y Ha-
i Bubipui He BiAnoBifa€e iX cHiBBIAHOIIEHHIO B IILOMY MiCTi.
Tomy nnsa pospaxyHkiB nmorpi6Ho aiGpaTn Barosi koedimieaTH
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31. CratuCTUYHMIA aHani3 gaHux

TAKHM YHHOM, 100 BOHM BigoOparkajiyd peallbHUHN PO3IOALI
HACEJIeHHS MiCcTa 3a UMM BiKOBUMM IpyIaMHu.

OckinpKH B bOMY MicTi yacTKu Jogei Bikom no 20 poxis
i micas 20 pokis cknagaiors 24 % i 76 % BignmosigHO, TO Tpeba
00YMCIUTH CepeJHE 3Ba)KeHe 3HauyeHHs guces 22 rpH i 47 rpa
3 BaroBumm Koedinienramu 24 i 76. Maemo:

_ 24-22476-47
4 100

Besnuuny y = 41 rpH MO’KHA BBaYKaTH OIIHKOIO CePEeHBOT0
PiBHA BUTpPAT Ha JIiKapchKi 3acobu AJsA ofHiEl JIOAWHMA HA Mi-
CSIb Y IBOMY MicCTi.

=41 rps.

' Bnipasu

81.1," Banumite npisBuma yuHiB, AKMX OYJ0 ONUTAHO BYH-
TeJeM Ha BAlIOMy OCTAHHBOMY VYpOIi IiJi yac mepeBipKH
poMamHabOro 3aBnaHHsA. 11[o € reHepasbHOI CYKYHHICTIO
i BUOIpKOIO B CTATHCTUYHOMY AOCJIII?KeHH] BUUTEJIA 3 IIepe-
BipKHM AOMAIIHBOT'O 3aBJAHHA?

81,2, PeayabraroMm po6oTH KOMI’IOTEpHOI NMpOrpamMd, IO
MOJIEJIIOE CTATHCTHUYHE AOCHi)KEHHHA, € JAesKe IijJe YHUCII0
B nianasoHi Big —128 xo 128. ¥V pesysabTaTi II’ATH MOCiLOB-
HUX 3aIlyCKiB mporpama Buaaja Taki pesyiasraru: 62, —15,
31, 103, —22. Illo B paHOMY CTATHCTUYHOMY AOCITiJKeHH1
€ remepanbHOo0 cykynHictio? IIlo € Bmbipkoro? 3HaimiThH
po3Max BHOIpKH.

81.8," Yunis onmranu mpo ix ynobaeHuit npeaMer y IIKOJI.
fAxi craTucTHYHI MOKA3HUKHU (CepefHE 3HAYEHHHA, CepPe/HE
3BajkeHe 3HAYEHHs, MeJiaHa, MOJA) MOKHA BUSHAYMUTH JJIA
3i0paHUX HAaHUX?

31,4, Ha 3amMOBJIeHHS MHiJNPUEMCTB JIErKOl IPOMMCJIOBOCTI
IIPOBEJIEHO AOCTi[»KeHHS, Pe3yJIbTaTaMH SAKOro € po3Mipu
onAry B MikHapogaomy (dopmari (cmmBosm: XS, S, M, L,
XL, XXL, XXXL). ki cratucTuuHi moxkasHuUKHU (cepej-
HE 3HAYEHHs, CEPellHE 3BaYKeHe 3HAYEHHs, MejJiaHa, MOJa)
MOXXHA BH3HAYMTH A 3i0paHux pasux?
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§ 4. EnemMeHT Teopil MOBIPHOCTEN | MAaTEMATUYHOI CTaTUCTUKIK

31.5." Kopucryouucs TabJIMIEI0 CepeHiX TeMIepaTyp nosirps
B CiUHi B IeAKHUX MicTax cBiTy, 009HMCHITHE PO3Max, CepesHE

3HAYEHHA, MeAiany i Moay maHOl BUOipKH.

o i i e

Awmcrepram 3 MockBa -10

‘ Adirn 8 Haiipo6i 27

| Byenoc-Aiipec 23 Heio-Wopk 0

| T'oHKOHT 24 Pio-ne-Haneiipo 30

f Epycanum 8 Pum 8
Knis -6 Ciaranyp 27
Mospeassb —1q Toxkio 3

31.6.

Kopucrymouuchk Tabnumeo ypoKaiHOCTI HACIiHHA CO-

HAIIHUKY B YKpaidi, o64rcIiTh po3Max, cepe/lHE 3HAUYEHHS,
MejiaHy 1 Moay naHOi BUOIpKH.

e [ Phcanteiots
1991 15 2003 11

il 1993 13 2004 9

y 1995 14 2005 13

I 1997 12 2006 14

Ji 1999 10 2007 12

i 2001 9 2008 15

13‘ 2002 12 2009 15

31.7." ¥ uemnionati Yxpaiau 3 pyrdoay 2009-2010 pp. komas-

. na «Illaxrap» sirpana 30 maTuiB, cepex AKMX OAHH pas

1 sabuna 5 rosis, 3 pasum — 4 roam, 6 pasis — 3 rouu, 9 pa-

|| 3iB — 2 rosu, 9 pasiB — oxamH roJ i y 2 maryax He 3abmiaa

; oaHOrO0 royay. O6umeniTes, CKiJIBKY B CEpelHBOMY KOMaH/1a
; «[ITaxTap» 3abuBana M’sI9iB B OJTHOMY MAaTui.
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31. CratUCTUYHUI aHani3 aaHux

31.8, CrygeHT NpoTAroM HABYAHHSA B IHCTHTYTI OTpuMas 45 o1Li-
HOK, cepeix sAKux 7 m’aTipok, 22 derBipkm Ta 16 TpiiiokK.
O6unciiTh cepepHiit 6an crygeHTa.

31.9.° Ha yumiBCBKUX oJiMmiazax, BU3HAYAKYN DPEHUTHHT
KOMAaH/J, iHAUBIAVaNIbHI Pe3yJbTATH YUACHUKIB OIIHIOIOTHCHA
TAKUM YMHOM: JHILJIOM IIEPIIOro CTYyIeHs IPUHOCUTE KOMAaH-
ai 5 GayiB, AUILIOM APYroro crymeHs — 3 6aau, AUIIIOM
TPEThOro CTyneHs — 1 6aJ, AUIIOM YYACHUKA OJiMIiag| —
0 Gaxnis. ¥ Tabauini mogaHO AaHI IpPO pPe3yJbTATH HEAKOI
oximMmiagu. 3HAUAITE MOAY, MeJiaHY i cepefHE 3HAYEHHHA
KOMaHAHUX OayiB, HAOpaHUX YYaCHHUKAMU OJIiMITiajzu.

Kinskicrs 6asxis, aki KiaskicTs
YY9ACHHE IPHHIC KOMABII Y9aCHHKIB
5 14
3 29
1 46
0 88

31.10.° Ha HesaseXHOMY OI[iHIOBaAHHI IIKOJAPIB 3 MATEMATUKHA
2010 poxy OyJi0 3aIIPOIIOHOBAHO TECTOBE 3aBJAHHA:
«Po3B’sikiTh HepiBHicTs 10 — 3x > 4.
A b B r I
(=2; +0) | (25 +o) | (=3;+x) | (-0;-2) | (=23 2) [»

L

Ha piarpami HaBeneHoO AaHI mIpo KiJbKicTh y4HIB, fIKi po3-
B’AI3yBaJIX Ie 3aBJaHHA. SHAUAITH MOAY BifmOBijie# y4HIB.
't 3a mpaBUJIBHY BiANIOBighs HapaxoByBaBcsa 1 Oay, a 3a He-
. npaBuabHy Bigmosige — 0 6axis. O0uucaiTe cepefHE 3HA-
YeHHs i MeaiaHy KinbKocTi 6aniB, AKYy Habpaaw y4YacHUKH
TECTYBAHHSA 3a 1€ 3aBHAaHHA.

St
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§ 4. EnemeHTV TeOPIl UMOBIPHOCTEN | MaTEMaTUYHOI CTaTUCTUKN

31.11.° Tenedonna KoMImaHia Xode AiBHATHUCH PO KiIbKiCThb
Tene(OHHUX A3BiHKIB, AK1 pOOUTH JIOAMHA IPOTATOM A00OH.
Hani moxo 100 srozeit nogano Ha giarpami. O64ucIiTE Po3-
Max, cepe/lHE 3HA4YeHHs, MeAiaHy 1 Mmoay 1iel Bubipkm.
m

% 20

= O LLp20ae 3 id ) Lol B L au e 108 11

KinbricTs A3BiHKIB

31.12." Ha piarpami HaBefeHO AaHi NPO KiJbKiCTh KHMUIKOK,
K1 IPOYMTANM NPOTATOM MicaAnsa 50 omHTAHMX IIKOJAPIB.
O6umcaiTes po3Max, cepefHE 3HAUEHHS, MeJiaHy 1 Moay ja-
HOI BHOipKH.

12

KinsxicTs

1 2 3 4 5 6

KinpkicTs IpOUYHTAHUX KHUD

31.13.° V nesxomy Jinei ofMHAANATUKIACHUKH, AKi HaBua-
IOTBECA B KJacax (hisuuHOro, eKOHOMIYHOIO Ta (isosoriaaoro
npogiyiiB, HanucaJl KOHTPOJBHY pPobOTYy 3 MaTreMaTUKH 3a
€IMHUMHU TeKcramu. BusiBmiocsi, mo cepeaHii 6an y4HiB
¢izuurOro nmpogino popiBae 8,9, exkomomiusoro — 7,7,
a ¢inonorivaoro — 7,1.
1) OuiniTs cepeaHiit 6an y4HiB miel IIKOJU 38 KOHTPOJbHY
po6oTy 3 MaTeMaTHKH.
2) fix moTpibHO 3MiHMTH BiMOBiL, AKIIO AOJATKOBO BijlO-
MO, 10 B KJaci ¢isuunoro npodinio HaBuawTses 23 y4uHi,
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31. CratMcTuYHUM aHania aaqux

eKOHOMiIYHOro— 25 y4HiB, a y ABOX KJjacax (isojoriy-
HOTrO npoginio — 46 yunin?
31.14." V mxoui onuranu AeAKHMX XJIONIIB i AiBuaT nmpo wac,
AKAA BOHH BUTPAYalOTh HA JONOMOry 6aTbKaM 110 ZOMANTHBO-
. My rocrogapcTBy. BusiBuiocs, 10 XJIONIi B CepeiHOMY BHU-
TpavaoTsk 1,1 roxg Ha n0o0y, a xiBuara — 1,7 rox Ha m0Oy.
1) Kopucryiouucsk uMu JaHUMH, OIiHITE CepeHii yac, asKui
BHTpaYa€ y4eHb MIKOJIH Ha Aomomory 6arbkam Ha Jo0y.
2) fix noTpidHO 3MIHUTH BiMOBiAb, AKIIO ZOAATKOBO BiZIOMO,
mo B mkoyi HaBuaoThes 400 xgisuar i 560 xygonmis?

31.15.° ¥V Tabsuii HaBeIeHO AaHi PO YaCTOTY BUITAAiHHSA repba
P4 NiAKUAAHHI MOHETH B JOCHiax, IIPOBEACHUX AeAKHMU

BYEHUMHU.
Yacrora
o i s BuUnaginaa repba

WHopx Broddon 0,5069
Oracrec [Ie Mopras 0,5005
Binesam JI:xeBoHC 0,5068
Beesosion PomaHOBCHKHH 0,4923
Kapu ITipcosn 0,5005
Bineam Pesep 0,4979

1) Ha ocHOBiI mux AaHHX OLiHITH MMOBIpDHICTH BUIAAIHHA
repba npu miAKHAAHHI MOHETH.

2) fIkoio Oyze BiANOBiAL, AKINO AOLATKOBO BpaxyBaTH AaHIi
PO KiJBKICTh KUAKIB MOHETH B IIUX JAociaigax?

L KinskicTs
,llocmmnne KHJIKIB MOHeTH

Hopx Broddon 4040

Oracrec Jle Mopras 4092

Binssam [»xeBoHC 20 480
Bceesoson PoMaHOBCEKHM 80 640
Kapu Ilipcon 24 000
Bineam Pemnep 10 000

Bianosiae gaiiTe 3 TOYHICTIO O COTHX ITPOLIEHTA.
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§ 4. EnemMeHTV Teopii NMOBIPHOCTEN | MaTeMaTUYHO! CTAaTUCTUKIA

31.16.° YV Tabauii HaBeAeHO PO3MipM NPOUEHTHUX CTABOK
JeaAkux O0aHkiB YKpalHm 3a CTPOKOBHMHM AENO3UTAMU Ha-
ceJleHHs B HAIlOHAJBHIM BaJNIOTI TAa CyMH BKJIAAiB y OHUX
DaHKax.

Homep
DaHKy 1 2 3 4 5 6 7 8 9 10

y BuGipi

Poamip
upouenTroi | 11 (17,2|11,3|14,5| 14 14 |111,9]115,8| 12 | 1¢

cTaBKH, %

ot
(9]

Cyma
BKJIamiB, [2242| 783 | 42 [4793|2222| 239 | 296 | 1204|2768 |5564

MJIH TPH

cTaBKH DaHKIB.

2) fAxuit cepenniit nmpudOyTok (Y HPOLEHTAX) OTPUMYIOTH
BKJIAAHUKM IuX OaHKIB BiJi BKJAAIB V HaIiOHAJBHIN
BaJIOTi?

Biamosigs gaiTe 3 TOYHICTIO A0 COTHX IIPOLEHTA.

|
|

= ' 1) OniniTs cepeaHe 3HAYEHHA BUOIpKH PO3Mipy NPOLEHTHOL
Il

| 31.17.° ¥V Ttpersomy croBmui Tabauni HaBegeHo mani MixHa-
‘ POAHOro BAJIOTHOrO (OHAY IIOAO0 BHYTPIMIHBOTO BAJOBOIO
ll npoaykry (BBII) neaxkux kpain y 2010 poui Ha ayury Ha-
CeJIeHHSA V I'DOIIOBOMY €KBiBaJICHTI.

I 1) KopucTyounch JaHAMH JHIIE TPETHOI'O CTOBIILA, OMiHITE
| x cepenuiit pisess BBII y 2010 poni Ha aymy HaceJleHHA
y CBITI.

‘ ] 2) Sk morpi6HO 3MiHUTH BiANOBiAb, AKIIO BpaxyBaTH iH-
(hopmalriro npo KinpKicThs HaceJleHHA BiANMOBIAHUX KpalH
(weTBepTHii croBuens Tabauni)? BignoBiae paiite 3 TOY-
"HicTio 10 coreHb nosapis CIIIA.

BBII ua gyury Kinskicts

Ne Kpaiaa HACEJIeHHH, THC, | HaCeJeHHH,
‘ nonapis CIITA MJTH
| ' 1 lambis 2,0 1,8
‘ [ 2 I'penis 28,8 11,3
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31. CTaTUCTUHHIIA aHani3 AaHux

BBII na xymry KixskicTs
Ne Kpaiuna HACEJeHHs, THC. | HACeJeHHS,
poaapis CHIA MIIH
3 Iaponesin 4,4 237,6
4 Kurai 7,5 1 341,0
5 Kocra-Puka 10,7 4,6
6 JlarBis 14,3 2,2
7 JIiokcemGypr 80,3 0,5
8 Pocis 15,8 141,9
9 CIIA 47,1 311,0
10 YKpaisa 6,7 45,8
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§ 4. EnemMeHTH Teopil IMOBIPHOCTEN | MaTEMaTUYHOI CTaTUCTUKN

3ABJJAHHS B TECTOBIA ®OPMI «MNEPEBIP CEBE» Ne 4

1. ¥V kopobui sexars 15 kyasok: 10 cunix Ta 5 senenux. fka
MMOBipHICTH TOrO, III0 HABMAaHHSA B3ATa 3 KOPOOKH KyJIbKa
BUABUTHCA KOBTOIO?

A)1l; B) 0,5; B) 0; 1Y) =¥,

2. ¥V axoMy BHIAAKY IOIiI0 A HA3MBAIOThL AOCTOBipHOIO?
A)p(A)=0; B)p(A)>0; B)p4)>0,99; T)p(4)=1.

3. VimosipHicTs KynuTy 6pakoBaHy napy 4obiT aesxoi Bimomoi
dbipmu ckaagae 0,023. Ckinpxku 6pakoBaHMX Iap B3yTTHA ra-
paHTOBaHO MicTuTh napria 3 1000 nap gobir miel dhipmu?
A) menme 23; B) piBuO 23;

| B) 6insmre 23; I') BiAmOBiAE JATH HEMOXKJIUBO.

| 4. Tlix yac npoBefeHHs ekaiTmoay Oyso omuTaHo 15 THcAY
‘ Bubopuis, cepex sxux 600 nporomocyBanu «IIporm Bcix».
| OniniTe iimoBipHicTE moxii, mo Bubopens rogocye «IIporu
: BCiX».

; A) 4 %; B) 0,04 %; B) 25 %; ') 0,25 %.

!

!

' 5. Habupaiouu HOMep Tenedony, aboHeHT 3a0yB Apyry nudpy
| HOMepy. flka MMOBipHIiCTH TOro, II0 BiH 3 mepuIol cupodm
I Habepe NpaBUJIBHAN HOMED?

: A) 0,01; B) 0,1; B) 0,5; { B B 1

.l

’ 6. ¥V kiaaci mHaBuarorscs 18 xiBuarok i 12 xnmonnis. HaBmanus
BHOMpAIOTHL OZHOIO YYHA AJIA yYacTi B IIKIJIBHUX 360pax.
flka imoBipHiCcTE TOrO, 110 Oyae BuOpaHO XJaonuuKa?

2 1 3 2
A) = B) =; B) —: | B
) 3 ) 2 ) 5 ) 5

7. ®dyrbouict 3 itmoBipHicTiO 0,95 Bayuae y BopoTa nIpu BHKO-
HaHgHi 11-merpoBoro mrpadHoro yaapy. dka WMoBipHicTE
TOrO, [0 IPU BUKOHAHHI Takoro yaapy ¢yrboiict He Biy-
YUTH y BopoTa?

A) 0; B) 0,05; B) TY I') (0,95)°.




3aBaaHHA B TecToBin opmi «lMepesip cebe» N2 4

8. Kaptku 3 umcaamm 1, 3, 5, 7 HaBMaHHA HOCJiJIOBHO BHU-
KJIagaTh y pax. AKa HMOBIipHICTE TOro, 0 OCTAHHBOIO
MOKJIAAYTh KAPTKY 3 YHUCJIOM 5?

1 1 1 1
A) —; B) —; B) —; ry -.
) 24 ) 12 ) 6 ) 4

9. fIka iiMOBipHiCTE TOrO, IO IPHU HiAKHUAAHHI ABOX I'PAJbHUX
KyOUKiB HA OHOMY 3 HUX BHIIaJle OAMHUILA, 4 HA iHITOMY —
Tpiiika?

2 1 2 1
A) = B) —; B) —; I') —.
) 6 ) 6 ) 36 ) 36

10. Yomy nopiBHIOE MefiaHa CYKYITHOCTI fasux: 2, 2, 3,4, 5,6, 13?

A) 5; B) 4; B) 3; 1) 2.

11. IIpu mizxkugasei MoHeru 20 pas mocmisie BUOAB «Trepod».
fAxa WMOBipHiCTH TOro, IIO0 IPH HACTYIIHOMY IIiAKHAAHHI
3HOBY BuIaje «repo»?

1 1
A) 0,5; B) ot B) P I') 0.

12. 3a pasuvMum BceykpalHCBKOrO TIEpenucy HAacCeJleHHSA

2001 poky BiKOBH CKJIAJ HaCEJeHHS XapaKTepU3yBaBCH

TAKHUMH JaHUMMHU!

Bixc Kinskicts noc'riﬁno?o HACeJeHHH,
THC. 0CiO

0-9 4533,3
10-19 7308,1
20-29 6891,6
30-39 6621,2
40-49 7298,7
50-59 5245,3
60-69 5522,2
70-79 3740,0
80 i crapmi 1060,8

fka BikoBa rpyma BH3Hauajga MOJAY BiKOBOTO CKJAaAy Hace-
nesHsa Ykpaiau y 2001 pomi?
A) 0-9; B) 10-19; B) 40-49; I') 80 i crapmii.
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| § 4 EnemeHT Teopii MMOBIPHOCTEN | MaTEMATUYHOI CTaTUCTUKMK

13. OgHoYaCHO MiAKMHYIU TP MOHETH. IKa WMOBIpHiCTE TOrO,
110 PiBHO HA ABOX i3 IMX MOHeT BHunaze repb?

2 1 3
A) 55 B) = B) 5 P
)3’ )8 )8 )

14. V cyKynHEUX BUTpaTax AesAKoi yKpaiHCbKOi poauHHA 33 9
3aMalTh BUTPATH Ha IIPOAYKTH XapdyyBaHHA, 25 % —
KoMyHanabHi nocayrmn; 42 % — pemra BuTpar. SIka 3 Ha-
BEJIEHUX KPYrOBHX JiarpaM BiANOBiZa€ CTPYKTYpi BHTpAT
niel pozunm?

GODO

“ | Y amuky gexarts 106ayKa Tpsox copris: 20 sxoBTuX, 10 3€-
geHux i 30 yuepBoHuX. AKy HaliMeHIYy KinbKicTh A0MYK IIO-
TpiOHO B3ATH 3 AMKA HAaBMaHHA, 11100 rapaHTOBaHO AiCTaTH
NpUHANMHL OfiHe JKOBTEe 1 ABa YepBOHUX AOIyKa?

A) 3; B) 13; B) 32; I') 41.
16. 'panpHMii KYyOMK KUZAIOTH ABA pasu. ka MMOBipHICTH TOTO,
ii 10 BUMAAYThH YMCJA, CyMa IKUX AopiBHIOE 87?7

1 3 5 7
A) —; B) —; B) —; Iy —.
) 36 ) 36 ) 36 ) 36

17. MoHeTy nmiiKuaaoTh 0TH, JOKHN He Bunaje repd. 3HaUAITh
TaKe HATypaJibHe 3HAYEHHS R, N0 UMOBiIpHICTH HiAKUHYTH

S 3 1
MOHEeTY k pasiB JOpPiBHIOE 5t

A)1; B) 2; B) 3; | By R

18. V suuuKy Jie:kaTh 7 YEPBOHMX, 2 CHHIX 1 3 3eJIeHUX KyJIi.
HasMmauusa obuparoTh 6 Kyab. fka #MoBipHicTE TOrO, IO
cepen Bubpanux 6yayTs 4 uepBoHi Ta 2 3eJIeHUX Kyni?

5 3
A) s B) —; B) —; -
) 44 ) 55 ) ) s 132
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§ 5. PiBHAHHSA | HEpIBHOCTI. Y3aranbHeHHs Ta cucTemaTmaaulin

-

aﬂpo NOsBY CTOPOHHIX KOpPeHiB
i BTpaTy po3B’sA3KiB piBHAHb

Bu 3Haere, 10 JajieKO He KOXKHE IepPeTBOPEHHSA PiBHAHHSA
3bepirac He3MiHHOIO MHOYXKMHY HOro KopeHiB. B omHOMY BH-
Mafiky I MHOXXKWHA MOJKE€ 3BY3UTHCS, TOOTO KOpeHi OVAYTH
BTPa4YeHi, B iHIIOMY — PO3IIMPUTHCH, TOOTO 3’ABIATHCA CTO-
POHHI KOpeHi.

HagBenemo KiJibKa NpUKJIALiB.

o IIpu mepexoni Bij piBHamHs log, (x — 1)° = 0 g0 piBHAHHSA

2 log, (x — 1) = 0 BTpavyaerscsa Kopiab x = 0.

e IligsecenHsi 000X YAaCTUH DPiBHAHHSA Jx=—x JI0 KBajzpara

IIPU3BOAUTE A0 IOSBU CTOPOHHBOIO KOpeHA x = 1.

o Baminsioun piBHaHHA log, 4 = 2 piBEAHHEAM Xx° = 4, oTpH-

MY€EMO CTOPOHHIN KOpiHB X = —2.

Meron po3B’si3yBaHHS PiBHAHHSA, IIPU AKOMY JaHe PiBHAHHA
3aMiHIOIOTh HA PiBHAHHS-HACIIZOK, a HOTIM OTPMMAaHiI KOpeHi
HiZaI0Th MepeBipii, Ha3MBAIOTL MeTOXOM Hacxiakis. Moro 3a-
CTOCOBYIOTH TOJ1, KOJIM BUKOHATHU NepeBipKy HecKJaanHo. IIpo-

—2+6\/H &
7

Te TaK 6YBa€ He 3aBXH. Hanpmcna,u, YHUCIIO KO-

peHeM piBHAHHA V2x-5+yJx+2=+2x+1, ane mo6 y ObOMY
mepeKoHaTucCs, IOTpPiOHO IIpOBeCTH 3HAYHY OOYUCIIOBAJIBHY
pobory.
Onsa nogi0HUX CUTyamid MOMKJINBAM iHINWH IIAX PO3B’A3Y- |
BaHHS — METOJ PIBHOCHJIBHHUX IepPeTBOPEeHb. [3 UM MeToAOM
BH o3Haomuauca B 10 kiaci. |
Harosiocumo, 150, 3aCTOCOBYIOUHM SAK METOJ HACIiAKIB, Tak ’
i MeTOJ PiBHOCUJIILHUX IIePETBOPEHD, BAYKJIMBO 3HATH IIPUYUHHA
BTPaTHU KOPEHiB i1 IOABUA CTOPOHHIX KopeHiB. PosrissHemo aesaki
3 UX TMPUYHUH.
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T 32. MNpo nosiBy CTOPOHHIX KOPEHIB | BTPaTy PO3B'A3KIB PIBHAHL

3mina ofnacri BuaHAYeHHA piBHAHHEN

IToza obGnacTi0 BHU3HAYEHHs PpPIBHAHHA KOPEHIB HeMae
(puc. 32.1). Tomy mepeTBOpeHHsI PiBHAHHA, IIPH AKOMY PO3-
IIAPIOEThCA 00J1aCTh HOr0 BUSHAYEHHS,
MOK€e MPHU3BECTH JI0 MOSIBY CTOPOHHIX
KOpEeHiB.

Hanpuxknazn, obJsiacTio BU3HAYEH-
HA piBHAHHA log, 4 = 2 € MHOXXHUHA
(0; 1) U (1; +). Kopucryrouncs 03Ha-
YeHHAM Jiorapudma, OTpUMYEMO PpiB-
HAHHA Xx° = 4, 06JacTI0O BH3HAYEHHHA
AKoro € MHOXuHHA R. PosmupeHHA
obsacTi BU3HAYEHHA HOYATKOBOIO
PiBHAHHS IIPU3BEJIO H0 IOSABHU CTOPOH-
HBOT'O KOpeHdA X = —2.

ObnacTn
BHUBHAYEHHSA
PiBHAHHA

MHuoXHHA
KOpeHiB
PiBHAHHA

Puc. 32.1

NMPUKNAL 1 Poss’sikiTh piBHAHHSA
sin® x + cos® x 2 :
———————e—=c08" X~ 8in 2x.

SiIn X+CoS X
Pozé’azanna. fAvmo api6é y JiBi#f yacTHHI AaHOrO piB-

HSAHHSA CKOPOTHUTH Ha (Sin X + cos x), TO OTPUMAEMO PiBHAHHA

sin® x — sin x cos x + cos® x = cos® x — sin 2x. IIpu Taxomy

IepeTBOpeHHi 00JIacTh BH3HAYEHHA MOYATKOBOI'O DPiBHAHHA

PO3IIMPIOETHCHA HA MHOKHHY 4YHCeJ, AKi € KOpeHAMHU PiBHAH-

HA sin x + cos x = 0. Tomy HacnpaBzi KaHe B YMOBi piBHAHHSA

PiBHOCHJIBHE CHCTEMi

sin® x —sin x cos x + cos® x = cos® x —sin 2x,
sin x+cos x =0,

3HaiiieMo KOpeHi piBHAHHA cucTreMH. Maemo:
sin® x — sin x cos x + sin 2x = 0;
sin® x — sin x cos x + 2 sin x cos x = 0;
sin x (sin x + cos x) = 0.
Ockinpku sin x + cos x # 0, To orpumyemo sin x = 0. 3Bigcu
X =mn, n € Z. 3aIAIMIAIOCA 3ayBaXKUTH, 1[0 IPUA X = Tn 3HA-
YeHHs BHUPAa3y Sin X + cOos X BiAMiHHE Bij HyJd.

