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«Most nwboe — Yrpaina i mamemamura». L]i croea Mu-
xaitna Hunrunosuua Kpaseuyra (1892-1942) euxapbosarno
na cpanimuomy nocmamenmi nam’amHuKa Hayrkosyesi.

Mu cnodisaemocsa, wo uye nampiomuyne 6UCIOBLIOBAH-
na sudamnozo YKparHcorozo mamemamurka cmane 0ns eac
nadiitnum dopozo8Kasom HA waaxy 00 npogecionanisny.
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' Bip aBTOpIB

NOB1 AEB'ATUKNTACHUKIA!

Mu maemo HajAio, 10 BM He po3uapyBajiucs, oOpaBIIM HeJNerkui
IIIAX HABYATHUCA B MATeMATHYHOMY KJaci. ¥ bOMY HABYAJIBHOMY
polli BM IPOAOBIKUTE BHUBYATH MATEMATHKY 3a MOIIHOJIEHOK IIpO-
rpamor. Mu cooaiBaemocs, 1110 LOMY CHIPUATYME MiAPYYHUK, AKAN
BM TPUMAETE.

OgnaitomTecs, Oyae sacka, 3 HOro cCTPyKTYPOIO.

Iligpyunuk posaineno Ha micTs naparpadis, KOKHWI 3 AKUX CKJIa-
JAaE€THCHA 3 NYHKTIB, ¥ OYHKTAX BHKJIAAEHO TEOPETHYHHII Marepias.
OcobsuBy yBary apepraiTe Ha TEKCT, BUJieHUH XKHPHAM WpUpmom.
Taxox He sayniIaTe 11034 YBAroio CJI0Ba, HAXPYKOBAaHI KYypcusoMm.

SasBuuail BHKJaJ TEOPETHMYHOTO Marepiany 3aBepIIYETHCA IPH-
KaajaMu poss’sasyBaHHA 3axad. Ll sammcu MOXKHA POSIIAZATH AK
OJlMH 3 MOJKJIMBUX 3PasKiB 0()OPMJIEHHSA pO3B’ A3aHHA.

Ho kxoHOro nmyHKTY nigibpano sazadvi ana camocTtifinoro
PO3B’A3YBaHHA, NIPUCTYIIATH A0 AKUX PAAUMO JIMIIE Mic/IsA 3aCBOEHHSA
TeopeTHdHOro Martepiany. Cepej saBnaHb € siK mpocti ¥ cepefri 3a
CKJ8JHICTIO BIPaBH, TakK i ckaagHi sagavi (ocobauso Ti, AKi mosHa-
4eHOo 3ipoukoio (*)).

Arimo micis BUKOHAHHS JOMAUIHIX 3aBflaHb 3aMHMILAETHCS BiJb-
HHU# yac i BM xouere 3HaTH Ginblle, TO PEKOMEHAYEMO 3BEPHYTHCH
o pyopuxku «Konm 3pobiexo ypoxkm»., Marepian, BuKkiafgeHuii ram,
€ HenmpocTuM. AJsle TMM WikaBime BunpoGysaTi cBoi cunul

Bamxaemo yemixy!

LUAHOBHI KONETA!

Mu 3Haemo, [0 WiArOTOBKA A0 YPOKY B KJjaci 3 moraubGiaeHHM
BUBYEHHAM MATEMAaTHKH — pobGora Henerxa. Opranisanis Taxoro
HABYAJIBHOTO MPOLECY BAMATae BeJIMKHX 3yCHJIb VUUTENd, AKuil dop-
My€ HaBYAJBLHHN MaTepia] nmo KpuxTax, 36mpamodu ioro B 6aratsox
nocibrukax. Mu cnogiBaemocs, mo meil migpy4YHUK cTaHe HAAIHHUM
MOMIYHHKOM 'y Ballliil HeJerkiil i musaxerHii npani, i 6yaemo nupo
pazni, AKIO BiH BaM crozobaeThes.

V kausi ai6pano ofmwMpHUi i pisHOMAHITHHI AMAAKTHYHHI Ma-
vepian. [Tpore 3a oawH HaBUAJBLHHM PiK yci sajadi poss’asaT He-
MOKJIMBO, T8 B IbOMY i Hemae morpebu. PasoM 8 THM Habararto 3pyd-
Hine NpamioBaTH, KOJIHK € 3HAaYHMM 3amnac 3aga4. e xae moxinsicTs
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BIJ ABTOPIB

peanisysaTn NPHUHIMNK pieHeBol Audepernianil Ta iHAUBIAYATBLHOTO
mixxony B HABYAHHI.

“eproniy KOJBOPOM MO3HAYEHO HOMEpP# 3aja4, 0 peKOMeHAY-
0TLCA ANA AOMAINHBOL poboTH, CIHIM KONBLOPOM — HOMepM 3aaa4,
AKi 3 YpaxyBAHHAM iHAuBiAyanbHux ocobiuubocTedl yuHIB Knacy Ha
poscydl YUMTe s MOMHA PO3B’A3YBaTH YCHO.

Marepian py6pukn « Konu spobneno ypokus MOXKe 6yTH BUKOpHC-
TaHUi Ana opramisanil pofoTH MareMaTHYHOro ryprea i daxynpTa-
TABHHX 3aHATH.

BaskaeMo TBOPYOro HaTXHEHHS H TepninHA.

-)'MOBHi NoO3HavYeHHs

n

b AR

saBlaHHA, IO BLANORIZAIOTH TOYATKOBOMY i cepeZHBOMY
piBHAM HABYAJIBLHUX JOCATHEHb;

3aBAAaHHA, [0 BIANOBIAAIOTH NOCTATHLOMY PIBHIO HABYAJIb-
HHUX JOCATHEeHb;

3aBAaHHAA, 1110 BiANOBiJal0Th BUCOKOMY PiBHIO HABYANBHUX
JOCHTHEHb;

3azayi Ans MareMaTWYHHX I'YPTKIB 1 (paKkynbTaTHBIE;
3agadi, y AKHX OTPHMAHO pesyJbTar, I Moxe OyTu Bu-
KOpHMCTAaHUI NMpY pPo3B’A3yBaHHI iHIIKX 3amad;

3aziada, fKa NPOMOHYETHCA B DPidHHX IVHKTAX ANA PO3-
B’A3YBaHHA pi3HUMH cnocobaMu (HOMEpP m BKasye Micme-
3HAXOJXKeHHA Iiel 3aaa4i B iHIIOMY HYHKTI);
saKiHUEHHA JOBEJJeHHA TeODPeMH;

pyvopukra «Kosnu 3apobieHo ypokus.



E l MNMOBTOPEHHA

N CUCTEMATU3ALIA
HABYAJIbHOIO
MATEPIATTY

3 KYPCY ANTEBPU
8 KJITACY

3apavi Ha noaTopeHﬁﬂ Kypcy anrebpu
8 knacy

1.1. fki MHOXHHEM € piBHUMU:
1)A={x|x=5n-1,neZ); 3)C={x|x=5n+4,neZ};
2)B={x|x=10n+9,ne Z;4)D={x|x=10n -1, n € Z}?
1.2. SIka MHOKMHA € IEPETHHOM MHOXKHUH A i B, AKII0 A — MHOMXHWHA
TIPAMOKYTHHKiIB, B — MHOMHMHA OMMCAHUX YOTHPHKYTHHKiB?

1.4, flka MHOXKHHA € IePEeTHHOM MHOXKHH A i B, AKI0 A — MHOXKHHA
pombiB, B — MHOKHHa BOHCAHWUX YOTUPHKYTHUKIB?

1.4. fixa MHOXKHHa € 06’ eIHAHHAM MHOXKHHE A i B, akmo A = {x | x = 4n,
neZ,B={x|x=4n+ 2, ne Z}?

1.5 Sika MEOXHUHA € 06'eqHARAAM MHOKUHE A i B, akmo A = {x | x =6n,
neZ}, B={x|x=6n-3,ne Z}?

1.6. BamicTh 3Haka * ganumites aHak U abo N Tak, 106 yrBOpHaacs
NpaBUJIBHA PiBHICTE:
1)A*D=A; : DA*@B =0,

1.7. Bigomo, mo A C B. 3amicTe 3Haka * sannmits smax U abo N
TakK, mob yTBopuiiacA npaBuJIbHA PiBHICTH:
1)A * B=B; 2)A*B=A.

1.8. Buxopucrosyioun giarpamu Eiinepa, nmpoinocTpyitTe Taki Biac-
THBOCTi onepauiit Hajg MHOMKHHAMM:
1)(AUB)UC=AU (BUC);
2)AN(BUC)=(ANB)U(ANC).
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§ 1. MosTOpEHHA 4 CUCTeMaTM3aLLiA HaB4aNbHOTO Matepiany 3 kypcy anrebpu 8 knacy

1.9. Bukopucrosylouu giarpamu Eiepa, npoiniocTpy#iTe Taki iaac-
THBOCTL onepauiif Haj MHOXCHMHAMM:
1)(ANB)NC=A4ANn(BNC)
2JAU(BNC)=(AUB)NAUCQC).

1.10. ¥V xnaci 35 yunis. 3 Hux 20 BigsiayooTs MATEMATUYHHIL I'YPTOK,
11 — ryprok 3 ¢isvkn, a 10 yunis He BigBiAyloTh Ui I'YpTKH.
CrinpkH GisukiB 3aXONIIOIOTECA MATEMATUKOI?

1.11, Keagpary, mjoma AKOro aopisuioe 6 cM?, HaneHAaTh TPU MHO-
FOKYTHUKH, IJIONIA KOMHOIO 3 AKMX JopiBHIOE 3 e, Iosenits,
1[0 cepej IUX MHOTOKYTHHKIB 3HaWIYTBCA [Ba, MJOLIA CIiJBHOL
YACTHHYM AKMX He MeHIIa Hix 1 cm®,

1.12. flxkux o’sTuuudpoBnx ducen Ginplue: THX, Y AKUX nubpH 3a-
IIHCAHO ¥ NOPAAKY 3pOCTAHHSA, UM THX, Y AKHX nudpu sanmucaso
y DOpAAKY cnaaaHHa?

1.13. 3naiigiTe 061acTs BUSHAYEHHA BHPA3Y:

1 . § 1 . x+1
1) T ) 2) —-—--x“ E 3) P
x-1 x 2Zx+1
1.14. ITo6ynyiiTe rpadik GpyHKIii:
22 2
1)y=9x 6x+1, 2)y=2x +5x+ 2,

x-1
T+ 2 9 y_lx—1|+1—x'

3x-1 "’
1.15. Ckoporite Api6:
3x* -10x+3, a'+9a®+25
1) Seo==———ms ) Sy
x“-4x+3 a*+a+5
2) 9x® +3x*+3x +1, )x A T |
8x*-2x-1 ' 2 4+xB 4+ x+l

1.16. 3naiifiTe yci HaTypanbHi 3HaYEHHS N, IPKU AKUX € ULIHM 4YKC-
JIOM 3HAYEHHA BUpa3y:

2n +11, n®-8n*+2n-3
1) n+8 "’ A n?+2 ’
1.17. CupocritTes Bupas:
1 1 1 1

x(x+4) ¥ (x+4)(x +8) Y (x+8)(x+12) & (x+12)(x +16)°
1.18. Cnpoc'ri'rb aupaa:

1)( o 4x®+14x |

1 3y 3y+1 "oyt +1-6y’

) .U_[ 2y + 2”9"'43_].
2y \4-2y-2c+xy (x-p@*-4))
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1. 3apayi Ha noBTOpeHHA Kypcy anrebpv 8 knacy

Ly, 2L 1) @0,
3)(a2+b’+u+b a+b)' ab ’
1 1
= i, %A%
a b+c( b"+c "ﬂ)
4) . § 1+ o
a b+c
1.19, Cnpocrith BHpas: !
2 Eo'w
]_) (.x_..y]-(x+_L] :
x-y X+y

1 _1_).(0 +2)‘] .BGa+2)

a
% (E*&*a 122
= -2
3) (i_ﬁ)(£+£_2) ((Hz)_x_] ;
gy 2y % x/x-y
)(x+9 hl+( x+7 x+5 )(x+3 T
x+7 x®+81-18x x*-81/\x-9/ ~

1.20, PosB’axkiTh cucTemMy HepiBHOCTeIH:
% -1<1+4x,

3x4—1+x;1 > 4x4+1'
2)

5x-2 x-8 .

3 B 3 <Xx;

1.21. [Insa KoXHOro 3HAYEHHA NapaMeTpa a pPo3B’sKiTek HePiBHiCTH
2)ax +a* > 2x + 4.

3x-6>-2(1-ux),
3(2x-1)>1-2x

1)

1)ax + 2 > x;
1.22. Posp’sixkiTh HepiBHicTB:
DEx+1P2@x-2)>0; 3)|[x*-4|(x-1)>0;
4)|x*-9|(x+2)<0.

2)(x+1)(x—27°>0;

1.23. JIna KO’KHOI'o 3HaYeHHs NapaMeTpa a Po3B’fXKiThs HepiBHicTH
2)|*+3x+2|(x-a)<O.

D|x*-4ax+3|(x~a)>0;

1.24. PosB’syiTh piBHAHHA:
D|jx-1]-1]|=2; 4)|x-4|+|x+1]|=5;
5)|x+2|-]x-1]|=3;

2)|2x-1|=x+2;
6) |x+1|~|x—1|=1.
x

3)|8x-2|=|2x-8;

1.25, Posp’skiTe HepiBHicTE:
1)|8x—-4|<2; 3)|4x +5|>x+8;
2)|x-2]|<-2x; 4)|x|-|x-8]|< 2x.
7



§ 1. NoBTOpeHHA 1 cUCTEMaTU3aLIA HaBYaNLHOrO MaTepiany 3 Kypcy anrebpu 8 knacy

1.26. Ilo6yxayiiTe rpadik pyHruii:

2
& 5 x5 AKIO X < 2,
1 = F e, 3) fx)=
) 1) x+2 ) %r+3, AKnpE x = 2.
2) f(x)= 7 SR
.27, Ilobynyitte rpadik piBHAHEA:
2 2 2 4
1) L= =0; 2) L2 -¢; 3) L—=-=o0.
x-x y+x £-1

1.28. Po3p’aAxKiTHr PIBHAHHSA:
1) Va?-8x+2+Vx?+x-2=0; 3) (x*+3x-4)(Vx-2)=0.

2) (x*-4x+3)Vx-2=0:

1.29. BraligiTe yel napn gucen (x; y), AKi 83810BOALAAIOTE PIBHARHES:
1) Vxl-dx +\Jy-2=0; 3) Jx+y+Vx?-1+y-1=0.

2) Vx?—6x+ 5+ -y-2=0;

1.30. J{ns KOJKHOTO SHAYEHHS NAPaMeTpa 0 PO3B’ sKITH PIBHAHHN,
1) @-DVx-3=0; 3) (x* +4x-5)(Vx —a)=0.
2) (x*-4x+8)Vx—-a =0;

1.31. CopoctiTs BUDAS:

1) 14-65 +14+6v5;  3) J6-17-1272;.
2) V43 +6+50 — J43-650; 4) J3+\I5—J13+JZ§.

|22, CopocriTe BHpas:

1) ya—-2+2+Ja-3;

2) \lzx—zdxz—*i, AKmo X > 2;
3) J20—4+2\}a2—4a+3—~)a—1;
x+3+2Vx+2 -1

Ve +2
1.33. CropocriTs BHpas:

a\/gd-b\/g ZJE \[E

D Gilan Verds b
o5k (5)

a b

4)
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1. 3afadyi Ha NoBTOpeHHS Kypcy anrebpm 8 knacy

e T

Epr =
4) x — s_}x+ Yy y-Nay+x
x -y  Nx+\y 2\xy
x+y x—-y
1.34. Binomo, mjo x, 1 x, — xopesi piBHAHHEA 2x° — x — 5 = 0. He
pPO3B’A3y109M PiBHAHHA, SHANNITH SHAYEHHS Bnpasy

2 ;
1) xf+x3; 2);:+;f 3);’; ;f—

1.35. CxiazniTh KBagpaTHe PiBHAHHA, KOpPeHi AKOro Ha 3 6iapuri 3a
Biamoigri Kopeni pisaanua x° + 4x — 7 = 0.

1.36. Ilpn sxMX 3HAueHHAX NApaMeTpa a@ cyMa KOPeHiB piBHAHHSA
x* — (a® + 2a) x — a = 0 gopiBuioe 3?7

1.37. Ilpu axvx 3HAYEHHAX napamMeTpa a AoGyTOK KOPEHIiB piBHAHHSA
x? — 2ax + a® - a = 0 nopisaoe 2?

1.38. Posr’sukiTs pirRsHHSA:

T I
x2-9 9-6x+x* 2x%+6x’
x2-9x+14 x?-3x+2 x-1’
x2-3x-6 8x

3) e =

x x*-3x-6

1.39. Poss’skiTh piBHARHA:
DEx-1)(x-T7(x—4)(x+ 2) =40;
2) (12x - 1) (6x — 1) (4x — 1) (8x — 1) = 5;
3)(x+6)(x+38)(x—1)(x—2)=12x%
0 7(e+1)-2(+ %) oo
5)x' —x* - 102*+ 2x + 4 =0;
6) (x> — x + 1)* = 102" (2* — x + 1)* + 9x* = 0;
7)(x+5)‘+(x+3)‘-2

9x%
8
) x? +( 3}2
1.40. HoBexite, mo npu 6yAB-AKOMY ILIOMY 3HAYEHHI n 3HAYEHHA
Bupasy n (n + 1) (2n + 1) kparse 6.

1.41. losexiTs, 110 npu 6YAb-AKOMY HATYpPAJIbHOMY 3HaYeHH] n 3Ha-

2 3
n n n
YEHHS BUPASY 7+ -+~ € HATYPATLHUM YHCIOM.
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§ 1. NosTopeHHA i cMCTemMaTM3aLIf HaBYansHoOro Matepiany 3 Kypcy anrebpu 8 knacy

1.42. Yu icHYIOTH TaKi HATYDPaJAbLHI Yucnaa 1 i k, 10 3HaueHHA BAPa3y
5" + 1 KpaTHe 3HaueHHIO Bupasy 5' — 1?

1.43. HarypansHe uucyio n > 1 He ginursca Hanino Hi Ha 2, Hi Ha 3.
Iogexits, mo uncyao n® — 1 kparre 24.

1.44. [TosegiTs, oo He icHYE TAKOTO HATYPAJALHOrO YUCIA P, AJIA AKOrO
uucaa p + 51ip + 10 e npocTuMA.

1.45. 3naiigiTs yei mapm HATypaiasHHX Yucesa (m; n) TAKHX, HIO
m! + 12 = n.

(). BmaligiTe yei asoumdposBi HaTypanwpHi uncia, Oyap-AKKi Ha-
TYPATBLHHUH CTenmiEbh AKHX 3aKiHuyeThCd ABOMa nudpam#u, mo
YTBOPIOIOTH L ABOLM(POBE YHUCIO.

1.47. Hosenite, mo npu Bcix HaTypaabHUX 3HAYEHHAX 1 Apib

2n®+5n+3

3n®+10n+8

1.48. Kpagparauii Tpausen x° + ax + b mae nini xopesi, 6inbmi 3a
2, HoeegiTs, 110 uyncyo @ + b + 1 — ckaagene.

€ HEeCKOPOTHHM.

1.49. Ocrannsa nudpa fecATKOBOro 3anmucy 4uciaa n° + 8n gopisHioe
4. sixa nepenocranns uudpa B sanuci usoro yucna?
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NOBELNEHHA
HEPIBHOCTEWN

|
|
I
L6

-

E OcHOBHi MeTOAU noBefeHHA HepiBHOCTEeN

Ouesnsno, mo mepisocti a®> 2 0, a* -1<0,]|al+|b]| >0,
(a — b)* > 0 BUKOHYIOTCS NPU 6CIX HAYEHHAX SMIHHUX, AKi K0 HUX
BXOZATH.

Hepisricts x° — 8xy + 17y* > 0 Takok BUKOHYeTHCA OpHU 6yab-
AKUX 3HAYEHHAX 3MIHHMX X 1 y, xoua me#l dakT He HACTLIBPKM Ode-
BHAHWHE. ¥ ¥oro copaBeAJIMBOCTI clix mepeKoHaTHCH.

¥V TakuxX BHUIAaAKaX IOBOPATH, 10 NOTpPiOHO AoBeCTH HepiBHicTE
x> - 8xy+ 17y* > 0.

Maewmo:

22— 8xy + 17y% = x* - 8xy + 16y° + 1* = (x — 4y)* + 1~

Bupas (x — 4y)° + y* mabysae Tinpky HeBin emMEnx 3HAYeHS. OTike,
npu GyAb-IKUX 3HAYEHHAX SMIHHMX X i J € OpaBUNILHOIO HEPiBHICTH
x*—8xy + 174 2 0.

Ina poBenenHs HePiBHOCTe!l BHKOPHMCTOBYITH PisHi npmritomu.
Hanpuxiaag, HepisHicTs x° — 8xy + 17y* > 0 Mu moBenmu, BHALTABIIN
KBagpaT ABouilena. PosrisHemo we Kinbka npmitomMiB noBeseHHs
HepiBHOCTEIL.

MeTon pisaEmii

Ileit npuitoM noJiArae B TOMY, M0 POSIAAAAIOTE PiSHUIKO JXiBol Ta
npasoi YACTHH HepiBHOCTI i foBoaATs, Mo A pisEuna HabyBae 3Ha-
YyeHE NOCTiHHOrO 3HAKA NPH OyIb-AKWX 3HAYEHHAX 3MiHHHX.

NMPUKNAL 1 Hosexits Hepisuicts: a’b’® + a’® + b* + 4 > 6ab.

Poszé’azanns. PosrnaseMo pisumnio niBoi i nmpasoi wacTur He-
piBHOCTI:

a®b*+a*+b*+4—-6ab=a’*—4ab+ 4+ a*— 2ab + b’ =

= (ab - 2) + (a - b)’

IIpn Oyap-AKHMX 3HaYeHHAX a i b na pissuna HabyBae TiNBKH
HeBif’eMHHMX 3HAYEHb, OT)KE€, HEPiBHICThH, INO JOBOJAWTECH, € Ipa-
BHJIBHOHO.
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§ 2. JOBEIEHHA HEPIBHOCTEW

NPUKNAAL 2 Hosexits, wo koau a > b > ¢, To
a* b?
a_b+3~_—c>a+2b+c.

Pozea’szanmna. Maemo:

a2 p? _( a? ) (b’ )_ b2 &2

RS (a+2b+c)= ——a_b—(a+b) s e (b+c) = 5 T
Ockinpku 3 ynoBu @ > b > ¢ sunnusae, moa—-H>0,b—¢c> 0

. y3 . 3 b* c?

ib*+c*20, 10 a—b+b—c>o'

MeTton cnpouteHHn HepisHOCTI
V¥ psaai BUnagkie crnpowmeHHs Bupasis, Aki yTBOPIOOTE HepiBHICTE,
po0GHATE L0 HEPIBHICTE OUEBHAHOIO.

MPUKJIAA 3 ToeniTe HepiBHIiCTL:
1 1 1

—_—t e T » .
e T +n(n+1)<1 pene N

Poze’asanna. Maemo:

Al _1__._[ _1) ;_1) [1_ 1 )_ nred
3-8 aa e 2 8 /T

HepisgicTs, mo AoBoauTHCH, HAOyBae BUradaay 1 — = 1
OMEBUJIHOIO.

Meron, y SIKoMy 3aCTOCOBYIOTHCA MipRyBasHu

«Bigl CynmpoTHBHOrO»
C=w NPUKNAQL 4 Mosenity HepisuicThb:

Ja+Jb o +va > Ja +va Vo +b.

Pozg’asannn. Hexail HepiBHicTh, IMO AOBOAUTHLCH, € HENPABHJIb-
HOW0, TOOTO iCHYIOTH TBK1 3Ha4YeHHA 4 1 b, npn AKNUX € NPaBUIBLHOIO

HepiBHiCTE \/a+\/5 '\{b+\[t; <Ja+J¢; -Jb+«f5. 3sijgcu:
(a+J5)(b+JE)c(a+\[E)(b+\[l;);
ava +bJb <aJ5+bJE:
(a-b)(Ja-b)<o.

OcTagpa HepiBHICTL € HENpasW/bHOIO, OCKinskHM mpum a 2 0
ib20pisauni a - b i Ja ~Jb wmawors oxuaxosi snaku a6o JIOPpiB-
HIOTH Hyn0. OTpUMaHa cylnepeyHicTs O3HAYAE, 110 38JaHa HEpiB-
HICTE € IPaBHIILHOW.

MeToa 38CTOCYBAHHS OYeBHIHOI HEpiBHOCTI

Ileit npuitoM moJiArae B TAKOMY: B8JAHY HEPiIBHICTH OTPHMYIOTH
y pe3yJibTaTi nepeTBOpeHHA O4YeBUAHOI HepiBHOCTI UM gofaBaHEA abo
MHOMeHH#A KIJIBKOX OUYeBMAHMX HepiBHOcTeidl,
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2. OCHOBHI METOAM AOBEAEHHA HEPIBHOCTEMN

Jew MPUKNAL S JloseaitTh HepiBHiCTH:
a®+ b* + ¢* > ab + be + ca.
Pose’azanng. Ouesyaao, mo opy Oyas-AKUX 3HadeHHAX 4, b i ¢
BUKOHYETHCA TAKA HEpiBHICTH:
(@-bF+@®-cf+(-a)>0.
Beigcn a® — 2ab + b® + b — 2bc + ¢ + ¢* - 2ca + a® > 0;
a’+ b+ ¢* 2 ab + be + ca.
FIPUKNAL € Momenits, o kom a > 0, b 20,¢ > 0, To
(a + b) (b + c)(c+ a) » 8abe.

Poza’azanna. [Ina HeBiA'eMHUX 3HA4YeHb @, b i ¢ BUKOHYIOThCA
TaKi TpH oueBmAHI HepiBHOCTI:

(Va -b) >0,
(Vb —e) >0,
(Ve -va)’ >o0.

3Bigcu
a+b>2+ab,
b+ c>2be,
c+a>2+ea.
Ockinbxu o6HABL YacTHMHM KOXKHOIL 3 HUX HepiBHoCTei HaOyBaIOTH

HeBi/I’eMHHMX 3Ha4YEHb, TO MOXKHA 3ACTOCYBATH TeopeMy Npo No4YJieHHe
MHOMXeHH Hepisnocreil. Maemo:

(a+b)(®+c)c+a)>8Va’b'e®.

Ockispku a > 0, b > 0, ¢ > 0, 10 Va’b?c® = abe.
Orpumyemo, 1o (a + b) (b + ¢) (¢ + a) » 8abe.

MNPUKNAL 7 Nosexits, mio ana 6yab-axkoro n € N, n > 2, BHKOHY-
ETHCA HEpPiBHICTE:
1 1 . |
et —— > =,
n+l n+2 o 2
Posé’nzanna. OckisbKH 3 IBOX 3BUYAHHMX APOGiB 3 OMHAKOBHMH
yuceJpHEKaAMu OinblIMM € TOH, Yy AKOro 3HAMeHHHK MeHIuMii, To

MOXKHA 3alMCATH N OYEeBHAHMX HepiBHoCTefl:

T

n+l>2n'
1 4.

n+2}2n’
1 1
kg B
2n



§ 2. NOBEAEHHA HEPIBHOCTEN

3acTOCOBYIOUH TeopeMy NP0 MOYJeHHe XOAABAHHA HEpPiBHOCTEH,

OTPHMAEMO:
1 1 t . & i ¥ @ %
Frt oD b=,
n+l n+2 27 " 2n  2n 2n  2n 2
nm::nﬂn

Merop aacTocysasisa pANime nosenenol HepisHOCTI

Hepigro panime gosefieEa HepiBHicTs MoXke GYyTH BUKOPHCTAHA
IUls foBefNeHH# iHm0i, Ginnir ckaagHol HepiBHOCTI.
» Bacrocyesanns uepismocri a® + b® > 2ab
NPUKNAAL 8 [osenits, mo konm a > 0,5 >0ic¢ > 0, To
a+b b+ec c+a T P |
P S P e s <a € i
Pozs’azanna. Maemo:

a+b (ﬂ*‘bz_l_'*“l__

ﬂ§+bz 2ab 2b %’

b+ec b+e 1 1

< == =—

b +c? 2be 2¢c 2b

c+a c+a L o1

3.0V n

3eigcu

a+b b+e c+a 1 1 1 1 1 1 b T e
€ —F—F—F—F—F —=—F—F=,
2T+t T bPec? Tcf+a’ "2 2 2% 2% 2a 2 @ b e

» Bacrocysanns nepisnocri a® + b* + ¢* » ab + be + ac

NPUKNAL 9 Iosenits mepiBricTs a* + b + ¢* > abe (a + b + ¢).
Posé’azanns. Maemo:
a* + b + ¢t = (a%)® + (") + ()’ > o’ + b’c® + cfa’ =
=(ab)® + (bc)® + (ca)® > (ab) (be) + (be) (ca) + (ca) (ad) =
= ab’c + bca + ca®® = abec (a + b + ¢).

2.1." JlosegiTe, mo npu 6yAL-IKOMY 3HaYEeHH] 3MiHHO] € TPaBHILHOKI
HEePIBHICTE:
Dw+5(w~-2)»23y-10; 3)a(@a-2)>-1;
2)8m® —6m + 1< (3m — 1) 4) (b+ 7)° > 14b + 40.

2.2, IlopeniTh HepiBHiCTE:
1) (2a¢ - 5)* < 6a” — 20a + 25; 2)a* + 4 > 4a.

2.3.” [loseaiTs, HepiBHIiCTL:
1) 2a® — 8a + 16 > 0;
2)4b®> + 4b + 3> 0;
3)a’+ab+ b2 0;
4) 9x* — 6xy + 5y° > 0;
5) (3a + 2) (2a — 4) — (2a - 5)" > 3 (4da - 12);

14



2. OCHOBHI METOAM [OBENEHHA HEPIBHOCTEN

6)a(a-3)>5(a~— 4)
7)(a — b) (a + 5b) < (2a + b) (a + 4b) + ab.
2.4, Nosenitn HepPiBHICTBH:
1) 28a — 32 < 7a® ~ 4;
2) 16x% — 8xy + 24° > 0;
N3G-H<b((+ 1),
HYp-DE+1D-@-3)@+3)>3@" +p)
2.5.° oBexniTsy, 1mjo:
1) konna >6,10ae*-6a"+a-63>0;
2) komu a > b, 1o ab (b — a) < a® - &°,
2.6." IlomexiTs, mo Komm x > 4, To x° ~ 4x* + 2x — 8 2 0.
2.7.° JloeeniTes, 1o NPy BeiX 3HAYEHHAX 3MIHHOI € IPABUIRHOK He-

2
. 1
ismicTs —— < 2.
4 i e
2.8.° losenits, mo Koau a < b, 10 a<a;b<b.
a+b+c

2.9, HoexiTs, mo konm a <b <g¢, T0 @ < 25 <e.

2.10." JloseniTh, M0 PN BCix 3HAYEHHHX 3MIHHHX € OPABUILHOKIO
HepiBHiCTB:
a*+ b +6a—4b+ 18 > 0;
2) x* — 2x + y* + 10y + 28 > 0;
8) 2m? — 6mn + 9n”* — 6m + 9 > 0;
Hat+b*+F+12>24(a+b+o)
5) a®b® + a® + b* + 1 > dab;
6)2a*+ ¥ +c*>22a b+ o)
2.11. JlosexiTh, IO OPM BCiX 3HAYEHHAX 3MiHHMX € IOPABUILHOIO
HepiBHICTE:
1)a®+ b* — 16a + 146 + 114 > 0;
2) x*+ ® + 10 > 6x — 2y;
3)c? + 5d" + 4cd — 4d + 4 > 0;
Ha’+b¥+c*22(@+b+e)- 3.
O=w 2.12." Jlosenirts, mo xoxu a € [0; 1], To a > a°.
O=w 2.13." Noseairs, mo xomua > 0ib >0, 1o a® + b° > a’b + b%a.
Ow 2.14." Mosenits nepisuicts a* + b* 2 a’b + b%.
O~w 2.15." Nosenirs, ugo:

a _a+k,
1)K03H0€a<b,k}0,'ros-<m,

F asa+k
2)komua 2b>0,k>0, TO b>b+k'
15
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§ 2. NOBEAEHHA HEPIBHOCTEWM

2.16." Hoeezits, mo npu OyAb-AKAX 3HAYEHHAX X, § i 2 xoua 6 oguH
3 supagie x° + 2xy + 2%, y* + 2yz + 2%, 2° + 22x + y® nabysae
HeBlA EMHWUX SHA4YEHbD.

O—w 2.17." osenirs, 1110:
Dromrx<liy<l,roxy+12x+y;
Qromux21liy21l,roxy+12x+y.

O 2518.' HoBexits, 1110: ;

1)%92{1—&, ne b > 0; 2)3—2>3a-—2b. zea>0,b>0.

: 3 4 348
2.19." Hoeexite, mo ko x > 0iy > 0, To x—ﬁr% > %3
X

O=w= 2.20." Ilosenits uepiBnicTs " ' + 5" > a0 + b"a, ne n —
HellapHe HATYpaJbHe YHCJIO.

O=w 221 llna a > 0, b > 0 gosexiTs HepipricTs a" "' + "1 >
> a"b + b"a, ne n — napHe HaTypaJbHe YUCIIO.

O—w= 2.22.° Jlosegits, mo npu b > 0 BUKOHYETHCH HepiBHiCTH

3
a b
i e T
a®+b? = 2

2.23." Hoexmits, mo npu a > 0 i b > 0 BHKOHyeTHCA HepiBHIiCTHL
& 5 b < 2

b+2a2 a+2b 3
2
O—w 2.24." [loBenits, mio Konnx>0,y>0,'roa?+

b, @)’
y o x+y
O—w= 2.25. Bigomo, mo x € [0; 1]i y € [0; 1]- Hosexits, mo
1 1 < 2
1+x° 1+y* l+ay’
2.26." MoseniTs uepienicts a® + a® — 4a® + a®* +1 2 0.

2.27." Hosenits HepiBHicTs x® + x% — 2x® + 2 + 1 > 0.
2.28." Hosexirs, mo komm a = 0, b 20, ¢c 2 0id > 0, 10

J@a+o)@® +ad) > Jab + Jed.

O—w 2.29." [lorexiTs, mo upn n € N BUKOHYeThCH HEDiBHICTH:

1) 2Jn-2Jn-1> 1 . 2) 2v’n+1f2\j;< : ;
Jn n
2.30." Hosexits, mo koaiu a > 0, 5> 0, ¢ > 0, T0
A e R - 1 1 1 3
2 B e aib Brr ewe aibie
2.31." HoeexiTe, njo xonu x € [0; 1]1iy € [0; 1], TO
= g ¥ g
1+y 1+x
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2. OCHOBHI MeTOAW AOBEOEHHS HEPIBHOCTEN

a_ . b a+b .
l1+a 1+b 1+a+b
2.33." Hoseaits, mo konma > 0, b>01¢ >0, TO

a b c
a+b b+c c+a
2.34." Nosenits, mo ko a > 0, b > 0, ¢ > 0, T0
aib+b3e+c:a e
2.35." {oseaits mepiBnicTs a' + b* + ¢* + d' > 4abed.
2.36." losexiTy HepismicTs (a'b' + 36) (4a* + 9b*) > 144a'd".
2.37.° losexite, mo konn a » 0ib >0, roa (1 + b°) + b (1 + a’) > 4ab.
2.38." loseniTs HepisnicTs x' + 4y' + 5 » 8xy.
2.39." JTomexits, mo Ko y > 0, To x* + 4° + y + 2x° + 1 > 8xy.
2.40." oeenits, mwo koau b » 0, To a* + b* + b + 1 > 4abd.
2.41." Jlosenits uepisnicTs a® + b* + 1 > ab + b + a.
2.42.° loseniTb HepiBnicTs 4a® + b* + 1 > 2ab + 2a + b.
2.43." Nosegite, mo ko a > 0, b > 0ic > 0, T0
P () | : [ | 1
E+3+;>UE+7;+7;.

2.44." Jlosegits, mo ko a » 0,5 > 0, ¢ » 0, To

2.32." Noeenits, mo ko a > 0i b > 0, To

],

a+b+e > Jab +be + Jea.
a\’ (6 (c\.a e b
2.45." loBeniTe HepiBHiCTD (E) + (E) + (;) > —+ T
a\' (b b (
2.46." loseniTe HepiBHiCTH ("5) + (;) ( ) 2 =

2.47." Nosepits, mo xonm a > 0, b >0, ¢ > 0, T0

ib£+£+9£>a+b+c.
a b c

2.48.” Bigomo, uo a® + b° + ¢* = 1. Josexirs, mwo
(@a-6"+@b-¢f+(c—-a)<3.

2.49.” Bizomo, mo xy > 2. osegirts, mo (x — 2)° + (y + 2)* > 8.

2.50." JoBexniTh HepiBuicTs a’ + b* +ab >3 (@ + b — 1).

2.51." Jlosenits, o npu 6yab-sKWX BHAYEHHAX 4, b i ¢ xoua 6 ogHa
3 HepiBHOCTel a —b® < -:— b-¢*< -}, c-a*< i € MPaBUJILHOK.

2.52.7 IloBenits, mo npu Gyab-AKHAX no.r(ammx 3Haqenuax a; b ie
xoua 0 ogna 3 HepiBHOcTe# a(l - b) < —, b(l-0) i 1’ c(l-a)< i
€ NpaBUILHOIO,
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§ 2. NOBEOEHHA HEPIBHOCTEW

gl €L,

2.53.” Hoeexnits, mo ko x > 0iy > 0, To

Lyt yrext xy
2.54.” Hoseaits, mo gomm x > 0, y > 0, z > 0, 10
2 2 2
Pt 251,
x“+2yz Yy +2xz 2" +2xy
2.55.” Hoeexits, wokonu a > 0,6 >0,c>01 %+%+%=1, TO

a b c 1
+ + <=,
a?+b? B +e? P+a® 2
2.56.” BigomMo, moa >0, b>0,e>0iab+bc+ac>a+b+c.
Hosenite, mmoa + b +¢ > 3.

2.57.” Bigomo, moa > 0,b>0iab = a + b. Hoseaite, moa + b > 4.
2.58." HNosexits, mo koau x € [0; 1]1i y € [0; 1], To
(x+y+ 1) >4+ ).
- : i 1 1 1
2.59." HosenitTe HepiBHicTE TR R 2, ne n € N.

2.60.* Hopexnits, wo ko x > 0,y > 0, z2>0ixyz=1, o
_xi.k _Ez_ + zxz - 1-
2+2 yPP+2 42

2.61.* Ilosezits HepinicTh @’ + b* +c* +d*+ e »(a+ b+c+d)e.

2.62.* JlopexiTs HepiBHicTs (n!)° » n", xe n € N.

1 2 n

‘é‘i"!’ﬁ"' es +(n+1}:

2.64.* Hosegite HepiericTs 1+ 11 + 22!+ .. + n-nl < (n + 1), pe
ne N

2.63.* HoseaniTs HepiBHiCTE <1, pene N,

. i 1 1 1
2.65.* JloBeqiTh HepiBHICTE — + — + ... + <1, nrene N,
Hoseat P &y gy O
. S o 1 8 .b 2n-1 1
2.66.* [loBeniTe HEPIBHICTD —+=+—=-...* < , lene N,
. " 1 3 6 2n -1 1
.87.% =.2.2. " ik
2.67 I{onemmnepmmcrbz e = >-2-7: peneM,n>1
2.68.* [loBexnits HepiBHiCTH
J2n+1-1

1 1 1
+ #uwe » sen e N,
31+:J_2 J3+34 J2n—l+~f2;> 2 8

2.69.* oseniTe HepiBHiCTB
V2n

1 1 1
- + ...+ < , nene N,
Ji+v2 J3++4 o1+ 2
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3. HepiBHOCTI MiX cepeHIMK BenuumHamu. HepisHicte Kowi—byHakoscekoro

HepiBHoCTi MK cepeaHiMu BenuYnHamu.
HepigHicTb Kowi—byHakoBcbKOro

2 2
3HadeHHA BHpPasiB /2 ;b N “;b, Jab, - 2 T HasMBAlOTEH BiA-
- + -
a b
MOBiHO CEPeNHIM KBAAPATHYHUM, cepelHiM apu(pMeTHYHHM, cepel-
HiM TeOMETPHYHHM, CePeHIM rapMOHiYHHM uuceln a i b.
11i BeIM9MHN HASHBAIOTH «CepefHiMH», OCKiMbKH Tpr 0 < a < b

BHKOHYIOTHCH HEpiBHOCTI:

a2 2
a ;" <b, a<“;b<b, a<+Jab<b, a<

2
i D
3B’A30K MiMX «cepejHIiMH» BHDAXKAIOTH TAK1 TPW TEOpeMH.

Teopema 3.1. ITpu 6yde-arux sanavennax a i b 6ukonyemoves

HepigHicMmb
a®+b* _a+b
o LIS Lo *
\‘ > > ")

OJoBeneHHs. Maemo:
‘a2+bz>2ab;
2a* + 2b* > 2ab + a® + b
2a® + 2b* > (a + b)%;
a®+b® _ (a+b)®,
e

a? + b? J(ub)’_
(5> e,

a® +b® >|a;b[_

' 2

2,2
Ockinbkn |a + b| > a + b, To "g__;b_>a;b_ A

Saygarnamo, o B HepiBHOCTI (*) piBHiCTB JocATraeThbeA ToAL # Tink-
Kn Toxi, konu a = b i a 2 0. Hoeexits neit paxt caMmocTiitHo.

Teopema 3.2 (HepiBHicTty Kowi ansa gBOX uMceaa)
Ilpu 6ydv-axux Heeid’emMHux 3HaAYEeHHAX a i b eukonyembvea He-
pienicmb

a<

<b.

22b . =

JdosepneHHs. Posrnaxemo pisHumio nigoi i npasoi yacTue HEPiB-
HoeTi:
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§ 2. JOBEAEHHSA HEPIBHOCTEW

a+b avb-2vab  (Va-b)
T'JE: 2 = z

IIpu Gyaep-AKHX HeBiA'€eMHHX 3HAYEHHAX a i b 1A -pisHnUA Ha-
OyBae HeBif'eMHHX 3HayeHb. OTiKe, HEPiBHICTH, L0 ZOBOAHTHLCH, €
npasunbHOW. A

SayBa)Kumo, 10 B HepiBHocTi (*%) piBHicTE AocAraeTbcA TOML
i TineKH ToAi, Koo a = b i a # 0. JloBeniTs weil paxkT camocTiiiHO.

Hacainoxk. Axwyo a > 0, mo a+i 2 2, npuvwomy a +% =2
modi i minbxu modi, konu a = 1.
HosepnenHsd. o ronpatHux uncen a i —:; 3aCTOCYEMO HepiBHicTH
Konri:
a+ l

e — ] a-lz—-l. 3Bigcu a+EB2
2 a a

PiBRiCTH focAraeThes TOAL # Tinbky TOxi, Konu @ = %. 3 ypaxy-

BaHHAM TOTO, IO @ > 0, oTpumyemo a = 1. A

Ilpu pose’ssyBaHHi 11iJiol HUBKHK 3asa4 Yy nonepejHbOMY MYHKTI,
a TAKO} NpH JoBefieHHi TeopemMu 3.1 MU BUKOPHCTOBYBAIH HEpiB-
Hicts @° + b® > 2ab. 1[0 HepiBHICTL TAKOX MOKHA PO3rAAJATH AK
Hacaizox 3 mepisaocri Komii. Cnpasai, ockinekn a® > 0i b* > 0, 1o
MOX<HA 3aNMCATH

2 2
"—;i > Ja?b?. 3sigen a*+b* > 2va%?® = 2| ab| > 2ab.

Teopema 3.3. Axwyo ab > 0, mo
Ja_bkl—z—l. (*¥%)
ath

HoBenennda. fAAlkmo a < 0ib < 0, T0

121<0 i Jab>o0.

=+
a b

V npomy pasi HepiBHiCTH, L0 AOBOAUTLCH, CTAE OYEBHUAHOIO.
Hexait a > 0 i b > 0. 3acrocyemo HepiBHicTs Kowi go pomarHux

yucen 1 i 1:
a

o

: |

=+

e b5 1,1 __1
2 a b :;ﬂb.
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3. HepiBHOCTI Mix cepeaHiMK BenuynHamu, HepisHicTb Kolwi—byHAKOBCLKOrO

Ockinbpku o6uABL YacTHHE ui€l HepiBHOCTi npu a > 01 b > 0 na-
OyBaloTh J0IATHUX 3HAYEHb, TO CIIPABEIJIHBOI0 € TAKA HEPiBHICTH:

121<J£5.A

= 4+
a b
3ayBa)kuMo, 10 B HepiBHocTi (***) piBHicTE mocATaeThHCH TOAL
# TineKku ToAai, konu a = b i a > 0. Joseaits neit GaxkT caMocTiiHO.

Teopemu 3.1-83.3 nossoasoTs AINTH BUMCHOBKY, 10 npu a > 0
ib > 0 e cipaBeAIMBHM TakuMil NAHIIOMOK HepPiBHOCTEH:

a?+b _a+bh 2
’_>_>,[ >
2 2 " d

1
a+b

IIpoimocTpyeMo 3acTocyBaHHA TeopeM 3.1-3.3 Ha npuUKIagax.

NPUKNAL 1 Hoeexith HepiBHiCTB
Je2+ (@ -y)? +JA-x)? +y* > V2.

Pose’azanna. CropucraBmIuch HepiBHicTIO (¥), MOXMKHA 3anmucaTH:

Je2+@-yp? =2. M%.:ﬂi;\/ﬁ.%ﬂ;
Ja-x2+y =2. ’QJ)}tﬁ;Jﬁl‘%y_

3eincu
Jr2+ @ -y +JA-x)%+y® > Jﬁ(x+;—y+l_;u)= V2.
NPUKNAL 2 Iosexits, mo ko a > 0ib > 0, To

(a+ %)(m%):t 4.

Pose’asanna. 3acrocoByloun HepieuicTs Koii, Modnsa sanucatu:
1

a+--->JE;
2 b
b+l b
— > =

2 a
i 1 a 1 b §
3BLaCH a+3>2J; b+a DZ\E. Toni

(a+%)(b+%)>4‘]§-‘!§=4.



§ 2. JJ.OBE.EI.EHHFI HEPIBHOCTEM

I'IPMKJ'IAJJ, 3 BuaitaiTe Raitbineime snavenun Bupasy ab, AKo Bigo-
Mo.moa:-(),b>0i2a+b 3.

Pose’nzannsa. Maemo: § 2a2+b>v'2a 3eizcu 2a <

9
< =,
ab 3
OcTagHA HEPiBHICTS INEe He N03BONAAE 3poOUTH BHCHOBOK, L0 HAii-

Oinbiue sHavyeHHs1 BUpaay ab gopisuioe E Heobxigso Taxox moka-

3aTH, IO iCHYIOTH TaKi sHauyeHHs a i b, npu axkux ab = —g-

¥ sanwncaniii HepiBaocTi Komi ana uncen 2a i b pisHicTs mocsara-
€Thes e ToAl, Konu 2a = b. Tenep norpi6Gui anavennd a i b MoxxHa
3HAWTH, PO3B’AABIUM CHCTEMY

2a = b,
2a+b=3.
3sigck a = Q' b= g
Omxe, Halibinbine sHaUeHHs Bupasy ab aopiBHIOE %.
nPUKNAL 4 ,Ilone,ui-rb, oo ROJIH a>0,b>0,¢>0, 10
b* 2
bc+ca+ab>a +b%+ch
Poazé’azanna. Maemo: 5; +be 2 2" - be = 2a’. Bsigcn
4
2_ > 2a% - be.
be
Mipkyoun aHANIOrIYHO, OTPUMYEMO, I110
4
b » 2b* —ca;
ca
C‘ 2
— 2 2¢° — ab.
ab

BacTocyBaBIIM TEOpeMY IIPO MOYJEHHe AOJABAHHA HepiBHoCTell,
OTPUMYEMO:

E+£+E > 2a® +2b? + 2c¢* —ab-bc—-ca =
=@+b+c)+@+b'+c*—ab-be - ca)>a’+ b+ .
Tyr Mu cxopucTamucs TumM, mo a’ + b* + ¢ > ab + be + ca (zus.

npurIag 5 m. 2).
NPUKNAL S Bigomo, mo a > 0, b > 0, ¢ > 0. [osexith HepiBHicTb
- b i 3

b+e c+a a+b 2
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3. HepigHOCTI MiX cepefiHiMu BennyHamm. HepieHicTe Kolli—byHAKOBCLKOTO

Pose'aszanns. BeeneMo mosuaveHusa: b + ¢ = 2x, ¢ + a = 2y,
a+ b=2z

Beigcm a +b+cec=x+y+z,a=y+z-x,b=x+z-y,
ce=x +ty—2

b c yrz—x xt+&-Yy x+Yy-—=2
M = oy + = + + =
W B0 orh G+b 2x 2y
=—1-(£+~——1+ __1+_x_+_g 1)
2 z

A y __E lx z 3)
2(y+x+ (z ) 2 2
3_3

s
i 2+- 2+- 2-3-3-2-32.
I'IPHI(.I'!AA!‘,U,OB@MTL..moxonnx>1,y>1,2?11%+é+§=%.

o Vx-1+y-1+Jz-1>38.
Posze’azanna. Banumemo HepiBHicTh (*%%) y Takomy Burasgi:

Jab > 2ab g
a+b

Maemo: vx—1=J(x-1):13

2(x-1-1 _22-2_, 2
~1+1 x x’

Mipkyoyu aHAJOri4YHO, OTPHMYEMO, IO
# 2
\/ -122-=,
v y
Jz-1 >2—3.
To;u\/_l+\/y—1+\~‘ 1>26- (2 4 2) 6 - 2‘—=3

Teopema 3.4 (uepisnicTe Komi—Bynakoscbrkoro).
ITpu 6y0b-AKUX 3HANEHRAX G ) Qg 100y @ bl, bz. e bu 6UKOHYEMbCA
HepisHicmb

(@b, +a,b, + ... +a b)) <(a} +ai+..+a>)(b] +b] + ... + b))

Nema. Axwo xeadpamuul mpuunen ax® + bx + ¢, de a > 0,
npu gcix anavenuax x nabyeac nesid’ emuux 3Havensv, mo ozo duc-
kpuminaum D nedodamnud.

HdoBeneHHd. [Ipunycrumo, 1o AR AAHOIO KBAJAPATHOIO TPH-
uwnena D > 0. Togi KB&,I[])&THHH TPHYJIeH Ma€ JBa PisHi KOpeHi X, i x,
i MO’KHa aanucaTh ax” + bx + c=a (x — x,) (x — x,).

3a ymosow a (x — x,) (x — x,) # 0 npu 6y,u5—au0my 3HaYEHHL

o . x +x
#MiHHOI X, a OToKe, i OpH x = —12—3
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§ 2. JOBEAEHHA HEPIBHOCTEN

Oziwoemen Jlyi Kowi Bixmop Aroeuy
(1789-1857) Bynakoscviuii
BunaTenit dpasnyssxui (1804-1889)
MaTeMaTdK, ABTOP IIOHAaZ Bugareuit mMaTeMATHK
800 HayKOBHX Ipalb. XIX er, Hapoauses Ha Binnmu-

yuHi. ITporArom Gararsox pokina
6y Bime-mpesugenToMm Ilerep-
Oypaskoi akajemii Hayk. [

T T T S

x1+xz_

2

xz) 2 0. 3sincu

Maemo: a(xl ;xz *xl)(

a(x,—x)(x =2)>0. (1)

Ockinexu @ > 0 i (x, — x)) (x, — x,) < 0, TO HepiBHiCTH (1) e

HenpasuibHOW. OTae, npunylueHud opo te, mwo D > 0, takox He-
npasuibae. A

Hosenenns teopemu. fAkino a, = a,=..=ga = 0, To He-
piBHiCTB, IO AOBOAMTHCH, € OYEBHAHOIO.
PoariameMo BUNaZOK, KOAM Xoua 0 ofHe 3 YMCeN @, @, ..., &,

He popieuioe 0. .
IIpu Oyap-AKOMY 3HaYeHHi 3MiHHOL X BUKOHYETHLCA HepiBHiCTb
(@ x—b) + (g x-b) + ...+ (ax~b) >0.
Iljo HepiBHICTHL MOX(HA mEPETBOPHTH [0 TAKOTO BULJIAAY:
(a?+a2+...+a*)x* -2(apb, +ab, + ... +a b ) x+ bl +bl +...+b 5 0,

Jlisa yacTuHA OCTAHHBOI HePiBHOCTL — 1@ KBAAPATHHII TpuulIeH
3 MOAATHHUM cTapIIuM KoedinieHToM. Lleit kBagpaTHHII TpHUUuJeH HA-
OyBae HeBix’¢MHHX 3HAYEHL NPH OYVAb-AKUX 3HAYEHHAX 3MiHHOI X.
Orxe, 3a nemoto iforo auckpuminanT D HejopaTHHIL.
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3. HepiBHOCTI MixX cepeHiMu BenuymnHamu. HepiBHicte Kowi—ByHAKOBCLKOro

Maemo:

D=4(apb, +ab,+...+ab ) -4(al +aj +... +a?) (b + b} +... +b7).
Ockinexn D € 0, To g
(ab +ap, +..+ab) <(al +al+...+a’)(bf +b; + ... +b7). A

flkmo a, = a, = ... = a, = 0, 10 pisnicts y nepiBHOCTI Komi—
ByHAKOBCHKOro A0CATa€THCA npu OyAb-AKUX 3Ha4eHHAX b, b,, ..., b,.
Posrnsanemo BUnafok, Konu xo4ya 6 ogxe 3 wmces a,, a, ..., a,

He gopisHIOE 0.

ITokaxxemo, mo B HepiBHocti Komi—ByHakoBcbkoro piemicre
AocAraeTbeA ToAi #H Tinebku Toxi, KoM icHye Take uMcno k, mo Bu-
KOHYIOTBCS PIBHOCTL

b,=ka,b,=ka, .., b =ka,. (2)

Jlerxo moxasaTH (3pobiTe Le caMOCTiiHO), [0 KOJMH BHKOHYETHCH
ymoBa (2), To HepiBhicTe Kowui—ByHAKOBCBKOro IEpeTBOPIOETHCH
Ha piBHICTH.

Hosenemo obepuene Teepmxentsa. Hexail

(@b, +apb, +...+ab) =(a?+al+...+a?)(b? + b} +... +b?).

Ile osHavae, 110 KBAJpaTHe PiBHAHHA
(a?+a+...+a?)x*~2(ab, +ab, + ... +a,b)x +b  +bi + ... +b2 =0
mae equnuii Kopiab. Hexali ueil xopine gopisuioe k. Toxi uneno k €
KOpPEHEM piBHSIHHSA

(@ax-b) +(ax-b) +..+(@x-b)=0.

OTKe, BUKOHYIOTECH piBHOCTI

ak=b,ak=b, ..,ak=b.

O=w= NPUKNAL 7 Hosenirs uepienicTs
(@, +a,+...+a,)’ <n(a’+a’+...+a?).

Pose’szanns. 3acrocoBywun Hepisnicts Komi—ByHaKoBesKoro,
JanuuoiemMmos.

@ +a,+..+a)=(@-1+0,°1+..+a-1) <

<(af+a;+...+al)A*+1*+...+1%) = n(a] + af + ... +a?).

n pognexis
3 moBemeHOI HEPIBHOCTI MOXKHA OTPUMATH TAKy HepiBHiCTB:

e +az3+..+a; @ +ayt...ta,
n .n
Bupasn, sanucali B aiBiit i npasiit wacTunax uiei HepiBHOCTI,
HASHBAIOTH BIANOBIOHO cepefHiM KBaapaTHIHHUM i cepeanim apud-
METHYHHM yucel a,, @, ..., a,. lla vepisnicTe € ysarambHeHHAM

nepisaoceri (¥).
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§ 2. IOBEOEHHA HEPIRHOCTEW

NPUKNAL 8 Jlns pomatuux umcen a, b i ¢ gosenirs HepiBHiCTB:
(a® +b“+c’)(-};+~1—+ l) >(@+b+e)

Pose' asanna. Jlo uabopis uncen {a Ja; byb; eVe) i [7]'-, lb’vl-)
a

sacrocyemo HepiBHicTs Komi—-ByHsakoschkoro:

((ada) + 6B) +(ed8) )[(T)[ ] (L “];

(af b ch
e B N

; e e A __) 2
3sigcu (@’ +b +C)(a+b+c Z(a+b+c).

NPUKNAL @ Poss’sixkite pisnarna V3x +Vx?-8x+1=2[x-1|.
Pose’'nzanna. llepenmmuemo nipy wacTVHy piBHAHHA TAK:

V3 -Vx +1-Jx?-3x +1.
Ho Habopis (Jg, 1) i (J;, vxt —3:c+1) 38CTOCYEMO HepPiBHICTBH

Komi—Bynakosebroro:

(J§-JE+1-M)2 e((Jﬁ)“uz)((JE)ﬂ(M)z).
3Bincn (\/?Ei-m)g < 4(x®-2x+1);
|J5+m|<2|x—l|;
JBx +Jx" - 8x+1<2|x-1|.

¥ njit mepiBHOCTI piBHiCTE gOCAraeThed TOAL i TINMBKKH TOAI, KOIH
icHye Take ducio k, mo

{J__k\/_ . 3BiacH J— _.___._._"'xz_a‘m'_
1=kVx?-32+1 1

OrprnaHe PiBHAHHA PiBHOCHIbHE 3aJaHOMY.

L _x*-8x+1, [3x*-10x+3=0, |*
Maemo: 13
x;o; x>0 X

Bidnosidv: 3; %—

=

]

1
5

3.1." IomeziTs, mo koau m > 0, x > 0, y > 0, To mx + f}; > Jay.

3.2." Bigomo, mo xy = 1, x > 0, a > 0, b > 0. [losenits HepiBHiCTE
ax +by = 2Vab.

26



3. HepiBHocTi MI)K cepenmmu Benmnnaum HEpIBHIch Kotwi— 5yHHKOBCbK0r’O

3.3." Ilna noparHux 4ucen @ i b nosexits HepisHicTs ﬁ + 221’ 2 g
3.4." Ilna nopaTHUX uucen X i y noBeAiTh HepiBHicTH _3_ ¥ 2-":(’x g

3.5.° llopexits HepiBHicTs (x + y) (xy + 16) > 16xy, ,ue x20,y>0.

3.6.° Nopezits, mo xoam a > 0i b > 0, To (a+ b)(% + -};) = 4.
3.7." IowexiTs, mo xonu a » 0i b > 0, 1o (a@* + b) (b° + a) > 4a%*.
3.8.° lopeniTe, mo koau a > 0, b >0,¢>0, 0

(a2 + L)(p*+ L)(c*+ L) >8.

3.9." Hoseairs, mo kot x 2 0, y 2 0, To (x + 1) (v + 1) (xy + 1) > 8xy.

>+Ja® +3.

2
3.10.° [ToBemiTs HepiBHiCTH _ 2+ 4

x>+ 6
4

3.11." ToseniTe HepiBHiCTH >Vxt+2,
3.12.° Ilpu a > 0 gosexniTs HEpisuicTs 2(:1 + %)+ a® > da.

= 1.

3.13.° ToBexiTe mepiBHicTh Xx° + +1
x

1 1
I
a®+2 bl
3.15.° Bigomo, mo a’ + b* = 1, ¢* + d* = 1. Hoseairs, mo | ac + bd | < 1.
3.16." Bigomo, mo a® + b® =1, ¢* + d* = 1. llosenirs, mo | ac — bd | < 1.

3.17.° Josexith HepiBHicTs V1 +a® -1 +b% > |1+ab).

3.18.° llano: a® + b* + ¢* = 1, ' + y* + 2* = 1. Jlosexits, mo -1 <
Sax+ by +cz<1.

319" Nano: a2 + B2 + 2 =1, 2* + B + 22 = 3. Josegits, mo

—J{)_’éax+by+cz<sf§.

3.20." oBeniTs, mo KOMH A0OYTOK ABOX AONATHUX YHCEN € CTaJHNM,
70 ix cyMa Gype HaliMeHiuow ToAi, KOnW ui yucna pisxi.

3.14." IloeaiTe HepiBuicTs a® +b* + -5

4.21." openiTh, 10 KOJHM CyMa ABOX AOMATHHX YHCE] € CTAJIOK, TO
ix nobyTok Gyme HalOinwLIIMM Toxi, KOJMM mi uMcaa piBHI.

3.22" Bigomo, uwo ¥ > 0 i xy = 12. 3uaiigits naliMeHme 3HaAYEHHNA
Bupasy x + 3y.

4.23." BuaiiziTe HaiiMeHIlle 3HAYEHHA BUpasy Sa + 2b, akmo a > 0
iab=10.
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§ 2. JOBEAQEHHA HEPIBHOCTEM

3.24." 3uaiigiTe Halibinpiue 3HaueHHHA BMpasy xy, axkmo x > 0,
y>0ix+ 3y=86.

3.25." Bigomo, mio a > 0, b > 0 i 3a + 4b = 24. 3uailigiTes Halibinbme
3nauenHs supasy ab.

3.26." 3naiifiTs HallMeHlUe 3HAYEHHA BUpasy X° + — 16
x

3.27." Bigomo, mo x > 0. BHaiiaiTs HalMeHIIe 3HAYEHHS BUPasy

x* +10x + 16
e

3.28.° 3uaiigiTe HaNOiAbIIE 3HAYEHHS BUDPA3y 2 f i axmo x > 0.
X" +

X

3.29." 3uaiiaire HaOLIbIIE 3HAYEHHA BUPA3y —5————.
4x" +3x+1
2

a“ +2 - 3

3.30." lloexiTs HepiBHicTH
a®+1

." HoBexiTy HepiBHiCTE <=,
+6 2

2
a® +3 il
a’+ 2
3.33. Bigx?mo, moa, >0,a,>0, ...,a, >0, aa,..a, = 1. Josenits
HepiBHICTH

. . R a’+5 1
3.31 " =
3.32." losexiTs HepisHicTH

1+a)(l+ a)..1+a)> 2"

3.34.° NoseniTs, mo ko a > 0, b > 0, ¢ > 0, 10
h+c+c+a+a+b>6.

a b

3.35.° losenits, wo konu a >0, b>0,¢>0,d > 0, To
a5 b
E+c+d+—>4

8.36." Ina nopaTHUX umucen a i b goBenirs HepiBHicTH
2 z
a b+ 1 i b* +1 >4.
3.37." llna pomaTHUX 4yuHcen a i b noseaiTs HepiBHIiCTD
@+1* (b+1)2 > 8.
Rl a

3.38." Bigomo, mo a € [0; 1], be [0; 1], a+b > -;— Hoseaite HEpiB-

miers \(1-a)(L-b) < 2.
3.39.° Bigomo, mo | a | € 1 i| b | < 1. Jlosexits HepiBHicTb

ab+Jd-ad)A-b?) < 1.
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3. HepiBHOCTi Mk cepegHiMun BenuumMHamu. HepieHicTb Kowwi—BYHAKOBCbKOro

3.40." Binomo, mo a + b = 1. Jlosexits, mo a? +b% > %
3.41. Bigomo, mo a + b = 2. losenits, o a* + b* > 2.
3.42. Ilosenith, mo konu a* +b* =2, r0|a + b| < 2.

3.43." Bigomo, moa > 0, b>0,¢c>0ia + b + ¢ = 1. JloBenits He-
ab bc ca 1
< &,
a+b+b+c+c+u 2
3.44." Jlosenits, 1mo |a J1-p? +b\’l—a’|< 18

PiBHICTH

3.45. Nosexit, mokomu x + y + 2=1, 10 2+ y?+2% > %
3.46." Bigomo, mo a, + a, + ... + a, = n. losezits, wo

al +a;+...+ak>n.
3.47. Nosepits, mo kom a* + b* + ¢*=1, 10 |a+b+¢|< V3.

3.48." Buaiigite Halibinpine 1 HaliMeHllle 3HAYEHHA Bupasy 3x + 4y,
axmo x + y* = 1.

3.49." BnafigiTe HaliMeHme sHauenHsA Bupasy a’ + b®, skmo
ba — 12b = 13.

3.50." Josenits HepiBHicTh (1 + @ + a® + @*)* < 4(1 + a® + a* + a°).

3.51." lioseniTh HepiBHicTs (a' +b' + c‘)(aiz + b_lz + clz) >(a+b+c)

3.52." Nosenith, mo ko a >0, b>0ic >0, To
(a+b+c)(—};+%+%) >9,

3.53. Ina pomaTHUX YHCEN a,a, ..,a, AOBEMiTh, 110
(@, +a,+... +an)[—1~ et i) >n?
a a, a,

3.54.” JloBeniTh HepiBHICTHL
(@+c)b+d) <va'+b* -Je? +d? + Ve + b Ja? +d2.
3.55." osenits, wio komm a + b + ¢ = 3, T0
V3a+1++8b+1+3c+1<6.

11.56.” NosexiTh HepiBHicTL V22 +5 +va -3 +V25-3a < 9.
3.57." Poas’skiTh piBuanus 2Vx -1 +5x = J(x” +4)(x + 24).
3.58." Ilosexits, mo komu x° + y* + 2 =44, 10| 3x -y + z| < 22,

1.59." Bigomo, mpo x* + 3y + 2° = 2. [losenits HepiBHicTH

[2x+y—z]<4J’§—.
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§ 2. LOBEAEHHA HEPIBHOCTEN

- " A b
3.60.” Joeenity, mo ko a > 1ib > 1, To —deer + >4,
Jb -1 Ja -1
3.61.” Nosexiry, wo ko a > 0ib > 0, 10
(a +b) a_2+_lg >a b +ba.
3.62.” Bigomo, moa > 0,b>0ia + b= 1. [osenirs, mwo
(a+1)l+(b+ -1—)= 28
b a 2
3.63." losenite, mo ko a » 0i b > 0, 10

Vet +1+vbP+1 22Ja+b.

3.64.*% [loBeziTe HEPiBHICTH
J@+b-1)% +2¢% + J(b+c-1)* + 2a* + Jle +a—1)* + 2b* > /3.
3.65.* Ha croponax AB, BC, CD i DA kpaapara ABCD siznosigno
TiosHaYMAM TOUKH M, N, P i Q. [loseaiTs, mo nepuMeTp YOTHPH-
kyTEEKa MNPQ He Menmuit Bia cymu alaronasieit kpaapara.
3.66.* [osenite, mo xoom a > 0,b>0,c>0ia+b+ec=1, 10
Ql+a)1+b)Q+e)280-a)(Q -1 -0).
3.67.* Bigomo, mio x > 0, y > 0, z > 0. JloeegiTs HepiBHiCTH
x? v’ 2 1
y+z Tarx x+y 4 -2—(r+y+z).
3.68.% Nlosexite, mo kojm a > 0, b>0,¢> 0, d > 0, To
o108 18 64
&b e @ * a+b+c+d’
3.69.* llosenith, wo ko a > 0, b >0, ¢ > 0, T0

a b c
Hb+c+0c+a +Ua+b e

EheKTUBHI NPUIAOMM lOBEAEHHSA @
HepiBHOCTEN -

Maﬁapian ABOX NonepeiHiX nNyHKTIB nepekoHye Hac y TOMY, IO
Haibiapll e(peKTHBHHM METOAOM AOBefieHHA HepiBHOCTeH € 3acTocy-
BaHHA paHinre goBeAeHoi HepiBHoCTI.

Armo 3a A0noMoOrow AesAKol HEPiBHOCTI MOXHA NOBECTH Iimy
HH3KY iHIIMX ikl CKIAIHHX HepiBHOcTel, TO Taky HepiBHICTHL Ha-
3MBATHMEMO KaI0490B00, Tak, nepisnocri a” + b* > 2ab, a® + b* + ¢* >
Z ab + be + ac, HepiBHOCTI MiX cepeaHiMH BeIUYnMHAMM, HEPIBHICTD
Komi—ByHsakoscbkoro, 6€3yMoBHO, MOKHA BiffHECTH A0 KJIOYOBHX
HEepiBHOCTEH.
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Konu 3pobneHo ypoku

Y upomMy NYHKTI BM O3HaWOMHTECh IIe 3 KiNbKOMa KJIOYOBHMM
HepiBHOCTAMH.
V sapaui 2.18 su noBenu HepiBHicTh

a
T)2a—~b, aeb >0 (*)

3ayBaxunmMo, 110 B HepiBHocTi (¥) piBHiCT AOCATaETHCS JTHILIE IpH @ = b,
1lokanemo, WIo 110 MPOCTY HEPIBHICTE MOXKHA BiJHECTH 10 KIIOY0BHX.

NPUKNAA 1 (npuxaax 2 n. 2) Jlopeaits, mo Koau a > b > ¢, 10
a® b?
a- b+b—
Pose’aszanns. 3 ymonn BunuBae, mo a—-b>0ib—c > 0. Toai

>a+2b+e.

=a+b,

-b—é 22-Mb-c)=b+c.

BaysaxkuMo, w0 piBHOCTI @ =a — b i b = b — ¢ BUKOHYIOTECH OfI-
HOYACHO JHINe 3a ymMOBH b = ¢ = 0. ToMmy B 3allMCAHHX HepPiBHOCTAX
PiBHICTL OJHOYACHO JOCATATUCH HE MOXKe.

: az bﬂ
3sigcu _b+3——->a+b+b+c=a+2b+c.
npl'ﬁ"khjinﬂ (mpuxaaz 4 n. 3) HoseniTe, mo ko a >0, b> 0ic >0,
4 4
TO +-t-’-—+ > a®+b%+c%
bc ca ab
Poze'ssannn. Maemo:
2,2
L_ = @)’ 2 _
e o 2 2a° - be,
_’i (bz) > 2b2
ac  ac
-l 2 2
£_L > 2¢% — ab.
ab
b‘

1
3Bigcn —-+~—+——32¢1“+2b’+2r’~ab bt -ca=
bc ca ab

=@+b6°+cAH)+ (@ +b" +c®-ab-be—ca)>a’+ b+
NPUKNAL 3 (3.67Y)
Bigomo, mo x > 0. y > 0, 2 > 0. loBexiTe HepiBHiCTH
2
PO A

y+z 2+x x+y

> -;-(x+y+z).

"'V sapaui 3.67 w0 Hepismicrn Gyno 3anpolOROBAHO AOBECTH 3a JONOMOrOI0
nepinnoeri Kowi - Bynsikosebkoro abo nepiBnocti Komi.
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§ 2. NOBEAQEHHA HEPIBHOCTEN

Poszé’azanusn. Axiio HepiBHiCTS (¥) 3acTocyBaTH TAKMM YHMHOM:

2
.
>9%—y—

e 2x—y-—2,
yE
z+x>2y—z—x,
2

z
x+y?22 X,

TO OTPHMaEMO

2 2 2
X 43 4 %2 S0 -y-2+2y-2-24+22—-2-y=0.
y+z z+x x+y

Are Juia Takoro pesyaeTaTy He NOTpiGHe sacTocyBaHHA OVAb-AKUX
KIHY0BHX 3a1ad4y.

TIpore 1e ve 03Hauae, MO HepiBHIiCTL (¥) HezacTOCOBHA AJA HAHOrO
OPUKIATY.

£ d.en .1
+z 4 y+z}4(4x y-2:

AnRajoriTHO MOKa3yeMo, L0

Maemo:

2
ome . o
z+x 4(4_!,-' &=

2
2 1
x+y>4(4z x—-y).

Tenep 3a OIIOMOroK0 TEOPEMH IIPO IIOYWIEHHE JOAABAHHA HEPIBHO-
cTeil OTPHMYEMO NOTPiBGHMIT Pe3yIBTAT.

HepisricTs (*) moxxua ysaransuuru. Hacnpasal € cnpaBeisinBoi0
Taka HepiBHiCTE:

(n—k):—:z'-na""‘—kb“'*, pene N, keN,n>k,a>0,b>0.

Oxpemuii BUnajok uiei HepiBHOCTI, KON n = £ + 1, a came He-
pPiBHiCTE

+1

I
“bk >(k+1a—kb, neke N,a>0ib>0 (**%)

BH 3MOKeTe JoBecTH B . 24 (3agaya 24.17).
3asHauuMo, 1m0 B 3aaayi 2.18 B foBenn o HepiBHicTh 414 N = 2:

a8
—3—53311-21:, nea>0ib=*0
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Konu 3pobnero ypoku

MPUKJIAL 4 Nosenits, mo ko a > 0, b>0ic >0, To
a 4
—+b—+—-— 2 —a+2b+2c.
b 8
Poae’azanna. 3actocysasuiu HepiBHicTb (*%), sanuinemo:
2
a
— 2 —b,
3 2a

?
2:>8b -2,
C
I’.“'
—'§ )4‘-“_30.
a

Sa HIIAAOCA 3aCTOCYBATH TeOpeMy Npo IodJeHHe JoJaBaHHA He-
piBHOCTEH.

V sagaui 2.24 Bu goBenu Taky HepiBHiCTB:

2 2
L i »Aex>0,y>0
X x+y

3aCTOCOBYIOUH I[}0 HEPIBHICTH, HECKJIAJHO AOBECTH HepiBHiCTh:

2
b c >!a+b+cg ,Aex>0,y>0,2>0 (¥*%)
x y z X+y+z

N[aemo‘ o<l + } .(G_'Fbﬁ M.
X y xX+y 2 xX+y+z
HepiBHaicTs (**%) € kaioueM go PO3B’ABAHHA 1iN0l HU3KH HENpPO-
crux sagad. PoarasHenmo npuxaajgM ii 3acTocyBaHHS.
Hacammepes; Mokaemo, AK, BUKOPUCTOBYIOUK HepiBHicTe (*#%),
MOJKHA JIOBECTH BaKe Bijomy Bam (aue. sagady 3.67 i npuxnazg 3 nporo
ITYHKTY) HepiBHiCTS.,

NPUKNAL 5 Bigomo, mo x > 0, y > 0, 2 > 0. [loseairs uepisHicTH
IZ 2 22
Rt
y+z z+x x+yY
Pose’azanna

g o Gpent ergrw)

y+z 2+x XxX+Yy yY+z+z+x+Xx+y 2(x+y+z}
NPUKNAL 6 Nosenits, mo xomu a > 0, 6> 0iec >0, To
b c a
+ 21
2a+b+2b+c 2c+a

>2x+y+a).

(x+y+z)

Pozs’ asanns
b c a b ¢ a*
+ = “+ + =
2a+b 2b+c 2c+a 2ab+b®> 2bec+c®  2ca+a’
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§ 2. NOBEJIEHHA HEPIBHOCTEN

- (a+b+e)? =(a+b+c)2=1
a’+b% +¢° +2ab+2c+2ac  (a+b+c)?
I'IPVIKHAJJ. 7 Ilns gojaTHHX YHCeN X, Y, Z JOBefiTh HepiBHICTh
2 P 2 P 2 > 9 A
X+y y+z z+x x+y+z
2 2 2
Posg’ssannn. —2—+ —2— 4 2 =2( Y e ]?
xX+y y+z z+x xX+y y+z z+x
a+1+1)* 9
X+y+y+z+z+x x+y+2z’
ITicos Toro sk 3a gonoMoroo saaadi 2.24 My JoBenn HepiBHICTS (%),

[IPUPOJHO BHCYHYTH IPHIIYILEHHH, [0 MAE Miclle TAKA HEePiBHICTH:
2 2 2 2
ﬂ_'_ﬁ_'_ +£1>(x,+xz+...+xn)

Yy Y, Y+ Yyt ..ot ly,
Ie Y, Yyr +-+» Y, — AOAATHL YHCHA.
Bu maBuynTecs A0BOAUTH TAKI HepipHOCTI B 1. 24 (auB. 3ajauy 24.12).

Hxmo B ocranHilt HepiBHOCTI moknacru x, = a b, x, = ab,, ...,

22

xn = anbn’ yl F blg’ yz = b:, ey yn o, bf’ TO OTPHMEEMO:
aib} " azb; | b afpf S (ab +ah, +.. + anbn)z.
e K % bl +b3 +...+ b

+ab, +...+ab )’
bf+b22+...+bf

(af +af+...+a2) (b} +b; +...+b2) > (ab, +ab, +... +a,b,)"

: a,b
3sigcn af +aj +...+a’ > @

TaxuM YHHOM, OTPHMAHO L€ OJWH clrocid JqoBefeHHA HepiBHOCTI
Komi—ByHAKOBCBKOTO.

4.1." Hoeeaits, wo koo a > 0, b > 0, ¢ > 0, 10
2 2 2
&Y 4+ darbre
b c a
4.2." (2.54) Hoseaits, mo xomu x > 0, y > 0, 2 > 0, T0
x! yﬂ z!
5 +—3 +—5 2 1.
x“+2yz Yy +2xz 2" +2xy
4.3." HNosegits, o ko a > 0, b >0, ¢ > 0, T0
i 1 4
a b

C
—+—=+—=>a+b+c.
¥ £

4.4.” [lna gopaTHUX 4ucen X, Y i z goBexiTh HepiBHicTE
3 3 3
L 2522420
I R ;
4.5.” Bigomo, mio @ > 0, b > 0, ¢ > 0. loseaiTs HepiBHiCTHL
2 2 2
a b c a+b+c
>
b+2¢ & c+2a o a+2b 3
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Konw 3pobneHo ypokm

4.6.” loseaite, mo konmun a >0, b>01ic¢ >0, 10

a® b® & < ibtei0®
b+c c+a+a+b> 2 g
4.7.” Bigomo, mo a > 0, b >0, c > 0id > 0. JloBeaits HepiBHicTH
a® i b? 4 c? " d’ a+b+c+d-
b+c+d c+d+a d+a+b a+b+c 3
4.8." llano: a > 0, b > 0, ¢ > 0, a* + b*> + ¢° = 3. [loBeaiTs, wio:
1 1 1 3

1+ab+1+bc+1+ac>2'

4.9." oseaits, mo koau x >0, y >0, z > 0, T0
x ¥ z ik

x+2y+3z+y+2z+3x+z+2x+3y}2'
4.10.” (mpuxaax 5 n. 3) loseairs, mo xonmu a >0, b>0ic >0, T0
a b c 338
b+c c+a a+b 2
4.11.* Bigomo, wo x € [0; 1], y € [0; 1], z € [0; 1). HoeeaiTs He-
piBHiCTB

(x+1)y+1)(z+1) > J8(x+ )y +2)(z+x).

4.12.* Bigomo, o x € [0; 1], y € [0; 1], z € [0: 1]. HoseaiTs HepiB-
HieTh
x v z
2+yz Yoz +2+xy oL
4.13.* Bigomo, mo x € [0; 1], y € [0; 1], z € [0; 1]. NoseziTs Hepis-
HicTB

1 1 1 < 3
l+x+yz l+y+2xz 1+2z+xy x+y+2z
4.14.* JToeeaith, mo komu a > 0, b >0, ¢ > 0, TO
1 g 1 i 1 N
a®+b®+abc B +c® +abe c®+a® +abe abc’
1.15.* Hosexite, mokomm a 20, b>20,c>0ia+b+c=1, 10
a ( + c®) + b (c* + a®) + ¢ (@® + b®) > 2abe.

4.16.* [Toeaite, mo konun a > 0, b >0,¢c > 01iabc=1, T0
1 % 1 = 1 1 1 1
a@®+c®) b(+a®) c@+d’) a+b b+c c+a’

1.17.* Jlna popaTHUX uwuceJ a, b i ¢ goBeniTe HepiBHiCTL

a®+b® B +c? c“+as> b
T 3tz gtz —37a+o+e
a“+b° b°+¢° c¢“+a
3 3 3
oo b ¢ a+b+ec
4.18.* JloBeaire HepiBHicTh + +
&’ it efad 2 ’

nea>0,b>0,c>0.
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§ 2. NOBEAEHHA HEPIBHOCTEN

4.19.* Bigomo, ujo x € [0; 1], y € [0; 1], z € [0; 1]. HoeeaiTs, wjo:
1 1 1 1 1 5!
1+xy 1+yz 1+zx)1+x?+ +

14y 1+2°°
4.20.* [loseaiTe HepiBHiCTH Lpdop b g 0 9 <2Vn, neneN.
N NI Jn
& . 1
4.21.% NNopexits HepiBHiCTBL ! ek L S >2Vn+1-2,
5 ¥ = A e e

2
pene N,
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- KBAOPATUYHA
OYHKLIA

H DyHKUin

¥V NOBCAKAEHHOMY MXUTTI HAM YaCTO AOBOAMTLCHA CIIOCTEpiraTH
[IponecH, y AKHX aMiHa ofHie] pennynny (Heaanemuol 3MiHHOI) Ipu-
SBOAUTL 0 3MiHM iHIIOl BeawuMHHU (3anesnHol sMinHol). BuBdenuns
uux nopounecisB nmorpebye cTBOpeHHA ix MaTeMaTH4YHUX Mogeineit. On-
HIEKW 3 TAKUX HAWBAMAMBIIINX MOZejel € yHxIig,

3 nuM MOHATTAM By o3Halomunuca B 7 xaaci. Haranaemo it yrou-
HYMO OCHOBHI BifioMOCTI.

Hexait X — MHOMUHA 3HAYEHB HesaNeHoI aMinuol. OyHRIia —
ue NPaRWIOo, 32 AOMOMOTOI0 AKOI'0 34 KOMKHMM 3HAYSHHAM He3aIeHoL
3MiHHOI 3 MHOKHMHM X MOMKHA 3HAWTH €AUHE 3HAYEHHN 3AJIEHHOL
3MiHHOIL.

Baseuyail HezaNeKHy SMiHHY MO3HAYAIOTH OYKBOWO X, 3aJI€KHY —
OyxBolo y, dyuruio (mpasuno) — oyxsoio f. Kamyrs, no sminaa
y QYHRIiOHANBRHO 3AJeKUTh Big sminHol Xx. Ile# daxT nozsagawTh
rak: y = f (x).

HezanexHy aMiHHY Ie HasUBAIOTE APTYMEeHTOM (pyBEIiT.

MHOKHUHY Beix 3HAYeHb, AKMX HabyBae aprymMenT, Ha3uBarTh 00-
JgacTo Bussavenss gynxuil i mosHauawTs D (f) a6o D (y).

Tax, obaacrio BuaHayeHusd obepHeHol mponopuiliHocTi Y =§ €

muosuHa (—oo; 0) U (0; +oo). Taxox moxxua sanmucatu D (y) = {x €
cR{x#0}a6oD(y)=R\ {0}.

V hysxuioHanbHil 3a/1€KHOCTL KOKHOMY SHAYEHHIO APTYMEHTY X
HADOBiZAE IeBHe BHAYEHHSA 3aTeKHOI 3MiHHO1 Y. 3HAYEHHSA BaICHHOL
JMIHHOI IIe Ha3UBAIOTE 3HAYeHHAM (GYBHKNIT i A1a GyHKUii f nosHa-
1m0Th f (x). MEOXUHY BCiX 3HAYEHD, AKHX HAOYBac S4JI€lKHA 3MiHHA,

'"A\B={x|xe Aixe B
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§ 3. KBAAIPATMHHA OYHKLIA

HasMBalTHL 06sacTIo 3HaYeHb dyrkuii i nosnavanTe E (f) abo E (y).
Tak, obnacTio 3Ha4YeHb QYHKLIL ¥ = JVx € muoxuHa [0; +eo).

Enemenramu MuoxxkuH D (f) i E (f) moxyTs OyTi 06’eKkTH Haiipis-
HOMaHiTHiIOI npupogH.

Tak, AKUI0 KOXKHOMY MHOIOKYTHHKY IIOCTABMTH V BiAMOBIAHICTH
iioro mijouy, TO MOXXHA TOBOPUTH Npo GyHKui0, 061acTE BUBHAYEHHA
AKOI — MHOXXHHA MHOTOKYTHHKIB, a o61acTh 3HAYeHE — MHOXKHHA
JOAATHHUX 4YMCEeJI.

Hxwo KoxxHIN JOAWHI IOCTABMTH YV BiANOBIAHICTL HeHb THXKHSA,
Yy AKWii BOHA HapoguJacs, TO MOXXHA roBoputi npo dyekio, obnacte
BH3HAYEHHSA AKOI — MHOMHHA JIOJei, a 00JacTh 3HAYEHE — MHO-
JKHHA AHIB THXKHSA.

V pasi konmu D (fyc Ri E (f) c R, dyskuio f HasuBaoTs uuc-
JIOBOXO.

Axmo muoxkuEN X i Y Taki, mo X = D (f)i Y = E (f), To dyuxuio
f Taxkoxk HasuBaioTh BimoGpaskemnsM MHOxMEHM X HAa MHOKHHY Y.
CioBa «BigobparkeHHs» i ¢(yHKNiA» € cuHOHiMamu. IIpore Tepmin
«BigobpakeHHA» YACTiIIe BUKOPHCTOBYIOTH TOAI, KOJH NpH 3ajaHHi
(dyHKUi] X09yYTh HArOJOCHTH, AKiI MHOXKMHK € ofsacTioO BUBHAYEHHHA
i obaacTio 3HaueHbs. Hanpukaaza, HymMepanisa eleMeHTIB JesKol 3Ji-
YeHHOI MHOKHHH — 1ie BigoOparkeHHA 1€l MHOKHHN Ha MHOXKURY N,

Ha pucynky 5.1 npoimocTposaHo BifofpakeHHA MHOMHHEHM X
Ha MHOKHHY Y (TOYKAMHK IO3HAYEHO eJeMEeHTH MHOMKHH).

X f X ®
g
-
a) 6) 8)
Pue. 5.1

Bipobpaxenna f npmHHHNOBO BiapisHAeThcA Bin BinoOpaeHs
g1 @ (puc. 5.1); y BigobpamenHi f KO)KHMH eleMEHT MHOMKHUHK Y €
BiANOBigHMM essKOMY €AuHOMY eseMeHTy MHOKHEA X. Take Bigo6pa-
}KeHHsl HA3HBAKOTh B3AEMHO OJHO3HAYHHM BimolGparxeHHAM MHOMKMHH
X Ba mMHOXMHY Y.

MYyHKLII0 BBAMXKAKOTH 33JaHOI0, AKINO BKasaHo ii obsacTe BHBHA-
YeHHS 1 NpaBUJIo, 38 AKUM MOJKHA 38 KOXXHHM 3HAYEHHAM He3aJIesKHOL
3MiHHOI 3HAHTH 3HAYEHHSA 3aJIe’KHOI 3MIHHOL.
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5. DyHkuUin

MYHKIII0 MOXKHA 3aJaTH OAHMM 3 TAKHX cIocobis:

® OITHCOBO;

® 3a AONOMOroX0 (POpMYJIH;

¢ 3a gomomoror Tabmuii;

« rpadidHo.

PoarnageMo KijnbKa npukaajais ¢GyHkuiii, 3anaHlx olHCOBO.
KoxuoMy painioHaJLHOMY 4HCAY NOCTABHMO YV BiamnoBigaicTs
uucao 1, a koykHOMY ippanioHansHomy — 4ucao 0. @ynxkmnio, 3a-
JaHy TAKMM YMHOM, Ha3UBaThL Gyrkuicio Jipixie i nosHavyamwTs

Y =D (x). [Tunryts:
1, akmio x € @,

D(x) = {
0, axmo x ¢ R\ Q.
Tyr D (y) = R, E (y) = {05 1}.
Kossomy ailficHOMY 4MCay X OCTABMMO ¥ BiANOBiAHICTE HalbiNbIIe
mijsie uMciao, AKe He IepeBHINye YHcao x. 3amaHy (yHKIi0 Ha-
3MBAOTh LiJ00 YACTHHOIO YMCJIa X i nosHayalors y = [x]. Hanpu-

wiag, [V2]=1, [21=2, [V2]=-2. Tyr D () =R, E () = Z.
Koxuaomy ailficHOMy uHcay X MOCTABHMO Yy BiATIOBiZHICTL PiSHMILIO
x — [x]. Bagany QpyHKIiO HA3HBAIOTL APOGOBOIO YACTHHOK THCIA

x i mosnayarots y = {x}. Hanpukaag, {V2} =v2-[V2] =2 -1,
2)=2-[2)=2-2=0, {2} =2 -[-V2] =2 -(-2)=2- 2.
Tyr D (y) =R, E (y) =[0; 1).

Koxxromy Bia’eMHOMY umcClly IMOCTaBHMO y BianomignicTe ume-
J10 —1, KOXKHOMY AOAATHOMY YMCIYy — 4yHcao 1, Bymo — uucno 0.
(DyHKIiI0, 38JIaHY TAKUM YHMHOM, HAZMBAIOTH CHTHYM (BiJ JaTHHCE-
KOro signum — 3HAK) i mo3mayaloTs § = sgn x.

IuyTh:

-1, akmo x <0,
sgnx =40, saxup x=0,
1, saxmo x > 0.

dnauenHa niel dyukuil xapakrepusye 3HaK BianosigHoro apry-
MEHTY.

3ayBaskuMo, mo x+sgn x = | x |

Posrnamemo dyHKIilo f, v axkoi D (f) = N. Beaxarumemo, w0
[ (n) = 1, AKkuio AeCATKOBHMN 3anuc yuciaa 7 micturh n uudp 4,
10 BAYTE nocoias, i f (n) = 0, AKLIo Hei sanuce Taxkol BI1acTHBOCTI
e Mae, 3pepHEMO YBAry Ha Te, IO MH He 3HAEMO, YOMY JOPiBHIOE
[ (10 000 000 000). Ilpore obnacTs BU3HAYEHHS 1 IpaBHIIO 3ajaHi,
wrice, 3a4aHOI0 € H caMa PYHKIIA.

39



§ 3. KBALPATUHHA OYHKLIA

Hatiyactime pyssnio sagawTs 3a gonomoroin dpopmyian. fAxio
P OBOMY He BKa3aHO 00JACTh BH3HAYEHHHA, TO BBAXKaloTh, 10 00-
JIACTIO BU3HAYeHHA (YHKII € ofsacTe BUSHAYEHHSA BHPA3Y, AKHM
BXOAHuTE A0 dopmynu. Hanpuknaz, axwoe dbyekuis f sagasa popmy-

a0 f(x) = 71—, TO 11 061aCcTI0 BU3HAYEHHA € 061acTh BHSHAYECHHHA
x-1

1 ;
BHpa3 » TobTo mpomiskok (1; +ee),
- il

3HayeHHA ofHiel GyHKUII MOXKYTh CAYryBaTH 3HAYEHHAMH apry-
meHTy iBmoOl pyHKIi].

Hanpukaaz, poarasaemo GyHKLI f(x)=2x - 1ig(x)=x*+x+ 1. Tom
fE(xN=2g(x)-1=2("+x+1)- 1=2x"+ 2x + 1. Omxee,
MOXKHA TOBOPHTHM, o (hopmyna y = 2x° + 2x + 1 sagae Qpysxmio
y=1f(g ).

Axmo sHaveHHAMK apryMeHTy GyHkuil [ € snavenHs QyHKIII g,
TO rOBOPATH, 110 3agaHo ckaajneny dyuxuio y = f (g (x)).

IcHyloTh dyHKnii, ski Ha pisHux nigMHoKHHaX obnacTi BH3HA-
4JeHHA 38Jal0ThcA pisaumu Qopmynamu. Hanpuknazn,

[ axuo x < 1,
¥ 2x ~1, akmo x > 1.

Taki ¢pyHKOI] HABHBAIOTL KYCKOBO 3aJaHHMM.

Cnoci6 sagapEA GyHKUIl OAHICH 9 KiNbKoMa (dopMyJaMM Ha-
3UBAITE AHAJITHYHHMM.

Y THX BHOAJKAX, KOau 06JacTh BU3HAYEHHSA GYHKIIL € CKiHueH-
HOIO MHOMKHHOIO 1 KiibKicTe 1I eJIeMeHTIB He Ay3Ke BeJIAKA, 3PYYHO
BUKOPHCTOBYBATH TAOJMuYHMil cnocib samaHHa dyuknii. 1leit coocib
JOCUTE 4acTO BHKOPHCTOBYIOTHL Ha mpaktuni. Tak, pesynbrarom
3anucy CIIOCTePeXkeHb 38 SAKOK-HeOyAb XapaKTePHCTHKOK TNpomecy
(TemmepaTypow, MBHAKICTIO, THCKOM i T. 1.) € Tabauusa, AKa 3amae
BianoBinHy ¢yHKOi0 3as1e>KkHOCT] iel BeJIMYMHHU Bij vacy.

Haragaemo ozeauenus rpadika pynkmii.

Oszsauennusn I'pabdikom uncnosoi dyukuii f HasusaroTs reomer-
puuny bdirypy, sxa CKIAANAETHCH 3 yeix THX i Tidbkm TRX TOWOK
KOOpAMHEATHOI NJOmMHH, alcuMcH AKHX [OPiBEIOTH 3HAYEHHAM
apryMeHTy, a OpAMHATH — BiAnoBiauuM snavennam ¢pyuxuii f.

CkazaHe 03HAYAE, IO KOJM AKack dirypa e rpadikom dyHKIii f,
TO BHKOHYIOTBCS ABI YMOBH:
1) axmo X, — pesiKe 3HAYCHHH apTYMEHTY, a T (x) — piamorinae
3Ha4YenHs (PyHKNil, TO TOUKA 3 KOOPAMHATAMM (X3 f (x,)) ua-
JIeIKUTD rpadiky;
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5. QyHKUis

2) axmo (x;; y,) — KoopAuMHATH AOBLIBHOI TOYKHM rpadika, TO X,
iy, — BiANOBiHI 3HAUEHHA HE3ANEIKHOI i 3a/1€KHOI 3MIHHUX
dynkuii f, Tobro y, = f (x,)-

dirypa Ha KOODAMHATHIN JumoinHi Mmoxke 6yTu rpadikom geskol
(ynxuii, axmo Oyae-AKka npaMa, DepHeHJUKYIsAPHA A0 oci abcnuc,
mae 3 miewo ¢irypoio He 6ineire ojgHiel cninbuol Toukn. Hanpurnaxn,
KoJI0 He Moke OyTH rpadikom xoAHOI (yHKIII.

I'padiunmii cocid sagaHEA (HyHKIIL IIMPOKO 3aCTOCOBYETHCA NP
JocaiaenHi peaJbHHMX mpoleciB. IcHyioTs npunagm, AKi BHAAKOTH
obpobueny indopmauio y surasagi rpagikis. Tax, y MeguuuHl BH-
KOPUCTOBYIOTE eneKTpokapaiorpad. Ilei npunan pucye xpusi, fki
XapaXTepusyioTh pofoTy cepis.

H

g

i

Enexrtpokapaiorpag
a4



§ 3. KBAOPATUHHA OYHKLLIA

V Tabnuni HaBegeHo (pynkii, axi su suBYagm v 7 i 8 Knacax.

5 Obnacts g
DyHKOiA s O6acTb 3HAYEHB I'padik
axmo k # 0,
TO (—oo; +o0), KO k = 0,
y=kx+b (~o0; +o0) ro obnacTh 3HAYEHD nmpama
CKJIAJAETHLCHA 3 OHOrO
yucaa b

y=%, k#0|(-=; Q) U(0; +=)| (-3 0) U (0; +=) |rinepGora

yex (o005 +e2) [0; +e0) napa6ona
i BiTKa
y=s ) (054 napabosu
nMPUKNAQL 1

BHaiiaiTe 0671acTE BUSHAYEHHS QYHKUIT ¥ = \/x%(x —1).
Poag’aszanna. O6nacTh BUSHAUEHHA Liel QYHKOIT — Le MHOMXKHHA
poas’askie mepisHocTi x% (x — 1) > 0.
e : . |[%*=0,
115 HepiBHiCTH PiBHOCHIBHA CYKYITHOCTI
x-120.

Beigeu D (y) = {0} U [1; +oo).

- NMPUKNAA 2 3uaitaite o6sacTe 3HauyeHb QYHKLil y =

1+x%°
Poze’asanna. Hexait a € E (y). Toai sapaua spoguTECRH /10 3HA-
XOZ’KeHHH BCiX 3HAYEHL NAPAMeTpA @, NPH AKNX PiBHAHHA 3 & ;=@
b

Ma€E po3B’g3KH.

Ile piBHAHHA piBHOCHILHE TAKOMY:

2x = a + ax?, aBigkn ax® - 2x + a = 0.

Axuro a = 0, To orpuMane PiBHAHHA Ma€ Kopiub x = 0.

Armo a # 0, TO e piBHAHHA € KBaJPATHHM, 1 HaaBHICTE KOpeHiB
BHaHauaeTbes ymorow D 2 0.

Maemo: D = 4 — 4¢°. BanuaeTsea poas’ a3aT HepisHicTs 4 — 4a° > 0:

4a*< 4,a"°<1,|a|< 1.

Omxe, E (y) =1-1; 1).
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5. (Dymcum

NMPUKNAL 2 Mlobyayiite rpadik QyHKmii }‘ g} +
v =[] ’_O '

Poge’asannsa. Hexaii x € [k k + 1), ne
k € Z. Toai sa o3HadeHHAM N0l YaCTHHH
uucna [x] = k.

Tenep spoaymisio, mo ana nobyaosu nryka-
noro rpadika noTpibao 0b6nacTk BUSHAYEHHA
(DVHENIT poafuTy Ha IPOMLXKKY BUAY [k; &+ 1),
ne k € 7. Ha xoxHOMY 3 IUX OPOMiIXKIB
suavenHs ¢ysknil y = [x] e crannm i gopisnwe k.

ITyxauuii rpadik sofpaeHo Ha PHCYHKY 5.2.

NPUKNAL 4 Ilobyxnyiite rpadik dyrkuii y = {x}.

Poze’azanna. CrnouaTky IOBefeMoO BaJMBI BAACTHBOCTI misol
i gpoboBoi YaCTHH yuCIA.

% fIkmo k € Z, to [x + k] =[x] + k.

Hexait [x] = ¢. Toni 3a o3HaveHHAM Iinoi YACTHHH 4YHCJA
c<x<c+ 1. 3pigenc+k<x+k<(c+k)+ 1. Omxe, [x + k] =
=c+k=[x]+ k.

% fAxkmo k € Z, To {x + k} = {x}.

Maenmo: {x + k}=x+ k-[x+ k]=x+k - ([x]1+ k) =x —[x] ={x).

Hosenena BaacTHBiCTL APoGOROI YACTHHM YHCAA AO3BOJISE CTBEP-
JUKYBATH, [0 HA KOXHOMY 3 NpPOMIiXKKIiB
nuay [k; k + 1), ge k € Z, rpadix dyEKOIL
y = {x} mae ogHaxoBuii Burasag. ToMmy HOCHTH
1obyxyBsaTH oro, HampuUKJIaj, Ha IPOMIMKKY
10; 1), a noriM oTpumany Qirypy «posMHO-
HIHUTH»,

Arxmo x € [0; 1), o [x]=0i{x} =x —[x] =

x, Tobronpu x € [0; 1) y = x.

MMykauuii rpadix 300pa’XeHo HA PHUCYH-

Ky 3.3.

NPUKNAL 5 Buaitgite dyukuio f raky, mo D (f) = R i ana 6yae-
nioro x € R BuKOHyeThca yMoBa [ (2x — 1) = x*

Posze’azannn. Hexait 2x ~ 1 = t. 3Bigen x=-‘~%~1-. Toai

[t = (t+1)

2
Mu BCTAHOBHJIH, IO KOJHM (PYyHKOIA [, AKa 3a0BOALHAE YMOBY
2
[ (2x ~ 1) = x°, icHye, To BoHa Mae Burasy f(x) = (" w 1) . SaMMIIH-

nocst TIOKa3aTH, o0 3HaiieHa QYHKIIA 3aJ0BOJLHAE YMOBY 3ajmavi.
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§ 3. KBAAPATUHHA OYHKUIA

Maemo: f(x) = (x +1)=.

p
2
Toai D () =R i f@x~-1) =[12"_—21Lt1) =2

5.1.° KoxxHOMYy HaTypaJbHOMY unchy, 6insmomy 3a 10, axe menmo-
my Big 20, nocTaspau y BifnoBigHicTs ocTavy Bix Ainennsa nporo
yHcsa Ha 5.
1) flxym cnocoboM 3ajiano w0 Hpyurniw?
2) fIxa oGsacTek 3HAYEHb Lliel GyHKUii?
3) 3apaiite mio ¢pyHKIi© TabauyHo.

5.2.° Mano ¢yuruii: f (x) = [x], g (x) = {x}, ¢ (x) = D (x). 36aiigiTs:
1) £(3,2). 2(3,2), 9 (3,2); 2) 1 (-8,2), g (-3,2), 0 (-3,2); 3) 7(3),
2(¥3), o(v8); 4) 7(-V3), g(-v3), o(—3).

5.3." Ha pucynky 5.4 so6paxeso rpadik dyukuii y = f (x), Busnagenoi
Ha npomixkky [-4; 5]. Kopucryouncs rpadikomM, sHaliaiTs:
1) £(-3,5); F(=2,8): 7 (1) T (2);
2) sRavenHA x, py AKX [ (x) ==2,5; f(x) =—2; f (x)=0; f (x) = 2;
3) obnacTb sHaueHb (PYHKIIIL.

o T T . -
- L

5.4.° 3uaiiniTe, He BUKOHYIOUHM MoOYyI0BH, TOYKH IIEPETHHY 3 OCAMH
KOOpAHHAT rpadika GyHKIii:

1) f(x)=%x—7; 3)g(x)=9-x%
2) f(x)= A% 9o ()= +2x-3.
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5. OyHkUin

1.9." BHalifiTh, He BUKOHYIOUM 106Y0BH, TOUKN [IEPETUHY 3 OCAMH
xoopauHAT rpadika ¢pynxuii:

1) h (x) =9 - 10x; 3) s(x):i:*z

+2

2)p(x)=4x*+ x - 3;

5.6.° Naro dysKLi0
. A e 3x -1, Ao x < —-1,

f(x)={x"-5, axmo —1<x <4,
i 18 AKNO X # 4,
Buaiigite: 1) f (=3); 2) f (-1); 3) [ (2); 4) [ (6,4).
(9, sAKkmo x < -3,
5.7.° ITo6yayitre rpadik dyuxuii f(x) =1{x% axmo -3<x <1,
| x, #AKIo x > 1.

s

—%. KN X < -2,

5.8, Ilobyayitre rpadix dynaknii f(x)=1-x, sxmo -2<x<0,
Jx, axmo x > 0.

5.9.° IlobyayiiTe rpadix pyrxuii y = sgn x.

5.10.° 3uaipits obnacTs BusHadyenHd PYHKIIT:

1) f(x)=Va-2+ 22 3 () =Vx+8+ 5
- . _Nx-4 4x -3
2) f(x)_lx _7’ 4) f(x)_\/x+2+12—7x+6.

2.11." Brafigite 061acTs BusHavennd QYHKIIIL:

1) f(x)=ﬂ"x+4+xi1; 2) f(x)zJS—-x+x2f

5.12.° 3uaiigiTe o6nacTh 3HAYEHD HYHKLII:

1) f(x)=Jx-1; HDfx)=|x+2|+2;
23 flx) =6~ 5) f(x) = V-x*;
3)f(x)=-T; 6) f(x)=vx—-2+J2-1x.

5.13." Braitnite obaacTh sHAYEHs DYHKII:
Df@=2+3% 2 f@=6-vx 3)f@)=(x).

5.14.° Tano dyuxnii f (x) =1 - 8x i g (x) = x* — 1. Banaiite pop-
MyJ0i0 yHKIi0!:

Dy=fG+1;  Dy=f@©E  Hy=17 @)
2) y=eg(L); HDy=g¢ @5 6 y=21e @)
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§ 3 KBAHPATH‘-IHA fDYH KLHFI

5.15." Iano dyrrmii f(x)=Vx+1 i g (x) = x* - 2x. Bagaiire dop-
myno0 GyHKIi0:
) y=7f@3x) y=1f(g ) ) y=1f(f(x);
2)y =g (—x) 4)y=g(f () 6) y = g (g (x)).

5.16." 3azmaiite ¢opMynor #AKy-HeSyabr (yHKNIO, ofnacTio BHSHA-
YeHHS AKOl €:
1) muokuEa mificanx uncesn, Kpim uncen 1 1 2;
2) MHOXXHHA BCiX 9Hces, He MEHIIHX Bij 5;
3) MHOXKHMHA BCiX umces, He Giapmnx 3a 10, xpiM uncna —1;
4) MHOKHHA, KA CKAAJAETHCH 3 OJIHOTO uyfchna —4.

5.17.° Snai&m'rb ofnacTe BUBHAYEHHA TA NodyayiTe rpadik Gyrkmii:
2
1) f@=2218; g 1= 3 fm=-5-3.

+4 —6x -9
5.18. BHaﬁm'rb ofsacTs BUBHAYEHHSA Ta noﬁy,uyn're rpat]mc GyHKOil:
1) fn) = Etdzed, 2 f@=%.

5.19." ®ysxnio f 321810 ONNCOM: KOMMHOMY 11JIOMY YHCAY IOCTABIAEHO
¥y BifrioBifiHicTs ocTauy Bij AiNeHHHA LLOro YHUcsaa Ha 3. 3HAUAITH

f (2), f(0), f (-17), f (21). 3nadigite E (f). Dosenire, mo f (x) =
= f (x + 8) pna 6yap-axoro x € 7.

5.20)." PyHKLi0 g 388H0 ONMHCOM: KOXKHOMY I[iNOMY YHCNY IOCTABJIEHO
V BignoBigHicTe OcTauy Big AimenHas unboro yucna Ha 4. 3HaMAITH
g (3), £ (0), g (-21), g (32). Buaiiaits E (g). Hoseaits, mo g (x) =
=g (x + 4) nna 6ynp-axoro x € Z.

5.21.° 3uaitgiTe obaacTh BusHAYEHHA QYHKIL:

1) y=Ja-[x +x—1§: 1) y=Jx+1[x-3)
1

1
2 =\ﬂ -3 - 5) y= 3
)y x' +Jx+l } ¥ ;;x’(x+2)
3) yz\‘(x—l)’(x—2; 6) y = \sgnx.

5.22. 3uaiigite obnacTs Bu3HaAYeHHA DYHKIII:

1) y= 31( ‘+x—f—§; 1) ¥ =g+ 9 (x-3);

2) y=7|;1|—_T+ x+4; 5) yz\[ix+5|(x+2};

3) y= 2 ; 6) Yy = ———.
;;(x +1%(x +3) :;sgn x
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5. QyHkujna

5.23." BmaiiaiTe obracTs 3HAYEHbL QYHKIIL:

i = N 8x+1, e 9
Ny=3x*-2x+1; B ¥=g 5 B) y=x+_.
Dy=-2x"+3x-4; 4)y= Il
24." 3unaiigiTs ofiacTh 3HAYeHB (YHKILIL:

e ; —2x-1, 2 1
Dy=568x"-x+1; 3)y el 5 vy 4x+x.
Dy=-3c-x-2 Hy=-—

2
5.25." Tlobyayiite rpadix dynsuii y=(Vix + 27 x) —x® - 4%,
5.26." Bigomo, uo D (f) = [-1; 4]. BuaiigiTe obnacTs, BU3HAYEHHA
(hyHKIII:
Dy=7(=x% Jy=fA-xx  By=f(xk
2)y = f @) Hy=1E) 6) v=1(2).
27.7 Bigomo, wo D (g) = [-9; 1]. Braiigite of1acTs BH3HAYEHHS
DYHKII:

Dy=g@x+1); 3 y=g@; 5) y=g(Jx);
2) y=g(§x); HYyy=g(=x|; 6) y=g(-}c-).
5.28." 3Buaiigits obnacTs BUsHAYEHHS (QYHKILIL:
D =565 3) y=s 5 y=yD@-1
2)y—ﬁ 4) y=J-2 (@
5.29." BmaiigiTe 06s1acTh 3HaUeHb (QYHKNIL:
1)y =2 ([x]: 2) y =2 ({x})s 3) y = xD (x).
(.” Buaitaite 061acTh 3HAYEHB QYHKILIL:
1) y =[D () 2)y={D ()}
5.31." IloGyayire rpadik GyHKIII:
Dy=92®@ ) y={x 3) y=v1-[«].
5,327 Hobyayiite rpadik Qpyurmii:
1) y = [{x}l; 2) y = J{xi({x} - D.
5.33." IloGyayiire rpadik pyrKIil:
1) y =sgn (x + 1); 2) y = sgn (1 - x9).
G007 HoBypyitre rpadik dysruiis
1) y=sgn (1 — x); 2) y = sgn (x* - 4).
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§ 3. KBALIPATUHHA OYHKLIA

5.35.” ®dyuKLig 3agaHA ONHCOM: KOXKHOMY LiJIOMY YMCAY [IOCTABJIEHO
V BiinoBifiHicTE OCTaYy Bij AiMEHHA KBajgpaTa LLOrO YMCIA HA 5.
Iobyayiite rpagix uiei QGynxnii.

5.36." QOyuxuin sagana ONUCOM: KOKHOMY ILJIOMY YHCTY HNOCTABIEHO
V BiAnoBigHiCTH OCTavy Bij AiNieHHA KBajpaTa 1bLOro 4ucsia Ha 3.
Ilo6yayitTe rpadik uiei GpyHruii.

5.37.” Bmaiixite ¢ysruinw f raky, wo D (f) = R i ana 6yas-axoro
x € R BukoRyeThes pienicts f(3x — 1)=x + 2,

5.38.” Buaiigite Gyukuio g Taky, mwo D (g) = R i ana 6yas-axoro
x € R BUKOHYeThCA piBHICTE £ (4 — x) =3x + 1.

5.39.* 3maiigite pysEKUilo f Taky, mo D (f) = R i1 ana 6yas-Axoro
x € R BuKoHyeThes piBHiCTB [ (x) + 2f (—x) =x + 1.

5.40.* Buaiigite Qysxuilo f raxy, wo D (f) = (=; 0) U (0; +==) i gnsa
Oyab-axoro x € D (f) BukoHyeThest piBHicTh

1 1
f(x)—3f(;)=x+~;.

5.41.% Buajigity Gyskuio f raky, mo D (f) = R i ana Gyas-sKoro
x € R suxonyerbes pisniers 2f (x) — f(1 —x)=x + 3.

5.42.* Jlamo ¢yukuio f (x) = x* + 2x. Po3p’smkiTh piBHAHHA
f(f (f (x))) = 0.

5.43.* Nlano dyuruino f (x) = x* + 10x + 20, Posp’sxkiTh piBERARES
f(f (f (x))) = x.

5.44.* JNano dbynxuin [ (x) = x* — x + 1. Poap’skiTh piBHAHHSA

f(f(x)) = x.

3 icTopii poasuTky NOMATTA GyHKLIT @

Ozravenns (yHkuii, sKHM BH KOPHMCTYETeCH Ha AAHOMY eTani
BHBYeHHA MaTeMaTHKM, 3’ ABUJIOCA NOPiBHAHO HeJABHO — VY NepLIiii
nonosuri XIX cr. Bono opmysarocsa bineiie 200 pokiB niji BILTHBOM
OYPXJIMBHX CYNEpeuYoK BHAATHHX MATEMATHKIB KiJILKOX NOKOJIHb.

HocnipkeHHAM (PYHKIIOHANTBHMX 3aJIeKHOCTell MiK BeJIMYHHaMH
noyasH 3afiMaTaca me crapogasni sueni. Lled nomyk snaifmos BigoOpa-
JKeHHA Y BIAKPUTTI GOPMYJI A5 3HAXOMKEHHS o1 i 06°eMiB leAKAX
¢diryp. Ipuxkaagami TabiyHOro 388HHEA QYHKLIA MOXKYTE CIIYTYBATH
acrpoxHoMiyHi TabMHIII BABUJIOHAH, CTAPOJABHIX rpekiB i apadis.

Ilpore suuie B mepmriit nonosuHi XVII eT. ¢BoiM BiAKPUTTAM METOZY
KOOpAMHAT BHAATHI (¢ppannyseki maremaTuku I[1. ®epma (1601-1665)
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Konu 3pobnexo ypoku

IT'ep ®epua

Pene [lexapm

i P. Oexapr (1596-1650) saknanin oCHOBH AJii BAHHKHEHHS HOHATTH
dyukuii. ¥ cBoix npauax BOHM AOCALAKYBAMH 3MiHY OPAMHATH TOYKH

3anexHo Bia amiHH i1 abcuucu.

Buauny posas y GopMyBaHHI NoHATTA GyHKNII Bigirpanu poboru
BeJTMKOro aurjikcexoro BueHoro Icaka Hrrorona (1643-1727). Ilin
dyuKnicio BiH po3yMiB BeIMYHHY, AKA 3MiHIO€ CBOE 3HAYEHHA 3 IJIH-

HOM yYacy.

Tepmin «dyaknias (Big naTuHcbKoro functio — spificHeHHA,
BHKOHAaHHA) sanpoBaauB HimeubKHH Martematur [eopr Jle#iGHin

(1646-1716). Bix i joro ydeHs,
weeifnapchkuit MaTemaTuk Voraun
Beprynni (1667-1748) nin dpysK1ieo
posymMinu dopMysry, KA OB’ A3YE OTHY
3MiHHy 3 iHmIo0, To6TO BOHM OTOTOMK-
HIOBaJIM PYHKIIIO 3 OXHUM i3 criocobis
i saganns.

IMogansmwoMy pO3BHTKOBI NOHAT-
TA ¢yHKNil 6araTo B YoMy CHOpPHAJO
3’acysauHsa icruHM B OaraTopiuHoMy
crnopi BHAaTHEX MaTeMaTHKiB JleoHap-
Aa Eiinepa (1707-1783) i ¥lana Jlepo-
aa JI'Anambepa (1717-1783), onuum
3 npeameTiB AKOro OyJo BH3HAYEHHS
CYTHOCTI 1bOro MOHATTH. ¥ pesyasTaTi
6ysno chopMoBaHo Ginbmr 3aranbHMiL
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§ 3. KBAPATUYHA OYHKUIA

Teopz Jleubniy Hozaun Bepuynni

nornsajg Ha GyHKIID AK 3ajexHicTh onHiel aMiHHOL BennumHE Bijg
iHmIoi, Yy AKOMY [le MOHATTS XOPCTKO He OB’ A3yBasiocd 3i cmocobom
saganHa QyHKIil.

¥V 30-x porax XIX cT. igei Eiiniepa nabynn mopanemoro posBUTKy
B pofoTax BHAATHUX VUEeHUX: pociiicbKkoro maTemaTuka Mukomau Jlo-
Haueschroro (1792-1856) i nimeubkoro maremaTnka Ilerepa I'verasa
Jlesxena Mipixnae (1805-1859). Came Tomi 3'ABUNIOCA Take O3HAYEH-
HA: 3MiIHHY BEeJMYHHY }f HA3MBAIOTh (DYHKIi€l0 3MiHHOI BeJIMYUHYT X,

4
Jeonapd Eiinep MHlawn Jlepon JI'Anamiep
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Konu 3pobneHo ypoku

Muxoana Jlobaueacvrkuil ITemep Hipixne

K110 KOMKHOMY 3HAYEHHIO BeJJMUYMHM X BIANOBia€ euHe 3HAYEHHHA
BEJIMYHHHA Y.

Take osuaveRHA hyEKUI] MoxkHA ¥ CHOrOAHI 3YCTPITH B MIKINIBHAX
nigpyunnkax. Ilpore Ginbur cyyaceuil nornmag — ne TPaKTYBAHHSA
(hyurnii Ax npasu.na, 3a 00NOMO20I0 AKO20 30 SHALCHHAM HE3ANEN HOT
SMIHHOT MONCHA 3HALMU €OUNHE FHAYEHHA 3ANeNHOI 3MIHHOL.

Konu ra mexki XIX i XX cTosiTe BHHUKJIA TEOPiA MHOKHH i cTaso
3pO3YyMLINM, 10 eJeMeHTaMK obnacTi BusHavenHs i obacTi 3HaueHb
30BciM He 060B’'A3K0BO MalOTh 6YTH 4yMcna, TO MA (DYHKIIEw cranu
PO3YMITH npasuno, ake KONHOMY esemenmy MHoxunu X cmasums
y sidnosidnicme eduHull eremenm mrowunu Y.

Axuto Mmuokuar X i Y — sigmosigHo o61acTh BH3HAYEeHHHA i 06-
JacTh 3Ha4YeHb (YyHKUII f, TO TMM CAMHUM 338€THCH MHOMHHA

{(xs|xeX,ye Y, y=1(x).

VYnopaaxkoeaHi napH, AKi CKIagaloTh 0 MHOXKUHY, XapaKTepHu3y-
IOTBCA THM, N0 ¥ HAX Tepili KOMIOHEHTH € Pi3HUMH.

CrpaBegsinBe i oGepHeHe TBEpPKEeHHA: OyAb-AKA MHOXHHA YIO-
PAAKOBAHMX [4p, Mepllui KOMIOHEHTH SKHUX € PIBHHMH, 38718€ JEeAKY
hyHK1i0, 001ACTh BA3HAYEHHA AKOL — MHOMHHA NePIIHX KOMIIO-
HEHTIB map, o61acTs 3HAYEHb — MHOKHHA JIPYTUX KOMIIOHEHTIB Map.
[TpaBuio, AiKe KOKHOMY eNeMeHTy obnacTi BuUSHA4YeHHA CTABHTE Y Bij-
NOBIAHICTE €AUHMIL eJieMeHT 00JacTi 3HAYEHD, BUSHAYAETHECA CAMHMH
VIOPHAAKOBAHUMY TTApAMH.

CrasaHe JeMOHCTDYE, L0 NijJ PyHKIi€H MOMKHA PO3YMITH MHOXH-
HY YIOPAJKOBAHHX NAap 3 PiSHHMH NEePIIHMH KOMIIOHEeHTaMH.
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§ 3. KBAPATUHHA OYHKLLIA

Tax, muroxuna {(1; 3), (5; =7), (2; 6), (—3; 6)} € neaxromw dyHKIiCHO
f,yaroi D(H={1,5, 2, -8}, E () = {3, =7, 6). Banucymwrs f = {(1; 3),
(5; —7), (2; 6), (—3; 6)}. 3 nporo sanucy, HAUPHKJIAJ, BAMLIKXBAE, WO
f (5) = -T.

Hanpuxnan, Muoxuau fi g, ge f={(x; 2x - 1)|x e R}, g =
={(x; x*) | x € R}, € Bianosigno AinifiHO i KBAAPATHUHO GYHKIIAMM.

3pocTaHHs i cnagaHHa PyHKUIT.
I Hanbinble i HaMeHLe 3HaYeHH: PYHKUIT

YacTo npo BIacTuBocTi 06’ekTa MoxHA poOHTH BHCHOBKH 3a Horo
sofpamenuaam: dororpadicio, peHTreHiBChKMM 3HIMKOM, PUCYHKOM
TOIIO.

«3o06paxennanm» GyHKIII Moxke cayrysatu ii rpadik. Ilokaxemo,
fAK rpadik GyHKOil A03BOJIAE BU3HAYMTH NeBHi 11 BJACTHBOCTI.

Ha pucysky 6.1 sofpaskero rpadik geskol dyuruii y = f (x).

v

Puc. 6.1

1i o6nacTio BusHavenHa € npomixok [—4; 7], a obaacTio 3HAYEHb —
npomixcok [—4; 4].

Mpu x = -3, x =1, x = 5 3BavenHa QyHKUIl gopiBHIOE HYII0.
OamayveHddd JaaueHAS APryMeHTY, PH AKOMY 3HaYeHHEA dyRxnil
nopiBHIOE HymI0, HasuBaloTs HyJIeM PyHKUil,

Taxk, yucna -3, 1, 5 € HynaMu Aanol QYHKIIT.
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6. 3pocTamHA | cnafaHHa dyHKUIT. Hanbinbwe | HaMeHLLe 3Ha4eHHA DyHKLII

Baysaxkumo, [0 Ha npomixkkax [—4; —3) i (1; 5) rpadik pyHk-
nii f posramosaHuii Haa Biccwo abGeuouc, a Ha npomixkkax (—3; 1)
i (5; 7] — mnix Biccro abecomc. Ile o3Hayae, MmO Ha NpoMixKKaxX
| -4; —3)i(1; 5) dyaKuia HabyBae NOJATHHX SHAYEHSH, & HA NPOMIMKKAX
(-3; 1)i (5; 7] — Bin’eMHux.

Oasrayvennsn Ilpomixor, Ha aromy (yskuis BabyBac 3HAYEHB
OITHAKOBOr0 3HAKA, HASHBAKTE ppomimkom amaxocranocrti
dyaxuii f.

3asHauyuMo, IO, Hanpuknaj, npomixxox (0; 5) He € mpomikKOM
sHaKoctanocTi gaHol ¢pyHKmii.

3aysBaxeHH#. [Ipy nomyky npoMiskkis aHakocranocTi pysrmii
BKA3YIOTE Ti IPOMIXXKH, fAKi He € BJACHUMH IiJIMHEOKHHAMH YKOAHMUX
iHIIHX npoMixKiB sHakocramocti. Hanpuknan, mpomimok (—2; —1)
€ mpoMixkkoM sHaKoctagocti ¢ymknii f (pue. 6.1), ane go Bigmo-
sigi ysiiige mpomixok (—3; 1), Axnid MicTuTe npomikok (—2; —1).

fAxmo nepemimarnca no oci abeume Bix —4 zo —1, To MoxkHA
noMiTuTH, 1o rpadik ¢yHkKuii ige BHKM3, ToOTO 3HAYEHHA (YHK-
uii smenmyioTrsca. Kaxkyrs, mo Ha npomixkky [—4; —1] dysxnia
cnapae. I3 sbinpmennam x Bix —1 go 3 rpadik dbyukuii itne Bropy,
T06TO 3HAYeHHA DYHKUii 36i1bmyoThes. KaxyTs, o Ha NPoMiXKY
[-1; 3] dymkuia apocTac.

Oaumagennn PYyHKIIO f HASHBAIOTE FPOCTAWYOI0 HA MHOXHNI
M c D (f), axmo ans Gyas-AKMX ABOX 3HAYEHL aPryMeHTy X, i x,, AKi
najexaTs MHOXHEI M, Takux, mo x, < x,, BHKOHYETHCH HepiBHICTS

f(x) <f(x).

Ospavennn PYHKOiO [ HASHBAIOTE cnaamolw Ha Muomuui
M c D (f), axmo ans Gyab-AKMX IBOX 3HAYEHb APTYMEHTY X, i x,, Axi
HajxexaTs MHO:xMEI M, TAaKHX, WO X, < X,, BHKOHYETLCA HepiBHICTE

[(x)>[f(x).

YacTo BHKOPHCTOBYIOTE KOpoTiue (PopMyJIIOBAHHH.

Oauavenn s DPYHKIIO [ HA3HBAKTE 3pocTAOY00 (CHATHOW)
ua mpomuni M, axmo naa Gyap-AKMX 3HAYeHbL APTYMEHTy 3 i€l
MHOKHHH GinsmoMy 3HaueHHI0 ApryMenTy Bianosiaac 6iavme (Men-

ue) 3HaveHEA dyBrKIii.

SAxmo ¢yHKUiA apocTae Ha Beiit obnacTi BM3aHavyeHnHs, TO I HA3U-
BAIOTH 3pocrarogor. FIkmo pyEKUia cnagae Ha Beil obnacti BHana-
“ileHHA, T0 {1 HABHBAIOTH CHANHOIO.
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§3. KBAﬂPATW—IHA (DYHKLIIFI

177 v

y=vx

(=]
Ry
[=]
[\
&
=Y

Puc. 6.2 Pne. 6.3

Hanpurnaj, na pucyHky 6.2 sobpakeno rpadik pyHxuii y = Jx.
Ils dynkuia e spocraiouoo’. Ha pucysxy 6.3 sobpaxeHo rpadik
cuaguol GyHKUil y = —x.

U NPUKNAL 1 osepits, mo dyukiia y = x", ge n — mnapxe
HATYDPaJIbHE YMCJIo, CIANAE Ha MPOMiIXKKY (—oo; 0].

Pose’asanna. Hexait x, i x, — ROBLIBHI 3HAYEHHA APTYMEHTY
3 nmpoMixkKy (—eo; 0], mo TOTO XK X, < x, IToraxkemo, mo x; > xj,
10670 BiNBIIOMY 3HAYEHHK) APryMEHTY BIANOBia€ MeHIe JHAUEHHSA
dyHruii.

Maemo: x, < x,, —x, > —x,. O6uzsi yacTunn ocTaHHbOI HepiBHOCTI
€ HeBig'emEuMu unciaamu. Toai 8a BIACTHUBICTIO YHUCIOBUX HEPiIBHO-
cTeil MOMHA 3anMCcaTH, IO (—xl)" > (-x,)". Ockinbku n napue, T
2 iy

3asHa4unmo, 0 B TAKUX BANAAKAX KAXKYTh, N0 MPOMiKOK (—oo; 0]
€ NPOMIKKOM cnafgaHHf safaHoi GyHKuii. AHANOriYHO MOXKHA XO-
BecTH, 1o npomixox [0; +e) € npomixkkom 3poc'rannn cpymcun
y = x", ne n — napHe HATYpAaJbHE YHCIO.

Sdaysaxeunns. Y 3afauax HA HOLIYK MPOMDKKIB 3POCTAHHSA
i cnaganusa (yHKUiI BKa3yOTh Ti MpOMimxKKHK, AKi He € BJIACHUMH
NiIMHOMXUHAAMH JKOJHUX iHIIWX IPOMiXKIB 8pocTaHHA (cmagaHH#A),
RHAJIOrIYHO TOMY, K e pobuThesa Nig Yac Nomyky IpoMiKKiB 3HA-
KOCTaJ0CTi.

3asHaunrMo, MmO icHYIOTE QyHKLil, Bu3Ha4eHi Ha R, AKi He € apoc-
TAYUMH (CIAAHMMH) HA KOAHOMY IPOMiXKKY 00MacTi BHaHAYEHHHA.
Hanpuknaga, Takow ¢yuxnieo € xoacranta. llle oguuM npuxIagoM
rakoi pyHKuii € pyrkuis Hipixie.

! lleit paxr Gyno aopeaeso y 8 xnaci (gus. 1. 31, c. 220).
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6. 3POCTaHHﬂ | CNapaHHA yHKUi . Hawﬁlnbu.le i Hanmemue 3HaYeHHA yRKUil

MPUKNAL 2 Hosenits, mo ¢yHKUia f(x) =i crafac Ha KOXKHOMY

3 npoMixkKiB (—e; 0) 1 (0; +e0).

Pose’'sazanns. Hexait x, i x, — JOBiLNbHI 3HAYEHHS apryMeHTy
3 npoMiskky (05 +eo), mpuyomy x, < x,. Toai 3a BnacrTusicTIO UnCHIO-
BUX HepiBHocTell -.:: > ;}2— Orxe, gaHa PYHKLiA criajae HA IPOMIK-
Ky (0; +e<).

Ananoriuso JOBOAATS, 10 GyHKIA [ (x) cnagae Ha mpoMikKy (—o<; 0).

3ayBaxXuMMo, IO He MOXKHA CTBEPAKYBATH, W0 AaHa (YHKLia
cnajzae Ha Beiil odnacTi BUsHayeHHs, TOOTO € cnagHow. JlificHo, AKINO,
HaNpuKiag, x, = -2, x, = 3, TO 3 HEPIBHOCTI X, < X, He BUILJIHUBAE,
o S,

x X
MNPUKJIAL * oeezits, mio aiviitHa QyrKuis f (x) = kx + b € 3poc-
Tawoyomw npu k > 0 i cnagHomo opu k < 0.

Pose’szanns. Hexalt x, i x, — JOBLIbHI 3HAYEHHA APryMeHTY,
npHyoMy X, < X,.

Maemo:

f(x)—f(x,)=(kx, +b) - (kx, + b) = kx, — kx,=Fk (x, — x,).

Ockinexkn x, < x,, TO X, — x, < 0.

Sikmo k > 0, 1o k (x, - x,) < 0, 10610 f(x)) <f (x,). Orxxe, pu
k > 0 nana GyHKLIIA € 3pOCTAIYOIO.

Axmo k < 0, To k (x, — x,) > 0, Tobro f (x) > f (x,). Orre, npn
k < 0 pa”a dbyHKOiA € cnagHowo.

Arxwo pyukyia y = f (x) e 3pocmaronoo (cnad-
HOw) Ha muoxcuni M, mo ¢gynryia y = —f (x) € cnadnor (3pocma-
10%010) Ha MHONcUHL M.

Hosenenns. Hexait, nanpuknag, pyuxuia y = f (x) e spocrato-
4010 Ha MEOKHHI M. Toai ana OyAb-AKKX X, i X,, AK] HAJIEXKATE MHO-
xuui M i Takux, mo x, < x,, BUKOHYETbCA HepiBHicTs f (x,) < 1 (x,).
3simen —f (x,) > —f (x,). Omxe, ynkuia y = —f (x) € cuagHolO.

AHasoriuso J0BOANUMO, 1110 KOMH QYHKILA ¥ = f (X) coanae Ha MHO-
3HUHIL M 10 hyHKUia y = —f (x) 3pocTae Ha MHOxKHHI M.

Arxwo ¢pynuxyii y = f (x) i y = g (x) € 3pocmaio-
vumu (cnadnumu) Ha muoncuni M, mo ¢ynryia y = f (x) + g (x)
€ 3pocmarnwow (cnadnow) na muoxcuni M.

Awxwo ¢pyuxyii y = f (x) i y = g (x) € sapocma-
ovumi (cnadnumu) na muoxcuni M ma f(x) > 0i g (x) 2 0 9nan
Oydv-axozo x € M, mo ¢ynxyia y = f (x) g (x) € spocmarwyoro
(cnadnow) na muomcuni M.
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§ 3. KBATIPATVIHHA OYHKUS

Teopewa 6.1 Axwo pynryis y = f(x) € 3pOCMmaryon (cn.aa—
HOI0) HA MHONCUHL M AKa € npomixckom 3naxocmanocmi pynxyii f,

mo pynryia y = € cnadnow (3pocmarowoin) na mromuni M.

ki
I (x)

BukopHucTOBYIO9H 03HA9€HHA 3pocTaovoi i cnaanoi dyHknii, a Ta-
KO BJACTHMBOCTi YHCJIOBHX HepiBHOCTeH, AoBeAiTs Teopemu 6.2-6.4
camocTiiino.

Teopema 6.5 Axwo dpynxyis y = f (x) e apocmarovorw (cnad-
now)} Ha D (f), mo pienannn f (x) = a, 8e a — Beuxe YUCno, Mae
He Binvure 00020 KOpPERA.

Josezennsn. Hexall dyuruia f € spocraiouow Ta piBHAHHA
f (x) = a Mae gBa KopeHi x, i x,, npudomy x, < x,. Tozi f (x)) < f (x,).
Ilpore f (x)) = a, f (x,) = @, T06T0 [ (x,) = f (x,). OTpUManu cynepe4-
Hicrs. Omke, pispsEEa f (X) = a mae se Oinepiie ogHOTO KOpeHH.

ARaNorivHo posrisgaeThCs BANANOK, Koau QyHKIina f € cuagrow. 4

3 nLOro BUMIHBAE TAKE TBEPAKeHHA:

axwo Pynxyis f apocmae (cnadae) wa D (N if(x) = [ (x,), mo
x, = x,, mo6mo spocmarona (cnadna) GYnxyiz KOKHOZO CO020 3Ha-
wenHA nabysac nuuie npu 00HOMY 3HAYEHHI apzyMenmy.

Hacainor Axwo odna 3 gynxyii f abo g € 3pocmarnwow
nwa muoaxcuni D (f) O D (g), a inwa — cnadnow na yil mromuni,
mo pienanun f (x) = g (x) mae ne Girvuie 00H020 KOPERR.

JoseaiTs ue TBEPAYKEHHA caMOCTiHHO.,

NPUKAAL 4 Posp’ sixits piBasaaa x° +2x -1 =2,

Poza’azanna. Jlerxko popectu (3pobiTe ne caMocTiitHo), o GpyHK-
mi f (x) =x*i g(x) = V2x -1 e spocrarounmu. OTKe, 3rizHo 3 Teo-
pemoio 6.2 dyaxnin y = f (x) + g (x) € 3pocTaouoid Ha MHOMKUEL

[é; + uc). Toai reopema 6.5 Ho3BOAAE CTBEpPAKYBATH, IO AAaHE PiB-

HAHHSA Mac He Ginbllle oHOIO KOpPEeHA.

Heckaagno moMiTuTy, Mo ¥ = 1 € KopeHEM AaHOTO PiBHAHHA.
Vpaxosyouu BHIIECKAa3aHe, Leil KOPiHL € eIUHMM.

Bidnosids: 1.

Teopewa 6.0. Axwo pynxyia f € specmaiowoo, mo pienanna
{ (f (x)) = x pienocunvne pienannio f (x) = x.

HNosenennsa. Hexait x, — kopine pieHanEs f (x) = x, T06T0
f(x)) = x,. Tomi f (f (x)) = f (x,) = x,, T06TO X, — KOpiHb piBHAHHA
f(f (x) = x.

Hexait x, — xopins pipaauua f (f (x)) = x, Tobro [ (f (x,)) = x,.
HNosegemo, wpo f (x,) = x,. Hexaii ue e rax. Toxi f (x,) > x, abo
f(x)<x.
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6. 3pocTanHs | cnafnaHHs yHKuii. Haibinbiue | HAMMeHLWE 3HaYeHHs DYHKLUIT

PoarnsaHeMo BUNANOK, KOMH [ (x)) > x, (BuDagok, Konu f(xl) <z,
posrnanaeTbea ananoriuno). Ockinpkm f — 3pocraioya QpyHKIiA, TO
f(f (x)) > f (x‘). Axe f (f (x))) = x,. 3sincn [ (x,) < x,. Orpumanu
cynepeyHicTs.

Oraxe, f (x,) = x, i x, — xopinp piBuaEnA [ (x) = x. A

NPUKNMAA § Poss’sxkirte piBEAERa V2+V2+x = x.
Pozée’asanna. Posrnauemo dyekuino f(x) = V2 +x. Hane piBHAH-
HA MOXKHA IOAATH B TAKOMY BHIJIAAL
f(f (x)=x, ne f(x)=2+x.
Ockinekr ¢yHKUiA [ € 3pocTaioyo0, TO L€ PiBEAHHA PIBHOCH/IbHE
piBuarE® f (X) = X, TObTO V2+ X = X,
TIpuxoanuMO [0 PiBHAHHA-HACTIZKY:

2+ x=x%

x =

3eincu [ 2
X = _10

IlepeBipkoi0 BCTAHOBIIOEMO, IO KOPEeHeM 38aHONO DIBHAHHSA €
TiIbKY X = 2.

Bidnoaioe: 2.

Hexa# y muaoxunl M C D (f) icHye Taxre YHEIO X, IO 1A BCiX
x € M pukoHyerbca HepisuicTs f (x)) # f (x). V TakoMy Bumagky
rOBOPATS, WO Yucao f (x,) — Baibinbiue 3navenns ¢pysxuil f na mao-
x=uni M, i sanucyiors max f (x) = f(x,).

Axmo ans veix x € M BuKROHyeThCA HepiBHICTS f (%) < f (%), TO
qmcno f (x,) HasuBawTL HaliMenmuM 3HavyenHAM QyHKuii f Ba mMHO-
mwusi M i sanucyioTs m}n f(x) = f(x,).

PosraanemMo kizbka npuMriazis.
Ilna f(x) =Jx i M = [0; 4] maemo: min f (x) = %.13& =f(0) =0,

Ilnm% f(x)=7f(4)=2 (puc. 6.4).
Ana f(x) =] x|i M =[-1; 2] maemo: minf(x)=1(0)=0,
}{lggf{x) =f(2) = 2 (puc. 6.5).

| ymee
—

||

T

LN SEESE
Puc. 6.4
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§ 3. KBAOPATUHHA ®YHKUIA

fAxmo ¢ — peaxe uucho i f (x) = ¢ paa 6yap-axoro x € M, To e
uucso € i HabinemuM, i HaiiMeHmuM sEavYenHaM GyHKLil f Ha MHO-
suHL M.

He 6yap-sika dyHKnia Ha zananift muoxuni M C D (f) mae mait-
menure abo maibinpme sHavenus, Tak, mua ymxuii f (x) = x*
if(x)={=x} mﬁ}n f(x) =0, a Haiibinbworo sHadesssa Ha R ni dyHKoil

He MAKTh.
dyaxnia f(x)= i— Ha MHOXKuHLI M = (0; +e°) He mae Hi Hailibins-

moro, Hi HANMEHNIOro 3HAYeHb.

YacTo TIpyM 3HAXOMXKEeHHI Haibinbkmoro i HaliMeHILOro 3HAYeHb
thyHKOil 3py4HO KOPHCTYBATHCA TAKHM O4YeBHIAHHM (QaxKTOM:

sKImo ¢dyakuis f apoerae Ha Binpisky [a; b], To r['réi;r]lf (x) = f(a),

max f(x) = [ (b);
Axmo ¢yHknia f coagae Ha Bigpisky [a; b], To E_igf (x)=1(@®),
max f(x) = f(a).

NPUKNAL © 3maiiaits Haiibinemome i HaliMeHine 3HaYeHHA GYHKHII
f(x) = x* + 3x + 2 ua Bigpisky [-2; 1].

Pose’azanna. ®ynknii y = x* i y = 3x + 2 e apocraouumn. 3a Te-
opemoio 6.2 apocrawuoio € 1 pyuxuis f. Orxe, fpﬂ?{}f{r) =f(-2)=-12,
llcgﬁf(r) =f()=6.