Bidnoegiodv: nn, n € Z.
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§ 5. PiBHAHHSA | HEPIBHOCTI. Y3aranbHeHHA Ta cucTemMaTtmsauina

Axmo posmupeHHA o0JiacTi BM3HAYEHHS PIBHAHHA MOXKe
IIPU3BECTH /IO NIOSABU CTOPOHHIX KOPEHiB, TO ii 3By KE€HHS € MOXK-
JIMBOIO TIPUYHUHOIO BTPATH KOPEHiB.

Hanpuxnaj, o6iacTio BusHaueHHA piBEaAHHEA log, (x — 1) =0
€ MHOkuHA (—0; 1) U (1; +0), a 06s1acTi0O BUBHAYECHHS DiBHAHHSA
2log, (v — 1) = 0 e mEORUHA (1 +0). ¥V MHOXKHUHI (—0; 1) mic-
THTbCA KOPiHb X = 0 nepruoro piBaaaHEaA. ToMy nig yac nepexo-
ny Bix piBaanHs log, (x — 1)* = 0 go piBuanna 2 log, (x — 1) =0
el KOpiHB BTPayeHO.

YacTo NpUYMHOIO 3MiHM MHOKHMHH KOPEHIB DiBHAHHSA € 3a-
CTOCYBaHHA PiBHOCTeH, IpaBa i JliBa YaCTUHY AKHUX MAalOTh pisHi
obJracTi BUBHAYEHHA.

HaBenemo nmpHUKIagu TAKUX PiBHOCTEMH:

o x—_—_.x;l/.;

y
x=(Vx);
Jxy =z - Jy;

t t
¢ "tg(xiy)=—— LY
1-tgxtgy
: 2t
. s1112x=—gzi;
1+tg° x

* log, x* = 2 log, x.

Y KoHIN 3 MUX piBHOCTE# 0OJacTh BU3HAYEHHS BHUPA3Y,
SAKHUH CTOITH y IIpaBiii YacTHHI, € MiAMHOXKHUHOIO 00JI1aCTi BU3HA-
YeHHA BUpa3y, AKUH CTOITH y JiBiit wacTuHi. Tomy 3acTocyBaH-
HA OUX pPiBHOCTEH 3J1iBa HAIIPaBO MO’Ke IIPHU3BECTH 0 BTPATH
KOpEeHiB, a crpaBa HalIiBO — [0 MOABU CTOPOHHIX KOPEHiB.

NPUKNALA 2 Posp’sxkits piBEaRES +/(x-1)° (x-38) =x-1.

Poszé’azannsa. ObnacTio BUBHAYEHHS NAaHOrO DPiBHAHHA
e mEHOKMHA {1} U [3; +w=). OueBngHO, uncio 1 € KopeHeMm na-
HOI'O PiBHAHHA.

IIpore s3acrocyBanHA Gopmynau +ab = Ja- \/5 NIPU3BOAUTH

JI0 PiBHSAHHA
|x-1|Jx-8=x-1,
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32. [po noABy CTOPOHHIX KOPEHIB | BTPaTy po3B'A3KiB PiBHAHb

obsacTh BUSHAYEHHSA SIKOTO — MHOKHHA [3; +0). Tomy uncmao 1
He € KOPeHeM OTPUMAaHOro piBHAHHA, TOOTO TAaKUH Nepexis Beze
0 BTPATHU IILOT'O KOPEHH.

Poar’saemo naHe PiBHAHHA METOAOM PiBHOCHJIBHUX Iepe-
XOMiB.

Hane B yMOBi piBHSAHHSA PiBHOCHUJIbHE CHCTEMI

[(x-1) (x-8)=(x-1)",
lx>1.
(x—1)* (x-4)=0, |x=1,
x21; x=4.

]

3Biacu

Bidnosiow: 1; 4.

MuoxenHsa 060X yacTHH PiBHAHHA HA BHPA3,

SAKMH MICTHTH 3MiHHY

Inkonu OyBae AOUIMBHO MOMHOMKUTH OOMABI YaCTHHHM PiB-
HAHHS Ha JeAKWH BUpas. Po3riigsHeMO HACHIAKH TAKOTrO Iepe-
TBOPEHHS.

Ilepeiinemo Bij piBHAHHSA

f(x)=g(x)
O PiBHAHHA
f(x)o(x)=2g(x) ¢ (x).

IIpn Taxomy mepexoii MHOMKHHA KODPEHIiB piBHAHHA MOMKe
8MIHUTHCA i BILIUBOM ABOX (hakTOpiB: 006JIaCTi BUSHAYEHHSA
(pyHKIil @ 1 MHO)KMHY KOpeHiB piBHAHHA ¢ (x) = 0.

Hanpuknaz, AKmo o6uABi YacTHHYN PiBHAHHA X° = 4 TIOMHO-

JKUTH Ha BUpPAa3 \/; +1 i mepeiitu mo piBHSHHA X° (\/; + 1) =
=4 (\/; + 1), TO TUM CaAMUM BTPA4YaEMO KOpiEb —2. AKmIo K obu-

ABi YACTHHH IBOT'O PiBHAHHA NOMHOMXHUTH HA Jx , TO BTPA4aeMo
KOpiHb —2 Ta OJHOYACHO OTPUMYEMO CTOPOHHIM Kopiub 0.

Omixe, AKIIO IpYW pPO3B’sA3yBaHHI PiBHAHHA BUHUKJIA I1O-
Tpeba NMOMHOKHUTH OOMABI ¥Oro wacTuHHM Ha BUpas ¢ (x), TO
CJIiJI ypaxXoByBaTH AK 00JIaCTh BUBHAYEHHSA (OO BUPAa3y, Tak
i MHOXKWHY KOpeHiB piBHAHHA ¢ (x) = 0.
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§ 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHs Ta cucteMaTmaalyis

NMPUKNAL 3 Poss’sxkiTe piBHAHHEA

(ﬁ+1)(\/1—+—;+2x—5)=x.

Poszé’aszannna. IllomEOXKUMO O0MABI YACTHHM JAaHOT'O pPiB-
HAHHA Ha BUpas v1+x —1. Ockinbku (\/l+x +1) (\/1 +X —1) =,
TO OTPUMAEMO:

x(ﬁ+2x—5)=x(\/l—+;—1). (1)

Ile nepeTBOpeHHA He 3MiHIOE 00J1aCTi BUBHAUEHHSA IIOYATKO-
Boro piBHssiHHA. [losiBa X CTOPOHHIX KOpPEHIB MOXKJIHMBa 3a
paxyHoK KopeHiB piBEHsHH# J1+x-1=0. Orxe, oTpumaHe
piBHsAHHA (1) — HACHiZOK piBHAHHA, JAHOI'O B YMOBI.

PiBussirHsa (1) piBHOCHJIBHE CYKYIIHOCTI

x=0,

Vi+x+2x-5=1+x-1.

Po3B’sizkeMo Apyre piBHAHHA cyKynHocTi. Moro Hacmigxom
Ooyzne piBHAHHA 2x — 5 = —1. 3Bigen x = 2.

SanuIInIocs BUKOHATH IepeBipky. JIerko nepekonaTucs, o
YHUCJIO 2 € KOPEHeM JaHOro B yMOBi piBHsAHHS, a yucyao 0 — Hi.

Bidnogiov: 2.

Iepexin six pisaanns f (x) = g (x)
no pisnaunsa ¢ (f (x)) = ¢ (g (x))
Yomy piBHAHHA

r=0x il 1125 =200 (2)
€ PiBHOCHJIBHUMM, & PIBHSHHSA
% =20l vissinixi=8in (2% =1) (3)

He € PiBHOCUJIBHUMH?

CnpaBa B ToMy, 10 BiaacTuBOCTI (yHKIii y = 2' BigpisHs-
I0OThCA BiJ BiaacTuBocTel GyHKIil y=sint.

Axmo Busnauena Ha R dyHKOia y = ¢ (t) € oboporHOIO,
TO piBHiCTB ¢, = ¢, CIPaBAIKYETHCA TOAL i TINIBKHM TOAL, KOJIM
¢ (t,) = (t,). Tomy B upomy pasi piBEaHHA [ (x) =g (x)
i (f(x)) =0 (g (x)) e piBHOCHIBLHUMH.

Konn x BusHaueHa Ha R yHKIOia y = ¢ (f) He € o6oporT-
HOI0, TO 3 piBHOCTI ¢ (¢;) = ¢ (f,) He 060B’A3KOBO BHILIUBAE,
mo t, = t,. Tomy piBEAHEA O (f (x)) = ¢ (g (x)) € HacHiAKOM
piBEaAHEA [ (x) = g (x).
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32. po noABy CTOPOHHIX KOPEHIB | BTPaTy PO3B'A3KIB PiBHAHbL

Tak, piBHAHHA (2) € PiBHOCHMJIBHUMH, TOMY 10 (DYHKIIA
¢ (t) = 2' e oboporroto. Ockinbku dyHKUia ¢ (f) =sin t He
€ 000pOTHOIO, TO PiBHAHHA (3) HE € PIBHOCHIILHUMH.

Bu 3naere, 1m0 nmigaecesHsa 060X YaCTUH PiBHAHHSA 10 ITapHO-
I'o CTeNleHs NPU3BOAUTEH A0 PiBHAHHA-HACIIJAKY, a HiIHECEHHHA
0 HEIIapHOro CTEelNeHs — A0 PiBHOCHJILHOI'O PiBHAHHSA.

Ile nos’sizane 3 TMM, mo GyHKNiA y = x>, k € N, He € 06o-
porHOMW0, a hynkuia y = x* ', k € N, — o6oporna.

®yrkuia y = x*, k € N, € o6oporHoio Ha MEOKUHI [0; +).
¥ 10 xnaci Bu KopucTyBajduca UUM (aKToOM y BUTJIAAI TAKOI
TEeOpeMH.

Teopema 32.1. Axwo dara 6ydv-axozo x € M euko-
nyromuvca nepienocmi f (x) 2 0i g (x) 2 0, mo pienanns
f(x)=g x)i(f (x))* = 8 (x))*, k € N, PLBHOCUNBHI HA MHO-
awcuni M.

I10 TeopemMy B BHKOPHCTOBYBAJIM DU PO3B’A3yBaHHI ippa-
IiOHAJbHUX PIBHAHB.

PosrnsgiHeMo NpUKIa, y AKOMY IOSABA CTOPOHHBOI'O KOPEeHS
IoB’sizaHa 3 HeobopoTHicTIO QyHKLIIT ¥y = sin {.

NPUKNAL 4 Po3s’skiTh piBHAHHA
arcsin (x \/5) =arccos (5x - 2).
Poszé’azanna. OckinbkH BusHaueHa Ha R GyHKIOiA

Yy = sin t He € 060POTHOIO, TO PiBHAHHA sin(arcsin (x \/§))=

= sin (arccos (5x—2)) € Hacaigkom masoro. Tomy po3B’sa3aHHA

PiBHAHHA Ma€ 3aBepPIIMTHUCH IIePeBipKoi0 KopeHiB. OTixe, MOXK-
Ha He 6oATHCA JaJIi MEePeXOAUTH A0 HOBUX PiBHAHBL-HACIIAKIB.
Haragaemo, mo MamTh Micume piBHocTi sin (arcsin a) = a

i sin(arccosa)=+v1-a*. Tomy MOKHa 3amucaTH:
x 3 =\1-(5x-2)°.
3sigcu 3x° = 1 — (5x — 2)%. Iani maemo:

X =
28x° — 20x + 3 = 0;

X
2’
3

X =

[y

4
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IlepeBipMO OTpUMAaHi KOpeHi.
1
IIpn x =5 MaeMo:

-
arcsin (x \/§) = aresin ? - %:

; 1
arccos (bx —2) = arccos ( 3 - 2J = arccos E .

1
3
1 :
Orxe, 4YUCIIO '2— € KOpeHeM IIOYaTKOBOI'0O P1BHAHHI.

3
I[Ipu x =— maeMo:
14

A

oA

’

arcsin (x \/5) =arcsin g

15 13 )
arccos (bx—-2) = arccos( —O—2J: arccos(—— J )
14 14 2

\

3 :
OTrxe, 4UCIO I— He € KOpeHeM NOYaTKOBOI'O PIBHAHHA.
4

1
Bidnogiov: 5

. Bnpasu

32.1." Yu € piBHOCHMJILHUMHU PiBHAHHA:
1)x-5=0 1 x(x—5)=0;

2)§=O i xX*=-4;
X

Nx+1=1+x1i k = 13

x2
( : )
4) xll)) = 1 i xl()((l = 1;

X

5).—=L111 252}
X
2=1 ,

6) =0 i x2-1=0;
x+1




32. Mpo nosBy CTOPOHHIX KOPEHIB | BTPaTy Po38’A3KiB PiBHAHbL

x*-9
x+2

2
8) (Vx+2) =2x+5 ix + 2=2x + 5;

9) J(x-1)(x-3)=0 i Yx-1-J/x-3=0;
10)sinx=21 2" =-1;

7 =0 i x*-9=0;

11)sin x=01icos x=1;
12) cos x = 0 i sin®* x = 1;
1—1,gfz X
1+tg2 x
14) log; x* = 2 i log; x = 1;

15) logs (x* — 1) = log; (x — 1) i logs (x + 1) = 0;

13) =-1 1 cos 2x = —1;

1 x+1
16)/-E= 24D 4§ Jogs fx 4.0) =12
log, 2
32.2." YUu € piBHOCHJILHUMU DiBHAHHSA:

Dx*=xix=1;

(2x-1) (2x+1) _

2) 0 i 4x*-1=0;
2
2 . 3
)x+1=01i —=0;
x-1
v 2
1) x.1:1 i .rl)+l:1;
x+1 x°+1
x+1 % -1
5) —=0 i - =0
).x'a—l x? -1

6)cosx=-1,2 i e =0;
Tcosx=0 1 sin x=13%

2tg x

8) =0 i 8in 2x:=0;

1+ ng X
9) Jx* (x-1)=0 i |x|Vx-1=0;
10) log . x* =1 i log, x =1?
335
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1 § 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHA Ta cucremMaTtmsauin
3 E% : TIC AR i) T
e 32,8, Yu OGyzae B pesyapTaTi AAaHOrO IHEPETBOPEHHSA OTPUMAaHO
pPiBHAHHS, PIBHOCHJIbHE JAHOMY:
1) y piBaasHL 3 (2x — 1) — 5 (4x + 2) = 1 POBKPHTH AYKKHU
i 3BecTH moAiGHI JoAAHKM;

1 v 1 1
———=49 pisHNOI0O ———-—— 3a-
x-T7T x-T x-T7 x-T

MiHMTH Ha HYJb;
2

2) v piBaanH] x*+

+3x-5=0 cxoporuTtu Apiod;

3) y piBHAHHI
x-1

4) 06uABi YACTHEY PiBHAHHA X° = X MOJLIUTH HA X;
5) obuzaBi yacTuEM piBHAHHA (x + 1) (x* + 4) = x* + 4 no-

minmta Ha x° + 4
. i x2
6) oOuBi yacTUHHU PiBHAHHA — =2 IIOMHOXKHTH Ha X;
X

7) o6uaBi wacTuHM piBHAHHA 2x + 1 =5 DOMHOMXHUTH Ha
x+1?

32.4." fIxke 3 ABOX PiBHAHB € HACIIAKOM iHIIIOrO:

Nx’=x1x=1;

2) £=1 i 0x=0;
X
3)x*=11i x*=1;

4|x|=11i2L=1

I 2

| i angetls SRS SR T
1‘ x-6 x-6

I g
! | 8)x’ =4 B e el e
| x+2 x+2
| x2_1 ) .

[ 7) =0'1 x _120;

x+1

8) Vx-2=43x ix®-2=3x;
9) X (x-1)=x i |x|Vx-1=x;

10) Vx+3=xi x+3=x%
11)sinx=3 i log, x=1;

12)lg(x* -1 =1g(x-17% i 2¥*-1=(x-1)%

l 336




32.Tpo nonay (TOpOHH|X KopeHle i erpary poaa A3KIB pIBHﬂHb

13) 2% 9 ;i tg 2% =0;
1- t.g X

14) : =0 i log, x=0?
log, 2

32.5." ke 3 IBOX pPiBHAHBL € HACJIIIKOM 1HIIOrO:
2
X a p
1) =—=1 i x*=x;
X

2)(x+1)P¥=1ix*+12=1;

2
64 9
g) i x* = 64;
x+8 x+8
4) x*+ 294 2. 4 x*=9;
x+3 x+3

5) V¥’ -x-1=v5x i x*-x—-1=5x;
6) Vx’-4=Vx+2 i Jx-2Jx+2=x+2;
7) \/x+7=—x i x+T7=x%

8)cosx=-2 i e* fnil=1s

9)logs |x+2|=11i log,|x+ 2|+log; x =12

32.6.° Ak moxke amiHUTHCSA (PO3IMIMPUATHCH YU 3BY3UTHCH) MHO-
JKUMHA KOPEeHiB 3ajaHOr0 PiBHAHHSA, SAKIIO:
1) piBasaas (| x |+ 3) f(x) =2 | x| + 6 saminuru Ha piB-
HAHHA [ (x) = 2
2) piBasnns (tg° x + 1) f (x) = tg® x + 1 saminnTH Ha piB-
HaHHA [ (x) = 1;
} i f(x)

3) piBHAHHA —;
x“+1

f(x)
lg® x+1

=0 samianTH Ha piBEAHHA [ (x) =0

4) piBHAHHSA =0 samiauTH Ha piBHAHHA [ (x) =0

5) piBHAHHEA (x + 1) [ (x) = x + 1 3amiEuTH Ha PiBHAHHA
f(x)=1;

6) piBHAHHSA (\[;—l)f(x)=\/;—1 3aMiHMTH Ha DPiBHAHHSA
f(x)=1;
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§ 5. PiBHAHHSA | HeplaHocn Y3aranbHeHHs Ta cucremartunsauin

f(x) _g(x)

7) piBHAHHA ——— = —— 3aMiHUTH Ha PiBHAHHA [ (X) = g (X);
x+1 x+1
8) piBHsaHHA f (x) = g (x) 3aMiHNTH HA PIBHAHHA
(x+1)f(x)=(x+1)2g(x)
9) piBaanH4A log, f (x) = 0 3amiauTy Ha piBHAHHA [ (x) = 1;
10) piBasanusa log, f (x) = 0 samimuTn Ha piBHAHHA [ (x) = 1?7

32.7.° PoaB’siskiTh DiBHAHHA:

x+5 x-5 x+25
) = R ] yey e ;
x“-5x 2x°+10x 2x°-50
9x+12 1 1
2) = = =— .
x"—-64 x-4 x"+4x+16
32.8.° Po3B’sxiTh piBHAHHSA:
4y +24 4 8, o %8
5y°-45 b5y°-15y y*+3y’
y+2 1 y+3

8y°+1 4y+2 8y’-4y+2
32.9.° Po3B’s1okiTh PiBHAHHA:
1) 22 +(Vx-2) -5=0; 2) 2x*+9(Vx+1) —27=0.
32.10.° PosB’saxiTh piBHAHHA:
1) x*-(Vx+3) -8=0; 2) x*-4(Jx+2) -13=0.

32.11.° Po3B’sioKiTh PiBHAHHA:

1) sin22x Yo 3) 25in2x+33inx=0'
1+tg° x 1-cosx

2) sin x ~0:
l+cosx

32.12.° PosB’saKiTh PIBHAHHA:
sin 2x sin 2x

1) ———=0; 2)

1+ct;g2 x 1-sinx

=2 COoS X.

32.13." PoaB’siokiTh piBHAHHA

V16 -9x* (3 sin 2nx + 8 sin nx) = 0.

32.14." PoaB’sikiTh piBHAHHA

v25-4x* [sin nx +3 cos n—sz:O.
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32. Mpo nosiBy CTOPOHHIX KOPEHIB | BTPaTy po3B'A3Kis PiBHAHbL

32.15.” PosB’sKiTh piBHAHHA:
1) V2x? —x+4 +/2x* -Tx+10 =3x-3;
2) (Vx+1+1)(Vx+10-4)=~x.

32.16." PosB’skiTh piBHAHHA:
1) Vx?+8x-2+Vx’—x+1=4x-3;

2) (Vx+1+1)(Vx+1+22+x-7)=x.

32.17.” Po3B’sKiTh pDiBHAHHA:

3x
Ccos X +cos ——2

l+cosx+sinx
) b s R 2) 2 __-0.
cos X £
sin
8
32.18.” Po3B’s1)KiTh DIBHAHHA:
o | P -
sin® 2x-sin” x COS X +C0S 3x + 2
1) ——mMMMM—=0; 2) =0.
cos3x-1 ik
sm-2—1

32.19.” Po3B’aKiTh piBHAHHA:
1) tg(s—n+x)=2cos@—5ctg x;
4 3
X 3
2) tg 2x+sin 2x = e ctg x.

Z : y 9
32.20.” Posp’sixkiTe piBHAHHA tg 2x—sin2x = s ctg x.

32.21." Poss’sxiTe piBHsAHHA log, cos 2nx = 0.

32.23." Poss’sukiTs piBHaAHHEA log, sin 2x =log, \/sin x.
32.24.” Poss’skith piBHaHHEA log, sin 2x =log, \/—sin x.
32.25." Po3B’aKiTh PiBHAHHA arccos(x \/5) =arcsin (3x—2).

32.26." Poap’skiTeh piBHAHHA arcsin x = arccos (3x — 1).
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§ 5. PiBHAHHSA | HEPIBHOCTI. YaaraaneHHn Ta cucremMaTtusauin

T

m OcHOBHI MeToau po3B'siI3yBaHHA PiBHAHD

Y Tabauii HaBeeHO CXeMH PO3B’A3YBAHHA JEAKUX THIOBHAX

PiBHAHB.

ey i sl AT Syt

'hmpinmnnm

il A | S e

‘ i ‘Yuona,phnm‘ j;(‘

=

JaHOMY PiBHAHHIO

[f@ | =g @]

[f(x) =g (x),
f(x)=-g(x)

| f(x) ]| =g (x)

f(x) ==g (x))

[{f(x)=g(x),
1g(x)>0

Jf (x) =g (x)

{f(x)=g(x),
g(x)=20

Ji(x) =g (x)

{f(x) =g* (%),

g(x)=0
a/(x)=ax(x)’a>0,a¢1 f(x) =g (x)
log, f (x) = log, g (x), {f (x) =2 (x),
a>0,a#1 g(x)>0

YacTo po3B’A3yBaHHA PiBHAHD 3BOAUTHCA A0 PO3B’A3yBaHHA
THUNOBUX pPiBHAHBL, HaBeAeHux y rtabauni. Ile imocrpyiors
Bupasu NeNe 33.1, 33.2. [lo TuxX piBHAHB, AKi He 3BOAATHCSH A0
THIOBUX, 3aCTOCOBYIOTH CIeliajbHi MeTroau i mpuitomu. Pos-

riigsHeMo nem{i 3 HHUX.




33. OCHOBHI METOAM PO3B'A3YyBaHHA PIBHAHL

MeTox pO3KJIANAHHA HA MHOKHHKH

Jlobpe, Koau BAAETHCA JIiBY YacTUHY piBHAHHA f (x) = 0 mo-
JaTH y BUIIAAL AoOYTKY KinbKoOX BHpasiB. Ak npasBmio, meu
KROK € KOPHUCHUM, OCKIJIBKH J03BOJIAE 3aMiCTh JAHOI'O PiBHAHHA
pPO3B’AI3aTH CYKYIHICTH GiJIBII IPOCTUX PiBHAHB.

Po3srinsHeMO IpUKIagH.

NPUKNAL 1 Poss’sikite piBasaHES x° — 6x° + 11x — 6 = 0.

Poszé’sazannsa. OueBUAHO, IO YHCJIO 1 € KOpeHeM JaHOro
piBHaAHHA. Tozxi niBy YacTUHY PiBHAHHSA MOXKHA IIOJATH Y BU-
raagi pobyTry (x — 1) @ (x), e  (x) — KBazgpaTHHUIA TPHUYJIEH.
Ilns sHaXOomKeHHA @ (X) NOAIIMMO «KYTOYKOM» MHOIOYJIEH
x* — 6x* + 11x — 6 Ha aBOWNeH x — 1:

2 -6x*+11x -6 x-1
x2 - x? x*-5x+6

_—53:2 +11x -6
-5x* + b5x

_6x -6

6x - 6

0

Orpumainu, mo @ (x) = x> — 5x + 6.
Maewmo: (x — 1) (x* — 5x + 6) = 0.
x-1=0,

Ile piBHAHHSA PiBHOCHJIbHE CYKYIIHOCTL 3
x“-bx+6=0.

x=1,
3Bijacu | x=2,

x=3.
Bidnosiows: 1; 2; 3.

NPUKNAL 2 Poss’sasxiTh piBHAHHSA
3Jx-2-2° 3 42x=x.2" 2 +6Jx-2.
Poszé’'azannsa. Maemo:

3 x-2.2"%_x.2°% 9y _6Jx-2=0;

341
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§ 5. PiBHAHHSA | HEPIBHOCTI. Y3aranbHeHHA Ta cuctemaTmsauina

273 (3x-2-x)-2(8Vx-2-x)=0;
(8vx-2-x)(2" *-2)=0.

IMoMmunkoBuM Oys10 6 BBasKaTH, IO e PiBHAHHA PiBHOCUJIbHE

CYKYITHOCTI
{3Jx—2—x=&

g'=3L220,
Crpaszi, KOpiEb —2 ApPyroro piBHAHHA CYKYIIHOCTI He BXO-
IUTH 0 00J1aCTi BUBHAYEHHA ITOYATKOBOro piBHAHHEA. Hacnpas-
JIi MoyaTKoOBe PiBHAHHS PiBHOCHJIBHE CHCTEMi

{3Jx—2—x=&

2-3_2=0,
x> 2.
x=38,
3Jx-2=x, [[9x-18=x%, ||x=6,
3Biacu Lx”—s =2, Lz -3=1, 2.
x>2; x22 x=-2,
x22

Bidnosgiov: 2; 3; 6.

Merox 3amian 3MiEHOL

NMPUKNAL 3 Poss’sixkiTh piBHAHHESA
x*-8x*+ 152 +4x-2=0.
Posé’azannsa. IlepeTBOpUMO JaHe PIiBHAHHA TaK:
x*-8x*+16x* - x* +4x - 2 =0;
(x*—4x) - (x*-4x)-2=0.
3pobuBmu 3aminy x° — 4x = ¢, OTPUMYEMO DiBHAHHSA
t=2, I:x2—4x=2,

tz—t—2=O.BBincu{
t=-1;

x?-4dx=-1,

Bidnogidw: 2+\/(_i; 2—\/(_5; 2+\/§; 2-—\/§.
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33. OcHOBHI METOAM PO3B'A3YBAHHA PIBHAHL

2 :
NPUKITAL & Poss’skiTh piBHAHEA —— o + 82 :_é,

2

x*-4x+2 x*+x+2 4

Pozé’aszannsa. Ockinbku umeno 0 He € KOpeHEM AaHOTO
PiBHAHHSA, TO, HOAIMHUBINN YHCEJIBLHUK i 3HAMEHHHMK KOXXHOIO
3 apo0biB JiBOI YaCTHHM PiBHAHHSA HA X, OTPUMYEMO PiBHAHHSA,
PiBHOCHJIbHE 3aJaHOMY:

2 3 5
- =——,

2
x—4+ x+1+
X x

Z 2 :
3pobumo 3aminy x+—=t. Toxi
X
2 8..ub t? +¢-12
e +—=0; ———08 —=

JUL F41 B -5 - @E+D)
[t* +t-12=0, {t=-4.

lt-4)(+1)=0; [t=3.
2
) x+;=—4, x*+4x+2=0,
Maemo: g :
ryl=g L* -3x+2=0.
X

Bidnosgiov: ~2+\/§; —2—\/5: 2.