Hexaii gns 6yas-axoro x € D (f) N D (g) BUKOHYEThCA HepiBHiCTL
f(x) < Aig(x)=A, toni piBuanusa f (x) = g (x) piBEOCHIBHE CHC-
Temi

{f (x) = A,
g(x)= A.

Ile oueBMaHEe MIpKYBaHHA € KJIOYE€M A0 DPO3B’A3YBaHHA Linol
HU3KU PiBHAHbD.

MPUKNAL 7 Posp’aaiTs pisaasna Vx -2 +vV4 —x = x* - 6x +11.

Pose’asanna. Posrnstremo ¢yrknii f(x) = Jx-2+Vd-x ig(@)=
=x" - 6x + 11, :

Maemo: g (x) =(x—3)* + 2 > 2,

Hna nabopis (Jx ~2; V4 - x) i (1; 1) sacTocyeMo HepiBHICTBH
Komi—ByHEaKoBCEKOIO:
Vr-3+ iz =E-2-14 V-2 -1 <A T - {WE-2) +(Va-%) =
=2-Jx-2+4-x=2. 3sigem f (x) < 2.
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6. 3pocTanHa | cnapadHa dyHkuii. Hanbinbie i HalMeHLLIe 3HaYeHHs dyHKLT

Toxi samane piBHAHHSA DiBHOCHJBHE CHCTEMi:
{Jﬁ +V4-x =2,
(x-3)*+2=2.
Kopige x = 3 gpyroro piBHAHHA CHCTEMH TAKOX € KOPeHeM Iep-

1oro piBEAHHSA.
Bidnosids: 3.

NPUKNAL 8 Bigomo, wo x € [0; 1], y € [0; 1], z € [0; 1]. HosexiTs
HEepiBEICTE:

x(1-y+y(l-2)+tz2(1-x)<1.

Poze’azannsa. PoarnsaHeMo pisHumio JiBoi i npaBoi 4acTHH HepiB-
HOCTi:

x{l=Pp+Hgl—-rtegl-g)-1ax{l-pyg—2)— y2tyt
+ 2z — 1. Bpakawun y i 2 napamMeTpaMH, posrJigsHeMo GyHKI[iO
f(xX)=1-y—-2)x-yz+y+ z— 1. Oyaxnia f e nigifinoro, i opu
D (f) = [0; 1] i1 rpadirkom e Bigpisok. OTike, HAROINBIIONO 3HAYEHHS
tdyernia f rabyeae Ha ogHOMY 3 KiHLiB Bigpiska. Maewmo:

fO=-yz+y+z-1=-(y-1)(z-1)<0,

fM)=1-y-z-yz+y+2z2-1=-yz<0.

Orxe, F(0) <0, f(1) < 0. Tomy I&aﬁcf(x) < 0. Ile oauauae, o

ana 6yae-axoro x € [0; 1] BukoHyeTbesa HepiBHieTs f (x) < 0.

6.1." Ha pucysry 6.6 sobpaxeno rpadix ¢yrknii y = f (x), BusHa-
genol Ha . fki 3 ganux TBepAKeHb € NPABUJILHAMM:
1) dyuknia cnagae Ha DPoMiKKY (—e; —9];
2)f(x)<0opr -5 x< 1;
3) byHKUiA 3pocTaEe Ha NPOMINKKY
[-2; +e0); 1"
4) f(x)=0npu x=-5inpu x = 1; 1
5) dveKOia Habysae HaliMeHIIOrO 3HA- —§j -10l 11 2""}
YeHHA Opu x = —27?

6.2." Ha pucyury 6.7 sobpa)keHo rpadik
byuroii y = f (x), Busnauenoi ua R.
Kopuceryrouncs rpadikom, sHalaiTh:

1) myni ¢pysKwLii;

2) 3HaYeHHA X, IPH AKHX y < 0;
3) mpomMikok crnagaHHA (QYHKILIT;
4) obaacTh 3Ha4YeHb GYHKIIIL.

<Ql-——

Puc. 6.6
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§ 3. KBAOPATUHHA QYHKLLIA

6.3." Ha pucyuky 6.8 sobGpaxeno rpadik ¢ysknii y = f (x), BusHa-
geHol Ha R. Kopucrysouncs rpadikom, sHalAITE:
1) nyni dbyHkuii;
2) npoMiKKH 3HAKOCTAJIOCTI DYHKILII;
3) mpomMimKu 3pocTaHHA 1 nmpoMikKu cnafganHa GyHKIIT;
4) min f(x), m;xxf (x);

5) {pé{}f(x), 'ﬂ?fff(x)‘
6) {pklgl]f (x), {[ﬂ.f (x);
7 f{lsgggf(x). E%.‘ﬁ}f (x).

6.4." Ha pucyuky 6.9 sob6paxeso rpadik ¢yskuii y = f (x), Busna-
genoi Ha R. Kopueryrouncs rpadikom, sHallmiTe:
1) nyni pyHKmii;
2) DPOMiMKH 3HAKOCTANOCTI PYHKIIIT;
3) npoMiRKH 3pOCTAHHA i TPOMIiMKHK
cnagaHHA GyHKUIT;

4) r{;g}tf (x), [néizr]lf (x);

5) maxf(x), minf(x);

6) llcgllftg]:f (x), gﬂgf (x).

6.5." ITobyayiite rpadix dynxuii | i

2x+8, armo x < -2, . [ |

f(x)=qx% AKOo -2<x <2, Puc. 6.9
-2x + 8, axmo x > 2.

Kopucrtywounces nobyaosarum rpadikom, ykaxits Hyai mnaxol
¢yuxuii, if npoMiskkn sHaxocTanocTi, NPOMiMKKKN 3pocTaHHA i mpo-
MiKKH CIIAZaHHSA.
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6. 3pocTanHn | cnapaHHa GyHKUIT. Hanbinbwe | HaMeHIe 3HaYeHHs yHKUT

6.6." INo6yayitre rpadik byHKii

-4-, AKmo x < -1,

f(x)=4=, akmpo -1<x<1,

, AKIOo x > 1.

R|s &R R

Kopucrywouncs nobypopanuM rpadikom, ykaskiTe Ayai manol
(hyukuii, 11 npomidkKku sHaKocTanocTi, NPOMiXKKH 3pocTaHHA i npo-
MIKKH CTIaIaHHA.

6.7." 3pocralouoio un enagHoIo € DYHKIIA:

Dy=9x—4; 3)y=12 - 3x;
2) y = —4x + 10; 4) y=—x?
6.8." Buaigites Hyni GyHKOIL:
1) y=vJr'-1; Hy=x*+1; Ny=|x|-x
2
2)y=£§-:3—_6; 5) y=vx-1-Jx+1; 8)y={x}
3 y=x-4x; 6) y=xVx-1; 9 y=2 (x).
6.9." BuaitgiTe myni dpysruii:
1) y=Vxi-4; Hy=|x|+x T y=xD (x);
4
2)y =-5; 5 =x_9; 8) y =sgn (2x — 1).
)y )y ¥ gl ) y =sgn ( )
_x'-25, e
3)y— x+5 ’ 6]9‘—[-"]-

6.10." 3aiiiTh NPOMIXKKH 3HAKOCTANOCTL GQYHKIIL:
Dy=x>-2x+1; 3)y=Jx-1; 5) y = Jx(x-1)%
2) y=57; Hy=|x+1}; 6) y = {x).

6.11." BuaiiniTe mpoMidkKH 3HAKOCTANOCTI (DYHKHII:

Dy=—=2"-1 Hhy=|x|-1; 7y =[x}

Qy=x*+4x+4; S)y=|x*-4|;

3 y=vJr+2 6) v = Jx - D (x-3)%;

6.12.° TIpu axomy Ha#ibinemwomy ninomMy sHadeHHI n QyHKUiA
y = (8 — 3n) x — T € spocrawyow?

6.13." Ilpn sxux sHaueHHAX Mm QyHKUizx y =mx —m — 3 + 2x €
criaaHow?

6.14.° 3paiiniTe TpoMidKKH 3pocTaHHA i cragaaus byHrOii y = {x}.
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§ 3. KBAOPATUNHA OYHKLLIA

6.15.° [loeesiTh, 10 QPYHKIIA € 3POCTAIOUOIO:

1) y=vx-1; 2) y=+v2x+1.
6.16.° JoBeaitTs, M0 QYHKIiA € 3POCTAIOUOIO:
1) y=vx-3+2; 2) y=v8x-1-1.

6.17." ®ysruia y = [ (x) € cnagHow. 3pocTaOdoK YH CHAZHOI €
dynxnis (signosias o6rpynTyiite):
1) y = 3f (x); 3y =-f(x)
2)y=%f(x): 4) y=1(x)+ 52

6.18." ®yrknin y = f (x) spocrae Ha muoxpmuEi R. 3pocTaiouoio uu
cnagnoo Ha MHOoxuHi R € @pyaruis (signosigs o6rpynryiire):
1) y=3f(x 3y =1k
2) y = -3f (x); Y y=f(x+5)7?

6.19." losepite, mo Qpyukuia y = x", ne n € N, n — uenapse,

€ 3POCTAICUOID.
6.20." BHaligiTh MPOMI’KKHN 3POCTAHHA i cuaaamEa GyHKLIl y = x° + 1.
6.21." BuaiiTH MPOMIMKHM 3pOCTAHHA i cnafanus QyHKLiil y = —x* — 4.
6.22." Jlopegits, 1o QpyHKIiA:

1) g= 5% apocTae Ha NMPoOMiXKKY (3; +o);

2) y = x* — 4x + 3 cnagae Ha nNPOMiKKY (—o; 2].
6.23." HoBeniTe, mio hyHKLiNA:

1) y= ?}5 cnazae HA NPOMiKKY (—5H; +eo);

2) y = 6x — x” apocTae Ha npoMikKy (—=; 3].
6.24." Jlosenits, 1o GyHKNin y = -E CIa/la€ Ha KOMKHOMY 3 NPOMi-

KiB (=o0; 0) i (0; +c) mpu k > 0 i 3pocTae Ha KOMHOMY 3 LIHX IPO-
MixkKiB opu k < 0.

6.25." BnaliaiTe NIpoMizKKHY 8pocTaHHA i ciajaHAa PyHKIL y = 21 7
. x°+

6.26." BuaiigiTh NPOMiKKH 3POCTAHHA i cnagaHAda QyHKHil y = 21
-X

A
6.27.° BuaiigiTe npoMidcKkK 3pocTanus i cnagarEa GyHknii y=|x —al.
6.28." lorexiTh, M0 QYHKIIA € 3pOCTAIOUYOIO:

Dy=x"+x; 3) y=Jx-1+Jx;  5) y=xv-x;
2) y=x‘+J.;: 4) y=xJ;; 6) y:(\/;+1)2.
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6. 3pocramns | cnananHs dyHkuil. Hanbinewe | HanMeHLWe 3Ha4eHH yHKUIT

9. HoseniTh, mo GyHKIiA € CrajHOI0:
1,y=_x+71_.; 8) y=-xvx;
x

2) y=v2-x +J-x; 4) y=-xx.

6.30." dyurnin y = f (x) € apocrarouoro. Uu npaBUNIbHE TBEDAKEHHS,
1110 apocraodoio € pyrxmis: 1) y = (f (x))%; 2) y = (f (x))*?

6.31." Bualigits mgxf(x) i mﬂ}nf(x), AKINO;
Dif(x)=2"-6x+10, M=R; 38) f(x)=V16-x2, M =D (f);

2

2) fx)=x+1, M=(0; +eo);  4) f(x)=—5—, M=R.
x x"+4

.52, Buaiigits m‘&xf(x] i m}}nf(x), AKINO:

1)f(x)=-2-8x—8, M=R; 8)f(x)=v2xr-x, M=D (.
2) ()= x+<, M= (-; 0);

6.33." Bnaﬁ,zéi'rh:
£ +8 : 3) max——-.
2 +1 R xZ+1

2) mg,x(\11+x +v‘1—x);

6.34," dynxuii f i g usHaveni Ha mHOXHKHI R. 3pocrauoi 4m
crnagHow € Gyaruis y = f (g (x)), Axmo:
1) f i g — dyuxuii, axi spocraiors Ha R;
2) f i g — dbyuraii, axi coagaors Ha R ?

1) min

.35, dyrkgii f 1 g sugsaveni Ha muHOoxuHI R. 3pocrarodyoio 4mn
cnagHow € dpyaxuin y = f (g (x)), axugo:
1) f spoctae uHa R, g cnagae Ha R;
2) f cnapae na R, g spocrae na R?

6.36." Ilpu AKX 3HAYEHHAX MapaMeTpa a GyHKUiA y =x | x — a |
€ 3pOCTau00?

(.37.” TIpn AKAX 3HAYEHHSX mapamerpa @ GyHKmia ¥ = (x — 1) (x - a)®
€ 3POCTAIOYO0I0?

6.38." Ilpu AKHUX 3HAYEHHAX mapameTpa a GyHKuis y = | x — a | apoc-
Tae HA NPoMiKKy [2; +oo)?

5.39.” Tlpn AKMX 3HAYEHHAX napamerpa a Gynknisa y =|x + a | cnagae
HA OPOMIKKY (—eo; —1]?
6.40.” Po3B’axiTh piBHAHHA:
1) 2+ x® + x = -3; 3) x*+2xVx-1=12,
2) Vx+1+Vx+6+/x+13 =9;
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6.41." Poas’sxiTs piBHAHHSN:
1)2x"+x*+x=4; 3) 4x°+3xJax-1=2.
2) 2Vx +Vx -5 +V2x+T =13

6.42.” Po3B’aXKiTh PIBHAHHA:

1) Vx +Vx -5 =23-2x; 2) x3+\/;=-i-.
6.43." Poss’skiTh piBEAHEA:
2 _12 . 17 __J:x_
1) 2+ x = =415 2 o=
: = T
6.44.* Po3p’sKiTh CHCTEMY DiBHAHB RS TN
Prxy+y: =12
{ - = o
£.45.% Posp’amiTe cHcTEeMy DiBHAHL J; y' -z,
eyt =2,
'f o &
6.46.* Poap’sxiTe CHCTEMY PiBHAHD Byxeyeletpr =8
2+yt=1.
6.47.* Posp’suxiTh piBusnus |x|+|x-1|= I—‘%ﬁ—i-
X +

6.48.* Posp’sxire piBuauHg V1-x +V1+x = x? 4+ 2,
6.49.* Poan’axiTe pisanEa 2x V2xr —x® = x? + 1.

6.50.% Poss’suxite pismanns (4| x[)(x? +1) = x* + 2.

6.51.* Binomo, mo x € [0; 1], y € [0; 1), z € [0; 1]. HosexniTs He-
piBHicTB

x+yt+tz-xy-yz-zx<1.

6.52.* Bigomo, mpo x, € [0; 1], x, € [0; 1], ..., xn'e [0; 1]. HoBeniTs
HepiBHICTH
Q-2)A-x)..0-~2)+{(l+z)(l+x)...A+2)< 29,

6.53.* Bigomo, mo a € [0; 1], b € [0; 1], ¢ € [0; 1]. losenits He-
piBHiCTH

abc+22a+b+ec.

6.54.% PosB’skith piBHAEHA V6 + V6 +x = x.

6.55.% Poap’axiTs piBHgHua (x° + 1)° = 8 (2x - 1).

6.56.* dyuknisa f Taka, mo gusa 6yas-akoro x € R

- > 5.
Yu morxe pynkuia f 6yru apocraioyow abo cnagHow?
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7. NapHi | Henapwi dyHKuii

u MNapHi i HenapHi ¢yHK‘uiﬁ'|'-

nawennn Oyakuio f HaA3HBAKOTE NAPHOW, AKIO Aad Oyab-
nKoro x 3 obaacri suznauenud f (—x) = f (x).

waae s Oysruiro f HazuBaOTs HENA P 010, AKMO A 6yas-
#Koro x 3 obnacri Buamagenns f (—x) = —f (x).

OueBugHo, 0 QYHKLIA Y = Le aproIo, a GyHKNia y = 2 —
HENapHo0.

Buxonauus pisuocreit f (—x) = f (x) i f (-x) = =f (x) ansn Gyas-
sikoro x € D (f) osnauae, mo obsacte BuBHaueHHsa Qyukuii f mae
TAKY BAACTHBICTB: AKWIO X, € D (), To —x, € D (f). Taxy muOMHHY
HA3WUEAIOThH CHMETPHYHOI0 BiTHOCHO NOYATKy KOOP/MHAT.

3 BHINEeHaBeJleHUX O3HAYEHb BHILIABAE, 110 KOJM 00JacTh BH3HA-
'teHHSA (QYHKILI] He € CHMETPHYHOO BiIHOCHO NOYATKY KOOPAHHAT, TO
s GyHKIiaA He Moxe OyTH mapHOO (HemapHO0).

Hanpuknag, obnacte BHsHaUeHHA MyHKIIT y = ﬁ He € CHMe-

TPUYHOIO BifHOCHO mo4aTKy Koopauuar, Tomy s dymkuia Be € Hi
LAPHOIO, Hi HENapHOoIO. ;

V dyuxuii f (x) = x* + x* D (f) = R, 10670 ii 06aacTe BusHAUEHHA
cUMeTpPUYHA BiAHOCHO moyaTKy KoopauHar. [Ipore Bona we € ui nap-
HOI0, Hi HenapHoko. [lilicHo, i

f(=x) =%+ (-x)°= -2+ 2% —f(x) = -x* - x".

lcayoTs fenki anauenns x, wanpuknag 0, npu axux f (-x) = f (x)
abo f (—x) = —f (x), npoTe 1i piBHOCTI BUKOHYIOTBCA He AJIA BCiX x € R,

MPAKNAL 1 HocnigitTes Ha napricThs QyHKUiO
|x-2]| |x+2]
= 1+x .
Posg’asanna. D (f)={xc R|x# -11ix# 1}. Orxe, obnacTs BHR-
snaueHHs QYHKUIl f cHMeTpHYHA BIZAHOCHO MOYATKY KOODAUHAT.
Hna Gyap-axoro x € D (f) maemo:
|—x—2|+ |-x+2| _ |x+2|+|x—2|

Iea= 1-x 1-(=) 1-x 1l+x di .
Oraxe, dyukuia f € napHOIO.
NMPUKNALA 2 Nocaixite na napuicts dysxuino f(n) = z: : i » D(H=L1.

e

Posé’azanna. Muoxuna T € CHMETPHYHOI BiIHOCHO NOYaTKY
KOOPAMHAT.
Jlna Oyaes-akoro n € 7, MaeMo:
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L4 =X
27"-1_gn 9n _ Bl
—) = = = = = -
rem = T 142 27 has
2’ 2"

Orxe, QyHKIIA f € HENAPHOTO.

Teopema 7.1. Axwyo mouxa M (a; b) nanexcumv zpagixy nap-
noi pynxyii f, mo mouxa M, (—a; b) makox nanemums i zpagiy’.

Hoseneunsa. Hxmo rouxka M{a; b) HanexuTs rpadiky QyHELiT
f. To f (@) = b. Ockineku ¢pyukuia f € napuoio, 1o f (—a)=f(a) = b
Ile osHauae, mo Touka M, (~a; b) TaKOXK HANEIKUTL rpadiky QyHxK-
uii f (puc. 7.1). A

17 |
%\b ------ ﬁ >
-a\ 0 a x -
M, j------1-b
Pue. 7.1 Puc. 7.2

Teopema 7.2. Axwo mouxa M (a; b) narewmumsv zpadixy
uenapum dynwryii f, mo mowra M, (—a; —b) maxox nanescumsv i
zpaqtux.y (pue. 7.2).

JoBeniTs 1110 TeopeMy CaMOCTiHHO.

Teopema 7.3. Axwo pynkyii y = f(x)i y = g (x) € napuumnu
(nenaprumu) i D (f) N D (g) # D, mo ¢pynkyia y =f(x) £ g (x) €
naproio (nenapnow).

Teopema 7.4. Axwo pynxyiiy = f(x) i y = g (x) € naprumu
(nenaprumu) i D (f) N D (g) # @, mo ¢pynkyia y = f (x) g (x) € nap-
now. Arxuyo odna 3 pynxyii f abo g € naproro, a inuia — HenapHoo,
mo ¢pynryin y = f (x) g (x) € Henapnoto.

BrroprcTOBYHOYM 03HAYEHHSA MapHOl 1 HenapHO! (DYHKIIN, NOBEiTh
TeopeMu 7.3 i 7.4 camocriiino.

' Ilpo Taki rpadixu rosopaTs, mo Bick OpAKNAT € ix Biccio cuMeTpil, abo rpahik
€ CUMETPHUHIM BifuocHo oci opausar. IIpo ¢iryps, AKi Malorh Bich cuMeTpil, Bu
_nidﬂEETECL a Kypey reomerpil 9 wnacy.

* Ilpo Taki rpadiku roBopsiTh, IO NOUATOK KOOPJAHHAT € IX IEHETPOM cume'rpu
abo rpahik € cHMeTPMUHHM BiiHOCHO mouaTky KoopawsHar. [Ipo Qm'ypu ARl MaoTL
ueHTp cCUMeTpil, BH AisHacTech 3 Kypcy reomerpil 9 waacy.
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7. NapHi i HenapHi yHkuI

OueBnarO, mo dyuxnis ¥y =0, y axoi D (y) = R, ogrouacHo € i nap-
now, i Henaprowo Gyakuicto. Ilokaxkemo, o iHmmx Gy 3 obnacTio
nmusnadeHHa R, AKi € ogHOYACHO i MAapHHUMH, i HemapHuMu, He iCHYE.

Hexait pyuxnia f, suanavena Ha MHoxkuHI R, € i mapnoto, i He-
napnow. Toxi ansa 6yas-axoro x € R BUKoHyloThea piBaocti f (—x) =

[(x)if (=x)=~f(x). Beigeu f (x) = —f (x), 10610 2 [ (%) = 0 Anst
oyab-axoro x € R. Omxe, dyuHkuia f raka, wo f (x) = 0 gaa Gyas-
nikoro x € R.

lreopema 7.5. Koxuy @ynkyiro f, obracme eusnavenna axoi
cumempuyna idnocno novamry Koopounam, moxcna €uHuUM cno-
cofiom nodamu y euznadi cymu naproi i HenapHot Pynryiil.

JloBe gennsa PoarnaHemo dyHKIil £ (x) = LTQ ih(x)=

f—g]_—z‘f(ﬂ. Jlerko BcTAHOBHTH (uUepeKoHailiTecs B IEOMY CAMO-
¢TiitHO), o PyHKIiA ¢ — napHa, a pyHKLiA i — Henapua. OyeBu-
no, mwo f (x) =g (x) + h (x).

Hoeegemo, mo noaatH dyHKIio [ v BHrAsAl cymMu napHOl Ta He-
nupHoi GpyHKUiil Moxkua egunumM crnocoboM. Hexait ne ve rax, 10610
anaitayreca napri ¢ysxuil g, i g, i venapni Gynknii &, i k, Taxi, mo
s 6yae-saxoro x € D (f):

fx)=g, () +h (),
f(x) =g, (x) + h, (2).
3sincu ans 6ynp-sixoro x € D (f) Buxkonyersca pisHicTs g, (x) — £, (x)=
h, (x) - h, (x).

Hexait ¢ (x) = g, (x) - g, (x). Pynxuia ¢ — napHa.

3 inworo Goky, pyuxuia ¢ (x) = h, (x) — k, (x), a orxe, PyHk-
i @ — Henapua. 3BicK BUnAuBaE, 1o GyHKuin ¢ — KOHCTAHTA,
sKa JopiBHwe By, Orke, 1usa Oyab-axoro x € D (f) BukonyeTbes
piBHicTb g, (x) = g, (x) i b, (x) = h, (x). A

NPUKNAA 3 Ilpu sxux 3HAUYEHHAX napaMeTpa @ piBHAEHA 2ax’ +
b | x|+ x* = a® - 1 mae exuamit Kopinn?

Pose’azanns. Posrasnemo dyuxuio f (x) = 2ax* + | x|+ x* —a* +
+ 1. Bona € nmaproo. Tomy xonn pisusauusa f (x) = 0 mae Kopine X,
TO BOHO TAKOX Mae KopiHb —X,. OCKiNBKM JaHe PiBHAHHSA MOBUHHO
MaTH €AUHUN KOPiHB, TO X, = —X,, T0obTO X, = 0. Tozxi neobxinHo, 1100
x = 0 byso KOpeHeM AAaHOTO PiBHAHHSA.

IligcraBumo x = 0 go saganoro piBuanusa. OTpuMaemo: a®-1=0.
dsigcen a = +1.

Ilpu nux sHauyeHHAX napamerpa a 4yucyao 0 € KopeHeM 38J8HOTO
pisuaausa. IIpore e He O3HAYAE, IO PIBHAHHA He Mae€ IHUIMX KO-
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§ 3. KBAOPATUHHA OYHKLIA

peniB, Bigminaux Bix Hyns. Tomy sHaiizeHi 3HaYeHHA mapamerpa @
cJrij nepeBipuTH.

Ilpu a = 1 maemo: 2x* + | x | + x* = 0. Ockinmpxu 2x* > 0, [ x| > 0
i x* > 0, To ue pirnsiEAEA Mae eguHUHE Kopins x = 0.

Ilpu a = -1 maemo: ~2x* + | x | + x* = 0. Ile piBHAHHSA, KpiM KO-
peHs x = 0, mae it iHmi Koperi, Hanpuknaz, x = 1. Orke, 3HaYeHHA
a = —1 He niAXoAuTh.

Bidnosids: a = 1.

7.1, ®yukuis f € napHow. Yn Moe BUKOHYBATUCH PiBHICTH:
DI@-1C=1 2fE)75H=-2 3 L[ _02

f(-1)
7.2." dyuxkuia f € napuow. Y 0608 43K0BO BUKOHYETBHCH DiBHICTH
f()
——=17
f-1)

7.3, dynruia f € HenapHow. Un Moske BUKOHYBATHCH PiBHICTbL:

DFWM+fED=1 2f@f-2=3 3 %w?

7.4.° loseaite, 1110 (PYyHKIIA € IAPHOIO:
1) f(x)=171;
2)f(x)=x", pe n e Nin — napne;
8)f(x)=-8x"+|x|-1;
4) f)=Vi-x +V1+x;
5) f(x)=x?—8x+5 +Vx® +8x+5;
3

6) f(x)= =

1-x-vx+1'

7 f(x) = |5x-2L+-]15x+2l:
. TG S
8 118) = @Bx-1)" @x+1"’

Nf@=(x+2)|x-4|-(x-2)[x+4]
7.5, Hoepeaits, mo PyHKIIA € HEIADHOIO:
1) g (x) = x", ne n € N i n — nenapse;

2) g =12l;
3) g(X)=V2-x-V2+x;
2

phasanr == vy
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7. NapHi i HenapHi gyHKLIT

_|4x- l] [4.t+1|

5) g(x) = oy
o 3x+2 3x-2
6) g(x)-xz—x+1+x"+x+l'
7.6." HocriniTe Ha napHicTs QyHKILIO:
1) y—; 4) y=vJx?-1; T y=xD (x);
2) y-:h:; 5) y=vx-1-Jx+1; 8) y = sgn x.
3 x° - -1, 6) u = 5
)y— 2 1’ )y'g(x)v
7.7." Ilapui dyuknii f i g raki, mo ¢pyaxnia h(x) = ?{% BH3HAYEHA.

JocaigiTes HA napHicTs pyHKII0 A.

. Hemapsi dysxuii f i g Taki, mo ¢pyukuia h(x) = —{-((——)) BH3HAYEHA.

I[ocmm'rh HA napHicTh GyHKUio A.

7.9." Onna 3 pyuKLii f abo g € napHOMW, iHma — HenapHowo. Bizomo,
fx)

mo dysKuia h(x) = 200

it h.
10." Pyrxuii f1i g raxi, mo dyukuis y = f (g (x)) susHauena. [lo-
caigiTe 11 Ha MApHiCTh, AKIIO:
1) fig — napHi GyHKuii;
2) f i g — Henapri QyHKNii;
3) f — napua ¢QyHKLiA, 8 £ — HenapHa;
4) f — HenapHa QYHKIlifA, a § — mapHa.
7.11.° Henapua ¢yukuia f taka, oo 0 € D (f). 3raizits f (0).
7.12. Henapua ¢yuxnia f mae 4 syni. Hoeezits, mwo 0 ¢ D (f).
7.13." Henapna ¢dyukuisa f mae 7 gynis. Suangits f (0).
14." [lapua ¢ynkuis f mae 7 nyais. 3naiinirs f (0).

BusHayeHa. JlocnixiTe Ha napHicTh QyHK-

7.15." Hocniaires Ha napHicTe GyHKUiO f(n) = (2+v3)" +(2- Jg)n 5
D () =Z.

.16." NocnipiTes Ha napwicts Gyaknio f(n) = (V2 +1)" -(V2 —1)” "
D(H=1Z.
7.17." Ilapra ¢yskuia f, BusHaueHa Ha IR, apocTae Ha HIPOMIiXKKY

[0; +=<). BuanauTe, 3pocTaouor0 YU coanHowo € hyHKHia f Ha npo-
MiXKRY (—; 0].
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§ 3. KBALIPATUHHA OYHKLIIA

7.18.° Heuapua dyukuis f, BusHauena Ha R, spocTae Ha NpoMiMKKy
[0; +e<). BugnauTe, 3pocTayor Y4 cnagHow € ¢yHKuia f Ha npo-
MixkKy (—oo; 0].

7.19. ®yukuisa f € napHOIO i 'Rialilf(x) =2 r[x}aa:](f(x) = 5. 3HaHAiTHL
min f(x), max f(x).

Hk_"I'( ) [_&_uf( )

7.20." ®yukuis f € HenapHolo i Illélﬁl]] f(x)=1, rlxia&:lt f (x) = 3. Buaiiaits
o _I;]f (x), gn_&a_sglf (x).

7.21." INapua Qpyukuis f BusHaveHa Ha Bigpisky [—5; 5] i nHa kingax
OBOTO NMPOMIMKKY HOocArae Haif6inbmmoro i HaliMeHIIOro sHa4YeHb.
3uaitairs f (-0,2) — f (1).

7.22." 3mnaiigiTe yci sHayeHHA napaMeTrpa a, IpH AKHX QVHKIiA
y=(x—- 1) +a(x+ 1)‘ €: 1) napHO0; 2) HeNapHOW.

7.23.* [licas posKpUTTA AYKOK i 3BegeHHs NoAibHuX AonaHKIB y BU-
pasi(l-x+x" -2+ ...+ x) A + x + x* + ... + x*°) orpumann
MHOorouseH. JloBeniTe, 1[0 Helt MEOTOUJIEH He MiCTHTh OAHOUJIEHIB
HeNlapHOT'O CTEeNeHs.

7.24.* Ipu siKuX 3HAYEHHAX NapaMerpa a pisusmnsa ax® +1=a" /1| x|
Mae EAMHUI KOpiHb?

fik nobyaysaTu rpacikun ¢yHKui|:'«';
vy = kf (x).y = [ (kx), axwo Binpomo
rpadik pyHkuii y = f (x)
V¥ 8 knaci Bu osHalioMunuca 3 QyHK-

uierw y = x° i gismammcs, mo ii rpadikom
€ irypa, sKy HasuBaoTh napabonow

Vi (puc. 8.1).
Ilokaxemo, AK MOXH&, BHUKOPHC-
ToByroun rpadik ¢ymKnii y = x%, mo-
Oynyeatu rpadgik dyuruii y = ax®, ne
a#0.
e Ilo6yayemo, Hanpukaan, rpadik
0 x dbymkuii y = 2x*%,
Crnagemo Tabiauiio sHavyeHb QyHK-

witt y = 2° i y = 2x° npu omEMx i THX
Puc. 8.1 caMHMX 3HAYEHHAX ApryMmeHTy:
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8. Ak nobyayeatv rpadiku dyHkuin y = kf (x), y = f (kx)

| & |-al-as]-s]las]-xl-08lo0fes]ilis]2les]ls
y-x'|9]625| 4 [225] 10250 [0.25] 1 [2,25] 4 |6,25] 9
y-2x]18[12,5] 8 [45]| 205|005 ]| 2]|45] 8 [12,5]18

s rabmuua niaxasye, mo Koxuiii Touni (x; y ) rpadika (}JVHKLU.I
# = x° BiINOBigae eaMHa TOYKA (x5 2y, rpacbma dyEEmD ¥y = 2x°.
A KOHAa TOYKAa (xl, ylj rpacdika pyuruil y = 2x° e BiANOBIAHOK €aM-

wiil rouni (x,, rpaika dyuxuii y = x°. Tobro Mix Toukamu rpa-

hiriB y = 2% y= 2x* MO’KHA BCTAHOBHTH B3a€MHO OIHO3HAYHY BiIo-
sianiers. ToMy Bei Toukn rpadika GyHKUiil y = 2x° MoXkHA OTPHMATH,
SaMiHMBION KOXHY TOMKY rpadika Qyekmii y = x* Ha Touky 3 Tiewo
camolo abcoucor i OpAHMHATOW, NMOMHOMKeHOW Ha 2 (puc. 8.2).

g1

WRNEE

Puc. 8.2

29

BuxopucroByrwouu rpadik ¢yHkoii y = x°, nobyayemo rpadik
yHRUi] ¥y = %x’.
Ouesuaro, wo KoMxHiH Touni (x; y,) rpadika PpyHnii y = x* Big-

noBinae eauma Touka |x,; Ly, | rpadixa dysxuii y = 142 Orsxe, yei
ohg=e 2

71



§ 3. KBALIPATUYHA OYHKLIS

: 1 :
Toukd rpadika dyHknil y= -2—x2 MOXHA OTpHMAaTH, 3aMIHMBIIHN
KOMHY TOuKY rpadika Gynxuii y = x* Ha TOUKy 3 Tiew camolo abenu-
. 1
COI0 1 OPAHHATOIO, MOMHOM(EHOID HA 3 (puc. 8.3).

T

1 : | x

Puc. 8.3

11i npukaaan nigkasyoTh, AK, BUKOPUCTOBYIOUM rpadik GpyHKOil
y = f(x), moxna nobGynysaru rpacdik dyuxnii y = kf (x), ne k > 0.

I'pagix ¢ynryii y = kf (x), 0e k > 0, momna ompumamu, sami-
HUBWL KONHY Mmoyky zpapira pymnryit y = f (x) na mouxy 3 micio
camo1o abeyucow i opounamore, NOMHONEHOI0 Ha k.

Ha pucyskax 8.4, 8.5 nokasaHo, SK Npauloe e npasnio Ak mo-
Oynosu rpadikis dyHkUiE y = %J; iy= g.

Kaxyrs, mo rpabdik dyuxuil y = kf (x) orpumano 3 rpadika
dvuknil y = f (x¥) y peayabrati po3tary B k pasie Bin oci abeuuc,

axmo k > 1, abo B peayabTaTi CTHCKY B % pasiB g0 oci abeuce, Ak
0<k<l1.

72



8_. Ak np_EEp.yBam rpacgiku cpymc_t.nﬁ Y = kf (%), y = [ (kx)

7y |

Puc. 8.4
PosrasaeMo ynkuii y = x* i y = —x*. Koxniét rouni (x,; y,)

rpadixa dyEKUii y = x* Bignosizae exuma Touxa (x,; —y,) rpadika
(bymrknii y = —x*. A Koxna Touka (x; ¥,) rpadixa dynkuii y = -x" €
nignosigHOW0 eauHii Toui (x,; —y,)
rpadika dyurnii y = x*. Tobro
mixk Toukamu rpadikis y = x°
i y = —x° MOXHA BCTAHOBHTH B3a-
¢MHO OZHOBHAYHY BiANOBiAHICTH.
Tomy Bei ToukH rpadika GyHKUiT
y = —x° MOXKHA OTPUMATH, 3a-
MIiHHBINM KOXXHY TOYKYy rpadika
dyErmii y = x* Ha TOuky 3 Tiew |
caMol abcmucow i opaMHATOKW, )
IoMHO2KeHOI0 Ha —1 (puc. 8.6). Ta- | J
KO MOBOPATE, 110 rpadik pyuxmii
y = —x* orpumano 3 rpadika dyHx-
uii ¥ = x* B peayasrari cumerpii
BigHOCHO Oci abGcumc. | | | [\
3 ornagy Ha ue crae sposymi- y = ~x'f _\ N

3

|

1 ]

]
| _I[S
i
[ ]
'_Lﬁ;jf_f

o TN NS T SIS S

JHEM, IO npaBmio nodymosu rpa-
¢dhika dpysaknii y = kf (x), ne k <0, =
TaKe caMe, K 1 ANA BUNAIKY, KOJHU Puc. 8.6
k>0.

Hanpuknaz, Ha pucyHky 8.7 mokasaHo, AK MOXHA 38 JOIOMOTOI0
rpadira @yuknii y = x* nobyaysarn rpadik bynknii y = --;-x"'.

Pucynok 8.8 imocTpye, Ak 3a gonomoroo rpadika dysxnii y = \/;

nobyaysaTu rpadiku byskuiit y = —% Jx i ¥= -2Jx.
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(T T e T TTTT]

WEEE T

Puc. 8.7 Puc. 8.8

Bayeaxxumo, 1o opu k # 0 myni dyskuii y = f (x) 1 y = &f (x)
3biraroreca. Orxe, rpadiky UMxX (QYyHKILN nepeTHHAIOTH Bick abenuc
B OZHUX 1 TMX camMuX Toukax (pHc. 8.9).

Ua y = f(x)

=X~

Puc. 8.9

Ha pucyuky 8.10 sobpaskeno rpadikm Qyrruiii y = ax® npn ges-
KUX 3HAYeHHAX napamerpa a. Koxuuit is nux rpagikis, ax i rpadik
dyEKUii ¥ = x°, HasuBawTs napa6onolo. Touxa (0; 0) € BepuHHOW0
KOXKHOI 3 1iux napaGoa.

fIxmo a > 0, To BiTKK napabonn HanpsaMIeHi Bropy, ke a < 0,
TO BiTKM mapaGosu HanpamieHi BEMA,
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8. flk nobynyeaty rpadiku GyHKLUIA y = kf (x), v = f(kx)

y=38x"y=1,5x"

LLA (L vy
Y \l ]
R ;_r = J
L\*\'j‘ e
AL AL L
NN

- T —1
ifam \\\y Y e

_y -'-Sx’ y= _1‘51_,

Puc. 8.10
YacTo 3aMicTh BUCJIOBY ¢4aHO QYHKINIO J = ax’» BAKHBAIOTE «JAHO
napa6oay y = ax’s.
V tabnuni HaBesieHo BiacTMBOCTI Pynxuii ¥ = ax®, a # 0.
BnactusicTh a>0 a<0
K v i ) (o o)
O6nacTs N
3Ha4eHb (95 +e=) (e 0]
Hyxi pyrxnii x=0 x=0
2 > 0 Ha KOXKXHOMY Yy < 0 Ha KOXKHOMY
Ilpomisxku y s :
3 TpoMixkKiB (—oo; 0) 8 nNpoMiMxKKiB (—eo; 0)
3HaKocTaNoCTi i (0; +o0) i (0; +o)
3pocrae : -
oo (==; 0] [0; +<o)
Ha [POMIMXKY
ITapuicTs napHa napHa
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§ 3. KBAIPATUHHA OYHKUIA

Iloraxemo, sk MokHA nobyayeatu rpadik dyskunii y = f (kx),
AKmoe sBizomo rpadik dyskuii y = f (x).
PosrnsaemMo BHNAAOK, Ko k > 0. ko Touka (X, y,) HAIEHKNTH

rpadiky dyukuii y = f (x), To ToYKa (-’%’—; yo) HaNeXHTh rpadiky

¢yuxuii y = f (kx). Cupasai, upu x = % maemo: f(kx) = f(k . f’f-) =

= f (xn) = Yp-
OTxe, koxHii Toumi (x; ¥,) rpadika dyukuii ¥y = f (x) ignoeigae
€lMHA TOYKA (-';:—’; yo) rpadika dyuxuii y = f (kx). Asanoriyso MoMxK-

Ha MOKAasaTH, 1[0 KOKHA TouKa (x,; y,) rpadika Qysknil y = f(kx)e
BigmosinHoo eauuiit Touni (kx; y,) rpadika ¢pyrkuii y = f (x). Tob-
To Mik Touxkamu rpadikiB ¢ymrkuii y = f (x) i y = f (kx) moxHa
BCTAHOBUTH B3AEMHO OZHO3HAYHY BiANOBiAHICTE.

Tomy eci mouku zpagika pynryii y = f (kx), de k > 0, moxna
ompumamu, 3amiHueuy KOXHY MoKy zpagixa gynxyii y = f (x)
Ha Mo4Ky 3 micro camorw opdunamor i abeyucoro, nodinenor na k.

Ha pucysky 8.11 nokasano, K Opauioe e nNpaBuiio Aias nodyno-

By rpadikis pysKLiit y=v2x i y= J%
TosopaTh, wo rpadik ¢yeruil y = f (kx) orpumano 3 rpadika
¢yrKLil y = f (x) y pesyabrari etueky B k pasiB no oci opmgumar,

Akmo & > 1, abo B pesyabTaTi poaTAary B % pasie Big oci opaunar,
axmo 0 < k < 1.

Tlokamemo, ax nobyaysatu rpadik dysruii y = f (-x), =xmo
Biomo rpadik dyuruii y = [ (x).

Pue. 8.11
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8. Ak noﬁyny:_s_awr_w rpacph‘cln cpyHm@lEl_g = kf (x), y= f (kx)

3a3HagMMoO, IO KOJIH TOYKa (xo; Y,) HaNeXUTh rpadiky QyHKUIl
¥ = [ (x), To TouKa (—x; y,) HANEKUTE rpadiky QYHKUIL y = f(—=x).
Jliiicuo, f (~(~x,)) = f (X)) = y,

3poaymino, mo Mixk Toukamu rpadikiB dymxuiit y = f (x)
i y = f (—x) MO>XHa BCTAHOBUTH B3AaEMHO OAHO3HAYHY BianoBigmicTh.
Toai sei Touku rpadika dyskuii y = f (—x) MokHA oTpHMMaTH, 3a-
MIHMBIIHM KOXHY TOYKY rpadika pynkuii y = f (x) Ha TouKky 3 Taxoio
¢I\MOI0 OPAMHATOIO 1 HPOTHUJIeHOK abcuucolo.

Taxke nepeTsBopeHHs rpadika ¢QyHKUil y = f (x) HasuBaOTE cHMe-
Tpicio BiTHOCHO ocCi opAMHAT.

Ha pucyuky 8.12 nokazaHo, SK 3a Jonomoroio rpadika ¢pynrxmii
y = Vx nobyaosano rpadix pyskuii y = J=x.

[ | ys |

1

Tl

-
|

0] 1
Puc. 8.12

3 oriazy HA CKA3AHe CTAE 3PO3YMINMM, 110 MPABHUIO H0OYAOBH
rpadirka dyuruii y = [ (kx), ne k < 0, aRanoriuHe BHNAJAKY, KOJH
k > 0. Hanpukaajn, Ha pUMCyHKY 8.13 mokasaHo, AK MOXKHA 34 J0OIIO-
moror rpadika dysrnii y= Jx nobyayeatu rpadikm pyHKUii

y=+v-38x i y=1’-§.

i
ad |

Puc. 8.13

8.1." Tlpy AKKuX 3HAUeHHAX NapaMeTpa a Touka A (a; 16) BanexxuTh
rpadixy GyEkmii y = 4x°?
8.2, Ilpu saxux 3HadyeHHAX napamerpa b Touka B (—2; b) HaexHuTh
rpadiky yskuii y = —0,2x"?
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§ 3. KBAZIPATUHHA OYHKLIA

8.3.° Bimomo, mo toyxa M (3; —6) manemurs rpabdiky @yuxmii
y = ax’. 3paitaiTy 3HAYEHHA A.

8.4, Bigomo, mo Touxka K (—5; 10) manexntes rpadirky dbyHxmii
y = ax’. Buaitnite sHAYEHHA a.

8.5." Ha pucysky 8.14 sobpaeno rpadik dysknii y = ax’. 3naiigits
JHAYEeHHA a.

(T T T8 T T T V1

.

1+

a) G)
Puc. 8.14
8.6." Ha pucysry 8.15 so6paxeno rpadix byuknii y = ax®, 3uaitaite

6
) Prec. 8:16 )

8.7." Ha pucyrky 8.16 so6pakeno rpadik dysrnii y = f(x). Iloby-

ayiire rpadik QyHKuii:
1) y=gf @ 2) y = -1 (% 3)y=-21(x.

8.4." Ha pucyuxy 8.17 sobpaxeno rpadik dyHkmii y = g (x). ITlo6y-
myiiTe rpagik GyHruii:
1) y=z80) 2) y=-38().

8.9.° Buxopucrosyioun rpadik ¢pysknii y = f (x), sobpaxenuil Ha pu-
cyHKY 8.18, mobyayitre rpadik dyuruii y = f (—x).
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8. Ak nobynysati rpadikv dyHkuin y = kf (x), y = f(kx)

0) O €)
Puc. 8.18

#.10.° ITobyayiite rpadik dyHKLil i = V¥ — 2. Buxopucroryiouu no-
6yzoeaHuii rpadik, nobyayiite rpadik Gyuxuil y = V-x—2.

8.11." Ha pucyuxy 8.19 sobpaxeno rpadik dyukuii y = f (x). ITo-
byayiTe rpadik pyHKLIL:

1)y =f(2x); 2) y=f(—-;-x).

Puc. 8.19
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§ 3. KBALIPATUHHA OYHKLLIA

Puc. 8,20

8.12." Ha pucynky 8.20 so6Gpaceno rpadik dyskuil y = g (x). Ilo-
OyayiiTe rpagik GyHKIIL:
y= g(%x); 2) y = g (—3x).

8.13.° BuxopucToByoun rpadik dysknii y = x°, nobyayiite rpadixu
dbyukniit y = 3x°i y = —-}ixz.

8.14.° BukopucroByiouu rpadik dysxuii y = J;, nobyayiire rpadiku

dyuxuii y=4Vx i y="—§-

8.15." Bukopucropywuu rpadik dyHkuii y = Jx, nobyxyiire rpadikm
dynkuiti y=—Vx i y=3x.
8.16.° BukopuctoByiouu rpadik dyuknii y = | x |, nobyayitre rpadiku

byrxnii y=%]x[ iy=-2|x|

8.17.° NoseniTs, mo dyHKNis ¥ = ax”’ npn a > 0 cnafae BHa NPOMIKKY
{—==; 0] i spocrae na npomixkry [0; +e°).
8.18.° IloeeaiTs, mo dyuxnia y = ax’ npu a < 0 3pocTae HA NPOMiKKY
(—<; 0] i cnagae Ba npomixkry [0; +eo).
8.19." IToGyayiite rpadik dyuxuii:
%xz, AKIO X < — 2,
- y=1]-x sfAkmo -2<x<2,
-x?, axmo x > 2.
Kopucryouucs nobyaoBanum rpadikom, snaiaite npomm:xu
3pOCTAHHA 1 MPOMIXKKH CIHAJAHHA (DYHKILII.
8.20.° Tobynyiite rpadik QpyHKmii:
-2, #AKmo x < -1,
y=4-2x% axmo -1<x<0,

2x%,  axmo x > 0.
Kopueryouncs nobynosanum rpadikom, sHalgiTe nmpomiskku
BPOCTAHHA i NPOMiMXKKH cnafaBHA QyHKIII.
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9. ﬂK__l_'t_oﬁy.uyaaTM rpa__qﬁu oyHkun y = f(x) +biy =7 (; + a_)

H.21." BnafaiTe HaiiGinasme i HajiMeHIne 3HAYeHEA GyHKOIi y = —2x°
na MHoOKWHI M, AKIO:

)M =[-3; -2]; )M =[-2; 1}; 5) M =[1; 3).
2) M =[1; 2}; 4 M =(-3; 1};
', BuaitniTe Halbinpme | HaWMeHe 3HaYeHHA QYHKIIT y = %xz

Ha MHOMXKHUHI M, AKIIO:

M =[-2; -1}; 3) M =[-2; 4} 5) M = (-4; -2).

2) M =[2; 4}; 4) M =[-2; 4);
8.23." Ilobyayiire rpadix dyHKIii:

y=2][x} 2)y=-%{x}: 3) y =38 sgn x.
.1 IlobyayiiTe rpadik GpyHKIL:

1) y=—é[x]; 2)y =2 {x}; 3) y = -2 sgn x.
8.25." ITobynyiite rpadik dyHKuii:

1)y = (22K 2 y={-2.
H.00. ToGyayiiTe rpadik dyrknil:

D y=[-Z; 2) y = (2}

ik nobyaysatu rpaq::ix'n dyHKUiN
y=f(x)+b i y=[(x+a), axwo sBigomo
rpadix pyHkuii y = f (x)

IMokaxemo, SK, BAKOPHCTOBYIouM rpadik dymukmii y = x*, noby-
ayBaTh rpadik Gyskmii y = x° + 2.

Cxknagemo Tabnuiio 3HaA4YEHb NUX (PYHKIIH MPH OAHHUX i THX cAMMX
3HAYEHHAX APIYMEHTY.

|
x -3|-2,6 |-2]| -1, | -1 —0,5[|0|
|

0,5 |1] 1,5 2L2.5 3
1

y=x" |9/6,25|4225|1|025 0 0,25 1|2,25|4 6,25|9
y |
y=x"+2|11,825|6 4,253 2,25?2]2,25 34,25 6}8.25;11

KoxHiit Touni (x,; y,) rpadika dysruii y = x* signosinae eauna
TouKa (x,; y, + 2) rpadika pysknii y = x* + 2. A xoxna Touxa (¥,; y,)
rpadika dynxuii y = x* + 2 € BianosigHow eanmiit Touni (x; y, — 2)
rpadika dyuaenii y = x°. Tobro Mixk Toukamm rpadikis QyHkuii
y=x"1y=x"+ 2 MoxHA BCTAHOBUTH B3AEMHO OJHO3HAYHY BiANOBiA-
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§ 3. KBA[IPATUYHA OYHKLIA
gicTh. Tomy Bei Toukn rpadika GyukLii y = x° + 2 MoMkHA OTpUMATH,
3aMiHMBINA KOJKHY TOUKY rpadika ¢ymKuii ¥ = x° Ha TOUKy 3 Ti€w
camow abenucoio i opauHarow, 3binpimeHoo Ha 2 (puc. 9.1).

T'oBopsaTs, wo rpadik GyHKnii ¥ = x* + 2 oTpUMaHO B peayabTaTi
NapajeJbHOro nepeHecenns’ rpadika dbyHxnii y= x” Ha aRi opuHuMLi
Bropy. '

Auasoriyno rpadix dyskuil y = x° — 4 MOKHA OTPUMATH B PeayJIh-
TATi NApaseNLHOT0 NepeRecen s rpadika Qyukmii ¥ = x* Ha 4 oxmHMIi
BHU3 (puc. 9.2).

! ul '
| y=x r+ 2 ] | |
g ! il
N - |
' —
! 1 y‘:J_:! i
[ 1o Fi 1l st T8
Pnc.. 9.1 Puc. 9.2

OueBuIHO, 1110 B Pe3yJIbTATI DapaieIbHOTO ePeHeceHHA OTPHMYE-
Mo dirypy, sika gopiBHioe ¢irypi, mo € rpadikom Buxignol dyHKIii.
Hanpuxnaza, rpadikamn dyskuiii y = x* + 21i y = x*— 4 e napabonu,
ski nopisuioloTs napaboni y = x*.

Ili npuknagu nigKasyoTh, AK MOMHA, BUKOPUCTORYIOUHN rpadik
dyeKuii y = f (x), nobyayeatu rpadik pyEruii y = f (x) + b.

I'pagir ¢pynxyii y = f (x) + b moxcna ompumamu 6 pesynvmami
napanenvhozo nepenecenna epadixa gpyrxyii y = f (x) na b odunuys
yzopy, akwo b > 0, i na —b odunuyv ynus, axuo b < 0.

Ha pucyakax 9.8, 9.4 nokasaHo, ik Npamioe e OPaBMJIO AN 10-

Oynosu rpadikis pyurniin y = Jr+3 i y= % i
IMokaskemo, AK MOMKHA 3a gomoMoroo rpadika dyukuii y = x° no-

6yaysatu rpagik GyHKOil y = (x + 2)%.

! Iisxinie BEa ypoxax reomerpii By Giibiu NoKg8AHO 03HAKOMHTECH i3 NADANEIBHUM
nepeseceHHAM.
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9. flk nobyaysaru rpadikv dyHkuin y = f(x) + b iy = [ (x + a)

of 1
Puc. 9.3 Puc. 9.4

Hexaﬂ ToYKa (x;; Y,) HamexuTs rpadiky QyHKmii ¥ = x°, To6TO

= Yo ﬂoneﬂ.emo, mo To4Ka (x, — 2; yu] Hane:xuThb rpadiky hyHK-
n,u y=(x+ 2) 3HaiigeMo sHAYEeHHA mel tyHKIii y Touni 3 abenn-
coio x, — 2. Maemo: ((x, - 2) + 2)*= x," = y,. Omke, KOMHIIH ToUN
(s yo) rpadika yHrUii y = x* mnnom,u,ae efdHa Touka (x, — 2;
y,) rpadixka QyHxUii y = (x + 2)*. ARanoriyHO MOXKHA MOKA3aTH,
mo xoxeua Touxa (x,; y,) rpagika QyHKUil y = (x + 2) € BigmoBin-
norw eauHii Touni (x, + 2; y)) rpaqm{a q)ymcun y = x°. TobTo Mmix
roukamm rpadikis (hymm,m y =x*iy=(x+ 2)° MoskHa BCTAHOBHUTH
133a€MHO OJ(HO3HAUHY BiAiNOBiAHICTS.

Tomy Bci Touku rpadika Qynkuii y = (x + 2)° MoskHa oTpuMarH,
3aMiHMBIIM KOXKHY TOYRy rpadika ¢ysukuii y = x* Ha Toury 3 Tiewo
caMol0 OpAmMHaTOW i abcuucomn,
sMeHIneHow Ha 2 (puc. 9.5).

Takomx KaMyTh, 1o rpadik
dysEnii ¥ = (x + 2)° orpumyoTs
V pesyJbTaTi HNApaJeIbHOrO mepe-
HecenHs rpacdika GyHKOIL y = x*

Ha ABL OAMHMII BIiBO.

PoaraaseMO Hie OAMH MNpPHU-
knan. [lo6yayemo rpadik dyuriii
y = (x — 2)°. Jlerko noxasaru (3po-

OiTh e caMOCTiiiHO), M0 KOMXKHIiH

roumi (x,; y,) rpadixa ynknii y =* U
siamosizae exnna Touxa (x, + 2; y )
rpacika GyEKLii y = (x — 2) i KoMXK-
Ha To4Ka (x,; y,) rpadika pyHxuii
y=(x- 2)? € BignoBigHO© €xmuiit Puc. 9.5
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§ 3. KBALIPATUYHA OYHKLIA
Touni (x, — 2; y,) rpadixa QynK-
nii y = x°. Tomy rpadik dysruii
y = (x — 2)° oTpUMYIOTB Y peaybTa-
Ti mapanenLHOTo NepeHeceHHd rpa-
dika dyEknil ¥y = x° Ha 2 oguEMII
pripaBo (puc. 9.6).

3posymino, mo B pe3yasTarti
OnHuCaHOro mapalelbHOTr0 Mmepe-
HECeHHA oTpumMyeMo dirypy, sika
AopieHIOE Girypi, 1mo € rpadgixkom
BuxigHol ¢yerKuii. Hanpuknag,
ol 1| | % rpagixamu q:;yﬁnu,iﬁ y = (x + 2)
Puc. 9.6 i .y =(x-2)e nal.}aﬁo.nﬂz, AKi no-
pisHIOIOTE Iapaboni y = x°.

Ili npukaaau NigKasyoTh, AK MOXHA, BUKOPHUCTOBYWYH rpadik
dyHrnOil y = f (x), nobyaysaru rpadik dpyukuii y = f (x + a).

T'pagix pynryii y = f (x + a) moncna ompumamu é pesynvmami
napanenbHozo nepenecenns zpagixa ¢pynxyii y = f (x) na a oduruys
8nigo, axwo a > 0, i na —a odunuys enpaso, axuo a < 0.

Ha pucynkax 9.7, 9.8 nokasano, K npamoe e NpaBuIo JAJs 1o-
6ynosm rpadikis dysknift y =vVx+3 i y= ——1-.

x-1

_'yir_ T E
g=~xita |”
e —
AT LT
Ti o[ 8 s
Puc. 9.7 Puc. 9.8

NMPUKNAL 1 Tlo6yayitre rpadix dynkuii y = (x — 1)° + 3.
Poze’azannsa
1) Mo6yayemo rpadik dyHxuii y = x°%
2) IlapanensHO nepeneceMo rpagik GyuHrnil y = x° ma 1 oguHHIO
Bupaso. OrpumaeMo rpadik dpyurnii y = (x — 1)° (puc. 9.9).
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9.5k noﬁ_y_nyaam rpadikn cb){mc_uiﬁ y=f (x_L-l- biy -_f_({ + a_)

3) IapanensHo nepexecemo rpadik Gysruii y = (x — 1) \a 3 oau-
nnni Bropy. Orpumaemo rpadik dyuruii v = (x — 1) + 3 (puc. 9.9).

Onucanuit anroputm nobyJoBM MOMHA NOZATH YV BUIVIAAL TAKOI
CXOMHM]

Ha 1 ox. Ha 3 oxn.

ynpaso _——
y={x—1)1 —— y:.(_l—l) + 3

TN T T jwd
AN

A

l 4
EEANPSADENNE
b+ 3(d+3F 11

Puc. 9.10

NPUKNAL 2 Ilob6yayiite rpadik Gyukuii y = %(x +3)*-1.
Poseé’azannd. N
1) Mobyayemo rpadik byurnii y = Ex’ (puc. 9.10).
2) IlapanensHo nepexeceMo rpadik pyHkmii y = %x* Ha 3 OqUHH-
ui BaiBo. OrpuMaemo rpadik dyHKLii ¥ = é(r +3)" (pue. 9.10).

1 .

3) IlapanensHo nepeneceMo rpadik gpyuxnii ¥ -~ - (¥ + 3) na 1 ogu-

Huno BN, OTpuMaemMo IIyKauuii rpadik.
Cxema moByZOBY Mae TAKHM BUTIS:

yJjiBo YHH3
1 Ha 3 ox. 1 e Hal oxm. e  aw
y=Ex3 - UEglt 3) y=5x+3"-1

3 onuCcAHHX MepeTBOPEHbL BUIJIMBAE, o rpadixoM GyHKIii
y= -33-(-1‘ +3) —1 € napabona 3 BepmmHOO B Touui (—3; —1), Axa Ao-

piBuioe napaboni y = —;-x’.
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§ 3. KBAIPATUYHA OYHKL|IA

3 OpOro OPHKJIAAY CTAE 3pO3YyMiUM ajaropuTM nobynosmu rpadika
dyukuii y = kf (x + a) + b, 3okpema y = k (x + a)* + b. I'padixom
byukunii y = k(x + a)’ + b, k # 0, € napabona, Axa gopiBHIOE napaGoai
y = kx” i Bepmuna axoi sHaxoauTsCa B TOUUi (—a; b).
NPUKNAJL 3 IMobyxyitre rpadix dyuknii y = —2x* — 20x — 47.

Pose'azanns. Maemo: —2x° — 20x — 47 = -2x* — 20x — 50 + 3 =
= -2 (x + 5)* + 3.

Omxe, opmyny, AKa 3ajae Aany QyHKIiI0, MOXKHA NOJATH y BH-
raapiy=kf (x +a)+ b, pe f(x)=x*, k=-2,a=5,b=3.

Cxema nobynoBu Mae TaKuil BUIIAL:

yJaiso yropy
Ha 5 ox. Ha 3 oa. :
y=-2x* — —» y=-2(x+5) —> y=-2(x+5"+3

1

Ilo6ynosanuii rpadik € mapa6onoio 38 BepnHoK0 B Touni (—5; 3),
sAka jnopisHioe napaboai y = —2x° (puc. 9.11).

va

. —

y = J—-2(.r*+ 5+ 3

y = -2(x + 5)°
Puc. 9.11 Puc. 9.12
’ - 2x -4
NPUKNAL 4 ITobyayiite rpadik pyHkuii y = -—
Pozg'azanna. Maemo: 2x-4_20+2-6_ 2x+1)-6 2 2- 6 :
: x+1 x+1 x+1 x+1
Cxema nobygosu Mae Takuit surnay (puc. 9.12):
yJiBo yropy
6 Ha 1 oz, 6 Ha 2 on. 6
y=_; e Y=l = y:2_1+1




9. fik nobyaysatv rpadikm pyrkuin y = f(x) + b iy = f (x + a)

3 onMcaHMX IEepeTBOPEHb BHILIHBAE, IO IIyKaHui rpadik e ri-
nepbonolo, AKa fopisHie rinepboni y = —%.

le#t npukaaa nigkasye, Ak pose’ssaTy OiibII 3arajbHY 3aaady:

nodyaysatu rpadix dysruii y = :;:z, ze a, b, ¢, d — napamerpmn,
npudomy c # 0.
F(cx+d)-9‘—t+b b_.‘!ii. Q_P‘;
Maenmo: 2X+0 _ ¢ =y £ 8,8 &
cx+d cx+d ¢ ecx+d ¢ . d
c

TakuM yuHOM, DYHKILIO, AKA POSTIAAAETHCH, HOLAIH YV BULIAA]

B o 3.8 o "
JHn.mem—t_.M—c..'z = cz.BynysamTaunﬁrpa

ihik MH BxKe BMieMoO.

NPUKNAL § Ilobyxayiire rpadik dyrxnii y = v3x — 2.
Po3e’aszannsa. Cxema nobynoeu Mae taxkuil Burasag (puc. 9.13):

y=m+

yupaso CTHCK ¥ 3 pasu

Ha 2 of. o oci opAMHAT
y=vx J=NE=2 ———. Y=Ix-2

Sxmo sagaRy QyHKIIO NOAATH ¥ BUIVIALL Y = 3{x— %), TO IIO-

OynoBy rpacdika MoMKHa BECTH 34 TAKOK cxemom (puc. 9.14):
: ynpaBo

CTHCK Yy 3 pasu 2
Jl0 oci opAMHAT Ha 3 ox.

y=vx y="8r 2 o y- 8(x-2

y“ 3

1 ..I__..I..y.t \"If'r_z_

NN AEESE L WD

Ry

Puc. 9.13 Puc. 9.14

NPUKNAA 6 MoGyayiite rpadix dpynkuii y = V1 - 3x.
Poaze’azanna. [lobynosy rpadika MOMKHA BECTH 3a OJHIEIO 3 TPROX
TaKUX cxeMm (pmc. 9.15-9.17 BignosigHO):
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§ 3. KBAZIPATUYHA OYHKLIA

yIiBo CHUMeTpis . CTHCK
Ha BigHOCHO OCi vy 3 pasu zo
1 oa. OpPAMHAT ___ oci oppuraT
y=\f;__;-y:\l'x+l —> Y=y-x+1 —» py=v-3x+1

yJ1BO CTHCK cUMeTDiA
Ha 1 y 3 pasu go BiTHOCHO oci
on. oci opauHAT . opaAMHAT
yz'\/;—"'ff:\ﬂx"‘l = y=~3x+1 —» y=v-3x+1

Puc. 9.16
cuMerpin CTHCK
BigHOCHO y 3 pasu yupaso
oci Ao oci Ha % on
| ODJUHAT OpAMHAT . =
ly=vx —» Yy=v-X — Y=vV-3x — ;;_\.—-3(x—%)




9. Ak nobyaysatm rgagi_xg_@ﬂu_cuiﬁ ' e fxX)+biy=Ff(x+a)

NPUKINAL 7 BussauTe KiqbKicTh KOpeHiB pismsmms | x — a | +
I 2| x + 1|= 3 sanesxHo BiJ 3HAYEHHA NapamMeTpa a.

Posze’azanua. [lepenniemo gaHe piBHSHHS TaK:

|x-a]|=8-2|x+1]|

Posraaremo dyuruil f (x)=|x-a|lig(x)=83-2|x + 1. 3a-
nua 3BOAUTRCH 10 TOro, mob 3'AcyBaTH, CKiNBKHM TOYOK NIEpeTHHY
JUJIEIKHO BiJl 3BAYeHHA IapaMeTpa a MaloTh rpadikH QysKLii fi g.

I'padik hyuxuii g 3o06paxeHo Ha pucyHKY 9.18 yepBonnM KoanopomM.

I'padik dynkuii f — e ¢irypa, sKy OoTpPHMYIOTH ¥V pe3yiabTaTi
napaieJsHOro NepeHeceHHA B3AoB¥k oci abcuuc rpadika dymrmii
iy = | x | (cuHiM KONBLOPOM 306paskeHo rpadik A1s BiA'€MHOIO 3HAYCHHS
a, 3eIeHUM — JJIA AOAATHOro, YopEUM — and a = 0).

3 pucyHka 9.18 BuaHO, 10 KOJH BepIIHHA KyTa, AKHI € rpadi-
oM yaknil f, poaminjeHa Ha oci abeuuc niBime Big Touku A abo
upasime Big Touku B, To rpadiku ¢yHKUiN f i g He NepeTHHAaOTHCA.
slkmo BepmmHA KyTta 36iraerecs abo 3 Toukow A, abo 3 Touxow B,
7o rpadikn GyHKOIE f i g MAIOTH OAHY CHINBHY TOYKY ~— TOUYKY
(' (—1; 3). fxiio BeplIMHA KYTa SHAXOAUThHCH Mix Toukamu A i B,
0 rpadiku GpyEKIH f 1 £ MaooTh Bl cniibHi TOYKH.

Koopaunatu Touok A i B maiors surnag (a; 0).

NN

Puc. 9.18

3HauyeHHA MApAMETPA @ MOJMKHA 3HAHTH, OiACTABUBIIHN B DiBHSAH-
HA y = | x — a | koopaunaTu Touku C. Maemo: 3 =| -1 — a |. 3sigcn
a=-4aboa=2.

Maewmo: A (—4; 0), B (2; 0).

3BepHVEBIINCE IIIe pa3 Ao pucyHka 9.18, mosxHa 3anmucary BignoBigs.

Bidnosidv: fAxmo @ < -4 abo a > 2, ToO KOpeHiB HeMae; AKINO
a =—4 aGo a = 2, To ouH KOpinb; fAKup —4 < g < 2, T0 2 KopewHi.
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§ 3. KBALPATUYHA DYHKLIA
9.1." 'padik sixol dpynxuii orpamaemo, saximo rpadik GyRknii y = x*
napajieJibHO NepeHeceMo:
1) Ha 6 ogMHULUE Yropy;
2) Ha 9 ogMHMLB YIPaBo;
3) Ha 12 oguHHIOL VHUS;
4) va 7 ogfuHMUL YJIiBO;
5) Ba 2 opuENL] BOpaBo i HA 3 OAMHULI BHUS3;
6) Ha 1 oguHUIO BaiBo i HA 1 oguHEMIIO Bropy?

9.2 I'padik skoi 3 HaBegeHUX GyHKIi OTpUMaEMO, AKILO Iapaieb-
Ho nepeHecemo rpadik GyHKUil y = x* Ha 4 ogununi BIIPABO:
Dy=x*+4; 3 y=(x+4)%
dy=2"-4 4) y=(x-4)?

0.4, I'padik Aakoi 3 HaBegeHuX QYHKIIH OTPUMAEMO, AKIIIO IIAPAJIETh-
HO nepeHeceMo rpadik QyHknii y = x* ma 5 oauHMUB yropy:

1) y=x"+5; 3)y =(x+5)%
2)y=x*-5; 4) y = (x - 5)*?
9.4," Axi xoopaguHaTH Mae BepmIMHa napabonu:
Dy=x"+8; 5)y=(x—-4)>+3;
2)y=x*-8; 6)y=(x+4)7+3;
3)y=(x+ 8 Ny=(x—4)-38;
4) y=(x—-8)% 8)y=(x+4)-3?
0.5. ¥V axii xoopanuaTHiN uBepTi 3HAXOAUTHLCA BEpPIIKMHA Dapaboiu:
1) y = (x + 10)* - 16; 3)y=(x+ 15)* + 4;
2) y = (x - 11)* + 15; 4)y=(x-11Y°-9?

9.6." fix Tpeba napanem,ﬁo nepedectH rpagik dyHkuii y = 1:—. mob

orpuMaTé rpadik dynkuii y = —i-:

x-8
1) 52 8 oguHEANE yropy; 3) Ha 8 ogUMHEMIL YIpaBO;
2) na 8 ofMHUIL YHHU3; 4) Ha 8 ommHHMUEL YIiBO?

9.7." fix Tpeba mapanensHo nepeHecTy rpadik pyExmii y = Jx, mo6
orpumaTty rpadix dysknii y = JVx+3:
1) Ha 3 opuEULI Bropy; 3) na 3 oguuuLi BIpPaBo;
2) Ha 3 oguHHNI BHM3; 4) na 3 oguEHni BIiBO?