NPUKINIAL S Poss’sxkiTh piBHAHHA

|-2=o.

LW 4 .
sin® x+——+38| sinx -

sin” x sin x

=t. Toxi

Poszé’azanna Hexail sin x——
sin x

2

sinx—4+ =17

o 2
sin x

: 04 4ty |
3siacu sin’ x +——=t*+4. IlouaTkose piBHAHHA HabyBae
sin” x
Buraany t° +4 + 3t - 2=0.

: t=-1,
Beigcu t° + 3t + 2 =0; L
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§ 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHA Ta cucrematumsauin

OTpuMy€EMO, IO AaHe PiBHAHHA PiBHOCHJIBHE CYKYITHOCTL

sin x —

sin x —

sinx+sinx-2=0,

3Biacu

sinx+2sinx-2=0;

Ockinbkn | sin x | < 1, To oTpumyemo

. X= o 2nk,
3Biacu 2

= :_1’
sin x
— =-2,
sin x
sinx =1,
sin x =-2,
sin x =-1-+/3,
sin x =—1+\/§.
sinx=1,
sin x = \/5—_1.
&

x =(-1)* arcsin (V3 1)+ nk, k e Z.

NMPUKNAL 6 Poss’skiTe piBHAHHA

J@-x)? +Y(T+x) -3(T+x)(2-x) =3.
Poszeé’azanna. Hexait 32-x=a, ¥7+x=>b. Toxi

a’+b*-ab=38, a’+b*-ab=3,
(a+b)(a*+b*-ab)=09;

a’+b*=9;

ab=2, 2
a+b=3; a=2;
1

o
I

Tenep MoxkHa 3anucaTH

Bidnosidv: 1; —6.

(a+b)*-3ab=3,
a+b=3;




33. OcHOBHI MeTOAW PO3B'A3yBaHHS PIBHAHL

3acTocyBaHHA BIacTHBOCTEH DyHKIiH
ITomyk obnacti Bu3HaueHHA PYyHKIIL [ MOoKe OyTH Kiaoyem
0 po3B’sisyBaHHs piBHaAHHA [ (x) = 0.

NMPUKNAL 7 Po3ss’skiTh piBHAHHS
(Vx*—4x+3+1)log, x +dx—x*-3 =1.

Poszeé’azannsa. 3acTocyBaHHA OyAb-AKHUX NPHUHOMIB,
OB’ I3aHUX 3 NEPETBOPEHHAM JiBOI YaACTHHU AAHOI'O PDiBHAHHS,
HaBpAJA YU IIpU3Bele A0 yemixy. Pazom 3 THM 3HAXOIKEeHHS
obsacTi BUBHAYEHHA PiBHAHHA — ILIAX IIIJIKOM IIPUPOAHUMA.

x*-4x+320,
Maemo: {4x-x*-320,
x>0.
P03B’A13aBIIM 1[I0 CHCTEMY, OTPAMAEMO, 110 06JACTIO BU3HA-
YeHHS POBIJAAYBAHOTO DIBHAHHS € ABOEJEMEHTHA MHOMHHA

{1, 3}. IlepeBipka mokasye, mo 4ucao 1 He MiAXOAUTH, a YHC-
JI0O 3 € KOPEeHEeM 3aJaHOr0 PiBHAHHA.

Bidnoesiov: 3.

Hexait pysxuii f i g € Takumy, mo aas OyAb-sgKOro
x € D (f) N D (g) BukoHy1oThCs HepiBHOCTI f (x¥) < a i g (x) 2 a,
e a — pesike uymucyo. Toxi piBHAHEA [ (x) = g (x) piBHOCHIIBHE
cucremi

{f (x)=a;
g (x)=a.

3a JOIIOMOr0I0 IIMX OYEeBUAHUX MipKYBaHb MOYKHA PO3B’A3aTH
[iny HU3KY PiBHAHB.

NPUKNAL 8 Poss’sxkiTh piBHAHHESA
log, (5+3 cos 4x) = sin® (x+§].

Poszé’azanna. Ockineku cos 4x = —1, o 5 + 3 cos 4x = 2.
3Bigcu log, (5 + 3 cos 4x) > 1.

o e T
Boarouac sin® (x+zj<1.
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§ 5. PiBHAHHSA | HEPIBHOCTI. Y3aranbHeHHs Ta cucremaTmsanin

Tomy rmouyaTKoBe PiBHAHHA PiBHOCHJIbHE CHCTEMi

log, (5+3cos4x)=1,
sinz(x+zjzl.
4

Jcos4x:—1, e IneZ
3Biacu ]

2 T\ A
08 (x+;]_0, x:§+nk,keZ.

Bidnosidv: §+nk, k e Z.

Bu 3naere, mo koam GyHKIiA [ € 3pocTaodoi (cnagHo),
To piBHaAHHA [ (X) = @ Mae He GinblIe HiXK OJMH KOPiHb. Km0
B/Ia€ThCSA KOPiHb BraJlaTh, TO PO3B’A3yBAHHA TAKOI'0 PiBHAHHSA
saBepIleHe.

NPUKNALA 9 Poss’skits piBaarEa 2% — sin x = 0.
Poszé’sazannsa. Posrasaemo ¢yHKmio f (x) = 2x — sin x.

Maewmo: f' (x) = 2 — cos x. Ockinekn ansa Oyap-sikoro x € R

BUKOHYeThCA HepiBHicTs [’ (x) > 0, To dpynkuis f sapocrae na R.

Omsxe, piBaagHEA [ (x) = 0 mae He 6Ginbime Hi’K OZMH KOPiHBb.

OueBuHO, 1m0 yncao 0 € KopeHeM 3a7aHOTO PiBHAHHA.
Bidnogiodv: 0.

NPUKNAL 10 posp’sxite piBaaaaa V4x® -1+/4x-1=1.

Posé’azanns PosrasaemMo (pyHKIIIO

f(x)=vdx*-1+J4x-1.

1
JIerko BCTAHOBUTH, IO D(f)=|:5;+x~).

Koxna 3 pyakuiit g(x)=v4x*-1 i h(x)=+4x-1 € 3poc-

ratouoio Ha D (f). Orxe, dyuakuis f rakox spocrae Ha D (f).

1 :
O‘IG‘BHJIHO, 10 4YuCJjIo 5 € KOpeHeM No4YaTKOBOI'O P1BHAHHA.

Ileit KopiEb €AUHMIA.

Bidnosgidv: %




33. OcHOBHI MeTOAU PO3B'A3YBaHHA PIBHAHbL

l Bripasun

33.1.° PoaB’sokiTh piBHAHHA:
1)|x*-Tx+38|=|x—-4]; 4) V3x+7=T-x;
2)|x2_3x_1|=x_1: 5)72,‘-~3:71( ‘l';
3) \/4.7c2 -5x = \/3x3 —2x-2; 6)logs (x* — 7) = log; (—x — 1).
33.2.° Po3B’skiTh pDiBHAHHSA:
|x*-2x-5|=|x-1];
2)| x*+6x - 16 | =8 — 4x;
3) J2x? —8x+1=x?+2x-3;
4) 2Vx+5=x+2;
5) 28—2:’ =212 l;
6) lg (x* + 2x — 10) = lg (8x + 2).
33.3.° PoaB’sixkiTh piBHAHHA:
1)x*-Tx-6=0; 3) x* - 9x* +4x + 12 = 0.
2)x* - 5x*+8x* - Tx+3=0;
33.4.° Po3B’aXKiTh PIBHAHHA:
DN+ x*+x+6=0; x'+2x°-3x*—4x+4=0.
33.5.° Po3Bp’sokiTh PiBHAHHA:
1) («* + 5x)> — 2 (x* + 5x) — 24 = 0;
2) (x* + 2x + 2) (x* + 2x — 4) = -5;
3x*-9x 12
2 x* -8x
do gl aell
x(x+2) (x+1)* 12
33.6." Posp’sKiTh piBHAHHA:
1) (x* + 8x + 8) (x* + 8x + 5) = 63;

3) =3;

L E B B E B E B BB EEREEEREEREREREREEEREEREREEREREREREREEREEREEREEREEREEEREREREEREEREERERERELENRZE-NEZSZSES-ERSENEHEZ-;SJE,]

4 2 .

e MO 2 T -
(x-2)" x-2 =

3) —3§=3—x—x2; -
l+x+4x o

4) 6 + 8 :1_ "
(x+D(x+2) (x-1)(x+4) .
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§ 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHs Ta cuctematmsadlin

33.7.° Po3p’ssxkiTh PiBHAHHA:
1

1) 4:«\}.12 -3, 2“\’:2—2»1 =6; 3) 4tgzx +8= 3,2;;2_;'
2) 2sin’x +2cos’x =3
33.8." Po3B’siKiTh PiBHAHHSA:
1) 4°-%_17.2¢ %2 1 256=0;, /2) 2™ =8.2° * -4,
33.9." PoaB’sKiTh PiBHAHHSA
Jr(g?-3 _gV#-3) g2l -s1_gl#-su1 g [ 18,
33.10.” Po3B’skiTh piBHAHHA:
1) (x — 4) (x — 5) (x — 6) (x.— 7)="1680;
2) x (x + 3) (x + 5) (x + 8) = 100.
33.11.7 Po3B’soKiTh PiBHAHHA:
1) (x —4) (x + 2) (x + 8) (x + 14) = 1204;
2)(x+3)(x+1)(x+5)(x+ 7)=-16.
33.12." Po3B’siokiTh piBHAHHA!
1) (2x% - 5x + 2) (22 + Tx + 2) = —20x%
2) (x + 2) (x + 3) (x + 8) (x + 12) = 4x°
33.13." Po3B’sKiTh DiBHAHHSA:
1) 4 (x + 5) (x + 6) (x + 10) (x + 12) — 8x* = 0;
2) (x — 4) (x + 5) (x + 10) (x — 2) = 18x°.
33.14." Po3B’sKiTh piBHAHHA:

12 4 2 %
1) 42 +12x+=+ = =4T;  2) 2(——5J=—2;+"—+3;
Xt X x 3 2i Ti8 'Y
13,15, Po3B’sKiTh DIBHAHHA:
3 112
1) 822 +5x+ >+ =16; 2) x2+§=——(f—3).
w L x &l \2 "2
33.16.” PosB’saxiTh piBHAHHA:
4
1) ! x Uil 3x Ly
4x° -8x+7 4x"-10x+7
2) x2—10x+15_ 4x
¥’ —6x+15 x2-12x+15
33.17.7 Po3B’sxiTh DiBHAHHA:
3 > 3
$ieg % ) 22:c =§; 2) x2+5x+4+x2 x+4+1_§=(
x“+1-4x x"+1+x 3 x“-Tx+4 x"+x+4 3




33. OCcHOBHI METOAM PO3B'A3YBAHHA PIBHAHb

33.18." Po3B’sKiTh DiBHAHHA:
D2@E2+x+1)P°-T(x-17°=13 («* - 1);
2) 4x® +12x \1+x =27 (1+x).
33.19.” PosB’sokiTh PiBHAHHA:
Dx'+52(x+1)=6x+1% 2)6x°-5xJx+3+x+3=0.
33.20." Po3B’sikiTh DiBHAHHA!
1) 3 sin® x + 2 sin x cos x = 2; 2) 5 cos’ x = sin x — cos x.
33.21." Poas’ kit piBuanusa 22 cos® x + 4 sin 2x = 7.

33.22." Po3B’sKiTh PiBHAHHA:
1) tg* x + ctg* x + tg® x + ctg® x = 4;
2)18 cos’ x + 5 (3 cos x +cos' x) + 2cos x + 5=0;

)

.23." Po3B’s12kiTh DIBHAHHA:
1) tg® x + tg® x + ctg® x + ctg’® x = 4;

Q«
o

2) 4sin®x+ ;—t+4sinx+ =13
sin”“ x sin x
33.24.” Po3B’skiTh PiBHAHHA .
sin 2x + 3 (sin x + cos x) + 1 = 0. .

(V)

3.25." Po3B’sKiTh piBHAHHSA
sin2x +4sinx—-4cosx-1=0.
33.26.” Po3B’saXiTe pDiBHAHHSA:
1) Yx+8-Yx-8=2; 2) Yx-2+x-1=5.
33.27." Po3B’siTh PIBHAHHA!

1) $18+5x+¥64-5x=4; 2) Y2-x=1-x-1.

33.28." Po3B’sxiTh piBHAHHA:
x? -4x

1) 2cos =x’-8x+18;

2) 5sin x — 12 cos x = x* — 2x + 14.
33.29.” Poss’sakiTh PIBHAHHA:

1) sin%=x2—6x+10; 2) sin 2x = x — x* — 1.
33.30.” Po3p’skiTh pDiBHAHHA:
). 1) cos2x+cos—5?x=2; 2) sin 6x+cos%=—2.
349
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§ 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHA Ta cucTeMaTm3allis

33.31.” Po3B’siTh PiBHAHHA:

5x

1) cosw—xcos—=1; 2) sin2x+cos—8—£=2.
6 6 3

33.32." PosB’skiTh piBHAHHSA
(4x — x* — 3) log, (cos® mx + 1) = 1.

27 1*-2l 10g, (4x — x* — 2) = 1.
33.34." Po3B’sXiTh PiBHAHHSA:
17 ' Jx

1) 2*+2xJx-1=12; 2) =—,

22 +1 2

33.35.” PosB’skiTh PiBHAHHA:

1) 2Vx +Vx—-5+V2x+7=13; 2) x*+5x+15/x+2=44.

33.36." Poap’saxiTh piBHAHHA cos x — 2x = 1.
33.37.” Poss’skiTh piBHAHHA sin x — cos x = 2x — 1.

TR SN

OcHOBHI MeToau pO3B'A3yBaHHA HepiBHOCTEeN

Y Tabyuii HaBeJeHO CXeMU PO3B’A3YBAHHA AEAKHX TUIOBUX
HEepiBHOCTEMH.

Tun mepisHOCTI XMERY BSEnInn
JAanii HepiBHOCTI

f(x)<g(x),

|f(x)] < g (x) {f(x)>—g(x)
f(x)>g(x),

| £ (x)|> & (x) {f(x)<—g(x)

V7G> g @ dir
g(x)=0
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34. OcHOBHI METOAU PO3B’A3YBaHHA HEPIBHOCTEN

YacTo po3B’s3yBaHHA HEPIBHOCTEH 3BOAUTHCHA [0 PO3B’A3Y-
BaHHA THUNOBHUX HepiBHOCTel, HaBegeHux y rTabaumi. Ile imio-
cTpyioTh BrpaBu NeNe 34.1-34.10. Ilo Tux HepiBHOCTEH, sAKi
He 3BOAATHCA A0 THIIOBUX, 3aCTOCOBYIOTH CIEIiaJIbHI METOAH
i npuitomu. PosrisiHeMo Aeski 3 HUX.

MeTox pPiBHOCHIBHHX NEPETBOPEHL

NPUKNAL 4 Poss’suxits HepiBHicTs (x°-9)Vx-2>0.
Po36’a3aHHsa. 3ayBaXKUMO, 110 IOMUJIKOBUMH € TaKi Mip-
KyBaHHA: «OCKIJIBKH IIpU X 2 2 BUKOHYETHCH HEPiBHICTH
s i [x>2,
Jx—2 20, To jaHa HEPiBHICTEH PIBHOCHJIBHA CHCTEMI 1

9

x°-920.

r ] ¥YMoBa, piBHOCHJIBHA .

T peplanopas nanii HepiBHOCTI 3

Jf () <g(x) J’f (x) < (g (x))%, >

1g(x)>0, :

f(x)>0 4

Jf () > g (x) [g(x) <0, 2

[f(x)>0, :

[g(x)>0, >

|7 (x)> (g (x))? :

Gl AT B f (x) > g (x) .
a/(X)>ag(x)‘0<a<l f(x)«g‘(x) :

! f()>g (), :
{ log, f (x) > log, g (x), a > 1 { 0 20 ;
% g ol {f(x)<g(x), .

og, f(x) > log, g (x), 0 <a < f(x)>0 .
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§ 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHA Ta cuctemaTmiania

3Biacm x € [3; +w)». HeBakko mobGaumTH, 10 NPH TAKOMY
«pO3B’A3yBaHHI» BTPAYAETHCA PO3B’A30K X = 2.

IlpaBunbHMM pPO3B’sABYyBAHHAM HaHOI HEPiBHOCTI €, HANpH-
KJIaJI,” mepexis 0 CyKyITHOCTi:

(x*-9)Vx-2=0,
(x*-9)Jx-2>0.

Po3B’aA3KOM PiBHAHHSA CYKYITHOCTI € yncsa 2 i 3, po3B’A3KOM
HEpPiBHOCTI — HpPOMIiMXKOK (3; +x).
Bidnosidv: [3; +o) U {2}.

MPUKNAL 2 Posp’axits HepiBHiCTE VHx—1—-+/x+2>1.

Poszé’azanna. Ogpasy nigHOCUTH OOMABI YaCTMHH HEpiB-
HOCTI I0 KBaJpaTa He € PalioHAJbHAM KPOKOM, OCKIIBKH Iei
nepexiz BUMAarae BpaxXxOBYBATH TaKy A0JaTKOBY YMOBY:

Vx-1-Jx+2>0.
Jlany B yMOBi HepiBHICTbH JONiJIbHO 3alIMCATH TaK:
VBx-1>1+x+2.

Ockinpku 00MABI YACTHHH OCTAHHBLOI HEPiBHOCTI MOXKYTh
HabyBaTH JIMIIEe HEeBiJl'’€MHUX 3HAUYEHb, TO MOKHA IEepeuTH 0
PiBHOCHJIBHOI HEpPiBHOCTI:

(\/5x—1)2 >(1+Jﬁ)2.

Hani orpumMyeMo:

5x-1>14+2Jx+24+(x+2),
2(x-1)>Jx+2,

4(x-1°>x+2, ¢
{4x -9x+2>0,

2>1,
x>1.

x+220;

3Bigcu x > 2.
Bidnosgiov: (2; +©).

MeTtox iaTepBadiB

Hexait vyni ¢pyHKIIl Ta i1 TOYKH pO3pUBY pPo36HBaIOTH 00-
JacTh BU3HAYEHHs (YHKUiI Ha Aeaki nmpomikkm (puc. 34.1).
Toxi 3 mHacaigry teopemu Boabnmano—Komri (auB. myHKT 5)
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34, OcHOBHI METOAM PO3B'A3YBaHHA HEPIBHOCTEN

BHILIMBAE, IO I NPOMIXXKH € NPOMiXKaMH 3HAKOCTAJIOCTI
¢yuknii. BusaaunTy 3Hak QYHKII] HA KOXKHOMY 3 TAKUX IIPO-
MiKKIiB MOJKHA 34 HOIIOMOI'OI0 «IPOOHUX TOYOK».

and [\
(WAL

73:1 12\6

Puc. 34.1

I1i mMipKyBaHHS € OCHOBOIO JJIsA PO3B’A3YBAHHA IIHPOKOIO
KJIaCcy HepiBHOCTeM.

NPUKNAL 3 Poss’suxits Hepisaicts Y2-x >1-x—1.

Poszé’azanna. Posrnaaemo GyHKIiO
f(x)=32-x+Jx-1-1.
Maemo: D (f) =[1; +o0). Braiigemo Hyai dpyuruoii f. das
IIBOT'O PO3B’AKEMO PiBHIHHSA §2-x+/x-1-1=0.

Bpobumo 3aminy: 2-x =a, Jx-1=>b. Maemo: 2 — x = a°,
x — 1 =b% 3sigen a® + b* = 1. Orpumyemo cucremy:
a+b-1=0,
{a“ +b* =1.
b=1-a, b=1-a,
a’®+(1-a)’=1; {

Ila cucrema mae Tpu poss’ssku: (0; 1), (1; 0), (—2; 3).

3Biacu .
{ a’+a*-2a=0.

Tenep MoxkHa 3amucaTH 3Bigcn |x=1,

23 Anrebpa Ta nowarku ananisy, 11 xa
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§ 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHA Ta cucteMaTnsalis

Ockisbku (hyHKIIA [ € HenmepepBHOO, TO 1i HYJIi, TOOTO YHC-
na 1, 2, 10, posbusaioTs ii obnacte Busaauesas D (f) = [1; +x)
Ha npoMmixkku 3Hakocrasocti: (1; 2), (2; 10), (10; +x).

Maemo: 36(1;2); f[g)>0;

m\/@
‘ 2710 3€(210); f(3)<0;
Puc. 34.2 17 € (10; +x); f(17) > 0.

3Haku (QYHKIII Ha DpoMisKKax
3HAKOCTAJIOCTI MOKAa3aHO HA PUCYHKY 34.2.
Bidnosiow: (1; 2) U (10; +x).

3acrocyBaHHA BJaacTHBOCTeH (QyHKIIN

IIpu posB’s3yBaHHI NpUKIaAy 3 OyJIO BUKOPHCTAHO TaKy
BJacTUBiCcTh QYyHKILII, AK HemepepBHicTs. Hepiako KioueM 10
pO3B’A3yBaHHA MOXXYTh OyTH ¥ iHmI BracTuBOCTI (QyHKILiH:
nepiofnyHicTh, NapHicTh (HenapHicTh), 3pocTaHHA (CagaHHA),
HaibigbIIe 1 HaliMeHIIe 3HaYeHHA (DYHKII1 TOIIO.

Hanpuknan, AKImo !})l(lfl,l f(x)=a i n;(a/)lc f(x)=b, TO MHOXHU-

HOIO PO3B’A3KIB KOKHOI 3 HepiBHOcTel f (x) 2 a 1 f(x)<b
e maoxxuHa D (f) (puc. 34.3).

Ille oxmu mpukaaa: AKmO GyHKIIA [ 3pocTae Ha MPOMIKKY
D (f) =[a; +=) i f(x,) =0, To MHOKHHOIO PO3B’A3KiB HepiB-
HocTi [ (x) 2 0 € mpomiskok [x,; +) (puc. 34.4).

y y
B R e '/Zv y;
v O\ /!
at- \.f/ 4o ! a / st
= : Q‘»//xo x
L B ¥
Puc. 34.3 ' Puc. 34.4

PosrisaeMo ONpHUKJIaAu, 10 LIIOCTPYIOTH BHIECKA3aHe.

MPUKNAL 4 Poss’sxits mepismicts 419-x +Yx+13<4.
Pozé’sazannsa. PosrngaemMo yHKIIiI0O

f(x)=¥19-x+¥x+13, D (f) = [-183; 19].
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34. OCHOBHI METOAW PO3B'A3YBaHHA HEPIBHOCTEN

1 1
+
4419-x° 4Y(x+13)°
HaeHA ' (x) = 0, orpumaemo x = 3.
ITopisaIOIOUM yuchaa [ (—=13), f (3), f (19), roxoauMo BUCHOB-
Ky, 10 Jﬂgglf(x)=f(3)=4-

Maewmo: ['(x)=- . PoaB’sizaBiu pis-
p

Toxi HepiBHicTS [ (x) < 4 BUKOHyeThCA 14 Beix x € D (f).
Bidnogiov: [-13; 19].

NMPUKNAL 5 Poss’s:xiTe HepiBHICTH
log, (Vx-2+4)log, (x* +x+21)>6.
Poszé’szannsa. ObnacTio BU3HAYEHHA JaHOI HepiBHOCTI
€ IPOMiKOK [2; +0).

Ockineku Vx-2+4>4, 1o log, (Vx-2+4)>log, 4=2.

IIpu x > 2 orpumyemo, mo x° + x + 21 > 27. Toxi
log; (x* + x + 21) > 3.

Maewmo: log, (Vx-2+4)>2 i log, (x> + x + 21) > 3.
3Bigcu aas Beix x € [2; +w) BUKOHYETHCA HEPIiBHICTH
log, (Vx—-2+4)log, (x* +x+21)>6.

Bidnoseidv: [2; +x).

NPUKJNIAL 6 Poss’sxiTeh HepiBHiCTh

Vx-1+3¥5x°+9x+6 >5.
Poszé’'sasanmna. PosrnsaeMo HYHKILiO

f(x)=vx-1+35x>+9x+6 -5.

Jlerxko nokasaru, o ua pyskmnis spocrae €Ha D (f) = [1; +x).
OueBnzano, mo f(2) = 0. Toai MHOKMHOIO PO3B’A3KiB HEPiBHOCTI
f (x) 2 0 e npomixkok [2; +).

Bidnosgiov: [2; +x).
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§ 5. PiBHSHHSA | HEPIBHOCTI. Y3aranbHeHHA Ta cucremarmsauis

l Bnipasu

34.1.° Po3p’s:kiTh HEpiBHICTE:

1)|2x=56|< x;

34.2.° Po3B’s1oKkiTh HEPiBHICTh:

X
1) |3x-1|<—;
) [3e-1]<

34.3.° Po3B’s12kiTh HEPiBHICTH:

1) | x*+8x | < x + 4;
x+1

2)

<1;

2x -

34.4." Po3B’axXiTh HEepiBHICTH:

1)|4x* -1 |<x+ 2;
3x+1
x-5

2)

21;

34.5.° Po3s’saxiTh HepiBHICTS:

1) V2x*+5x-6 >-x-3;
2) Jx+2>+/8-x7;

34.6.° Po3B’s2KiTh HEpiBHICTH:

1) V¥ -Tx+5>/3x-4;

2) Vx?+5x <V1-x% +4x;

34.7.° Po3B’s12kiTh HEepiBHICTH:

1) Vx+7 < x;
2) Vx*-3x-10<8-x;

34.8." Po3B’siakiTh HEpPiBHICTE:

1) x+4>2V4-x%;
2) Vx? -8x-18<4-x;
3) J(x-3)(2-x) <3+2x.

2)|8x—2|>2x + 1.

2)|8x-5|>9x+ 1.

X -x-2<|5x-3}|;

4)|x*+3x|>2- 2~

3)|x*-8x|>x+5.

3) J2x% +6x+3 > \-x* —4x;
4) /8"‘ g ]
x-10 2-x
3) /2x—3> /x_—_2_’
4x-1 x+2
4) \/3—x>"—1—.
2-x

3) 5| x+1|<2+x.

356




34. OCHOBHI METOAM PO3B’'A3YyBaHHA HEPIBHOCTEN

34.9.° Po3B’sikiTh HEepiBHICTH:

3

1) V2x+4 >x+3; 3) i >x-2.
X

2) V2x%+5x-6>2-x;

34.10." Po3B’s13KiTh HEpPiBHICTH:

3

1) Vx*-2x >4-x; ) 4| = rel >x—3.
X

2) V-x*-8x-12>x+4;
34.11.° Po3B’s:KiTh HepiBHICTH:
1) (x+10)Vx-4<0;
2) (x+1)Vx+4 Jx+7<0;
3) (x+8)Vx*-5x+4<0;
4) (x*+8x-10)V2x® +5x+2 >0.

34.12." Po3B’sokiTh HEpiBHICTE:
1) (x-12)Vx-3<0; 3) (x+3)Vx?+x-2<0;
V2x? +15x-17 A:

2) (x+2)° (x-1)*Vx-72>0; 4) -10—/0.
i~

34.13.° Po3B’sKiTh HEpiBHICTH:

1) V1-3x-V5+x>1; 2) V2x-1+/x+15<5.
34.14." Po3B’siokiTh HEpiBHICTb:

1) \/;T§+\/§;+_5>3; 2) JEM/ESM.

34.15.° Po3B’sikiTh HEPiBHICTH:

. 9 :
1) sin"x+cos“x<§; 3)tg’x —tgx—-2>0;
2) 2cos’*x—-sinx>1; 4) 2 + tg 2x + ctg 2x < 0.
34.16." PosB’saXiTs HEPIBHICTH:

1) 2sin*x - 7sinx + 3> 0;
2) sin x + cos 2x > 1;
3)tg?x—-38tgx+2<0.
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34.17.” Po3B’sKiTh HEpiBHICTE:
1) cos 2x tg x < 03
2) sin® x cos x + cos® x sin x < 0;

|
' § 5. PiBHAHHA | HEPIBHOCTI. Y3aranbHeHHs Ta cuctemaTtusadyis
3) (sin x+cos x) (\/5 sin x —cos x) > 0;
|
|

4) (tg x~+/3)sin x<0.
34.18." PosB’aAKiTh HEpiBHICTH:
1)cosx —sin2x —cos 3x <0; 38)(2cosx—1)ctg x=>0.
2) ctg x > ctg 3x;
34.19.” Po3B’aXiTh HEpiBHICTb:
1 9/{:+\/x——2<1; V21+x++421-x _ 21

2) i

V21+x—-+21-x x.