9.8." Ha pucyuky 9.19 sobpaxeno rpadik dyukuii y = f (x). Iloby-
AyiTe rpagik GyHKLi:
Dy=Ffx-2 ANy=Ffx-3) 5) y =-f (x);
Dy=f(x)+4 Yy=f(x+1) 6)y=3-171(x).
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9. Ak nobypysati rpadikm dyHkuin y = f(x) + b i y = f(x + a)

kT [ ] vl
'4
1 I
ol 1 s o 1 =x
0] 12 |» )
B
—4
a) 6) 8)
Puc. 9.19

1.9, Ha pucynry 9.20 sobpakeHo rpa-
ik dyuruil y = f (x). Ilobyayiite
rpadik pyHKII:

Dy=f&x)+5 Hy=Ff(x-2);
y=fx)-3; By=-f(x) - -
Ny=Ffx+1); 6)y=—Ff(x)-1. Puc. 9.20

9.10.° Ilo6yayitre rpatdix dynkuil y = x°. BuxopucroByioum neit
rpacik, nobyayiiTe rpadik pyHKLii:
y=x"-38; 3)y=(x- 5% 5 y=(x-17+2;
y=x"+4; ) y=(x+ 2% 6) y=(x+3)>*-2.

9.11." TloGynyiire rpadik (yHKuii y = —x°. Bukopucrosyioun meit
rpadik, nobyayiTe rpadik GyHKii:
Dy=-x*+1; ) y=—x-2)% S)y=—(x+1)°-1;
y=-x"-2; 4) y=—(x + 4)% 6)y=—(x-38)"+4.

o 1%

9.12.° Tlobynyiite rpadik dyHrUil y = —%. Buxopucrosyoun mneii
rpadik, nobyayiite rpadik QyHKuil:

- _§ - —_— 6 = —_— 6 —
D a==g Hy=-z 3 ®¥=—553
9.13." Ilo6yayiTe rpadik dpynxuil y= -i— BukopucroByroun mei
rpadik, nmobyayitite rpadik Qynkrnii:
-8 % as . o, B
By=g-4 D=y Rsg gt P

9.14.° TlobyayiiTe rpadik dynxuii y= J; BuxopucToByooun uei
rpatdik, nobyayiiTe rpadik pyHKIii:

) y=vx-4 2) y=Jx-4; 3) y=vx-1+38.
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§3. KBA,&PATMHHA QYHKLUIA
9.15.° Mobynyiite rpadik dysarmii y = (x + 5)° - 9. Kopuctywouncs
rpadikomM, sHaULITh:
1) nyni pyHKuii;
2) npu AKMX 3HAYEHHAX apryMenTy hynkxiia sabysae gosaTHnx
3HAYEHb;
3) npomixok apocraHud i mpoMixkox cniagaHun QyHRIL;
4) obnacTs 3HaAYEeHb (PYHKIIL.

9.16." Mobyayiite rpadhix Qynxnii y = (x — 4)° + 4. Kopuerywuncs
rpagikoM, sHaiaiTh:
1) mymi Qyuruii;
2) npu AKMX SHAYEHHAX apryMeHTty (yHkUis nHabypae Big'eMHUX
3HAYEHb;
3) npomixok 3pocTaHHA i npomixox cnagasua GyHKNIL;
4) obnacte 3HaueHb (yHKIII.

9.17.° 3agaitte GopmMyJIOKw BAAY Y = ax® + n Qynkuino, rpadik AKoi
zobpaxeHo Ha pucyHky 9.21.

Puc. 9.21

9.18." Bapaiite opmysnoro BuAy y = ax® + n dyukuiio, rpadix sxoi
300paxeHo Ha pucyHky 9.22,

9.19.° Bagaiire hopmynow Buay y = a (x + m)® dyuxuito, rpadik sxoi
3o6paskeHo Ha pHcyHKy 9.23.

9.20.° Bapaiite dopmysoto BHAY y = a (x + m)* dynxuilo, rpadik axoi
306paxeHo Ha puCYHKY 9.24.

9.21,° 3agaiiTe popmysno0 BHAY i = a (x + m)® +n ¢pyuruiio, rpadik
sixol 3o00paxenc na pucynxry 9.25.
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9. Ak nobyaysatv rpadikn dyHkuid y = f(x) +biy = f(x + a)

a

Puc. 9.22

a)

Puc. 9.23

o)

a)

Puc. 9.24
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§ 3. KBAOPATUYHA DYHKLIA

v %h__ ' T}
1 — —
CA -8 | 0L lx Y [
012 x
-4
a) o) 8)
Pue. 9.25
7 T
7
0
1
* (18 {1 o1ix
a) 6)

Puc. 9.26

0.22. Bapairre hopmynowo Buny ¥ = a (x + m)’ + n dyuaxuio, rpapik
AKoi 300pakeHo Ha pucyHKY 9.26.

9.23." Posp’sixiTh rpagiuHo piBHAHHA:
1) (x-1)3:%; 2) 2-x% = Jx.

9.24." Posp’axits rpadiuto piBHAHHA % =Jrx +2.

9.25.° Ilo6yayiire rpadix dyuxuii y = | x |. Bukopucrosyouu ueit
rpagik, nobyayiite rpadik dysxmii:
Dy=|{x-2|+1; 8y=3-|jx+2); Hy=1-2|x-1]
y=[3-x|-2; 4) y=%|x+1j—3:

9.26." INobynyitre rpadix dyuxuii y = | x |. Bukopucrosyroun neif
rpadik, nobyayiite rpadik pyrrmii:
Dy=|x-1|-8 2Dy=2-[x+4]; 3)y=2-3|x+1]|
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9. Ak nobynysatv rpadikn pykuin y = f(x) + b iy =f (x + a)

$.27." Iipami m i n, 3obpakeni Ha pu- y 1/
cyHKy 9.27, napanenbni, NpuYoMy "
npama n € rpadgikoM Qymuxnii b -~
y = f (x). 5Ixe 3 TBepaKEHH € 1Ipa- / /
BHJIBHHM: e
1) npsama m € rpadikoM dbyHKuii K //0 %

y=f(x)+b; >~
2) npamMa m € rpadikoM QyHkmii Puc. 9.27
y=Ff(x—a) i

9.28.° 3axaitte nany ¢yHKmio dopmyaow Buay ¥y = a (x - m)’ + n
i moByayitre ii rpacdik, BUKopucToBYIOun rpadik dyHknii y = ax’:
1) y=x*-4x + 6; 3)y=2x*-4x+ 5;
2)y=-x*+ 6x - 6; 4) y=0,2x" - 2x — 4,

9.29." Bapaiire gany yukuio dopmyaowo Buay y = a (x — m)®+ n i no-
6yayitre ii rpadik, sBukopucToByioun rpadik dyuknii y = ax’:
Dy=x*-2x-8; 2)y=-2x"+8x-38.

+b 1 mo-

OyayiiTe il rpagik, BuKopucToByIOuHM rpadik QyHrUil y = 5;

9.30." BapaiiTe nany GyHKUIIO (POPMYJNOW BUAY Y = =

x-1
2¢+1°

_3x+8, _2x+14, _ =o% . =
l)y_ _x"v 2)9’— x+3v3)y x_l? 4)y

9.31. 3agaiire nany dyuknio dopmyaow Bugy Y =x—f—;+b i mo-

Byayiite 1i rpadik, BuxkopucToBy4M rpadik QyHruii y = %:
_4x+14 _T-=, _3x-2
b= x+l’ 2)9—1_2. 3y x+1’

9.32.° IlobyayiiTe rpadix dyHKIii:
1) y=m; 2)y= 1-—%;
9.33." MobynyitTe rpadix GyHKuil:
1) y=v3x+1; 2)y= ~3-L 3 y=Gx-1% Hy=|3x+2|

9.34." Ilo6yayiiTe rpadir Pysxmii:

Jy=Cx+1)% )y=|2x-1|.

1)y=[x_1]; 4)y={x}—1; 7)y={§+%};
2)y=[x]-1: 5)y = [2x - 1; 8);,:{%_%,
8 y={x+-§}: 6) y = [1 - 3x];

95



§ 3. KBALIPATUHHA OYHKLIA

9.35." llobyayiite rpadik dynknii:

Dy=[x+1} S)y=[3x+1];
2)y=I[x]1+2; 6) y =[1 - 2x];

11, ik AL,
3)y={x—§}. T y= 55l
Yy={x) +1; 8) 9={%‘§}'

9.36." BusHauTe KinbKiCTh KOpeHiB piBHAHHA a — | x | = x* 3anexno
Bij 3HAUEHHS TApaMeTpa d.

9.37." IIpu sKUX 3HAYEHHAX MapaMeTpa a piBusHHA | x | + a = —x°
Ma€ JBa KOpeHi?

9.38." Ckinbku KOperiB 3anexHo Bill 3HAYEHHA MapaMeTpa d Mae
pisasEEA Vx-a =1-x?

9.39." Ckinpku KopeHiB 3ajiedHO Bifi 3HAUEHHA NapaMeTpa d Mae
piBHAHHEA VX +a =2-x?

9.40." Buaiigite Haitbineme i HafiMeHIle sHavyends QyEKUil [ (x) =
=| x - a | na sigpisky [1; 3].

9.41.” Buaiinite Haiibinbe i HafiMen1ue 3HaYeHHs GyHKUII ¥ = (x + a)’
Ha Bigpiaxy [-4; —2].

9.42." BusnauTe kiabkicTs kopenis piBHsaHHa 3 | x | =| x — a | aa-
JIeXKHO Biji 3HaueHHs MapaMeTpa d.

9.43.” Busuaute xiJbKicTh KopeHiB pisasuna |x —a |+ | x| = 2 3a-
JIeJKHO Bijji 3HaueHHsA NapameTpa 4.

9.44." Cxinoku KOpeHiB 3ake)xHO Bl 3HAYEHHA napaMeTpa a Mae
piBusEEa x* + 1=|x—-a|?

9.45." Ckinsky KOpeHIB 3a7e)KHO BiJi 3HAYEHHA NApAMeTPA 4 Mae
pisEsaEEA 2 — x"=|x + a |?

L' 8 flk nobyaysaTu rpadiku pyHKLLIN
y =f(x|)iy =|f (x)] axwo Binomo rpadixk
byHKUITy = [ (x)

CROpHCT&BmHCL O3HAYEeHHAM MOAYJAH, MOM{HA 3AaIllHCATH:

- _ |f(x). saKmo x 20,
i f(lxl) # {fl—.r), axmpo x < 0.
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10. fik nobyaysatm rpacbikv yHkuin y = f (| x|) iLy_=_|f ()]

3Bigcu MoXkHA 3pOGMTH BUCHOBOK, 1o rpadik dyaknii y = f (|x|)
upn x > 0 sbiraersesa 3 rpadikom dysernii y = f (x), aopu x <0 —
« rpadikom pyskuii y = f (—x).

Toxi mobyaory rpadixa pyuxuii y = f (|x|) moxea nposozuTH
Al TAKOK CXeMOI0:

1) mobyaysaTu Ty yacTHHY rpadika ¢pyHKUii ¥y = f (x), yei Touxn
Kol MaoTsL HeBig emui abecnucH;

2) nobyaysaTu Ty gacTHHY rpadika GyHknii y = f (—x), vei Toaxn
sicol MamoTh Big'emui abemucu.

Ob’egranEA OUX ABOX YACTHH i ckjaafatume rpadik Gysrnii
v =1 (x|).

Ha pucynky 10.1 nokasaHo, AK 3a fonomoroi rpadixka GyEKOil
v = (x — 2)* mo6ynosano rpadix dynknuii y = (|x] - 2)°

Ry

Pue. 10.1 Pue. 10.2

Ins pysknii y = | f (x) | Moxua samucarn:

f(x), sarmo f(x) >0,
~f(x), sixmo f(x) <0.

y=lf(x)|={

3sigcn sunuuBae, mo rpadik yuxruiil y = | f (x) | opu Beix x, ans
axux f (x) 2 0, s6iraeTses 3 rpadikom ¢pyukuii y = f (x), a npH Beix x,
ans axkux f (x) < 0, — 3 rpadikom dpyskuii y = —f (x).

Toai 6yaysatn rpadik ¢yuknii y = | f (x) | moxxHa 3a Taxoio cxe-
MOIO:

1) yci Toukn rpadika dyurnii y = f (x) 3 Herix’eMAEEME OpAHHA-
TaMH 3aJAMINATH He3MiHHMMM;

2) TOYKH 3 Bif’eMHUMHM OPAMHATAMM 3aMiHHUTH HA TOYKH 3 THMH
caMAMH abcmpucamMu, aje NPOTUJIEKHHMME OPAHHATAMH.

Ha pucynky 10.2 nokasaHo, AK 3a gonomoroi rpadika GyHrmii
y = (x — 1)* — 2 nobynosano rpadix dyuruii y =| (x - 1)* - 2.
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§ 3. KBAIIPATUHHA DYHKLUIA

NPUKNAZA 4 Mobyayiite rpadix dynxuii y =|fx|+1-2].

Poze'azanns. AnroputM nobyJoBH IIYKAHOTO rpadika MoKHA
TOJATH Y BHIIAAL Takol cxeMu:

y:\/x+l—>y=\ﬂx|+1—>y=\ﬂx|+1~2—+y=[\{ix|+1—2l

(pmc. 10.3).

Wi




10. ik nobyaysatu rpaciku dyrkuiny = f (|x|)iy = |f (x)|

NPUKJAL 2 Tobyayiite rpadix Gyskmii y = | dx+1]-1 |

Pose’szanns. Tlobyposy mykangyo rpadika MOKHA IIOAATH 3a Ta-
1010 CXeMO10:

y=J|—x_|—>y=,[ix+l|-—~>y=Jix+1 —1—)y=|\[|x+l —1|

(pue. 10.4).

[ | m8 [ ] L1, '
= EENRRLI (SR
AT "
b —Qil‘_‘-f"__oll ] ] iﬂ
2)
Puc. 10.4
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§ 3. KBAJPATUHHA OYHKLIIA
NPUKNAL 3 Tlpu AKX 3HaYeHHAX ma-
pamerpa a pisaanEa |2 |x|-1|=x~a
Ma€ TPU KOpeHi?

Poze’snzanns. Ha pucynky 10.5 uep-
BOHHM KOJbOpoM 300paeHo rpadik
dynknii f (x) =| 2| x| - 1| Bagaua
3BOAUTLCH A0 TOro, mobd SHaAWTH TaKe
nonoXeHHA nupAmol g (x) = x — a, npu
AKoMy rpadiku ¢yHkuii f i g MaoTs TpR
CHijJbHI TOUKH.

IIs yMoBa 6yie BUKOHAHA NHUITE TOAL,
KoJH npaMa g (x) = x — a npoiize yepes

TOYKY (—-;—; 0) a6o uepes Touky (0; 1) (puc. 10.5). Maemo: —-;— -a=0,
a=—-;; a600-a=1,a=-1.

Bidnosids: a = ~% abo a = -1.

10.1.° Buxopucrosyiouu rpadik dyexuii y = f (x), sobpaxenuil
Ha pucyHKy 10.6, nobyayiite rpadik dyuxuii: 1) y = f (|x|);
2y=|f|

y
-+
1 —
0 |;—‘.'-: X
_1_-2" 3
a) 6)

Pue. 10.6
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Buropucrosyiooun rpadixk ¢yskuii y = f (x), sobparkenuii
ua pucysky 10.7, nobyayitre rpadik dyuxuii: 1) y = f (|x|)
y=|f@@|

y“ _ yh

oyz_q 1=

it [ | ] ol

CT ST
a)

Pnc. 10.8

0)

10.3.” Buxopuctosyloun rpadik dyrkuii y = f(x), 306pakennii Ha pH-
cyrxy 10.8, nobyayiite rpadix dymrxuii y = | f (|x|) |.

10.4.° IloGyayiite rpadik pyskmii:

Y y=ap 2) y=-rg
5. INobynyite rpadik dynkmii:
1)y=|%|; 2ly=—]%|-
10.6.° ITobyayiiTe rpadik pyHKLIi:
Dy=l#-1k  By=|2-1 5 y=|Z34|.
py=lVr-2l;  oy=|%|
0.7. Ilobyny#ite rpadik dyHKmii:
Dy=12-4  3y=|2-2] 5) y=| X2/,
y=Vr-1  y=|25)
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§ 3. KBAAPATUHHA OYHKLIIA

10.8." Ilpo ¢yeKuio ¥ = f (x) BigoMo, mo D (f) =[-3; 711 E (f) =
=[-6; 5]. BuaiigiTe: 1) obnacTs BusHAueHHA GyHknii y = f (|x|);
2) obnacTe BU3HAYEHHA i obsacTs sHauens GyHKmii y = | f (x) |.

10.9." IIpo dyekLUio y = f (x) Bigomo, mo D (f) = R, uucna -3i 2 e
ii mynamu, f (x) > 0 opn x € (—oo; —3) U (2; +o<). BHaligiTe HYI]
i mpomixku smakocranocti dyurnii: 1)y =f (x| 2y =|Ff(x)].

10.10." Ilpo ¢yukUito y = g (x) Bigomo, mo D (f) =R, yucna -1i3 €
i mynamu, f(x) <0 opu x € (—ee; —1) U (3; +e0). 3uaiiaite Hyai
i mpomixxu snaxocranocti pysknii: 1) y=f (x| 2)y=|f(x) |

10.11." Buxopucrosyoun rpadik ¢yexmii y = f (x), sobpakennit
Ha pucyHky 10.9, nobyayiire rpadik dyukuii: 1) y = f (x| — 1);
2)y=rf(x-1).

[T ATv [T 11 11 ¥

Puc. 10.9

10.12," Buxopucrosywoun rpadik ¢yveknii y = [ (x), sobpamenumii
Ha pucyHKy 10.10, nobyayiite rpadik dyuxuii: 1) y = f (|x| + 2);
2)y=1f(x+2.

10.13." Ilobyayitre rpadik ¢pyHKuii:
Dy = (=l -1 3) ¥ =315

2) y=+|x|+2; 4) y=1-|x|
10.14." Tlobyayiite rpadik dyHKmii:
) y=(x[+2)5 3) yﬂﬁ:

2) y=\[x]-3 4) y=y2-|x|

10.15.° Tlo6yayiite rpadir QyHKIIL:

1) y=x+2]; 3) y=flx-1]+2;

Dys=(jz-2-1)% 4)y=|—ﬁl_—3-
10.16." ITo6yayitre rpadik dyHKLii:
1) y=x-3 3) y=x-2]-3;
2)y=(x+1]+23 9 y=oT
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10. fix nobypysatit rpacpiki yHKuin y = f (|x_|] iy =|f (x)]

10.17.° CriNBKH KopeHiB Mae PIBHAHHA 38J1€3KHO BlJl 3HaAYeHHSA Mapa-
MeTpa a:

D]lx|-1]=a; 3 |(lx] - 1)* - 1| =a;
2) | (x+1)2-1]|=a; 4) |Vx -2|=a?
10.18." CxinekH KOpeHiB MaE€ DIBHAHHA 3a/IeXXHO Bl 3HAYEHHHA IIA-
pameTpa a:
1) |2 - 1| = a; 3) |(Jx] - 2 - 8| =a.

2) [(x+ 2)*-38|=a;
10.19.° Tlo6yayiire rpadik GyHKITII:

1) y=42|x|-1; 2) y=1-3|x}); 3) y=]2x-1].
10.20." ITobynyiiTe rpadik dyHKIil:

1) y=38|x|+1; 2)y=\[i3x+1|.

10.21." ITobyayiiTe rpadik dyHKIii:

4 4
1)y=’m—2|i 2)”=|x|_-2‘ Hy=[1-11-]x[[}
10.22." IlobyayiiTe rpadik pyHKnii:
Dy=||lx|-4} y=Ill=x-1]-1]|-1]}

2)y=]2|x|-4}
10.23.” IlobyayiiTe rpadik Gynruii:

1) y=|fx[-1-1]; 3)y=|m1_—2-1’= 5) y=
2) y=|fx-1]-1]; 4)y=|]x—£§[‘1|?

10.24.” Tlobyny#iTe rpadik pyHKIIi:

1) y=|2[x]-1-1}; 3) y=
2) y=|[8x+1]-2;

10.25.” TIpu skuX SHAYEHHAX MapaMeTpa a piBsnuA ||x—1|-1|=
= x — a mae Geaniu KopeHiB?

10.26.” TIpu AKNX BHAYEHHAX TIapamerpa @ piBusHu#A || x + 2| -3 |=
=a — x mae Besyiu KopeHin?

10.27.” IIpu AKUX 3HAYEHHAX napamMeTpa @ pisuanusa | 2| x—1|-3|=
= x — a Mae 3 KopeHi?

10.28." IIpyn AKMX 3HAYEHHAX NapaMeTpa a piBuanusa (3| x+1|-2|=
= g — x Ma€ 3 KopeHi?

10.29.” Ilpu AKUX 3HAYeHHAX NapaMeTpa g piBHaHHA [ 2| x +a|-1]=
= x — 1 Mae ogun xKopius?

10.30.” TIpu Axnx 3Ha4YeHHAX napamMeTpa a piBHaAHHA |3|x —a|-2|=
= 2 — x Mae ofiuH KOopius?

x|+2
|x|-1

|x]—2|.
Jx[+1
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§ 3. KBAPATUHHA DYHKLIA

KeagpaTuuna ¢pyHkuia, 11 rpadik
i BNacTMBOCTI

v e u o OyEKIi0, AKYy MOKHA 3a0aTH GOpMYJI010 BHIY ¥ =
= ax’ + bx + ¢, ne x — HesaJe;xHA 3MiHHa, a, b i ¢ — mapameTpn,
npuuomy a # 0, HA3MBAKOTE KBA/IPATHYHO K.

KpagpaTuuna dyHKUis He € ansa Bac Hovow. Taxk, y 8 kiaci sy Bu-
Buan ii OKpeMuii BUJ, a came QyHKIio ¥ = x°. OYHKNIOHATLHA 386K~
HicTs nmowi S Kpyra Big foro pajiyea r BUSHAYAE KBAAPATHYHY QyHK-
wito S (r) = W, AKa y CBOIO Yepry € OKpeMuM BuaoM GyHKUil y = ax’.

2

Ha yporax ¢hisukH BH o3HalOMIINCH 3 (hopMynoio h = vyt — 3;—

Boua BusHauae 3aiexHICTh BUCOTH i, Ha AKIA 3HAXOAUTHLCA TiNO, IO

KMHYJIN BEPTUKANHLHO Bropy 3 MOYATKOBOIO IIBMAKICTIO Uy, BiX 4acy

pyxy i. s dopmyna safae kBagparudny dyuxuio h(f) = vyt - %2
VeraHOBEMO JefiKi BAACTHBOCTI KBagpaTwdHol GpyHKnii. Maemo:
ax®+bx +c =a(x2+%x+ :) (x sp b W +£)=

2" 4a’ 4a®

2 2 2

- b)) | dac-b")_ g_) 4ac-b
“of{xr ) s 5t ) <o ) v teet,

b dac — b* D

Beeaemo nosHadyedHA xo:—g, WS

Toxi dopMyny y = ax® + bx + ¢ MOXHA MORATH Y BUIIALL:

f(x)=a(x-x)+y,

Hocnigumo ¢pyukuito [ Ha 3pocTanHA i cnagaHHA.

Hexaii x, < x, < x,. Maemo:
fx)-fxy=a(x ~xY+y ~aly,-2 -5, =
=ax, - x,) (%, — x)) + (x, — x)).

Ockinpru x, —x, <0, x, —x, < 0ix, - x, <0, To 3HaK pisuuui,

SIKA PO3rJIALAETHCH, BAMEXKUTE TINBKU BiJl 3HaKA MapaMeTpa a:
akmoa <0, 1o f (x,) - f(x,) <0, To6ro f (x,) < f (x,), a oTxKe,
dynxuis f spocrae Ha mpoMimkky (—e; x];
akmo a > 0, to f (x,) > f (x,), Tobro dyuxuia f cnagae
HA OPOMIXKY (—=; x,].

Ananoriuno MoxHa aocmianti Gynkiito f Ha npomikky [x; +eo):
akino a < 0, To pysKuia f cnagae Ha OPOMiIXKKY [x,; +o0);
axmo a > 0, To pyrknia f spocTac Ha NPOMKKY [x; +<°).

3 ypaxyBaHHAM OTPUMAHHX pea3yJbTaTiB moxHa 3pobuTH Taki

BHCHOBKH.
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11. KsagpartnyHa yHkUis, 1T rpadik i BnactmeocTi

Sikmo a > 0, To f (xo) < f (x) zna 6yap-axoro x € R. Omxke, upu

i - .
u -0 ménf(x)—f(xo)— '

fkmo a < 0, to f (x,) 2 f (x) ana 6yns-axoro x € R. Orxe, npu

r s b
a0 mgxf(x)—f(xu)— iz

‘I'nkoxk 3azsaummMo, mo npu a > 0 dyskuia f e gocarae Halbine-
HI01'0 3HAUYEHHSA, a Ipu @ < 0 He AocArae HaliMeHINOro 3HAYEHHS.

Vsarani, akmo a > 0, ro E(f) = [—ﬁ; + uo);

axmo a < 0, ro E(f) =(—m;—£].

OueBuaHO, o Konu x, = 0, To pynKuis f € napuoio. fAxmo x, # 0,
ro (pyHKIiA [ He € Hi mapHO0, Hi HENAPHOIO.
Y rabnuni mizcymMoBaHO BHINlECKA3aHe:

Bnacrusicte a>0 a<0
ObyacTh BUSHAYECHHS (=03 +o0) | (=00 +e)
()bsiacTe 3HAYEHB [—%; + co) (—oc; - ﬁ] 3
‘IpocTae Ha NpoMiKKy [—i- + ac) (—00; - i]
2a’ 2a
(‘nagae Ha NPOMIKK (—00; —i:l [—L' +no)
P . %a 2’
e i : D
Haibineme snavenud yuakuii va D (f) | He icHye ~ 5%
7 D .
Iaiimennie suavenss Qysxuii ma D (f) = He icHye

[MokasxeMo, sk rpadik kKpagpatnumoi Gyskmii y = ax® + bx + ¢
MOXKHA OTpUMAaTH 3 rpadika GyHKOii y =

Bu Baxe GyayBanm rpadikm GyHKLiE By y = ax® + bx + ¢,
BIJILIAI0YA KBAaJpaT ABousieHAa (AuMB. npuiraaz 3 nyeHKTy 9). Ba-
IKOPUCTAEMO Tleif NMpHiioM y 3araJbHOMY BHIIAAL. MoskHAa sammHcaTH
y=alx-x) +y,
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§ 3. KBAOPATUYHA OYHKLIA

Tenep sposymiso, mo cxema nobynosBu LIykaHoro rpagika € ra-
KOIO:

yupaso abo yropy abo
BIiBO BHU3
y=ax' ———> y=a(x-x) —> y=a(x-x) +y,
ua | x, | oz. Ha | y, | om.
I'paikom cyuruii y = ax® + bx + ¢ € napa6osna 3 BepIIMHOIO
. b dac - b* >
B TOuLi (X ¥,), Ae Xy = g Vo= g AKa popisHioe nmapaboni

y = ax’.

3posymino, mo BiTkM napaboau y = ax’ + bx + ¢ HanpAMIeH] TaK
camo, fK i BiTKM mapa6onu y = ax®: axmo a > 0, To BiTku napabonu
HAanpaMJeHi Bropy, axmo a < 0, To Bitky napaGonu HAIPAMIEHI BHIS,

3araneHe ysaBJeHHA npo rpadik kBazpatuyHol ¢dyHKOii aaoTh
KOOpAMHATHA BeplinHM napabonu i Hanpsam il siTok. Ile yaBnenHs
Oyne TuM noBHimMM, yuM OiNbiIe TOYOK, AKI HaNemarh rpadiky,
MM sHaTuMeMo. ToMy, He BHKODHCTOBYIOUHM IapajielbHHX IepeHe-
ceHb, MokHA nobyaysati rpadik kBazpaTudHol (PyHKUII 3a TAKOI0
CXeMOI0:

1) snaiiTn aGcumcy BepminAEM napabosu sa (hopMyno x, = ~§b&-;

2) snaiiTy opAMHATY BepiunHEH napaboan 3a dopmy0w0’

_4dac-bv’ _ D
g W

ae D — nucKpuMiHAHT KBAZAPATHOrO TPUYJIeHA ax® + bx + ¢, i nosna-
YUTH HA KOOPAMHATHIN IJIOLMHI BepIHHy napabosu;

3) BUBHAYMTH HANPAM BiTOK napaboiu;

4) nobyaysaty rpadik ¢yHKIil.
NPUKNAA 1 Tobyayiite rpadik ¢yskuil f (x) = x* + 4x - 5. Ko-
pucryiouncs rpadikom dyHKLiT, sHaRgiTE 061acTh 3HAYEHB (PYHKIIT,
[IpPOMIKKH 3POCTAHHA 1 COANAHHSA, MPOMIMKKH 3HAKOCTAJIOCTI, HAii-
MeHIe i Haibinbine 3HaYeHHA QyHKIL.

Pose’ssanns. Jana dyExuis € kpagpaTHunolo byuknieo y = ax® +
+bx+ec,nea=1, b=4, ¢ =-5. li rpadikom € napabona, BiTkH sKOI
panpsamieni sropy (a > 0).

! dopmyny y, = —-il sanan’aropysarH Heolos'gakoso. JoctaTHeo ofuncauTH
3

auayenna Gyaxnii y = ax® + bx + ¢ y Touni a abenucono x, = —-2%.

106



11. KsagpatviHa yHkuis, 1i rpadik | BnacTmsocTi

Adcuuca BepiumHEA napaboan x, = ——% = ~~;— = -2, opAauHATA Bep-
munn Yy, =f(x)=7f(-2)=4-8-5=-9.
Toai Touka (-2; —9) — BepmmuHa napaboiau.
BualizeMo TouKH nepeTuHy napabosnm 3 Biccio abGenuc:
¥*+4x-5=0;
x,=-5,x,=1.
Orixe, napabosa nepernHae Bick abenue y roukax (—5; 0) i (1; 0).
3naiinemo TOYKyY nepetuny napabouu 3 Biccio opauHar: f (0) = —5.
Ilapabona nepetuHae Bick opaunar y To4ui (0; —5).
ITosHaunmMo 3HAlEHI YOTHPH TOYKH apabosii HAa KOOpAMHATHIM
waomuHi (pre. 11.1).

T yh
SN 1 BER
| o Hix
EEESEENANE
—t—t— 4 | -—.—54 = r_1|
_'.I = T |
1 - — 4—r—1
.,I.._.i. e - ,l
EAME Eswn e _ |
Pue. 11.1 Puc, 11.2

Tenep 3poayMLiio, 1110 3PYYHO 3HANTH 3HAYEHHA JaHO1 QYHKUIL B TOY-
wax -1, -3, — 4 i, NO3HAYMBINY BiANOBiZHI TOYKH HA KOOPAHWHATHIH
IWJIOIMHI, IPOBECTH yepes yci aHaiigeHi Toukn rpadik naHoi GpyHKuil.

Maemo: f (-3) = f(-1)=-8; f(- 4) = (0) = 5.

Illykanuit rpacdik 306paxeno Ha pucynky 11.2.

O6aacts 3Hauensb GyHKLII E (f) = [-9; +e2).

DyHKIIA 3pOCTAE HA NPOMIKKY [—2; +e0) i cnmanae Ha mMpoMixKy
(—o=; =2].

f(x)>0mpux<-Habox>1;f(x)<0nmpn-6<x<1.

rRigl f (x) = -9, Haiibinpmmoro aHauyeHHA He icHyE.

NPUKNAL 2 3Buaitgite Haiibinene i HaliMenme sHaueHHA QyHKOIT
_ 4x? 12x

= —3—— ——5 —— + 2 Ha Il 00sacTi BUSHAYEHHA,
(x*+1)* =x°+1
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§ 3. KBAZIPATUHHA OYHKLIS

Poze’szanna. lana pyHKnin BusHavena Ha MHOkuHi R. Hexafi
fx e t. V npuknaai 2 u. 5 6yno Bcranosneso, upo -1 € ¢t < 1,
x4+

Sagaua spesaca A0 3HAXOMKeHHHA Halibinemoro i HallMeHLUIOro
sHaueHHs QyHKOii f (t) = t* — 6¢ + 2 Ba siapisky [-1; 1].

Ocxinbrn hyHrnin f cnagae Ha opoMiskKy (—oo; 3]1[~1; 1] C (—=e; 3],
TO rli}ﬁlcf(t) =f(-1)=9, Exljl;}f(t) =f(1)=-8.

1o sazauy TAKOMXK MOXKHA pPos3B’A3aTH rpapiyso (puc. 11.3).

\_Q_'h

9

Ry

{ y -
A -3/ || 1\ B! | Ix
Puc. 11.3 Puc. 11.4

NMPUKNAJL 3 3uaiiaiTe yel 3aYeHHs napaMeTpa @, IPH AKHX HaiiMeH-
nie sRavenHA GyHRUii f (x) = 2" + 2x — 1 + | x - a | 6GLrsme 3a 2.
Posze’azannn. Ockinpgu m&nf{x) > 2, To ansa Gyas-sxoro x € R

¥*+2x-14+|x-al|>2. (*)

Omxe, 3asa4a 3BOAMTHECA 0 TOro, Mob 3HAMTH Bel 3HayeHHA Ha-
paMerpa g, Ip¥ AKKX HepiBHICTL (*) BUKOHYETHECHA NPH BCiX X.

Maemo: | x —a|> -x* — 2x + 3.

Poarnsimemo dyskuii g (x)=|x-a|ih (x)= -2 - 2x + 3.

JocraThbo S8RAUTH Ti 3HAYEHHH NnapaMeTpa @, 1pH AKHUX yci TOYKH
rpabika Gyuxuii g sHaxoaATECA BUIlE 38 BianopigHi (Tob6To 3 THMU
camumu abcuuncamu) Touxu rpadika pysruii A.

3 pucyuka 11.4 BuaHo, 100 KOMM BePIINHA KyTa, AKMil € rpadikom
dyHKILil g, posmimeHa Ha oci abeiuc JyiBimme Toukn A abo npapime
TouKu B, TO oTpPUMYyeMO IIYKAHE B3a€MHE pO3TallyBaHHA rpadikis
dysruiii g i k.
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11. KBagpatuyHa dyHKUIR, 11 rpacik | BNacTMBoCTi
Ao seplnHa KyTa 8biraeThes 3 TOUKOW A, TOnpsAMa Yy =X — @
milc 3 mapaboJio y = -x* — 2x + 3 oMy cninpHY TouKy. BHAueHHS
napamMerpa @, AKe Biinosifac nsoMy BUNAAKY, 3HAHAEMO, BUMATAIOUH,
mob piBAHHEA —x° — 2x + 8 = x — @ Mano ¢AUHMII PO3B’AIOK.
Maemo: —x* ~3x + 3 +a=0; D=9 + 12 + 4a = 0. 3sincu
21
2,
SAxmo sepmuna KyTa 30iraeTscs 3 TOUKow B, TO mpaMa ¥y =4 — X
JOTHKAETRCH 10 nmapabomy y = —x° — 2x + 3. BHaueHHS mapaMeTpa a,

=

Nie BIATIOBiIa® MOMEHTY AOTHRY, JOPIiBHIOE !42 {nepexonaiiTecn
1 1IbOMY CaMoOCTiiiHO).

Bidnoside: a < #-2-} abo a > 173
NPUYIKNAL 4 Tlpn skux 3HaYE€HHSIX MapameTpa @ pisHaAxHA (@ + 4x —

x*-8)(a—1-|x- 2|) =0 mae Tpu xopeni?

Posze’azanns. PosriisneMo KOOpAWHATHY ILIOIIHHY xa, To0TO Koop-
JMHATHY ILTOWIMHY, KOXKHA TOYKA AKOI Mae KoopAuHatH BUAY (x; a),
¢ @ — mapaMeTp.

V niit koopauHATHIMN TUIOMMEI mobyayemMo rpadik gaHoro piBHAHHSA.

IlepexoguMoO A0 PiBHOCHIBHOI CYKYIIHOCTI:

a=x>-4x+3,
a=|x-2|+1.

T'padixom nepioro piBHAHHA CyKYNnHoCTi € napabona, gpyroro —
ikyT. OTxke, rpadikoMm 3aXaHOTO
piBEaEHEA € 00’€AHANEA TUX Diryp <
(puc. 11.5). ~1

KinpkicTe TOYOK HEepeTUHY '
4 UM rpagikoM rOpM3CHTANBHOL
upAMoi @ = @, BiANOBija€ Kiab-
iocTi KopeHiB JaHOrO PiBHAHHA
1IPM 3HAYEHH] MapaMeTpa @, SKUH
JOPIBHIOE a,.

3 pucysra 11.5 BuaHo, 10
TiIBKH npAMa a@ = 1 nepeTunae rpa- Puc. 11.5
(hiK DIBHAHHA B TPhOX TOYKAX.

Bidnoside: a = 1.

11.1." BusrayTe HanpsaM BiTOK i KoopAWHATH BepIIHHK napaboma:
Dy=x*-12x + 8; 3)y=0,3x"+2,4x - 5;
2 y=-x*+4x - 6; 4) y=-5x"+10x + 2.
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§ 3. KBALPATUYHA OYHKLIA

11.2.° Bradigite obiacTh 3HAYEHH T IPOMIXKKH BPOCTAHHA i CHANAHHSN
byHERIII:
1) f(x) = 4x* - 8x + 8; 3) f(x)=4-12x - 0,3x%
2) f(x):-%x2+2x—6; 4) f (x) = T + 21x.

11.3.° BHaiiziTh 001aCTh 3HAYEHDb TA IIPOMIiyKKH 3POCTAHHA 1 caganus
GynrIii;

1) f (x) = 2x® - 12x + 8; 2) f (x) =9 + 8x — 0,2x2.
11.4.° IloBynyiire rpadix QyHrmii: - .

1) y=x"-4x-5; 5 y=x" - 2x + 4;

2)y=-x*+2x + 8; 6)y=f%x2+3x-4;

3) y = 6x - x% N y=x"-6x+5;

4) y=2x* - 8x + 8; 8) y = 2x* — 5x + 2.
11.5.° Iobyny#uTe rpadik byHKmii:

Dy=x«*+2x-8; 3Yy=—x"+4x - 5;

2y =x"—2%; 4) y = 2x° - 2x - 4.

11.6." IloByayiite rpadik dyuruii f (x) = x° — 6x + 8. Kopucryiouucs
rpadivom, agafifiTs, OPY AKKX JHAUEHHAX APryMEHTY MYHKIiN
HabyBae gofaTHUX 3HAYEHL, a IIPH AKHX — Bil'eMHHX.

11.7." TIo6yayitre rpadik dynkuii f (x) = —x° — 6x — 5. Kopucryiouncs
rpapiKom, sHAMAITL MHOMKHHY Po3B’fAsKiB Hepiswocri f (x) > O.

11.8.° IoGyayiire rpadik dyrkuii f (x) = x — 0,5x%. Kopucryrouucs
rpadikom, 3HANAITH, OPH AKUX 3HAYEHHAX X BHKOHYETHCH He-
piBHicT: f (x) < 0.

11.9." Ilo6yxyiite rpadik ¢yurnii f (x) = 3x* — 6x. Kopucryiounch
rpadikomM, sHAWAITH, NPU AKUX 3HAYEHHAX X BUKOHYETHCH He-
piegicTs f (x) > 0.

3

11.10.° Po3p’sxiTh rpadiyno pispsnHua x° —3x-1= 5

11.11.° Po3B’saxiTs rpadivso piBHAHHS —%xz +x+2=+x.

11.12.° Iobyayiite B oxuili cucremi koopauHaT rpadiku GyHKIiR
y=f(x)iy=g(x)ra BcTanoBiTk KinbKicTE KOpPEHiB PiBHAHHA
f(x)=g () 3
1) f(x)=-x*+6x—T; g(x)=—~/n;

2) f (x) = 4x - 22% g(x) = H%.
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1. KsagpatiyHa cyHkuiA, 11 rpadik | BnacTMBoCTi

11.13. Ilo6ypyBaBuiu B oZHiN cucTeMi KoopauHAT rpadikn GyHEKILH

y=x"+4x+1iy= % YCTaHOBITE KinbKicTh KopeHiB piBHIHEHSA

Prdx+i=8,
X

11.14.° 3maiigiTe KoopaguHATH TOYKM mapabonu y = —x° + 9x + 9,
y SKO1:
1) afcuuca i opauBaTa piBHi;
2) cyma abeuncu i opausaty gopisaioe 25.
11.15." BuaiiaiTe KoopauHaTH ToukM mapabonm y = 2x° — 3x + 6,
v akol opauHara Ha 12 Oineiua 3a aGenucy.
11.16.° ITobyayitre rpadgik aaHol PpyHKNii, yraxirs i obnacTek 3Ha-
YeHb T4 NPOMIMKH 3pPOCTAHHA 1 COAfaHHA:
3—x, AKIo x < — 2,
y=1x2-2x-3, axmo -2<x<2,
-3, AKmo x > 2.
11.17." ITo6yayiiTe rpagix aanoi ¢yHKIil, ykaxiTe 1i obnacrs 3Ha-
YeHL Ta NPOMIMKH 3DOCTAHHS i CIIAJaAHHA:

X; axmpo x < 0,

y ={4x — x%, axwpo 0 < x <5,

x-10, saxmo x = 5.

11.18.° 3maiigiTe HaliMeniue sHaueHHs yvknii y = 3x° — 18x + 2
Ha OPOMIMKKY:
1) [-1; 4} 2)[-4; 1}; 3) [4; 5].

11.19." 3uaiigiTe HafiGinpwe 3HaYeRHs QyHKRUil y = —x° — 8x + 10
HA OPOMIKKY:
1) [-5; -3]; 2) [-1; 0}; 3) [-11; -10].

11.20.° ITpu sixux sHauenssx p i ¢ rpadik dynxuii y = x> + px + ¢
mpoxoauTs yepes Touxn M (—1; 4) i K (2; 10)?

11.21." IIpu axux sHayeHHaX a i b Hyaamu byskuil y = ax” + bx + 7
€ upcna —2 i 37

11.22." IIpn sgux 3uHaueHHAX a i b napabona y = ax® + bx - 4 mopo-
xoauTh Yepesa Touku C (—3; 8) i D (1; 4)?

11.23." Hexait D — AuCKpUMiHAHT KBaJPaTHOrO TPHueHa ax® + bx + ¢.
306pasiTh cxeMaTH4HO rpadikx KBaapaTwdHOl Gysxmii y = ax® +
+ bx + ¢, AKIMO:

1)a>0,D>0,c>0,—%>0; 3)0<0.D<0,~%>0;

w0, -2 < il it
2)a>0,D=0, ~5-<0;  DeEl =B, - e

m



§3. KBAH,PATI/NHA CDYH KLI.IFI

11.24." Hexait D — aucKpuMiHAHT KBaAPaTHOro TpUwiena ax’ + bx + ¢.
Bo0pasite cxemaruuHo rpadgik KBagpaTudHol GyHKLIL y = ax® +
+ bx + ¢, AKIOIO:

oo =
1)a>0,D<0,—E&<0. 3Y)a<0,D=0, 2a<0.

2)a<0,D>0,c<0, —%}0;
11.25." BuaiigiTe yci sHavyeHHs napaMeTpa @, NpH AKHX BepIIMHA
napabonu y = —x° + 6x — a HanexuTh oci abeuuce.

11.26." IIpu sxoMy 3HadYeHHi mapaMeTpa b npoMimKok (—eo; 2] € npo-
MiKKOM 3pocTanHsa GyHKHI y = —4x* — bx + 5?

11.27." Ilpu axomy 3HayeHHi napamerpa b npomisxok (—; —3] € npo-
Mi:KKOM cnagasufA GyHruil y = 3x% + bx — 8?7

11.28." IIpn sxnx sHAYEHHAX NapaMeTpa a dyHkmisa y = 2x° — 4ax + 8
apocTae Ha npomixky [-1; 4]?7

11.29." Ilpu AKux 3HAYEHHAX napaMeTpa a GYHKLiA Yy = —x° — 2ax + 1
cmafae Ha mpomimky [-3; —2]?

11.30." IIpn axoMy 3HauYeHHi mapamerpa a rpadix ¢yurnii

y=ax*+(@a-2)x+ % Mae 3 Bicclo abeuuc ofiHy CIIJBHY TOYKY?

11.31." Ilpn skomy 3HAYEHHi mapaMerpa ¢ Haiibinbime 3HaueHHSA
Pyuxnii y = —5x? + 10x + ¢ gopisnioe —3?

11.32." Tlpy sxoMy B8HadYeHHI mapaMerpa ¢ HaliMeHIlle 3HAYEHHHA
dyuknii y = 0,6x° — 6x + ¢ gopisHioe —1?

11.33." IIpu axux 3HaUYEeHHAX MapAMeTpa ¢ BepIIHHA MmapaGosid
y = x° — 8x + ¢ posmimena Buie Bij npamoi y = —2?

11.34.° Ilpu skux sHaueHHsAX napaMeTpa a4 npaMa y = x — 1 mae
3 mapabooio y = x* — 2ax + 3 oaHy cninbHy TOUKY?

11.35." Ilpn akux 3HaYeHHAX mapaMeTrpa a npsMa y = —x + 4 Mae
3 napa6osow y = %% = 8x — a ogHy CHiabHY TOYKY?

11.36 4 Ha pucyHky 11.6 soGpaskeuno rpadik keagpaTuunol dyHrmii
= ax’ + bx + c. Busnaurte anaku KoediuienTtis a, b i c.

A Ly

Puc. 11.6 Puc. 11.7
12



11. KBagpatvyHa yHkuin, ii rpadik | Bnactmeocti

11.37." Ha pucyury 11.7 sobpaxeno rpadirk KBaapaTudHol QyHKIIT
y = ax® + bx + c. Busnaure 3naku koediuicnris a, b i c.

(1.38." HYu momxyrs rpadikn vk
KBaJpaTHuHHX QYHKOIA Yy =
—ax*+bx+ciy=cx*+bx+a > /?\
6yTe po3mimeHi Tak, AK NOKa- e
3aHO Ha pUCYHKY 11.87 /-"' N -.

11.39." IIpo KBAADATHYHY dysrnio / \\'\. .
f (x) = ax* + bx + ¢ BizoMO, 1O » ] o 1S 2

f(1) +7(3)<2f(2). Busnaure
HanpsiM BiTOK napabosu. Puc. 11.8

11.10. Tpadix xBagpaTuunoi GyHKNii f (x) = ax” + bx + ¢ He Mae
CILIBHMUX TOYOK 3 Biccio abcuuc i a + b + ¢ > 0. Buauaure 35aK
napameTpa €.

11.41." TIpo keagparuuny ¢yskuiio f Bigomo, mo f (-3) = f (7). 3ra-
figiTe vei sHavenHa x, npu axkux [ (x) = f (3).

11.42." Tlpu AKHX 3HAUYEHHAX NapaMeTpa a4 BepimiuHa napabonm
y = x° — 4ax + 5a® — 3 pisnoBigzanena iz oceit KoopauHAT?

11.43. Tlpu sAKHX 3HAYEHHAX NapameTpa @ BepmwuHAa napabonan
y = 22 — Bax + 4 + 8a® swaxopuTHCH Y APYTiH uBeDTI?

11.44.° IIpu sxuX 3HaYeHHsAX KoedilieHTis p i ¢ BepmuHa napabosn
y = x* + px + q auaxoauTsca B Touni A (2; 5)?

11.45." [lapa6ona y = ax® + bx + ¢ mae Bepuuny B Touni C (4; —10)
i mpoxoguTte 4epea rouxky D (1; —1). BuaiigiTe sHaueHHA Koedi-
mieHTiB @, b1 c.

11.46." BuaiigiTe opauUHATY BeplIMHE napabony, dparMenT AKOIL 30-
OpakeHo Ha pHUCYHKY 11.9.

11.47. BgaiiniTe OpANHATY BEPIUMHH mapaGonan, parMeHT AKOI 30-
Opaxeno Ha pucyHky 11.10.

a) 6)
Pauc. 11.9 Puc. 11.10

13



§ 3. KBALIPATUHHA OYHKLIA

11.48.° Ilo6yayiiTe rpadik GyHKNii:

Dy=|x*-x-2 2)y=|2+-3x- 2|
11.49." IlobyayiiTe rpadik pyrKmii:
y=|x*+4x+8]; 2)y=|3x"+2x-1|
11.50." Ilo6yxyiiTe rpadik GyHKiii:
Dy=|«"-2]|x|}; y=|x"-2|x|-3|
11.51." ITobyayiite rpadik GpyHKILII:
Dy=|x*-8|x||; y=|x*-4|x|+38}
11.52.° [Tobyayiite rpadik GyHKmii:
_8x+2x% -2, _x'-16.
1)y_-T——;—_'__! 3)y"xg_4v
-8 g Y T
2) y= =3 3; 4) y= Fa
11.53." ITo6yayirre rpadik Gpysruii:
_(x+3)°. _x*—6x%+8x, _ %=1
l)y-'“'_x+"3" ’ 2) y— x y 3) y_'l_xz'
11.54.° IloGyayiite rpadik GyHKuii:
-_— - L = — -
Dy=x|x| ) y =6 -x-6)
Qy=x"-4|x|+3; 5}y=xz+3x-%z%l—4.

Hy=2>"~-4|lx-1|-1;
11.55." Mobynyiire rpadik GyHKmii: i
Dy=6]|x|-x% 3)y=“%]+4x.
y=x*+3|x-1|-1;
11.56." YcraHOBiTh, CKiZIBKH KOpeHIiB MAE€ DiBHAHHA 3aJIeXXHO Bif
3HaYeHHA apaMeTpa a:
1)|x*-4|x|+3|=a: 2)P*+3|x-1|-1=a.
11.57." ¥YcraHOBiTH, CKiJIBKM KOpeHiB Mae piBHAHHA 3aJIeIKHO Bin
3HAYEHHA mapamMerTpa a:

1)|x*-2|x|-8|=g; 2)x*-4|x-1|-1=a.
11.58." IIpu sikoMy sHaueHHi mapameTpa @ Bigpisok npsamoi x = a,
KiHni Akoro Hanemxarh mapaboram y = x° i y = —(x + 1)?, Mae

HAUMeHIY JOBXKHHY?

11.59.” IIpo kepagpatuuHy GyHKLio [ BigjoMo, mo icHye piBHO TpH
BHAYEHHHA APryMEeHTY, IPH AKHMX MOAYJL 3Ha4YeHHA QYHKUil mo-
piesioe 2. Ckinbky KopeHiB Mae piBaAHAA [ (x) = 1,17

14



11. KBappatu4Ha yHkuis, i1 rpacik i BnactmeocTi

1 1.60." Yu MoxyTH Tpadiky KBaJpaTHYHAX QYyHKIiH ¥ = ax’ + bx + ¢
i y =bx®+ cx + a 6yru posmimeni rak, AK MOKA3aHO HA PHUCYH-
ky 11.117

\\ /Y 1
\V 4 PR

Puc. 11.11 Pue. 11.12

Ry

11.61." Yu € npaBUIBHAM TBepPAKeHHHA, 1[0 Ha pucyHky 11.12 zo-
opaxxeno napabosay y = ax’+ bx + ¢ i npamy y = cx + a?

11.62." Bigomo, mo 2p — ¢ = 4. osexiTs, mo Bci napaboan BHAY
y= 2+ px + ¢ IPOXOJATH 4epes OZHY TOUKY.

11.63.” ®yukuis f (x) = x* + px + ¢ HabyBae TiNbKM HeBiA’€MHMX
3HAUYeHb. 3HANAITH, HAaliMeHINe 3HAYEHHA BUpAasy p + ¢.

11.64.” IlapameTp @ HabyBae Becix giicEmx sHadess. JloBexith, mo
pepmuEHE napaboa f (x) = —x? + 2ax — @® + a + 1 yrsopiooTE
IpAMY.

11.65." IlapameTp a HabyBae Beix AificHUX 3HaveHb. [[oBeniTs, o Bep-
mwueyu napaboxa f (x) = x° — 2ax +2a® + 1 yrBopiolors mapabouy.

11.66.* [ano dyukiito f (t) = t* — 2t. To6yayiite rpadik dyHxuii g,
axmo g(x) = min f(2).

’ [=-1; x]

11.87.% Ilano dyrkuio f (t) = —t* — 2t. llobyxayiiTe rpadir dyHKmii
g, axmo g(x) = [tglg!g]f (®). .

11.68.* BuaiigiTe HaliMenme sHayeHHA GYHKIiI y = (x° + x)? +
+2(xF+x)+2.

11.69.* Ipu aKuUX 3HAYEHHAX mMapameTpa a pisusuns | x* —4x + 3|+
+ x — a = 0 mae Tpu KopeHi?

11.70.*% Tlpu sAxuX 3HAUEHHAX IapamMeTpa d HAHMEHINEe 3HAYEHHSA
dyeknii y = x* — 4x + 8 + | x — a | mermme Big 27

11.71.* IIpu AxuX 3HAYEHHAX NApaMeTpa @ CyMa KBaJpaTiB KOpeHiB
pisEsEHA x° — 2ax + @* — a + 1 = 0 6yzne HaiiMenmow?

11.72.* Ilpu AKKUX SHAYEHHAX NapameTpa a fo0yToK KopeHiB piBHAHHSA
x% — 2ax + a® — 2a + 4 = 0 Gyzne HalimeHmIM?

15



§ 3. KBAOPATUHHA DYHKLLIS
11.73.%* Ha koopauHaATHIii NA0OLMHI XY YKaXKIiTh yci TOUKH, Yepes fAKi
He IPOXOAMTEL 3KOAHA 3 mapabos Buay y = x° — 4ax + 2a° — 8.
11.74.* Busnaure KilbKicTb KOpeHiB piBHanaA x* + 2x’a—x+a’+a=0

3aJIeKHO Bij sHAyeHHs napaMerpa a.

11.75.% dyuknia f (x) = x* + bx + ¢ Mae gBa Hysi, OfMH 3 AKHX
HamexuTts npomizkry (0; 1), a Apyruft He HaJeKUTh BOMY IIPO-
miskky. Hosenits, mpo f (c) < 0.

11.76.* PosraspaoTscs nei napabonu suay y = x° + px + ¢q, ¢ > 0,
AKl NepeTHMHAIOTL OCi KOOPAMHAT V TPphoxX Toukax. Jlma KoxkHOI
napabosi yepes 3a3Ha4YeHi TPH TOYKHU IIPOBOAATE KO0, HoBeliTs,
1o Bei mi KoJia MaTh CONLUIBHY TOYKY.

11.77.* PosrnaaaioTbea Bei napaGonu suay y = x° + px + q, ¢ < 0,
fAIKi mepeTHHAKTH OCi KOOPAMHAT y TPhOX TOuKax. Ina KoxkHOI
napabosiu yepes 3a3HaAYeHl TPH TOYKH OPOBOAATE KoJo. losenits,
1o Bei mi Kosa MaoTh CHiJLHY TOYKY.

11.78.* Jlosenits HepiBHicTs a’ + b + ¢* < @®b + b’c + c’a + 1, akmo
ac€ [0;1], be [0; 1), c € [0; 1].

11.79.% Jloseaith nepisnicrs 3 (x%y* + y*22 + 2%x%) — 2xyz (x + y +
+2z)< 3, akmo x € [0; 1], y € [0; 1], z € [0; 1].

EPOBB'H_‘.yBaHHﬂ KBaapaTHUX HepiBHOCTeN

Ha pucynky 12.1 sobpaxeno rpadir meaxoi ¢pyurmii y = f (x),
061acTI0O BUBHAYEHHA AKOL € MHOKMHA AifiCHHX YHCeT.
3a monoMOorow mboro rpadika Jerko BU3HAYMUTH NPOMIMKKH 3HAE-
kocrayocri Gyskuii f, a came: y > 0, axkuio x € (—5; —2) U (1; +eo);
y <0, akmo x € (—<=; -5) U (-2; 1).
BeTaHOBMBINH MTPOMiMKH 3HAKO-
y crasocTi GyHKUIL f, MM THM caMHM
poss’sizanu HepiBuocti f (x) > 0
/\ o if(x)<0.
/'5 -2\ 0|/1 x MHOKHHOIO pO3B'A3KIiE HepiBHO-
cti f (x) > 0 e mEONKHHA (—5; —2) U
U (1; +eo).
MHOHHOI0 po3B’A3KiB HepiBHOCTI
f (x) < 0 € MEHOMXHHE (—; —5) U (—-2; 1).
Taxuil MeTox poss’asyBaHHa HepiBHocTedl f (x) > 01 f(x) <0
8a gonomorow rpadika dpyHkUii y = f (x) vasuBaoTs rpadizanm.
ITokakemMo, fIK 3a JOMNOMOrOK ILILOTO METOAY PO3B’A3YVIOTH KBAa-
JPATHI HEepiBHOCTI.

Puc. 12.1
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12. Po3B’A3yBaHHA KBaApaTHUX HEPIBHOCTEN

) inavennn Hepismoeri suay ax® +bx +¢>0,ax*+bx +¢ <0,

ae x — 3miHHA, @, b i ¢ — napamerpu, a # 0, HA3NBAIOTE KBAIPAT-
1AM,

3’scyemMo, SK BH3HAYMUTH TNOJOMXEHHA rpadgika KBagpaTUdHOI
(yHEDIL ¥ = ax® + bx + ¢ Bigwoeno oci abenuc.

HasisHicTs i KinpkicTs Hynis xBappatwumoi ¢ymknii y = ax® +
| bx + ¢ BH3HAYAIOTH 34 AONOMOroK AUCKpUMiHaHTa D KBagpaTHOTO
rpuuneHa ax  + bx + ¢: saxuo D > 0, To uynis y GyHKUII ABA; AKIIO
) =0, To ayae oguH; akmo D < 0, To HyIiB HeMaE.

3Har crapmoro KoediuieHra KBaApaTHOTO TPHWIeHa ax*+bx+ec
nu3HAYAE HANPAM BiTOK napaboau y = ax® + bx + ¢. IIpu a > 0 BiTkm
HanpsAMJIeHi Bropy, npu ¢ < 0 — BHHS.

CxemaTHuyHe poamMinieHHs napabonu y = ax® + bx + ¢ BigrOCHO oci
nficIHce 3aJeKHOo Bij 3HaKiB nmapamerpis a i D Bigo6GpaskeHo B Tabauii
(x, i x, — Hyn ¢yHKLi], ¥, — abcuuca BepUIMHN napaboJin):

L D>0 D=0 240
a>0 |

X

X = .
', x
X

[ x; x \ /\
IMTosicEEMO, K 030 TabaKII0 BHKOPACTOBYBATH [JIA PO3B A3yBaHHA
KBaJpPaTHHX HEpPiBHOCTEM.
Hanprriazg, Hexaii norpibHo po3s’s3aTH HepiBHICTh ax* +bx+c¢>0,
mea<0iD>0. IIum ymMmoBaM Bignoeigae xkaiTuHKa @ Tabmumni.
Toxi aposywmino, mo Bianosigawo Oyae npomizkok (x,; x,), HA AKOMY

rpadgix BigmoBigHol KBajgpaTHuHol (yHKOII posmimeno Haj Biccio
abernc. !

MPUKIAL 1 Poss’suxite nepisnicts 2x* - x — 1 > 0.
Pose’szanns. Jlna xeagpatHoro Tpuumena 2x° — x — 1 maemo:
a=2>0,D=9>0. llum ymoBaM BifiTIOBiae KJIiTHHKA Tabanii.
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§ 3. KBATIPATUYHA DYHKLIA

\ Poap’saxenmo piBaaunna 2x° — x — 1 = 0. Orpu-
i ;
_l\/l MYEMO X, = =3, X, = 1. Toai cxeMaTUYHO Tpa:
2 ik pyuxrnii y = 2x* — x — 1 Moxxua 306pasuTu
Puc. 12.2 TaK, K NOKA3aHO Ha pUCYHKY 12.2.
3 pucyska 12.2 BuaHo, 110 BignoBigHa KBaapaTruHa dbyHKIia Haby-

Ry

BA€E JOJATHHX 3HAYEHb HA KOJKHOMY 3 HPOMLKKIB (—oo; - %) i(1; +eo).
Bidnosidb: (—00; - %) U (1; + ).

MPUKNAL 2 Poss’sxite HeplricTs ~9x* + 6x — 1 < 0.
Posze’sazarnn. Maemo: a = =9, D = 0. Ilum ymoBam Biamosinae

KIITHHKA @ Tabauui. Beranosmoemo, o x, = % Toni cxemaTuy-
HO rpadik dynknii y = —9x* + 6x — 1 MoxHa 306pasuTH TAK, AK
mokasaHo Ha pucynky 12.3.

s 3 pucysxa 12.3 BuHaHO, LIO pO3B’sA3KAMM

L

% x HepiBHOCTI € BCi uHena, Kpim é

3ayBauMo, HI0 OO0 HepPiBHICTE MOMHA
Puc. 12.3 po3r’asaTy iHmmM cmocobom. Ilepenminemo
OaHy HepiBHICTH TAK: 9x? — 6x + 1 > 0. Togi
(3x — 1)° > 0. Brxoasuy 3 mpOro, MAEMO TOil CaMHil BHCHOBOK.
Bidnoeids: (w; %) u (%. +°0)
NMPUKNALA 3 Poss’skite HepiBricTs 3x” — x + 1 < 0.
Pose’szanns. Maemo: a =3 > 0, D = -11 < 0. llum ymosam Big-
noBijlae KIITHHEKA rabauni. ¥V nsoMy Bunagky rpadix ¢pysmii
y = 3x* — x + 1 He Ma€e TOYOK 3 Biji’€MHUMH ODAMHATAMU.
Bidnoseide: po3s’AskiB Hemae.
NPUKNAL 4 Poss’saxite HepisricTs 0,2x° + 2x + 5 < 0.
Poszé’szanus. Ockinexn a = 0,2 > 0, D = 0, To gaBEOMY BHOAAKY
BignoBiae KJAITHHKA tabauni, npuyomy x, = —5. Ase y nsomy
BUTIAAKY KBaapaTHyHa (yHKUis HaOyBae TiIbKH HeBil'éeMHMX 3Ha-

yenb. OTiKe, faHA HepiBHiCTH Mae eAMHUH pO3B'A30K x = —5.
Bidnosgids: —5.

NPUKNAL 5 Poss’sxits mepipmicrs 2 | x — 2| < 22 - 5x — 1.
Posza’azanna. [lana HepiBHicT: piBHOCHIEHE cHeTeMl
2x -4 <2x*-5x-1, » 2x*-Tx+32>0,
3Biacn
2x -4 > -2x* +5x +1. 2x*-8x-52>0.
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12. Po3B'A3yBaHHA KBaAPaTHUX HEpPIBHOCTEN

3a gonomoroxo pucyHka 12.4 BCTAHOBIIO- \ /
MO, 1[0 MHOXXHMHOK pO3B’A3KiB mepuoi He- =
PIBHOCTi CHCTEMA € MHOXHHA I N AR %
2
1
M, = (-00: E] U[3; + ). Puc. 12.4

Muoxuna M, = (—0; -1]U [—2—. B cc) € MHOKMHOIO po3B’#A3KiB ApY-

10l HepiBHOCTI cucTemu (puc. 12.5).

MuoxMHOIO pO3B’A3KiB cucTremu € MHOXRHHA M, N M. 1i auaitnemo
3 JOToMororn pucyska 12.6.

Bidnoeidv: (—eo; —1] U [3; +ee).

e =
-1\\/% % _1_5 3 x

Pue. 12.5 Pue. 1

MPUKNAL 6 Poss’sixkite HepiBhicTs x | 2x — 3| < 2.
Pose’asanns. Jlaga HepiBHiCTHL DiBHOCHABHA CYKYIHOCTI OBOX
cHCTEeM:

nalon

[+

.6

2x-3<0,
x(B3-2x)<2,
2x-320,
x(2x-3) < 2.
-
x<§. .x<§,
25 2 § x<2,
3eiacu Farkin e §, 3 x<2,
x;g, o -g—<x<2:
—1<x<2;
| |2x%-3x-2<0; 2

Bidnosaioe: (—eo; 2).
NPUKNAL 7 Ilpu sxnx sHaYeHHEAX MapaMeTpa a HepiBHIiCTb (a — 1)x
xx* + 4ax — 2a — 4 > 0 Mae eguuui posB’s3ok?

Poae’aszanna. SAxmo a = 1, To nasa HepiBHicTs HabyBae BHUrAAIY
4x — 6 » 0 i Mae Geaniu poas’siaki. Ote, a = 1 He OiAXOANTE.

Hna sunaaky, Koau a # 1, posrisHeMo KBaApaATHYHY (PYHKLiIO

y=(a-1)x*+ dax — 2a - 4.
HAkwo a — 1 > 0, To niit yMoBi BiAnmoBigaoTsk KIITHHKH @-@
Tabnuni. ¥ upoMy pasi MHOXKHHA 3HAYEHb APrYMEHTY, NPH AKHUX KBa-

apatuyHa ¢yHKIia HaOyBaEe HeBiJl’€MHHX 3HAYEHb, € HECKIHYEHHOIO.
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§ 3. KBAJIPATUHHA OYHKLIA

Banummuaocs PO3rIAHYTH BHIALOK, konu @ — 1 < 0. Toxi Bumosi
aanaui pignosigae wiaitupka |5 ) tabnuni. Orxe, mIyKaHMMH 3HA-

a-1<0
YeHHAMH IAPAMETPA d € PO3B A3KH CUCTEMH {D 0 " robTo cucre-
= £ ]
a-1<0,
MU " Posp’'sizaBmn 10 cHcTeMy, OTPHMAENMO
24a°*+8a-16=0.

—_— _2
a=-1a6o a 3" i

Bidnosidv: a = —1 abo a = g
NMPUKNAZL 8 Ilpo umcna a, b i ¢ Bigomo, mo ¢ (a + b + ¢) < 0. Ho-
BeniTs, wo b > 4ac.

Posé’azanns. ko a = b = 0, To 3 yMoBM BUILIMBaE, 1o ¢ < 0.
OTixe, uncna a i b He MOKYTH JOPiBHIOBATH HYJIIO OJHOYACHO.

Hexait @ = 0. Toxi b # 0 i nepisnicrs b* > 4ac crae oueBuAHOIO.

Hexaii a # 0. Toal MOKHAa POSINIAHYTH KBaApaTHYHY (QyHKIi0
f(x)=ax*+ bx + c.

Maemo: f(0)=c, f(l)=a + b+ c.

3 ymosu sunmausae, mo f (0) f (1) < 0, Tobro kBagpaTuyHa (HyHK-
mia fyroukax x =0ix=1 naﬁyn’ge 3HayeHb pisaux 3Hakis. Toai
ii rpadiky sigmosifae KniTHHKA Q) afo KIiTHHKA @ TabauIi.
Orxe, GyHKUis f mac aBa Hysai. ToMy AMCKpHMIHAHT KBaIPaTHOIO
Tpuunena ax’ + bx + ¢ moaarumuit, Tobro b® > 4ac.

12.1." Ha pucysry 12.7 3o06paskeno rpadik dbyskuii y = x* + 4x — 5.
3HalAiTE MHOKMHY pO3B A3KIB HepiBHOCTI:
1)x*+4x-5<0; ) +4x-5>0;
2)x*+4x-5<0; 4)x*+4x-520.

12.2." Ha pucynky 12.8 sobpaskeno rpadik dbyuknii y = —8x° - 6x,
3HaiaiTs MHOKHHY pO3B’'A3KiB HepiBHOCTI:

1) -3x% — 6x < 0; 3) -3x* - 6x > 0;
2) -3x* - 6x < 0; 4) -3x* - 6x > 0.
o] T
FHEHH |
—51 20| /1 x i .
]
| = —!]' tfﬂ
. [
Puc. 12.7 Puc. 12.8
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12. Po3B'A3yBaHHA KBaApaTHMX HepiBHOCTER

12.3. Ha pucysky 12.9 3oﬁpameﬂo rpadgik GyHRUIL Y = X2—4x+ 4

3HaiAiTE MHOXXHHY PO3B'A3KiB HepiBHOCTI:

1)x*-4x+4<0;
2)x*-4x+4<0;

=y |

Pnc. 12.9

12.4." Ha pucynry 12.10 ao6paceno rpadik ¢pynxuii y = —x"" +2x - 2.

3)x'—4x + 4> 0;
4)x*-4x+420.

Puc 12.10

3ualigiTh MHOMKHHY PO3B’sA3KiB HepiBHOCTI:

1) -2 +2x -2 <0
2)—x*+2x-2<0;

12.5.° Poae’sixiTh HepiBHIiCTE:

1)x*+6x—7<0;
2) x* - 2x - 48 > 0;
3)-x*-6x-5>0;
4) -x*+4x -3 <0;
5)3x*-Tx+4<0;
6)2x* +3x + 1> 0;
7) 4x* - 12x < 0;
8)4x*-9>0;

12.6." Poap’siskiTh HEepiBHiCTB:

1)x*+4x+3>0;
2)x*-3x+2<0;
3) —x* + 12x + 45 < 0;
4) -8x*-5x—-2>0;

5) x* — 5x > 0;
6) —25x> + 16 < 0;

3) x*+2x-2>0;
4)-x*+2x-220.