34.20." PosB’sKiTh HEpPiBHICTH:

1) Y10-x +Vx-1>3; 2)M<%.
34.21." Po3B’saKiTh HEpiBHICTE:

1) ¥83-x+479+x <6;

2) N1-x+¥x+5>2;

3) 3x° +33x* +4x+1 <5;

4) (Vx+2+1)log, (x* +4x+13)>2;

5) log, (Vx-1+38) log, (x* +x+3)>1.
34.22." Po3B’sKiTh HEPiBHICTD:

1) Y11-x+Y67+x <4

2) ¥Y33-x+31+x>2;

3) 2Vx-3+¥x* +9x+10>4;

4) log, (Vx+3+2)log, (x* +6x+18) >2.
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§ 6. TecToBi 3aBAaHHA AN NOBTOPEHHRA KypCy anrebpu

MoainbHICTL HaTYypanbHUX YMCen Ta YMCOoBi BUpasun

3aBsnaHHA B TecToBin popmi «lMepesip cebe» N2 5

. fAxy umdpy Tpeba mocraBUTHM 3aMicTh 3ipouKkH, 100 yuC-

no 1845% pginunoca Hamijo Ha 9, aje He AiaMJIoOCcs HAILIO
Ha 67
A) 0; B) 3; B) 6; £)59;

. I'pyny TypucTiB MOKHa PO3MICTHTH B HamMeTax 1o 4 ocobu

abo B Ginpmux HaMerax no 6 oci6, mpuyomy B 060X BUDAK-
Kax BiJIBHHMX Micup y Hamerax He sajumurbes. CKinbku
TypucTiB OyJ0 B rpymi, Ko Bigomo, mo ix 6inbme 3a 40,
asne menme Big 507

A) 42; B) 44; B) 46; I') 48.

. ke 3 HaBegeHUX YMCeJl ALIMTHCA HAIIJIO HaA 3, aje He Ai-

JUTHCA HANLJIO Hi Ha 2, Hi Ha 57
A) 3547; B) 2601; B) 7335; I') 6228.

. YoMy nopiBHIOE ocTadya NIpH AiJleHHI Ha 8 3HA4YEeHHA BH-

pasy (156n + 7) — (7Tn + 3), ne n — noBiNbHe HaATypaJibHE
qyucao?
A)T; B) 6; B) 4; ') 10.

. ke HaliMeHIIIe HATYpaJIbHE YUCJIO Tpeba noaaTu 1o yucia 832,

o6 orpuMana cyma Oysa KpaTHa OZHOYAcHO 4ymcaam 3 i 57
A) 3; B) 5; B) 8; I')"9;

. Ha mani nexaTes NUpiKKHN 3 M’COM i DUPIKKHU 3 BUIIHAMHA,

KIiJIBKOCTI AKMUX BiHOCATHCA K D : 2 BiAMOBIAHO. YKaMXKITH
cepell HABEJEHHX 4YHCeJ Te, AKUM MOXKe BHpa)KaTHCA 3a-
rajJbHa KiJIbKiCTh IMUPisKKiB.

A) 15; B) 16; B) 21; ') 24.
. fIxa 3 masux piBHOCTe# XubOHA?
5 35, 14 2 7 .56 4 36
)—: )—_ B)—:——; F) — T —
7 49’ 24 3’ 9 72 5 45

. fixoMy 3 HaBeleHUX NPOMIKKIB HaJIEKUTh YUCJIO -1—8?

A) (0; 0,25); B) (0,25; 0,5);B) (0,5; 0,75);T") (0,75; 1).
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3aBaaHHA B TecToBin dopmi «lNepesip cebe» N2 5

9. VKaxiTh, CKiJIbKM MOYKHA CKJIACTH HEPiBHUX Mix c00010

NpaBUJILHUX AP00iB, YHCEJbHUKAMM i 3BHAMEHHUKAMHU AKUX
€ 4ucaa 2, 4, 5, 6, 8, 9.
A) 12; B) 13; B) 14; ') 15.

10. BusHaure, Ha CKIJIBKH g yucaa 350 6iapme 3a 0,12 ume-

aa 500.
A) 90; B) 150; B) 160; I') 170.

11. OguH pobGiTHUK MOKe BUKOHATH IIeBHY pobOTy 3a rOAMHY,
a Apyruii — 3a IiBTOPH NOAMHH. 3a KU Yac BOHHM BHKO-
HAIOTh I}I0 pobOTy, Opaniol4Yu pasomMm?

A) 36 xB; B) 40 xB; B) 48 xB; I') 60 xB.

12. Cepex HaBeIeHNX YMCEJI YKAXKITh Haibiabiie:

2002 2003 2004 2005
B) i B) ——; B)it=rrg E) o=
2001 2002 2003 2004

13. HarypayibHe 4HuCJIO @ — mapHe, a HaTypajbHe YHCJI0 b —

HenapHe. fIka 3 HACTYIHHUX PiBHOCTEH MOKJIUBA?
a-1 a a
A) =1; B)ab=85; B)—-=9; ') —=4.
b+1 b b
14. JlogaTHe uyucao a MeHme Bix 1, a umcsao b Giapme 3a 1.
Sxuit 3 BUpa3iB HaOyBae HaWOiNbIIOro 3HAYEHHA?

A) ab; B) a? B)a + b; r). ¢.

15. 3 mocaigosrocTi uncen -9, -7, =5, 2, 3, 6 Bubpanu aBa
ypcJia i 3HaimIM ixX 700yTok. IKoro HafMeHIIOro 3HAYEeHH A
Moxxe HabyTu meu nob6yTok?

A) —-54; B) 6; B) —-10; I') 12.

16. Bigono, mo a > 0, b < 0. IIpo akuit 3 BUpas3iB MOKHa
CTBEeP/KYBAaTH, IO BiH NpuUiiMae JuIle JA0AaTHI 3HAYEHHA?

A)b -a* B)a-b; B)(b-a)® T)a'->b'.
17. IToiax npoimros 105 KM, 110 CTAHOBUTH g yChOT'0 IILIAXY.

CKinBKH KiJIOMeTpPiB CTAHOBUTH JOBKHMHA BCHOI'O LILIAXY?
A) 75 km; B) 140 xm; B) 147 km; T') 210 kM.
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§ 6. TecToBi 3aBAaHHA ANA NOBTOPEHHA Kypcy anrebpu

18. O6umcniThr 3HAYEHHS BUPa3y
1 =243 miditivii4:2009-:2010.
A) 1005; B) —1005; B) 2010; I') —2010.
19. VeranoBiTh BignmosigmicTs Mik 3asanumu ymcnamu (1-4)
i nuppamu (A-]I1), aki rpeba nmigcTaBUTH 3aMicTh 3ipOYKH,
106 AaHe YMCJIO AiJMIocs Hamijio Ha 9.

A)5
1) 628
B) 3
2) 57*57
, B) 7
3) 751
T) 4
4) 90%2
) 2

20. YeraHOBiTEH BifiOBiAHICTE MiXK 3aaHuMu Bupasamu (1-4)
Ta iX 3HadveHHAMH (A-]).

J Qo v
+
fy 2.8
3 1
it A) 0,7
2)(25—1%)%—L2) Bhafhe
4 4 B)%
Bad i gt
A A AN 3
1 3
5 e
8 §7 1) ;
8+
_1
3
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3aBaaHHA B TeCToBiN hopmi «MNepesip cebe» N2 6

MHOXMHMN, BIACOTKOBI PO3paxXyHKM, eNeMeHTH CTaTUCTUKKN
3aspaHHe B TecToBin dopmi «lMepesip cebe» N2 6

1. Ykaxire giarpamy Eiinepa, Ha AKi# NpaBUIBHO 300pa’keHO
CHiBBIIHOINEHHA MixK MHOXuUHaAMm 7 i R,

A) B) B)
00 @

2. JlaHO TpH TBEpYKEeHHSA:
1) Oyab-sike HaTypaJbHE YUCJO € AIMCHUM;
2) 6yap-siKe ippalioHaJIbHE YHUCJIO € AIACHUM;
3) Oyab-sike AilicHe YMCJIO € PAlliOHAJIEHAM a00 ippanioHATIEHUM.
CKinbKH 3 UX TBEPJ KEeHb € IPABUJILHUMH?
A) xonsoro; B) oxse; B) nBa; T') Tpu.

I)

3. Bizomo, mo0 A c Bi A # B. YKaxiTh IpaBUJIbHE TBEPA KEeHHS
A)ANB=B; B)AUB=A; B)ANB=Q; T)AUB=B.

4. ITo cuutaBy macoro 400 kr, mo mictats 15 % mixi, nogamu 25 Kr
Migi. fAkuMm craB BifCOTKOBHMII BMicT Mizi B HOBOMY criaBi?

A) 20 %; B) 25 %; B) 30 %; ') 40 %.
5. BumobyTok Byrijia Ha AesKil maxTi cmoYyaTKy 3MEeHIIUBCS
Ha 20 %, a morim migBumusca Ha 20 % . 30iabpmIMBCA YM

3MEHIIUBCA BUAOOYTOK BYTi/LIA BHACHIIOK IIHOI0 IIOPiBHAHO
3 IIOYaTKOBUM DiBHEM i Ha CKiJIbKH BiJCOTKiB?

A) 36inpmusca Ha 4 % ; B) s6inpmuBesa Ha 10 % ;

B) amesmuBes Ha 4 % ; I') He 3amiHUuBCH.

6. BmicT cosi B MOpehbKiM BoAl cTaHOBUTE 5 % . CKiJbKH Kijo-
rpamiB npicHOl Bogu Tpeba gozaru 10 30 Kr MOPCHKOIL BOAH,
mo6 BMICT COJIi B yTBOPEHOMY pPO34uHi cTaHOBHB 3 % ?

A) 10 xr; B) 15 kr; B) 20 xr; I') 25 kr.

7. Bpuraza 3 12 poGiTHUKIB MOJKe BiipeMOHTYBATH IIKOJIY 3a
36 amiB. CkinbKku nmoTpi6HO pobGiTHHMKIB, 106 BiAPEMOHTY-
BATH IIKOJY 3a 9 AHIB, AKINO NMPOAYKTUBHICTH Ipalli BCiX
pobiTHUKIB ogHAKOBA?

A) 3; B) 24; B) 36; I') 48.
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§ 6. TecToBi 3aBAaHHA ANA NOBTOPEHHS Kypcy anrebpwm

8. ¥V cany pocryTh sa6iayHi i rpymi, npuyomy s16ayHb ¥V 4 pasu
Oinpmme, Hidk rpym. CKiIBKH BiJICOTKIB yCiX AepeB CTAHOB-
JATH rpymri?

A)20%; B)25%; B)50%; I')ycraHoBUTH HEMOXKJIHUBO.

f| :

i | 9. Ilepmioro aasa xJjgomuuk npouutaB 30 % CTOPIHOK KHMIKKH,
|
|
|

\

a apyroro — 18 %. CKinmbKH CTOPIiHOK y KHMIKIi, AKIIO
il Imepmioro AHs BiH mpouuTaB Ha 6 cTopiHOK Oinbure, HiX
apyroro?

10. eski BestuuuHy a, b i ¢, AKi HAOYBaIOTH TIIBKHU JOAATHUX
3Ha4YeHb, Taki, mo ac = b. Ik 3MiHUTHCA BeJIMYUHA @, AKIIO
BeauuuHy b 36inpmmTn v 12 pasis, a BeIUYUHY ¢ 30i1bIIUTH

| B 3 pasu?
. A) 36inpmurhes B 36 pasis; B) 30inpmuTheA B 4 pasu;
i B) smenmuThes B 4 pasu; I') He 3MiHUTHCA.

11. ¥V 160 r Bogu posunsuau 40 r coni. 3HAWAITE BiACOTKOBHA
BMiCT cOJIi B PO3YHHI.

A) 20 %; B) 25 %; B) 33%%; I') 40 %.

12. ¥V Tabauui HaBeAeHO PO3IIOAiJI OI[iHOK, OTPUMAHUX YUHAMU

A) 200; B) 500; B) 50; I') 20.
P KJIacy 3a KOHTPOJIEHY po0oTy 3 airedpH i moyaTKiB aHaAIi3y.

I Ominka 6 /( 8 9 (10| 11
KinpkicTs yuHiB 3 8 4 5 3 2

i 3HaUAITE BiIHOCHY 4acTOTy, SiKa Biagmosizae ominni 9 6amis.
A) 36 %; B) 20 %; B) 25 %; ') 30 %.

13. Bauk cmiauye cBoiMm BKIagHuUKaM 8 % piuanx. CKiabkn
| rpomrei Tpeba mokygactTu B 6aHK, 100 yepes pik HA PaXYHKY
‘ 6yJsio 21 600 rpu?

J A) 20 300 rps; B) 20 100 rps;
1 B) 20 200 rps; T') 20 000 rps.
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3aBnaHHA B TecToBin hopmi «MNepesip cebe» N2 6

14. Iliza ToBapy cranoBuia 80 rpH. Yepes meskuii yac BoHA
amMeHmmaca Ha 8 rpH. Ha ckinbku BiscoTkis Bigbysiocs
3HUIKEHHA IiHu?

A)ura 10 %; B)va8 %; B)mHal2 %; T)Hals %.

15. Crinenp, novaTkosa nina axkoro cranosmiaa 400 rpu, asivi
NojenIeBIIaB, IPUIOMY KOKHOro pady Ha 50 % . Ckinbku
Tenep KOIITYE CTiiens?

A) 100 rpa; B) 150 rpa; B) 200 rpr; I') 250 rps.

16. Bigomo, mo 7 Kr meuymsa KOUITYIOTh CTIJIBKU, CKIIbKH 5 Kr
nykepok. CKiTbKM KiorpamiB nyKepok MOXHa KYIIUTH 3a-
micTe 28 Kr neuusa?

A) 14 xr; B) 16 kr; B) 10 kr; I') 20 xr.

17. Ha rpadiky, 306pakeHOMY Ha PUCYHKY, BifmobpaseHo 06-
CATY IPOAAXKy 30IIMUTIB Yy KpPAMBMYILI KAHITOBAPiB IPOTATOM
6 micaniB. CKinbKU B cepeHBOMY IIPOJABAJIM 3O0IIUTIB 3a
OMH MicAns?

A) 1050; B) 1100; B) 1200; I') 1250.

1650

1500

& 1350

' 1200 ,//
1050 //
900
750

600

18. ¥V TpaBHi MarasuH npoiaB NPOXOJOMXHUX HAIOIB HA CYyMY
m TPH, a B 4yepBHi — Ha 2m rpH. Ha cKiJgbKu BifCOTKiB
30iIbIIUBCA BUTOPI MaraswHy BiJ IPOAaXy IPOXOJIOZHUX
HAIIOIB Y YepPBHI NOPiBHAHO 3 TpaBHEM?

A) 5a 50 %; B) ma 200 %;
B) ma 100 %; I') sanexuTs Bifg yucia m.
365

R S



§ 6. TectoBi 3aBAaHHA ANs NOBTOPEHHA Kypcy anrebpu

19. YeraHOBiTH BignoBigHicTs MixK 3aganumMu Bubipkamu (1-4)
Ta ix mexianamu (A-I1).

A) 7
1)2,.2, 8:.4:.4, 45 T 19 B) 4
2)2,3,4,5,6,8,9 B) 6
3)2,4,4,6,9,3,8,9, 10 I 9
4) 3,10, 4, 9, 13, 9, 19, 3

) 5

20. YceraHOBiTH BiANOBiAHICTE MiX COJssHUM po3duHOM (1-—4)
i KigbKicTIO couti, IKY BiH MicTtuTs (A—II).

y A) 1,6r

1) 300 r 4-BigCOTKOBOIrO PO3YHHY B) 12
r

2) 40 r 9-BiACOTKOBOrO PO3YUHY B) 2.4
4T

3) 20 r 8-BiZICOTKOBOTO PO3YUHY I) 3.6
61

4) 40 r 6-BiICOTKOBOIO PO3UYUHY

) 37r

|
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3aBAaHHA B TecToBin hopmi «INepesip ceber» Ne 7

PauioHanbHi Bupasmu

3asaaHHA B TecToBin popmi «lMepe.ip cebe» Ne 7

L . 4
15 HpH AKOMY 3Ha4Y€HH1 3M1HHOl HEe Ma€ 3MICTYy BHUpa3s ?

3x-21
A) T; B) -T; B) 4; ') -4,
12a""p*
2. Ckoporits apid —,
- e 16a°p°
2 3 5b4 3 2 5
RyFae.. | gy BRI gy B ry 2L
4b’ 4 4b 4b
; .. 6m—-—mn
3. Cxoporite api6 ———.
18m
3 - 6— ot
A) 6 mn; B) 1 mn; B) n; I m /z-
18 3 18 3
4. ITopaiiTe y BUrasAAi Apody BUpas i _b;oa
a
2 2 2 2
- 2 b ~b b
rort et gl eede < o gl LS R Wi
2ab 4ab 2 4
’ a+b
5. CrpocriTe Bupas A
a b
b a
b b -
AL TR, T SN 1 Dy ol
a+b ab a-b ab
b L
6. fAxkmo a=2-—, 1o b HopiBHIOE:
¢
s
A)c(2-a); B)c(a- 2); B)zc ; 1), —
-a (4

Gl 2 a+2 6a—-30
7. 3HaliTh 3HAYEHHA BUPA3y +— —
a-2 a"-10a+25 a" -4
a' =475,

A) 2,5; B) -2,5; B) 8; I') -8.
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§ 6. TecToBi 3aBAaHHA ANA NOBTOPEHHA Kypcy anrebpwm

o s 2a+6 2 a’-a
8. 3HaligiTh 3HAYEHHA BUPA3Y .

- npu
a®-1 a*+a) 2a+2 i
a = 0,125.
A) 1; B) -0,5; B) 0,25; ') 0,125.
9. KopeHem sIKOro 3 JaHUX PiBHAHB € OyAb-IKEe YNCI0?
2 2
x" =25 x°+25
A =13 B =]
‘ x*-25 ) x*+25
- i 2 L,
By Sa 0 vl ) Ui S
xX+9 x—5
10. CkoporiTe api6 iﬂ
i ; x*+3x-10"
A)x—3; B)x+3; B).7c+3; I1)x—3.
x-5 x+5 x-5 x+5
11. Bigomo, mpo x, i ¥, — KopeHi piBEaEHA x° + 2x — 5 = 0.
“ e X X
3HaliTh 3HAYEHHS BHPa3y —+—-,
X 5%,
A) -1,2; B) 1523 B) —2,8; I') 2,8.
12, fixoro maibinpmioro sHaYeHHsa HaOyBae BUpas X + y, AKIIO
-3y =4,
napa guce (x; y) € po3B’ i3KOM CHCTEMU PiBHAHB o
xy—-6y=1?
A) 10; B) 8; B) 6; r) 2%.
13. ITapm uucen (x,; y,) i (x,; Y,) € pO3B’sI3KAMH CUCTEMH PiBHAHB
2x—-xy =9, et
3HaliiTh 3HAYEHHA BUPA3Y | X,¥; — XaYs |.
y+xy=6.
A) 1; B) 11; B) 70; Py E0;

14. 3 oxHOrO MicTa B iHINE, BiICTaHb MiXK AKUMH JOPiBHIOE
350 kM, BHIXaJ X OZHOYACHO BAHTAXKHUM 1 JIETKOBHII aBTO-
mo6iii. IIIBuakicTs BaHTa)xiBku Ha 20 KM/roj MeHmIa Bif
IIBUJIKOCTI JIETKOBOI'0 aBTOMOD1IA, Yepes o0 BoHA mpubya
JIO MYHKTY NPU3HAYEHHSA Ha 2 roj Ii3Hile 3a JerKoBUH aBTO-
Mo6ins. Hexall IIBUAKICTE BAHTAYKHOTO ABTOMOOLIA AOPiBHIOE
x KM/roj. SIke 3 piBHAHB € MATEMATHYHOIO MOJEJLIK CUTY-
anii, onucanol B ymoBi 3agaui?
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3aBnaHHA B TecToBin hopMi «lMepesip ceber N2 7

350 350 350 350

A) —-— 0 B) —_—=2
X x+20 x+20 x
350 50 3 0

B) 200 S =2; I) 900 i =2.
X x+20 x x-20

15. Karep npomuius 30 kM 3a Tedi€lo pivykH, MIBHAKICTH AKOL
nopiBHW0OE 1 KM/roj, i mOBepHYBCA Ha3aj], BUTPATHBIIUA Ha
Bech nuiax 3 rox 10 xs. Hexaii BnacHa IMBHAKICTE Karepa
CTAHOBHUTH X KM/roi. Sike 3 piBHAHB BiAnoBifae ymoBi 3a-

nagi?
30 0 30 1
Nyt B0 g P oo L
x+1 x-1 x+1 x 6
30 0
AP ey pye 20, 30 Bl
x+1 x-1 x+1 x-1 6

16. [IBoe npaniBHEUKIB pa3oM MOXKYTh BUKOHATH KOMII' IOTePHHUI
Habip migpyusmka 3 anrebpu 3a 8 amie. fkmo meprumit

. 2¢ 1 : % :
npaniBHUK Habepe - MiIpy9HNKa, a DOTiM JPYruil npaiis-

HUK 3aBepmuTh Habip, TO Bech mifpyuyHuk Oyne HabpaHo 3a
16 auis. Hexail mepmuii nmpanmiBHUK MOke HabpaTu TEKCT
nmifipyyEMKa 3a X AHiB, a Apyruii — 3a y AHiB. flka 3 Ha-
BeIeHUX CHCTeM piBHSHB BignoBizae yMoBi 3aga4i?

x+y=38, x+y=8,
N S | B) {1

—x+—y=16; —x+—-y=16;

3 3y 3 y

(I g | [1 i

e e
By To ¥ s, ¥.8

2 1 1 1

et = —x+-y=16

3x 3y 16

17. Bigomo, mo npu AesAKMX Big'€MHUX 3HAYeHHAX a i b
a’ + b* = 68, ab = 16. 3naiiaiTe 3HaYeHHsA BUpa3y a + b npu

THX CaMHUX 3HAYEHHAX a i b.
A) 10; B) -10; B) -8; r') —6.
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§ 6. TecToBi 3aB8AaHHA ANS NOBTOPEHH:A Kypcy anrebpu

. 1 Ll
18. Bizomo, mpo x* + — =18, 3HaliAiTh 3HaYEHHS BUPA3Y
x

A) 24/5;
B) -25 abo 2\,/5;

:
X ==l
-
B) 6;
T') 4.

19. VerasoBiTh BignoBigHicTs MiXK 3aganuMu Bupasamu (1-4)
Ta BHpasaMu, I{0 IM TOTOKHO AOPiBHIOIOTHL (A-]I):

3a-12
1) == ;
)a2—16
2)—— - =il
a a’+4a
a’+8a+16
3) ————:(a+4);
) a®-16 H
4) 3a a+2 96

a4208a+2a

1
A) ot
)a4

)

£
a+4

a+4
) e 58

20. YcranoBiTh BiIMOBIAHICTE MiK 3alaHUMU PiBHAHEAMMU (1-4)
Ta MHOKMHaMu ix KopeHiB (A—[):

1) x* - 6x — 16 = 0;
x*-3x _3x+16

x+2 W x+2

2)

3) x*-x*-12=0;

2
x+ —o.

4)

x° -4

A) {-2, 8};
B) {-2, 2};
B) {-2};
) 9;

1) {8}.




3aBaaHHA B TecToBin hopmi «Mepesip cebe» Ne 8

HepisHocri, creneni, ippauionansHi pisHaHHS
3aspaHHs B TecToBiv popmi «NepeBip cebe» Ne 8
1. fAxa 3 HaBeleHMX HepiBHOCTel 00OB’A3KOBO BHKOHYETHCSH,

akmo a > bic <0?
A) ac > b; B) a > be; B)a>b+c; T)a+c>b.

2. OniniTh 3Ha4YeHHA BUpA3y —, AKMO 3 < a < 5, 5 < b <6
A) 15<2<30; B) < %<y,
b 21D
B) o<f<di r) 18<%<25.
b by b b
3. flka 3 MOAAHUX CHCTEM HepiBHOCTEeH Mae eAUHUN pO3B’A30K ?
x+9>2
{2x+6>0, B) 3 2
—x>3
g X_250,75
0,5x > -1, Jlx—légx,
2x-5>4x+T; PR 3
= W3 A 0,7x+2<0,3x +0,8.

4. CKiJbKH HATYpPaJIbHUX PO3B’A3KIB Mae HEpiBHICTH
Bx—-2)38x+2)-9x (x —1) < 6?

A) onun; B) nBa; B) »xoxuOro; I') Geaiiu.
A . . ’ y T 1
5. YKakiTh MHOXKUHY PO3B’A3KiB HepiBHOCTI — > =
i
A) [2; +x); B) (=3 0) U [2; +x);

B) (=5 2]; I') (0; 2].

6. BuaitziTe cymy ninmx poss’askiB HepiBHOCTI
(2x + 3)° — (x + 2) (x — 5) < 37.

A) 3HAUTH HEMOIKJIUBO; B) 15;
B) —-20; I') —15.
24 371
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§ 6. TecToBi 3aBAaHHA AN NOBTOPEHHS Kypcy anrebpum

7. YoMy NOpPiBHIOE 3HAYEHHS BUPA3y 5. 312,530,016 ?
A) 0,25; B) 0,5; B) 1; Y B¢

8. Cnbocrin BHpAas3 (1—\/5)2 +4.4/2.

A) 9; B) 9+8v2; B)-T; T) -7+842.
9. O6uncaiThs 3HAYEHHS BUPaA3y {/2—\/5 . 9/7+4 \/5
A) 1; B) 2; B) 3; r) 4.
10. 3uaiigiTe 3HaYeHHA BUPAa3y
3 " 3 i 3 i 3
2+¥7 J1+410 V10+13 13+4
A) 4; B) 3; B) 2; r) 1.

11. Ilpu sKkiii 3 HaBeIEHUX YMOB BUKOHYETHCA PiBHICTH
(f/l;)4 4 Q/l? =-ab?
A)a>0ib > 0; B)a<0ib>0;
B)a>0ib < 0; I'Na<0ib<0.

1 1 1
8x%+x x3-y8

12, 3paiigiTs 3HAYEHHS BUpPa3dy —; — opu x = 12,
x%+3 x8 —y‘_i
y = 64.
A) 2; B) =2; B) 4; I') —4.

13. YKaxiTh MPOMIKOK, AKOMY HAJEXUTH YUCIO 3/—35
A) (05 1); B) (1; 2); B) (2; 3); ') (3; 4).

14. O6uuciTh 3HAYEHHA BUPa3y \/(2—\/5)2 —%/(\/’5—1)3.
A) 3-2V5; B)1-2v5; B)-1; i i 5

3
X S x

15. Poss’sxiTh HepiBHicTE — < 1.
X

A) [-1; 0) U (0; 1]; B) (—»; 0) U (0; 1];
B) (-3 1]; I) [-1; 1]
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3asaaHHA B TecToBin hopmi «Mepesip ceber» Ne 8

2 2 Fare—r
16. VkaxiTh MHOXUHY PO3B’A3KiB PiBHAHHSA (\/~x) = \/(~x)'.