9) x* - 12x + 36 > 0;
10) 4x* — 12x + 9 > 0;
11)x*+4x + 4 < 0;
12) 49x" — 14x + 1 < 0;
13)2x*—x+3 > 0;
14)3x* - 4x + 5<0;
15) —4x* + 5x — 7> 0;
16) -2x° + 3x — 2 < 0.

7)6x°-38x+12>0;
8) —3x>+ 6x— 4 > 0;
9) %x’—zﬂseo;
g L @ .
10) —x +«§x 36>0'
11) 2x* - 2x + 0,5 < 0.

12.7.° 3ualigiTe MHOXIHY PO3B’A3KIB HEPIiBHOCTI:

1) x* < 49;
2) x* > 5;

3) 7x* < 4x;
4) 0,9x" < —27x.
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§ 3. KBALIPATUHHA OYHKL|IA

12.8. 3HaligiTe MHOKUHY PO3B’43KiB HepiBHOCTI:
Nx*>1; 3) -8x* > -12x;
2) x* < 8; 4) -2x* < -128.
12.9." Po3B’sxkiTh HepiBHICTE:
1) x (x+ 5) — 2 < 4x;
2)11 — (x+ 1)’ < x;
H@x+1P-(x+1)(x-7)<5;
4) 5x (x + 4) — (2x — 3) (2x + 3) > 30;
5Bx—-—T(x+2)—(x—4)(x +5)> 30;
2x°-1 3-4x 8x-5_19
6) TR + 3 < %"
12.10. Po3sB’axiTh HEePiBHICTEL:
1) 2(x* + 2) > x(x + 5);
2) x — (x + 4) (x + 5) > =5;
3)(6x—1)6Bx+1)-(12x—-5)(x +2) < T - 3x;
x-1 2xr-8 _x*+8«
I LS mioee ma

12.11.° ITpu AKMX BHAYEHHAX APryMeHTy sHayeHHA GyHKUii y = -—;— 2%+

+ %x +9 Gigbmi 3a BiANOBiAHI 3HaweHHA QYHKLII y=2x- 12

12.12. IIpn AKUX 3HAYEHHAX APryMeHTy 3HadYeHHA GyHKOil y = %x" -

—Tx +1 menmi Bix BignoBiAHMX 3HaweHb QyHKHil y = —% x?-42

12.13.° 3naiigiTe nalfimenmnii ninuil poss’A30K HEPiBHOCTI:

1)42-x*- x> 0; 2) 2x° - 3x — 20 < 0.
12,14, 3paiigiTe Ha#bLIbIIMA QinnHA po3B’ 130K HEPiBHOCTI:
1) 1,52 - 2x — 2 < 0; 2) -2x* — 15x — 25 > 0.

12.15.° Ckaanite AKy-HeOyAb HepiBHiICTL, MHOXKHHA PO3B’A3KIB AKOL:
1) 06’egaanna OpoMiKKiB (—oo; —4) i (8; +oo);
2) npomixoxk [—2; 9];
3) cknazaeThCA 3 OLHOrO Yuciaa 7.

12.16." 3maiiaiTe obnacTs BusHaYeHHA QyHKIii:

1) y=vx+3x+4; 3) y= L ;
Iy 4 Jx’+4x-12
2) y=+v2x*+5x-8; 4) y= i3

6x — 2x%
12.17. 3uaiiaiTe ofnacTs BUSHAYEHHS BUPA3Y:

1) V2x? - 9x -18; 2 1 h
) ) Jl5+2x—.t2
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12. Po3B'3yBaHHs KBafpaTHWUX HEPIBHOCTEW

12.18.° Yu piPHOCHJIBHI HepiBHOCTI:

1)x*-2x-15>0ix*-2x-1520;
1 . 1

2) x*-x-20 o x°-x-20 e
) x*-6x+10>0i-x*+x-1<0;
4H)x*+2x+3<0i-2x2-4>07

12.19.° Ilpn AaKuX SHAYEHHAX IApAMETPA d He Mae KOPeHiB piBHAHHA:
1) ' —ax + 4 = 0; 3)4,5x* — (4a + 3) x + 3a = 0?
2)x*+(a-2)x + 25=0;

12.20.° ITpu axux sHaveHHAX napaMerpa b mae nBa pisHi Koperi piBEAHAS:

1) x> - 8bx + 150 + 1 = 0; 2)2x°+2(b-6)x+b-2=0?
12.21.° Poss’sixiTh cucTemMy HepiBHOCTEIA: .
1 {x’——x—ﬁéo, . {xa—QxﬂIOQO,
x>0 6x-x%<0;
2) {sz—llx—ﬁbﬂ, 4 {xz—x_12>0,
x+420; x*+8x-10<0.
12.22.° Po3s’sxiTh cuCTeMy HepiBHOCTeii:
{—6x”+13x—5<0, {x"’—7x—18<0,
1) 2)
6 - 2x > 0; 5x—x2<0.
12.23," BuaigiTe 1ini poss’a3KM cuCTeMH HepiBHOCTEI:
{-2x2-5x+18;0, 3 {x”-—(\fﬁ-—3)x—3~/g€0.
x2+4x-5<0; x2+x>0.

12.24." 3uaiiaits obnacTs BUBHAYEHHS QYHKIT:
b 2 9
y= +Nx+1; 3) y=vx*-5x-14 - :
Jx? —4x-12

x*-81
-3 8 1 2
2) Y = —p— + ; + :
V18 +3x-x2 %-5 \/ﬁ—d’i’x—sz Jx+1
12.25." 3uaiizits 06n1acTh BU3HAUEHHA QYHKILT:
1) =0 hr =B b s ) =D 2L
)y 38—4:: v \/35+2x—x’ |x[-6

12.26." 3HalifiTh MHOXKHHY PO3B’A3KiB HepiBHOCTI:

4) y=

Dx*-8|x|-83<0; ) x*-8|x|+15<0;

2)8x2+7]x|-—1?0; 4)4x’-5|x|+1>0.
12.27." 3naiiziTe MEOXKHHY Po3B’A3KiB HepiBHOCT:

1)5°-T|x|+22>0; 3)6x*-5|x|+1<0.

2)x*+ 10| x|-24<0;
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§ 3. KBAOPATUHHA OYHKLIA

12.28." Poap’skiTe HEpiBHICTH:

1)|x*-x-38|<9; 5)|4x - 8| > x* - 3x + 8;
2)|x*-4|<3x; 6)|x*+3x|>2-x%
3)|d4x*-1|<x+2; N|8x-2|x<1;
4)x*-5x+9>|x-6|; 8)|x—-4|(x+2) > 4x.
12.29.° Poar’sxiTe HepiBHIiCTS:
1)| x* + 5x | < 6; 4)|x*-3x| > x + 5;
)| +3x|<x+4; 5)x|8x-1|<-2;
NxP-x-2<|5x-3]; 6)x*+|x-3|-9<0.

12.30." Tlpn sxuX 3HAYCHHAX NapaMeTpa @ KaHA HepiBHICTH BHUKO-
HYETLCA NIPH BCiX 3HAUEHHAX X:
1)x*-4x+a>0;
2 f+(@-1)x+1-a-a®20;
8) -5 %" +5ax~9a* ~8a < 0;

YYa-1Dx¥-(@+)x+a+1>0;
5)(a — 3) x* — 2ax + 3a — 6 > 0?
12.31." Tlpn AKHX 3HAUEHHAX MMapaMeTpa @ He Ma€ po3s’s3KiB He-
piBHICTE:
1) -x* + 6x—a > 0;
2)x’-(@a+1)x+83a-5<0;
ax*+@-1x+@-1)<0;
4) (@ + 4) x* — 2ax + 2a — 6 < 0?
12.32.” IIpu sKMX SHAYEHHAX napaMerpa a Gyuknia y =0,5x* - 3x +a
HabyBae HeBiA'€eMHHMX 3HA4YEHb NPM BCiX AiMCHHX 3HAYEHHAX x7
12.33." Ipu AKUX 3HAUEHHAX napamerpa a hyHkuia y = —4x* — 16x + a
HabyBae Bil’éEMHHX 3HAUYeHb NIPH BCiX AiHCHUX 3HAYEHHAX X7
12.34.” IIpu aKux sHAYEHHAX napaMerpa a HepisricTs ax” + (2 - a)x +
+ 8 — 2a < 0 mae equHHil po3s’A30K?

12.35." Jlnsa KORHOTO 3HAYEHHSA @ PO3B’sIXKITH CHCTEMY HEepiBHOCTe#:

- 2 _9y_
1 {x 5x +4 >0, 2) {43: 8x-1<0,
x> a x<a.
12.36." [lnsa KOXKHOro 3HaYeHHA @ PO3B’ AXiTH CHCTEeMY HepiBHOCTeH:
x2*-x-72<0, x*-9x+8>0,
1) 2)
x> a x<a.

12.37." Tlpu AKuX 3HAUYSHHAX NApAMeTpAa a HepiBHicTh x° — 4x + 3 < 0
€ HacaiikoM HepiHocTi x° — (3@ — 1) x + 2a° - a < 0?
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13. Metop iHTepBanis. Po3B'A3yBaHHA paLiOHaNsHWX HEPIBHOCTEN

1°.,38." Ipn Axnx sHAYEHHAX NapamMeTpa a HepiBHicTb X° + x — 2 <0
¢ HacaiaxkoM HepiBHocti x° — (2a — 1) x — 3a® + a < 0?

12.39.” IIpM AKAX 3HAYEHHAX NapamMeTpa a 3 HepiBHOCTI x° — x < 0
BUIINBAE HepiBHicTs x° — (2a + 3) x + a® + 3a < 0?

12.40.” Ilpu AKMX 3HAYEHHAX MApaMeTpa a 3 HepiBHocti x* + x < 0
BUmIMBaE HepiricTs x° — 2 (a — 1) x + a® — 2a < 0?

12.41.” Bigomo, mpo b® — 4ac =0ia + b+ ¢ < 0. Po3s’sukiTh KBaJ-
paray HepiBHicts ax® + bx + ¢ > 0.

12127 Bigomo, mo b® — 4ac < 0ia + ¢ > b. Po3s’skiTe KBaAPATHY
HepiBHicTB ax’ + bx + ¢ < 0.

12.43.” Ilpy AKMX 3HAYEHHAX IapaMeTpa d PiBHAHHA Mae eXUHMIL
PO3B’A30K:
1) L-@+3a)x+la o 9) X -8ax_3a-1_g

N J—x2+3x—2

[2.44." Tlpn AxuX 3HAYEHHAX IapaMerpa @ PiBHAHHA Mac €AMHUI

po3B’ABOK:
2 2
-(5+2a)x +10a x*-(2a+2)x+6a-3
1) =0; 2) =0?
N V2+x-2x2

12.45.” Ilpo uncna a, b i ¢ Bigomo, mpo (@ +b +¢)(a—-b + ¢) <0.
Ioeenits, mo b > 4ac.

12.46.” Ilpo gyucna a, b i ¢ Bigomo, mo a (@ + b + ¢) < 0. Hosenirs,
mo b® > 4dac.

12.47.* Poap’suxiTh piBusuusa x° — 8 [x] + 7 =0.
12.48.* Poas’sxiTh piBEaARHEA x° — 6 [x] + 5 = 0.

Merop iHTepBanis. Po3s'asyBaHHs
pauioHanbHUX HepiBHOCTeN

KsaapaTui HepiBHOCTI, fiKi BH HABYMJIMCSH PO3B’A3yBATH B TIOIEpe]-
HBOMY NIYHKTi, € OKPEMHM BHIAJKOM DAIliOHANEHHX HepiBHoCTeil.

'amavennn HepipricTs, JiBa i npaBa 9acTHHH AKOI € palioEaNh-
HMMH BHPA3aMH, HA3MBAXTE PULIOHANLEO0,

Ak Bigomo, Oyab-AKHI pamioHANBEHHIT BHPA3 MOX(HA NOJATH Y BH-
rasai panionansHOro apoby. Tomy ans Toro, mo6 HABIATHCH
posp’sasyBaTH palioHAJBbHI HepiBHOCTI, AOCTATHBO HABYHTHCH

. ' ; f(x) f(x)
03B’A3yBaTH HepiBHOcTi BUAy ——— >0 abo —=<0, ne x
P yB p e f (x)

i £ (x) — MHOro4wIeHH.
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§ 3. KBAIPATUHHA OYHKLIA

Ha pucynky 13.1 sobpaeno rpadikx pearoi ¢yakuii f, y axoi
D (f) =R i nynamm € yncna x,, x, i x,. L1i uncna poadusaiors obracts
BUBHAYeHHs PYHKIUI HA NPOMIKKN BHAKOCTANOCTI (—; X.), (x5 X,),
(x5 x,)s (2,5 +o2).

y

N _S X2

Puc. 13.1 Pue. 13.2

A uyp zapxau Byai dyuxnil posbusators ii obnacTe BU3HaYEHHS
HA ONpOMIXKH 3HaxKoctastocti? Bignosigk Ha 1le sanuTayHHA HETATHBHA.
Insa pyakmii g, rpadik Aol 3o06paxeno Ha pucyHKy 13.2, npomixkox
(x,5 x,) He € mpomixkom sHakocrastocti. Cnpasgi, sxmo x € (x,; X,),

To £ (x) > 0, a sxmo x € (x; x,), T0 £ (x) < 0.
ITpuauunosa sigmisHicTe Mik Qyukuiamu f i g noaarae B Tomy,
mo rpadikoM dyHKUil f € wenepepsHa KpuBa, a rpadik Qyuknil g
Taxoi BaacruBocti He Mae. 'oBopsaTs, w0 (yHKUis f HemepepBHa
B KOJKHiM Touni o6acTi BHBHAYEHHH, 800, AK Ie UPUIHATO 'OBOPUTH,
menepepsna Ha D (f), a Qynkuia g y Touni x, mae po3pus.

£; Tak, ¢pyuxuia y = {x} Mae po3pHB y KOKHili

y Touni x Takiit, mo x € Z. [Ipu nromy, HanpuKIa,
- y kokHi# Touni npomiskky (0; 1) us dyHKUia €

] HenepepsHoo (puc. 13.3).
| | | Take yABJIeHHA NPO HernlepepBHY PYHKIILO iHTY-
RAEaNea iTuBHO 3po3ymine. Biabin geTajabHO 3 IUM NOHAT-

Pre. 13.3 TAM BH 03HAHOMUTECHA B CTAPIIUX Kiacax. Tam ke

6yne nopejieHa Taka HAOYAO OYEBHIHA TeOpeMa:

Teopema 13.1. Axwyo Pynxyia f nenepepena i ne mae nynie
Ha Jeaxomy NpPoMiNcKY, MO 60HA Ha Ybvomy npomimky sbepizac
nocmitdHuil snax.

IIpocToro inmocTpamnieo Jo miei TeopeMn cayTyoTh rpadiku pyHK-
niit, Haseneni B tabmuni Ha ¢. 117.

L5 Teopema ZoaBoase, He Gyaywouu rpadika ¢pyrkuii f, poss’aay-
BaTH HepiBHOCTI f(x) > 01 f(x) <O.

3BepHEMOCH 3HOBY J0 pucyHka 13.1.

Vaeumo cobi, 110 3 UBOro pHCYHKA SHUKJIN Bei Touru rpadi-
Ka GyHkuii f, sa puuarxkom Touok A (x;; 0), B (x,; 0), C (x; 0)
(puc. 13.4). Ouesuano, WO KOXKHUI 3 HpOMiKKIB (—; X)), (X;; %,),
(x,; x,), (x5; +o°) me mMicTuTh HyaiB pyrKnii f.
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13. Metop i mrepsama Po3B’a3yBaHHA pauioHanbHMX HepiBHOCTEN

Toni, mam’aTajpo4uu, Mmo ysEKnis [ y
uenepepsra Ha D (f), moxHa crBep-
JOKYBaTH: BKa3aHi NPOMiXKKH € mpo- 4 B C
MiKKaMi 3HaKocTanocTi QyHkmil f. T3 xp Xy X

3anumacThCH Jule 3’ ACyBaTH, AKOro
anaxka HaOyBalOTe 3HaueHHA QYHRMIL f
ia uux npomixkkax. Ile morxxua spoburn
44 JJONOMOr0I0 ¢IPOOHUX TOYOK».

Hexait, nanpuxnaz, a € (—=; x,) i f (a) > 0. Toai ana 6yae-skoro
x € (—=0; X,) BUKOHYETECA HepiBHicT: f (x) > 0. ARanorigso MoxHA
«B3ATH npoby» 3 KOMKHOro NpPOMiMKKY 3HaKOCTAIOCTI.

Onucanuii MeToj po3s'A3YBAHHA HepiBHOCTEH HA3UBAKOTH METOAOM
iHTepBaJiB.

CrnpaBelTMBOI0 € TAKA TeopeMa, AKY Oyae AOBELEHO B CTApLIMX
Kaacax. f ( )

Teopema 13.2. Pyrxyia y= g;)
unenu, Henepepena ka D (y).

Puc. 13.4

, Oe f(x)i g (x) — mnozo-

Hanpuxaan, dyakuia y = }l- HenepepBHA B KOXKHIN TOYIi MHOXM-

HH (—oo; 0) U (0; +e0), To6TO Ha D (¥).

LI Teopema AO3BONIAE AJIA HEPIBHOCTI BURY —— 1= > 0 abo pAC) <0,

g(x) g2
ze f (x) i g (x) — MHOrouwJern, 3aCTOCOBYBATH METOX iHTepPBAJiB.

NPUKNAL 1 Poss’sxite HepiBHicTs (x + 3) (x — 1) (x — 2) > 0.

Pose’szanns. Yucna -3, 11 2 ¢ gyasmu dysxuil f (x)=(x + 3) x
x (x — 1) (x — 2), axa uwenepepeHa Ha D (f) = R. Tomy ni ancna poatn-
BaroTh MHOMUEY R Ha npomimku zrarocranoeti Q)yamu f: (== —-3),
(=3; 1), (15 2), (2; +e<) (puc. 13.5).

3a HONOMOroKw ¢NpPofHUX TOYOK® YCTAHOBMUMO 3HAKH GyHKUil [
HA 3a3HAYEHHX NPOMIXKKaxX.

Maemo:

~4 € (—o; —3); [ (—4) <0, Tomy f (x) < 0 upu Gy ab-AKOMY X € (—2; —3);

0€e (—3; 1); f(0)> 0, Tomy f (x) > O upu Oyab-axkomy x € (—3; 1);

g e(l; 2); f(-g—) <0, Tomy f (x) < 0 npu 6yas-axomy x € (1; 2);

3 € (2; +=); f (38) > 0, Tomy f (x) > 0 npu Oyab-aKOMY X € (2; +e<).
PeaynbTaty AociijKennn sHaxka Gyuxkuil { noxkasano Ha PUCYH-
Ky 13.6.

T T 4 o M
-3 1 2 g 1 2

Pye. 13.5 Puc. 13.6




§ 3. KBAOPATUYHA OYHKLIIA

Tenep MoXHA 3annCaTH BiANOBIJb.

Bidnoside: (—3; 1) U (2; +e).

Baysamennsa [Ipn odpopmnenHl poss’asysanHa HepiBHOCTEH
npouec AoCHIKEeHHA 3HAKA GQYHKII] MOXHA TPOBOJAMTH YCHO, (hikcy-
OYH Pe3yJLTATH Y BHTAS/I CXeMH, TOKA3aHOI Ha pucyHRY 13.6.

MPUKNAL 2 Poss’ kit HepisuicTs (x + 1) (3 — x) (x — 2)* > 0,

Pos6’ szanna. Tosaaunmo Hymi GyHkii £ (x) = (x + 1) (3 - x) (x — 2)°
HA KOODAMHATHII npsmiii (puc. 13.7). Bouu postusatots muoskuay D (f)=R
HA NPOMIMKKH 3HakocTanocTi dynknii f.

Hocmiaumo suax (GyHKOil f Ha nux npomikkax. Pesynwrar mo-
CAIIKEeHHA M0KasaHo Ha pucyHky 13.8.

Bidnosidv: (—1; 2) U (2; 3).

=3 2 3 — 2 3 —

Puc. 13.7 Puc. 13.8

Y

(x-1)*(x + 2)" (x - 5)
@x + 1 (x - 4)°
Pose’'azanns. ObnacTio BU3HAYEHHA QYHKOIL
_ -1 (x+2)'(x-5)
o = 2x + 1) (x - 4)°

NPUKNAL 3 Poas’sxiTh HepiBHiCTH <0.

€ MHOXHHA (-—ac; n %) U (-%; 4) U (4; +<).
DyuKNia [ € HenepepBHOIO HA KOMKHOMY 3 NPOMIMKKIB (Aw; _%),

(—%; 4), (4; +oc). Tomy nHyni —2, 1, 5 dyexnii f posdusators D (f)

HA IPOMIZKKM HAKOCTANOCT] (—o0; —2), (-z * %) (~%; 1), (1; 4), (4; 5),

(55 +ee).
Pesynerar gocnimxennsa sHaka ¢pyuknii f Ha nux npomiskkax mo-
KasaHo HAa pucyHKy 13.9.

Bidnoeidv: (—«; -2)U (—2; - %) U (L 4) Y (4; 5).

—” o —— 1 = =
-2 - 1 4 5
2
Puc. 13.9



13. MeTtoq iHTepeanis. Po3e'f3yBaHH: paLioHansHUX HEPIBHOCTEN

5
<1
2—x+2+x .
, 2+x+10-5x—4+x° x*-dx+8
» b ;
Pose’asanna. Maemo: 2-02+2) <4 2-x)2+x)

Obaactio BuaHauyeHHA GyHKOii f(x) = M € MHOMXHHA
(2-x)(2+x)
( 3 =2) U (=2; 2) U (2; +). Pyuknin [ vynis He mae. Ockinbxu
(pynKiis f HemepepBHA HA KOXKHOMY 3 NMPOMINKKIB (—oo; —2), (—2; 2),
(Z; teo), TO i IPOMIMKKHY € AJIA Hel TPOMIMKaMM 3HAKOCTAJIOCTI.
Ha pucynky 13.10 nmorkas’aHO pe3yneTaT HOCHIAKEHHA BHAKA

(pyurLii f. N -
Po3p’sizaHHA i€l HepiBHOCTI MOkHa odop- —0 2 —

miTH iHakre. OckinbKu AUCKPUMIHAHT KBa-
APATHOrO TpHWieHa x° — 4x + 8 Bia emumii,
a crapumit Koedinient goparauil, To anA 6yas-akoro x € R Maemo
x*-4x+8

(2-x)(2+2x)
(2 - x)(2 + x) < 0. Hani cnig spepuyrucs xo pucysxa 13.10.

Bidnoside: (—=; —2) U (2; +eo).

3a 1oMOMOTO0 METOAY iIHTepBaJiB MOXHA PO3B’A3YBATH i HecTpori
nepisroeri f (x) 2 0 abo f(x) < 0. MHoxuHA po3B’A3KiB TaKOl HepiBHO-
¢Ti — 1e 00’ €AHAHHS MHOXKHUHH po3B’a3kis HepieHocTi f (x) > 0 (abo
nianosigao f (x) < 0) i MHOKMHM KOpeHiB piBusHHA [ (x) = 0.

NPUKNAL 4 Poss’sixkiTe HepiBHicTs

Pue. 13.10

x' —4x + 8 > 0. Tomy HepiBHiCTDL < 0 piBHOCHJIbHA Takiii:

4x: r4x+ly o
x"+2x-8

Posg’aszanna. Pagumo, SKLLO e MOMUJIHBO, MHOTOYJ/IEHH, 3aIHCa-
il B YMCENBHHUKY i 3HaMeHHuKY Apoby, POSKIaJaTH HA MHOMHHMKH.
Y unpomy BHnagky HadaraTo spydyHiule AocHigyBaTH sHak ¢GyHKuii
1A NPOMIMXKKAX 3HAKOCTAJOCTI.

NPUKNAL 5 Poas’sxkiTe HepiBnicTh

. @Cx+D)?

Maemo: D=5 = 0. w

Veranosmoemo (puc. 18.11), 110 mMuo- =g _% et
WHHA (—o0; —3) U (1; +e°) € MHOXKHMHOK

b Puec. 13.11
poas’sakiB HepiBHOCTI MRERN 5, -
(x+3)(x-1)
: @x+1)* _ o : = |
PipuauHA Btoiz—1) 0 Mae egfWHEAH KOpPiHBL X 2

0O6'eqHABIOA MHOXXHHU pPO3B’A3KIB piBHAHHA 1 HepiBHOCTi, OTpPH-
MAEMO BifTIOBiAb.
Bionosidb: (o0 —3) U (1; + ) U {_ %} "

129



§ 3. KBAOPATUHHA QYHKLIIA

NPUKNAL 6 Pose’sixith uepipuicts (x° - 6x +8)Vx® -4x+3 >0,
3ayBaKuMo, 10 1A HepiBHicTh He € paunioHankrHOo. [IpoTe ansa 1l
po3B’A3yBaHHA MeTOJ IETEepBaJiB TAKOMX € 3aCTOCOBHUM.
Pozs'asannsa. Maemo: (x—2)(x —4) J{x -1(x - 31 2 0.
Posrasuemo dynkuito f(x) = (x - 2)(x —4)J(x —1)(x - 3). Jlerko
BeTaHoBuTH (pue. 13.12), mo D (f) = (=o0; 1] U [3; +eo).
Muoxuna KopeHiB piBuanHs [ (x) = 0 mae uraag {1; 3; 4}.
Posp’sizkemo mepisuicts f (x) > 0. Hyni pynxunii { posbtusaTh
ii obsacTe BUBHAUEHHA HA TAKI TIPOMIMKKHW SHAKOCTANOCTi: (—eo; 1),

(3; 4), (4; +2).
"L\Qﬂ, B_w.ﬁ:
1 3 1 3 4

Puec. 13.12 Puc. 13.13

Veranosmoemo (puc. 13.13), ugo muoxuHa (—o0; 1) U (4; +0) € MHO-
JKUHOIO po3B A3KiB HepisHoeTi f(x) > 0. 06 eAHABUIN MHOMHHU PO3B’f3-
KiB piBusHHA [ (x) = 0 i HepirnocTi f (x) > 0, orpuMaemMo BiaMOBiAb.

Bidnoside: (—eo; 1] U [4; +e0) U {8},

NPUKNAJL 7 Posp’sxire HepiBHicTb _]:c__l_ > 2,

-5x +6
Po3ge’asanna. [lana HepiBHicTh plBHOCHJlea CYKYIIHOCTI JBOX CHCTEM.
x <3,
1) 3—x 59 ITeperBopuBLIN ApPYry HepiBHicThL cucTeMn,
x2-5x+6 ’

OTPUMYEMO:
r<8 xr<a %:

2x —9x+9<0 {x—3}(x—§ 2
‘Pue. 13.14

-5x +6 (x-2)(x - 3)
Cxema posp’szaHHfi oTpuMaHOi cucTeMu 306pa)keHa Ha PUCYH-

Ky 13.14. Otike, maemo: %‘& x <2

xZ3 x = 3, 228,
2) x-3 2x* -11x + 15 2(x—3)!x—52-!
i T id., e Tk R 1y
2 . F] A
x"-bx+6 x“-5x+6 (x-2)(x-3)

Iz cucTema po3B’AsKiB He Mae (nepexoHaliTecs B IThOMY caMo-
cTiitHO).

, . [s.
Bibnostdv: [2,2].
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13. Metop iHTepeanis. Po2B'a3yBaHHA paLlioHanbHUX HEPIBHOCTEN

13.1.° Posp’saiiTh HepiBHICTh:
Dx+1)(x—2)(x+5)>0;
Dx(x—3)(x+2) <0
3)(2x +3)(Bx — 1) (x + 4) > 0;
H2x-1)EB-x)(x+1)<0;
5) (x = 3)(2x + 1) (1 — bx) (x + 4) > 0.
1112, Pose’samiTe HepiBHiCTh:
Dx+3)(x-1)(x+ 4) <0;
2)(8x +2)(x —5)(4x — 1) > 0;
NA-3x(x+2)B-x)<0;
4)x(bx+3)(2—-x)(4x—3)(x+ b)>0.
13.3." Poar’saxiTh HepiBHiCcTE:
)(x-1)(x+ 8P (x-2)<0;
D|x—-4|(x+1)(x—-3)>0;
3) (2x + 3) (1 - 4x)* (x — 2)° (x + 6) < 0;
4) (1 — 8x)® (x + 2)* (x - 4)° (x - 8) > 0.
1:5.4." PosB’ssxiTh HepiBHiCTD:
a*(x+1)(x-4)>0;
2@B-xP|x+2|(x-1)(2x-5)<0;
A -2x)(x-3)°@2x + 7N (x +4) (x - 2)°>0.
13.5.° Pose’AKiTh HEpiBHICTb:
1) (2x + 1) (x - 8) (x* + 4) < 0;
2@2-x)Bx+5)(x*-x+1)>0;
3) (2x + 1)* (x* — 4x + 3) > 0;
4)(8x*-b6x-2)(2x*+x+ 1)< 0;
5)3x° + 2x* - x < O
6)x®*-2x°—x+ 2> 0;
7) (2x% + 65x — 3) (2x* — 5x + 2) > 0.
13.6.° PoaB’sukiTh HEpiBHICTH:
N@E-x)Bx+1)(x"+x*+1)<0;
2)|x-8|(8x + 2)* (8x° - 5x + 6) > 0;
3) 4x° — 25x < 0;
4)x*—6x+5>0;
5) (x* — 4) (8x* + Tx + 2) > 0.
13.7.° Poap’suxiTh HepiBHICTE:

x+3 2
1) *;-'_—'i' > 0
(x-2)(x+1)
2) ey
(2x +1)(x - 3)
(2_—x)(x—5)

0;
3) <0;
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§ 3. KBALIPATUMHA OYHKLIA

*(x-1)'(x+5)

(x-8)(1-4x)

-x+x-1

9) ‘—TS—*—'—'{O;

) 2 st el
x?—4x-5

7 (x - 4)(x - 3)(8x - 7 - x%)

2 +x-2

4) > 0;

> 0;

> 0;

8) (x? - 9)(x® - Tx +10)(x* - Tx +13) "y

@x*+7)(3-2x)
x% 4324 -x%* -3
— <.
x -~ 64x =

9)

15.8. Po3p’amkiTe HepiBHiCTE:
x -
1 x+2 " 0;
2) (3x = 2}(4 B x)
(x+3)(x-1)
(x-2)(2x +1)°
B-x'0-52)°

>0;

3) >0

4 (x—2}(x’—1)[4x-5—3xs]<

x+7

13.9.” Po3r’axiTh HEPiBHICTE:
1) 1 <1
X

BS

-—
=

v

14,10, Poas’sxiTh HepieHicTS:

1) ;{—4-:%;
2) §f_1;8<2:
%) x33>;{_i;

):—%-:—g)i<;1:-i;

0:

5) x?-5x+7 L i

2%+ 3x+2
6) x* -8)(x* —6x-17)

(8x — 2x* - 4)(3x* - 10x + 3)
7 x’+5x-6 <0:

(x+2)1-3x)
8) (x' -3 (x* + x* -8x - 8)
(1-x)(x+2)

<0.



13. MeTtop iHTepeanis. Po3s’A3yBaHHA paLioHaNbHUX HEPIBHOCTEN

1:3.11." Po3p’saxKiTh HepiBHiCTE:
DEBx+1)B-x)(x+5)<0; 4)

x°|8x-1|(x+3) <0

x-2
2
2) (2x+ Dx-1)x—-2)>0; 5)L=2-3% 5
3x-x"-5
3) {x—3)(5x+2)(x8+3) >0; 6) S5x+4 x+2 <o0.
(x-1)(x+4) x+3 1-=x

0;

Posp’saiTh HepiBHiCTb: : :
Dx-3)(x+2f@x-5>0 3 &9 |(i:;)f(6_x) "

(2-x)(4x + 3) . 20 10
e T N it ad
13.13." Poss’siskiTh HepiBHICTD:
1)(x—5)(x+4)(x*+6x +9)>0;
2)(*+2x-15)(x*-4x+3) (x- 1)< 0;
dx’ —4x+1 . o
i i
2 -8x+2 _ .
4) ‘__6__;_<0v
8
gy Azl o
|x-4[ (x+8)
11, Po3p’sKiTh HEpiBHICTB:
DNDEE-4) (P +x-2)<0;
2)(x*-4x)(F*+2x-8) (¥ + Tx +10) < 0;
3) (x? -10x + 21)(x* - 6x - 7) <0:
(x? + 5x + 6) (2 - 4) .

L3
4) Lx_‘ﬂ_l_x_‘ilgo

-2 (x+4)

13.15." Posp’sixiTe HepiBHiCTH

x:2|(x’—4x—5)<0.

x-9
x

|(.t*-—x—12) <0.

1. 111" PoaB’skiTh HepiBHiCTB

13.17." Po3p’axKiTe HEpiBHICTD:

1) (x+4)Vx? —2x-156>0; 7) -V -4 <0
2) (x+4)Vx'-2x-1520; 8) (x*-1Vxt-4 >0;
3) (x+4)Vx?-2x-15 < 0; 9) (x*-5x+4)Vx*-Tx+10 <0;
4) (x+4)Vx®-2x-15 < 0; 10) (x* -5x +4)Vx® —-Tx+10 > 0;

5) (x*-DVx* -4 <0; 11) (x® -5x +4)Vx? - Tx +10 < 0;
6) (x*-1)Vx*-4>0; 12) (x*-5x +4)Vx* - Tx+10 > 0.
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§ 3. KBAOPATUYHA OYHKLIA

13.18," Posp’skiTh HepiBHiCTE:

1) x-3)V14+5x-2>0; T) (x*-25)V16-x2 <0;
2) x-3)Vid+6x-2 >0;  8) (x*-26)V16-x* > 0;
3) (x—amm; 9) (x’-—4x-—5)\/x3—~5;_6>0;
4) x-3V1d+6x -2 <0;  10) (*—dx-5)Vx’ —bx +6 < 0;
5) (x? - 25)V16 - x < 0; 11) (x? -4x -5)Va? 52+ 6 < 0;
6) (x? - 25)V16 -7 > 0; 12) (x* - 4x - 5)\Jx? —5x + 6 > 0.

13.19.° Poas’suxiTs HepisHicTs —5-“'—’ < X,
x* - x -9
13.20." Posp’skiTh HepiBHiCTB ‘;:_1 | < 5= L.,
x-=18l  x'=18

13.21." Pose’skiTh HepiBHICTB:

2
D(=x|-8)(|x|-8)>0; 3)”—;[%#92;;;
2}]::._+2]-_x{2: 4)]x—_ll+x—3>—-1—.
x x+2- x+2

13,22, Poas’ssxiTh HepiBHICTE:

D(xl-8xl-n<0; 8 ETlxl+10 4

x*-6x+9
]x+3|+x . 2 w
2) P )1. 4} ';'I?_—l—l< 1.
13.23." Poss’skiTh HepiBHiCTE:
2x -1 i 3x i x*-5x+4
l)lx—1|>2’ 2) x2—4|€1' 3) g <1.
13.24." PosB’s3kiTh HEPiBHICTB:
x-3 3 x+4 ; x*-3x+2
. {x—5_>1’ wd e it .. x% +8x +2 e

13.25." Poas’skiTe piBHARHA:
|2x-1|+|x*-x-6|=x"+x-T;
2| -4|+|P-x-2|=|22"-x-6].

J.26.7 Posp’sxiTh piBHAHESA:
D|8x-2|+ | -5x+6|=2"-2x+4
)| -9|+|x*+4x+3|=|2x*+4x-6|.

13.27." BHalifiTe MHOKHHY PO3B’fA3KiB HepiBHOCTI 3anexKHo Bij aHa-
ueHHA mapaMeTpa a:
1)|x-a|(Bx*-2x-8)<0; 2)|x—-a|(5x®-2x-3)<0.
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14. Po3MiLLEHHA HyNiB KBAAPATUHHOI OYHKLIT BIGHOCHO 3a0aHOt TOHKK

1128, 3maitaiTe MHOXKHHY PO3B’A3KIiB HEPIBHOCTI 3aJ1€HO BiJ 3HA-
yeHHA [apaMeTpa a:
1)|x—a|(Tx*-4x-8)<0; 2)|x—a|(Tx*-4x-3)<0.
13.29.” 3uaiigiTe MHOXHHY PO3B’A3KiB HEPIBHOCTL 3aJI€2KHO BiJ 3HA-
YeHHA [apaMeTpa a:
Djx-1]|@*-(a+3)x+8a)<0;
2)|x-1|(x*-(@a+38)x+3a)<0.
2307 BraiiziTe MHOXKHY PO3B’A3KiB HepisHOCTI 3anexHO Bia 3Ha-
YeHHSA napaMeTpa a:
D]x+2|(x*-(@a+1)x+a)<0;
2)|x+2|(x*-(@a+1)x+a)<0.

13.31.* Poas’sikitTs pisnaund 2 {x} - {x} [x] = x = 5.
A2 PosB’sikiTh piBHsHEA [x] {x} - 3 {x} =6 — x.

Po3milieHHA HyniB KBaapaTUYHOT PYHKLIT
BIAAHOCHO 3alaHOT TOYKM

PoarnsHeMo kBagpaTHuny GyHKIi0 y = ax’ + bx + ¢, By AKoi
JiopiBHmOIOTE X, i X, (x, < x,). Hexail wmcno a He € mynem jamol
(pyHknii. Toai mMoxnIUBI TPHM BHNAJAKH PO3MilIeHHA HyniB QyHKIil
B1JHOCHO YHMCJIa O

* <X L < X o

¢ x <o<x,;

. 2 <k <o

¥ uwomy nyHkTi Oyae posryifiHyTo 38484l HA MOIUYK 3HAYEHDL IIa-
pameTpiB, IPpH AKHX HyJi KBagpaTHyHOI QyHKIIL y = ax’* + bx + ¢
po3MileHi BiIHOCHO 38/JaHOTO YHCAA ¢ B OIMH 3 TPbOX 3A3HAUEHUX
cnocobis.

Axmo AUCKpuMMIiHAHT KBaApPATHOrO TpU4JeHa ax’ + bx + ¢ € no-
BHUM KBaApPATOM, TO HYJi KBaapaTwuyHOl (YHKLII 3pYYHO BUPASHTH
uepe3 KoegilieHTn, a notimM poss’sasaTi BiAnoBigHy HepiBmicTs abo
cucTeMy HepiBHOcTei. 3ajaui TAKOTO TUNY BH BiKe DO3B’A3YBAIU
(onuB. Ne 12.37-12.40).

SKI0 AMCKPHMIHAHT KBAAPATHOIO TPM'JIEHA HEe € TIOBHUM KBAa-
JApaToM, TO peajisamis IpOro mJaHy NMOB'A3aHA 31 3HAYHMMM TeX-
HIYHMMM TpyAHouiaMu. Posrsianemo Oisbin panioHaneHi cnocobm
po3B’A3yBaAHHA NMoAiGHUX 3amay.

NPUKNAR 1 ITpu sxcux sHaYeHHSX NAPAMETPA 4 PIBHAHEA x° + (a— 1) x +
+ 2a* — a = 1 = 0 mae KopeHi pisuux 3pakis?
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§ 3. KBAAPATUYHA OYHKLIS

Poaé’azarns. PosrasHeMo KBAAPATHYHY
dyurniio f(x) =x*+(@—-1)x + 2a*-a - 1.
Ii rpadikom e mapabona, BiTku AKol HanpAMm-

Xy X2 JeHi Bropy. 3 ymMoBm BUIIBBAae€, mo Touxa 0
mae OyTu poamimreHa Mix 4yMmciamMm X, i X, —
Puc. 14.1 BynamMu dyskuii f (pue. 14.1).

Take posmimenuna napabonu xapakTepu-
3yeTLCA THM, LI0 3HAYEHHA KBajpaTudHol ¢yHKLII B Touni 0 € Big’em-
HumM. Tomy mykaHe sHaUeHHA napamMeTpa a sHaiigemo 3 ymosH [ (0) < 0.

Maemo: 2a° -a-1<0.
Poss’sasaBiun 1130 HepiBHiCTH, OTPHMYEMO BiAIIOBiAb.

Bionoaidv: (—%; l].

MPAKNAL 2 Buaiigit™e yci sHAYeHHA NApaMeTpa @, NpH AKUX He-
piBuicTs x* — (@ — 8) x - 2a® + ba — 2 > (0 BUKOHYETLCA TPH BeCixX
HeBi’eMHHX 3HAUEHHAX X.
Poae’azannn
*  Sxumo guckpumisaaT D KBaApaTHOrO TPUYJIEHA, 3ATIMCAHOIO B JiBil
YacTHHI HepiBHOCTI, Big’eMHHI, TO JaHA HePiBHICTD BUKOHYETHCH IIPH
BCiX X, & OTe, i IPH BeiX HeBiA'€MHMX 3HAYEHHAX X.
Maewmo: D = (@ — 3)* + 8a® — 20a + 8 = 9a® — 26a + 17;

9a® - 26a + 17 < 0; l-.:a<lg7

Ortxe, npomizKoK (1; %) CJIi/1 BKJIKYUTH o Bignosimi.

* Posrnsnemo Bunagok, koau D > 0. Hexail x| i X, — HyJi QyHKnii
f(x)=x*-(a- 8)x - 2a* + 5a — 2, npuuomy x é x,. Toni MuoMmu-
HOW pPo3B’A3KIB AaHOI HEePIBHOCTI € MHOMHHA (—m x } U (x +o0).
Jlna BUKOHAHHA YMOBH 3aJ71a4i JOCTATHBO BUMATATH, 100 [0: +o0) C
C (x,; +e). Lla ymoBa mae reomeTpuuHy iHTeprperauio (puc. 14.2).
3HaligeMo aHATITHYHI CIIiBBIIHOIIEHHSA, AKi ONMCYIOTH pUCYHOK 14.2.
D=0,

f(0) > 0.

3naeanocsa 6, OCUTE BHMAaraTH: {




.

14. PO3MILLEHHS HYNIB KBAAPATMHHOI (OYHKUIT BIGHOCHO 3afaHoi TOHKM

[Tpore w0 yMOBY 3a00BONBHAE i, HAPHKIAK, CUTyaIlis, 300pakeHa

1a pucyHKy 14.3. Aste TyT He BUKOHYeTHCs BUMoOra [0; +eo) C (x,; +ee).

Tomy mo HaBeleHMX BHIIE CTiBBiAHOIIEHL MOTPIOHO AOAATH Take,

o 3abeaneyuTs po3MimeHHA BepiMHM napabonu aisime toukn 0.
D=0,

Maemo: < f(0) >0,
25 <0,

ne x, — abcorca BepIMHU mapaboi,
9a% - 26a +17 > 0,

Bpinen )-2a2+5a-2>0,
a-8 .,

Po3B’#3aBIIN L0 CUCTEMY, OTPHMMAEMO [IPOMiXKOK (%, 2), AKMIL

MiCTHTH IPOMIMKOK (1; %)

Bidnogids: (%, 2).

Baypaxkumo, mo npuknagu 1 i 2 moxHa po3B’sazarH, BUKOPUCTO-
Byloun Teopemy Biera (3pobiTe me camocTiiino).

NPUKNAL 3 Ilpu skux sHaueHHSX mapa-
MeTpa @ yci kopeHi pisHsHHES X° — ax + 2 =
= 0 3a10BOJILHAIOTE YMOBY 1 < x < 37

Poseé’azannn. Pucynok 14.4 € nepekia- 1 v 3
JIoM YMOBHM 3azadi rpa{iuyHoi0 MOBOIO.

VYvmoeu D 2 0, f(1) > 0, f(3) >0 ¢
JIMIIIe HeOOXIHUMH [JIi BUKOHAHHSA YMO-
Bu 3aga4i. Mu OTPHMMaEMO JOCTATHIO YMOBY, AKIIO ZOAAMO Ie OLHY
nepisHicTs 1 < x, < 3, Ae x, — abcuuca BepIIMHKU 1apaboJIn. Orxe,
OTPMMYEMO CHUCTEMY HepiBHOCTeMH

a’-82>0,
3-a>0,
11-83a >0,

a
1< 3 < 3.
PosB’fzaBmm M0 CHCTEMY, OTPMMAEMO BiJNOBIAL.
Bidnosids: 22 < a < 3.
MPUKNAL 4 3uaiiziTe yoi sHaYeHHS MApaMeTpa @, IIPY SKHX 3 HepiBHOCTi
-1 < x < 2 BunuMBae HepiBHicTs (@ + 1) x* — (8a + 4) x + 4 > 0.
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§ 3. KBALPATVYHA OYHKLIA

Posze’sazannsn. YMoBa 3ajayi osHayae, o npomixkok (—1; 2) mae
MicTHTHCH B MHOMKUHI po3B’sgkiB Apyroi HepiBHOCTI.
% flkmo a = -1, T0 orpuMyeMO: —x + 4 > 0; x < 4, T06TO X € (—=2; 4).
Ockineku (—1; 2) C (—=; 4), T0 a = —1 BxOAUTH KO BigmoBiai.
% Hexaii ¢ # —1. PosrnaEeMo kBaapaTHuRy dyHEOID [ (X) =
=(a+1)x*—(3a + 4) x + 4.
¢ flxmo a + 1 <0, To BiTKM napaGonyn HANpAMIIEH] BHEU3. ¥ ILOMY BH-
nanky Hepisnicts (@ + 1) x* —(8a +4)x+4>0
MATHMe pO3B’A3KH, AKLIO PO3MIIMenHA mapa-
6oy Gype TakuM, AK 300paykeHO HA PUCYHKY
14.5. Ilpx UbLOMY MHOMXHMHOK DO3B A3KiB
%5 £\ & Gyze mpomixok (x; x,), fe x, i x, — mHyn
dyuruii f.
¥ npomy pasi ymoBy 3agaui Gyze BuKoHAa-
HO, Axwo (—1; 2) C (x; x,) (puc. 14.6).
Tare poamimenna napabonm BILHOCHO
Touok —1 i 2 pabesmeuyeTbes cHCTEMOKO He-
pisHOCTeIl:
a+1<0,

f(_l) 2 Os
Puc. 14.6 f(2) > 0.

Ha nepiuuii nmorssj sgaeThes, L0 B CHCTeMi He BHCTAYae YMOBH
D > 0. IIpote s BMMOra € HaJJIMIIKOBOK 3 TAKUX HAOYHO OYEBH]-
HHX MIipKVBaHB: AKWO simku napaboru Hanpamaeni énus (eézopy)
i ienye mouka, y Axillt keadpamuyha Pymryisa nabysae dodamrozo
(8id’emroz0) 3HavenHa, mo napalona nepemunac 6ice abcyuc y 06ox
moyKax.

a+l<0,
Maemo: {{(a+1)+(3a+4)+4 >0, Brincu —%<a<—1.
4(a+1)-2@a+4)+4>0.
* Hexait Tenep a + 1 > 0. Toai siTku napabosn HAIpAMIIEH] Bropy.
Arxmo D < 0, TO MHOXKHHOI0 PO3B’f3KiB HepiBHOCTI € MHOMKH-
Ha ®, sKa, 3BicHo, MicTuTh mpowmixok (—1; 2). Orxe, po3B’s3KH
a+1>0, a+l1>0,

Y {D <0 9a’ + 8a < 0.

BXONATL A0 Bianosigi. Maemo: {

3eizcu ~% <a<0.

slkmo D > 0, To MHOXkHMHOIO PO3B’A3KiB HepiBHOCTi (@ + 1) x* -
—(3a +4)x+ 4> 0 e ob6’eaAHAHEA ABOX TPOMEHIB (—oo; x,) U (x,5 +eo).
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14. Po3MiLLIEHHA HYNIB KBAAPaTUYHO| (PYHKUIT BIAHOCHO 33AaHOI TO4KM

Jlnsi BHKOHAHHA YMOBM 34/184i JOCTATHRO BHUMaratH, mob (—1; 2)

¢ (-2 x,) (puc. 14.7) abo (-1; 2) C (x,; +=) (puc. 14.8).
Jns pucynka 14.7 maemo:

a+1>0 a+l1>0,
D3>0 9a° + 8a > 0,
\nz) >0, 3BIACH 14(a+1)-2(3a+4)+4 >0,
. 3a+4
e 2@+1)
ﬂLl — e : & x!0 ‘ :
2 x1=x2 —~1 2 xl x2
ﬂ) )
Puc. 14.7

Posp’azaBmin mio cHCTEMY, OTPHMYEMO 4 € (o} u (—1‘. - %]

HOna pucyaka 14.8 maemo:

a+1>0 eEL=0,

D>0 9(12*'80;0.

71> 0 3BiACH (g +1+3a+4+4 >0,
da+4

x')(—l- '2—(5':'i')'< 1.

Jlerko mepeKoHaTHCH, 1110 1A CHCTeMa PO3E’A3KIB He Mae,

O offeel, 0

X=X, LT *2 -1

a)
Pnrc. 14.8

Otxe, Bifnosinaio iel sazaui € 06’efHAHHA MHOMHHE
e uf-2;- )u o v{-8;0)u(-1-8].

Bidnosidv: ﬂz <a<0.
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§ 3. KBAOPATUYHA OYHKLLIA

MPUKNAL 5 Ilpu axuX sHAYEHHAX DAPAMETPA & TLIBKHM ONH KOpPiHb

piBHAHHSA x° — ax + 2 = 0 sagoBosnbHAE yMOBY 1 < x < 3?
Poss’sasanna. B yMoBi He ckazaHo, L0 JaHe PiBHAHHA MAE [ABa

pisui kopeni. Tomy croyaTKy poarisHeMoO BMIAIOK, konu D = 0.

Maemo: a* —8=0; a =-2V2 abo a =2V2. Jasa oepmioro sHaYeHHSA
DAPaMEeTPa OTPUMYEMO X = 2 ¢ (1; 8); ana gpyroro x = V2 e (1; 3).
Omxe, a =22 Bxoauts Ao Bignosizi.

Y pasi koau D > 0, no3Ha4ynMo KOpPeHi PiBHAHHA X, i x,
(x, < x,). Buxonsram 3 ymoB, BumMaraTuMemo, niob x, € (1; 3), ax, € (1; 3)
abo x, € (1; 3), a x, € (1; 3). Poamimenns napabox Ha pucyHky 14.9
BH3HAYAE TAKA CYKYIIHICThb:

f(>0,
{f 3) <0,
{f <0,
J3)>0.

~ 3a3HAuMMMO, [0 HEPiBHOCTI B CHCTeMAX NapaHTYIOTh BMKOHAHHA
gepiBuocTi D > 0,

1 -
X1 3
a) 6)
Puc. 14.9 Puc. 14.10 Puec. 14.11
Orpumana cykynsicts pieHocunbHa Hepiesocti f (1) « f(3) < 0.
Beinen (3 -a) (11 - 8a) < 0; 3<a< %1—

IIpore icHYIOTH it iHmi BUNAAKu POSTAILIYBAHHA napabos, AKl 3a-
JOBONBHAKIOTH YMOBY 3agaui. Lle x € (1; 3), x, = 3 (puc. 14.10) abo
x, € 1 8), x, = 1 (puc. 14.11). PosrasiHeMo ui BHNAAKH.

Axmo f(3) =0, 70 a = % 3Bijcu X, =§, x, = 3, Wo He 3a]0-

BOJIbHSIE€ YMOBY X, € (1; 3).
Ao f (1) = 0, To a = 3. 3BigcH x=1x,= 2, 1110 3810BONLHSAE
YMOBY Bajadi.

Bidnosids: 3<a < % abo a = 22.
14.1." BuaiifiTe yci 3HaUYeHHA TApaMeTpa @, NpPd HKUX OAUH 3 KO-

peuis piBEAHES x° + (@® — 2) x — @’ + 3a + 2 = 0 Girbmunii sa 1,
a apyruii MeHmmii Big 1.
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14. Po3milieHHA Hynie keazpatMyHol QYHKLII BIAHOCHO 3a0aHoI TOYKK

.. 3HalfiTh yCi 3HaYeHHA napaMeTpa d, IpHU AKHX OfUH 3 KOPeHiB
piBHAHESA ax® — (@ — 1) x + a® — 10 = 0 Ginbmuii 3a —3, a Apyruit
MeHIIH# Big —3.
14.3." TIpu AKUX 3HAYEHHAX NAPAMETDA @ KOpeHi piBHAnHA X —(2a+ 1) x +
+a® - 4a + 3 = 0 € gomarHUMHE TucTaAMU?
Ilpn AKMX SHAYEHHAX IapaMeTpa @ KOpeHi piBHAHHA x° +
+ 2 (2a + 3) x + 4a® - 8a — 1 = 0 € Bin’eMHuMHU yncnamu?
1.1.5.° BuaiigiTe yci sHauyeHHsA TapaMerpa @, IpH sIKUX KopeHi pis-
nagHA x° — (2a + 1) x + 2a + 9 = 0 6inwuri 3a ~1.
3HaUAITE yci 3HaYeHHs napaMeTpa ¢, DU AKWX KopeHi piB-
HaHHEA x° — 2 (@ + 1) x — 2a — 2 = 0 menwi Bix 1.
14.7." IIpu AKUX 3HAYEHHSAX MapaMeTpa a Kopewi pipuanus (@ — 1) x° -
— 2x + 5 = 0 Hinepmi za 27
Ilpn axux sHaYeHHAX NapaMeTpa a KopeHi piBHauH4d (a + 2) xi—
—4x + 1 = 0 memui Big 37
14.9." IIpn axnx 3sHa4eHHAX napaMeTpa ¢ OAMH 3 KOpeHiB piBHAHHA
x* + 4ax + 4 - a" = 0 menummii Big 0, a apyruit Gineumit 3a 1?
10, Ipu AxUX 3HAYEHHAX [MapaMeTpa ¢ OJUH 3 KOpPeHiB piBHAHHSA
(@a-2)x*~-2(a+ 3) x + 4a = 0 menmuii Bix 2, a aApyruit 6inn-
miuii 3a 37
14.11." Ilpn sKux 3HAYEHHAX TapaMeTpa 4 yci KopeHi piBHAHHA
(a — 1) x* - 2(a + 2)x + a = 0 HanexxkaTh npomikky (-1; 2)?
12 Ilpn AKX sHAYeHHAX IapaMeTpa @ yci KopeHi piBHAHHSA
(1 + a) x* - 3ax + 4a = 0 wanexars npoMiNKY (2; 5)?
14.13." 3gaiigits yci 3HAYEeHHA NapaMeTpa @, MpH AKUX HepiBHiCTH
x* = (a + 1) x - a* < 0 BukonyeThCA Ana Beix x € [1; 2].
14.14.” 3HaiiziTe yei 3HAYEHHA mapaMerpa @, NpM AKHX HepPiBHICTh
-2 (a+ 1) x + a®* — a — 6 > 0 BUKOHYETBCA AJMA BCiX Heao-
JaTHUX 3HAUYEHb X.

14.15.” Ipu sikuX 3HAYEHHAX apaMeTpa a HepisHicTs ax’ +2(a+ 1) x +
+ 3a + 1 < 0 BUKOHYEThCA ANA BCiX 3HAYEHBL ¥, MeHIIMX Bix 1?

.| 0.” TTpn AKMX 3HaYEHHAX NapaMeTpa a HepisnicTh x° + 2ax + 3aZ -
— 5a + 2 > () BUKOHYETBCHA JJIS BCiX 3HAaueHpb ¥, OGiabirux 3a —17?

14.17.” BHaiigiTe yci 3HaUeHHA DapaMeTpa @, NpPH SAKHAX HepiBHICTB
ax’ -2 (a - 3) x + a + 3 > 0 BukonyeTheH a8 Beix x € [-2; 2].

14.18.” IIpyu AKHUX 3HAYEHHSAX mapameTpa a 3 HepisHocTi 2x° + x < 0
BHILTHBAE Hepisuicts ax’ —2(@ - 3)x +a — 1 > 07
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§ 3. KBAZIPATUYHA OYHKLIIS

14.19.” 3uaiigiTe yci 3HauenHs napamMerpa a, Ipu SKHX 3 HePiBHOCTI
ax*+ 2 (a - 2) x + a - 5 > 0 BunIMBace HepisHicTb X2 — 3x + 2> 0.

14.20." TIpu axux 3aHauyeHHAX napaMeTpa @ HepiBHiCTH
¥*-2@+1)x+a*+2a>0
BRILIMBAE 3 HepiBHocTi x° — 4x + a° > 07

Napa6ona _ E

HesanexHo Big posMilqeHHa KoJa HA KOOPAMHATHIN mIommHi Xy

Horo piBHAHHSA Mae BUTIAL

(x-af+(@y-b)=FR, (*)
fe a i b — BipnosigHo abcuuca i opaunaTa HenTpa Kona, R — iloro
papaiye.

ITa BracTHBiCTh 103BOJISE JATH HOBe O3HAYEHHA KoJIa AK (irypH,
fixa € rpadikom piBHAHHA (¥).

¥ nyrkri 8 dirypy, Aka Gyaa rpadikom pisranus y = ax’, gea # 0,
MH Hasupaan napabosoro.

Ha pucynky 14.12 so06paxeno napa6ony y = x°. kmo dirypy, sxa
JopieHioe 1Iiil mapafoni, posTamyBaTn, HANIPUKIA, TAK, AK HA PHCYH-
Ky 14.13, 10 oueBuaHo, wo pisHAHEA miel dirypu ue Mae ®i suraany
y = ax®, ui papite y = ax® + bx + c. BuxoauTs, 10 MU He MOMKEMO
(irypy, sobparxkeny na pucynxy 14.13, masusaru napabosioio.

vt
y .
M Y
“F
0 {_l X
0 e d K P
Parc. 14.12 Puc. 14.13 Puc. 14.14

Ane npuponro, mwob pisui Qirypm manm onuHaxoBi Haseu. Tomy
fpaykaHO JaTH TaxKe odHayeHHA ODapabonu, sAke He GyJsio 6 mos’s3ane
3 piBHAHuEAM Girypu, HAOPHKJIAJA, aHAJOTIYHE O3HAYEHHIO KOJA AK
TMT, pisrOBiIaNeHNX Blx 3aAHOI TOYKH.

Poarnanemo Taky 3amauy. Hexait gauwo npamy d i Troury F, fika
He HANEXUTH uii npamii. 3umaigemo 'MT, pisnoBignaneEux Big
npsamoi d i Touku F.

Posé’asauna. Ouyernmo 3 Toukn F nepnenaukyiap FK na npamy d.
Hexait Touka O — cepeauna Bigpiska. FK (puc. 14.14).
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Konu 3pobneHo ypoku

)bepeMo cHCTeMY KOODAWHAT Tak, mod Bick opauHaT 3biranacs
4 upamoo FK, a Bick abcnue — i3 cepeiuHHHUM MepHeHAAKYIAPOM
niapiska FK.

. Poai F(O; ‘)

()6epeMo oxmHUYHMI Bigpisok Tak, mob FK = 3

o= |-

h (0; - %), piBHAHHSA npamol d MAE BUTIAL Y = —
Hexait M (x; y) — TouKa, aka HaJexuts mykasomy I'MT. Toxi
wijicrasb Big To9kr M a0 npsamoi d (aoemunea Biapiska M P) nopisxoe

2
[.u ¥ i ', a n0BXKMHA Bifpiska MF gopiBhioe 4/x° +( —%) 5

3 ypaxysaHHAM yMOBM Mo)Ha sanucatu: MP = MF, to6ro

o il= o3

1) 1)’

o =] = ¥ S f

3Biagcu (y+ 4) a +(y 4} i y /

2 }.. -.1— = 2 ? - —1- L" / -

g =%ty R v A M

p=x : jé/ /

Omxe, myxane I'MT — ue dirypa, . 'q S | >
nia € rpadikoM piBEARAA ¥ = X°, T06TO 01 = x
nupadona (puc. 14.15). d _1] K P

Jlerko nmokasaTu (3pobiTe ue camo- 4
11iiH0), mo xoam Touxku F i K obparn Puc. 14.15

rak, mo FK = i , fe a > 0, To B peaynbTaTi AHAJOTIYHAX MipKYBAHB

('yae OTpHMAHO PiBHAHEA ¥ = ax’.
{leit pesynbTaT AosBOANE AATH TAKE O3HAMEHHA napabonu.

Osnauenn llapa6osoio Hasuealors TMT, pisrorinnanenux Bix
ranoi npamoi Ta JaHOI TOYKH, AKA HE JIeKHTh HA il mpamii.

Jany npsMy HasuBalOTh AHPERTPHCOW (Bij JATHHELKOTO
directrixe — HanpsAMHAA), 8 JaHY TOYKY — ¢(hoKycoM (BiJ] TATMHCBKOrO
[ocus — BoOrHMLIE, OCepelioK).

[IpaMy, AK& OPOXOAMTH 4Yepea (oKyc i Inep- y
HeNAHKYASPHA A0 ARPEKTPUCH, HASWBAIOTL BICCIO
uapabonu,

Ilapabosi nmpuTaMaHHa Iina HH3Ka LikaBHX

I. *I
1WINCTHBOCTEM’. \(LJ/’ x
ilapabona zinnTs naomuey Ba ABL Girypn,
u/NA 3 AKAX € onykiow (Ha pucyHKY 14.16 poua Puc. 14.16
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§ 3. KBALPATUYHA OYHKLIIA

saapbosana MOBTHUM KoALOpom). II HasuBalTE BHYTPimHEOIO 06-
JacTio napadonmn.

Bigcrans Big Oyab-AK0l TOYKH BHYTPilIHbOI 0bsacTi napatoin no
doxyca MeHIuA, Hi¥ BiacTaHb Bij wiel Toukwm ao AupextTpucH. Bix-
CcTAHE BiJl Oyap-AKOI TOYKM, KA He HAJEMUTH BHYTPIiIIHiN obnacri
napaGosn, g0 AMpeKTpucH He Ginbiua, HiXK BifgcTaHL BiA Hi€l TOYKH
o dokyca. 1i aBi BnacTusocTi foBeniTh camocTiiiHo.

IIpomeni, aki BUXoasTe 3 JiKepena CBiTna, poaMilesoro y Goky-
ci napabonu, micasA BigdOusaHHA Bij Hel cTalOTh HapajelbHMMH OCi
mapaboJiu.

TloscHMUMO 110 ONITHYHY BAACTH-
BicTh Ha npukaaxi napaboam
y = x°. Hexail npomiap, sxuii BH-

y

XOAHTH 3 (hoKyca F(O; %), Binbnu-

BacTbcH Big ToukM M (xg; x2)

napabomn y = x° (puc. 14.17).
= # 3a BiJOMHM 3 ONTHKHM 3aKOHOM
/E\; g e ZFMA = Z NMB, pe upama AB —
/ M (.! f = }_) asornuna’ jo napaGonm Yy = %2,
1 4 Onycrumo repneHfuKynsp MM,
A na aupextpucy mnapabonun. Koan
Mu [oBejeMo piBHicTs KyTiB NMB
Puc. 14.17 i AMM , To THUM caMMM IIOKaXe-
mo, o Touku N, M i M| nexars

Ha oxHiN npsimiil, mapanensHil oci opanHAT.
Pipasuus npaMoi AB, fika NPoXofHThL Yepe3 TOYKY M[xo; xg).

o

=

mae Burasy y = k(x — x,) + x,, Ae k — KyToBuit koedinienr npamoi AB.

V¥ niel npamoi i mapabonm y = x* € eguHa cmispHA TOUKa, OTKe,
pipusrna x* = k(x - x,) + x; Mae exuunil poss’szoK. 3sigcn:

x? —kx + kxy — x5 = 0;

D = k* —4kx, + 4x% = 0. 3Biacu k = 2x,.

Topi piBuarHA npamoi AB nabysae Burnsay

Y = 2x,x — X5. (7%)
Hexaii Touka E — cepeauua Bifpiska FM .
L. ( 1!
Maewmo: E(E—é—x&, 3 }, TODTO l‘.(%ﬁ, D).
! Binem noxkaagHo 3 nouaTTAM poruunol g0 kpuBoi BM osHaillomHTecs

B 11 kaaci.
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Konu 3pobneHo ypoku
Jlerko mepeBipHTH, 1[0 KOOPAMHATH TOYKH E 3a/l0BOJBHAIOTE

pisHagEg (*¥). Orxe, Tourka E manemutb npamiit AB. ¥V pisuo-

veppesomy TpukyTHuky FMM, (MF = MM)) Biapisok ME — wme-

niana, Toni £ FME = Z EMM . 3 ypaxyBaHHSIM BHIIECKA3AHOTO
EMM, = £ NMB.

Axmo napabony obepraTH HaBKoJgo Ii \
oci, To oTpuMaeMO NOBEPXHIO, AKY HA3HBA-
wre napabonoigom obGepranns (puc. 14.18).

Taky ¢opMy mMaioTh J3epkajia IIpPOKeKTOpiB,
asromobineHEX ¢dap, Teneckonis. ITpomeni
csiTaa Big mikepesa, poamimieHoro B ¢okyci
napabonu, BigGnBaOYNCh Bij MOBEpPXHi 06epTaHHA, YTEOPIOIOTH Mapa-
JensHui my4vok ceiTna. I maBmaku, yci esitnosi npomeHi, aki #ayTe
napanejgbHo oci obepranHs, micaa BiagOupanHs 30MpPAOTHCA B OAHIHN
Touni — ¢okyci. 1A BIacTHUBiCTL JeXKUTL B OCHOBI NpHANKITY poboTH
napaboniuHuX aHTeH.

3 kpmBHMMH, skl Malors opmy napaGonm, MOXKHaA 3ycTpitues,
BHBYaIOYH pyx npeamerie. Hanpuknaja, TPAEKTOpis HOJBOTY Ka-
MeHsI, KHHYTOro IiJ KyTOM A0 IOpH30HTY. (hyTGoabpHOrOo M’Aua abo
apTusepiiicbKoro cHapsaay 3a BiACYTHOCTI OMoOpy nopiTpa € mapa6o-
Js010. CTpyMeHi Boan y oHTaHAX YTBOPIOIOTE PITYPY, AKA CX0)Ka HA
napabony.

Puc. 14.18




§ 3. KBAOPATVNYHA OYHKUIA

3HauAA BAacTMBOCTEH napabonu 103BOJAE PO3B’ A3ATH LTy HU3KY
Kpacusux sagad. IlpoinoecTpyemo e Ha IPHKIALAX.

NPUKNAAL 1 HoseaiTe, 010 CKiHYEHHO10 MHOMKHHOIO BHYTPimHuix o6-
Jnacteii napaboJ HEMOYMKJIMBO 3aMOCTHUTH IJIOMHHY.

Poze’'szanna. llposejgemo npamy, fika He napajejbHa KOIHIM
3 oceif mapaGon (raka upsama icHye, ocKinpku napabon ckiHYeHHa
Kinekicrsn). Koxxua 3 BHyTpimaix obGnacredl napabos abo He Mae
CHiNTBHUX TOYOK 3 MPOBEAEHOKI NPAMO0, a00 MHOMKHHA CHiIJIBHHX
TOUOK YTBOPIOE BiApisok. Ase cKiHYeHHOIO KiNBKicTIO BiApisKiB He-
MOXKJIABO MOKPHUTHN MNPAMY.

NMPUKNAA 2 Ha nuomuni 3agadHo CKiHYeHHY MHOXMHHY IOPAMHX
i CKiHYeHHY MHOMHHY TOYOK, JKOAHA 3 AKHX He HAJIEKHTh 3aJaHUM
npamum. [HoeeaiTe, 10 Ha IUTOLMHI iCHY€E TOYKa, BiACTaHBb Bia AKOL
J10 OyAB-AKOl i3 3a7aHMX NPAMHEX MEHIIa, HiX BigcTaHb A0 6yAb-AKOL
i3 3amaHUX TOYOK.

Po3zg’azanna. KoxHy napy (upaMa; ToYyka) pPO3riasfaTHMeMoO
AK pAupeKkTpucy i dokye meskoi napabosm. Takum 4uHOM, 3aJaHO
CKiHYeHHY MHOXMHY BHYTpiluHix oGnacreil mapabos. 3rigHo 3 pe-
8yJABTATOM TIOMEpeJHbO1 3a7a4i BOHU He 3aMOIIYIOTE YCIO ILIOLIUHY.
Bisbmemo 6y/1b-AKY 3 HENOKPUTHX TOYOK, AKA HE HAJEXKHTH JKOAHIN
napabosi. Bona i 6yze mykaHoo.
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CUCTEMW PIBHAHDb
| HEPIBHOCTEW
| 3 ABOMA 3MIHHUMW

m PiBHAHHA 3 ABOMa 3MiHHMMM Ta Noro rpagik

Bupasu x* + %, i—t%, (x - 1) (y + 2), x - 3y € npuKIaAaMHu BU-

pasis 3 gBOMA 3MiHHHMH X i J.