A) 9; B) {0}; B) (-=; 0); T) {-1, 0}.
17. 3HaiiAiTh CYMy KOpPeHiB piBHAHHA Yx+2-Yx+3-Y4-x=0.
A) 5; B) 2; B)—1; L) =8:
18. PosB’sikiTh piBEHSAHHA V2x+ 7 —/2—-x =2.
A)1; B)'-1; B) —2; | - 1Y) =13 3—1
9 9

19. VcraHOBiTH BiANOBIAHICTE MiXK 3aJaHMMU HEPiBHOCTAMM
(1-4) ra ix MmEHO)XKHHaMH po3B’A3KiB (A—]I):

D EZ<L Ay 13
2) x> 2’ B) [-2; 0) U (0; 1];
L ‘ B) [0; 1];
3) . F ':___2 <0; 1)/ (=00; 1]s
& I) [-1; 0) U (0; 1].
4) 2% < 22,

20. YcraHoBiTH BignoBigHicTs MiXK 3agasuMu Bupasamu (1-4)
Ta BUpa3aMH, 10 IM TOTOXKHO AOPiBHIOIOTHE (A—]I):

5 ) 16
;) 26 A)a;
1) (a—m”_;
P 2 B) —;
2) ga :b-l'L_3_a le] : a
4 2 / 1
3 \3 4 \2 B) —3
a a a
b \b ) a;
af 18/ 12
o edes bs ) —
Ia\/; a';
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3aspaHHnA B TecToBin popmi «lMepesip cebGe» N2 9

Vx+1

1. BuaigiTe obnacTs BusdHaueHHA QyHKOil f(x)=

‘;‘ xt-4x+4
K A) [-1; +x); B) (—o0; 2) U (2; +x);
tll B) (-1; 2) U (2; +w); T) [-1;2) U (23 +w).
il 2. Ckinbku HysiB Mae dysknia y = x* — x* — 27

: A) xoxsoro; B) oguH; B) nBa; I') Tpu.

! 3. 'padik Hemapuoi QyHKOil y = f (X¥) IPOXOAUTH Yepe3 TOUKY
} A (2; =7). Yomy nopiBuIoE f (—2)?

|
§ 6. TecTosi 3aBAaHHA ANA NOBTOPEHHSA KypCy anrebpum

®ynkuil | nocnigosHocri

|

l

\

|
A) -T; B) 7; B) 2; I') BU3HAYUTH HEMOMKJIUBO.

!: | 4. Ha ogHOMYy 3 pUCYHKIB 300pakeHo rpadik napHoi hyHKIIi.
e YKamxiTs e pUCYyHOK.

| A)

B) B) I)
\ y y y
t \0 3 :0’4 7{‘04 %G

5. fika 3 HaBeZieHUX (DYHKUIi¥ crazae Ha OPOMiXKKY (—owo; +o0)?

1

| Myy== By=-= By=~r D) y==

: ; \ 6. Ha sxomy pucyHKY 300pakeHo rpadik HeobopoTHOI DyHK-
il | mii?

f |

A) B) B) I
il | yT Y y Y
| ‘ 0 X 0 X O\ ¥ 0 x
{

' 7. fixa ¢yHKNiag € obepHEHOIO 10 DyBKLii y = x — 27
A)y=-x+2; B)y=x-2;
' Bly=-2—2; ) 'y=tx 2.

It | | 374
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3aBaaHHA B TecToBin hopmi «[Nepesip cebe» Ne 9

8. Yomy nopiBHiOE Ha#ibinbme smaveHHs GyHKOII y = x ° Ha
npomikky [3; 5]?

1 1
A) —; B) —; B) 9; I') 25.
) = ) o ) )

9. I'padik nminiitaol dpysknii y = kx + b MicTuTE TOYKH B nep-
IIi#, Apyrii i yeTBepTiii KOOPAMHATHUX UBEPTAX. Y KaMXKIiTh
IIpaBUJIbHE TBEP KEeHHHA.

A)Ek>0,b>0; B)R<0,b>0;
B)k>0,b<0; ' kR<0,b<0.

10. I'pacirom AK0I 3 HaBeAeHNX DYHKILIN MOKe OyTH 300pakeHa
Ha PUCYHKY mapabosa?

A)y'=—-x + 2x; B) y = —x" - 25 +2;
B)y=-x*-2x-2; I) ys=xi4 2x + 2;
Yy Yy

0 x | 5
Puc. no sasganusa 10 Puc. no szaBnanus 12

11. ITpu AxomMy 3HaYeHHi @ HaliMeHIIe 3HAYEeHHA (DYHKIT
y=2x*-8x+a
nopiBHIOE 3?7
A)3; B)11; B)-21; TI') rakoro 3HaueHHA He iCHYE.

12. Ha pucynky 3o0pakeHo rpadik kBagpaTudHOl HyHKII
y=ax®’+bx+ec.
YKa)XiTh NpaBUJIbHE TBEDPA>KEHHS.
A)a>0,b>0,c<0;
B)a>0,b<0, ¢c<0;
B)a<0,b>0,c>0;
I'a<0,b<0,c>0.
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|
! : x+a
13. Ha pucyHKy 300paskeno rpadik GpyHKIil y = .

. YKaxXiTh
X —C

npaBuJibHE TBEPAKEHHA.

i

| A)a>0,b<0,c>0; 7

} B)a<0,b>0,c>0;

“‘ B)a>0,6>0,¢c<0; 0 \?

I
I
I
I
1
1
il P)sd <0, b <c0perciOny I Riggpuiiul J:, ________
)
1
|}
}
|
}
}

"

Puc. g0 3aBpanes 13

| 14. CkinbKH JOAATHUX YIEHIB MiCTUTH apu(MeTHYHA IIPOrpecia
5,2; 4,9; 4,6; ... ?

1 A) 17; B) 18; B) 19; ') 20.

| 15. Micusa B mUpPKY PO3TAIIOBAaHI Tak, II0 B IIEPIIOMY DALY
| | KOYKHOI'0 ceKTopa 8 Mmicib, a B KOXKHOMY HACTYIIHOMY Ha
1 2 micna 6inbine, HiK y nonepeHboMy. CKiTBKU BCHOro MicIlb
B OJJHOMY CEKTOpi, AKIIO B HhOMY 15 paxis?

A) 270 micup; B) 330 micus; B) 285 micus; I') 345 micis.

ﬁ'\ 16. YoMy nOpiBHIOE cymMa TPUALATH I’ ATH IEPIIAX YJIEHIB
i apudmeruuHOi nporpecii, sKmio ii BiciMEaAIATHI YIeH H0-
I pisHIoe 20?

j A) 350; B) 700; B)1400; I') BUBHAYUTH HEMOYKJIUBO.

‘ § 6. TecToBi 3aBAaHHA ANA NOBTOPEHHA Kypcy anrebpu
| ——— — — — —
|
|
!

17. [Ipyruii 41eH reoOMeTPUYHOI ITporpecii 3 1oAaTHUM 3HaAMEH-
{ * : 1 I

HUKOM JIOpPiBHIOE 48, a BOCbMUM YJIeH JOPiBHIOE § 3HAUAITE
Il
[‘} ‘ I’ ATUH 4ieH Iiei nmporpecii.
il 1 1

A) 4; B) 2; B) —; r) —.
4 2

| 18. Yomy mOpiBHIOE cyMa HECKiHYEHHOI reOMeTPUYHOI Imporpe-

| k cii (b,), Axmo by = ~12, b, =§7
[ A) 24; B) 48; B) —96; T) -32.
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3aBaaHHA B TecToBin hopmi «lMepesip cebe» Ne 9

19. Yera=oBiTh BiAmoBigHICT MiXK 3agaHuMu hyHKOiAMHU (1-4)
Ta ixX obnacrsavMu BudHauyeHHA (A—]I):

1) y=3%Yx+1; A) (=o0; —1] U [1; +o0);
2) y=4x+1; B) (—o0; 1);

3) y= m, B) (—o0; +x);

I) [-1; +o);

4) y= 1) [1; +o0).

-
V1-x

20. YeraHOBiTE BigmoBigHiCTE MidK 3agaEumMu GyHKOigMHu (1-4)
Ta ix obnacramu 3Hauyeds (A—]l):

Dy=%"4%4; A) [0; 2];

y=4" =} B) [2; +);

3) y:m; B) [0; +x);
I') (—o0; 4];

4) y=+4-x°. ) [4; +).
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§ 6. TecToBi 3aBAaHHA ANA NOBTOPEHHSA Kypcy anrebpu

TpuroHoMeTpuYHi PyHKLIT
3aspaHHna B TecTosin popmi «lNepesip ceGe» N2 10

A ; 2
1. O6uyucaiTh 3HAYEHHA BUpasy 2sin ( —g)+ 4 cos ?rr

{
f‘ f A) -1; B) 1; B) tg”® a3 ') ctg® a.
| 6. 3naiiniTe 3HaYeHHsA BUpa3y cos 37° cos 23° — sin 37° sin 23°.

il A) —4; B) 2; B) 0; r)-1.
‘ 2. YKa)iTh MpaBUJIbHY HEPiBHICTS.
il A) sin 160° < 0; B) tg 140° > 0;
il | B) cos 250° > 0; T') ctg 200° > 0.
‘ ;‘ 3. fika 3 naHuX QyHKNiH € HemapHOW?
i A) y= : : B) y = x + cos x;
| 1 , cos X
(‘ ‘ B) y=./cos x; I') y = x cos x.
,' !, 4. Yomy nopiBHIOE HaiiMeHIIe 3HAYeHHsA Bupasy 1 — 2 cos a?
‘w | A) -2; B) -1; B) 0; I) 3.
n: | | o 2
'. i | 5. Copocrits Bupa3s l'c#x_.
1N sin o
i
|
|

V3 V2

|
,1 » VB, 2.
A) G B) g B) AT 9y 1

| 7. CopocriTs BUpas cos(g+aj+sin(n—a).

|
il A)cosa +sina;  B) 2 sin o; B) cos a — sin I)o.
‘: I 8. Bigomo, mo cos (o + ) = 0 i sin o = 1. 3HaiigiTes 3HAUEHHS
i sin P.
il A) 2; B) 1; B) 0; r) -1.
!‘t' 9. CopocriTh Bupas 2 2“.
[r f oS o

i 1 20°- 80°
1 10. OGuncniTe 3HAYEHHS BUPaA3y ssce e

i ! | A) 2; B)2cosa; B)2sina; T)sin acos a.

sin 20° + sin 80°

| “
g A) ?; B) —if—; B) V3; I) 3.
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3asnaHHA B TecToBin dopmi «Iepesip cebe» N2 10

11. SIxe 3 HaBeeHUX PiBHAHH HE MA€ KOpeHiB?
1 8 1 8
A) sinx=-; B) cosx=—; B) tgx==; T) ctgx=—.
) 2 ) 3 ) tg ¢ ) ctg =

12. I'padik sxoi pyHKii 300pakeHo HA PUCYHKY?

A) y = sin x; -‘{
B) y = sin (n + x);

™ “
iy tatiin LA \_/_(1) AN
2

N

2

I') y = sin (2 — x).
13. 3HaiziTs KopeHi piBEAHHA tg 2x = 0.

A) 1k, k € Z; B) §+2nk, keZ;
B be s 'y Rl Y- A TN
2 4 2
14. Po3B’aXiTh piBHAHHA cos%z—%—%.
A) iéz+6n:k, kel B) i5—7t+2—nl-?¥, ke Z;
2 18 3
i3 n  2nk L]
B) +—+6nk, k € Z; ') +—+—, k € Z.
2 18 3
15. Po3p’axiTh piBHAHEA s{“ A
sin x
A) "—:,kez; B) ~+mh, k < Z;
B) nk, k € Z; I') xopeHiB HeMae.

: g : i 18 1
16. YkaxiTh MHOKHMHY PO3B’A3KiB HEpiBHOCTI sin x > e

AY <L ok x <R Db & 74
6 6

B) — i Onk < x < ihi0eh b < 2
6 6

B) —§+21rk<x<-2-3£+21rk, keZ:

r) —§+2nk<x<%"+2nk, keZ
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§ 6. TecToBi 3aBAaHHS 4N5 NOBTOPEHHA Kypcy anrebpu

S . 1
17. 3HaigiTe cos 20, AKIIO Sin o =—Z.

. 3 15
A) —; B) —; B) —; r
)8 )4 )16 )

00 | on

18. Poss’sikiTe piBassiEEA 1 — cos 6x = sin 3x.

n 7k

A 1 s+ —+—, k € Z; B 1 —+kkeZ
)()83 € )()Sﬂ

B) nk; (-1)* —+nk ke Z; r)— (=1)* 1+? kelZ.

19. YeraHoBiTh BifgnoBigHicTs MiXK 3aganumMu Bupasamu (1-4)
Ta BUpa3aM#, AKi iM TOTOKHO AopiBHIOIOTH (A—I):

A) cos 4a;
1) (sin a + cos a)%; ,
: .
2) (sin a + cos a) (—cos o + sin a); B) 251“(20“‘5]’

3) sin 3o sin o — cos 3a cos a; B) —cos 4a;
4) sin 2a.+ J3 cos 2a. I') —cos 2a;
) 1 + sin 2a.

20. YcraHOBITH BiANOBIAHICTE Mi)K TPUTOHOMETPUYHHMH PiB-
HaaaaMu (1-4) Ta ix poss’sakamu (A-]):
A) nk, k € Z;

B) n + 2nk, k € Z;

1).cos xizwals o
B) :2—+7tk, k e Z;

2)ctg x.==1;

3)|sinx|=1;

)| | D) iT£+7rk, k e Z;
4) |tg x | = 1. 4

T
—+=, ke
Il)42
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3aBpaHHs B Tectosiv hopMi «lMepesip ceber» Ne 11

Moxasxukosa ra norapudmivxa pyHkuii

3aspaHHs B TectoBin hopmi «lMepesip cebe» Ne 11

1. Ha ogromMy 3 pucyHKiB 300paxkeHo rpadik dyHkmii y = 277,
YKa)iTh ueil puCyHOK.

B) B) I')
y Yy Yy
0 /k ﬁ\
-1 > A . >
0' x o[ x

2. Cepen HaBemeHUX (QYHKIIN YKaXiTh cuagHy.

X

A)y =1 B)y=[§)x; B’y:@‘; r)y=[fj.

3. Ha pucynky 3o06paxeno rpadik dysknii y = a+ 3" + b. Yka-
JKITH MIPABUJIbHE TBEP/YKEeHHS,

A)a>0,b>0;
B)a>0,b<0;
B)a<0,b>0;
I'Na<0,b<0.

52 sm2 x- cosz x ?

4, fIxa obsiacTs 3Ha4YeHb QPYHKI] Yy =
A)[1;5;  B)[5 25 B) E;zs} r) [%5}
5. VKaxiTh NPOMIKOK, AKOMY HAJIEKUTH KOPiHb PiBHAHHHA
0,272 = 0,0016.
A)[-1; 0 B) [o;é); B) E;l} r) (1; 2].

S Pl : MTLY (275t
6. 3uaiifiTh MHOXUHY PO3B’A3KiB HepiBHOCTI 3 . % 26",

A) (-o; —4]; B) [-4; +x); B) (—; 4]; 1‘) [4; +o0).
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|

1 e*
" 1 11. fixa obsacTe BH3HAYeHHA PyHKIII Yy =l ?
| nx

I “ A) (0; +); B) (1; +o);
I B) (0; 1) U (1; +w); T}, (o oo,

II

i |‘ § 6. TecToBi 3aBAaHHA ANA NOBTOPEHHA Kypcy anrebpu

| 7. Poss’skite pissana 2° 72 — 2% = 06.

’ || A) 3; B) 4; B) 5; ') 6.

il 8. BuaiigiTs sHavenHs upasy 0,04 7027,
| A) 0,2; B) V2; B) 2; r) 4.

| : 'J 9. Yomy fopiBHIOE 3HaYeHHA BUpasy log, \/E, akmpo log,b = 5?
|

‘ | A) 3; B) 2; B) 5; I') ycTaHOBUTH HEMOXKJIUBO.

il

| i 10. Posp’sixkiTh piBHAHHA 2+ 25" + 5 — 1 = 0.

I A) =1; %; B) %; B) —log; 2; TI') kopeHiB Hemae.

i ||

l

:

l

|

|Z

|

l

[

” 12. Poss’sikiTe piBHAHHEA log. (x + 2) = 2.

| A) -1; 2; B)-2; 1; B) 2; P10
!

|

13. Pose’suxiTe piBaaEEA log, , (x + 4) + log,; (x + 6) = log,, 35.
T A) =113 %3 B):=1; 11; B) 11; -1

! : 14. Poss’sixiTe HepiBHicTh log; (x — 3) < 1.
i A)(-=; 8 B)(38:; B)[%8; T)(-x;3)
|

15. Poss’suxiTe HepiBricTs log, 0,4 +log; x < 0.

|
|
|
|
I
I
|
il A7 B) (=1 B)(L;+w);  T)(0; 1),
’I { 16. 3naiiTh MHOKUHY PO3B’A3KiB HepiBHOCTI

ﬂ;, logo s (x* + 2x — 3) > logys (x — 1).

, ( A) (-2; 1); B) (~o0; +20);

I B) (-3; -2) U (-2; 1); r) 2.
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3aBpaHHA B TectoBin opmi «Mepesip ceber Ne 11

17. Ckinpky Linux po3B’sidKiB Ma€e HepPiBHICTH
2 . OF
log, (x" +6x)=>-27

4

A) 2; B) 4; B) 6; )11,

18. 3ualigiTe 3HaYeHHA BUpasy log, (\/;Té - \/FQ), AKIIO
]og;(\/a+18 +Ja-9)=5.

A) -2; B) '—; B) 1; I') 3HANTH HEMOMKJIUBO.
)

19. YcrasoBiTh BignmosigHicTs MixK 3agannmMu pyaKIiamu (1-4)
Ta ix obsacramu BusHadeHHsa (A-]I):

1) y= A) (—x; 2);

>4’
B) (—x; 2) U (2; +x);
8) pieyda2y B) (~; 2J;
8) y = logys (2 — x); I') (2; +x);

oY g Bl ¢ TIEE.

20. YcraHOBiTH BiAnOBiAHICTE MiX 3agaHuMM Bupaszamu (1-4)
Ta ix 3gaveHHamu (A-]1):

1) log, V/E; A4
3
= B) ——;
2) log,, log, vi2; 4
1
5 B) —;
3) log, 25-2log, — 4
9 r) 2;

4) lOg;; 4- lOg' 5e log_-) T l()g-,- 81. I—I) 1.
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MoxipHa Ta iHTerpan
3aspaHHs B TectoBin popmi «lMepesip ceGe» Ne 12

| ’ 6
| 1. 3naizite noxigny QyHruii f(x)=—;.
| x

18 2
(I By /' (x )-—1—8- r) f'(x)-x—'i

|
|
l A) f'(¥)=-—33 B) f'(x)==;
|
|

‘ 2. VkaxiTe noxigny pysrnii f(x)=+v4x+1.
i ) L : 1

| § 6. Tecrosl 3aanaHHﬂ D,ﬂﬂ ﬂOBTOpeHHﬂ xypcy anre6pm
'l
!
1‘
|

il A) f'(x)= ; AL )
| JVax+1 2 Jdx+1
il B). fl(x) =~ = T) f' ()=

Ll 1 4x+ 4x+1

‘ 3. 3maiiziTe abcnucy Toukwm rpadika dyskmii f (x) = x° — 5x,
il y AKi¥ JOTHYHA O IHOro rpadika yTBOpIOE 3 JOAATHHAM Ha-
Il npaMoMm oci abenuc Kyt 45°.

|

il A) 1; B) 2; B) 3; T) 4.
‘ |

‘r : 4. Posp’sixkite piBHaARHEA [ (x) = g’ (x), AKmo

| 3.9 6% +2

W f0)=""" g @=—"—".

' 5. Tino pyxaeThcs IO KOODAMHATHIM NPAMINA 3a 3aKOHOM
I i s (t) = t* + 3t — 2 (nepemimenus BHUMIPIOETECA B MeTpax,
: gyac — y CeKyHAax). ¥ AsKUM MOMEHT Yacy ¢ IIBHAKICTE PyXy
I Tina cragoBUTh 10 M/c?

il
i A)yt=4,5¢c; B)t=385¢c; B)t=4c; T)t=3ec.

il X
i\ f A) 0; -3; B) 0; 3; B) 3; I') xopeHiB HEeMmae.

Ij 6. Yomy nmopiBHIOE KyToBH# KoedimieHT xoTwuHOI 10 rpadika
‘ x-2

'-'4 bysknii f (x)=—;

| x“+1

!I)I' A) 1; B) -2; B) -3; r) 13.
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7. YKaxiTh PUCYHOK, Ha AKOMY MOxKe OyTu 300paskeHo0 rpadik

iz ~x*+bx+c
nmoxiaHoi pyHKNIil y= e T
A) B)
Y ylr
I~ —
0 x 0 x

8. 3HaiifiTh MpoMikku cnagaEHa GyHKHII f (x) = 3x% — x°.
A) [0; 2; B) (=03 0] i [2; +o0);

B) [-2; 0]; I') (—o0; =2] i [0; +o).

9. ®ysknia y = f (x) BUBHAYeHA HA MHOMKHMHI ZiMCHUX YHCe
1 pudepeHNiioOBHA B KOXKHIM Toumni obnacTi BUSHAYEHH.
Ha pucysky so6pakesno rpadik ¢pyskmii y = ' (x). Bus=a-
yTe TOUKY MiHiMymMy dyHKIII y = f (x).

A) 2; y
B) 1; 1
B) 0; (f 2 x

I') BUBHAYUTH HEMOXKJIUBO.

10. Yomy nopiBHIoe HaiiGinbIne 3HaueHHS DyHKOII f (x) = x° — 3x
Ha npomixkky [—2; 0]?

A) -1; B) -2; B) 0; T) 2.

11. [lns pyskuii f (x) = ** — cos x sHaiixiTe nepicay F, rpadik
AKOI IPOXOAUTH Yepe3 HOoYaTOK KOOPAMHAT.

L 1

A) F(x)==€*-sinx-=;
) F(x) z 5

B) F (x) = €** — sin x — 1;
3 43 - 3

B) F(x)=—e“* +sinx——;
) F(x) 3 5

2x+1

T') Fay=-2
)(x)2

—-sinx—e.
X+

385
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§ 6. TecTosi 3aBAaHHA ANA NOBTOPEHHA Kypcy anrebpu

12. 3mangitTe nmuomy sadapboBanoi ¢irypm, s3o6parkeHol Ha
PHUCYHKY.

=)
S
e | =

42 Ph
A) =
)3

=

2
B) —;
)3

1
13. O6uuncaiTes iHTErpasn Isin 3x cos x dx.
0

1 1 1 1

A) —; B) ——; B) —; ') ——.

) 2 ) 2 4 4
14. 3 marypanbHUX uymces Big 1 go 18 BKIHOYHO yYeHb Ha-
BMAHHS HasuBae ogHe. SIka WMOBIpHICTE TOrO, II0 e YHUCIIO

€ aiapHUKOM umncsaa 187
1 1 1 1
A) —; B) —; B) —; ) —.
) 4 ) 3 ) 6 ) 18

15. ¥V norepei posirpysasoch 12 xomn’torepis, 18 oroanaparis
i 120 kanpkyaaTopis. Yceworo 6yso sunymeso 15 000 sore-
peitHux GiyeriB. fka iiMoBipHicTE, npuadaBmu oxuH Giier,
He BUIPATH KOJHOIO IpuU3y?

1

. 9
100’

1
A) —; 5] ¢
) 10 ) 100

9
B) —; )
10
16. 3 aBonM(MPOBUX MAPHUX YHCEJ HABMaHHA BUOMPAIOTH O/lHE
uyncsao. Axa UMOBipHICTE TOro, IO Ie Yucao Oyae KpaTHUM
qucay 77

1 7 1 2
A) ~; B) —; B) —; r) =.
) 9 ) 45 ) 14 ) 15
17. ¥V xopobmi sexars 12 6inmux i 16 yepBoHUX KyJabOoK. fka

MMOBIipHiCTH TOr0, 10 BUOpaHa HABMAaHHA KYJIbKa BUABUTHCH
6inow?

3 3 1
A) —; B) —; B) —; r
)4 )7 ) )




3asfiaHHA B TeCToBiN hopmi «Mepesip cebe» Ne 12

18. ¥V xopobui sexxars oxiBii, 3 Hux 24 oxiBni — cuHi, 8 osis-
IiB — 3eJieHi, a pemTa — O0BTi. CKiJIbKU OJBIiB JIEXKUTH
y Kopobui, AKIIo ¥MOBiIpHICTE TOro0, [0 BUOpPAHHUI HABMAaH-

3 1
HA oyiBens Oyze KOBTHM, CTAHOBHUTH % ?
A) 48 oniBuiB; B) 54 omiBui; B)45 omisuis; I') 42 omiBii.

19. YcranoBiTs BignmosigricTs Mixk 3aganumMu GyHKmiamu (1-4)
Ta 3HAYeHHAMH ixX noxigaux (A-JI) y Toumi x,:

1) f (x) = 8 sin x — 2 cos x, xo:ﬁ; A) 2;
2 1
2 B) -—;
2) f(x):—, x0=-1; 2
1-x i
B) —;
3) f(x)=§x3—e“-‘, %o = 1; )
I —2;
4) f (x) = ctg® x, x, =i[_. 10 4.

20. YcraHOBiTH BigmOBiAHICTE MiXX 3ajaHMMHU iHTErpaJamMu
(1-4) ra ix sHavenHaMu (A-I):

1
1) Idx;
0
1 A) 2;
% dx
2) |-= Y
_JJ; B) 59
16
2 A B) 4;
3) J‘(x '“l)dx; r) 1.
0 ’
2n II) _4.
4) J- dx
® gin®"
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BIANOBIAI TA BKA3IBKW 10 BINPAB

1.3.1) 2; 2) 1; 3) 0. 1.4. 1) %; 2) -z-; 3) 0. 1.5. 1) %; 2) -3;

4 1 1 3
3) -.16.1) -2; 2)0; 38) ——. 1.7.1) -—; 2) —; 3) 0,1.
) g ) ) ) 3 ) Z ) = )

1.8. 1) 1; 2) 3. 1.10. Tak. 1.11. Pissicts lim(l+l+...+l)=
nso\n n n
—_———

2 At K i | -
=lim —+lim —+...+lim — NOMHMJKOBA, OCKLJILKH TeOpeMy Ipo
n-—>%x n n-—»x n n-»x n

n no:aukin
FPAHUII0 CYMH MOXXHA BUKODPHUCTOBYBATH MAJA CKiHYEHHOI

X L3 0 A g % 1
(dbixkcosanoi) Kinepkocrti mocaizosHocreit. 1.14. 1) 0; 2) —:2—;

3) 1. 1.15. 1) 0; 2) —g. 1.16. ‘HE Harpricasi, v 6yt dxomy

npomikKy (0 — &; 0 + &) micTuThCa 6€3J1iY YIEHIB MOCTIAOBHOCTI
0,1,0,1,0,1, ...11%7. 1) Tax; 2)'rax. 1.18. Tax. 1.19. Ilo-
CHiIOBHICTh 3aJUIINTHCA 301KHOI0; I'DAHHUIA HE 3MiHUTHCH.
1.20. Hi. Brasiexa. Po3rnsgHbsTe, HAIPUKJIAJA, IIOCHiJOBHICTE,
sanany dopmyJsowo a, = nn. 1.21. Hi. 1.22. 1) Brasiexa. Cko-
pucCTaiTecsa TeoOpeMoIo Mmpo rpaHuiio godyTry. 1.23. 1) 4; 2) 2.

1.24. 1) 6; 2) L.
7
210.1)y=4x+19;2)y=-3x-2; 3) y = 7. 2.11. 1) 45°;
2) 135°% 3) 0°. 2.12. 1) y=x/3+6-23; 2) y=-xV3+6+2/3.

4.2. 1) 10; 2) 2; 3) —22; 4) 1,5; 5) 1; 6) 28. 4.3. 1) 4;
2) 0,75; 3) 16; 4) 5. 4.4. 1) 0,5; 2) 1; 3) 6. Brasiexa. Pos-

Kpuitte Ayxku y Bupasi (1 + x)*'; 4) g 4.5. 1) -1; 2) 0,5.