Bupasz 3i sMiHHUMH X i y nosHayanoTk Tak: F (x; y) (uuramoTsb:
«e( Bip ikc i irpeks).

Topai piBrieTs F (x; y) = 0 € piBHAHHAM 3 ABOMA 3MIHHUMH X i y.

Hanpurnaz, akmo F (x; y) = ax + by — ¢, To F (x; y) = 0 ¢ ninii-
nuM piBHAHHAM 3 JBOMA 3MiHHHMH.

Harapmaemo, mo konu F (x; y) — MHOTOYIeH CTAHAAPTHOIO BU-
ragny, To foro creneHeM HAa3WBAIOTH HalbinbIIMiL i3 cTeneHiB ogHO-
yJjieHiB, AKi B HLOro BXOAATH. ¥ ILOMY pasi cTeneHeM BiAnoBigHOro
pieasuaEA F (x; y) = 0 HasuBawTe cTeniEs MHOrounena F (x; y).

Hanpuxnaza, cTenisb piBHAHHA x° — x°)° + y° = 0 nopismioce 5.

fArxmo B niniifiHomy piBHaHHI ax + by — ¢ = 0 nmapamerpu a i b
OIHOYACHO He AOpPiBHIOWTL Hyxo (a° + b° # 0), To me piBHAHHA €
PIBHAHHAM NEPIIOro cTenensy 3i amimmmumu x i y.

PiBHAHHEA ApPyroro creneHs 3i sMiEauMm x i y Mae BHrIsAg: ax® +
+by’+cxy+dx+ey+f=0, gea,b, c, d, e, f — napamerps, npu-
uomy a® + b* + c* # 0.

Haragaemo, mo napy uucesa (x,; y,) HasMBalOTH PO3B’AIKOM
pieranaa F (x; y) = 0, xonu F (x; y,) = 0 — npaBuibHa 4nciiosa
piBHICTS.

Axmo Ba KOOpPAWHATHIH MJOLIMHI Xy MO3HAYATH BCi TOYKH, KO-
OPAMHATH AKHUX € po3B’s3koM piBuAHHA F (x; y) = 0, To orpEManRy
(hirypy nasmusaioThk rpadikoM HLOro piBHAHHA.

Hanpuknazn, rpadikom piBHAHHSA MEpIIOTO CTENEHA € IpAMa, rpa-
dbixom pisaanss (x — a)® + (y — b)’ = R?, pe R # 0, € koo, rpadikom
piBHAHHA ¥ = ax” + bx + ¢, ne a # 0, e napabona.
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§ 4. CMCTEMM PIBHﬂHb | HEPIBHOCTEW 3 IJ,BOMA 3MIHHUMW

V nynkTax 8-10 Br HaBuMJMCH NepeTBOpPOBATH rpadikn dyHKiil,
THM CaMHM iCTOTHO POSLIMPHBINM Knac pyHKUii, rpadikyd AKUX BH
BMieTe OyayBaTH.

Amnaioriudi nepeTBOpeHHA MOXKHA BUKOHYBATH 3 rpadikamu pis-
HAHB.
~ I'padix pisaanua F (x + a; y) = 0 MoxEa oTpUMATH B Pe3yabTaTi

napaieabEoro nmepenecenns rpadika pispaaaa F (x; y) = 0

B3I0BXE oci aficHc HAa @ ogHEMNB yIiBo, aKmo a > 0, i HA —a

ONHHHIL YNIPaBo, AKmo a < 0.

Hanpuknaa, rpadik pisuasasa (x + 2)° + y° = 4 Mmoxnsa orpumarh,
AKILO [epeHecTH Koo 2+ y® = 4 BaforK oci abenuc Ha B ofuHEULI
BJaiso (puc. 15.1).

1
yll y1
SN O
[ -
% O/J e X
- r L
Pne. 15.1 Puc. 15.2

~ I'padix piersasra F (x; y + b) = 0 moxHa OTPHMAaTH B pe3yabTaTi

napajelbHOr0 nepeHecenHs rpadika piemamaea F (x; y) = 0

B310B% oci opauBaT Ha b ogMEMIE YHN3, ko b > 0, i na —b oam-

HUUB yropy, axmo b < 0.

Hanpuxnag, rpadik pisusaas x° + (y + 2)° = 4 moxHa oTpuma-
TH, AKIO OepeHeCTH KOJI0 =+ y2 = 4 B3A0B»K oci opAMHAT Ha ABi
oamHHuNi BHN3 (puc. 15.2).
~ I'pagik pisaanua F (—x; y) = 0 MoxHA OTPHMATH B Pe3yabTaTi

cHMeTpHUHOro BimobGpaxenns rpadika pispsmms F (x; y) = 0

signocuo oci opxunar.

Hanpuxaan, rpadik pisaauna (—x + 2)° + y* = 4 moxHa oTpuma-
TH, CAMeTPHYHO Bifo6pasuBiin Koo (x + 2)2 + y2 = 4 BigHOCHO oOcCi
opauHaTt (puc. 15.3). ¢
~ I'padiix pienanusn F (x; —y) = 0 MoxkHA oTpumMaTH B peaynsTaTi

CHMMeTPHYHOTO BinobpaskenHs rpacdixa pismssra F (x; y) = 0

BiTHOCHO Oci aficuuc.

Hanopuxaan, rpadik piBHAHHESA x2+ =i+ 2)? = 4 moxHua oTpHMa-
TH, CHMeTpHuHO BifoGpasupiun koxo x° + (y + 2)° = 4 Bignocuo oci
opausar (puc. 15.4).
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15. PiBHAIHHA 3 [BOMA 3MIHHMMM Ta WOro rpadgik

77 |

2 p————

” Y

/\, \ S~ -
-2 0\2 /

Puc. 15.3 Puc. 15.4

'padik pisaamnas F (kx; y) = 0, npe & > 0, moxHa OTpHMATH
3 rpadika pisaannsa F (x; y) = 0 B peayabTaTi cTHCKY B k pasis

o oci opauHaT, Aaxio k > 1, a6o B peayantaTti poatary B % pasis

yl
N
2

=y

Bin oci opauEaT, Aaxkmo 0 < k < 1.

Hanpurnag, rpadik piBHAHHA (2x)* + y* = 4 mokHa oTpEMaTH,
MIKIIO CTHCHYTH B 2 pasy KoJIo x° + y° = 4 jo oci opaunar (puc. 15.5).
OrpuMaHy (irypy HasupaloTh eJIincom.

Puc. 15.5 Pue. 15.6

Ipadix pisaasusa F (x; ky) = 0, xe k > 0, moxkna oTpuMAaTH
3 rpadika pisaanua F (x; y) = 0 B peayavraTi cTHCKY B k pa3sis

. & 1 h;
mo oci abecumc, sxumo k > 1, aGo B pe3yasTaTi po3TAry B % pasis
Bix oci abeune, axmo 0 < k < 1.

4
Hanpuxaag, rpadik pisasnaa x° + (—12 y) =4 MOXHA OTPHMATH,
SAKINO POSTATHYTH B 2 pA3H KOJIO x*+ y3 =4 Big oci abenuce (puc. 15.6).
Orpumana ¢irypa Takox € eaincom.
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§ 4. CUCTEMM PIBHSHb | HEPIBHOCTEM 3 IBOMA 3MIHHUMW

» I'padik pismsaus F (| x |; y) = 0 moxna orpumaTtn 3 rpadika
pisasauua F (x; y) = 0 rakum ummom: nobyaysatu ¢irypy M,
axa € rpagikom pisasaunsa F (x; y) = 0 npu x > 0, i no6ynysatn
irypy M,, cumerpuany ¢irypi M, sizsocHo oci opaunar. Pirypa
M, U M, € myxanum rpagixom.

Ha pucyary 15.7 senenum Konsopom 3obpaseno rpadik piBHAHHA

(lx|-1)%+p*=4.

77

)
B

A
)

i ‘0l 1 _-x; ¢ )_/‘:
3\—\)\_/ i ..'\ -1 .':
Puc. 15.7 Puc. 15.8

» TIpadik pisaanns F (x; | y | ) = 0 moxma orpumarn 3 rpadikxa
pispauna F (x; y) = 0 Takum umaOM: nobyayearn Qirypy M,
AKa € rpadixkom pisrauuasa F (x; y) = 0 npn y 2 0, i nodynysatu
dbirypy M,, cumerpuuny ¢irypi M, sinnocno oci abenuce. @irypa
M U M, € wykasum rpadixom.

Ha pucysky 15.8 cuniM xojbopoM 300paxeHo rpadik piBHAHHA
2+ (|yl+1)Y=4.

NPUKNAA 1 Ilo6yayitre rpadik pisnanus x = y°.

Pozg’azanna. Axio B janoMy piBHAHHI 3aMiHUTH X Ha Y, a iy HA X,
TO OTPHMAEMO PiBHAHHA Y = x°, rpadikomM skoro € napaboya.

Buxonana samina o3Hauyae, Mo WykaHuii rpadik — ne rpadik
piBHAHHA y = x°, no6ygoBanuil HA KOODAMHATHIH mIomuHi yx, T06-
TO B cHCTeMi KOODJAMHAT, ¥ fKiil oci abcnuc i opauHAT noMiHAnMCs
MicusaMH,

Lle oaHayae, mo rpadikoM piBHAHEA X = Y € napabosa, 306paxena
Ha pHMcyHKY 15.9.

Puc, 15.9 Puc. 15.10
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15. PiBHsIHHS 3 IBOMa 3MIHHUMW Ta Moro rpadik

NPUKNAA 2 Tlo6yayitre rpadik pisaasrs | x|+ |y |=1.
Pose’azarnn. Hexait piBusinasa F (x; y) = 0 nosHayae piBHAHHA
v + y = 1. Toai myxkauuil rpadik MoxkHa nNoOyAyBATH 3a TAKOIO CXe-
moro (puc. 15.10):
Fx;y=0->F(|lxy=0->F(|=]ygl)=0.

NPUKNAL 3 Io6yayiite rpadix piBHAHES Yy = V1 - x2.

: ; : . [t =1-22,
Po36’a3aHHA. 3afiaie PiBHAHHA PIBHOCHIILHE CHCTEM P
y > 0.
2 2
x*+y° =1
3Bincu y .
y=0.

Otixe, wykanum rpadikoM € IOiBKOJO, fKe JEHUTh y BepxHIiid
niBmromuHi BigHOoCHO oci abeuue (pue. 15.11).

al
Yy 2 :
1 \ -
-1 ol 1 % b,
.rl 3 xz x
Puc. 15.11 Puc. 15.12

MPUKNAJL 4 Tlpu akMX 3HaYeHHAX NapaMerpa d MOAYJb PisHHIL
KopeHiB piBranua x° — 6x + 12 + a® — 4a = 0 nabysae Hafibinbmoro
3Ha4yeHHA?

Poss’asanns. Tlepenuinemo sajame piBusuua Tak: (x — 3)° +
+ (@ - 2% =1.

Woro rpadikom B cucTeMi KOOPAMHAT Xa € KoJo (puc. 15.12).

Ao NpAiMa a = @, IepeTHHAe KOO0 B TOYKAax A i B, To mogyan pis-
HUIIl KopeHiB PiBHAHHSA JOPiBHIOE KOBMKMHI Bifpiska AB (puc. 15.12).
Oraxe, caiif 3HAlTH TaKe NOJOXKEHHS NPAMOI a = d,, P AKOMY XOpAa
AB mae Hal6iapmy aoexuny. OueBnaHo, 10 I[A YMOBA BHKOHYETLCHA
Todi, KOaM xopjaa AB e giamerpoM Koja. 3sigcu a = 2.

15.1." Posgs’axiTh piBHAHHA:
1) x> — 8x + y* + 4y + 20 = 0; 3) Jy-1={-x*(x-1)>%
2)5x* - 2xy+yf -4x+1=0; 4) P =V1-2%-1.
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§ 4. CUCTEMMW PIBHAHb | HEPIBHOCTEW 3 IBOMA 3MIHHMMW

15.2 PosB’AxkiTe piBHAHHA:
1)x*-6x+y*+4y +13=0;
2) x* + 2xy + 104° - 12y + 4 = 0;
3) Vx-1=y4' W+
4) x*+\Jyf+1=1.
15.3." [To6ynyiiTe rpadix piBHAHHA:
1) =% 4) y* + 6xy = 0;
2) x% = 4; 5)xy —3x+y=38;
3)(x+2)(y—-3)=0; 6) y* — 5xy + 4x° = 0.
L. 1. Ilobynyitte rpadik piBHAHHA:
1) x* = 4y% 3) xy —4x + 2y =8;
Hy'=1; 4) x* — 6xy + 5y = 0.
15.5." Ilo6yayiiTe rpatdik piBHABHA:

1) | y|=x 5)[x+38|=|y-2; 9x|y|l=1;
2)|yl==-2 6) xy=|x|; 10) | xy | = 1.
N|y-1l=2-2; Dx+2dy=|yl;

) |x+2y|=1; B)|x|lu=1;

o0, Ilobyayiite rpadik piBHARHA:

yly—1 == 4) (x-4)°=(@ + 1)5 T x|y|=-6.
Hly+i|=x+8 Szy=|yl

3)|x-8y|=2; 6)| x|y =-6;

15.7." Ha pucyuky 15.13 sobpaxxeno rpadik piBusuusa F (x; y) = 0.

3a pomoMorom nsoro rpadika nodyayiite rpadik piBHAHHA:
1) F (-x; y) = 0; 3) F (2x; y) = 0;
AF(x;y-1)=0; ) F(x;|yl)=0;

5)F(|x+1fy)=0.

15,8 Ha pucysnky 15.14 sobpaskeno rpadik pieuanua F (x; y) = 0.

3a gonomorow 1Loro rpadika nobyayiite rpagik piBHAHHA:

1) F (x; —y) = 0; 3) F(x; 2y) = 0; B)F (x; |y—-1])=0.
F(x+Ly)=0; OHF(|xkly|)=0;
TV HE me= SEEEEE
’ | hf""“--‘._,
lli .. 1 | ‘/r/
71~ 0| & X ' 0| 1 k3
[ ! | LA |

Pue. 15.13
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15. PiBHAHHSA 3 ABOMA 3MIHHUMM Ta roro rpadik

15.9.° Ha roopanHaTHiN miompHl xy nobyayiite rpadik piBHAHHA:

1) x =Jy; 5) x-2=u; 9 |x|=\ylk

2) x=y-1; 6) x =yl 10) |x-1|=fy+1;
3) x=\yy-1+2 7 x=\[y+1}]; 1) [x|-1=ly+1};
1) x =y 8) x=\yl+1; 12) |x|-1=|y[+1.

15.10. ITob6ynyiiTe rpagik pisBHAHHA:

1)|y|=J;; 4) |y|+1=vx+1; 7]|y|+1=\}ix|+1.
2)|y+1|=JJ—c; 5)|y+1|=\lix|+l:

3 |yl=vx+l; 8 |y|=x+1];

15.11." Ilobyayiite rpadik piBHAHHSA:
Dx=(-1)>% Hx+2|=(lyl-1%
2)|x|=@-D% 5)|x|+2=(|y|-1)>~

Hx+2=(-1);

5.12. Ilobynyiite rpadik piBHAHHA:

D|y|=x% 4)|y-1]=x% Dlyl=(lx|-1%
Dlyl=x*+1; 8)|y|l=(x-1)% 8)|y—-1|=(]x|-1).
lyl=1-x% 6)|y-1]=(x-1)5

15.13." TlobyayiiTe rpadik piBHAHHA:

DE-2°+@E-107=09; A(lx|-2+E-1"=9;
2)Bx-2 + -1 =09; H(|lx|-2¢+(ly|-10¥=09.
5.14. IlobyayiiTe rpadik piBHAHHESA:

NE-1+y-9'=16 3)(lx|-10+@-2=16;
)(x-1¥+4y-2'=16; D(lx|-1¥+(|y|-22=16.
15.15." Ilobyayiite rpadik piBHAHHA:

D]x|+|yl=2 )h|22-1]|+|y+2|=2;
lx-1|+|y|=2; 5|x-1|+|2y+2|=2.
y|x-1|+|y+2|=2;

15.16." Iobyayiire rpad)ix piBHAHHSA:

D]x|-|yl=2; Yl2x+1|-|y-1]|=2;
2)|x+1|-|yl=2; 5|x+1]|-|2y-1]|=2
|x+1|-|y-1|=2;

15.17.° ITo6yayiire rpadik piBEaHHN:

1) y=Va-x% 1) |y|=V4-x% 7 y=+v2x-x%
2) y=—Va-x%  5) |y-1|=Va-x% 8) y=2|x|-2%
3) y—1=v4-x% 6) |y|-1=v4a-x*%
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§ 4. CUCTEMM PIBHSIHb | HEPIBHOCTEN 3 BOMA 3MIHHUMU

5. ITobyayiiTe rpadik piBEAHHA:

1) x=1-4% 4) |x|=V1-y% T x=4y-y5
2) x = —/1-y%; 5) |x+2|=y1-p%  8) x=4|y|-y%
3 x+2=1-y% 6)|x[+2=41-17%

15.19." ITo6yayiiTe rpadik piBHAHHS:

2 2
y—-x y-x
- g, o8
x+g-1:_ 31+y—2=.
2) |I|-—1 0! 6) xz_yz ll
| 2_ 13
3 —-"—-—x ——=0; T —l—f’—x —fF— =1
) reyi-1 )Ix-yl
2
4,w 0; 8) %o,
-4 y ty
15.20 Hoﬁynyﬁ're rpadik piBHaAEHA: .
1) E =i 0 5) (5’ ‘4){y+-r)=0’
.t+y x®
2)&.’{-_ 0; )y_y_ 1
| »| x+y

3) |II—IEI=0; 7) 3|xx|+_|f;y|—2 1.

1) Ji|ﬂi|_ 0; g) L-¥_q,
1~-a" —¢* 2 _x
15.21." BusuauTe KinpkicTs Kopemis piBEsmas (x° + a® — 1) x
% (@ — x) = 0 3anexHO BiJi 3HAYEHL NapaMeTpa a.

15,22, BusmauTte KinpkicTh KopeHiB piBHAEHA (4 — x? - a® x
x (8a — x”) = 0 3anexHO BiA 3HAYEHL HApAMETpA 4.

15.23.” Ilpm sAKkuX SHAYEHHAX NapaMeTpa a piBHAHHA ax-—1=
= J&t —x?-15 mMae exuuuil poss’asok?

15. " Ilpm AKHX 3HAYEeHHAX mapaMeTpa 4 piBHAHHA ax+

\;‘—5 x%—6x =2 mae ABa KopeHi?

15.25.” TloGyayiite rpadik piBsEns (x* + 1) (' + 1) = 4x%°

15.20." ToByayiire rpadik pisEsEns (x* - 2x + 2) (° + 4y + 6) =

15.27.* IloGyayiiTe rpadix pisHAHHEA -2+ \ﬁ—_yz =2-x*-y2

15.28.* Ilobyayitte rpadik piBHAEHA

1fx+y+,/x-—y+2\/x’+l=J§(x+1).
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16. pachi4Hi METOLM PO3B'A3YBAHHA CUCTEM PIBHAHbL 3 IBOMA 3MIHHUMW

15.29,* ITobypyiite rpadgik piBHAHHA x\/ 1-y% +y Vi-x% =1.

15.30.*% IloGyxayiire rpadik pisEanHa {x} = {y}.

15.31.% Ilobyayiire rpadik pisusumsa {x} = ~{y}.

15.32.% Buaitaite waitmenme smauenms supasy | x | + | y |, axwmo
P+y-4°=1.

ll'».:i:ﬁl.* ?Haﬁai'rh HaiiMeHIIe 3HAYeHHA BUpasy ¥° + y?, axmo | x + 3 | +
+lyl=1.

S

MpadiyHi MeToaU po3B’'A3yBaHHA CUCTEM
pPiBHAIHb 3 ABOMA 3MIHHUMM

¥V 7 xaaci 81 o3HafioMuaucs 3 rpadiuHIM MeTOA0M po3B’ ASYBAHHSA
cucteM piBHAHL, Haragaemo, 1110 f10ro cyTs IONATaE B MOUIYKY KOOP-
JIMHAT COiNBHUX TOYOK rpadikiB piBHAHB, AKiI BXOJATL A0 CHCTEMH.

3a msa HABYANBHI POKU BM HAByJIu sHauyHoro noceiny B mobymoBi
rpadikis pyarnii i pipaaus, Ile posupioe MOMIHBOCTI 3aCTOCYBAH-
HA rpadivHOro MeTony s pO3B’A3YBAHHS CHCTEM PiBHAHE.

NPUKNAL 1 Poar’sxiTe rpagiuro cucreMy piBHAHE:
{x” —4x+y*+2y =0,
y=2x-8x+1.
Pose’asarna. Ilepine piBHAHHA CHCTEMH PiBHOCIHIBHE TAKOMY: (X — 2+
+ (y + 1) = 5. Horo rpadixom € Kono, sobpaxene Ha pucyHKy 16.1.
I'pagdikom gpyroro piBHAHHA € napabona, fiKa OepeTHHAE 00yRO-
BaHe KOJIO B ABoX Toykax: (1; 1) i (3; 1) (puc. 16.1).
fx simomo, rpadiunuii MeTon He ra-
paHTy€ TOro, IO OTPUMAHHI DPe3yabTaT € v
rounuM. Tomy sHaiieHi poss’a3KxK moTpib-
Ho nepeBipuTu. Ilepepipka niaTeBepmixye, _ ‘ﬂ
|

wo napu uncen (1; 1) i (3; 1) copasai e £ by f]
pO3B’ ABKAMM HAHOI CHCTEMH. \ | |
3ayBayKKMMO, MO Of CHACTEMAa € 43pyu- Ml ‘[_g_
HOIO» JJIfi rpahiuHoro MeTOAY: KOOPAKHATI - (—-—.
TOUOK HepeTuHy rpadikis BuaBmames mi- ' 4 / -
JUMH yUcJaMu. 3po3yMino, INo TaKa CHTY- 01 1N\/3 R
allis TPANIATHMETHECH AAJIEKO HE 3aBMIH. L
Tomy rpadiuunit meros € edeKTHBHUM . 2
TOMi, KOJIH NOTPiOHO BUBHAYUTH KiTBKiCTE

po3B’askiB abo mocTaTHLO BHAWTH IX HA- Puc. 16.1
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§ 4. CCTEMM PIBHSIHb | HEPIBHOCTEW 3 1IBOMA 3MIHHUMMU

O6muxeno. Hanpuriazn, sa gonomoroo rpadidHux MipKyBaHB JIETKO
a'sicyBaTH, CKiJIbKM po3B’A3KiB Ma€ cucreMa JiHiifHUX PiBHAHL 3 ABO-
Ma 3MiHHMMH.
ax+by = ¢,
Posrnsiuemo cucremy
a,x + by =c,,

3poaymiso, mo KinbkicTs Poas’AskiB 1€l cucTeMH 3anMeUTh Big
B3AEMHOIO PO3TALIYBAHHA JBOX NMPAMHX HA [UIOIHHI, Aki € rpadi-
KaMU DiBHAHBL CHCTEMH:

*  SAKINO OpPsiMi NEPETHHAIOTHCH, TO CHCTEMA Mae€ €AHHMI pO3B’I30K;

* AKmO npsami 36iraoTecd, TO cucTeMa Mae Gesniu posB’A3KiE;

* AKMOO OpaMi NapaxenbHi, TO CHCTEeMa pO3B A3KiB He Mae€.

y akiit a? + b7 # 0ia} +b; #0.

MPUKJIA[ 2 BusuauTe KiibkicTh po3s’d3KiB cHCTeMH piBHAHB
(a+3)x+4y =5-3a,
2x+(b+a)y =8
Pose’snsannsa. I'padikom pepiroro piBHSHHA € HEBEPTHKANLHA
a+3 5~-3a
+ .
g R
fxmo a = —5, 10 rpaikoM APyroro piBHAHHA CHCTEMH € Bep-
TUKaTbHA npama x = 4. OuespuIHO, 10 B LILOMY pasi cucremMa Mae
€AUHHI PO3B’AB0K.
Hexaii a # —5. IlepenuiueM0 3ajiany CHCTEMY TAK:

3aJIeXKHO Bij SHaueHb napameTpa a.

npama y = —

_ _a+3 5-3a
e e L
2 8
I T Eae” "Ban
ko ~a23=~;—a, 106T0 @ # -7 i @ # —1, To npsmi, AKi €

rpadikamMu piBHAHSB Liel cucTeMH, MalOTh PisHi KyTOBi KoedinienTn,
a OTIXe, BOHM NepeTHHaITLEA.

Sxmo BHKOHYETLCA piBHicTh — . : 3_ _'5'}23' TO 3a3HAYEHi npsa-
Mi abo mapanenpi, abo s6iraoTbes.
a+3 _ 2
r . 4 5+a’ .
Ilpsimi napanensni, axuo P 8 3pigcu a = 7.
T 5+a’
a+3 _ 2
IIpami s36iraoThed, AKIN0 i 4 5 +8" 3gigcn a = —1.
4 bB+a



16. MpacbiyHi METOAM PO3B'AIYBAHHA CUCTEM PIBHAHEL 3 ABOMA 3MIHHUMM

Bionosidv: fAkwo a # -7 1 a # —1, To cHCTEMa MAE €AMHHMN
po3B’A30K; AKuo a = —1, 7o Geaniu poss’saskiB; Ak a = —7, TO
po3B’A3KIB HeMae.

MPAKNAL 3 lpu Axkux 3HAYEHHAX (1aPaMeTpa & CUCTeMa PiBHAHD
]x+3|y]+5 =0,
l{x—a}2+y‘=4

Po3ze’asanna. I'padikom neproro piBHAHAA cHCTeMH € 06 €qHAHHA
JiBOX npomenis, axi MaroTs cninbeni noyatok A (—5; 0) (puc. 16.2).

Ma€ piBHO TPH po3B’A3ku?

y
A
-
5 X
Puc. 16.2

I'padikom Apyroro piBHAHHSA CHCTEMU € KOJO 3 IIEHTPOM y TOHIL
(a; 0) i pamiycom 2.

Hac nikaeuTs TAKe NONOMKEHHS K0Ja, IpH AKOMY BOHO M&ae TpH
cninbEi Touku 3 rpadivoM HepmOro PIBHAHHA CHMCTEMU. 3 PHCYH-
ka 16.2 BuaHO, L0 TAKA BMMOra BHKOHVETLCH, AKIIO LEHTP Koja
3HaAXoauTheA B Touli M (—7; 0). 3sigen a = —7.

Bidnoside: a = - 1.

16.1.° Poss’sxiTe rpadiyHo cucTeMy DiBHAHB:

z 2 2. T
1) x+y=>5, 3) x*+y* =4, 5) x=y* -2y,
xy = 6; x+y=2; x+y=2.
- 2 a .
g [y+%" =3, " {x +y° =25,
y=x+1; xy =-12;
16.2." Posp’saxiTe rpadgivHo cucremMy piBHAHDL:
= X = = 2___4’
1)_t,w:r+2, 3+y& 5y (XY W
xy = 8; X2+yt=9; x+y=4.
=x3—4, =x2!
2) {7 9%
2x+y=-1; x=y;
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§ 4. CUCTEMW PIBHSAHbB | HEPIBHOCTEW 3 ABOMA 3MIHHUMA

16.3." VeraHosiTe rpadiuyHo KinskicTs poaB’a3kiB cuctemH pie-
HHAHB:

2 - $ -

1) x*+y =3, 6) x'—4x+y 1,
y=x xy =4

2) eyt =4, %= 4y,
y=2-x% y=x-

3) y=,[;, 8) x*+y —4:c 6y =3,
x-y=2 x*+ +6x+2y— -1;
=x%-38, |x|+|y]=

L . 9) | Iyl
y=86-x% x=y -

547"
2x -y =3;

10,1, YeragoBiTh rpadgiuHo KidbKicTe po3B’A3KiB cucTeMHU PiBHAHB

- - B2 1,
xy =5; xy=1;
. xy =1,

2) x*+y° =1, 5) f
y-x=3; +y-4x-4y=1;
-x%=1, x+1|+ =1,

5 [V 6 [lx+1l+ls]
x*+y=4x; x+y*+1=0.

16.5.° [loBeniTs, o cucTemMa PiBHAHL He Ma€ PO3B’A3KiB:

x%+y* =0,01, =x2-6x+13,

- 2 e > 1 il
y=2"+1; y=-x"+2x+2.

16.6." CkinpKU DO3B’A3KIB 3AJI€KHO Bil 3HaYeHb ImapaMeTpa d Mae
CHCTEMA PiBHAHDb:

y=|x|, - 2+t =4,
1) { § | 3) { g
+y=a y=x"+a;
x|+ =a, X =
g [121+1 ofr-x=t
2+y =L xy=a?
16.7. CrigpKM po3B'A3KIB 3aJIEXKHO BiJ 3HaueHb IIapaMeTpa a4 MAe
cHcTreMa PiBHAHbD:
Fry =m, x|+|lyl=1,
y [+ 3 | |+]yl
lyl=1 x+yt=a;
2, y2=0, i
2)x+y 4){x+y a?,
y=a—|x|; xy=47
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16. 'pachivHi METOAM PO3R'A3YBAHHA CUCTEM PIBHAHDL 3 ABOMA 3MIHHUMU

16.8.” 3uaiifiTe 3HaUEHHA apamMeTpa @, IPH AKUX CHCTeMAa DiBHAHE

(2a-3)x—ay =3a-2, 5. >

Mae € IMHHHN PO3B A30K.
5x-(2a+3)y =5

ax+(a-1)y = 2a,

3a+2)x+da+)y=a+5

Ma€ efuHMi PO3B’SI30K NPH BCiX 3HAYEHHSAX IapaMeTpa a.

16.9.7 TloxaxiTs, MO CHCTEMA PiBEAHD {

16.10.” 3maiigiTe yci sHadeHHA TAapaMeTpa @, IIPH AKHX CHCTEMAa
2x +(9a®-2)y = 3a

’ He Mae po3B’A3KiB.
x+y=1

PIBHAHE {

16.11." Ilpm axux sHaYeHHAX OapamMeTpa a cuc-ré:ma PiBHAHB
{(n—Z)x+27y= 4,5,

mae Geaniv poss’saskis?
Sy +(a+y=-1 -

16.12." Bualigites yci 3HaueHHs napamMeTpiB a i b, npm AKux 36ira-
IOTBCA MHOX@HMHH PO3B’A3KiB cuCTeM PiBHAHL
{ax+2y:b+1_. i {2x+y =a’*+2,
x+y=3 x+3y =38.
16.13.” BuaiigiTe yci Taki sHayeHHdA napamerpa b, [IPDH AKHUX CHCTe-
3x+y=a,

upu 6yAb-AKAX 3HAYEHHAX IapaMeTpa a

Ma piBHAHB {
ax-y=>b

Mae xoua 6 ogMH POBB’ASOK.

16.14.” BusuauTe, IPH AKUX 3HAYEHHAX NapaMeTpa 4 cucTeMa pis-
x®+y* =2(1+a),
HAHB
(x+y)’=14
16.15.” BusHaure, IPH AKHX 3HAYEHHAX IapaMeTpa 4 cucTeMa piB-

Mae piBHO ABa po3B’ABKH.

{(y—x)’* =4, : d
HAHL MAae p!BHO JABA PO3B A3KH.

+yf=8-a
16.16." BuaiigiTes HalMeHIle 3HAYeHHSA NapaMeTpa ¢, IPH AKOMY CHC-
(x—c\ﬁ)z +y-2y=0,
V3|x|-y=4
16.17.” 3HaiiaiTe HaWbiiboie 3Ha4YEHHS HapaMeTpa €, OPH AKOMY
(x+cJ§)2 +:+6y+8=0,
V3|x|+y=6

TemMa pPiBHAHL Mac €aQUHHH DPO3B’A30K.

cucTeMa piBHAHBL MaE€ €IUHEMHA pos-

B’ A30K.
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§ 4. CUCTEMM PIBHAHb | HEPIBHOCTEM 3 ABOMA 3MIHHUMM

16.18.” 3maiigiTe yci 3HAYeHHA napameTpa 4, [PH SAKHUX CHCTEMAa

x=a+y,

PiBHAHB { Ma€ posB’A3KH.

Yy -x*-2x+4y+3=0
16.19.* JloBeniTs, 1110 TOUKY NepeTHry mapabon y = x° — 5ix=y" -4
JNexaTh Ha OXHOMY KOJi.

L Po3B’'A3yBaHHA CUCTEM pPiBHAHDL 3 ABOMA
3MiIHHUMMN METOAOM NiACTaHOBKMW
i MeTOpaMU A0AABAHHA Ta MHOXXEHHA

Osuayennsn [ABi cucreMu piBHAHL 3 fBOMA 3MiHHHMH HA3HBAIOTh
piBHOCHALHMMH, AKIIO MHOKMHH iX po3B’'da3KiB 3biraloTeca.
x*+y* =0, - [l=l+|y|=0,

1
Jl—x—\fl—y:O Vi-x+1-y=2

€ DiBHOCMJIBHMMH, OCKIIBKH MHOMWHA pPO3B’A3KIB KOMHOI 3 HMX
CKJIZAEThCA 3 OJHOTO eleMeHTa — napu (0; 0).

Hanpuxnan, cucremn {

O3mayvennn AKUIO MHOXKHEA PO3B’A3KIB NepHIOl CHCTEMH PiBHAHL
€ NMiIMHOKMHOIO MHOKHHM PO3B’A3KIB Apyroi cHMCTeMH DiBHAHB, TO
APYTYy CHCTeMY piBHAHB HA3HBAKTH HACKIiNKOM NEPIOi CHCTEMH
piBHAHB.

x=y,

€ HACHIAKOM CHC-
(x+y-2(x+y-4)=0

Hanopuknan, cucrema {
TEeMH DiBHAHB {x =

x+y=2.

IIpu poss’sisyBaHHI cucTeM PiBHAHL IX 3aMiH0I0TL Ha 6inkmr npo-
cTi, piBEOCHMAIBH] IM cHcTeMu. [IpH oMy KepyrOTECH TAKAM OYeBH/-
HHUM TBEDAKEHHAM:

AKWO O0He 3 PIGHANHD CUCMEMU 3AMINUMUL HA PIGHOCULbHE, MO
OMPUMAEMO CUCMeMY PiéHAND, piéHocunbry Daniil.

¥V 7 knaci BN HaBUMINCA PO3B’A3yBATH CHCTEMH ABOX JiHIMHHX
piBHAHSE 3 BoMa aminuumu. IIpu neoMy BH 3acTOCOBYBaNH crioci6 mij-
craHOBKH abo crocib xogasanusa. ¥ paai BUnagkis ui npuitoMu € Ta-
KO e()eKTUBHHMH [JIfi POBE’ ASYBAHHA HeJIHIHHNX cHUCTEM PiBHAHB.

«3aKoHHicTE» MeTOAIB mifcTAHOBKM i mojaBaHHs 3abe3nedYyIOTH
Taki A8l TeopeMu. '
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17. PO3B'A3yBaHHA CUCTEM PIBHAHB 3 ABOMA 3MIHHUMM

opema 17.1. Axwo 6 cucmemi pieHANnY
{y f(x), "
Fx;y)=0
jaminumu ¢ dpyzomy pieHanHL 3minny Yy supazom [ (x), mo Gyde
OMPUMGHO cucmemy
{y - f (), -
F(x; f(x))=0,
AKQ pienocunvra danid.

Hopenennsa. Hexait mapa uncen (x; y,) € po3B’s3KOM cucre-
mu (1). Toai orpumyemo ABi NpaBUIBHI YuCcAOBI piBHOCTL: Y, = f (x )
i F(x,; y,) =0. ¥ apyriit piBHOCTI 3aMiEnMO YHCI0 Y, yucnoM f (x,),
o ¥omy popiBHwe. OTpHMAEMO NpAaBHUJIBHY YHCJIOBY DiBHIiCTE
F (x4 f (x,)) = 0. A ne osnauae, wo napa (x;; y,) € pO3B’A3KOM CHC-
remu (2).

Ananorigao Mo<Ha NOKA3aTH, 0 KoMK napa (X ; ¥,) € po3s’askom
cuctemu (2), TO BOHA TAKOXK € Po3B’A3koM cucremu (1).

Otixe, cuctemu (1) i (2) piBBOCHIBLEIL. A

T 17.2. Axwo 6 cucmemi pieHanb {F(x; »=0, 3a

eopeMa wlis 1/ P G(xy)=0
minumu odne 3 pienans pieiannam F (x; y) + G (x; y) = 0, mo Gyde
OMpUMAnO cucmemy, AKA piénocunvra danid.

Josenenns TeopeMu 17.2 amasioriuHe ZosefeHHIO Teopemu 17.1.

[IposeaiTs #oro camocTiiHO.

1 1 1
NPUKNIALL 1 Poss’sixite cucreMy piesHe (¥ -1 y+1 x
y -x-5=0
-2 __1
Pose’asanns. Maemo: {y* -1 =’
Y =x+5.

[lifcTasHBIIY B NepIue PIBHAHHA 3aMicTh ° Bo4IeH X + 5, OTPH-
MAEMO CHCTEMY, PiBHOCHIBHY JAaHIiN:

x =4,
2 _1 {2x=x+4, {xtd, y=3,

x+4 x
y:=9; {x=4,

y2=x+5; y==x+5;
y=-3.

Bidnosids: (4; 3), (4; —3).
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§ 4. CUCTEMMU PIBHAHD | HEPIBHOCTEX 3 BOMA 3MIHHUMU

(x—y)(y—%)w.
y¥-x=0.

Poge’ssannsa. Ilpu posr’asypaHHIi 11i€l cicTeMH 31a€THCA IPHPOA-
HUM NepeiiTH A0 TAaKOl CYKYIHOCTI cCHCTeM PiBHAHL:

x-y=0,
yz__x___o'

NPUKJNAL 2 Posp’sxiTh cucTeMy DiBHAHB

1 _
y_x_o’

¥y -x=0.

Ane Takuii nepexig He € piBHocuabHum. Crnpasai, MHOXUHA
po3B’ABKiB mepuioi cucTeMM cyKynHocTi mictutes mapy (0; 0), ska
He € PO3B’A3KOM 38aHOl CMCTEMH.

IIpuynna NOABH CTOPOHHBOTO PO3B’A3KY MOJArA€E B TOMY, IO IIpH
3aMiHi cHcTeMM Ha CcyKynHicTb He Gysno BpaxoBaHO 00JIaCTH BH3HA-
YeHHA 33JaHOI CHCTeMH PiBHAHB.

Hacnopasai sasgasa cucTeMa piBHOCHJIBHA Takiil cykynHocTti cue-
TEM:

[ x_y=0|
y*-x=0,

x=0,

¥
y—"x"'ov

y-x=0.

SaBepmiTs poa3s’A3aHHA CAMOCTIHO.
Bidnoside: (1; 1).

NPUKNAL 3 Poss’soxiTs cHucTeMy PiBHSHBL
2+yt-x=2,
{hz—xy—4x+y+2 =0,
Poss’'ssanns. Maemo: 2x° — xy —4x +y+2=2x*—dx+ 2 - xy +
ty=2(x-1) -y@x-1)=(x-1)(2x-2-y).
IlepennieMo 3aJany cucTeMy:
eyt -x=2,
{(x ~1)(y-2x+2)=0.
IIa eucrema piBHOCHJIBHA CYKYNHOCTI ABOX CHCTeM.
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17. PO3B'A3yBaHHS CMCTEM PIBHAHDL 3 [BOMA 3MIHHMM

{le,
]x2+y’—x-—-2, y =2,
x=1; {le,
y=—2.
x:9+JH
2+ -x=2 [¥*+(@x-2'-x=2, .
6) _9-Va1
y=2x-2; y=2x-2; B
y=2x—2;
Fx=9+JH
1w
__-1+J1_ﬁ
y_ 5 »
Lo 9-Va
10 °’
_1-Ja
g5

Bidnosids: (1;V2), (1;-v2), (9 :}fﬁ; = +5JH),
(Q—Jﬁ_ _I_JHJ'

10 ’ 5 -

xX+yt-2x=0,
x*-2xy+1=0.
Pose’azanns. [Jopamo piBusnAA cucreMu. OTpuMaeMo:
L-2xy+y +x*-2x+1=0,
x-y+(x-17°=0.
JlaHa cHcTeMa piBHOCMJIBHA Takii:

(x-y)+(x-1)*=0,

X+ y*-2x=0.

NPUKNAL & Posp’sxiTh cucreMy piBHAHB {

(*)

Ilepine piBHAHHA OTPHMAHOI CHCTEMH, Y CBOK Yepry, piBHOCHIb-
=1
He CHCTeMi { ’ poss’ssox sixoi — mapa (1; 1). BesnocepeXHELO
y=x,
nepekoHyemocHd, mo napa (1; 1) € poss’askom Apyroro piBHAHHA
cucteMu (*).
Bidnoside: (1; 1).
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§ 4. CACTEMW PIBHSIHb | HEPIBHOCTEM 3 IBOMA 3MIHHUMM

’ . . E g P ya i 7!
TPUKNAL 5 Posp’sxkiTe cHcTeMy DiBHAHB
xy(x+y)=-2.
Poze’azanna. TloMHOKHMO 00MABI YaCTHEY JPYroro pisHAHHEA HA 3:
2+t =T,
3x% + 3y°x = -6.
X+ +3xy+ 32 =1,

Tisa cucTema piBHOCHIBLHAA TakKiil: {
xy(x +y)=-2.

- e =
—— {(x-i-y) =1, {x-ty =1,
xy(x+y)=-2; |xy=-2.

3posymMino, mo OO CHUCTEMY MOXHA PO3B'A3ATH MeTONOM Iij-
cTaHOBKH. Ane € # inumit mnax. 3 reopeMu, ofepHeHol g0 TeopeMu
Biera, BHIIIMBAE, MO YMUCIIA X i i € KOPeHAMYU KBAIPATHOIO DiBHAHAA
t* —t — 2 =0, axe mae xopeHni ~1 i 2. 3pigen, axmo x=-1, Toy = 2,
i Hasmakm, AKmE x = 2, o y = -1,

Bidnosios: (—1; 2), (2; —1).

V pagi sunaakis A0s po3B’A3yBAHNA cHCTEM HeNiHIHUX piBHAHB
eheKTHBHMMH € MeTOAN HOYJIEHHOT'0 MHOMEHHH 1 AineHuA piBHAHB
CHCTEMH.

Fx;y)=c¢,
Gxy)=c,

c, #0ic, # 0, saminumu odne 3 pieuans pienannam F (x; y) G (x; y) =
Fixy _<
G(xy) ¢
cunwvHa daniid.

Hosegenns Teopemu 17.3 aHanoriyne noeeseHHo teopemu 17.1.
IIporegiTs iioro camocTiitHo.

3aysakumo, 1o y ¢opmymiosanHi Teopemu 17.3 pumora ¢, # 0

Teopema 17.3. Axwo 6 cucmemi pienans {

= ¢,c, abo , mo Gyde ompumaro cucmemy, AKa pigHO-

~-y=0,
i ¢, # 0 e cyrresolo. Happuknaj, cucrema {x yl Mae jBa
xy =
X—-y= 0,
poas’azknm: (1; 1) i (=1; —1). A cucrema )=0 Mae Geaniyg
posg’aA3Kis puay (¢; t), ne t € R. e—g=
5 ’ x*y® =81,
NPUKIIAL 6 Pose’sxiTh cicTeMy piBHAHB 5.2 _3
Xy =3.

x°y® = 243,

Posg’aszannn. Jlana cucteMa piBHOCHIBHA TaKiil: { s,2-3
x°y* = 3.
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17. Po3aB’A3yBaHHA CUCTEM DIBHAHD 3 [BOMA 3MIHHMMK

— 3) xy = 3’ = !'.
3simgen {xy g 1 =g
x(xy) =3; x=§; y=9.

Bidnogide: (% £ 9) .
(x+y)xy =6,

(x-y)xy =2.

Xty _g
* P e £
Pose’azanna. Jlana cucrema piBHOCHNBHA Takiit: { ¥ — ¥
(x+y)xy =6.

[PUKNAL 7 Posp’sxkiTe cCTEMY PiBHAHL {

x+y=3x-3y, [x=2y, x =2y,
y' =1

3eincu
" {(-r +y)xy =6; 3y - 2y* = 6;
Bidnoside: (2; 1).

17.1.° PosB’sxiTh METO/IOM HiACTAHOBKH CHCTeMY pPiBHAHD:

y-x=2, 3x +4y = 24,
¥ s 5)
x*=-2xy=38; xy =12;
x-4y =2, 6 y+2x =0,
xy+2y=8; x4+ y?-6y=0;
= 4y —3x =4,
3) xy =15, 7 Y — 3x
2x-y="T; 5x* + 16y = 60;
x—-y=4, 8) x+3xy+y°-x—-2y =38,
xX*+y*=8; x+y=3.

170" Po3B’sakiTh METOZOM MifICTAHOBKH CHCTEMY PiBHSHB:
{y—2x2 =2, {xh.ryw’ =63, {(x—l)(y-z) =2,

3x+y=1; y-x=3; x+y=6;
2 x*-2y% =8, g x+2y=1, 5x -2y =3,
x+y=6; X2rxy+ 208 =1; 3x* ~-8y = -5.
17.3." Po3B’soRiTE cHCTEMY DiBHAHB:
T Y Bcvy _x-y_g ¥=2_,
1y4% § 12° 3){x-1 2y Yoy =1 7
2x-y=2; x-y=4 y-2x=x2-1.
2 3 5
4 3 —————=
=+-=-=1, =
2){:: % 4) yll r-;l 2
x+5y=3; P
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OMA 3MIHHUMMW

17.4." Poap’sokiTh cucTeMy PiBHAHB:

: [
Todol y+1 x-1°
1){x v 2 3) <
. =1: 4 +_"'_=_l_-
o=l =i lx+2 y-1 8’
4 5
1. 1.4 —_— =1,
S-==2, -1 1
2){x y B gyt e
3x + 8 1 .« 2
y x+5 y
17.5." Poss’sKiTh cucTeMy PiBHAHB:
Tx+y?=2, x+y®=3, -yt =2
1) 2y 2 2) 4 yl 3) 3 2 2
2y +x° =3; x*+y' +6x =29; x*—xy* +x*=3.
17.6.° PosB’sxkiTh cHCTEMY PiBHAHB!
x+y* =2, 3) x2+y% =5,
2x+x2+5y° = 8§; y+xy+y*=6.

3+ =1.
2) {x y

17.7.° Po3B’saxiTe cHCTEMY PiBHAHbD,
ofepueny no Teopemu Biera:

1 {x+y=3.

xy =2
17.8." Po3B’AXKiThH CHCTEMY PiBHAHD,
ofepreRy ao TeopeMmu Biera:

1 {x+y:-4,

xy=3;
17.9.° Poas’s:xiTE cac'reuy PiBHAHB:

V-4t +4y+x®=1;

2)

(x-2)(y+2) =
b 3)
x*+2y*-3x = 5;
2 D s
2) {4;&: +y*-2xy="1, 4
@x-Yy=y
17.10.° Poas SOKITH CUCTEMY PiBHAHE:
{ —3xy + 5y = 5, 3
x-2)y-1D=0;
1 2x -2,
2) {(x )y =2x- 09
L+t +8xy =4

»{

¥
1
-
o
ol

BHKOPHCTOBYIOHYH TeopeMy,

xy® =8,
x+y*=9.

BHKOPHCTOBYIOUYH TEOpeMY,

=82
x*+y=233.

(x+4) -1 =x+5x+4,
x?-y*-3x+8=0;

x%+ %+ 2x+ 2y = 28,
x*+y?+2xy =0.

2x% - xy-3y =1,
2x? +x -8 =(x-1)(y +5);
X} -2xy+y* =9,

4x® + xy +4y® = 18.



17. PO3B'A3yBaHHA CUCTEM PIBHAHB 3 ABOMA 3MIHHUMM

17.11.° Poan HJK].TB CHCTeMY pPiBHAHB:
x? +y +x+y=2, 8) {2yz+xz+xy=4,
-y +2x-y=4; 3xy -2y = b;

5)
y* +xy =10; y’+x+%=0.

2 L.
2) {x2+ry=15, i

3)
y+4y s s

17.12." PosB’axiTh cHcTeMy DiBHAHB!

8x’+xy-2x+y-5=0, . [#*+y’+ay=12,
2x* —xy-3x-y-5=0; 4x+3xy x’-—-lﬁ;

5)

& o _xy =6, x? ‘§y+ =0,
yi-xy=3; yz—gx+-1-=0.
+4xy 5, 3 ®

-2xy =-1;

17.13." Posp’sikiTh cHCTEMY PiBHSHb:
x®+8y° —11x-Ty+10=0,
{ +y*-4x-3y+5=0;
—2xy+2y°-8x+2y-2=0,
{x xy+y'-x-y=0;
3) {5x* 3y’ +10x-12y =17,
2x% + y* +dx + 4y = -2;

xﬂ

4 +2'y +xyP-x-y=2,
V+2xy’ +xly+x+y=6;

’—x+1 v,

"
{
-

o

)

x3 +8x% +3xy% =1,
+x+y=1.

17.14.° Poan amn‘b CHCTEMY PiBHAHB:

2+ +2x =23-2y, 2 2x% - 5xy + 3x - 2y = 2,
2x% + 2y + 5y = 27 + 3x; S5xy — 2x* + Tx — 8y = -22;
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3 {(:c2 +y)Px -xy+y) =4, 5) {xs ~3x%y + 3xy* = -1,
E+ P+ xy+y)=12;
ye+x+l=—y
{x +y+l=-x;
17.15.° Posp’sKiTE cuCTeMy DIBHAHB:

o
1){xy—1, 4)

Pyv+y-x=1.

2xy + 6x - y? -3y =14,
2x® + 4x — xy - 2y = 385;
x*+4xy+ 8y’ —x -3y =24,
(x-p)* (x + 2y)° = 16;

xa T
xy+xy =6, ?+xy—40.

gy {6~ Y’ (x+2y) =4,
2x* +xy-y:-2x+y =6;

3
¥ =
e} 10.

x2+3xy+x+3y =8,
8y* +xy-2x -6y =4
(x + y)(x - 2y)* =81, rxy-2Pf+x+2 =~
(x+y)“(x 2y)° = 27; x*-3xy+2 +x-2y="5;
xy® + x%y = -10, 6) 2x% 4+ xy—4x -2y = 5,
%yt + x'y? = 20; x? —8xy - 2x + 6y = 6.
17.17.” Posp’sxiTh cHCTeMy piBHAHL

(x% - 2xy + 2y%) (x* + 207) = 1 + 4¢*,

(2 + 2xy + 2y%) (x* - 2¥%) = 1 - 4y".

P +y -2y (x-y) =1+y°,

17.18. PosB’axiTh CHCTEMY DiBHSAHB
@+y+ay)(x+y)=1-3°%

17.19.” Posp’axkiTh cucTeMy piBHAHB:
( 3

xy+24= £y_’ x%y® = dx?y® -

1) | 2) {
3 = x2y8 =
xy—ﬁ:y—; xy=x"Yy —6.
17.20." Poass’ ﬂ}KlTh cucTeMy PiBHAHD:

xy+6 ‘L 2x® = x'y* +1
1) ¢ 2 ;
) - % {39" =x'y* + 2.
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18. MeTtop, 3aMiHK 3MIHHMX

i 2 . iyt yt =21,
17.21.” Po3p’sxiTh cuCTeMY PiBHSHBL
x%—xy+ y =it

- Sl - x +4y' =
2. PosB’aiTh cHcTEMY PiBHAHBL
x* - 2xy + 2y =1

x(y +1)
. : x4y 5 i
17.23.% Po3p’AKiTh CUCTEMY PiBHAHB

y(x —1) ”

x* 4y 5

x* +4y = y® + 16x,
‘4." PosB’axKiTE cucTeMy PiBHAHB

1+4° _5
1+x% :
x?=

2y
17.25.% Posp’AxiThs cucTeMy PiBHAHL {
xteyt=
X =
+y*

=
1l

17.26.% Posp’si>KkiTh CHCTEMY DiBHAHD {

1’

MeToa 3aminm 3MiHHMUX Ta inu cnocobw
PO3B'A3YBAHHA CUCTEM PIBHANDL 3 ABOMA
IMiHHUMW

¥V 8 ksaci BH HABUMJIMCH PO3B’ASYBATH DiBHAHHA METOAOM 3aMiHM
sminnoi. Bgano BUKOHAHA 3aMiHa 3BOAHUTH PO3B’A3YBAHHA 38JaHOr0
piBHAHHA A0 Po3B’A3yBaHHA Giibiu npocrtoro pisagaAEA. leit npuiioM
€ e)eKTMBHHM i IIpu po3B’aAsyBaHHI 6araTb0X CHCTEM PiBHAHD.

NPUKNAL 1 Poss’skiTh cucTeMy DiBHAHD
2 2
x—+-1—6—%—+4(§-+5£)+8 =0,
y x

ol
x*-y*=3.
» w X é& ].ﬁy
Pozé’asannn. Hexar =+ t2 - 8. Orpu-
y x x?
MVYEMO:
?-8+4t+8=0;t"+4t=0;t=-4a60t=0.

Maemo: £+ = 4 a60 £+ -0,
y X y =x
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§ 4. CACTEMMW PIBHRHb | HEPIBHOCTEW 3 ABOMA 3MIHHMMIA

Toxi sagaHEa cHcTeMa piBHOCHIBHA CYKYIIHOCTL ABOX CHCTEM.

£+éﬂ.=_4. £+i‘£:0’
a)ly =x 6)1Y %
-yt =38. x*-y® =3,

OuyeBMaHO, IO A CHCTEMA

Hexait X =y Tomi u+2-_4 X
y 4 pO3B’A3KiB He MaE.

Wrdu+4=0;u=-2.

b

a9
Brigecn (V¥

xi-yl=

1la cucrema piBHAHE MaE IBa
poar’sakm: (2; —1), (-2; 1).

Bidnoside: (2; —1), (-2; 1).
: . x(x +1)(38x + 5y) = 144,
NMPUKJIAL 2 Po3s’axiTh cUCTeMy PiBHAHL
x% + 4x + 5y = 24.
Po3é’szanna. Ilepenuimemo gany CHCTEMY B TAKOMY BMIVIANI:
(x? + x) (8x + By) = 144,
(x% + x) + (3x + By) = 24.

=144,
Hexaﬁx”+x=u. 3I+5y=v_ Toxni {BU
u+v=24,
u=12,
3sigc
_ {v=12.
|
o 515 2%
XHW=2S x5y =12
jov: (32 . 24
Bidnosidv: (3. 5), (—4, i )
MPMKNAL 3 Poss’axiTs cicTeMy piBHAHE V2x+y+l-yx+y =1,
3x+2y=4.
Po3s’ azanna. Maemo: V2 +y+l-yx+y =1,
2x+y+1+x+y=>5.

u-v=1,

Hexa#t 2x+y+1=u, Jx +y = v. Orpumyeno: { 2P B
u*+v° =5,
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18. MeTop 3aMiHN 3MIHHNX

u=2,
{v =1,
Clu=-1,
{v =-2,
Ockineku u 2 0i v 2 0, To pana cucrema piBHocHABHA TaKiii:

J2x+y+1=2,
Jx+y=1.

2x+y+1=4, {.r=2.
y=-1.

3Bigcu

3sincn {
x+y=1

Bidnoside: (2; -1).

()amauennn MHOroOwWIeH, yci 4wieHH SiKOTo MaloThL OJHMH i TOi ca-
muil cTeninb, HASHBAIOTS o uopigHuM MHOTOYJICHOM.

Hanpuxnan,
x— 2y — OAHOPiAHMI MHOrOYJIEH NEepIIoro CTereHs,
x* - 8xy — y? — OHOPiAHK{ MHOrOUJIEH APYTOTO CTeNeHs:,
3x® - 2xy® + x’y — y® — oxEOPiAHMI MHOrOUJIEH TPETHOTO CTeNeHs.

F » =4,
IOnsi po3s’A3yBaHHA CHCTEM BHAY { &y =a pe F (x; y)

G(x; y) = b,
i G (x; y) — omHOpiAHI MHOrOWTeHH, eeKTHBHOI € 3AMiHA 5 =1.

[IpogeMOHCTPYEMO Iie Ha NMPUKJIAAaX.
x* -bxy +6y* =0,

NPUKNAJ 4 Posp’skiTh cucTeMy PiBHAHB {2’:2

-2 =1
Posé’asanna. Hecknanuo nepexoHaTncs, wo napa suay (x,; 0) ve e

poas’aaxoM gaHol cucremu. ITopinmBiim obuaBi wacTHMHE NEpPLIOrO

PiBHAHHA HA y’. OTPHMAEMO CHCTEMY, PiBHOCHJIBHY maHif:

2
%—£+6=0.
y v
2x* -y =1.

Hexai §=:. Tomi t* — 5¢ + 6 = 0. 3sigcu t = 2 abo ¢ = 3.

3asaHa cHUcTEeMa PiBHOCHJIBHA CYKYIHOCTI TAKHMX CHCTEM:

x x
-=2’ _'=3r
a) {y 0) {y
2xt -yt =7, 2x2 -2 =1.
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§ 4. CUCTEMM PIBHAHb | HEPIBHOCTEM 3 ABOMA 3MIHHUMMU

Po3p’a3aBIy KOMKHY 3 [IMX CUCTeM METOJOM MiACTAHOBKM, OTDU-
MYEMO BiIIOBifb.

Bidnoside: (2; 1), (—2; —1), [3\/-1?-1-;; J%], [—3@; —J%J

2»-yt=7,
x%y + xy® = 6.

Posé’azanna. OueBunHo, mo napa Bugy (x,; 0) ne € poss’ssxom

NMPUKNAL 5 Posp’sukiTh cncremy piBHAHB {

nanoi cucremu, Toai MoxHA BUKOHATH 3aMiHY % =t. 3Bigeu x = yt.
yve-y»*=1 __. - 7. Pe-1 1,
Yt + %t =6, Belaet T8 @y 6
62— T2 -Tt-6=0;
6t* — 12¢° + 5t* — 10t + 3t — 6 = 0;
6L (t—-2)+ bt (t-2)+3(@2—-2)=0;
(t - 2) (6t + 5t + 3)=0;

Maemo: {

t=2,
LwiB
BajaHa cucTeMA PiBHOCHJbHA TaKif: { Y
-y =T.
PoaB’sAsaBIiIN [[I0 CHCTEMY METOZOM MiJCTAHOBKM, OTPHMYEMO

BifIOBiIAL.
Bidnosids: (2; 1).

fxmo B muorouneni F (x; y) saMiHUTH x Ha y, a y Ha X, TO
OTPMMAHMI MHOrOWIEH no3nauyarumemo F (y; x). Hanpuknan, sikio
Fiyp)=+"-x+y' 10 F(y; ©) =y — 2"y + «°.

Osuauennn ARKMO NpH 6yIb-AKNX 3HAYEHHAX X i ¥ BHKOHYETH-
cu piemicts F (x5 y) = F (y; x), To mporounex F (x; y) BasuBaioTh
CHMETPHYHHM.

HapegeMo NPUKJIaAH CUMETPHYHAX MHOTOUJeHiB: x + y, x* — xy +
4 ya’ ¥ + yz' 2+ .

Beegemo nosHaveHHA u = x + y, v = Xy. MHorowienu u i v Ha-
SHBAIOTHL eeMEeHTAPHMMH CHMETPHIHHMH MHOTO'WIeHAMH Big x i y.
Ils HasBa 1moB’A3aHA 3 THM, 1110 CIIPABEJJINBOIO € TAKA TeOpeMa:

6ydv-axull cumempuuHul MHO2OUAEH 610 3MINHUX X | Y MOJCHA
nodamu y euznadi mrozownena 6id u i v,

Mu He GyaemMo JOBOIMTH L0 TEOPEMY, a JIMIIE IIPOAEMOHCTPYEMO
il enpaBegIMBICTS HA MPUKJIATAX.

X4yt =(x+y)’ - 2xy =u’ - 2v;
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18. Metog 3aMiHW 3MIHHWX

L+ =(x+y (x+y)’ - 3xy) =u (- 8v) = u® - 3uv;
xi + y‘! = (xz = yZ)z ) 2x2ya L (u2 o 2v)! - 202 = u‘ - 4“20 e 202.
F(x; y) = a,

Gz =, pe F(x; )iG (x5 ) —

PosrnfaHeMo cHCcTeMY BUAY {

CHMETPHUYHI MHOTOYJEHH.
Broasauu saminy
x+ty=u,xy=u,
F(uwv)=a,
G, (u; v) = b.
Skio orpuMaHy cucTeMy PO3B’ASATH AOCUTHL JIEMKO, TO 3ACTOCO-
BaHa 3aMiHa € e)eKTUBHOIO,

OTPHUMYEMO CHCTEMY BHIY {

NPUKNIAL 6 Poar’sxiTe cuCTeMY PiBHAHB
L+ rxry=8,
{x’ +y? + Py +yx =15.
Pose’azanna. 3aysayKumMo, LIO JiBi YaCTMHM pPiBHAHBL CHCTEMH €

CHMETPUYHUMH MHOTOYJIEHAMH.
«Ilizgroryemo» safany cuctTeMy Ao 3aMinu x + y = u, xy = v. Maemo:

{(x+y)z—2xy+x+y =8,
(x+ P ((x+y)* -3xy) + xy(x + y) = 15.

' u?-2v+u =8, 2v=8-u-u,
3Bigcu
u(?®-3v)+uv =15 |u@®-2v)=15.
=5,
Tomi u (W + 8 —u* —u)=15; u* - 8u + 15 = 0; [uu
{u =5,
v=11,
Maemo:
- u=3=8,
{v =2
3azana cucTeMa PiBHOCUIBHA CYKYITHOCTI ABOX CHCTEM:
+y=25,
a) {x y Ils cucrema posr’sskis He mae.
xy =11,

x=1,
x+y=3, {y =2,
{xy = x =2,
{y =1.
Bidnosids: (1; 2), (2; 1).
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§ 4. CUCTEMM PIBHAHb | HEPIBHOCTE 3 HABOMA 3MIHHKMU

4 2 4 2 _
NPUKNAL 7 Poss’soxiTs cHeTeMY PiBHAHD {x i A e
22 +xy+y?=13.
Pozs’azanna. OckinbKy niBi yacTHHM DiBHAHBL € CUMETPHIHHMH
MHOI'OYJIEHAMM, TO MOMCHA CKOPHMCTATHCA 3aMiHOKO X + y = u, xy = v.
IlpoTe BuABARETHCA OLIBII SEKTHBHUM, NEePETBOPHEBINH CUCTEMY
A0 BHTJIALY

P+ ¥ - (x? + y?) - 2xNy2 = 72,
(x> +y") + xy =13,
apobutmk Taky saminy: x° + y* = u, xy = v.

. z p— - 2 3
Maemo: {© * i s
u+v=13.

Po3Bp’A3aBuIM L0 CHCTEMY METOJOM NiICTAHOBKH, OTPUMAEMO:

u= 10, u= 414
abo
{v =3 {v = -28.
, 2+y?=10, , [x?+y? =41,
Banumnsocs poas’ ABATH CUCTeMY i
xy =38 xy = -28.

3asepiuiTh po3B’A3aHHA CAMOCTiltHO.

Bidnoside: (3; 1), (1; 3), (-3; —-1), (-1; —3).

Posransinemo cucteMy, Po3B’sisaHHs AKOI He ITOB’A38HE 3 OZHUM
3 paHille POSIIAHYTHUX METOJiB.

2 2 =
NMPUKNAL 8 Poss’sxith cucTeMy DiBHAHB {x ~ =10,
2+t +4=4x+2y.

Po3za’azanna. PoarngHeMo Mepiie PiBHAHHA CHCTEMM fAK KBaJIpaT-
He BigHOCHO Xx. Moro auckpuminant xopismioe y' — 16. Bumaramoun
y' - 16 > 0, orpumyemo, mo | y | > 2.

Ilepenumenmo apyre PiBHAHHSA CHCTEMU TaK:

P -dx+4=2y-y(x-20°=2y-

3pigcu 2y — y* > 0, 70610 0 < y < 2.

Orpumani oOMekeHHA /st 3MIHHOL Y N03BOJAIOTE 3pOBHTH Takuil
BHCHOBOK: AKIIO 38/laHA CHCTEMa Ma€ po3B’fA3KM, TO HUMH MOMKYTb
6yTu nume napu Buay (x; 2).

IMigcraBuBmm y = 2 B 3aJaHy CUCTEMY, OTPHMAEMO X = 2,

Bidnogids: (2; 2).

NMPUKNAL 9 3BuaiiziTe yci anavenss napamerpa @, NPH AKHUX CHCTe-

) {|x—4|+|x+4|=y’. "
Ma piBHAHBL Mae equHMIT PO3B’ A30K,

ax*+y+a’-a=2
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18. MeTop, 3aMiHK 3MIHHAX

Poze’azanna. SIkmo napa (x,; y,) € PO3B’A3KOM JAHOL CHCTEMH,
ro it mapa (—x;; y,) Takox € poss’ssxkoMm. Ockilbkm faHa cucreMa
IIOBMHHA MATH €AMHUA PO3B’A30K, TO X, = —X,; TobTO X, = 0. Toai
neobxiguo, mob mapa (0; Yy,) Oysa po3s’A3KOM AaHOI CHCTEMH.
|0-4]|+|0+4]|=y],
a-0*+y,+a’*-a=2.

3sipcu y, =2ia=0aboa=1.

IIpu nux sBaueHusx napamerpa a napa (0; 2) € pozs’szrom gaHol
cucremy. IIpore 1€ HE O3HAYEE, L0 CUCTEMA He MAE IHIIMX po3B’A3KiB.
Tomy sHaiizeHi 3HaYenuA napaMeTpa a CJAiJ repeBipUTH.
|x-4|+|x+4|=2°
y=2.

Iz cncrema mae Geaniu posp’sAskiB (HepekoHaiiTeca B I[bOMY Ca-
MOCTLHHO).

Maemo: {

IIpu a = 0 maemo: {

|x-4]+|x+4|=4°

IIpu ¢ = 1 maemo: { §

x*+y=2,

Ockimexu | x — 4|+ | x + 4| > 8 (noseniTe ne camocriitro), To y° > 8,
To0TO ¥ 2> 2. 3 Apyroro piBHAHHA miei cucTeMyn BUNINBAE, Mo ¥ < 2.
Oraxe, 0a cucTeMA MOXKEe MATH PO3B’A3KH TLIBKM BUAY (X; 2). Jlerko
nepexoHaTHcd, 1o napa (0; 2) e exuHUM po3B’A3KOM Liel cucTeMu,

Bidnosids: a = 1.

18.1." Poas’axiTh cHCTEeMy PiBHAHD:

x y_3 ‘ 2 _
o 3){(“9«) ;—54(x+y) 117,
x-y?=5; Sk a
1 ) |
+===, x + 5x 34
3 LA 2
2) b N 4) e 7ty 15"
T b -12
@+ P 4 =
18.2, PoaB’s:iTh CUCTEMY PiBHAHB:
* ¥ 1 2
=4==—, x+y+1) +(x+y)" =25,
H 0 "" 3){(zy2)(y)
x*+yt=13; il e
xrg . x-U_ 8 T+y g |x-y _4
2) {x-y x+y 2 4) x-y x+y
x* +y* = 20; X +4x+y*-3y=0



§ 4. CUCTEMW PIBHSHb | HEPIBHOCTEW 3 1IBOMA 3MIHHMMU

18.3.° Po3B’sxkiTh cHCTEMY piBHSHB:

2xy—3—x=15, 0 VN, T
1) < y 3){x vy 36’
xy+§=15; xy® - xy = 324;
2) ¥ +y -1 =x 4) 1;r+3y xy
x2+y2+i‘t~:22; . [
y lx-y xy - 2

18.4." Posr’sikiTh cucTeMy piBHSIHB:

2y-xy’ =6, 'Ji:1+qi: =%
1){ ? 3)1
xy+x—-y=-5 x+1 ’
\Jy-i- x+1 2’

x _£=.l_§, x+y+——7
2) y : 4) « g
xy-L=2; ____&__(xa»yz)x =12.

18.5." Posp’sikiTe cucTeMy piBHAHE:
1) 9x? +9x% + 2y +1=1-2y, 2) 2+ +yxt+2y+1 =1,
6x+y=2; 2xt+y=2.

x%+8x% -2y +3 =§y+5,

18.6." Poap’sakiTh cHcTeMy piBHAHB
3y - 2x = 5.