46/ =L 9y8 1372 '¢8 0./40. ™. 410, ™
6 9 n n
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7. 1) Tax; 2) mi. 5.8.,.1) Hi:;.2) Tax..5.9. 1).=1;

1 2 2 =
2) Z; 3)-3. 5.10. 1) 5; 2)-2; 3) 2% Brasiska. \/;_1=
i (9/;—1)(9/;+1)
—(9/_ ) (Fx+Yx+1)
o Yo-x-1_(Vo-x-1)( \/6—x+1)(3+m)

5.11. 1) 2; 2) —; 3) —_é 4) 3. Braa3sis-

- ; ©) 4; 6) 3. Bra-
3 \/4+x ( \/4+x)(3+\/4+x)(\/6 x+1) : ; =
’ 2 '3/
3ieka. g = ( ot x+1+1) . 5.12. 1) 4;
Ve+1-1 (3es1- )(\3/(x+1)2+\/3x+1+1)
2)—— 3) 0; 4)~ 9) 0; 6)— 8.15. 1) [1; 3]; 2) [-4; —2];

3) [0; =]. 5.16. 1) [-5; —3]; 2) [2; 4]; 3) [0; «]. 5.17. {O; %}
2

5.18. [O; 1] Brasiexa. CkopucraiTecss HePiBHICTIO —————— <
7 4x" +3x° +1
2

&l S gl gLy ey ey gy gk gy BBl

2V4x*1+3x° 2 2 8
6) 84.

6.7. 8 m/c. 6.8. 1) 20 m/c; 2) 10 m/c. 6.9. 1) 2,6; 2) 2.
6.10. 1) 7; 2) 12.

7.6. 1)£ 2)— el 1)\/— 2)£ 7.8. 1) 13,5; 2)—

)< 4)g 7.9.1) 5; 2) E' 7.10. 1) f’(x)——— 2) f (x) =
= 2. 711, 1)f(x)_%— 2) f'(x) = 22 + 3. 7.12. 1) 3; 2) —;
)—— 4) 1. 7.13. 1) -32; 2)— )——— 4) 1. 7.22. 1) -1;

1; 2) 4 3) 21 4) T4k, k € 2.7.23.1) -2; 2) ~27; 27, 3) -3; 3;
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. . g 1
TEBY IIBUAKICTH MaTepiaJbHOI TOYKM B MOMEHT dacy f, Fa
7.25. 12.

’ 4) —§+2nk, k € Z.7.24. 1. Benuuuna s’(%)zl 3azae MUT-
' 17

i 8.15. " a/c. 8.16. 105 w/c. 8.19. 2) (~e0; ~1) U (0; +ao);
‘

|
|
|
\
|
l
* E 4) (1; 5); 6) yci umcna, KpiM 4Yuces BUAY g+nk, k e Z.
|
!
|

2 sin E--1(2::c—3)cos£

7 bl ey o R a0,
| 8.20. 6) —§+2nk, keZ.821.1)y =7 2)y =S
i 3) ¥y'= g1 ; 4) Yy = cos x cos 2x — 2 sin x sin 2x; 5) y'=
| V2x+1
| . :
‘!‘ :Sln(2f+5)+2tgxcos(2x+5); 6) ,=3(1—x)sm3x2—cos3x_
A 11 cos” x (x-1)
" |
| | ' 1 2 3 ]
, Ny=——5;8y=(x+1) °x-2°"Tx-2);9) y=
il Ja (Vx +1)°
| 1 4 8 3081 12
; =—_——, 8.22. 1 ' — 2 L AP e T Lok .
1 22 Jx? +1 )y x| x LY x 2 2
I 3) g8 3x+6 iy bl ik . " Bre
Y=————; 4) Y = 2 cos 2x cos x — sin 2x sin x; 5) y' =
1 Wearalin g v
|
|

=(x-3° (x+ 29« - 10:8) y=

|
l sin2£
4
‘ 8.23. 1) (—x; —2) U (=2; +w); 2) [-2; 1) U (1; 4]; 3) [—%;2};
5n n m
4) [-1; 0) U (0; 1]; 5) —€+nk<x<§+nk, k € Z; 6) 1—2—+1rk<

|
‘
|
| l <x<%+nk, ke Z.8.24. 1) (~0; 1) U (1; +); 2) (=3; —2) U

1
h || U2 -1 3) (—e5-2) U (V2540); 4) (—oo;—z)u(g;m);
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5) —+nk<x<n+nk k € 7Z; 6) ——n—+n—k<x<ﬁ+n—k k e Z.
2 24 2 24 '2
8.25. 16 kr-m/c. 8.26. 400 Ix. 8.27.7m. 8.28.1)y =
A
COSs -

= —6 cos’ 2x sin 2x; 2) Y= S s 3) y=

lOJsin(x—nJ

5 4

=2cos§(sin§—5j. 8.29. 1) =i 2) £ 3) 0. 8.30. 1) 2; 0;

2) —6:.0. 831, '1)2;.=2:"2) —10, s 8.32. 1) 3; 2) KopeHiB He-
mae. 8.33. 1) 2; 2) g 8.37. 1) He zm(bepeﬂuiﬁpﬂna; 2) moxe

0yTH AK AudepeHIifoBHO, TaK i He AudepeHniiioBHOK. Bra3sis-
ka. Poarnsubre, Hanpukian, dyskmii f (x) =| x|, g (x) = x |.
8.38. 1) Moxxe 6yTu Ak audepeHniiioBHOIO, TaK i He AudepeH-
nioBHOIO. Brasisxa. Po3rasiapTe, HAPUKIaA, GyHKIIl f (x) =
=0,g(x)=|x|.840.1)y=4x-8;2)y=-4;8)y=—-x— 3.
8.42. y =9x + 18. 8.43. y = 4x + 9.

01.1)y=x-1;2) y=12x—483: 3) y = 43 + 4; 4) y=§x+3;

5)y:x;6)y:—1;7)y:2x—n+1;8)y=x+4;9)y=é—x+§.

92 1) y=3x-4; 2)y=-2x + 2; 3)y=—x+g; 4) y=1;
5)y=-2x-n-1; 6)y=-2,5x-1,5; T)y=>5x-18.

9.3. 1) y==3x 3} 2)y=i4§—x+%. 94.1)y=-5x + 2;
2) y= 3\/_ \'/_ : 9.6.1)y.=6x—8;2)y==2x— 2, y=2x+2.

9.6. 1) y=%x—%; %) y=-3x+9, y=3x. 9.1 (2.

9.8. (1; 1), (-1; —1). 9.9. Joruuni neperunaioTses. 9.10. 1) (4; —9);

J3 5) (1 3)
e - 4 -2). 9.11. =20):
2)(6,4,3) 5 ) (55 4),!(=1; ~2): 911 1) (0; 0)
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2) (0; -1), (%;—;—3). 9.14. 1) y=-1,y=8; 2)y=1,y=-T.

! Bianosigj Ta BKasisku A0 BNpas
l

9.15. y =5, y=1—37-. 9i16.'1) yi= —%i~is2) p-= 8% — 8;

9.18. Hi. 9.19. Tak, x, = 0. 9.20. Tak, x, = 1. 9.21. 8. 9.22. 2.
9.23. y = -x°. 9.24. (1,5; —2). Brasiexa. Ckopucraiitecs TuM,
mo npami y = kyx + b, i y = kyx + b, nepneHANKYIAPHI TOAI
i TIIBKM TOAL, KOJIM BUKOHYETHCS PiBHiCTH Rk, = —1. 9.25. Hi.
9.26. b=c = 2. 9.27.a = 3, b = 1. 9.28. y=22x+1,

y=-2\3x+1. 9.29.y=2xr-5,y=6x—-13. 9.30. (%2)

9.31. (1; 4). 9.32. (O;%). Brasisxa. CkopucraiTecss THM, IO

NY=2x—8,Yy=2x+19. 917 1)y =~12'9; 2)y=x+i.
y MepIeHANKYIAPHUX NPAMAX JOOYTOK KyTOBUX KoehilieHTiB
nopisaioe —1. 9.33. (0; —3). 9.34. 2. 9.35. 0. 9.36. y = 8x — 20.

! Brasigrka. 3anuiiiTe piBHAHHA AOTHYHUX 10 rpadikiB HyHK-
i' nii fi g v roukax A (x;; f (x,)) i B (x5 £ (x,)) BigmosigHoO,

a IOTiM YCTAaHOBiTH, 3a AKUX YMOB IIi JOTHYHI 30iraioThcs.

' 9.37. y = 8x + 4. 9.38. 4) (-9; —-1) U (1; 3); 5) [1; 3) U (3; 4];

‘ 6) (-1; 1) U (1; 3) U (3; +x).

i

| 10.3. 1) \ﬁ; 2) V2 ; 3) 2-2 arccos 2. 10.4. 1) 2; 2) 1438,
; 3 n T 2
. 3) 3arcsin 2J§.
19 T

|
i 11.1. 1) 3pocrae Ha [-2; +), cnagae Ha (—oo; —2]; 2) 3poc-
{if rae Ha (—oo; 0] i [1; +), cnagae Ha [0; 1]; 3) 3pocrae Ha [-1; 7],
; crnagae Ha (—oo; —1] i [7; +w); 4) 3pocrae Ha [-1; 0] i [1; +x),
f cnagae Ha (—oo; —1] 1 [0; 1]; 5) spocrae Ha R; 6) spocrae Ha
{J [2; +x), cnagae Ha (—0; 2]. 11.2. 1) BpocTae Ha (—»; 3], cnagae
{ Ha [3; +w); 2) 3pocrae Ha (—»; —3] i [1; +wx), cnagae Ha

[-3; 1]; 3) apocrae Ha [-2; 0] i [2; +x), cnagae Ha (—owo; —2]

i;l ) i [05:2]); 4) spocrae Ha [—1; +®), cmagae Ha (—; —1].
}'1| 11.3. 1) 3pocrae Ha [0; 1] i [2; +x), cnagae Ha (—0; 0] i [1; 2];

l | 392
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2) spocrae Ha [1; +0), cnagae Ha (—o0; 1]; 3) 3pocrae Ha (—w; —3],
[-1; 1] i [3; +x), cnagae Ha [-3; —1] i [1; 3]; 4) 3pocrae Ha
[1; +x), cnagae Ha (—o; 0) i (0; 1]; 5) 3pocrae Ha (—w; —3]
i[3; +x), cmagae ua [-3; 0) i (0; 3]; 6) 3pocrae Ha (—; —3]
i [-1; +w), cnmagae Ha [-3; —2) i (—2; —1]; 7) 3pocrac Ha
[1; 3) i (3; 5], cmagae Ha (—0; 1]1 [5; +o0); 8) cmagae Ba (—w0; —3),
(—3; 3) i (3; +=). 11.4. 1) 3pocrae Ha [0; 2] i [3; +x), cnagae
Ha (—o0; 0] i [2; 3]; 2) spocrae Ha (—wo; 3], cnagae Ha [3; +0);
3) cnajae Ha (-3 5) i (5; +»); 4) apocrae Ha (—w; —2] i [10; +o0),
cragae Ha [—2; 4) i (4; 10]; 5) 3pocrae Ha (—o0; 0) i [2; +»),
crnagae Ha (0; 2]; 6) spocrae Ha (—0; —2) i (—2; 0], cnanae Ha
[0; 2) i (2; +00). 11.5. (—0; x,] i [x5; x5). 11.7. (—o0; —3] i [3; +0).
11.12. 1) 3pocrae Ha R; 2) 3pocrae Ha R; 3) 3pocTae Ha IpPOMixK-

2n n ;
KaxX BHUAY ?+2nk;—3—+2nk , CIIaJla€ Ha IIPOMiXXKaxX BUAY
2
[§+2nk; —3§+2nk}, k € Z. 11.13. 1) Cunagae Ha R; 2) 3pocrae
: s Tn ;
Ha IIPOMIXKKaxX BUAY [Z+2nk; = +21tk], crajae Ha IMPOMiKKax

BUY [—E+2nk;£—+2nk} k € Z. 11.14. 1) 3pocrae Ha [0; +x0),

cnazae Ha (—; —4]; 2) spocrae Ha [0; 3], cnagae Ha [3; 6].
11.15. 3pocrae Ha [1; +=), cnagae Ha (—o0; —1]. 11.16. 1) (—o0; —3) U
U [2; +o); 2) (-o0; —4) U [2; 5). 11.17. 1) (0; 7) U (7; +o);

2) [-3; 0]. 11.18. 3pocraec Ha TPOMiKKaX BUAY |:§+ nk; g+ nkj

s [+ TC 3n " T 1
i [E + ks 7 + nk}, CIaia€ Ha MPOMIMKKaxX BUAY [—Z + k3 Z + nk},

k € Z. 11.19. 3pocrae Ha NPOMiKKax BUAY [§+nk;%+nk A

cIajla€c Ha NMPOMIKKax BUAY {—%+nk; nk] i [nk; %+nk},

ke Z.11.20. 1) (=0 0]; 2) [12; +w); 3) [0; +0); 4) [— ;% ,

Do | O
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11.21. 1) (—o0; 0]; 2) (—o0; —6]; 3) (—o0; 0]; 4) [4; 4]. 11.22. [12; 14].

11.23. (—o0; —3]. 11.24. [—%4;—3}. 11.27. -1. 11.28. 0. 11.29. 0.

11.30. (1; +x). Brasiexa. [losexits, mo dysknis f (x) = x* —
— 2x" + 3x — 2 spocrae Ha R, mpuuomy £ (1) = 0. 11.31. (—x; 1).
11.32. (1; 1). Brasiexa. Posrnaasre ¢pyakuiio f () =t — sin t.
ITokasxxite, mo na ¢yHKnia 3pocrac Ha R. Toxi 3 piBHOCTI
f (x) = f (y) BunumBae, mo x = y. 11.33. (4; 4).

128, 1) . = 03 2) x50 = 85 8) Xis = =24 Xinax' = 25 4) X, = =2,
xmin Y 7 21 xmax = 0; 5) xmin T 57 xmax ;- _1; 6) xmin = O’ xmax = _1'
Ko = 1o Al d) asr= 1o o on = S ) . e e

3) xmnx 3 2; 4) xmin T 1’ xmax = _7; 5) xmin =§; 6) xmjn i 0’

1

2 =—Z, Xpox = 1. 12,9, HKopnoi. 12.10. 1) 3pocrae Ha

max

[6; +x), cnagae Ha (—0; 6], x,,, = 6; 2) 3pocrae Ha (—oo; g]

i[2; +»), cnagae Ha [-2—;2], Loan = &5 Ko 1. =§; 3) apocrae Ha

[0; +x), cnagae Ha (—x; 0], x,, = 0. 12.11. 1) 3pocrae Ha
[0; +0), cnagae HA (—0; 0], x,,, = 0; 2) 3pocrae Ha (—o0v; —4]
i [0; +), ciapae Ha [~4; 0], x,,,, = 0, x,., = —4. 12.14, 1) 3pocrae
Ha (—owo; 0) i [2; +x), cnagae Ba (0; 2], x,,, = 2; 2) 3pocTae Ha
(=o0; 1] [3; +x), cnagae Ha [1; 2) i (2; 3], Xy = 35 Xpax = 1
3) apocrae Ha (—; 0], cnagae na [0; +), x,.. = 0; 4) 3pocrae
Ha [—\/6;0) i [\/E;mo,) crazae Ha (—oo;—\/g] i (0; \/6],
Xpin = -6, Ced =\/6; 5) apocrae Ha (0; 2], cnagae Ha (—«; 0)
i[2; +o), x,. = 2; 6) 3pocrae Ha (3; +w), cnagae Ha (—; 3),
TOYOK eKCTpeMyMy Hemae; T7) 3pocrae Ha (—«; —4) i (—4; 0],
cnaznae Ha [0; 4) i (4; +x), x,,,. = 0; 8) 3pocrae na [0; 1], cnagae
Ha [1; +»), x,,, = 1. 12.15. 1) 3pocrae Ha (—w©; —6] i [2; +»),
crnagae Ha [-6; —2) i (-2; 2], x,.x = =6, X, = 2; 2) 3pocTae Ha
(—o0; —8]1i [3; +x), cnagae Ha [-3; 0) i (0; 3], X0y = =8, Xpin = 3
3) apocrae Ha [0; +x), cnagae Ha (—0; 0], x.,, = 0; 4) 3pocrae
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Ha (—o0; —1), cnmagae Ha (—1; +), TOUOK €KCTPEMyMy HEMAa€;
5) spocrae Ha [0; 4) i (4; +=), cnagae Ha (—0; —4) i (—4; 0],
1

1 1
x,... = 0; 6) 3pocrae Ha -—;+ooJ, criajiae Ha {O;—}, X, . =—,
e ) 3p [16 16 1B

12.18. 1) Conagae Ha TpOMiKKax BULY [—§+2nk;§+2nk},

3poCTae Ha MPOMIXKKaxX BHIY [g +2nk; 5—; + an}, X = —g +2nk,

X =§+2nk, k € Z; 2) 3pocTae Ha IPOMIKKaxX BUAY

min

T m : T 2n
—§+nk;—g+nk , CIIAJIa€ Ha IIPOMLYKKAaX BUY ——é+nk;?+nk 4

max

X =—§+nk, xmmz—gﬂrk, k € Z. 12.19. 1) 3pocrae Ha

{ T T :
IPOMiKKaxX BHAY —?+2nk;g+2nk , CIlajlac Ha NPOMiKKax

max min

BUAY I:£+2nk;ig+2nk}, X =E+2nk, X :g)f+2nk, k € Z;
6 6 6 6

: L T
2) 3pocTae Ha NPOMIMKKaxX BHAY [—g+nk;§+nk} crajzae Ha

P n Tn T
IPOMiXKKaX BUIY [5 + nk; - + nkj|, X = ; +nk, X,

=—£+nk,
8

ke Z.12.20. -3; 3. 12.21. —1; 1. 12.22. 1) 3pocrae Ha {O;%},

. | 4 4
cnafae Ha (—oo; 0] i [g;l}, - FAN =g, X.n = 0; 2) 3pocrae Ha
1 1 1
0;5 » CHAMIOE HA'| 23400 |, Xy, =05 3) apocrae Ha [0; 1], cnagae

Ha [1; +), X, = 1; 4) 3pocrae Ha (—=; 2,5], cnagae Ha [2,5; 3),

X = 2,9. 12.23. 1) 3pocrae Ha [—2; —gjl i [0; +o0), cnazae HA

[—%;0} X nax =-§, Xmn = 0; 2) 3pocTae Ha [O;ﬂ i[2; +0),
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2 2 7
crajiae Ha [5;2], Wt T Xpin = 2; 3) 3pocrae Ha [§;+oo),

cranae Ha (1; ﬂ s % 12.24. Hi. 12.25. 1) Tax; 2) ui; 3) ui.

12.26. 1) Hi; 2) rak (akogo D (f) = R, 10 x,,;, = %,). 12.27. Mosxe.
Brasiexa. [Ius. pucyrnok. 12.28. Hi. Brasiéxa. [Ilus. puCyHOK.

s

| x x

Puc. go samaui 12.27 Puc. go sagaui 12.28 Puc. po sagaui 12.29

12.29. Tak. Brasiexa. [Ius. pucysok. 12.30.1) x . = g + 1k,

min

max min

x =—%+nk; kelZ; - 2) x, =—g+2nk, X 4+ Ok,

min

k € Z; 3) X =§+T[k, xmﬂx =I’12.+nk) k € Z; 4) xmmz Ttk,

max min

x —+?+27tk keZ.12381.1) x _23 +1k, Ty =2,

kel; 2)xy,=n+2nk, x, =—§+2nk, keZ; 3)Todok

exkcrpemymy Hemae. 12.32. (—1; 1) U (1; +o0). 12.33. (0; 1) U
U (1; +00). 12.34. 1. 12.35. 1. 12.36. 1. 12.37. 2. 12.38. 1) -25;
2) —-13; 3) —22. 12.39. 1) 26; 2) 17; 3) —10.

13.1. 1) 4; 0; 2) 13; 4; 3) 30; 4; 4) —3; —30; 5) 60; —-75;

6) —4; 8. 13.2. 1) 0; —?; 2) 1; -2; 3) 48; -6; 4) 0; —28.
13.3. 1) 10; 6; 2) 5; V13; 3) 100; 0; 4) -2; —2,5. 13.4. 1) 5; 3;

2) 2; -2; 3) 81; 0; 4) 10; 6. 13.5. 1) V2; -1; 2) £ ‘%
2“;‘/— & "‘/— . 13.6.1)2; -1; 2) 2; —2. 13.7.8 = 6 + 2.
138.12=8 + 4. 13.9. 1) %; 1; 2)-38;-4; 3) i -2.
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13.10. 1) 28 3‘F :0; 2)4;-2.  13.11. 180 = 40 + 80 + 60.
13.12. 18 = 8 + 38+ 7.13.13. 30 cv®. 13.14. 8 em i 23 cm.
13.15. 2042 cm i 1042 cm.  13.16. 2”3 10y Gf ey

13.17. 32. 13.18. 12/6. 13.19. 16 cm. 13.21. 2a. 13.22. -;‘:
13.23. *. 13.24. 1,5R. 13.25. (19;5]. 13.26. [3;—33)
3 93 2 lig

13.27. Illykana Touyka 3HAXOAUTHLCA HAa BigcraHi 25 KM Bifg
nyakty C. 13.28. 60°. 13.30. :23—5; —38. Brasiexa. JJocaigiTe

¢yukuiro Ha Bigpiskax [0; 1] i [1; 2]. 13.31. 105; —%.

13.32. 4. 13.33. 3.

14.1. 6) 80 (2x — 1)%; 7)) -9 sin 3x; 8) —2 cos 2x;
10) 2 cos x — x sin x. 14.2. 5) 54 (1 — 3x); 6) —4 cos 2x;
1) 2 cos:2x; 8) —2 8in x'— x cos x. 14.3. 1) —=26,5; 2) 53.
14.4. 14 m/c®. 14.5. 10 m/c?, 5 m/c®. 14.6. 90 H. 14.7. 1) Onyx-
sa Bropy Ha (—oo; 0], onyksia Bau3 Ha [0; +©), x = 0 — TouKa
neperuHy; 2) onykJa Bropy Ha [1; 3], onykna BEu3 Ha (—w©; 1]
i[3; +w), x =11 x =3 — Touku neperuny. 14.8. 1) Onyxksa

2
BI'Opy Ha (—30; §:|, ONIYKJIa BHHU3 Ha l:g—;%—w), x=§ — TOYKa

IeperuHy; 2) onykJa Bropy Ha [1; 2], onykna BHu3 Ha (—; 1]
i[2; +), x =11ix =2 — Touku neperuny. 14.9. 0. 14.10. 0.

14.13. 1) Onykya Bropy Ha KOXXHOMY 3 IIPOMiXKKiB (—oo; —\/ﬁ]
i I:O; \/5], OIYKJIA BHU3 HA KOXKHOMY 3 NPOMiXKKiB [—\/§;O:| i
[\/§;+ao), 2=, x=0; 2= \/§ — TOYKH IMEePEeruHy; 2) onyk-

Ja Bropy Ha (—w; —2], omykaa BEHEH3 Ha [—2; 1) i (1; +x),

V3 3

x =—2 — touka neperusy. 14.14. 1) OnykJa Bropy Ha |i—? —3—}
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3

ONyKJIa BHU3 HA _OO;_—E_ i s400 |, x= e !
TOYKH IIeperuny; 2) onykJja Bropy Ha (—w; —1) i (—-1; 2], onyxk-

Jla BHU3 Ha [2; +©), x = 2 — Touka neperuny. 14.15. Onykiaa

: . T 5n
Bropy Ha KOJKXHOMY 3 IPOMIXKIB BHUAY [E+21rn;——+2nnj|,

a X
| TOYKAMHM IepermHy € ToYku Buay (-1) g+1tn, n e Z.
14.16. Onykna Bropy Ha KOXKHOMY 3 NIPOMIXKKIB BHAY

2n 47 b .
v ?+2nn;?+2nn , OIIYKJIa BHH3 Ha KOXXHOMY 3 IIPOMIiXKKiB |
2n 2n
BUIY ——3-+21m;?+21m , TOYUKAMU IIeperuHy € TOYKH BUAY

‘\
t
| 7
) OIYKJIA BHU3 HA KOYKHOMY 3 IIPOMIYKKiB BUY [—F" +2nn; §+21rn}
|
|
|
{
! 2
\ i—n+2nn, nelZ.
. 3
|

|
|

15.1. Brasiexa. [lus. pucysok. 15.2. Bxasiexa. [IluB. pucy-
i HOK. 15.3. Brasiexa. [luB. pucysok. 15.4. Brasieka. [lus.
|
|

= —1 a6o a = 0, To 2 xKoperi; akmo —1 < a < 0, To 3 KopeHi.
15.6. Axnio a > 4, To KopeHiB Hemae; axkmo a = 4 abo a < 0,
‘ TO 2 KopeHi; akmo a = 0, To 3 xoperi; axkmo 0 < a < 4, T0

l | pucyHoK. 15.5. dAxmo a < —1 a6o a > 0, To 1 KOpiHb; AKIIO a
I 4 xopeni. 15.7. Brasiexa. [{us. pucysok. 15.8. Brxa3sigxa. [lus.

i

il 1 4 225
ucysok. 15.10. 2) ——; 3) —; 4) 4; 5) 21; 6) —.

g pucy ) =55 8) 75 4) 4 5) 215 6) =

|

| ‘
| |
’, 398
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4) 5)
yA ;l
Iy 16 /
\
¥
Yy \ /Eg /
IT i\ /
TINS Ji AL,
-1 0] 1 «x B, e ) T, G
6) 7

Puc. go 3agaui 15.1
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1)

A

= = —_— —

5)
Puc. z0 3agauqi 15.2

400
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yh
0
M
2)
\yﬂ
S | P
-20
4)
y1
5)
-1
6)
7
1

Pue. no sapaui 15.3
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|

Puc. no sazgaqi 15.4
402




Bianosiai Ta Bkasisku o Bripas

P A=
AN
>
// S
///\“.
Trz..z
M )
...... SR TN ——
- ] lf _«\ :x
S 0/,/ T~
// ! | o
t~ ‘KL.u«ﬁ 00
3 / e %
A by ey ".-- o -
‘Ul.. _/’A vﬂ
B ek s 5] Z
! vlo ~
] NV = -]
o SRS - O o m
= & g 9
. _/ o . E
2 A = £ ¥l e
= P o) ] — =
o L AN o1+ A
R 1 _“ o~
] [
N
\

26*




Binnoeiai Ta BkasisBky A0 Brpas

J3
1 2 .
—; 8) ————; 4) 2% -a’®.
344 a +b

16.15. 1) -6a"* -13; 2)
a

g 1
16.16. 1) a’® +1; 2) 47ab. 16.17. 1) Taxk; 2) Tak; 3) Hi; 4) Hi.
16.18. 3) (—4; +x); 4) [1; +«). 16.19. 36. 16.20. [-2; 4].
16.22. 1) (—o0; +o); 2) [0; +0). 16.23. (—0; 0) U (0; +o).

16.28. (7 +4 \/'é)'“ > (7 -4 \/5)5'6 . Brxasiexa. Yncia T+4+/3

i 7-43 € Baaemmno obepuernumu. 16.29. 1) Kopenis Hemae;
2) 3 kopesni; 3) 6eaniu KopeHiB; 4) 2 kopeni. 16.30. 1) 1 Kopinb;
2) Geaniu kopenis; 3) 2 kopeni. 16.33. Brasiexa. 3naigiTh

obsacTh BU3HAUYeHHA gaHol GpyHKmii. 16.34. 1) 4; i; 2) 151,

16.35. 1) 6; —; 2) 6; 5%. 16.36. 1) {xeR|x¢§+nk,keZ;

2) 1-1; 1. "'8)[*1; 1) 16.37. 1) (-o; +0);  2) [-1; 1];
38){x e R|x#nk, k € Z}. 16.38. 2) [lus. pUCYHOK.

"

( X

1
+
—

L
6
3

—
Il
| —

&

>
X

Puc. no 3anaui 16.38 (2)

16.42. 1) 0. Bxasiexa. 2°°* < 2, x* + 2 > 2; 2) 0. 16.43. 1) 0;
2) 0. 16.44. 1) R; 2) {0}; 3) [0; +). 16.45. (—0; 0) U (0; +x);
2) {0}. 16.46. Hemnapsa. 16-.47. Henapra. 16.48. Ilapsa.