2(x* -2 =4,
18.7." PoaB’axiTe cucTeMy pPiBHAHB

J:?(:n:2 +2y%) =8.
18.8." Posp’axiTh cHCTEMY piBHAHL:

1) {J4—x+y+J9—2x+y=7, {J_5+Jy_

2y-3x=12; x'+y?=13
18.9." Po3s’akKiTh cHcTeMy PiBHAHB:
{Jx+y+J2x+y+3=7, 2) %& g,
3x +2y = 22; oM
18.10.° Posn AKITE cnc-remy DIBKSHB
1 -bxy-38y* =0, 2) 2x* - 5xy +2y* =0,
x —2xy—y =2; x*+yt=5.
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18. MeTof, 3aMiHW 3MIHHWX

18.11.° Poan AxiTh cucremy pmnsmb.
1 x* +4xy -5y =0,
x*-3xy+4y=0;

18.12." Po3B’sxkiTh cucTeMy piBHAHB!

x“+38xy="1, 3) x® +4xy - 3y* =2,

2

x* - xy+5y° =5;

2x% - 8xy + 2y* = 14,

1
) {y’+xy=6:
x*+xy-y* =20,
2 {* Y-y : %)
x*+3xy—3y° =28;
18.13.° Poss SKITH CHCTEMY PiBHAHB:
) x? -5y =-1,
Sxy+ Ty =1
) x*+xy -8y’ =-9,
-y -2xy=-T;
18.14.° Pozsp’ HJKITL CHCTEMY PiBHEAHB:
x-y)(x*-y?) =16,
1) (x-y)( ; 2) 2)
(x+y)x" +y°) =40;

x* +xy—y* =5.

1
x%+ 2xy -y -7;

2 4
d 3x3—xy+2y =16.

{3x= y =11,
o

—y?

18.15." Po3s’skiTh cUCTEMY PiBHAHB {(-‘9 +y)(x* 2) 9,

(x-y)(x*+y’) =5.

18.16." PosB’sukiTh cCTEMY DiBHAHE:

x+y+xy=>5, X +y+2(x+y) =28,
.. {x2+yz+xy=7; {x 2ry?t+xy=19.
2 {xy+2x+2y=5,
xX2+y?+3x+3y=8;
18.17." PosB’sikiTh cuCTeMY pPiBHSHB:
" {x2+y3=17, 2) 2+yt-x-y=18,
x+xy+y=9; x*+y’—xy=13.

18.18." Po3B’si3kiTh cUCTEMY PiBHAHB:
1 x(x-Dy-1)="12 %) {(x3+])(y"’+l) =10,
(x+1)(y+1)=20; (x+y)(xy-1)=38.
2) (x+1(y+1) =10,
(x+ Y (xy +1) =255
[8.19." PosB’sKiTh CHCTEMY PDiBHAHD!
1 x-DEy-H=1, 9 x2+ % =19,
2%y +xy® =16; (xy +8)(x+y) =2.
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§ 4. CACTEMW PIBHAHb | HEPIBHOCTEW 3 ABOMA 3MIHHUMA

18.20.° Po3B’#AxKiTh CUCTEMY DiBHAHL:

2 - S
1) s a0, 3 {x“+x’ya+y3:12,
3 1.8 =
;+;—4. x+xy+y=0.
2 2
%+y—=12.
2
: 1.,1_1.
x y 3
18.21.° Poas’sKiTh cHUCTEMY PiBHAHB
* P
x =1 . - Vi
1 y+x 8, 2){x+y+3xy 5,
x+y=12; LR e
18.22." Poan smcrrb CUCTeMY PiBHAHB:
x*+yt =17, 3) 10(x* + y') = -17(2%y + xy°),
2+t =5 x%+y? =5.
iyt -xt-p* =13,
2x% - xy +2y° = 8;
18.23." Poap’sKiTh cncTeMy piBHAHE!
1 _a
l) {5(x4+y4)=41(x2+y2). 3) ¥ +y2 +2xy_' 5 »
x*+yt+xy=13; A o B
2xy+x =

3xy-x*-y* =5,
2) y- Y
Tx?y? — x' - y* =155;
18.24." Posp’siTh cHCTEMY pinHﬂHb

r:ac+\}a:2—y"’ x—fx -

1) {x- :cz-y2 2442 -5t

=._7
4’

(x(x+y)+yx*+xy+4 =52

oy [Py 20

2) 4 X+y =x+y

|x? +y* =34:

3) {x’+yz—x—2y-5~0
2x%+ 3y -2x-6y-13 =0;

J;—+J;:2J—

(x2+Dy+ @2 +1)x =4xy.
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18. MeToq 3aMiHK 3MiHHIAX

18.25." Poas’s3KiTh czc-remy PiBHAHB:
x+y+ AL - 22 2) {y2—3y+4x=4.

1) x-y x—y
il —
T Yy - 4)(y + 4x) = -21

18.26.” PosB’fakiTe cucTeMy piBHAHB:

xX>+xy+6=0, 3)

24 - y* = (4x* - y*)% X +y? +4=4x+2y.
Xy -2x+y* =0, '

2% -4x+8+y% =0;

-xy*+4=0,

2) {
18.27.” Po3B’sKiTh cUCTeMY DiBHSHB:
1 2+3y* = 2xy, 3) x+dxy+4y' =0,
| xy - 2| = 6 - x% x*-4x+6-2y° =0.
E_xy+l=
2) Yy —xy 0,
¥ +2 =yt -2y-1;

18.28." PoaB’axkiTh cHCTEMY PiBHAHE!
" Yy -x*+4x-5=0, 2) 3-(y+1)’= y,
)
V1-p2 +x% =4; X+8y=\x-y-
18.29." Posp’sixiTh cucTeMy piBHAHB:
i x* -y’ +6y-13=0, 2) 1- (x -3 =Jx—y,
Va-x 4y =9; y-1.

2+yt=1,

18.30.* Posr’sxiTh cucTeMy piBHAHB s
x+y =1.

18.32.* Poap’amxiTe cucremy pisHAHB

X+ =1,
18.31.* Pose’sixkiTs cucTeMy piBHAHL { v
18.33.* Poss’axkiTe cucTeMy PiBHAHB {

2x v
2 = ’
18.34.* Posp’sisxiTh cucTeMy piBHAHB ;r
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§ 4. CUCTEMM PIBHAHb | HEPIBHOCTEW 3 lBOMA 3MIHHUMW

2x2
=
18.35." Poar’saxiTes cHcTeMy PiBHAHb ” :
e —
1+y°

18.36.* 3uaiifgiTe yci sHaueHHs DapaMeTpa 4, IPpHM HKHX CHCTeMa

) x*-Qa+1)x+a®-8=y, ;
PiBHAHL { S AT e Ma€ €IUHHI PO3B’A30K.
y — —_ =

18.37.% 3maitniTe yci sHAYeHHA NMapaMeTpa 4, IPH AKHX CHCTEMA

3y-avx®’+1=1,

piBHAHL 1 , Mae €AUHHI pPO3B’ AB0K.

yt+tx+ =0
x+3x2+1

18.38.* 3maiiziTe yci sHaAYeHHA napaMerpa @, OPH SAKHX CHCTEMA
a(x*+)=y+1-|x]|,

2

o Mae €IHHUN po3B’ A30K.
r+y-=1

pieHsAHB {

m HepiBHoCTi 3 ABOMA 3MiHHUMMW

Hepisrocti 2x — y > 1, y » x°, x* + y* < 4 € npuknanamu Hepis-
HOCTeH 3 JBOMA 3MIHHMMM.

Oauauennn [lapy 3nayens 3MiHHMX, KA NEePETBOPIOE HEPiBHICTD
3 JBOMA 3MIHHHMH HA IPABMJbHY YHCJIOBY HepiBHiICTh, HAIUBAIOTH
po3B’'a3KkomM HepiBHOCTI 3 ABOMA 3MIiHHHMMN.

Tak, ana HepisHocTi 2x — y > 1 KoxkHa 3 map uumcen (3; —1),

(0; —2), (1; 0) € 11 poar’saskom, a, Hanpukaaj, napa (0; 0) ge € ii
PO3B’A3KOM.
Oaupauenns 'padikoMm HepiBHOCTi 3 fBOMA 3MIiHHHMH Ha-
3MBAIOTH FeoMeTpHURY (irypy, fika CKAANAEThCH 3 yCiX THX i TiNbKH
THX TOUOK KOOPIAMHATHOL MIOMMHHEH, KOOPAHHATH AKHX € PO3B’A3KAMM
fAaHOI HepiBHOCTI.

NPUKNAL 1 3o6pasite rpadik HepiBHocTi 2x —y > 1.

Poze’sazanns. T'padikom piBHsauna 2x — y = 1 € npama, I1a opsa-
Ma po3bHBae KOODAMHATHY IUIOLMHY Ha aBi obnacTi, KOXKHY 3 AKHX
HA3UBAIOTHL BiaKpHTO miBmuoupmo’ (puc. 19.1). IMoxaxemo, mo
JKOBTa 00JMACTE € IIYKAHUM rpadikom.

! BigxpETa niBmaommMAA BiAPISHAETLCA BiA DIBIUIOMUHE THM, 1[0 BOHA He MiCTATH
npamy, axka i obmexye.
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19. HepiBHOCTi 3 ABOMA 3MIHHUMW

llepenumemMo 3axaHy HEpPiBHIiCTH
rak: y < 2x — 1.

Poarnsmemo ioBumkEy ToUKy M (x5 1),
NKA HAJNEMKHTE 3a3Ha4YeHid BiaxpuTiit
11 BIJTOIKHL.

Hexait mpaMa, AKa NPOXOAHTHL Yepes
rouky M i nepnenauKynspHa ao oci ab-
cluce, MepeTHHAE npaMy y = 2x — 1 y Tou-
ui K (x,; y,). 3poaymizo, mo y, > y,. Ma-
emo: y,=2x, —1>y,. Orxe, napa (x,; y,)
¢ pO3B'HA3KOM AAHOI HepiBHOCTI.

Mu moxasanM, 110 KOOPAHMHATH
Oyab-AKOI TOYKM XO0BTOI obsacti €
po3B’sI3KOM 3ajgaHol HepiBHOcTi. 3a-
JIMIIMJIOCE TOKasaTH, mo Oyab-axmii Pme. 19.1
O3B’ A30K HepiBHOCTI € KOOPAMHATAMH
TOYKH, AKA HAJIXKUTEH 3a3HaveHiH obnacti.

Posrianemo napy (x,; y,), AKa € po3s’A3KOM HepiBHoCT y < 2x — 1,
10610 Y, < 2x, — 1. Hexaii 2x, — 1 = y'. Togi Touka A (x,; Y') BANEIKHUTH
npamiit y = 2x — 1 (puc. 19.1). Ockinbkn y, < y,, T0 T0uKa B (x; ¥,)
JIeKHATH HHIK4Ye Bia ToukKH A, ToOTO HAJIEXKUTD ORBTIH obsacTi.

Mipkyioun aHanoTiYyHO, MOMKHa IOKAas3aTH, M0 cHHA ofjacTe €
rpacdikom HepiBHOCTI 2x — Y < 1.

Takox roBOpATH, IO KOBTY i cHHI0 obsacTi sagaoTh BignosigHo
HepiBpocTi 2x —y > 1i2x—y < 1.

HomopuMocs, o B 306parkenHi rpadika NYHKTHPHA JiHiA No3HA-
uae TOYKU, AKI He HaNeXKaTh MyKaHoMy rpadiky. ToMy Ha pHCYH-
ky 19.1 npama y = 2x — 1 3o0pakena DYHKTHPOM.

NPUKNAL 2 3o6pasites rpadik HepiBEOCTI x > 2.

Pose’ssanna. Ha xoopaunaTHiil nnommuHi xy rpadgikom piBHAHHA
x = 2 € BepTHKAJNLHA IpAMA, AKa po3buBae oKUKy Ha IBi BigkpuTi
mipmaomuar (puc. 19.2). Iloxkaxemo, mo
BigxpuTa miBNNOIMMHEA, Po3MileHa NpaBo- Y
py4 Big mpamoi x = 2, € mykaHuM rpadi-
xom. [lepenmmemo 3ajaHy HepiBHiCTL TaK:
x+ 0y > 2.

Hexait Toaxa M (x,; y,) HajnexuTh 3a-
s3naveniit obnacti. Toxi x, > 2, a oTixe, apa
(x,; y,) € poss’asKoM 38/1aHOI HEPiBHOCTI.

Hexait mapa (x,; y,) € pose’A3KOM He-
pistocri x + Oy > 2, Tob10 X, + 0y, > 2;

- L

]
ny

-4
oo S
<

Puc. 19.2
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§ 4. CUCTEMM PIBHSAHb | HEPIBHOCTEM 3 IBOMA 3MIHHWMU

x, > 2. Orxe, Touka K (x,; y,) posMmiliesa OpaBopyd Big npamoil
x=2,

Mu nmoxasanu, mo KoopaMHaTH OyAb-AKol TOYKM BigKpHUTOl mMiB-
NIOIWHH € po3B’A3KOM AaHOI HepiBHOCTI i HaBnaku, OyAb-AKUI
PO3B’A30K HEPIBHOCTI € KOODAMHATAMM TOYKH, AKA HAIEXKHTH BiJl-
KPHTiil miBmiomuHi,

HepisHocTi, posrasHyTi B npuxkaanax 1 i 2, € okpeMuMH BUDa]-
KaMu HepiBHocTi ax + by > e.

Oznavennda Jlinmilinoro HepisnicTiO 3 ABOMA 3MiHHHMH HA-
3MBaIOTH HepiBHicTh BUAY ax + by > caboax +t by <e,mexiy —
aminHi, a, b i ¢ — nmapamerpu.

Mipkyroun amanoriuso HaBefeHoMy B mpukaanax 1 i 2, moxna
nokasarty, mo npu a® + b% # 0 rpadixom niniitEol HepiBHOCTI € 0AHA
3 BIAKPHTHX MiBILJIOLIMH, HA HKi npaMa ax + by = ¢ poabusae Koop-
OMHATHY IUIOIUHY XY.

fAkmo a® + b* = 0, 1o rpadikom niniiinoi HepiBHOCTi € a6o Bes
KOOpAMHATHA TIJION[MHA, 460 MOPOXKHA MHOMKNHA (Z0OBeAiThL Ne caMo-
CcTiitHO).

Hepienocti Buay ax + by 2 ¢ i ax + by < ¢ TeX BBAKAKTE Ji-
Hifinumu. 3poaymino, mo rpadixoM HepiBHocri ax + by 2 ¢ abo
ax + by < ¢, pe a® + b* # 0, € nisnonMEA.

PosrnaseMo npukaaan nodyaosu rpadikiB HemiHiiHIX HepiBHO-
cTei.
NPUKNAJA 3 IobyayiiTe rpadik HepiBHOCTI ¥ > X°.

Pozé’szanns. llapabona y = x° poabHBaE KOODANHATHY ILIOMHHY
Ha asi obaacri (puc. 19.3). lllykanuM rpadikom € MHOKHHA TOYOK,

sKi Jexars Buine Bij napabonu y = x°. Ile MokHA MOKA3ATH, MipKY-
I0YHM TaK, AK y npukaaai 1.

MPUKNAL 4 Ilo6yayiite rpadix Hepiaocti x° + y° < 4.
Pose’'asanns. I'padikom piBHAHHA
3 vk x* + y* = 4 e xono pagiyca 2 3 neRTPOM
5 ; y mouarky Koopauuar. QueBHIHO, IO
".‘ .,-' . po3B’aA3KaMM naHol HepiBHOCTI € KOoOop-
y=% JMHATH THX 1 TIIBKY THX TOYOK, AKi Bim-
\ ! JajieHi Bifi mouyaTKy KoOpAMHAT HAa Bin-
’ cTaHb, He 6iapmy 3a 2. ToMy WIYKaHUM
: rpatikoM € Kpyr paniyca 2 3 1IeHTPOM
Yy ToYaTKy KoopamHaT (pmc. 19.4).

(=]
Ry

Puc. 19.3
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19. HepiBHOCTI 3 ABOMA 3MIHKUMM

v
N4
Puc. 19.4 Puc. 19.5

3poaymino, oo rpadikoM HepiBHOCTL “+ y’ > 4 € MHOJKHHA TOUOK
KOOPAAMHATHOI ILTOMIMHH, AKi He HAJIEMKATE KPYry paziyca 2 3 HeHTpoM
y nouaTky koopzuHat (puc. 19.5).

3azHauyMMo, oMo NpUKJIaau 1-4 My po3B’sA3yBanu 3a OLHIEK 38-
raJieHOK cxemMow: 6yaysanu rpadik pieuauus F (x; y) =0, axuil pos-
6MBAB KOOPAMHATHY IJIOLUMHY Ha ABi obnacri. OxHa 3 mux obnacreii
(mMoxsnBO, pasoMm 3 rpadikoM piBHARH#A) Oyna mykaHuM rpadikom
HepiBHOCTi. 1] cxema 3acTOCOBHA i B TMX BUNAAKaX, KOMH PiBHAHHA
F (x; y) = 0 poabuBae miomiuHy Ha TpH # 6ineine obnacrei. fAki 3 nux
obnacTeit HanekaTh wWykanoMmy rpadiky, 8’ SCOBYIOTE 34 JOTIOMOrOIK0
«1po6HMX TouoK». [TosicHMMO CyTh LBOrO IIPHIIOMY Ha IPUKIAAAX.

2

ny

NPUKNAL 5 3o6pasiTh HA KoopAMHATHiH maommui xy rpadik He-
piBHocTi Xy > 6.

Posze’'asannn. 'padik piBHAHHS
xy = 6 posbuBac KOOPANHATHY IUIOLIHHY
Ha Tpu obnacti (puc. 19.6). Ak «npo6-
Hi» poarasHemo Touku A (—3; -3),
O (0; 0), B (3; 3). Bouu HanexaThb
BiZinmoBifHO 3KOBTiHM, CHHIN i semeniii
ob6nacram. Ilpu nsomy mapu (3; 3)
i (=3; —3) € po3s’A3KaMu AaHOI HEpiB-
HocTi, a mapa (0; 0) poss’A3KoM He €. I

Toni mosxHAa 3po6UTH TAKHII BHCHO- Puc. 19.6
BOK: X0BTa i 3eseHa o6sacTi HAIEKATD
rpadiky HepiBHOCTI, a8 CHHSA 00J1ACTE HE HAJIEMKUTE.

3Bigcu mykasuM rpadikoM € 06’eaHaHHA KOBTOIL Ta 3eaeHol 00-
Jacreit.

NPUKNAL 6 3o6pasite rpadik mepismocri x° — y? < 0.

Po3é'azanns. T'padikom piBEAEHEA X — i’ = 0 € 06’ AHAHASA IPAMMX
x+y=0ix-y=0. Toni rpadik pisaauua x* — y* = 0 posbusae
KOOPAMHATHY IUIOIUHY HA 4YoTHpH obnacti (puc. 19.7).
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§ 4. CUCTEMM PIBHAHD | HEPIBHOCTER 3 IBOMA 3MIHHUMW

3a jpomomorow ¢npobHUX TOYOKs BCTAHOBJIIOEMO, IO LTYKAHUM
rpadikoM € o6’eaHannA samMTpuxoBaHuX obiacreit (puc. 19.7).

Puc. 19.7 Puc. 19.8

NPUKNAL 7 Bo6pasite rpadik mepisrocri |y | > | x* — 2x|.
Po3¢’asanna. Tpadikom pispsannsa |y | = | x* - 2x | € 06’exuannn

napabos y = x* — 2x i ¥ = 2x — x°. Bin po3buBae KOOPAHHATHY ILIO-
mUHEy xy Ha 5 obnacreit (puc. 19.8). 3a nonomoroio « IpoGHUX TOUOK»
BCTAHOBJIIOEMO, 1[0 WIYKAHMM rpadikoM € 06’efHaHHA 3alITPUXOBA-
Hux obsacteil pasoM 3 IX MeKaMH.

MPUKNAL 8 Ilpu sKuX 3HAYCHEAX NAPAMETPA G MHOMKHOI PO3s’ A3~
KiB gepiBHocTi | x — 8| + | a - 2| € 4 € uncnoBuir BiAPi3OK, AOBKUHA
AKoro He Girsma 3a 47

Poas’azannn. I'padikoM gasoi HepiBHOCTI HA KOOPAMHATHIN mwO0-
MHI xa € KBagpar, 3o0paceHuit Ha pucyHky 19.9.

Slkmo ropusoHTaNLHA NpPAMa @ = 4, NepeTHHAE KBAApPaAT N0 Bij-
pisky MN, TO MHOXMHOIO PO3B’A3KiB HEPIBHOCTI € BIAPI3OK [x; x,]
(puc. 19.9).

[a [ al |
_._.iﬁ == o - ___6.. -
il e > !
et 11

1 s O s T

Puc. 19.9 Puc. 19.10
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19. HepiBHoCTI 3 ABOMa 3MIHHUMKU

3 prcynka 19.10 suano, o foBxkuHA Binpiska MN Gyzae He 6ins-
o 338 4, axmo 4 < a<6a6o-2<ax<0.
Bidnosidv: 4 < a < 6 abo -2 < a < 0.

19.1." Yxkaxite HepiBHOCTI, mia akux napa (—1; 2) € poss’d3KomM:

1) -2x +y > 8; 3) X+ y? <5
PR e Tl I 4)y < 82+ x.
19.2." Aki mapy yucen € posB’A3KAMH HepiBHOCTI P-xy+yP>2:
1) (1; 1); 3) (1; -1); 5) (0;v2)?
2) (-1; 1); 4 [\E. 3 ):
( ) ) 5

19.3.° fki Touku Hanexars rpadiky HepiBHocTi Jx > y:
1)A0;-1); 2)B(-1;0); 3)C(1;0) 4) D (4; 3)?

19.4." BagaitTe HepiBHICTIO 3 ABOMA 3MIHHNMM NIBILIOIKEY 3 TPAHHK-
new 2x + 3y = —1, sxa micTHTh Toury A (—1; 1).

19.5." 3agaiiTe HEepiBHICTIO 3 ABOMA 3MiHHUMH BiZIKDHUTY NiBIIOLIMHY
3 rpaEHneio 3x — y = 2, Axka He MicTHTL TouKy B (0; —1).

19.6." 3o6pasite rpadik HepisHOCTi:

1)3x-y>1 2)2x+y22; Py<-1; 4) x < 3.
19.7." Bobpasite rpadik HepiBHOCTI:

)x-2y<3; 2)x+4y25; 3)y>-2; 4) x > -2.
19.8.° T'padikaMy AKUX HepiBHOCTeH € BiAKPUTI MiBIJIOWIMHN:

2
H3x>y+1; Hxty>1; 7)%%,:40;
2) x > 0; 5)%<0; 8) Vx > %
x y
3)y<0; 6) 57> 0; 9)|x|>x?
y
19.9." 'padikaMM AKHX HepiBHOCTEN € NiBNJIOIMWHENM:
3
Dx-5y<-8 8)y<I; 5)("7‘_%>0; N Vx> -5
2)x>2; Erd 50 S >
) x 4) p 0, 6}%75’7 0 8)|x|>x?
19.10.° Io6yayiiTe rpadik HepiBHOCTI:
1)y < 2x - x% 5) xy < 2;
2)y<x*-4x+ 3; 6) xy > 12;
Nx-1)Y+@w+2P<1; NEx-ylx+y-1)<0.

42 +2x+y* 2 8;
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§ 4. CMCTEMM PIBHAAHD | HEPIBHOCTEM 3 ABOMA 3MIHHV|MH

19.11. IoGyayitre rpadik mepinocti:

Dy>x*-x-2; 5) xy < 6;
2)y < —x* - 3x; 6) xy > —12;
3)(x+ 27+ < 4; NEx+y)(x-y-1)>0.

)+ -4y > 0;
19.12.° Ilo6yayiite rpadik HepiBHOCTI:

1)2* >4 yy>|x|; SYy>|2|x|-1|
2)|yl<1; Hy<2|x|-1;
19,13, IlobyayiiTe rpacik HepiBROCTI:
1)y < 4; 2)|x|<8; Hy<|x+1|-2
19.14." ITo6yayiite rpadik HepiBHOCTI:
Dy<|x*-4x; Nlz|y>3;
2)y>x*-4|x|; 8)x|y|<6;
Hy<|2*-4|x]|}|; 9) | xy| > 12;
)|yl<|x*-4x; 10) | x|+ |y|<1;
5)*-2|x|+#<0; 11) | x|-|yl|> 1.

) -2|x|+y-2|y|+1>0;
1915, INobyayiiTe rpadik HepiBHOCTI:

Dy>2*-4|x|+8; 5) X+ —-4|x|-4|y|+7<0;
2)|y|<x-4x + 8; 6)x|y|>8;
Nyl>x*—-4|x|+8; Dil=|l-1]+|yl<1

H*-2|x|+#<3;
19.16.” IlobyayiiTe rpadix HepiBHOCTI:
1)(x+y)(x+y+1)<0; Nx-y|x|<0;
2 2
Dx+y+D(x-yt<0 4= *y = 0 )

19.17.” TlobynyiitTe rpadix HepiBHOCTI:
2
1) 2 (y - % > 0; 2)’:—*9—)>0
¥y

19.18." IIpu AKMX 3HAUEHHAX NAPAMETPA ¢ MHOXXHHOKI pO3B’'A3KiB
HepiBroeTi 2 | x + 1|+ |a — 4| € 2 € yncnosmii Bifpisok, AOBKUHA
AKOro He Menma Big 17

19.19.% Buaitnite yci sHaueHHA DapaMeTpa g, NPH AKHX MHOMHHA
poss’s3KiB HepisHocTi (x° ~ @) (@ — 2x — 8) > 0 He MicTHTSH XKo0J-
HOro po3B’s3Ky HepismocTi x° < 4.

19.20.* IIpn Axux 3HAYEHHAX NapaMeTpa 4 MHOXHHA pO3B A3KiB
HepiBHOCTI ¥ (x — 4) + a® (a + 4) < ax (a + 1) mMicTuTs He 6inbme
YOTHPHOX IiAuX 3Ha4YeHs x? ’
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20. CucTemm HepiBHOCTEI 3 £BOMA 3MIHHUMMW

mCMCTeMM HepiBHOCTeN 3 ABOMA 3MIHHUMU

Ilapa (1; 2) € posp’A3KoM KOXKHOI 3 HepiBHOCTel Yy — X 2 0iy—x > 1.
Y TakoMy pasi roBopaTh, mo napa (1; 2) € poas’azkom cHcTEMH He-
piBHOCTEH

y-x2>0,
y-x21.

1106 3HaiiTH PO3B’A30K cHCTEeMH, MOTPIOHO 3HANWTH IEPETHH MHO-
JHUH pO3B ASKIB HepiBHOCTell, AKI BXOAATH N0 CHCTEMH.

Po3p’A3KN CHCTEMH MOXKHA 300pAXKATH Ha KOODAMHATHIH mIomAHi.
Ina usoro cnim nobyayeatu rpadiku HepiBHOCTEl, AKLI CcKIAjalOTh
cucTeMmy, i 3HailTH ix mepermn. OrpumaHa dirypa € 3o0paskeHHAM
MHO@XHHH PO3B’A3KiB cHcTeMH.

Ilo6yayemo so0pas<eHHA pO3B’ABKIB 3AIIMCAHOI BHIIE CHUCTEMH.

I'padgikom mepuroi HepisHocTi € dirypa, noxkasana Ha pucyHky 20.1
ropu3oHTANBHOI MTpUX0oBKoW. ['padikom apyroi HepiBHOCTI € miB-
MJIOIIHHA, IIOKa3aHa Ha pUcYHKY 20,1 BepTHKAaJIBHO MITPUXOBKOO.
birypa, fika 3o0parkye posB’A3KHM CHCTEMH, MO3HAYEHA MOABiHHOIO
LITPHXOBKOIO.

K'essts' .
' e
' ,-,, 1
3 :
+x? 7 1
1 11
| = e
7 ! >
Puc. 20.1 Pue. 20.2
-x2>0,
TakoK KaKyTh, 1[0 cCHCTeMa HepisBOCTEl {y * 51 3ajgae mo-
: -x
Gynosany Qirypy. W
y>0,
Hanpukinazn, cucrema HepisHocreii {x <0, 3ajae TPHKYTHHK
-x+y<1

ABO (puc. 20.2).
Ilisxpyr, 3o0pasxenu#t Ha pucyuxy 20.3, 3asae cucTeMa HepiBHO-

. [2+ i<,
cTedt
x—-y=0,
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§ 4. CUCTEMM PIBHSAIHb | HEPIBHOCTEW 3 JBOMA 3MIHHUMW

yh,
yh Y
3 £N
= o ' <
- oS A '.._‘-‘
-\\_\\..Q\ 1 E ; --;
p— —— ] 3 \\: { i 1 X
e ey SOON >
XSSP NN :
A :
; '
Puc. 20.3 Puc. 20.4
MPUKNAL 1 3o6pasiTe Ha KoopaMHATHIA nuommHi xy rpadik He-
piBHOCTL Y < %
Posze’'szanns. Jlana HepiBHiCTH piBHOCHJIBHA CYKYIHOCTI HBOX
i
xy <6,
cucTeM:
x<0,
xy > 6.

MuoxuHY po3B'H3KiB mepmroi cucreMH 300pajkeHO HA PUCYHKY
20.4 xO0BTUM KOJIBLOPOM, & MHOMUHY PO3B'A3KiB Apyroi cucreMu —
cHHiM.

TI'padix aagasoi HepiBHOCTI — e 06’€AHAHHA oTpEMAHNX Qiryp.

3ayBaskumMo, IO L0 3aJlayy MOMHA PO3B’A3ATH 34 JONOMOroK0
s«MeTony obnacreiis, AKMIl POSIIAHYTO B IONEpPeAHLOMY NYHKTI. fKuio

. = xy —
3a/laHy HepiBHICTh MEPEIINCATH TaK: _yx_ﬂ < 0, TO JIErKO BCTAHOBMTH,

1[0 BOHA piBHOCHIbLHA HepiBHOCTi X (xy — 6) < 0. I'padik piBranHA
x (xy = 6) = 0 poabusae KOOPAMHATHY maoOIUHY Xy Ha 4 obiacri
(puc. 20.5). BapepuiiTh poss’ ABYBAHHA caMOCTiitHO.

U )
L AL (1311
&yl ;!-':.I'. &
Ny e
ik b
’ 'I’J T
-
L}
“.‘ .
Puc. 20.5 Prc. 20.6
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20. CuUcTeMU HepiBHOCTEl 3 1BOMA 3MIHHUMMU

NMPUKINAL 2 3o6pasiTs rpadik HepiBHOCTI Jl -x*-y*(x+y) >0.
x+y>0,

Pozé’ssanns. lana HepiBHICTL PiBHOCHJIBHE CHCTEML { 5

1-x*-y*>0.

I'padikoM mepiioil HepiBHOCTI CHCTEMM € BiIKpHTA NiBIJIOIIMHA,

vpadikom apyroi — BHyTpimMs ofnacts kpyra pasaiyea 1 3 meHTpoM
y ITOYATKY KOOPAMHAT.

Omaxe, rpadixom fasol HepiBHOCTI € BigKpuTHil miskpyr (puc. 20.6).

NPUKIAL 3 3raiiaiTe yci 3HaAYeHHA NapaMeTpa a, pu AKUX Hepis-
uieth 3 — | x — a | > x* mae xoua 6 oaAuH BiA’eMEMIT PO3B’A30K.
Poze’sizanna. llepenuniemo naHy HepiBHICTH Tak:
|x—a|<8-x%
{x -a<8-x2,

115 HepiBHiCTH PiBHOCHNBHA cHCTEMI 5
x—a>-3+x°

b a>x*+x-3,
3Biacu .
a<-x“+x+38.
OrpuMana cucTeMa NOBMHHA MaTd xo4ya 6 ogun Bix emHu
a>x*+x-8,
» s, 2
po3B’sa3ok. Lls BumMora piBHOCKMJIBHA Takiii: cucTema {a < —x~ +x +3,
x<0
TNOBHHHA MATH PO3B’A30K.
Ha xoopausHaTHill nmiiomuHi xa 300pasuMo posp’sisKM OCTAHHBOL
CHCTEMH.
I'padhixom nmepmoi HepiBHOCTI cHuC-

TEMH € MHOJKHMHA TOYOK, AKi IeKATE , _ 2, »_34€C

BHIIe napaGoau a = x° + x — 3, rpadi-

KOM Apyrol HepiBHOCTI — MHOMKHHA 3

TOYOK, HKi JIesRaTh HUMue napabonu "'

a = —x* + x + 3, rpadikom Tpersol ’ %

HepiBHOCTI — BigKpuTa MiBMIONH- = 3

Ha, pPosMileHa JBOPYY BijJ oci opau- =3

HaT. IlepeTrH 3a3HAYEHUX MHOMKHH o T

306paseHo Ha pucyHKy 20.7 OBTHM 1 4

KOJIEOPOM. a=-x*+x+3
CucreMa Ma€e pos3B’si30K, AKIIO I'0- Puc. 20.7

PU3OHTAJbH] NPAMI OEPEeTHHAIOTH [O-
6ymorany ¢irypy. Ileit mepeTrH 3a6e3MeUyETHCA YMOBOIO —lf <a<3.

Bidnosids: —1f43~ <a<38.
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§ 4. CUCTEMMU PIBHSAHb | HEPIBHOCTE 3 BOMA 3MIHHUMM

20.1.° 306pasiTh HA KOOPAWHATHII IOIIMHI XY MHOXKHUHY PO3B A3KIB
CHCTEMH HepiBHOCTeil:

2x -3y 21, 3) x<2, 5) 3x +2y > 5,
x+2y<2; 2x-y>-1; y<-1L,5x+1.
< - 3
2) 4x+y <0, 1) 2x-py>
yz20; 2x -y < 25

20.2." 306pa3iTe HA KOOPAMHATHII NJIOUIMHEI XY MHOXKHAY PO3B’A3KiB
CHCTEMH HepiBHOCTEMH: '

{—x+2y<—2, 3) {x+3y>1, 5) {3x—y>2.
x-y>1 x>0 6x -2y <1.
) {y?—l, 4 {y+3>2x.

2x-y<2; 2x~y2>-2;

20.3.° 306pasits Ha KoopauuaTHIH nutonmHi xy MuokuHY C =A N B, ne:
DA={x )| 2"+ <1}, B={(x; p) |y > 2x};
QA={(x; |y<-x*+1)}, B={(x; ) |y > -4};
NA={(x;y|y>x*-4x+ 3}, B={(x; ¥) | y < =2* + 4x - 5};
HA={(x; y) |+ 4" > 4}, B={(x; y) | y < x*).

20.4,° 306pasiTh HA KOOPAMHATHIN NIONWHL XY MHOXKUHY PO3B’sI3KiB
CHCTEeMH HepiBHOCTeI:

x*+y® <4, " xt+yt >4, -2t el
2+y+3)° <Y (x-8)P+y? <9; y>|x|-1.
¥ +y* <09, x*+yt <5,

1 i " {
x*+y® >4 xy>2;

20.5. 306pasiTh HA KOOPAMHATHIN IUIOLMHI Xl MHOXXHHY PO3B’A3KiB
CHCTEMH HepiBHOCTeil:

2 %g g 2 2< 2 '.!.g 1
1 x+y°" <9 g) [X Y 10, 5) x*+y~<4

|x|<2; xy<-8; xy > 0;
% 2yt a1, {xy>6. {x’+y2>9,

y>-x|; lyl<2 xy <0.

20.6." BapaiiTe cucremMor HepisHocTell ¢irypy, sofpaskeHny Ha pu-
cyuky 20.8.

207 Banaiite cucTemoo HepisHocteil (irypy, sobpaxkeHy Ha pH-
cyuky 20.9.
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20. CucTemy HePiBHOCTEN 3 ABOMA IMIHHWIMIA

20.8." 306pasits rpadik Hepirnocri:

Dx-yl<2; 5) Jx-y <32
2) |y —38x|>4; 6) VXx+y < 2x-y+1;
|x+y|<x-y; 7) 2x+y > Jx-y-1

H]|x-ylz2x+y
“0.9). 3obpasite rpadik mepisnocri:

D]|x+y|>3; )|x+yl>x-y
2)|2x-y|<1; 5) Jx+y <L;
3|2x-yl|<x+y; 6) Vx-2y-1<Jx—y.
20.10." 3o6pasiTs rpadik HepiszocTi:
8. 8, 12, 12
l)x>;. 2) y< et 3)y;3x, 4) Iy:»l.
20.11." 3ob6paziTs rpadik mepisrocTi:
8 _2, S e
1 y>-1 2 x<-2; B S<-1.

20.12." 3o6pasiTs rpadik HepiBHOCTI:
1) +y-DJx?+yi-1<0; 2) x+y-DJx2+y2-120.
'0.13." Bo6pasits rpadik HepiBHOCTI:
1) 1-lxl@-xH>0; 3) (y+x+ Yl +y?-2<0.
2) f1-[x|@-x<0;
20.14." fIixa dirypa € rpadikom Hepissocri | x + y |+ |x —y | < 2?
20.15," fIxa ¢irypa € rpacdikom mepismocti | 2x —y |+ | x + y | < 67
20.16." 3o6pasits rpadik HepiBHOCTI:
1) ] 2%+ y* — 4x | < 2x; 3) Vx*-1< J2xr+1- 2.
Dl -yl<y-1;
20.17." Bobpasite rpadik HepiBHOCTI:
)| 2-y|<x*-1; )|+ -2[<20x+y).
2)|P-1|>244°-1;
20.18." 306pazite HA KOOPAMHATHiIN IUIONHHI Xy MHOKHHY TOYOK,

KOODAHHATH AKHX 3810BOJILHAIOTH yﬂﬁﬁy:
1) max {2x; 1} = 2* + % 2) min {y; 2y — 1} = x°.

20.19.” Bo6pasziTe HA KOOPAMHATHiA MIOIUHI Xy MHOMKHHY TOYOK,
KOODAMHATH AKWX 3aM0BOJLHAIOTE YMOBY:
)max {x*+ >~ 1; 8} =x% 2)min {x% | x|} =p.
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§ 4. CUCTEMW PIBHAHb | HEPIBHOCTEW 3 IBOMA 3MIHHKMW

20.20.” 3uaiigiTe yci SHaYEHHA NapaMerpa a, NP AKUX CHCTeMa He-
; . {xz+a+4x+3€0. "
PiBHOCTEH MA€ EAUHHUNA PO3B’A30K.
2a-x+220
20.21." BuaiigiTe yci 3HaYeHHA nNapaMeTpa a, IPpU AKUX cHcTeMa He-
piBHOCTE# {xz —resy Mae €MHMIT PO3B’A30K.
x*+2x-8a<0
20.22." Ilpwn sAKkux 3HAYEeHHAX NapaMerpa ¢ CUCTEMAa
{:ﬁ ~(Ba+1)x+2a%+2a<0,
x+a’=0
20.23.”" IIpu AKX SHAYEHHAX NapaMeTpa @ CUCTEMa
{x’ +(a+2)x+4a*+2a <0,

x*+a’=4

Mae po3B’A3KU?

Ma€ po3B’A3Ku?

20.24." 3uaiiniTe yci sHAYeHHA DapaMeTpa 4, TIPH AKHX HEDPiBHiCcTH
2> | x + a |+ x* mae xoua 6 oaAME AOAATHMII PO3B’AZOK.

20.25.* Ilpy sSKWX 3HAYEHHAX IapaMeTpa a cucTeMa HepiBHocTel
{|2x—a|+|x+a|<6, 2
2% +x-2a > 2
1) po3B’A3KH;
2) eguHuil po3B’ABOK;
3) tinekm Big’eMHI po3B’A3KY;
4) TinEKH ZONATHI pPO3B’A3SKM;
5) TinbKH O3B’ ASKHM, 1110 38/I0BOJLHAIOTH YMOBY | x | 2 1;
6) MHOXUHY pO3B ASKiB, Mo MicTuTe He Oiabllle ofHOro Iijzoro
yucaa?

ae:

Po3B’'A3yBaHHA 3a4a4 3a AONOMOrol0 CUCTEM
piBHAHDb | cUCTEM HepiBHOCTEN

PosrnaneMo 3ajgavi, v AKHX CHCTeMH PIiBHAHb i CHCTEMH He-

PiBHOCTe#l BHKOPHCTOBYIOTHECH fAK MaTeMaTH4HI MOJeli peanbHHX
CHTYamii.
MPUKNAL 1 3 gB0ox nyHKTIB, BiICTAHb MiXK STKMM¥ JOpiBHIOE 18 KM,
BHDPYIIHJIM OZHOYACHO HA3YCTPIY OJMH OZHOMY ABOE TYPHCTIB i 3y-
cTpinmnca 4epes 2 roa. 3 fAK00 LWIBHUAKICTIO MIOB KOMXHUE TypHCT,
AKILO AJIA NPOXOMKeHHA BCiel BLICTaH] MiXK DYHKTAMH OZHOMY 3 HUX
noTpibHO Ha 54 xB Ginbiue, HiXK Apyromy?
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21. Po3g'si3yBaHHs 3334 3a [10MOMOrOI0 CUCTEM PIBHAHB | CUCTEM HEPIBHOCTEN

Poig’azannsa. Hexalt meuaKicTh Neplioro TYPHCTA AOPIBHIOE
\ KM/TOf, a Apyroro — y KM/rox, x < y. o aycrpiui nepmuii Typuct
npoituios 2x kM, a gApyruili — 2y kM. Pasom BoHM mpoimnn 18 kM.
lopi 2x + 2y = 18.

Yecw BigcTaHe MiX DYHKTAMH HepluMil TypHCT IPOXOAHUTL 38

18

H P s
roa, a Ipyrui — 3a rog. OCKiIbKH NeplioMy TYPHCTY AJA

HPOXOIIKeHHA Hiei Bigcrani morpibHo Ha 54 :m:i ron 6Ginbine,

10
; 18 18_ 9
K Apyromy, To — 7 i

OTpumMyeMo cucTeMy PiBHAHL

2x+ 2y =18,
18 _18_ 9
x ¥ W

x+y=9, x=9-y,
T+ 3 1 1% @& %

x gy 10 |9-y § 10
Posp’AszaBinn gpyre piBHAHHA OCTAHHBOI CHCTEMH, OTPUMYEMO:
y, =5, y,= —36. Kopins ~36 He mizxoxuTs 3a amicrom sajaui. OTe,
y=56, x=4.
Bidnosids: 4 kM/Toa, 5 KM/ToA.

NPUKNAL 2 [isoe pobiTHUKIB MOXKYTH PA30M BHKOHATH AEeAKY pO-
6ory 3a 10 guis. Ilicna 6 guiB cmineHOl poGoTH ofuH 3 HUX 6yB nepe-

Befienuii Ha inmy po6oTy, a Apyruit NpoJioBKyBaB mpaniosaT. Yepes
2 nmi camocriiinoi poborm apyroro 3'scyeanocs, mo 3pobieHo

% Bciel po6otu. Ba cKiNBKM AHIB KOXHUN PODITHHMK MOMe BUKOHATH

Bclo pobory?
Posze’azarna. Hexail nepiauii poSiTHUK Moe BHKOHATH BCIO poO-
60Ty 3a x gHiB, a Apyruit — 3a y aHis. 3a 1 geHs nepmuit pobiTHHK

BHUKOHY€E i yacTuHy poborm, a sa 10 auis — % yacTHHY poboTH.
Jlpyruii pobiTHME 3a 1 neH:E BMKOHYE i YyacTUHY poboTH, a 3a

10 gniB — % uacTuny poborn. Ockineku 3a 10 grie coinkHol npa-

19,20 .1,

1l BOHA BHKOHYIOTH BCIO poboTy, TO »
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§ 4. CUCTEMM PIBHAHb | HEPIBHOCTE! 3 IBOMA 3MIHHUMU

Ilepmmnit pobiTENK npaniosas 6 AHiB i BUKOHAB % YacTHRY polio-

TH, a APYTHii ppamiosas 8 nHiB i BUKOHAB E yacTaHy poborH. OcKine-

KH BHACJIOK nboro 6yj0 BHKOHAHO % poboru, TO %+% 2

=—.

w

OTpuMany CUCTEMY PiBHAHB:

+—-=1,
x B
R
x+y—3'

pose’askomM sikoi € mapa umcen x = 15, y = 30. Orxe, nmepmuii
poGiTHUK MOMe BHKOHATH BCIO pobory 3a 15 auis, a gpyrmit —
sa 30 guiB.

Bidnoseide: 15 gris, 30 auis.

NPUKNAL 3 Iloisg yepes 2 rox micsiA BUXOAY 3 TYHKTY A synUHHBCA
Ha 1 roa, a moTiM IPOAOBXKME CBill NMUIAX, 3MEHIIWBIIN IIBHAKICTE
Ha 0,2 mowarxkosoi meuaxocti. Iloisg npubys y nyHkT B i3 sanis-
HeHHsaM Ha 3,5 roa. Akbm noisx synuamsca Ha 180 kM 6audkue no
nysktry B, To BiH npubye 6u mo nmyHkTy B i3 sanismeHHAM smire
Ha 1,5 rop. 3uailifgiTe BigcTans Mixk nmyrEkTaMu A i B.

Posg’azannn. Hexail s kM — BigctaEs Mixk nysxktamm A i B,

v KM/TO — mouaTKOBa wBKAKicT noisga. Toxi -:? rox — 4ac, npo-
TArOM SKOro moiag maB 6 3HAXOAMTHCH y Aoposi, Axkbm pyxascs
3a po3kyazoM. 3a mepuri 2 rog nmoisxg npoiuoB BiAcTaAHB, AKA AOpiB-

HI0€ 2v KM, 8 3aJIMIIOK NUIAXY BiH imos 3i meuakictio 0,8v kM/roz.
Toni wac, axkuit moisa BMTpPATHB Ha HNUIAX BiX A mo B, nopieHioe

8-2v .
0,80 + 3) roa. OrpuMmyemo:

-==3,5.
( 0.8 3) 3
Mipkyoun AHANOri4HO, CKJIAJAEMO ApyTe PiBHAHHA CHCTEMH:

180 , s-180-2v 8
(—5—-+ 0.8 +3) v—1.5.

OTxe, cucTeMa PiBHAHL MA€ BUIJIAA!

(080 +3)—_-3’5

180  5-180-2v .\ 5 _
(v+ 190 +3) £-15.
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21. Po3e'A3yBaHHA 3aa4 33 [ONOMOrOI0 CUCTEM PIBHAHB | CUCTEM HEPIBHOCTEA

BigniMaroun Bij nmepmoro piBHAHHA CHCTEeMH Jpyre, OTPHUMYEMO:
180
0, 80
u = 270.

Bidnosidv: 270 kM.

NMPUKNAA 4 [Inax opoxoauTs Yyeped NyHKTH A i B. BemocunegucT
nUixXaB 3 OVHKTY A B HanIpsAMKY Ao nysHxTy B. Bognouac 3 nyskry B
BUALIIE 3 OZHAKOBOIO MIBMAKICTIO JBa MilTOX0[H: Mepuii — 0 IyHK-
1y A, APYTE# — Y NPOTHIEKHOMY HanpaMKy. Benocuneaucr ayerpis
nepmoro mimoxoaa depes 0,3 rog micas suisgy 3 nyHKTY A, a gpyro-
1'0 Hagfgorsae yepea 1 roa micas MoMeHTY npoispy yepes myHKT B.
BugHauTe 9ac pyxy BejiocMNeAucTa Bif nNyHKTY A o nyHKTy B.
Poze’szannn. Hexait 8 kM — Biacranes Mmix nysHkTamu A i B,
v, KM/TOA — LIBMAKICTH BeJOCHIEAMCTa, U, KM/TOA — MBHAKICTE
KOKHOIO IiInoxoAa. 3ayBaxXuMo, Mo 4Yac, NoTpibHUH BeloCHIIeAUCTY

—% = 2. 3sigen v = 22,5. Tenep HeCKNaAHO OTPHMAaTH, INO

. . . . . 8
JUIA NofoNaHHA Biacrani mik nmyExTaMu A i B, aopiBHIOE = rog,
1

a BifcTaHh Mixk HHM i gpyrum nimoxogoM y MOMEHT HOro mnpoisny

; 8V, .
yepe3 MyHKT B AopiBHIOBaTHME = kM. Toal MoxxHA 3amucaTH:
1
s _ 3
= 3nt
v +v, 10

... SR
v, (v —v,)
Ilopimumo mouneHHO JiBi i mpaBi yacTuHM piBHAHE CHCTEMH.
Maemo:
E:—g’—’:—:%ﬁ = -1%— a6o nicna nepersopens 10v] —13v,v, —3v; = 0.
OcraHHE piBHAHHSA PiBHOCHJIbHE PIBHSHHIO

2
10(1‘1) = 13[3L] -8=0,
L Uy

- .
3BificH 3 ypaXxyBaHHAM TOTO, IO 38 YMOBOIO 3aj1ayi v—‘ > 0, orpm-

2
. o
MYEMO ;‘r— = %, TobTo v, = gul. IligcraBMMO OTPUMaHM BHpAa3 AJs
2

3

v, y nepme PiBHAHHA CHCTeMH:
8 3

. 8 __}_
3 T 3Bigcu i 5
UI'I‘EI'J']

Bidnoeide: —;— rof.
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§ 4. CUCTEMMW PIBHAHb | HEPIBHOCTEM 3 IBOMA 3MIHHMU

NPUKNAA 5 3a xoHTpoaBHY pobOTY 3 MATEMATUKH YYHI OTPAMAJH
OIiEKH «9%, «10%, ¢11s, «12s. Oninku «9», ¢10s, «12» oTpEMana
ONHAKOBA KiNBKicTh yuHiB, a oninok <«1l» Gyno mocraBneHo Ginb-
e, HiXK peluTy iHIIKMX OUiHOK, y3aATHX pasoM. Oninky Bume «10»
orpumaso meHie 10 yuniB. Ckinbku oninok «10» i CKiIbKHK OLiHOK
«11» Gyno moeraBaeHo, AKIIO KOHTPOJBHY PoOOTY NUCATIA He MeHIe
12 yunin?

Posza’szanna. Hexait ouminku «9», «10», «12» oTpumann mo
X y4HiB, a oniEKy «11s — y yuHiB. Ockinbkn oninky «11» oTprMano
Ginbme yuHiB, Hix pewmTy iHIINX OLiHOK, Y3ATHUX pasoM, To y > 3x.
Ouiaxy sume «10» orpumano mexwe 10 yuuis, Tomy x + y < 10.
OcKinbKu KOHTPOJNBHY poboTy nucanu He meHme 12 yuyHiB, TO
3x + y 2 12. Orpumanu cucreMy HepiBHOCTeIL:

’ y > 3x,
x+y<10,
3x+y»12.

Toni x + y > x + 8x = 4x; 4x < 10; x < 2,5.

OckiabKM ¥ — IIile HeBif'€MHe YMCJIO, TO 3 HepiBHOCTI x < 2,5
BumIuBae, mo x = 0, abo x = 1, abo x = 2.

y>0,
Ilpu x = 0 orpumMyemo cucremy <y < 10, Axa poss’saskis He Mae.
y=12,

y>3
IIpn x = 1 oTpuMyenmo cucreMy (y <9, fIKa TAKOK pO3B’HA3KiB
y=29,
He Mae.
y>6,
Ilpu x = 2 maemo: <y <8, spigrn y = 7.
y 26,
Orsxe, omiHky «10» orpumanu 2 yuhi, oniaky «11ls — 7 yunis.
Bidnosids: 2 yuni, T y4niB.
MPUKNAL 6 O 6 rox panky 3 myHKTY A 10 TyEKTY B 32 Teuiero piuku
BMPYIIMJIHX 4YoBeH i kaTep. Yosern npubys y nyukT B o 16 rog Toro
camoro nua. Katep, aifinrosmu no nyHkTy B, onpasy noeBepHyB Hasa
i Ha CBOEMY IIJIAXY 3 OYHKTY B A0 NyHKTY A 3ycTDiB 4OoBeH He MisHi-
e Hi’k o 14 rog, a npubys y nyHKT A He pariuie HiXK 0 22 rom Toro

caMoro aHs. 3HaitaiTe uac opubyTTA KaTepa y NyHKT B, akuo ioro
BJIACHA IIBMJKICTE yABiui Ginkllna 3a BJAACHY LUBHAKICTE YOBHA.
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21. Po3B'A3yBaHHs 330a4 3a AONOMOTOI0 CUCTEM PIBHAHD | CUCTEM HEpIBHOCTE

Posa’sazanns. Hexail x kM/rog — BJacHa mMBHIKiCTE 4OBHA,
§ KM/rog — IIBHAKicTL Teuii piuku. 3a yMOBOIO YOBEH, PYXalOUHCh
an Teyiero, npubys y nyHkT B yepea 10 roa nicas Buxoay 3 NyHKTY A.
‘T'oxi Bigcranes Mik nyHKkTamMu A i B nopiexioe 10 (x + y) kM.

Karep pyxases 8 MyHKTY A B OyHKT B 3i meuakictio (2x + y) km/rog,
n Haszag — 8i mBHaKicTo (2x — ¥) KM/ro/l, & TOMY BUTDATHB HA BeCh
10(x + g) § 10(x + y)

2x+y 2x -y

HLIAX ( ) rog. OrpumyeMo HepiBHiCTB:
10(x+y) , 10(x+y)
e + e 2 16.

o momenTy sycrpiui yoBed i karep Oysam B goposi He Ginbime
8 rox. 3a neit uac yoBeH npoitios He 6iabiue HiXK 8 (x + ¥) KM, oTKe,
Katepy nicas sycrpiui sanummuiocsa npoiiTn He Ginepme HiM
8 (x + y) kM npotu Teuii. [fo MoMeHTy 3ycTpiui KaTep sHAXOZUBCH
B noposi He Ginbie 8 rog, a oT:xe, Ha Bech mAAX 3 A go B i Hazan

8(x+y)

KaTepy sHazoOunoca He Ginbiue (8+-—2x—_:—] rox. Orpumyemo 1ie

OJHY HepiBHICTE:
10(x+y)  10(x+y) < 8(x+y)
e + 2y 8+——-—2x_y.
3anuiueMo OTPUMAHY CHCTEeMY HepiBHoOcTeli:

10(x + E).,. 10(x + ) > 16,
2x +y 2x-y

10(x+y) , 10(x+y) B(x+y)
2x+y ¥ 2¢ -y SR 2x-y '

Vpaxosywoun, mo 2x + y > 01 2x — y > 0, MoxkHa 3ammMcaTH:

5(x+y)(2x - y) + 5(x +y)2x +y) > 8(4x* - y*),

5(x +y)(2x - y) + (x + ) (2x + y) < 4(4x" - ?).
3x? - 5xy - 2y* <0,
x?-2xy > 0.
Sy%? -5yt -2y* <0,
v -2y% > 0.

Ilicns mepeTBOpeHL OTPUMYEMO CHCTEMY {

3pobumo zaminy x = yt. OrpumMyemo {

32-5t-2<0,
-0,

OcraHHA cUCTEeMa Ma€ €AMHHE AoAaTHMMN posB’sisok t = 2.
3aBepiiTe po3B’A3yBaHHA caMoOCTiiiHO,
Bidnosids: 0 12 rog.

V¥paxosyioun, mwo y > 0, MokHa s3anucaTH {
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NPUKNAL 7 Asianiniio, saxa sp’asye micra A i B, obcayroByioTs
aitaku Tpeox Tunis. KosxHmil niTak mepioro, Apyroro i TpeTnoro
THIIB MoXe NpuiiHATH BiagnoeigxHo 230, 100 i 40 nacaxkupis. Vei
niTaky jaiHil MOKYTH ogHOYACHO nepeBeaTn 760 nacaxupis. CKintbKH
JITAKiB KOXKHOrO TUMY 0OCAYrOBYIOTH 110 aBianiuio?

Poze’asarna. ITIosaHauMMO Yepes x, Y, 2 KiIbKicTs JiTakis nepmoro,
Apyroro, Tpersoro Tuny sianosisgo. Toai orpumyeMo cucremy:

230x + 100y + 40z = 760,

xeN,
yveN,
zeN.
23x + 10y + 42 = 76,
3sijncu .
.|lyeN,
zeN.
3 piBHAHHSA CHUCTEMH BHILINBAE, 110 X — Napue yuciao. Kpiu Toro,
23x =76 - (10y + 42) < 62. Tozi x < -g—g-. a oTKe, X = 2.
3 ypaxyBaHHAM 3HAUZEHOrO 3HAYEHHA X OTPHUMYEMO CHCTEMY:
10y + 42 = 30, 5y + 22 =15,
yeN, abo {yeN,
zeN zeN.

3 piBHAHHA OTPUMAHOI CHCTEMH BUILTHBAE, IO 2 — YHACNO0, AKe KPaT-
He 5. Kpim Toro, 2z=15 - 5y < 10. 3Bigcu 2 < 5, aorxe, 2= 95, y = 1.
Bidnosidv: 2 nitaxu, 1 airax, 5 airaxis.

21.1.° I'inoTexnysa NpAMOKYTHONO TPHKYTHHUKA AopiBHIoe 13 cM, a #Horo
mwioma — 30 em’. BEaMiTL KATETH [BOrO TPUKYTHUKA.

21.2." [lepuMeTp NPAMOKYTHOrO TPHKYTHHKA fAopisHioe 40 cM, a oquH
3 Katetie — 8 cm. 3HaiifiTe Apyruil kaTeT TPHKYTHMKa 1 Horo
rimoreHysy.

21.3.° Ilnoma npaMokyTHUKA popismice 180 cwm’. fxmo oxny oro
CTOPOHY 3MEHINUTH HA 3 cM, a APYry — Ha 2 cm, To iioro nioma
nopisHoBaTMe 120 cv®, BuailaiTe mouaTKOBiI poaMipu mpaAMO-
KYTHUKA.

21.4." SIxmo ZOBXKHHEY NPAMOKYTHHKA 3MEHIIATH HA 3 CM, a INAPHHY
ab6imsmuTy Ha 2 cM, TO Horo mroma ab6iasmmTECcH Ha 6 cv?. Hxio
AOBMUHY NPAMOKYTHHKA SMEHIOWTH Ha D CM, a4 IIHPHHY 36inb-
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i L3
WHTHE Ha 8 cM, TO NioHIa MPAMOKYTHHKA He 3MiHUThCH. SHAHAITE

CTOPOHH JAHOIO NpAMOKYTHHKA.

21.5." [Ipa MoTonMKJiCTH BHiXaau ogHoYacHo 3 MicT A i B nasycrpiu
ofiuH offHOMY. Yepes rogMHy BOHHM 3YCTPIJIHMCH i, HE 3YNIUHAIOYUCS,
MpOAIOBKUIIM PYXATHCH i3 Tielo camoro mBuAkicTiO. OfUHE 3 HHX
npubys y micro A Ba 35 xB panime, Hix Apyruit — y micro B.
3HaHAITE MBHAKICTS KOZKHOM0 MOTOLHMKIIICTA, AKIIO BiACTAHB Mi
MicTamu cTaHOBUTH 140 kM.

21.6." 3i craunili M no crauuii N, Bigcranp Mijk AKHMH JOPiBHIOE
450 kM, BHpYmIHMB mBMAKKHA noisg. Yepes 3 rox micas uworo 3i
craunii N go crannii M suiimos ropapHuii moisa, sxkuit sycrpiscs
3i mBHUAKMM 4Yepes 3 roa micasa ceoro Bmxogy. LIBmaxmii moisg
Aona€ BifcTans Mix crannoismmu M i N sa 7 rog 30 xB mermue,
Hi)xX ToBapHMii. 3HANAITE WIBHUIKICTL KOMHOIO moisaa.

21.7." 3 ogHOro micra B ixwe, BiacTanb MiXK AKuUMU gopiBHioe 240 KM,
Buixanmu oaHoyacHo aBTobyc i aBTromobine. Asrobyc mpubys no
TNYHKTY OpU3HAYeHHSA Ha 1 rog nisaime 3a aBToMo6inb. 3HAUAITE
wsnAKicTe apToMobing i aBrobGyca, AKINO 3a 2 roa aBTo6Gyc mpo-
xmrae Ha 40 km 6inpiue, Hixk aBToMobilb 3a OAHY r'OAMHY.

21.8." TypueT npoILIUB HA JOBHI o piuni Bix mpucraHi A 1o npu-
crami B i nosepuyBes Hazax 3a 6 roa. 3HalAiTe MIBUAKICTE Teuil
piukH, SAKIIO 2 KM 3a TeYi€l PiYKM TYPHUCT NPOMJINBAE 3a TOM
camuii gac, wo i 1 kM nmpoTH Teyii, a BilcTaHs MiXK TpHCTAHAMH
A i B cTaHoBHUTE 16 KM.

21.9." IBa npusATesJi B OAHOMY YOBHi NPOMAMBIM Mo piuni Ba3goBx
Gepera i NOBEePHY/JIHUCA THM CAMMM HINAXOM 4Yepes 5 roj micasa mMo-
MeHTY BIIIIHTTA. ¥Bech maax ckaas 10 kM. Koxxui 2 kM npotn
Tegii BOHM IPONJIMBAMM 38 ToiMl caMmil yac, mo i KoXHI 3 KM
3a Teuier. 3HaitAiT, MBHAKiICTE Teuii.

21.10." Tennoxin npoituios 3a Teyierw piuxkm 100 kM i nporu Tewii
64 xM 3a 9 roz. 3a neit yac BiH Mir npoiiTa 80 KM 3a Teuiero i 80 kM
nporu Tewii. 3HalAITE BIACHY MBHAKICTD TEIJIOXOZA.

21.11." Karep npoxoauts 48 KM npotn Tedii piuku i 30 kM 3a Teqieo
piuxu 3a 3 rof, a 15 kM 3a Teuielo Ha 1 rog mBuAme, Hix 36 kM
nporH Tevil. 3HalifiTe BracHy mBMAKICTD KaTepa i mMBUAKICTE Teuil.

21.12." 3 micT A i B, Bigcrans mix axumu 40 kM, oZHOYACHO HA3y-
cTpid OJWH OZHOMY BHiXanW [BA BEJIOCHIIEJMCTH, OJHH 3 AKHX
npubys y micro B uyepes 40 xB, a Apyruii — y micro A uyepes
1,5 roa micaa aycerpivi. 3xailiaiTe MBUAKICT, PYXY KO¥KHOIO Be-
JIOCHTIETHCTA.
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21,13, 3 mBox nyHKTiB, Bigcrame Mixk skpmu 180 KM, ogHOYACHO
HAasyCTpiuY oguH ofHOMY Buixand ABa aBToMoOimi. Ilepmuii aBro-
mobink npubys y apyruit nyskT Yepes 1 rox 36 xB micasa syerpiui,
a apyruit aroMobine npubys y nepruuii nyHKT 9epes 2,5 rox micas
sycrpidi. 3HaligiTs IBHAKICTE KOMXHOrO aBTOMOGLIA.

21.14." Biacraus mik ceramu M i N popisHioe 36 kM. Is cema N
Buixae Benocuumeauct, a 4yepes 0,5 rog Hasycrpiu oMy 13 cesa
M Bpixas apyruii BejocHIleaHuCT, MBNAKICTE gaxoro Ha 6 xM/ron
finbina, Hi MWBHAKICTS Nepmioro. SHalAITE IBUAKICTE KOMKHOrO
BEJIOCHIIEAMCTA, AKINO BOHH 3ycTPiNucs Ha cepeawHi KOpOry Mix
cenamMa M i N.

.10, IlBa aBToMOGLIL BHIXaJH OAHOYACHO 3 OZHOTO NYHKTY B OAHOMY
HanpAMKy. [lIeugricTs nepruoro apromobing 50 kM/ron, a Apyro-
ro — 40 km/rog. Yepes 0,5 rog 3 Toro » OYHKTY B TOMy CaMo-
My HAUPAMKY BHixas Tperiii aBromobine, AKknit 00irHaB mepIIui
Ha 1,5 roa misHimme, Hi;K Apyruil. 3HaWAiTh MBHUAKICTE TPETHOIO
aBTOMODLNA.

21.16." Biacraus mix npucranamu A i B gopisrioe 28 k. Karep, Bupy-
LUMBIIN Big npucTaHi A 10 npucTaHi B, yepes 2 rop micyd nodaTky
PYXy 2yerpis nuit, ignpasaesuit Big npucrani B aa Teuiero piuxu
3a 2 rog Zo MOYATKY pyxy Karepa. 3HAHAITS IIBUAKICTE Teuil pidykn
i BIacHY IIBHAKICTH KaTepa, AKINO KaTep IpoxoauThk BifcTadb BiA
mpucraHi A go npucrani B i mosepraeTscd Hasazx s3a 4 rox 48 xB,

21.17." Maca kycxa ofHoro Mertany ZopiBuioe 336 r, a apyroro —
320 r. 06’em kycka nepmoro meraty Ha 10 cm® menmuit Big 06’emy
JIpyroro, a rycTHHa mepimoro — Ha 2 r/cM® Gigbiia 3a rycTHHY
Apyroro. 3HaiJiTE I'YCTHHY KOMKHOTO METANY.

21.18." [ei 6puraiu, Opauniowyu pasoM, MOMKYTh BHKOHATH BMpOG-
HHue 3aBAanHs 34 8 guiB, AKIo nepina G6purajga, MpaniolYM ca-
MocTifiHO, BUKOHAE % gaBAaHHA, & motiM Ii aminuTs Apyra Gpu-
rajza, To saBaaHHA Oyze BuxoHase 3a 20 aHiB. 3a CKinbKM AHIB
KoxHa Opuraza Moxxe BHKOHATH [Ie BUPOOHWYe 3aBIaHHA, IPAIio-
10un camMocTifino?

21.19." fIxkmo BigrpuTH ogHOYACHO ABi Tpy6H, TO Baceitn Gyze Halo-
BHeHO 3a 12 roa. Slkmo cnoyaTKY HAMOBHIOBATH OacedH TiMBKH
yepesa mepiuy Tpy0y npoTAroM 5 rof, a noTiM TiNBEKH Uepes APYTY
oporaroM 9 rof, To BoAoo OyZe HAIOBHEHO NOJMOBHHY Gaceliny.
3a CKIMBKH rofguH MOXKe HANIOBHUTH OaceilH KoxkHa Tpy0a, npa-
uowour caMmoctiiino?
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21. Po3B'A3yBaHHA 3afa4 3a JONOMOrolo CUCTEM PIBHAHD | CUCTEM HepiBHOCTEN

21.20." lBa TpakTOpMCTH, IPAIIOOYH Pa3oM, MOMKYThL 30paTH Moje
3a 6 roz. ko mepmMit TpaKTOPUCT MpAalllOBATMME CAMOCTiHHO
4 roj, a moTiM iOro aMiHMTL APYTH, TO Hel TPAKTOPHCT 3aKiHYNTE
opasKy 3a 9 roa. 3a axuii yac, NpamioKYy CaAMOCTiHHO, MOKe 30-
pPaTH MoJie KOXEH TPAKTOPHCT?

21.21.° Ilo 6aky mictkictio 500 m® nizsegeno Tpu Tpy6u. IIporarom
nesHoro Yacy Ao 6aky, AKmii cioyaTky OyB IMoposHiM, moJaBau
Bogy Tinbku uepes nepiy Tpyby. IloriM mepmy Tpy6y saxkpmin
i sigrpwaan gei iHoi rpy6u, AKi npamoOBaIK PA30M J0 HATOBHEHHA
Hanra, NpUYOMY Ui AR TPYOM NponpamoBaiv BABIMI gopmie, Him
nepma. Ax6m ui asi Tpybm npamwosanu 12 rog 30 xB, TO BOHHU
nopann 6 y 68K CTIILKH )X BOAM, CKLIBKH NojaJa Iepima Tpyba
aa yac cBoei poboru. 3’aAcyiiTe, CKLIBKHK Yacy mpalnioBana nepiia
Tpyba, AKLIo Bigjomo, 1m0 yepes Hei go faceiitHy 1[OXBUJIMHHA HaZ-
xomuno 300 i BoaH.

21.22." 3 nyukTy A A0 nVHKTY B Bmiimos ToBapHMil mnoizx. Yepea
5 rog 3 nyskTy B y NyHKT A BUMIIOB MacasKupceKuit noiaz. 3yerpi-
Jsiucs BouM B nyHKTI C. Big C xo B ToBapHUii moisa iimos 4 rox,
a nacaxupcernii Big C no A — 6 roj. 3a CKiIbKH roguH KOMKHUKT
1oisg MOke MOA0NaTH IUIAX Mk A i B?

21.23." IIsa cnoprcMeHH BuOirajpThk OgHOYACHO: mepiumii 3 A B B,
npyraii 3 B B A. Bouu 6ixkats 3 pisHEMH IBHAKOCTAMH i 3yCTpi-
yarorbea Ha piacrani 300 m Big A. IlpobGirmm popixkky AB mo
KiHDA, KoXXHMI 3 HUX 0[lpa3y NOBepPTAE Ha3aj i aycTpivae iHIIOTO
na Bificrani 400 M Bix B. 3Haiigits nosxuBEy AB.