16.49. Henapsua. 16.50. (—oo; %) U (1; +). Brkasiekxa. 3’sicyiire,
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. t-1
npu AKHX 3HaAYEHHAX I1apaMeTpa a4 Pl1BHAHHSA —4:(1 Mae
t

xoua 6 oaMH HDOmATHUMN KOleB 16.51. (—; 0) U (1; +x).
16.54. 3) 33:2* "% 4) 13:8*"'; 5)5.2**1 6) -29.6*";
7) 12-9% 8) 576+ 5° 2,

17.3.1)1; 2) 3; 3) 8; 4) 1; 5) 3; 6) 2, 17.4.1) 2; 2) 4;3) 1;
4)3.1751)122)23)14)21761)12)—12

177.1) -L: 2)1: 3) +?+2nk kea,4)~— 2: 5) -2; 6)—0
1
178.1) =3: Lo o) 1) . Bnk, ke Z: 3) —1: 4)6,5.17.9. 1) 5
) b ) (1) . Tt € ) 2 ) )
9) 2; 3) 1; 4) 3; 5) %; 6) 3: 7) 2; 8) 0; % 17.10. 1) 1; 2) 2;

3) 2; 4) §; 5) 4; 6) 0; l 17-1%. 1) =1;:1;-2) —l; l; 3) 2;
2 3 % e

4Y1:9) +1; 25 6) 1. 17.12. 1) =14 1; 2) 1525 3)’L; 4) =15 5)'0;
6) 2.31718. 1).25:2)13.13543): 2 3734, 1 £)525./2) 485 18) 54

17.15. 1) g; 2) 8 ~3; 8) 3; 4) 63 5) Z+k, k < Z; 6) —+%

k e Z; 7) igﬂrk, k e Z. 17.16. 1) 1; 2) 3; 3) nk, k € Z.

17.17."1).0; 13 2) 05 ~12:3) =15 'd)- 0.  17.18.:.1) 105 1:-2) 03+2,
17.19. 2. 17.20. 0. 17.21. -2; 2. Brasiexa. Uncaa 2++/3 i
2-/3 ¢ B3aemHO obepuennmu. 17.22. -2; 2. 17.23. 1) —-1; 0;

1 LN -
1. Brasiexa. Hexai 2‘+2—x:t. Toni 4*+i=(2‘+i) &
4" 2%

12 .2%, ——t -2; 2) -1; 0; 1. 17.24. (—o0; 2] U {5}. 17.25. [-2; 3].

17.26. (1, 3) U (3; +x). 17.27. 1) 1; 2) 2; 3) b; 4) 3.
17.28. 1) 2; 2) 4; 3) 5; 4) 3. 17.29. (—=; 0] U {1}. 17.30. (—; 0) U

u{1;+3}. 17.31. 1; 3. 17.32. 1; 2.

18.4. 1) 5; 2) 3; 3) 4. 18.5. 1) -5; 2) 7. 18.6. 1) [0; +x);
2) (1; +o). 18.7. 1) (—o; —2]; 2) (—; 4]. 18.8. 1) (—x; 1) U

U (5; +=); 2) [-3; 5} 3) (—5; —3) U (3; +x); 4) (—x; 0); 5) (0; 4];
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6) [-1; 2]. 18.9. 1) (—o0; —1) U (2; +o0); 2) (~o0;—-2] U {%;wo);

3) (—=; —2) U (1; 2); 4) (—1; +0). 18.10. 1) (-1; +); 2) (-x; 2);
3) (5; +x); 4) (—o0; —1]; 5) (—o0; 0]; 6) (—o0; 1). 18.11. 1) (—0; 2);
2) [0; +x); 3) (3; +o0); 4) (1; +0). 18.12. 1) (2; +00); 2) (—0; 1);
3) [0; 1]; 4) (—o; —3] U [-2; +x); 5) (—o0; 1];  6) [1; +oo).
18.13. 1) (—; 0]; 2) [6; +x); 3) (—oo; —1) U (0; +x); 4) [0; 2].

18.14. 1) (—0; 2) U (2; 3]; 2) (—o0; 0) U (1; +0). 18.15. 1) (—oo; —g) U

U (-g;z} 2)[-2; 5).  18.16. 1) (g;m); 2) (%;m).
18.17. 1) (0; 1); 2) (-ooﬂ 18.18. 1) (2; +0);  2) (~3; 1);
3) (03 —2] U [0; +o0); 4) {0}.  18.19. 1) (1; +0); 2) (-ooé-]
18.20. [0; 1]. 18.21. [0; 4]. 18.22. 1) (0; 1); 2) (—o0; —1] U (0; +0).
18.23. 1) (o;é); 2) (=o03 0) U (0; 1]. 18.24. 1) (~1; 0) U (1; +o0);
2) (0; 2). 18.25. (~w0; ~3) U (0; 3). 18.26. [0; 2]. 18.27. [0; 1].
18.28. 1) (1; +»); 2) (2; +x). 18.29. (—w; 3). 18.30. [3; +x0) U
U {-2}. 18.31. (-oo; —2] U {4}. 18.32. flkmo a 2 1, To x = 1;

akmo a < 1, o x € [a; 1]. 18.33. AAkmpo a < 1, 10 x € (—; a] U
U {l}; axmo a 2 1, x € (—o; 1].

19.21. 4) 144; 5) 64; 6) 1; 7) 0; 8) 48. 19.22. 4) 9; 5) 10;

1 1 1 1 1

7) 2. 19.23.1) -3; 2) -1; 8) —; 4) ——; 5) —; 6) —; T) ——;
) ) ) ) = ) 2 ) 2 ) 5 ) 7

8) —%. 19.24. 1) 1; 2) -1; 3) 0; 4) —1. 19.25. 1) 4; 2) 60; 3) 180;

4) 20; 5) 0,1, 19.26. 1) 72; 2) i; 3) 10. 19.27. 1) é; 2) -3.

19.28. 1) -5; 2) —2. 19.29. 1) 2; 2) 4. 19.30. 1) 6; 2) 9. 19.31. 30.
19.32. 21. 19.33. log, b. 19.34. log, a. 19.37. 1) -1 < x < 1;
2)x#1;3)x<2;4)x#2.19.38.1)0; 2) 0; 3) 0; 4) 0. 19.39. Ig 2.
Braszierxa. Y koxuOMY 3 Jorapudmis nepeiaits 1o ocaosu 10.
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1 E
19.40. g 19.46. —ow. Brkasiexa. log, ab=log, a+

log, x+log, x

1 1
RS

log,x log,x
iaiTe go Jgorapudma 3 ocHoBow a. 19.48 —3. Brasiexa. Cko-

+log, b= . 19.47. Brasiskxa. Y Bupasi log,, x nepe-

pucraiiteca tum, mo log,, b + log, a = 1. 19.49. 2‘;;b11,
+
19.50; 1 ALEECIM 885G s, OEB%
3(2-a) 1-a b+1

20.19.1)2 <log; 10<3; 2)2 <log, 5 <3; 3) -2<log, T<-1;
"3

4) -1 <log,, 2 < 0. 20.20. 1) 4 < log, 29 < 5; 2) ~4 <log, 9<-3.
20.21. 1) log, 5 > log; 4; 2) log, 5 1,3 < log, 5 1,5; 3) log,; 0,8 <
< logos 0,7; 4) log,, 0,1 > logy, 0,2. 20.23. 1) (0; 1) U (1; +);
2) (w03 9) U (9; 10); 3) —g+2nk<x<§+2nk, ke Z;4) nk<

<x<§+nk, ke 7. 20.24. 1) (-3; —2) U (=2; +); 2) 2nk < x <

<+ 2nk, k e Z. 20.27. 1).2; 2) 1; 3) % 20.28. 1) %; 2) 3.

20.29. 1) 1 xopins; 2) 1 xopias; 3) 1 kopias. 20.30. 1) 1 xopius;
2) 1 xopiss. 20.31. log, 3 + log; 2 > 2. Bkasiexa. Yucna log, 3
ilog;2 € pomaTHMMHE Ta B3aeMHO obepHeHMMH. 20.33. 1) (—0; 0) U

U (0; +o0); 2) yei pificHi yncsia, KpiM 4uces BUAY %+2nk, k e Z;

3) {0}; 4) yci uncna Bupy 2nk, k € Z; 5) (3; 4) U (4; 6];
6) (-2; -1) U (=15 3); 7) [-1; 0) U (0; 3]; 8) (—0; 1) U (3; 6) U
U (6; 7); 9) (0; 2) U (2; 3); 10) (-3; —2) U (-2; —1) U (0; +wx).
20.34. 1) (—0; 0) U (0; +0); 2) yei givicui uucna, Kpim gmces

BHAY —g+2nk, k € Z; 3) R; 4) yci uncna Bupy §+2nk, keZ;

5)(~8; -2) U (-2; —1); 6) (0; T) U (7; 8); 7) (-2;-v/3) U (—/3;+/3) U
U (v3;2); 8) (0; 4) U (43 5); 9) (=15 1) U (1; 2); 10) [-5; 0) U (0; 2.
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Bumoal.cu Ta BKa3iBKM 0 BnpaB

20.35. 3) [IuB. pucyHok; 4) nus. pucyHok. 20.36. 3) [lus. pu-
CYHOK.
v

1
i1

=\
’LO -
=Y

Ol !
] |- = O——
Puc. po samaui 20.35 (3) Puc. no sagaui 20.35 (4) i 20.36 (3)

20.37. 1) -2; 2) -1. 20.38. 1) 3; 2) 1. 20.39. Henapsa.

=
Bxasiexa. Ckopucraitreca TuM, mo vx’+1—-x= (\/x"’ +1 +x) £
21.5. 1) 16; 2) 64; 3) 6; 4) 6; 5) 512. 21.6. 1) %; 2) 5; 3) 10",

21.7.1) 0,8; 2) 2; 3) 0; 4) -1. 21.8. 1) 1; 2) 0; 1. 21.9. 1) -2; 6;
2) 5; 3) xopeHiB Hemae; 4) —2; 5) 1; 6) —1; 7) 0; 8) 6. 21.10. 1) -2;
2) xopenie Hemae; 3) 0; 13; 4) -2. 21.11. 1) 7; 2) 1; 3) 1;
4) 2. 21.12. 1) 3; 2) log, 3; 3) 2. 21.13. 1) 4; 2) 2; 3; 3) 4;

4) 5; 5)8;6)4; 7)4; 8) 7. 21.14. 1) 1; 2) 2; 3) g; 4) -1; 4;
5) 3; 6) 8. 21.15. 1) log; 4; 2) 0. 21.16. 1) 2; 2) log, (3+11).
21.17. 1) 2; %; 2) 9; l; 3) 10; 1000; 4) 25; V5; 5) l; 6) 8;

107 — 2. 21.18. 1) -8; —=; 2) 343; —; 3) 27; ¥3; 4)
J_o
21.19. 1) 7; 2) xopenis Hemae; 3) 3; 4; 4) 1; 5) 4. 21.20. 1) Kope-

s newac; 2) 5; 3) 4; 4) 3; 5) 3. 21.21. 1) 23 2)-5; -2 V897

5
21.22. 1) -6; —4; 2; 2) ~1; 2; 3. 21.23. 1) %; 3%: 2)0,1; V10;
3) 4; 4) 8; l; 5) 100; 10°% 6) 5 %; 7) 10; 8) 10 000.

21.24. 1) ¥10; : 2) 3; 9; 3) 1; 49; 4) 100; Tooi D 6; 67;

J_o

6) 32. 21.25. 1) g; 5; 2) 0,001; 10; 3) 3; 9; 4) 216; E
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Bianosiai Ta BKa3igku 10 BNpas

21.26. 1) %; 9; 2) f16; 100; 3) 16; i; 4) 1 000 000; 0,001,
21.27. 1) 2; 2) i; 4; 3) 2%; 2°%; 4) 1; 9; 5) 1; 16; 6) %

21.28. 1) %; 3: 2) V3: 3: 3) 7; 4) 3. 21.29. 1) V3: 2) E%; 5:

3) % % 21.30. Brasisxa. Posrnsiasre nobyrok log, x+log, y

CkopucraBmuck Teopemoo 19.3, MoOKHa 3anucaru:
log, x-log, y=log, y'*** abo log, y-log, x =log, x'**".3sixcu

log, y'*%* =log, x'®¥; y"%* =x"%v 21.31. 1) 1000; 2) 3%;
3, 21.32.1) 4; 2) %; 7. 21.33.1)(1; 3); 2)(9; 3), (3; 9);

3) (8; 2), (%%) 4) (3; 9), (9; 3); 5) (2;2); 6) (2; 10), (10; 2).

21.34. 1) (1,5; 2); 2) (8; 2), (%,%), 3) (55 5); 4) (1; 1),

33 A
rIsiHbTE JaHe PpIBHAHHA SK KBajpaTHe BigHOocHO log, x
21.36.1)8; 2) 3: . 21.37. 3: 2. 21.38. ——: 1,5. 21.39. 1) 2;

27 J2
2) xopemip memae. 21.40. 1) 1; 2) 3. 21.41. —§+7rk,

k e (Z\ N)U{1}. 21.42. fAxuo a < —1 a6o a > 7, TO OAUH PO3-
B’A30K, AKkmo —1 < a < 7, 1o 2 po3B’a3ku. 21.43. fAxmo a < 2
abo a =z 11, To om/m poaa’ﬁsox, akmo 2 < a < 11, To 2 pos-

B a3ku. 21.44. a—g abo a<—3— 21.45. a = -8 abo a = —2,5.

J; 9) (4;-1). 21.35.:1) —1; 2) i; 2. Braszisxa. Pos-

22.5. 1) 21; 2) 26. 22.6. 1) 0; 2) 0; 1; 2; 3; 4; 5. 22.7. 1) (1; +x);
2) (0; 1); 3) (3; +x); 4) (=3; —2) U (3; +); 5) (—o0; —3] U [4; 9);

6) (_%;4%[5;%). 22.8. 1) ( ) 2) (5 3] 3) [5; +w);

4) (—o0; —4] U [3; 5). 22.9. 1) 6; 2) 2; 3) 2; 4) 5. 22.10. 1) —1;
2)3;38)1;4)0.22.11.1)[-1; 1) U (8; 5]); 2) (—2; —1) U (0; 1);
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BIﬂﬂOBlJ.]I Ta BKBBIBKM A0 anpas

3) (~6; —5) U (-5; —4); 4) [-1; 0) U (3; 4]; 5) [“”;"}J;

6) (2,2) U (2; +0); 7) (=03 =2,5) U [2; +oo); 8) [%;1:’.
22.12.1)(2; 3); 2)[1;2)U (4;5]; 3)[—4; -3) U (0; 1];
4)[0; 1) U (1; 2; 5) (—00;%] U [3; +0); 6) (%3) 22.13. 1) (3; 6];

2) (1; 3%; 3) (1;1); 1) [—&—ﬁ} u [E;m]; 5) [-4; -3) U (1; 3};
2 2 2

6) [-5;-1) U [—-%;0}. 22.14. 1) (-3; —1); 2) (4; 5]; 3) (-5; T];

4) [0;%) U (4;13]. 22.15. 1) (5; +x); 2) (1; +); 3) (0; 4);

4) (5; T1; 5) (—1;—§J; 6) (m;—ﬂ. 22.16. 1) [-1; 0); 2) (1; 2J;

3) [11; +<0); 4) [— +oo) 22.17. 1) [%;5} 2) (o;ﬂ U [9; +40);

3) (0,0001; 10); 4) {— 256} 5) (0; 4] U [8; +0); 6) [O;é]u

Y B‘;*w)- 22.18.1) (O;%J U [8;+20); 2) (0; 0,1] U [1000; +x);

3) (0,5; 4); 4) [0,04; 5]. 22.19. 1) (é; 2); 2) (0; 371 U [3; +o0);

3)[0,001; 1) U [100; +<0); 4) (o; %] U (1;5]. 22.20. 1) (0; 41—9} U

U [T; +0); 2) [—i—;ﬁ}; 3) (3; 9] U [81; +x); 4) B—;l] U [2; + ).
Lo (a2 | 2 (<

22.21. 1) { z)u (1; 4 0);
3) [1,5; +w); 4) (3; +). 22.22. 1) [-21-V5) U (1+5;4; 4];

2) (g;l). 22.23. 1) (25 3); 2) (4,5; 5); 3) (0; 2); 4) (3,5; 5);

410




Binnosiai Ta BKasisku A0 BNpae

5) (0; 1) U [2; +wo); 6) (1,5; 2. 22.24. 1) (g;lJ Uil )
2) (15 3) U (4; +o0); 3) (1; 2) U (2,5; 4); 4) (1; 2]. 22.25. [log5 L 1).
22.26. [1og3 %;3). 22.27.1) (3; 4] U {5); 2) {-%;-1) U {2-2);

3) [3;2) U (23] U {1}. 22.28. 1) (2; 3] U {5}; 2) (5; +) U {4}.

22.29. fAxkmo a < 8, To x € [3; +x); 4aAKkmoa > 8, TO X €
€ [log, a; +x) U {3}. 22.30. fkmo a < 9, 10 x = 2; AKmO

a>9, 1o x € [2; logs a]. 22.31. (0; 1)u[n,76") (% 2“]

22.32. (0;1) U [E ﬁ) (2,3_"]
2.8 3! 2
23.5. 1) 0; 2) —2; 3) —15 In 3. 23.6. 1) 1; 2) 1; 3) -5 In 4.

237.1) -1; 2) 8,5; 8) ———; 4) % 23.8. 1) %; 2) 16:

2Inb
T L ICRP 1) 2 2) 2, 2310.1)-1;2) —.
2In10 9 e 3 Inb

23.11. 1) y=-2x+1;2)y=2x+1;3)y=2+2In2)x - 21n 2;

4)y=18xIn6+18In6 + 6; 5) y =4x — 1; 6) y = 4x + 4;
2x 2

-——+1; 8 =x—-4+21In 2, 23.12. 1 =
3In3 3In3 )y iy )y

=b6x+1;2)y=2x+1;3)y=6xIn3-12In3 +3; 4) y =

X
=4x-In4;5)y=3x—6;6) y= +2. 23.13. 1 2;
)y o 41n2 41n2 Y=
2) y =-1. 23.14. y = -1600. 23.15. 1) y = ex; 2) y = 5x + 3;

3)y=—x+%1n2+%; 4)y=3x-3. 2316. 1) y=-Tx+T;
2)y=2x;3)y=x+1+1n5; 4) y = —x. 23.17. 1) 3pocrae Ha

N y=

1
[0; +x), cnagae Ha (—; 0], x,,, = 0; 2) 3pocrae Ha [—5; +oo),
1 1
crnajae Ha —oo;-g 3 b1 =—5; 3) spocrae Ha (—w; 0], canae

an
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Bianosigi Ta Bkasigku Ao Bnpas

Ha [0; +x), x,... = 0; 4) 3pocrae Ha [O; 1—2-—2—], crnazgae Ha (—oo; 0]
n

i [—2—, +60J, Xt =0, X0 =i; 5) spocTtae Ha (—; 1], ciagae
In2 In 2

Ha [1; +o0), X, = 1; 6) 3pocrae Ha [0; +x), cnagae Ha (—0; 0],

Xnin = 05 7) 3pocrae Ha (—; 2], cnagae Ha [2; +©), X .. = 2;

8) apocrae Ha [3; +w), cnagae Ha (—o; 2) i (2; 3], Xy = 35

9) spocrae Ha (—; 1], cmagae Ha [1; +©), x,.. = 1; 10) 3pocTae

1 1 1
Ha [e 3;+oo), CIajia€ Ha (O;e 3], X, =e ?; 11) apocrae Ha (0; 1],
1
cunazae Ha [1; +w), x,.. = 1; 12) 3pocrae Ha [e 2;+00), coagae

1 ¢!
Ha (0; e 2}, x,, =e %; 13) spocrae Ha [1; +x), cmagae Ha (0; 1],
Xnin = 1; 14) 3pocrae Ha [e; +»), cnagae Ha (0; 1) i (1; e],
X = €; 15) apocrae Ha (0; €°], cnamae mHa [e%; +), X, = €
16) apocrae Ha [-1; 0)i[1; +o), cnmagae Ha (—o0; —1]1 (0; 1],
Xpin = —1, X5, = 15 17) 3pocrae Ha (0; 1] i [e; +»), cnagae Ha
[1; e], X = 1, x5, = €; 18) 3pocTae HA [J1_0;+w), crajgae Ha

(0; \/1_0], X, =Vv10. 23.18. 1) 3pocrae Ha [-2; +w), cnazae
Ha (—oo; —2], X, = —2; 2) 3pocrae Ha [—1; 0] i [1; +x), cnagae
Ba) (705 =1 13105 1) s xhs =103 RS i= L (X = 1518)spocTae
Ha [-1; 1], cnmanae Ba (—o0; —1]1i [1; +0), Xy, = 1, 20, = —1;
!

1 1
4) 3pocrae Ha —Z;+oo , cmajae Ha —oo;—Z § xminz_z;

n3 - ﬁ’
6) spocrae Ha (—; —2], cnagae Ha [-2; +0), X .. = —2;
7) apocrae Ha [1; +x), cnagae Ha (0; 1], x,,, = 1; 8) 3pocrae Ha

(0,%i| i [1; +o), cmagae Ha I:'lz‘;l:l’ Xmax = _]Lz-’ Xam = 13
e e €

3 3 3
5) apocrae Ha B PP s e l—;+oo N T
n

9) apocrae Ha (0; e], cnagae Ha [e; +x), x,... = ¢; 10) apocrae
Ha [1; +=), cnagae Ha (—; 0) i (0; 1], x,, = 1; 11) 3pocrae

S 1 1 2
Ha (0; EZ—ZI i[e"; +x), cnanae Ha L—z;e ], Xpax =59 X =€
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Binnosiai Ta BKasiskv A0 BNpas

12) spocrae Ha [%;1:’ i[10; +0), cnagae Ha (0; ILOJ i[1; 10],

=) e e ok 10,9830, 1) in1s En iy o)
10 e

min

3) 1; %; 1) 2%; 2. 23.20. 1) =; 0; 2) 125; % 23.21. [lus.
e

PHUCYHOK.

1) 2) 3)
y i yfan i
]
: |
i/ 0 Vel
; » —35[—&/’2“ 2&\53
Qi1 x ! I

4) 5)
Puc. go sagaui 23.21
23.22. [Ius. pucyHoK. 23.25. a < 0. 23.26. a = 0.

y
12 )| I P S8
=1 \/g/.\
0.4 1 x
1 Ve
1) 2) 3)
Puc. po 3anaui 23.22
x* 10
248.1) y=?+§; 2)y=—cosx—2;3)y=¢—-7.249.1) y=
x* : 3" 1
=—+1; 2)y=sinx + 2; 3) y= 24.10. 1) y=——-6;
4 In3 %
413
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Bianosini Ta BkasiBku 0 Bripas

2) y=tgx+2v3; B y=In(-x) +4; 4) y=——ztl.
| 3x 3

|
I

\

\

i 24.11. 1)y = —ctg x + 15 2) y=2Vx+2 3) y=Inx - 1;
| =2"+ln2—32

‘ In2 :

[: ~x* + 8; 2) F (x) = x* — 22* + 5;.8) F(x)=—C°S§+Si“§+6’5;
1
V

4) y

24.15. % 24.16. —é. 25.5.1) F (x) = x —

|
|
i 14, - 1
l 4) F(x)=—=sin|8x——|+—; 5) F(x)=4x+—-4; 6) F(x)=
i 3 4 3 X

fif | =TIn(x-4)+ 2z +4; T) F(x)=6x+1+2; 8) F(x)=§e3‘+§;

‘; 3
| _Bx-2)" 1, -2 _x
? 9) f(x)= o 10) F(x) 3tg(6x 6)'

256.1) F(x)=3x—-3x*+6; 2) F(x) = x* - 2x® + x + 5;

|
l 3) F(x)=x*-2Jx-2; 4) F(x)=—§cos3x—§; 5) F(x)=
|

| =8,E—2+4; 6) F(x)=%e2‘”+3,5; 7) F(x)=iln(4x—3e2)+

| +5,5; 8) F(x)=-8ctg %-4-5. 25.7. F (x) = x* + 2x* — 3, neppicHa

|

|

| 3

: Mag€ I1e OfMH HYJIb, AKKH AopiBHIOE 1. 25.8. F (x) = % -12x+27.

3
25.9. 1) Fy; 2) F,. 25.10. F,. 25.11. 5(t) = 33—+ t2-3t. 25.12. 5 () =
’ =2t +t-47a60s(t)=2t"+1t—-67.2518. y=2x> -2+ 7.
i 25.14. y=6 Jx+x-21. 25.15. 1) g—isin 2x +C. Brkaasieka.
\
|

1
3acrocyitTe (GOPMYyJIM IIOHUIKEHHS CTEIeHdA; 2) “Ta cos 8x —
i —icos 2x+C. Bkasiexa. 3acTocyiiTe (DOPMyIH IEepPeTBOPEHHA

= 3 . 2x
JOOYTKY TPHUTOHOMETPHYHHX (PYHKIIN y cymy; 3) Zsm 5

" —lsin4x+C. 25.16. 1) £+lsin4x+C; 2) isin7x+
i 8 2 8 14
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| Bianosiai Ta Bkasieku A0 BNpas

3
v Lin0ria 128 170 B =22 LB B () e 22
18 3 2. «,0 3
3 ‘§
2
BE1a 828 . v g g Fl(x)zx——4x+g, F, (x )——-4 A8,
2 24 3 3

2

25.19. F (x)=-x +5x—17 25.20. F(x)——2—+x 3,5.

V3

26.5. 1) 4— 9) 0,5: 3) 4; 4) 7— 5) élnS; 6)1%; 7 3

8) L. 9) ﬁ- 10) 18. 26.6. 1) 1%; 2) 71; 3) 8 In 2; 4) 2;
2, Pz ’ . . . 3, 3’ ’ 3’

72-2In3
In
4 1 1

6) =3 7) SIn5i 8) 3:9) 0;10) ¢ ~ 6; 11) ~—3 12) 240.

26.9. 1) —-45; 2) 6; 3)7\/— 4)— 5)— 6)—8 7)%ln10;

5) %; 6) . 26.8. 1) 70; 2) 1,5; 3) V/3; 4) 39; 5) 0;

8)1 9)— 26.10. 1) 10% 2)5; 8) ot s Ay d Tl 48

2 1 1 1
5)12-41n4;6) 10—; 7) 1—; 8) 4,5; 9) 4,5; 10) —; 11) —;
) ) 3 ) 3 ) ) ) 5 ) T

12) 1; 13) 24 — 7 In 7; 14) 2; 15) J2-1. 26.11. 1) 4:1—; 2) g;

3) 1%; 4) 4,5; 5) 2%; 6)6—31n3; 7)1;8) 12 - 5 In 5. 26.12. 3.

26.13. 3; -3. 26.14. 2; -2.  26.15. 6. 26.16. —4/8.
26.17. 1) (0; 1) U (3; +); 2) (logy, 6; +»). 26.18. (1; +x).

26.19. 1 7~ 2: 3) 0; 4) 3"%—8- 26.20, 1) 20-°T.
e

2) 12‘-; 3) 0,2; 4) ez—e—%. 26.21. 1) 16,5; 2) 4,5; 3) 215;

4) 4,5; 5) 7,5;6)8 —41n 2. 26.22. 1) 4,5; 2) 102; 3) 4,5;

4) 9. 26.23. 1) 5%; 2) 1,5, 26.24. 1) 22; 2) 3. 26.25. 1%5.
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Binnosiai Ta BKasiskv 40 Brpas

26.26. -. 26.27. 1) E; 2)— 3) 4n; 4)— 5) 8,5; 6) 6,5.

o:lv—

26.28. 1) 27 2) 3m; 3) 2m; 4) 5. 26.29. 1. Brasiskxa. 306pasiTh

KPHUBOJiHINHY Tpamnellilo, IJoma fAKOoi JOPiBHIOE MIYKaHOMY
inTerpasy, i posrasgabTe QyHKIII0, 00EepHERY A0 MifiHTEerpaib-

HOl (hyrkmii. 26.30. g—l.

T W | el SR O PSP 1%.
3 15 2 15
27.2.1) 12; 2) =: 3) X, 27.3. 2 7R, 2 rme,
30° ) 2 8 1

28.3. 1) 3:2; 2) 3+-3. 28.4. Konu AHTOH y3aB AOJYKO.
28.5. 32 +4-3.28.6. 3:6 + 35+ 6-5. 28.7. 5:5, 5-4.
28.8. 5!. 28.9. 1) 4!; 2) 3!. 28.10. 6*. 28.11. 5°. 28.12. 5-6°.
28.13. 4-5°. 28.14. 9-10°. 28.15. 2. 28.16. 6°. 28.17.6-7-4.
28.18. 6-7-3. 28.19. I cnoci6. 4-4!; II coocif. 5! — 4l.
28.20. 4!-2. 28.21. 9-10°+ 2. 28.22. 9-10*- 4. 28.23. 64 - 49.
28.24.4:3:2+ 52+ 6-4. 28.25. 5" + 4-5° 28.26. 4 + 4° +
+ 4% + 4 + 4°, 28.27. 2'°. 28.28. (7!-4!-2!) - 3!. 28.29. (5!)°.
28.30. 9+ 10" — 4 - 5*. Brasiexa. Kinbkicts yeix n’ aTunudpoBux
quces gopisaioe 9+ 10*. KinpkicTs m’arunudposux uncer, yei
nudpyu AKX € TapHEMH, AopiBHIOE 4+ 5%, 28.31. 9-10* — 5°.
28.32. 9:10* — 9-9:8:7+6. Brasiexa. Kinpkicrs m’arn-
nudpoBux yuces, yei uudpu AKUX pisHi, gopiBHIOE 998+ T+ 6.
28.33. 6° — 5°. 28.34. 2-9!. Brasiska. [Ipunycrumo, mo 3Ha-
WomMmi cinm Ha OOHMH cTisens. 9 soxeil MOXXHA PO3MICTHTH HA
9 crinpusax 9! cmocobamu. OCKinbKH 3HAWOMI MOXYTH cicTH
cunpasa abo 3;1iBa OZMH BiJ OZHOro, TO BCHOro BapianTtis 2 - 9!,

28.35. 5! — 2+4!1. 28.36. 1) % Brasiexa. SIkmo BBa)KaTH BCi

OYKBH IIBOrO CJIOBA PiBHUMH (Il YMOBHO MOYKHA 3allUCATH TaK:
MO,J10,KO,), To orpumaemo 6! pisaux cais. IIpore ciosa, ski
BiZipisHAIOTHCA JUIIEe nepecTaHoBKOoIO OykB Oy, O,, O;, Hacnpaszai

1
€ OJHAKOBUMH; 2) .o 5 3) 3t . 28.37. 140. Bkaasiexa.
3!12!12! 21212!

Byab-akuii JiTbHAK AaHOro umcsaa mae Buraax 2% .5%.7% ne
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Bignoiai Ta BKa3iBku1 fo snpas

ky, ky, kg — mini umena, Aki sagoBosnbHsAOTE yMOBH 0 < By < 4
0 <k, <3,0< k; <6. Kinbkicrs gineaukis gaHoro 4ucia
AOpiBHIOE KiNbKOCTI HAOOPiB, AKI MOMHA cKiacTu 3 yucesa By,
ks, ks (npu mbomy HabGopH, AKi BipiBHAIOTHCA oxuH Bif OAHO-

| IO NOpPAJKOM eJeMeHTiB, BBaKalThCA pisHumu). Yucno k,
MO)KHa BHOpaTtu 5 cnocobamu, yuciao B, — 4 cnocobammu, auc-
a0 kg — 7 cnocobamu. OTixe, 3a3HaveHui HAGip MokHa cKiac-
™ 5+4+7 = 140 cnocobamu.

29.1. 7! 29.2. 201. 29.3. 5. 20.4. A%. 29.5. A, 29.6. A',.
29.7. AS. 29.8. A%. 29.9. C,. 29.10. C'. 29.11. C..
20.12. A?.Al. 29.13. C.C%. 20.14. C%,-CL,. 29.15. 7-C3, +
+12-C?. 29.16.1cmoci6. C +15-C: +9-C’; I enoci6. Cj, —Cyy.

4 4 4
20.17. CL-Cl..  29.18. ¢’ -c..  29.19. 92" % G

29.20. . 29.21. C! ,. Bkasieéxa. PoamicTumo

Czo Cls Cm C
4!

B pAa m 6imux Kyas. YopHA Kyasa MOyKe 3aiHATH ofHe 3 m + 1
[IOJIOKEHb: KpaWHs 3JiBa, MK OyAb-AKUMH ABOMa Olaumu
KyJnaMu, KpaitHa crpasa (aus. pucysok). 29.22. C),. Brasiexa.
PoamicTumMo Kyjii B pAfa. YOoTHPH «IIeperopojgxku» JiIATH IIi
KyJsi Ha I’ ATk rpyn (AuB. pucyHok). OTike, KinbKicTh cnocobiB
PO3KJIAaaHHA KyJdb N0 ANHKAX AOPiBHIOE KiJIbKOCTI crocobis
poamimenHa 4 meperopoaok Ha 16 micmax. 29.23. C! |.

Brasisxa. 3anumemo n =1+ 1+ 1 + ... + 1. Jlaxi ckopucrai-
Tecs ife€ro po3B’s3yBaHHA 3amadi 29.22.

N SR olodg-- oo

Puc. no 3apauvi 29.21 Puc. go 3apaui 29.22

30.1. Hi. 30.2. Tax. 30.3. 1) 0; 2) 1. 30.4. 1) 0; 2) 1.
30.6. fAxmo wacrora noxii B BusBUIaca GLIBIIOI 3a 4aCTOTY
nozii C, To MOXKHA npunycmumu, mo noxis B 6inbm iMoBipHA,
Hixk moais C. IIpore BUCHOBOK, 3p0o0JIeHUIA HA OCHOBI OKPEeMHUX
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crocrepekeHb (excrnepuMeHT nposezeHo 50 pasiB), He Moxke
zapanmysamu, 1mo noxia B 6inem ¥#iMoBipHa, HiX moxia C.
30.8. 1) 15 4 %; 2) 25,6 %; 3) 19,9 %; 4) 9,6 %; 5) 74,1 %.

30.9. 1) s '2) . 3) ,1[—63: 30.10. 22.8 %.  30.11. 14.

30.13. 3) 5; 5) 5 30.14. 5) — 6) —. 30.15. 1) g s

a+b+c

a+b m+k

30.16. 2) 30,17. —. .30.18, —.
a+b+c n+m+k 12 120
30.19. -~ . 30.20. 1. 30.21. 2. 30.22. -1 . 30.23. 2.
360 120 33 494 95

30.24. ﬁ 30.25. 1) 18; 2) 3. 30.26. 2) 8. 30.27. 1) 82_7;

203

2 5

2) =i 8) 0 4) . 30.28. 2. 3029 &%
29 15 15 cr,

2 6
% G L 0,01. 30.31. -;%. 30.32. 1?2%. 30.33. 113'

3)

~0,1.

200

30.34. ITosBa npuHaitMHi oxHiel mictru. 30.35. 1) 5—1—6 2) —5—

18

gyl ogmdy Sae gy AUNGy PA80 g A By B
324 81 36 216’ 27 36
3" iige 5 T e

30.37. 2. 30.38. C'°3 ~0,003. 30.39. > 30.40. TR

35

~0,016.

3 2
C:Z C C C15 C723

~6.10%.  30.42.
24 100
B0 e i Qi 1o BT SO

4

n+m n+m n+m+hk
5 4 8 8 0 1 2
Cy5 +C35 Cyp Cso —Cys Cio+Ci+Cyp _
5 8 =

210

~0,03. 30.41.

30.46.

~0,69. 30.47.

45 50

~0,51. 30.48.

~0,05. Brasisxa. Bkaszana ugacrora 6yage menmow Big 0,3,

arkmo 3 10 migkugases MOHeTH repd BUmaZe MEHINEe HiX TPH

paszu. 30.49. 2

128
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31.3. Moay. 31.4. Meaiany i moxy. 31.7. 2%:2,07 M’ siya

sa rpy. 31.8. 3,8. 31.13. 1) 7,9; 2) 7,7. 31.14. 1) 1,4 rox/noby;
2) 1,35 roa/moby. 31.15. 1) 50,08 %; 2) 49,68 %.
31.16. 1) 13,72 % . Brasiexa. OGUHUCIiTH CepegHE 3HAYEHHS
JaHuX Apyroro psaaka taduamnni; 2) 14,12 % Bxasiexa. O6uuciite
cepefiHE 3Baj’KeHe 3HAYEHHA HaHUX APYyroro psaaxka rabauni
3 BaroBuMM KoedimieHTaMH 3 TpPeTHOro pAAKa TabUui.
31.17. 1) 21,8 tuc. gonapis CIITA; 2) 13,7 tuc. gonapis CIIIA.

32.6. 5) Moske 3By3uTHCA Ha 4ucJ0 —1, TOOTO MOxke OyTH
sary6sieno xKopiab x = —1. dAxmo -1 ¢ D (f) abo f (-1) = 1, To
MHOKHMHA KOpeHiB He aMiHuUThCs; 7) AKIo —1 € D (f) N D (g)
if(-1)=g(-1), To Oyne oTpuMaHO CTOPOHHi! KOPiHb —1; AKIIO
-1 ¢ D () " D(g) abo f (—1) # g (1), To MHOKHHA KOPEHiB
He amiEuThCA. 32.7. 1) Koperis memae; 2) 0. 32.8. 1) 0,6;

2) 0. 32.9. 1) ‘/2_2'1; 2) 1,5. 32.10. 1) 1*2‘/5; 2) 7.
82.11. 1) 7k, k e Z; 2) 2rk, k € Z; 3) ©+ 2nk; k & Z.
32.12. 1) —+nk ke Z; 2) (1) -—+nk —%Hrk, ke Z.

N e L A P A -5; 1; -1. 32.15. 1) 5.
3 3 2 2

Brasiexa. IlomHOKUBIIN 0O0U/BI YACTUHHA PIBHAHHS Ha BHpPAa3
V2x? —x+4 -2x*-Tx+10, orpumaemo 6(x-1)=3(x-1)x

X (\Exz -x+4 —\/2x2 —7x+10). 3asHauynMo, 110 4uciao 1 He €
KOPeHEeM IOYaTKOBOro piBHAHHA. [ladi JogaMo MOYJIeHHO IO-

JaTKOBe PiBHAHHA 1 piBHAHHA \/2.7(:2 -x+4- \/ 2x* -Tx+10 =2;
2) —1. Brasisxa. IlomHOXTEe 00HMABI YaCTWMHM PIBHAHHA HA

sipas Vx+l=l. 32.16.1) 7*‘/_ . 2) 2. 32.17. 1) 1 + 27k,

k € Z; 2) 4n + 8nk, k € Z. Bxa.slelca. Jlane piBHAHHSA PiBHOCHJIbL-
cosx=1,

He cucTeMmi cos3?x=1, 32.18. 1) —;E 2;k k € Z; 2) 3n + 4nk,

sinf;tO.
8
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Bignosiai Ta BKasiBku [0 BNpas

RREC AT TG e TR . S SR
2 3 2 3

k € 7. 32.20. gmk, ig-+nk, keZ.3221.k, ke N, k> 1.

32.22. 1 + 4k, k € N. 32.23. §+2nk, ke 7.32.24. ——2£+21tk,

k e Z.32.25. Kopexris nemac. 32.26. -‘Z—

33.1. 1) 1; 7; 3+V10; 3-410; 2) 4; 1+/3; 3) 2; 4) 3;
5) 0; 6) -3. 33.2. 1) —2; —1; 3; 4; 2) —12; —4; 2; 3) 1; 4; 4) 4;
5) —3; V3; 6) 4. 33.3. 1) -2; -1; 3; 2) 1; 3; 3) -1; 2; -3.
33:4: 1) =25 :2):1;'=2. 33.5..1) =6; =4;-1; 1;:2) =1;-3; 1;
3) -1; 1; 2; 4; 4) -3; 1. 33.6. 1) —6; —2; -4+2+/5; —4-2+/5;
—3+\/ﬁ. —3—%

e, s

2
33.7. 1) g; 2) %, neZ;3) i§+7tn, tarctg\/ﬁﬂm, n e Z.

338.1)-2; -1; 2; 3; 2) nn, n € Z. 33.9. 2; 9. 33.10. 1) —1;

12. Brasisxa. (x — 4) (x — 5) (x — 6) (x — 7) = (x* — 11x + 28) x

x (x® — 11x + 30); 2) -4++/21; -4-+/21. 83.11. 1) -5++/95;
1

—5—@; 2) —4+\/3; -4-+/5. 33.12. 1) —=2; 15 Braasieka.

8) =2; 13 --8)—2; —1310511;.4, #)(=8350;

ITopaitre naHe piBHAHHA Y BUTISLI (Zx -5+ E) (Zx +7+ E) =-20;

x x
-15+v129  -15-v129

15

2) =65 =4; 33.13. 1) -8; ——;
2 2 2

—35+4\/265; —35—4\/265; 2y '—4;: B: _5+3\/g; _5_3\/5.

33.14.1) %; 2; _11+4 105; _11—4 108 e Blnitiato s S

X
=t; 2) -3+415; -3-+/15. 33.15. 1) 1; _11;&; “11;\/53;

2) 5+\/§T; 5—\/'3_1; o 5159; B 5159. 33.16. 1) %; g Brxaasis-

420
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3 o ! 4 3
ra. Ilopaitre nane piBHAHHSA Y BUTTIANI] + =13

4x - 8+7 4x— 10+z

2) 3; 5; 9+66; 9-66. 33.17. 1) 5*‘/_1 & J— Yl

33.18.1) 2; 4; —-1; —%. Brasziexa. IloginiTe 06MABL YacTHHU

81-927

piBaauEs Ha (x — 1)% 2) 3; - TV 33.19. 1) —3+\/§;

_3\/—1+\/—1\/_
2

2)1; 1*V109 3390.1) arctg (-1+43)+

+7k, k € Z, 2) arctg 2 + nk, k € Z. Bxasiexa. IlomHOMXKTE IpaBy

’ ! 15
YaCTHHY JAHOTO pPiBHsAHHS Ha sin” x + cos® x. 33.21. arctg w nk,

—§+nk, ke Z. 3322 1) i§+nn, n e Zs2) i%’hznn,

2
i(n—arccos—)+2nn, n € Z. Brasiexa. 5| 3cosx+ : +
3 cos X

:y,

COS2 X

+2[9 cos® x+ )+5=0. 3pobiTe 3aminy 3 cos x+

COos X

toxi 9 cos® x + =y*-6. 33.23.1) §+nn, n € Z. Brasisxka.

0082 X

(tg® x + ctg® x) + (tg* + ctg® x) — 4 = 0. Bpobirs 3aminy tg x +
-9

+ctg xi=y; )—+2nk (=1)*. + nk, (-1)" arcsin + 1k,

k € Z. 33.24. -Z+nk, k € 7Z. Brasiexa. BuxoHaiiTe 3aMiHy

sin x + cos x = t. 33.25. §+nk, k e Z. 33.26. 1) 8; 2) 10.

Brasiexa. 3amina %/x—Z =a, \/x—l =b. Toxi a® — b* = —1. Inme
po3B’A3aHHA MOXKHA OTPUMATH, AKIIO0 BPaxXyBaTH 3POCTAHHSA

dymxmii f(x)=Yx—2+Jx-1. 33.27. 1) —1—7- E 2) 1; 2; 10.
33.28. 1) 4; 2) xopeHiB Hemae. 33.29. 1) 3, 2) KOpeHIB HEeMae.
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5t 5nn

33.30. 1) 4nn, n € Z; 2) T+T’ ne%z. 3331.1)6nn, n e Z;

2) %+37m,' n € Z. 33.32. 2. Brasiexa. CKopucTaiTecs TuM,

mo 0 < log, (cos® nx + 1) <1, 4x-x*-3<1. 33.33. 2.
33.34. 1) 2; 2) 4. 33.35. 1) 9; 2) 2. 33.36. 0. 33.37. 0.

34.1.1) [2;5]; 2) (—w;%) U (3; +x). 34.2. 1) (%%) 2) (—m%)

34.3. 1) (-1-5;-2) U (-2;-1+5); 2) (=5 0) U (2; +);
3) (-53+22); 4) (—oo;—%]u[%;wo). 34.4. 1) (—%;1);
2) (—oo; —=3] U [1; 6) U (5; +o0); 8) (—0; —1] U [5; +x). 34.5.
1) (—oo; '3—2‘/5); 2) (2;2\/5]; 3) [-4;-3] UV [—%;O} 4) poss’as-

KiB Hemae. 34.6. 1) [9; +x); 2) [0;%]; 3) [2; 4]; 4) (—oo; —5‘5/5].
84.7. 1) (2f2;400); 2) (-0;-2]U [5;%); 3) [0; 4].
34.8. 1) {—2;—%) U (0;2]); 2) (—o0; —3]; 3) [2; 3]. 34.9. 1) Pos-
B’A3KiB Hemae; 2) (—o; —10] U [1; +0); 3) (—o0; —2] U [0; +o0).
4.10. 1) (g;mj; 2) [-6;-4+2]; 3) (=03 =3] U (0; +).

e A I i

34.11. 1) 4; 2) [-4; —1]; 38) (~0; —8] U {1, 4}; 4) U [2;+0) U

U [2:+0) U {-2,-%}. 34.12. 1) [3; 12]; 2) [7; +w); 8) (—o0; —8] U

9+\/H].
8 ’

U{-2;1}; 4) (—w;—%] U[1;10). 34.13.1) l:—5;—

2) [1;1}. 34.14. 1) (2; +0); 2) 5. 34.15. 1) (larccosl+n—k;

2 4 9 2
E—larccosl-t-n—kJ, k € Z; 2) (—£+2nk;3+2nk) U (5—n+2nk;
2 4 9 2 6 6
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ﬂ+2nk], k e Z; 3) (-f+nk;—f+nk) U (arctg 2+nk;3+nk),
2 2 4 2
ke Z;'4) (L"—";ﬁh"—k)u("’—“#‘f;h"—k), ke Z.
0: AT e B 2 e e
n n n
34.16. 1) (—?+2nk;g+2nk), k € Z; 2) (2nk;g+2nkJU
U [5—675+2nk;1t+2nk), keZ;, 3) (§+nk;arctg2+nkj, kel

34.17. 1) (—%nk; nkJ U (Emk;%mk), ke Z;2) (—n+2nk;

—-’5+2nk) U (-LGk; 21tk) U (—LGk;@mnkj, ke Z
2 4 2 4

|2

(6+1tk,-—+nk) keZ;4)[2nk;§+2nk}U(g+2nk;n+2nk]u
U [?+2nk —+21tk) ke Z.34.18. 1) (—n+21tk;——;-+2nk u

U | 2ntk; +21tk) (2+2nk;%+2nk), k e Z; 2) (Ttk;g-+1tk U

(
o

§+nk,——-+nk) keZ;3)(2nk;—;-+21tk]U[g+2nk;n+2nk U

U [?+2nk;?+2nk], ke Z.34.19. 1) [3; 11] U {2}; 2) (0; 21] U

U {-21}. 384.20. 1) [2; 10] U [37; +x); 2) [-6; 0) U {6}.
34.21. 1) [-79; 83]; 2) [-5; 11]; 3) (—x; 1); 4) [-2; +x);
5) [1; +x). 34.22. 1) [-57; T71]; 2) [-31; 33]; 3) [3; +x);
4) [-3; +x).




Binnosigi no 3asaaxb y rectosin hopmi «lepesip cebe»

BIANOBIAI A0 3ABAAHb Y TECTOBIA ®OPMI

«MNEPEBIP CEBE»
Homep Homep sagaui
SaBiAmHA | 4 f o3| 4|56 7|8|9|10{11]12]18]|14]|15/16[17[18
1 Bla|B|B|r|(r|alB|r|r|ala|B|B|B|A|B|B
2 r|B|s|r|B|la|B|B|r|B|(B|B|A[B|B|A|B|B
3 B|(r|B|r|r|(Bla|BlAa|la|r|B|B|B|(r|B|B|A
4 B(r|r|a|s|r|B|r|B|B|A|(B|B|r|(r|B|B|A
3aBpaaHa Ne 5
Hovep | | ol3|4|s|6|7|8]|9|10]/11|1213|14]15|16[17]18
sajgavl
Bignosizs [T [T |B|B|B|B|B|r|B|A|A|A|P|B|A|B|B|B
19 20
ABEBTI A ABBI A
1 X 1 X
21 % 2 [X
3|X 3 X
4 X 4 X
3asmanaa Ne 6
Homep | 41 olg|a|5|6|7|8|9|10|11|12[18]14]15|16[17]18
sana4l

I

A

B




Bignosiai no 3aeaaHk y Tectosiv hopmi «Mepesip ceber

3asnanasa Ne 7

«Homep
sanavi

Bignosizs |A| ' | B|A|B|(A|T|A|B|(B|(B|B|B|A|T|(T|(B|T

1|12|3|(4)|5|6|7|8(9(10|/11|12|13(14(15/16|17|18

19 20
ABBTI A ABB IO
1 X 11X
@ X 2 X
31X 3 (X
4 X 4 X

3asnaaaa Nt 8

Homep
sagaqi

Bignoeias | B|B| T |A|T' |’ |B|A|(A|B|B|B|I'(B|A|B|B|A

1/{2)|3|4(5|6|7|8|9(10/11(12|13(14|15|16|17|18

’ 19 20
ABBTI A ABBTI A
1[X 1[X
o TIX 2 X
3 [X 3 IX
; 4 X 4 X

3asnanasa Ne 9

Homep

g 1|12|3(4|5|6|7|(8|9|10(11|12(13[14|15(16|17|18
sazaqi

Bignosias | ' | B|B|B|T' |T"'|T|A|B|B|B|B|I'|B|B|B|A|T




Bianosiai ao 3aeaaHe y TectoBivi hopmi «lepesip cebe»

3asmaaaa Ne 10

Homep 2|3|4|5|6|7|8]|9|10[/11)12]18|14]|15|16[17]18
aajgaql 2
Bianosins rir|s|B|lAa|lr|B|B|A|B|B|B|A|B|B|A|r
19 20
ABBI [ ABEBI A
1 X 1 X
2 X 2 X
3 X 3 X
4 X 4 X
3asnanaa Ne 11
Hosep 2(3|4|5|6|7|8|9|10[11|12|13|14|15|16]/17|18
3anaygl
Bianosias r|B|(B|r|a|B|r|a|B|(B|B|r|B|B|(r|B|A
19 20
ABBI A ABBI A
1 X 1 X
2 X 2 X
3|X 3 X
4 X 4|X
3asnanaa Ne 12
Homep 2(3(4|5|6|7|8]|09|10[11|12]13|14]15|16]17]18
3ana4ql
Bianosigs r|B|B|B|A|B|B|lAa|r|A|lB|A|lB|r|B|B|A
19 20
ABBT ABEBI A
11X 1 X
2 X 2T EX
3 X 3|X
4 X 4 X
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[MpeamMeTHUA NOKaXH4mK

NPEAMETHUA NOKAXYUK

S-okim Touku 24
— — mpoxoJoTHit 24

A

Acumnrora rpadika GpyaKmii
BepTHKanbHa 143

— — — ropusoHTaNbHa 143

— — — noxuya 146

B

Baroswmit koediniear 315
Bunb6ipka 311

Bubipkose cepepgne 312
Bigpizoxk 8

r

I'esepanbBa cykynaicts 311

I'eomeTpuuHHu# 3MicT moxXigHOL
54

I'panuns nocaigoBaocTi 7

— ¢yHKOii B rouni 15, 24

pi |
Hudepenniosagas 57

Horuuna A0 rpadika GpyHKIil
50

E
Excnonenra 225

3

3araJpHUN BUIJIAJA NepPBiCHUX
240

3akoH pyxy 47

I

Iarerpan Busaavenuit 257
— HeBuaHaueHuu 240
IarepBan 8

K
Kombinania 293

JI

Jlorapupm 181

— pecarkosuit 183
— HaTypaJpHMit 225
JlorapudmyBanas 183

M

Megiana 312

Meron 3amigu amiaHOI 342

— igTepBaais 352

— Hacaigkis 328

— PiBHOCHJIBHUX IEPETBOPEHB
328

— PO3KJAZaHHS HA MHOXKHUKHI
341

MexaniuHauil 3micT moxigHOL
55

MurreBa mBuAKicTs 48

MHuoxkuHA Bnopsaakosana 288

Moga 313

H
HepisricTh nokasaukosa 175

0

Oxkin 107

OcHoBHa Jiorapu(pMidHa TOTOXK-
mictes 182

I

[lepsicra 238
ITepecranoBka 289

Ilepma uynosa rpaEuna 44
Ilonis Biporigua 298

— pocroBipHa 298

— HemoxxnBa 298
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MpeaMeTHUIA NoKaX4nK

IMocnigoswicTs 36ikHa 7
— poasbixkaa 8

— cranionapga 8
IToxigna qiyﬂxuii' 53

— — npyra 132
IIpaBuio nobytky 283
— cymu 282

ITpupicr aprymenTy. 46
— (ysaknii 46

P

PeaysneraTu piBHOMOMKIHBI 297

— copusaTausi 297

PiBHAHHA JOoTHYHOI A0 rpadika
dyakoii 81

— HaMnpocrime gorapudmivge
202

— HoxasHuKoBe 166

Poamimenrna 291

C
Cepenne 3BakeHe 3HaueHHs 315

— 3HaveHHA 312
Cooanyka 293

T

Teopema Boapnano—Komi 35

— Beitepmrpacca 37

— Jlarparxxa 93

— Ponna 91

— Mepma 89

Touyka BHYTPIIIHA MHOMKHUHU
108

— excTpemymy 108

— KputuyHa 110

— JIOKAJIbHOT'O MAKCHMYyMY
122

— — MiHiMymy 122

— makcumymy 107

— MmiriMymy 108

— mneperuny 137

Tpanenis kpusoixiniiaa 254

o

DopmyJia 3araJbHOro 4JjaeHa
nocaigosHocTi 6

— Heworona—Jleitbuina 258

— Iepexoay BiJ ofHi€l OCHOBH
norapudma go iHmoi 184

Dyukuisa audeperniiosaa 57

— Jorapupmiuaa 193

— HenepepsBHa 18

— nepBicHa 238

— noxkasHuKoBa 156

— panioHanbHa 32

—, ABiui audepeHiiioBHA
B Toumi 132

— — — Ha MHOkKHHiI 133

—, audepeHniiioBHa B Touni 55

— — Ha MHOXXHHI 57

—, HenepepBHa B Touni 17, 31

— — Ha MHO)XHHiI 18

—, OIIYKJIA Bropy Ha IPOMIXKY
134

— — BHHUS3 Ha OpOMiXKy 134
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1. T'paBuns YUCIOBOI MOCHIMOBHOCTI « v vt v v v vvven 6
2. VsaBiaeHHs Npo rpasUmio GyHKNil B Tovmi
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3 rPAHUANAMHE QYHKIINA ¥ TOYML « oo vvvvnnnnnnnn 27
5. HenepepsricTh GyHKLOII B TOYIII.
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Tabnuus nepBicHUX AeakUX PyHKLIN

Dynxuia f Sarajabpaui BUrAs] nepeicaux yaxuii f
k (crana) kx + C
n+l
x", n#-1 MRS
n+1
1
— In|x|+C
x
Yx Il 4
n+1
1
T 2Jx +C
sinx =cosx + C
cosx sinx + C
1
= + ¢
cos” x fEs i
- t +C
sin® x ot
a*
a* +'C
Ina
e e+ C

MpaBuna iHTerpyBaHHs
J(f(x) + g(x))dx = Jf(x)dx + jg(x)d.r,

J(f(x) - g(x))dx = jf(x)dx - _[g(x)dx,
[kt (x)dx = k[f(x)dx
d)opmynall’ HbloToHa-JlenbHiua

[#(x)dx = F(b) - F(a)

OB4YMNCNeHHs NnoLy,
Ve gi=1(x)

b
S = [(f(x) - g(x))dx




(OLTEETR:

pacik NOKa3HNKOBOT PyHKLLIT

yA
y=a’
0<a<l
1
a_-|
x o] 1 x

Bnacrusocri norapudpmis
aloga b _ b,

log,1=0, log,a=1,

log, xy =log, x +log, v,

log, —;— = log, x —log, v,

log, P = Blog, x, logut, x= fli_ log, x,

_lggig‘ log, b=

log, b= =
i log, a log, a

Mpadik norapudmivHoT PyHKUIT

4 a>1 Yl 0 <a<l
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