21.24." Tpu nnaBni MapoTk NPOIIMACTH AucTaHUio Big A no B i Ha-
3an. CoouaTky crapTye mepiuuii, uepes 5 ¢ — gpyruii, a e yepes
5 ¢ — rtperiit. Jeaky Touxy C, fika suaxoauTtses Mixk A i B, yei
nnasni HA mMARXY o B npoltwnu oxmovacHo, Tperiit naaseus,
npomuBIIK 0 B i noseprapouunck Hasax, 3ycTpis Apyroro sa 9 M,
a nepmroro — 3a 15 M Bix B. 3naligiTs msuikicts TpeThoro IJIAE-
s, Ko aucraHnis AB popisxioe 55 M.

21.25.” 3 nynkTy A 10 nyHKTY B 4yepea piBHi IPOMIMXKKH 4acy BiAlpas-
aaioThes Tpu aBromobini. o nyEKTy B BOHM npubyBaioTs OTHO-
YacHOo, MOTiM BUINMKAIOTh ¥ nyHKT C, AKul JexHTh Ha BiAcTani
120 x™ Big nyHKTy B. [Tepunii aBromMobine npubyBae Tyau Yepes
roauny micaa apyroro. Tperii asroMo6ine, npubysmun B nysaxT C,
ofpasy moseprae Hasax i Ha Bigcrani 40 kM Big nynxTy C sycTpiuae
nepmnit, 3EaiiAiTh MBUARICTE HEpIoro ABTOMOOLIA.

203



§ 4. CUCTEMW PIBHAHb | HEPIBHOCTEW 3 ABOMA 3MIHHAMW

21.26." 3 nynkTy A n0 nyHKTy B Buiimop nimoxia. Veria 3a Hum

yepes 2 roj 3 NyHKTY A BHiXaBs BeJIOCHIIeaucT, a e gepes 30 xB —
moTonuKiicT. Yepea Kinska xpuiann nicas puisay MmoronuKaicTa
BUSBHJIOCH, IO A0 LLOr0 MOMEHTY BCi Tpoe HOAONANH OZHAKOBY
YaCTHHY MUIAXY Bil DyHKTY A A0 nyHKTy B. Ha ckinbkm xBunmu
panilne Big mimoxoza y nyHKT B npubye pesocunezmcer, SKILO
nintoxia npubys y nyHkt B Ha 1 roa nmisuime sa MoronuxJicra?

21.27." llpuctads A 3HAXOAUTLCA BUUIE 334 Teyiero piuxkwy, HiX npm-

crafsb B, Big npucraneii A i B ogHo4yacHO HA3yCTPiY OgHH OXHOMY
NOY8JH pyX NaiT i moropumii yoBeH. [licraBiiuce npucrasi A,
YOBEH HeraiiHO MOBEPHYB HA3aj[ i HA3JOrHAB IJIIT y TOH MOMEHT

Yacy, KOJH BiH npoIuB % Bigcrani mixk npucranamu A i B. 3na-

#HaiTh yac, AKMI BUTPAYaE ILUIIT HA IMAMAX Bij Npucradi A 10 OpH-
crafi B, ARmo BiIoMO, 1[0 MOTOPHUII W0BeH MPOIIJHBAE BiJ IPH-
crani B go npucrtaHi A i sazax 3a 3 ron.

21.28." ¥V nBa ogHakoBi 6aceiiHH OJZHOYACHO MMOYAJH HAJIMBATH BOAY.

Ilo nepioro GaceitHy HaxXoAMTh 3a roguny Ha 30 M° 6inbine BOAM,
Hix g0 apyroro. ¥ Aeskuit MoMmeHT B 0ob6ox OaceiiHax pazoM BM-
SABUJIOCH CTLIBKM BOAM, CKiJILKY CTAHOBUTE 06’€M KOMHOrO 3 HUX,
ITicna nsoro yepes 2 rog 40 X8 HANOBHUBCA neplInii 6aceiis, a me
gepes 3 rog 20 xg — apyruit. CKIIbKK Bogu HAXXOAMJIO 38 MOAVHY
10 KOMKHOro baceitny?

21.29.” Bins 6ypuuky poctyrs Jund | 6epesu, npuYoMy 3aranbHA ix

kinpkicTs He menwua Big 14, fAxkuo 36inpmuTH BABIYI KiaBKicTh
nur, a KinekicTs Gepia abinsmuTy Ha 18, To Oepis crame 6imbine,
Hix aan. Axmo »xk 36iaemuTH BABIYi KinbkicTs Gepis, He 3MiHIO-
IOYH KinbKocTi nMO, To aun Bce oaHo Oyae Oiabioe, Hixk Gepis.
Ckinbku jmumn i ckinbku Gepia pocre 6ing GyguaKy?

21.30.” IIsa asTOrocrnogapcTsa BiAIIPABHUIM KinbKa MAIIUH ANA 1e-

peBesenHs paHTaxXy. KinbkicTs MalIuH, BignpaBieHUX 3 APyTOro
aBTOTOCHOJAPCTBA, MEHINA Bia roJBoeHOI KinbKoCTi MammuH, Bin-
npasjieHHX 3 nepmworo. Hxk6u mepiie aBTOrocrofapeTBo BiAIpaBHiIo
Ha 2 MamruHY Oinplne, a Apyre — HA JBi MeHIIe, TO MAIIIKMH 3 ADPY-
roro aBrorocnogapctBa 6ysno 6 Ginkime, Hixk MamuH 3 Depiioro.
Cxinbxu Mamus 6yJ10 BiANpapieHo 3 KOM¥HOrO ABTOrOCIOAaPCTBA,
Ko pasoM Gyso Bianpasneno He Ginbue Hisk 18 Mmammnu?

21.31.% O 7 rox panry BiA nepuoro Dpu4any BifNJHMBIN JBa YOBHU.

CnouaTKy BOHHM IUJIMBAM 8 KM MO 03epy, a4 moTiM 5 KM 3a Tediern
piuxkH A0 apyroro npuyany. Ilepiiuii YoseH NPHIJIMB A0 Micos
npusHa4YeHHA He nisHime 9 rox 50 xB, a Apyruil — He paHiue

204



21. Po2B’s3yBaHHsA 3324 32 JONOMOroI0 CUCTEM PIBHAHDL | CLUCTEM HepiBHOCTEN

10 rox 40 xB Toro camoro ausi. JoMy A0piBHIOE LIBHAKICTE KOMXK-
HOro YOBHA B CTOAYII BOAL, AKIIO IIBUAKICTE TEUil PiKH AOpiBHIOE
2 ¥M/rof, a MBMAKICTE IPYroro 9OBHA B ¢TOA4YiIR BOZL cTaHOBUTEL
75 % Big mMBHAKOCTI mepiioro YOBHA B CTOs4ii Bomi?

21.32.* [Ipa pobiTEukH BuroroBuay o 60 oguaxoBux geraneii, Npu-
yomy 30 gmeraneit KOKHHMH 3 HUX 3po0HMB, HpalloOYH 3 AeAKOI0
OpOAYKTHBHICTIO, KA y Apyroro pobirtauka 6yna Ha 20 % sHIne,
Him y nepmioro. lloriM nepmni#i poSiTHMK CTAB BHrOTOBAATH
6iaeie Ha 2 meraui, a Apyruit — Ha 3 gerani 3a roguay. Ileporuit
pobiTHHK BUTpaTuB HA BAKOHAHHS BCHOrO 3aBJAHHA HEe MeHIIE HiX
5 rog 30 xB, a aApyruii — He 6inbue Hixk 4 roa 30 xB. CKUIBKM
Aetafnell 3a rOAMHY BHUrOTOBJAB APYrHil pobiTHUK mim yac BHKO-
HaHHA Oepuiol MoJJOBHHU 3aBRaHHAT

21.33." Tokapmw 6yno gopy4eno suroroeut 90 geraneii, a yaHI0 —
35. epmii 30 geraneit Tokap poOMB 3 NMpPOAYKTHBHICTIO BJABiui
6inpmiolo, Hixk yueHb. Burorosnsiiouu pemty 60 geraneii, Bin
pobus me Ha 2 geraii 3a roguuy 6inbine i sakinaus cBoto pobory
nisuinre, Hi¥ yuyeHb, He MeHIue Hixk Ha 1 roa. IIpore sakbu ToKap
meprii 30 geraneilt BUTOTOB/IAB 3 TAKOK CAMOKX NPOAYKTHBHICTIO,
1o it pemry 60, To BiH sakinuus 6u pobotry He paHille, Hix yepes
30 xg micna yunsa. Ckinexu aeraneit 3a roguny poGHB yuyeHb?

21.34.* Bpuragu poGiTHUKIB OTPHMYBANH 31 CKIALY OOAT AN poboTmy:
no 2 KOMILIEeKTH HA KomxHy JwojguHy. Koxupa Gpuraga orpumana
#a 20 xommuekTis 6inbime, Hixk 6yno 6puran. Ax6u 6purag 6yio
Ha 4 6inxemie i koscHii Gpuragi suaaBann 6 mo 12 KoMmiexTiB, TO
onAry Ha Beix He BUctaumyo 6. CKRinbKkU KOoMOJIEKTiB ogary Gyiro
Ha cKaAamgi?

21.35.* Conparin, axi npubyau Ha Napaj, NAaHVBAJINA BHIINKYBATH
Tak, ob y KoxEOMY pAAy croano no 24 conpatu. Ilo mprbyrri
BHABAJIOCH, 1110 He BCi BOHM 3MO2KYTh Y3ATH Y4aCcTh Y napajui, TOMY
IX BHIMHMKYBAJM TAK, 110 KinekicTh pAAiB crana Ha 2 MeHIIOIO,
a KinekicTs miogeit v paay — Ha 26 6inbmrolo 3a HOBY KinbKicTe
panis. Cxinekn conpariB npubyjo Ha napaj, AKINO BLAOMO, IO
xonu 6 yci BOHH B3sAnM yuacTh Y mapajai, To ix mMoxkHa Gyno 6
BHIIMKYBATH Tak, 06 KinebkicTh pAMiB AopisHIOBaIa KiTbKOCTI
YonoBik y pany?

21.36.* Ximiuruii 3aBos Mae Hexu TPHbOX THNiB. ¥ KOKHOMY IEXy
IepIioro, Apyroro i Tpernoro THOY mpaioe eignmoeigxo 350, 80
i 60 pobitamkie. PasoM y nexax saBogy npauioe 980 pobiTHHEKIB.
BHaiAITE KIIBKICTh HEXiB KOXKHOTO THIY.

205



i

ENEMEHTY |
MPUKNALHOI |
| MATEMATVKM J

i

E MartemaTudHe MmoaeniosaHHA

MabyTe, HeMae chOTOAHI TaKol ranysi sHaub, e 6 He 3aCTOCOBY-
BAJMCH JOCATHEHHA MaTeMaTHKH. PizuKy Ta ximMiku, acTpoHOMH Ta
Gionoru, reorpadu TA €KOHOMICTH, HABITH MOBO3HABIL Ta iCTOPHKH
BHKOPHCTOBYIOTH MATEMATHYHUIL anapar.

VYV uoMy K TOJATaE CEeKpeT YHiBEPCANBLHOCTL «MaTEMATHYHOrO
imcTpymeHTY » 7

«Knrou go pose’sasaHHA 6araThboX HAYKOBMX 3aJa4 — IX BHANHUI
mepeKJaj MOBOI maTeMaTuku». Taky BiANOBiAL Ha mocTaBleHe 3a-
NHUTaHHA JaB OJHH i3 3acHOBHMKIB i mepmmii gupexTop IHCTHTYTY
MaTeMaTHEH Axazemii Hayk Vkpainm akagemik II.O.I'pase.

Copaszi, dhopmynOBaHHS 33184 3 PI3HHX ranyseil 3HaHb MiCTATD He-
MaTeMaTH4Hi nouaTTA. Ko MaTemaTik Oepe y4acTs y posB’asyBaHHL
Takol 3ajaui, To BiH HacaMmIiepej MparHe neperjacTy i CBOEW «pin-
HOIO» MATEeMATHYHOK MOBOIO, TOOTO MOBOIO BUpasis, GopMyJi, DIBHAHE,
HepiBHOCTeM, (yHEHKOiE, rpadikie TolIO.
Pe3ynbTaT TAKOTO MEpeKJIaly HA3HBAIKOTH
MATEeMATHYHOKW MOJENII0, a caMy 3aja-
4y — NPHKIAJHOI 3a7a4el0.

Tepmin «Mozenb» (BiZ MTATHHCHKOrO
modulus — 3pasoK) MU B}XUBAEcMO AYKe
YacTO: MOZENhb JITAKA, MOAENbh ATOMHOIO
Anpa, mojens CoHaunol cucTeMu, MOZeNb
SIKOTOCh IIponecy abo ABMIna Tomio. Bu-
BYAIOYM BJIACTHBOCTI Mozeni 06’exra, Mu
THM CAMUM BHBYAEMO BJIACTHBOCTI CAMOTO
o6’eKTa.

Hayry, saxa zaiiMaeTbcA no6yI0BOKO
Hxmumpo Onexcandposun i BHBYEHHAM MATEMATHYHHUX MOJeJei,

I'pase HA3UBAIOTh MATEMATHYHMM MONEIIOBaH-
(1863-1939) HAM,
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22. MaremMaTtu4He MogenioBaHHs

V Tabanni HaBeeHO 3PA3KH NPUKJIAJHUX 3ajady i BigmoeigHNX IM
MATeMATHIHUX Mojesiei.

|

[ MaTemaTuuHa
Ne IlpuknagHa sagaua

MOJeNh

|| Onm¥ Kitorpam KapTomwI KomTye

. . . Yomy popieHIOE
4 Ka =

| 1 2 rpH. CKiJBbKH KapTOILIL MOXMHA KYIH Sty i

™4 3a 14 rpu.?

V marasuHi € 3 BUAM yaniok i 2 suan .
‘ YoMy popieHiOE

Tapinok. CKiNibkM icHye BapianTis

| 2 ckjacta Habip 3 oaHiel yamky i onHieEl 1310625,’;0}{

TApLIKH? 5
| |Ha crosmmi 6yn0 kineka Manmu. Ko |, . :

5 HAWJITE KOpiHb
‘ 3 5 mMamuH flmxa.no. sajumniaocsa 2 Ma- Ca———
| uHY. Ckinpku mammH 6ys10 Ha CTOAH- A

L crogaTtKy?

Is 156 xoBTux, 234 6ianx i 390 yep-

BOHHX TPOSiHA cKaaxu Oykeru. fxy
i 4 Haiiblapmy KinekicTs Oykeris moxHa | 3maiigite HCI

ckaactn, uob y Beix Gyxerax TPOSHA (156; 234; 390)
KOMHOT0 Konsopy Oyio mopiBuy i Bei
TposAAHAH Gyno BUKOpHCTAHO?

| ABTOMOGLIL BUTpauae 7,8 a GeH3UHY
'wa 100 kM mnaxy. Yu sucraunTsh 40 0
5 | Bemsuny, mob goixarn Bin Kmesa 1o HA BUDa3y
| Opecu, AKNIO BijcTaHb MiX UMMM Mic-
rama 490 km?

ITopiBEAliTE 3HaAYEH-
7,8+490

100
3 uucyaomMm 40

Mera po3B’aayBaHHA Oyan-AiKoOl 3ajja4i — OTPMMATH NPABHJIBHY
pinnoBigk. ToMy CKJIAJAHHA MATEMATHYHOI MoJAeNi — Ie TiJIbKH
nepHIMii eTan pos3s’A3yBaHHA PUKJAJHOL 3anaui.

Hacopasai po3s’sayBaHHA NPUKJAAAHOI 3agadi CKIafaeTbCH
3 TPpLOX eTamis:

1) nmofynoea MaTeMaTHYHOI Mofeni;

2) pose’sizagHA MaTeMaTH4HOI 3axaui;

3) peaysbTaT, OTPMMAHHN Ha ApyroMy eTami, aHaJisyeThCs, BHU-
XOAAYM 31 sMicTy npuEIagHOL 3anadi.

INepmuit eTan LUTIOCTPYIOTH HABeAEH] BHITEe MPUKJIAIH. 3a3HaUNMO,
Mo ycminiEa peajisainisa mporo Kpoxky mnorpebye HaABHOCTI MEBHHUX
3HAHB i3 ramayai, 0 AKol HAJNeXKUTh JaHA ITPDUKIAJAHA 3afava.
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§ 5. ENEMEHTWU NPUKNAOQHOI MATEMATUKU

Peanisania apyroro erany mop’AsaHa JUIIEe 3 MATEMATHYHONO
NiSBHICTIO: 3HAXOAYKEeHHS 3HaueHb BUPA3iB, po3B’A3YBAHHH DiBHAHB,
HepiBHOCTeH Ta ix cucreM, nMobynosa rpadivEnx 06’eKTiB To1IO.

Ha TpeTsoMy eTani OTpPHMaHuil pe3ybTAT NOTPiIOHO 3almcaTn MO-
Boro mpukaaguoi zagadi. [loacaumo me, 3BepHYBINCH A0 HABEZEHOL
rabmuni. Hanpuknazg, Bianosigi go mepmroi, Apyroi, TPeTsoi 3amad
Tpefa sanucaTH TAK: MOKHA KYIUATH 7 KI KAPTOILNi; NOKYTNIKY MOMKHA
spificautn 6 conocobamu; Ha crosHui 6yno 7 mammH. [lani signoeigs
crif npoaHamisyBaTH Ha BiAnoBifHiCTL yMOBI NpHUKJIaAHOI 3aaadi.
Hanpuxnazn, signoeige «1,5 yaaa» He moxke 6yTu OPpUNHATHOW A
XOAHOI IPHUKJIAAHOL 3a1ayvi.

NPUKNAA Maca pepes’simoi 6anxkm cramosuTs 120 Xr, a maca
sanizeol 6anku — 140 Kr, npuuomy sanishHa Ganka Ha 1 M xopoTiua
Biy eper’auoi. AKa AOBKUAA KOMKHOI Danky, Ko Maca 1 M sanisHoi
Ganku #a 5 Kr 6insma 3a Macy 1 M gepes’siHOi?

Pozg’sazanns. Ilpu po3s’asysanHl 3azayi BUALIUMO TPH eTanH.

I eman. Ilo6ygoBa MaTeMaTHYHOL MoAeni

Hexait goBxuHa AepeR’aHol 6aJKH JOPIBHIOE X M, TOAL AOBMKMHA
sanisHol ctaHoBuTh (x — 1) M. Maca 1 M zepes’anol Gankn nopisHIoE

120 140
X

xr, a maca 1 M sayismHOl — 1 KT, 170 Ha 5 Kr Oinblue 3a Macy

1 m gepes’anoi. Toxi %_3@

MAaTAYHOK MOJEJII AaHOI OpuKJIagHol 3axadi.
II eman. Po3B’aA3yBaHHA DiBHAHHA

= 5. OrpumaHe piBHAAHHA i € MaTe-

Maemo:
140 _@=5,
x~-1 x 2
. —
e

28x - 24(x-1) = x* - x,

x#0,

x#1;
x*-5x-24=0,
x#0,

x#1;

x =8 abo x = —3.
IIT eman. Auanis pesyastaty, orpumanoro Ha Il erani, Buxoasun
3i amicTy mpuknagHOl 3axavi
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22. MatemMaTtu4He MOLenioBaHHA

1

Kopins —3 He 3a/10BOJIbHAE YMOBY 3a/1a4i, OCKLTBKY TaKa BEJIHYH-
114, AK [OBKHMHA, HE MOXKe BHPAXKaTHCH Bil’€EMHMM YHCJIOM.

OTxe, goe:xuHA JepeB’AHol Oankm gopieHiOE 8 M, a JOBXKHHEA 3a-
nisgoi — 7 m.

Bidnosaide: 8 m, T M.

22.1.° Posp’axiTe 3agauy, nobyaysapimy il MaTeMaTHIHEY MOJEI.

1) 3 opgmoOro Micns B OZHOMY HANPAMKY OZHOYACHO CTAPTYBAJIH
IO BeJIOTPEKY ABa BenocunenncTy. OANH 3 HUX NPOxKIKae KoMo
BenoTpeKy 3a 1 xB, 'a Apyruit — 3a 45 c. Yepes ary naliMernry
KiZbKiCTh XBHJIMH MiC/IA NOYATKY PYXY BEJIOCHIEAHCTH 3HOBY
syeTpinyThesa B Micui crapry?

2) Opun pobiTHMK MOXKe BUKOHaTu 3asnaHHA 3a 30 rox, a apy-
™uit — 3a 45 roa. 3a Akl Yac BOEM BMKOHAIOTH e 3aBAaHHA,
mpanoin pazom?

3) MaeMo [iBa BOAHO-COMLOBI posuynuu. [lepmuil po3unH MicTHTE
25 %, a apyruit — 40 % coji. Ckineku kinorpaMiB KosxHOTO
posuuny Tpeba BaaTH, o0 ogepkaTy poszumH Macor 60 xr,
aAxuit mictute 35 % coni?

4) 3 MeTaneBoro JHUCTa IPAMOKYTHOI (hopMM BUTOTOBHNIM BiAKpHTY
Kopobxy. Ilnda mboro B KYTaX JHCTA BUPisaan KBagpaTH 3i cTo-
poHOIO 4 cM. 3HaAHAITE JOBKUHY i MIMPHUHY JMCTA, AKIIO HOro
mepuMeTp AopiBHIOE 60 cM, a 06’em Kopofku — 160 cm”.

5) V upamoxyTHiil kpummni 3i croporamu 30 cm i 15 cm moTpi6xo
3po6HTH NPAMOKYTHMUII oTBip maomelo 100 cm® Tak, mo6 itoro
Kpai Oysiu Ha ogHAKOBiN Bigcrani Bij kpais xpumku. Ha arii
pigcrani Big kpa Kpumky mae 6yTH Kpail orBopy?

22.2." Poap’sukiTe 3aaady, nobyaysapmu ii MaTeMaTHUYHY MOZEJb.

1) Ogra mBauyKa MOKe BHKOHATH 3aMOBJIEHHA 3a 4 roj, a apy-
ra — 3a 6 rox. Yn sucTaunTs im 2 rog 30 xB, mob, opaiowndn
pa3oM, BAKOHATH 3aMOBJIEHHAT

2) Braagauk noksas go 6asky 2000 rpH. Ha aBa pisHI paxyHKH.
Ho mepmromy 3 Eux §aHK Bumiagye 8 % piuBHX, & 00 Apyro-
My — 10 % piuaux. Yepea pix Briaagaux orpumas 176 rpu.
BificoTkoBHX rpomeil. CKibku rpuBess BiH NOKJIAB HA KOMKHHH

paxyHOK?
3) 3 omHOro MOpPTY OAHOYACHO BHHMIIJIM [BA TEeNIOXOAH, OOMH
3 AKUX PpYXaBCH Ha NiBJAeHsL, & ApYrmi — Ha 3axix. Yepes

2 rog 30 xB BigcTaHs Mi HUMHK Gyna 125 kM. 3 AKO0 IIBUAKICTIO
PyXaBcHd KOMHHIL TEIIOXi, AKINO ITBHAKICTE OepIIoro Termso-
xopa 6yna Ha 10 KMm/roa 6inpma 3a mBRAKicTH Apyroro?
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§ 5. EJIEMEHTW NPUKNALHOI MATEMATUKK

22.3.° Posp’sakiTe 3a/a4y, no0yAyBaBmy 11 MATEMATHYHY MOJelb.

1) Ilig wac abupaHHs BPOXKAK 3 KOXKHOI 3 ABOX JLIAHOK 3i6paan
no 300 u mmennui. Ilmoma nmepiuoil RiNAHKH HA 5 ra MeH-
ma Big naowi apyroi. CrifbKu meHTHepiB nmreHuni 3idpanu
3 1 ra koxxuol IlIMHKN, AKIIO BpoxalinicTes mimenuni ua 1 ra
Ha nepurii ginauni za 5 11 6inema, HixK Ha APYyrin?

2) 3 nyHKTiB A i B 0JHOYaCHO HA3YCTPi4 OjiHH OJJHOMY BMPYIIHIH
BiAATIOBiIHO BejocMIleAMCT 1 mimmoxif, AKi 3ycTpinuca yepea
1 rox micas NOYATKY PYyXy. 3HaiTh MBHIAKICTE KOMHOIO
3 HHX, SKmo BejocuneauceT npubys y nyHKT B Ha 2 rog 40 xB
paHie, Hi MiWOXix y NYHKT 4, a BLACTARD MiK IHMHU NYHK-
TaMd cTaHoBUTEL 16 xMm. ’

3) JIBi 6puragu paHTaKHUKIB, IPAIIOIOUM PA3SOM, MOMYTE PDO3BAH-
TaKUTH TOBapHMit noisx 3a 6 rox. Ilepwa 6purana BuKOHAIA

% yciei poboru, norim ii amimmna Apyra Opurazna, AKa

H saxkiHuyuna posBaHTa*keHHA. Ycs pobora Oyina BHKOHAHA
3a 12 roa. CxineskH uacy norpibHo KoxHiE Gpuraai ansa
camocTiiHOro posBaHTaXKeHHA molzsaa?

4) BapricTs pocraBKM Ha GYXiBHMLTBO OfHiel MammHu mickry
cranoBuTh 250 rpH., a MamuHU rpasi — 350 rpH. 3a neHs
naanyeThest 50 peiiciB, mpUYoMy TPAHCIIOPTHI BUTPATH MAKTh
He nepeBruyBaTH 14 000 rpH. Ckinsk# MAamwH rpaBilo Moxe
OyTu mocTasneHo 3a JeHbL?

5) Ilpr mocnizoBuoMy 3’€JHAHHI ABOX NpOBIHMKIB onip B enek-
TpryHOMY KoJii ctaHoBuTHMe 150 Owm, a Iipu mapajieIbHOMY —
36 Om. BHaiigiTh ONIP KOMKHOrO NPOBIgHHMKA.

6) Ilo gBOX cTOPOHAX NPAMOro KyTa B HANIPAMKY A0 iioro sepiuu-
HU pyxarwTses f8a Tina. [lepme tino pyxaerscd ai mBuakicTio
12 m/xs8, a gpyre — 16 M/xB. ¥V neBHuit MOMEHT Yacy BiJlCTAHb
iz Tinamu craHosuna 100 M. Yepes 2 xB mic/d bOTO BiICTAHE
mix Tizamu crana 60 M. Ha akii pigcrani Bix BepmmEM npa-
MO0 KYTa 3HAXOJAUJIOCA KOXKHE Tino y mepmuii sadikcoBanmii
MOMEHT 4acy?

7) Tennoxix npoxoaAUTs LLIAX Big nyHKTy A 10 nyHKTY B 3a 3 rog,
& TOBEpPTAaEThCA Hasaj 3a 4 rof. 3a AxHM yac JOMAIOTH LIAX
Bif MyHKTY A p0 nyHkry B nuoru?

8) YoeeHn npoiimos 34 KM 3a Teuiew piuxky i 39 kM nporwu Teuii,
BHTPATHUBIIN Ha Iie CTLILKH Yacy, CKileKH oMy noTpibHo, o6
npoitTH B cTosuii Boal 75 kM. 3HaligiTh BIHOIIEHHA MBHAKOCTL
YOBHA B cTOAUIH BoAi A0 mBHMAKoCTI Tewil.
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22. MaremartuyHe MogenioBaHHA

1

9) 3 nyukTiB A i B Haaycrpiu oaMH OJHOMY OAHOYACHO BHXOAATH
aea typuery. Ilicma ayerpiui nepmwmit npubysae B nyHKT B
yepes 4 ron, a Apyruit y nyHKT A — depes 9 roa. 3HAUAITL
IIBUAKICTh KOMHOTO TypHcTa, AKIIO0 NIEWJAKICTE Hepumoro
na 2 KM/rox binbma 3a mBUAKICTS Apyroro.

10) [IBa BeplIHHMKM BHMIXJAalTh OAHOYACHO 3 NMyHKTIB A i B
Ha3yeTpid OAWH ofHOMY i nepiunit npubysae B nyHkT B uepes
27 xB, a apyruit — y nyHkT A 4Yepes 12 xB nicns sycrpiui.
3a CKIBKH XBWJIMH KOMKNIHII BepINHUK NPOiXaB MUIAX Mix
nyHxkraMu A i B?

11) 3 nyukTy B pmixaes moronuknicr. BoagHouac 3 myHKTY A
B TOMY CAMOMY HAIPAMKY BMiXaB aBTOMOOLIL, AKHIl HA3AOTHAB
MoTOLHKJIicTa yepe3 6 rox nicna Buisngy. Axk6H BoHM ixanu
3 nyHKTiB A | B HagycTpiy ouH OAHOMY, TO 3ycTpiiucA 6 yepes
2 ropx nicns suisay. CKinbku vUacy noTpibHo KOXKHOMY 3 HUX
ANsA TOROAAMHS Biscrani mixc mymkTamu A i B? ‘

12) Tpu Tpy6M, NPALIOIOYH OZHOYACHO, HANIOBHIOKTL BoJ010 Oaceiin
06’ emom 540 v° 3a 12 roa. Akmo oarouacHo Bei Tpu TpyOH Tipa-
LIOIOTH TLTLKK nepini 4 rof, a notiM nepiuy Tpy6y BHMHKAIOTE,
To 3aranpHull uac HanoBHeHHA baceliny 36inplyeThes Ha 4 rof.
Iepuwa i Tpers Tpybu HanoBHOIOTHL Gaceiin sa 20 rog. CriabKu
BOAM HAAXOAUTH y Gacelin yepes Tperio Tpyby 3a 1 roa?

13) [si Gpuraam TPaKTOPHCTIB OXHOYACHO MOYANHM OPATH ABi
ALNAHKN 3€MJli, NpHyYoMy AlnsHKa Apyroi dpuraan Baeiui Giibira
3a minAHKY nepuroi. ¥V apyriit 6puraai 6yno va 10 TpaxkTopHeTiB
Ginpme, Hixk y nepmiit. Konyu neprma Gpuraga iie npanioBasa,
LpYyra Bike 3opana cBoio pingHky. flka mHaibinbma kinbkicTs
TpakTOopucTiB Morna 6yt B mepuiit Opurazi, skimgo sci Tpax-
TOPHCTH MPALIOBAJH 3 OZHAKOBOIO IPOAYKTHBHIiCTIO?

14) ¥V nsox cnyaBax macw migl ¥ UMHKY BigHocAThCA AK 5 : 2
i 3 : 4. Crinpkn noTpibHo B3sTH Kinorpamis nepiioro crnasy
i ckinbKY Apyroro, o, cnaapuBLIX iX, orpuMaTi 28 KI' HOBOrO
crraBy 3 piBHEUM BMicTOM Mizl #H muHEKyY?

15) € aea cninaBu miai # nuuky, ¥V nepmomy cnaasi migi y 2 pasn
binpme, Hi’K LKMHKY, 8 B ADYroMy Miai y 5 pasis mMenue, Hix
UMHKY. ¥ ckinbku pasis 6insule NoTpiGHO B3ATA APYroro ciia-
BY, Hizk Nepuioro, 15od oTpuMaTH HOBHH CILIAB, Y AKOMY LIMHKY
6yno 6 y 2 pasn 6ineme, nix Migi?

22.4." Posp’axiTe 3agauy, nobyaysaBLIM ii MATEMATHYHY MOJE/b.

1) 3 micta A o micta B ogHOYACHO BUPYIIMIN ABTOGYC 1 ABTOMODLIE,
Yepes 1 rog 30 xB micas nouaTKy PyXy aBTOMOOLIE BUIEpEIKAB
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§ 5. ENEMEHTHK NMPUKNAOHOI MATEMATUKU

asTobyc Ha 30 kM. Kosn aBTomMoGine nmpnbys y micTo B, aBTO-
Gyc sHaxoauBcs Ha Bigcrani 80 km Big mporo micra. 3 sAKoIO0
WBHAKICTIO pyxanuca aBrofyc i aBroMobine, AKNIO BiacTaHb
mixk micramu A i B crasoute 300 km?

2) Moayns piBHOZiIOYOI ABOX CHMJI, HATPABJAEHUX Nia MpAMUM KYy-
TomM, mopisaioe 25 H. fxno moxyns opmiel cunm 36iabimTH
Ha 8 H, a apyroi — amenmuTi Ha 4 H, T0 Moayns ix piBHOAirou01
He 3MiHUTLCH. SHANITE MOXYIL IIMX CHII.

3) Ilix uac 3amaranb 3i cTPiNLOM KOKHUN yYacHEK pobuTh 25 no-
cTpinis. 3a KoxKHMII BIyYHHH IOCTpin BiH oTpuMye 4 OuKH,
a 3a KOXXHHMN nmpomax sHimaerbesa 2 ouku. CkidbKH npomaxis
Mose 3pobuTH crpinens, mob HaOpaTu He merme 60 ouyok?

4) Ilpy nocaigoBHOMY 3’€AHAHHI TPHOX NPOBIAHMKIE OJHOrO BUAY
i oHOrO NPOBIIHUKA APYroro BUAY OILp B eJIEKTPHYHOMY KOJIL
crasopuTaMe 18 OM. HKu10 napaneasHO CHOJMYYHUTH IO OAHO-
My NPOBIAHHKY [epuioro i gpyroro BHAIB, To OpH HaNpysi
24 B cuia cTpyMy B eJIEKTPHYHOMY KoJii craHoBHTHMe 10 A.
3HalgiTe onip NPOBIAHHKA KOMHOINO BHAY.

5) J1sa aBTOoMOGLII BHIMXKIIKAIOTH OJJHOYACHO 3 ABOX MICT HAa3yCTPi4
OAMH ofHOMY 1 micas 3ycrpivi npogosxyoTs pyx. Ilicaa ubo-
ro mepmuit npubyeBa€e B OIYHKT NpU3HAYEHHA uepea 25 roj,
a apyruit — uepes 36 roa. Ilepmmuit aBTOMOOGLIE pyXxaeThes
3i mBuakicTio Ha 10 kM/rox Ginsmolo, vHim apyrmil. fAxa
HIBHAKICTE KOMHOIO aBToMobina?

6) OpHouacHO moOYAIH HAIIOBHIOBATH BOJAOI0 ABa Gaceitru. Boay no-
JABAH 33 AOIOMOIN0N0 HacociB ogHaKoBOl noryxue0CTi. [IpK 1bo-
MY KinbBKicTs HacociB, AKi Dogasaam BoAy Jo nepmoro baceitny,
Oysa Ha § MeHINIOI Bijl KimBKOCTI HacociB, AKi mogaBanau BORY
Jio apyroro Oaceiiny, MicrkicTs nepmoro 6aceitny Basiui MeHIma
Big micTrocTi Apyroro. Komn apyruit 6aceiin HAOBHUBCSH, HANO-
BHEHHS [IEPIIOro e He 3akiHymaocd, fika Haibirema KineKicTs
HACOCIB MOrJIa mojaBaTH BOAY A0 mepmoro baceiny?

7) € gBa 3JIMBKM cIIaBiB 3os0Ta 1 migi. ¥V nepmomy 3aMBRY
BiiHOIIEHHA Mac 3070Ta i mini gopisxioe 1 : 2, a B apyromy 2 : 3.

SIkmo coaBuTH % TIEpIIOTO 3JIMBKA 3 -g— ApYTOro, TO B OTDH-

MAHOMY 3JIMBKY BUABMTELCA CTLILKH 30J10Ta, CKLIBKH Oysro mixi

2
B HEpUIOMY 3/IWBKY, & SKIIO CIUIABMTH o IEpIIoro 3;iMBKa

i nosoBMHY APYroro, TO B OTPUMAHOMY 3JIMBKY BHABHTBLCA Mifi
Ha 1 xr 6iabine, Hix GyJ0 3oM0Ta B ApyromMy 3JHUBKY. CKinbKH
30J10T& B KOJKHOMY 3JHBKY?
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22. MartemaruyHe MOLeNoBaHHA

22.5.” Poar’sxkiTe 3agavy, nobyaysasmiy Ii MaTeMaTU4YHY MOJEJb.

1) o pesepByapa IoCTa4aloTh Bogy no mw stm Tpybax. Ilepma
Tpyba HamoBHIoe pesepsyap 3a 40 xB; gpyra, Tpera i gersep-
Ta, NpPaloOIOYd paszoM, — 3a 15 xB; gpyra, Tpers i m’sATa —
aa 20 xs, i, HapewTi, yeTBepra i n’aTa — 3a 30 xB. 3a Ak
yac HAMNOBHSATHL pe3epByap yci n’aTs Tpy6, Npauoodyn pagom?

2) OpuE TypuCT BHWIIOB 3 NyHKTY A o 6 rox, a apyrui —
Ha3ycTpiu oMy 3 nyexTy B o 7 roa. 3yctpinucsa souu o 8 rox
i, He BYMHHEAKYNUCEH, IPOAOBXKHUAN pyX. CKiTbKHN Yyacy BUTPATHB
KOXHUI 3 HUX HA BECh ULIAX, SAKIO Nepuiuit NpuiiinoB y NyHKT
B na 28 xB misuime, Hid Apyrui NpHAIIoOB y nyaxT A?

3) Iporanow citkow saspoBxkkm 600 M nmorpibHo oropoauTH
AinaHKY 3emiai npaMokyTHoI dopmu. Ilpm Akux posmipax
ainauakwy il oiomga 6yge Haibinemow?

4) 3oyaxriB Ai B (puc. 22.1), piacrans
Mix@¢ sKUMH fopisaioe 13 KM, ogHO-
YACHO BUPYLIMJIM Y BKasaHUX Ha-
npamkax Asa Typuctu. lsmakicTe
TYpPHCTA, AKHH BHIIIOB 3 NYHKTY

A, nopiBuHioe 4 KM/rof, a Typuc- 90
78, AKUI BUIIIOB 3 NYHKTY B, — W o
6 xM/rox. Yepes skwmii wac micna A 13 kM B

MOYATKY PYXY BicTAHL MiXK TypH-
cramu 6yne HaifMeHIION?

5) 3 nyuKTiB A i B HagycTpid OJUH OAHOMY OSHOYACHO BUDPYIIHIH
nBa typuctu. Ilpu sycrpiui 3’scysanocs, mo TYpHCT, AKH
BHITOIOB 3 NYHKTY A, npoiimos 5a 6 kM Ginsme, Hix apyrui.
IIpogoBuBIIK PyX 3 TAKMMH CAMHMH IOIBHAKOCTAMH, Iep-
MK TYPUCT NPUAIIOB y nyHKT B uepes 2 rox nicnga ayerpiui,
a ApPYruil TYpHCT — Yy OYHKT A depes 4,5 rox. flka Biacransb
mixx myaxktamu A i B?

6) (Badaua JI. Eitnepa.) Ogua xyneus npuzabaB koHelt i Gukie
Ha cymy 1770 ranxepiB. 3a KOXHOTO KOHSA BiH 3auna'rns
no 31 Tanepy, a 3a KoxHoro 6mka —
o 21 ranepy. CKinbKH KOHeil i cKibKH

Pue. 22.1

) Y i i e i Y B

1) Tlepepiz TyHento mae GopMy IpPAMOKYT-
HUKA, 38BEPHIEHOr0 3TOPH NiBKOJIOM
(puc. 22.2). IlepuneTp nepepiay NOpiBHIOE Pue. 22.2
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§ 5. ENEMEHTW NPUKNAQHOT MATEMATUKM

20 m. IIpu axomy pagivei nisxosa mioina nepepisy Ty=enaio 6yae
Ha#ibinesmow? (Yucjo N OKPyraiTh A0 OAMHUILE).

2) Kynnmau 40 nraxis 3a 40 moHeT. 3a KOKHHX TPEOX ropobiis
samaTHJIH 1 MOHeTy, 38 KOXKXHHX ABOX ropanus — 1 monery,
a 33 KOyHoro ronyba — 2 moHeTH. CKiNbKM KYIHIHM NTAXiB
KOMKHOro Bugy?

- BiacoTkoBi po3paxyHku

INounnarouu 3 n'gTOro Kjiacy, BaM A0BoAuiocHa poss’'sayearH Ga-
raTo MPUKIALHUX 3a7a4, 3aJa4 Ha BiICOTKM (IIpPOLEeHTH).

Bn 3naiiomi 3 TAKIMHE THIAME 381AY Ha BiACOTKH:

e 3HaXO/KeHHA BifcoTKa Bin umcna;

® 3HAXO/[KEHHA YKcJia 3a Horo BiCOTKOM;

e 3HAXOIKEeHHA BiICOTKOBOro BiJHOIIEHHA JBOX YHCEJI.

Bu BMieTe KOHCTPYIOBATH MAaTeMATHM4YHi Mozesi HMX 3ama4 3a J0-
TIOMOTOI0 TAKHX BUPa3iB:

1) :;Haxomn.enﬂa p % Bia uucna a: ‘;—(')-g;

2) sHaxomKeHHdA uucaa, p Yo AKOro JOpiBHIOE a: a-_lQ(_)_;

3) sHaxomKeHHS BiACOTKOBOrO BifHOIUEHHA YHCJIA @ [0 4yucaa b:
a 4
—-100 %.
b

PosraissHeMO NpUKJIAAHY 3aJa4dy, SIKY YAcTO NOBOTUTLCS POIB’S-
3yBaru 0aHKIBCBEKHM IpauiBHNKaM, & TAKOXK THM, XTo 30epirae rpomi
B BaHKy Hig BiACOTKH.

3anaua. Hexall skanansuk noxaas y Gaax 100 000 rpy. nig
10 % piunux. fka cyma Gyge Ha Horo paxyHky uepea T pokis
38 YMOBH, L0 BKJAJHMK NPOTATOM IbLOr0 TePMiHY He 3HiMae rponi
3 paxyHKy? N

Pose’azanna. Hexait a, — nogaTKoBHil Kanitan BKJASAHHKA, TOOTO

a, = 100 000 rp=.

IToanaunmMo uepes a,, @, ..., @, KUIGKICTh rpouleil HA PaXyHKY
BiZiNOBijHO B KiHNi mepmioro, Apyroro, ..., CbOMOroO POKiB.

V kimni mepiioro poxy noyaTkoBuit Kamitan q, spic Ha 10 %.
Omxe, unciio a, crasoButs 110 % Bij nouaTkoBoro kanitany a,. Toxi
a, =a,-1,1 =100 000-1,1 = 110 000 (rpH.).

V KiHLi APYroro poxy €MecNO @,, V CBOIO Yepry, s0LIBIIH/IOCH
Ha 10 %. Orxe, 4HCIO @, CTAHOBATH 110 % mBix gucna a,. Toxi

a,=a-1,1=a, 1,1* = 100 000-1,1% = 121 000 (rpu.).
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23. BinCoTKOBI po3paxyHku

¥ kinui TpeTboro poxy umeno a, sbinsmmioca Ha 10 %. Orxe,
YHCJIO @, CTAHOBHTH 110 % Big lmc.na a,. Tonai

a,=a,~1,1=a,1, 1° = 100 000- 1 1? = 133 100 (rpu.).

Teuep trrae 3p03ymmnm. 1110

a,=a,1,1" = 100 000-1,1" = 194 871,71 (rp=.).

Bidnosidv: 194 871,71 rpH.

AHasnorivHo po3B’A3yKTH 110 3ala4y B 3arajIbHOMY BHIUIA1, KON
IOYATKOBHIL KamiTall, AKHIl JOpiBHIOE a,, MOKJIaNu B Gank oig p %
PMIYHHX.

Cnpan.ni, ¥ KiH1li MepIooro poKy MoYaTKOBHM KamiTaa 30iJIb1NTE-

- p -
cA Ha 100 i gopiBHIOBaTHME

T00TO 36iABUIMTLCA B (1 + Tf)%) paais.

,I].o peudi, y POSTJIAHYTOMY BMI€ NPMKJAAI 1€ YHCJIIO CTAHOBHJIO
+ 306 = L1
3posymino, mo B KiHUi gpyroro poky cyma 3HOBY 3pocTe

(1 T —L) pasis i gopiBHIOBaTHMME

100
a, :a:(l*‘f(%)”“o(l"'

Orixe, y KiHli n-rO0 poKy MaTHMeMO:

i6o) -

100
Orpumany ¢opMyny Ha3sHBalTh (OPMYJIO CRIAXHMX Bix-
COTKIB.

a, =a,,(1+

23.1.° lliny Ha ToBap 6Gyjo miaemmeHo Ha 25 %. Ha ckinbku Bin-
coTKiB Temep mnorpibHo ii 3HM3UTH, INOO OTPHMMATH IOYATKOBY
niny rosapy?

23.2.° Benaauuk nokaas ao 6auky 5000 rpH. oig 8 % piusux. Ckins-
KM rpowest 6yae Ha HOro paxyHKY 4epes Tpu poxu?

23.5." Yorupn poxu Tomy 3asox puroroeiss 10 000 oguHHALL HEBHOIO
supoby 3a pik. 3aBaaxu MojepHisanii BUPOOHMITEA i I ABUIIEHHIO
MPOAYKTHBHOCTI ITpaui ZOCArIH OPiYHOro npupocrty obcarie Bu-
pobuunTBa Ha 20 % . CxilbKM OAMHUINB YKa3aHOTO BHpPOOy Oyae
BUT'OTOBJIEHO 11LOTO POKY?
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§ 5. ENEMEHTW NPUKITAQHOT MATEMATUKM

23.4.° Ilicns nBOX mocAigOBHHX 3HMKeHDb LiHU Ha 10 % kaHUensp-
CcbKHMIl eTin cTraB KomTyBaTu 1944 rpr. 3HaligiTe NO9aTKOBY HiHY
cTOJNA.

23.5." ITicas nBox NOCJIJOBHUX MiABMINEHE WiHW Ha 25 % miocTpa cTa-
na gomrryeati 937 rpa. 50 k. 3HaiifiTe NOYAaTKOBY IIHY JIIOCTPH.

23.6." Hacenenns micta 3a gBa pokmn abinsiuniocs is 40 000 memkan-
uie go 44 100. 3uaiigiTs cepegHiii mopiyHui BiICOTOK PUPOCTY
HaceJIeHHs B oMy MicTi.

23.7." YHacaigoK ABOX HOC/AiIOBHUX 3HH2KEHD LiHY HA OJHE i Te 3K UUCIIO
BificoTKiB ina kpicna suusnnaca 3 800 rpu. no 578 rpH. Ha ckinbku
BificoTKiB BiIOyBAIOCA KOMHOIO A3y 3HMIKEHHHA LiHM?

23.8.° Bymo 300 r 6-sizcoTkoBoro posuuny coiui. Yepea meaxkuit uac
50 r Boau Bunapysaiau. SIkMM cTaB BiACOTKOBHI BMICT COJIi B pO3-
unHi?

23.9." Ilo cnnaBy macoio 600 r, mo micturs 12 % cpibna, noganu 60 r
cpibna. AkuM cTaB BiIcOTKOBH# BMicT cpifna B HoBOoMYy cnnasi?

23.10. Mopcska Boga Mictutbk 5 % coni. Crinbku mpicHol BOAKM
Tpeba mogatu mo 40 Kr mopchkroi BOAWM, MO0 KOHIEHTpanis coui
cranoBuiaa 2 %7

23.11.° Ckinpkwy Kinorpamis Boau cain Bunapurtu 3 0,5 T mearoa03Hol
MacH, Aka MictaTte 85 % BOgH, mo6 OoTpHMaTH Macy 3 BMICTOM
75 % Bogu?

23.12." Cnnas Mmigi i nuuaky mMacow 36 kr mictats 45 % wmizi. Sky
Macy mizgi notpibHO ZosaTHM ZO UBOro cnuiasy, o6 oTpuMaHmit
HOBHI conas mictue 60 % migi?

23.13.° ¥V cany pocau abaysni i pumHi, npuyomy abayHi cTaHOBHIN
42 % Bcix aepes. Buiiens 6ysio Ha 48 gepes 6ineiue, Hixk A6ayHb.
CxinbKHM gepeB pocso B cany?

23.14." 3a gsa gui 6ys10 npokyiafeHo Kabesb. 3a NepUIKid JeHb IPOKJIa-
nm 56 % xabemo, a 3a Apyruil — xa 132 M MeHIIe, HiK 38 NePIIU.
Ckinpku Bechoro MerpiB kabeso 6ys10 MPOKJIafAeHO 3a ABA IHI?

23.15.° 3a nepwmit geHs xJyonuuk npounTaB 25 % yciel KHMK-
Ku, 88 apyruii — 72 % BiJg KiabKOCTI CTOpiHOK, IO 3AJMIIM-
nucH, a 3a Tperiit — pewty 84 cropiHkH. CKiabKH CTOPIHOK
Vv KHHKOi?

23.16." V marasuH 3aBessI¥ TPH BHAM MOPO3MBa: NIOKOJAIHe, CYHUYHEe
i paninmere, Illokonaaue craHoBuno 45 % BCHOTO MOpPO3HBA, CY-
Buune — 40 % Big xinskocTi MOKONAAHOTO, 2 BAHIIBEHE — DemTy
111 xr. Crinbky BCbOro KizorpaMis MOpO3HBa 3aBe3JIH Y MarasmH?
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23. BincoTkogi po3paxyHKm

23.17.° (Badaua Besy'.) JlexTo KyIMB KOHS i 4yepes AedKuil uac

npojas ioro 3a 24 nicroai. Ilpu npogamy BiH BTpPaTuB cTiNkKU

BigCOTKiB, CKinpKM KowTyBaB iiomy Kiunb. [lnTannsa: sa aky cymy
BiH KynuB KoHAT ;

24,18, ®PipMa kynye y BUpoOHUKA TOBap 3A OMTOBOIO I[IHOKO, A [IPOJAE
Bpo3zpi6 3a 11 rpu., npu uneromy npubyToK Bij npojaxky y Bif-
COTKaX NOpiBHIOE onToBiit ImiHi Tomapy y rpuBHsX. fIka omroBa
nina Tosapy?

23.19." Ha crapomy BepcTaTi poOiTHMK BUTOTOBJAB OAHY AETalb
sa 20 xB, a Ha HOBoMY — 3a 8 xB. Ha ckinekn BifICOTKIB 3pocaa
NPOAYKTHBHICTL npani pobiTHnka?

23.20." VopoBamgXeHHA HOBHX TEXHOJIOri#f J03BOJMJIO 3MEHIIHTH
HOPMY Yacy HA BHIOTOBJIEHHA ojHiel merani 3 12 xB go 10 xs.
Ha crineku BizcoTkiB OyZie BAKOHYBATHCH OPH IILOMY ILIAH, AKIIO
Hopwma npani He Oyae aminena?

23.21." Ogun pobiTHUK MoOXke BUKONATH TpaHurew 3a 6 rox, a apy-
il — 3a 4 rox. AKuIo ¥ BOHM IpallOBATUMYThL pPasoM, TO Ipo-
AYKTHBHICTb Opali KOXKHOTO0 3 HUX niaBuIuThed Ha 20 % . 3a axkwii
Yac BOHHM BUPHIOTH TPAHINEK MPAIIOIOYN paszomM?

23.22." OguH Myasp MOKe CKJIACTH LIernsaHy cTivy aa 15 roz, a apy-
ruii — 8a 10 rog. Ko X BOHM NpalOBATHMYTH DPAa3OM, TO
MPOAYKTHBHICTh Ipali KOMHOrO 3 HUX 3pOCTe HA OZHY M Ty XK
KLJBKiCTE BifICOTKiB i BOHU CKIaAyTH cTiHY 3a 4 rox. Ha ckinbku
BIACOTKIB 3poCTaE IMPOAYVKTHBHICTE HpAlli KOMKHOIO MyJApa IpH
ix coineHiit poboTi?

23.23." 3mimanu 30-BiicoTKOBHA PO3unH conaHol kucaory 3 10-Bia-
COTKOBHMM Po34MHOM i orpumanu 800 r 15-sigcoTKoBOro posyuny.
CKilBKHM rpaMiB KOXHOr0 POSYMHY B3AAH IJIA LBOro?

23.24.° [Ipa posuunu, nepmmuii 3 akux micrurs 0,8 kr, a apyruii 0,6 kr
GesBoaHOI cipuaHoi KMca0TH, 3’ €aHany pasoM i orpumainn 10 Kr HOBO-
o po3umRy cipyanoi kucsiot. O6unciiTe Macy nepiioro i gpyroro
PO34YMHIB, AKIO BiaoMO, M0 Oe3BoAHOI CipYaHOI KHCJIOTH MICTHIIOCH
y nepmoMy posumHi Ha 10 % 6inbme, HiX y Apyromy.

'3.25.7 Y nepmomy 6ifoHiI € MONIOKO, Y AKOMY MACOBA YACTKA XKHDY
cTRHOBUTE 2 %, & B APYrOMY — MOJIOKO 3 MACOBOX) YACTKOIO JKHDPY
5 % . Ckinbkm Tpeba B3fATH MOJOKa 3 KO3KHOro 6igoHa, mob oTpm-
maTu 18 71 MosioKAa, MacOBa YACTKA JKHMPY B AKOMY AOpiBHIOE 3 % 7

! Beay Ernen (1730—1783) — ¢paHuysskuil MareMaTHK, OCHOBHI poboTH
AKOTO CTOCYIOTHCA BUmol anrefpu. Buknagas MaTeMaTHKy B yUHIMILI rapAeMapUEIiB,
Koponiscsxomy aprraepificbkomy kopnyel. Asrop mecrturomuol npaui «Kypc mare-
MATHEH»,
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23.26.° Kocriom xouutysas 600 rpa. ITicns Toro AR niHy 6yio 3HUMEHO
IBigi, BiH cTaB KowtysaTu 432 rpH., IpUYOMY BlACOTOK SHUIKEHHHA
BIpyre 6y v 2 pasm 6inbmuum, Hix nepioro pasy. Ha ckinexm
Bi/ICOTKiB KOXKHOTO pa3dy 3HMIKyBaJachk niHa?

24,27, IleBanit Torap kowtysas 200 rpH. CrmoyaTky #oro miny mij-
BUINAIM HA KinbKa BIiZICOTKiB, a NOTIM SHH3HJIH Ha CTLIBKH K
BincoTkis, micasa 4yoro BapricTe fioro crana 192 rpu. Ha ckinskn
BizcoTKiB KOXHOro pasy Biafysanacs amiHa HiHM ToBapy?

23.28." V Gamk noxnanux 1200 rpr. Yepes pik BKIaAHUK SHAB
240 rpx., a e yepes pik Ha LbOoMY paxyHKY uaBuiIoca 1071 rpa.
Cxinpkm BifiCOTKIB piYHUX HApaxoBye DaHk?

24.29. Bamk uepes pik Hapaxysas y Burasiai Bigcorkis 60 rpwx.,
a BKJIAJHUK NoKnaB y 0aHkK mie 240 rpu. 1lle uepes pik BKIagHUK
otprmas 2369 rph. Crinskm rpomeli cnouarky Oyno mokiaasesHo
B GaEk?

23.30." Bxnagauk mokyag y 6ank 4000 rpu. 3a nmepmuii pik ftomy
OyJI0 HApaxXOBaHO MEeBHMIT BigcOoTOK piuHHX, a Apyroro poky 6GaH-
KiBcLbKuil BimcoTor Oyno abinemeno Ha 4 % . Ha xinens gpyroro
POKY Ha paXyHKY ctano 4664 rpu, Ckineky BificoTkis cranoBuia
OaHKiBCbKA CTABKA y [eplmmit pik?

2:1.81," Brnagauk noksas y 6anx 10 000 rpu. 3a mepmumit pik fiomy
Oyi0 HAapaxOBaHO MEeBHMUHU BigcOTOK DiYHUX, a APYroro poky Oam-
KiBceKuI BigcoTox Oy.so smeniueso Ha 2 % . Ha kiHeus mpyroro
POKY Ha paxyHKY craio 11 880 rpH. Ckinskn BiicoTKiB cTAHOBHIA
GaHKiBCBKA CTABKa y mepunii pik?

23.32." o cnnasy mizi i HHHRY, akuil micTus migi Ha 12 xr Giasme
Hixk guERY, fogann 6 xr mini. BEacniiok msoro BiicoTKoBMi BMicT
LHHKY B cnjasi suusupea ua b % . Ckinbxkn nuHKY i cxineky Mini
MICTHB CILIAB CIIOYATKY?

23.33." llo posuuny, akuil mMicture 40 r coxi, goganu 200 r Bogm,
micns 4yoro HOro KoHieHTpauia sMeHwmnack Ha 10 %. Crinbkn
BOAH MIiCTHB pPo3uMH i AKowo Gyna #oro KoHueHTpamin?

23,34, o cnnapy marmio i amnomikilo, axkuil mictHs 12 kr axomi-
Hi0, Jogany 5 Kr Marmiw, micaa yoro BigcoTkoBHit BMicT MarHiro
y cmnagi a6inbmuees Ha 20 % . Ckinbku Kinorpamie marmiro 6ymo
B CILTaBi como4aTky?

23.35." Conasuiin yaByH ABOX COPTIB 3 Pi3HUM BifICOTKOBUM BMicTOM
xpomy. Ko yaByHy OJJHOrO cOpTY B3ATH B § pasis Ginsme, HiMx
Apyroro, To BiicoTkoBHi BMiCT XpoMY B CILIABi BABIYi mepeBHIIUTE
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24. Metopg MateMaTUYHOT iHAYKLIT

BiZICOTKOBHIT BMiCT XpOMY B MeHWIIN 3 YaCTHH, HKI CILIABIAIOTS.
AKI0 5% B3ATH OJHAKOBY KiJbKicTh 4aByHY 000X COpPTiR, TO CILIaB
mictarume 8 % xpomy. BusHaure BizcoTkoBnit BMicT XpoMy B ua-
BYHi KOXXHOTO COPTY.

23.36." [Ina npHroTyBaHHA OLTY NeBHOI MiIlHOCTI B IIOCYAHHY, AKAa
micTria 12 11 onroBoi ecennii, moxamm 20 n Bogu. B immiit nocyauri
mictrioes 13 J1 6iabmn MinHOTO onTy: Ha 9 1 0ITOBROI eceHmii mpu-
xopmiocs TiApKH 4 g Bogn. CKinekH JTpis OUTY CIin mepeauTu
3 mepuol IOCYAMHM B APYyry, o6 spiBHaTm B Apyrii nocynum
BmicT onrorol ecenuil Ta Bogu?

23.37." V nucTepHi sHaxoiujacsa KoHIEHTPOBaHA CipuaHa KHCJIOTA,
Axa micrmaa 2 T Boau. Iliens Toro, fIK 10 KHCJIOTY BMiIIanm
3 4 T Bogu, KOHIEHTpanis 1l sHususace Ha 15 % . CrineKy KUCIOTH
6yI0 B MCTEPHL criouaTKy?

23.38." 11106 orpuMaTH COMAAHY KUCIIOTY, 2 KI' XJIOPHCTOro BOAHIO PO3-
YHHUJN y IeBHOMY 06’eMi Boau, IToTiMm, 106 migBumuTy KOHIEH-
Tpaliio oTpAEMaHol KucaoTu Ha 25 %, nonanu me 9 Kr XJIopHCTOrO
BoaHK0. CKiJIbKM consHol KucaoTH OYI0 OTpUMaHo?

23.39." ¥ nocyauni 6yno 12 xr kxucnotn. YacTuHy KHCIOTH Bifuan
i gonuam o momepeaHBOro piBHA Boxow. IloTiMm sHomy Bigmumn
CTLIBKY 3K, fIK 1 mepuioro pasy, i JOJUIH BOAOIO A0 MOMepedHbOoro
piBuaA. CKinbKM JiTpiB PIMEN BiANMBAIH OPA3Y, AKIIO B Pe3y.b-
TaTi OTpHUMATH 25-BiICOTKOBHII PO3YHMH KHCJIOTHT

23.40.” 3 6asKu, sHanmopHeHol 12-BifICOTKOBEM pO3YHMHOM cOJi, Bij-
nunu 1 71 i gonuan GaHKy BOAOIO [0 MONEPEJHLOro piBHA, NOTIM
Bigmuan me 1 1 i 3HoBY Aomuiu sBogow. Buasuiocsa, o B 6aHmi
3-pigcoTKOBHM po3umuH coyi. fIxa micTkicTs GaEKH?

MeTop MaTtemMaTU4HOT IHOYKLUT

BruBuarooun HABKOJHIIHIN CBIT, HAM YACTO OBOOHUTHCHA HA HIigcTabi
pe3yJbTATIB CIIOCTEpeXKeHb i Aocainis poOUTH BHCHOBKH,

SaranbHi BMCHOBKM, OTPHMAaHI Ha HigcTaBi OKpeMHX BHO4IKIiB,
HAZWBAKIOTHL IHAYKTHBHHMHE, & CAM MeTOJ TAKUX MIDKYBaHbL — iRAYK-
THEHHM MeTogOM 860 imgykuieto (Bix nar. inductio — HaBeneHH:).

Hanpukaaz, 3aZ08ro A0 BiAKpuTTH 3aKOHIB PYyXy Semai Jogu
spobunu BHMCHOBOK, mo COHue BpaHli BCTac HA CXOfi, a BBedepi
sHHKAa€E 3a obpieM Ha 3axofi. lleil BUCHOBOK € IHAYKTUBHHM: ajJxe
sin OasyBaBcsa JIHIlIe Ha CIOCTEPEKeHHAX.
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§ 5. ENEMEHTY NPUKNAOHO! MATEMATUKIA

3eicHo, 38 gomomorowo iHAYKNIl He 3aBXKANM MOMKHA OTPUMATH
npasuabsHi BcHOBKH. Tak, axkmio y Bawii i cycigHifl mkosnax cepexn
VYHTeNiB IOYATKOBHX KJaciB HeMae 4oJaosBikis, To e He 0O3HAYAaE, IO
BCl BUMTeJi DOYATKOBHAX KJIACIB — KIHKH.

Hespa)karuu Ha HeoOXigHICTD CTABMTHCSH 0 iHAYKTHBHUX BHCHO-
BKiB 3 IeBHMM CTyNEeHeM HeJoBipH, IHAYKTHBHHMH METOJA 3HAXOAUTE
HIUpOKe 3aCTOCYBAHHA B MaTeMATUIL.

PoarnareMo ABa NPUKJIaIH.

¢ Bypmemo cnocrtepiraTi, K «NOBOAATHCA* CYMH NI OepIIMX He-

mapHUX HATYPalbHUX yucen. Maemo:

§=1=1;

S =1+3=4;

S=1+3+H=%

S =1+83+8+7=16;

S,=1+3+5+7+9=25. -

Yucna 1, 4, 9, 16, 25 € kBaApaTaMH NOCTiJOBHUX HATYPAJIBHHX
Yucen.

Tenep MokHA 3po6UTH Take NPUNOYIONEHHA: Ui OyAb-IKOro Ha-
TYPaJLHOTO 7t

e B e

§=1+3+5+..+@n-1)=n. 1)
o PosrnsHeMo 3HaYeHHs MHOTOYTeHa f (n) = n” — n + 41 mpu
3HaueHHAX N, AKi gopisHOWTE 1, 2, 3, 4, 5. Maemo:
f (1) = 41 — mpocTe 4KCIO;
f (2) = 43 — mpocTe YyucIO;
f (3) = 47 — mpocTe Yucno;
f (4) = 53 — npocTe YHCIO;
f (8) = 61 — npocre uncno.
Ipunymenss: ana 6yAb-AKOro HATYPaJIbHOrO N 3HAYEHHS BAPA3y
f (n) € DpocTHM YHCIOM.

IBa HaBeeHHX NPUNVIIEHHA € JHIIe rinoTesaMH, AKi HaJleKHUTb
a6o poeecTH, 800 cipocTyBaTH.

CupocTyBaTH rinoreay Mo)XHa KOHTpNpuknagoMm. Ilna apyroro
OPUIYINeHHsA TAKWH KOHTPHPHKJIAJ Jierko aHaiiTu., Maemo: f (41) =
=417 - 41 + 41 = 41* — cxyaneHe uucxo.

Cnpofa 3pafiTH KOHTPHOPHKAAMA AJH Iepinoro iHAYKTHBHOI'O BH-
CHOBKY MOXKe [IPHBECTH A0 TAKHX PiBHOCTell:

S,=1+3+5+7+9+11=36=6%

S,=1+3F5+T7+9+11+13=49="7%

S,=14+383+5+7+9+11+4+13+15=64=8"

Orpumani piBHOCTI JiHIle NiAKPIMIIOIOTE YIIEBHEHICTE ¥ TOMY, II[0
BHCYHYTA rinmoTe3a € npasBHJIBHOIO.
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24. Metoa MaTeMaTMYHOT IHAYKLIT

3posyMino, Mo NpHEAHAHHA [0 CYMM 4YeproBOro HemapHOro Jo-
JIAHKA He TpHaBeJe o JOBefEHHA Iinore3an: cKinbku 6 cym Mu He 006-
MCIHAM, HeMOXJIMBO rapaHTYBATH TOrO, IN0 Cepefl HecKiHuYeHHOL
KiMBKOCTI CYM, HI0 3anMINAIOTHCA, He TPANMMTBHCA TaKa, IaA AKOL
piericTs (1) He BUKOHYETHCH.

IIio6 moBecTH cOpaBeAJMBiCTL BHCJOBJEHOI rimoresm, morpibHO
1IpOBecTH JAesKi 3aranbHi MipKYBaHHA,

Hexait pisnicts (1) € cmpaBeanueoio ana k fofaHkin, Tobro

S,=1+8+6+..+R2k—-1)=Fk.

PoarnsgHemMo cymy, aka MicTuts £ + 1 gonaHOK:

S =1+3+56+...+Rk-1)+(2k+1)=8, + 2k +1).
- — 4

3 ypaxyBaHHAM NPUOyLIeHHA MaeMo: S, | = E+@k+1)=(k+1).

Hapeneni MipkyBaHHs rapaHTyoTh, o koau pienicme (1) €
npasuasnow 0ns n = k, mo 60HA 3aAUWAEMBLCA NPABUNLHOW | 0NA
n=k+1. .

Temep MOXHa CTBEpAKYBaTH, 0 piBHicTs (1) Z0BeneHo aAnA GyAb-
AKOTO HATYPANbHOro 3Ha4YeHHA n. IloscHumo ue.

Mu mokasanu, mo pisHicTk (1) € npasunsro0 A18 n = 1. Omxe,
BOHA € NpaBUILHOK Ana n = 1 + 1 = 2, a 7ol BOHA € NpaBHJIBLHOIO
upun=2+1=8, npun=3+1=4, npun=4+ 1=25 i saraxui,
el JAHIIOMOK MOMKHA NPOTATHYTH OO GyAb-AKOro HATYDAJLHOIO
aHaueHHs n. OTxe, piBHicTs (1) € NpaBUILHOK NPH BeiX HATypalib-
HHUX 3HAYEHHAX Nn. =

OnnecaHnii MeToJl 0BeleHHA HA3HBAIOTHL METOOM MaTeMAaTH4YHOL
iaxykuii. ¥V sarasbHOMY BUrifdi iforo MoyKHa ONUCATH TakK.

Hexail nompitio dogecmu, Wo deske meepdHeHHA € NPABULLHLLM
das Oy0b-AK020 HAMYPANLHOZO 3HAYEHHA N.

Hosedenna yvozo axmy memodom mamemamuinol iHOykyii cxna
daemuca 3 06ox vacmun ( meopem):

1) dosodsmb (nepesipaoms) cnpasedausicmy meepoxceHns O
n=1;

2) pofiaame npunywermi, Wo meeporceHnHAs € NPasunrbHuUM OAR
n =k, i Ha nidcmasi ybozo doeodams, wo 60HO € NPABULLHUM ONA
n=k+ 1.

TeopeMmy, saKy AoBoasTh y Hepiuiil uyacTuHi, HasuBawTs §a3ol0
iHayKuii.

Hanpuxnaa, npu nosegeHHi piBmocti (1) 6asoro imaykuii Gyno
TBEPIKEeHH, 0 pisHicTs (1) BuKOHyeThesa npn n = 1.

TeopeMy, AKY A0BOASTE ¥V JAPYriil 4acTUHi MeTOAY, HA3HBAOTh
IHIYKTHBHEMM IIepexoaom.
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§ 5. ENEMEHTU MPUKNAAHOI MATEMATUKA

Koxumit 3 uux asox eramnis paxxnusuii. Buue Mn nepexonanucs,
[0 TBEPXKEHHA MOKe OyTH NpPaBHIBLHHM y Lijaiii HM3Oi oKpeMmuXx
BHIAJAKIB, ane HenpasujbHUM ysarani. Ile nmepekoHye Hac B Tomy,
HACKLIBKH BaXKJIUBHM € JOBECTH TeOpeMy +iHAYKTHMBHHH mepexifgs.
AJjle Oyno 6 mMoMUIKOBO BBaX<aTH, [0 HOBeJeHHsA TeopeMn «0asa
IHAYKIII» € MEHIU CYTTEBHAM.

Ilokaxkemo, K, KOPUCTYIOUNCE JIUIE TEOPEMOK «iHIYKTHBHIH
nepexigs, MOXKHA, HAIPUKJIAZ, «JOBECTH», 10 npi Oyab-AKOMYy Ha-
TypaJbHOMY n uncjo 2n + 1 € napuHuM.

Hexail nie TRepaAKenns € NPaBUILHAM NIPH 1 = k 10010 2k + 1
€ napHAM 4uciaom. [loeegemo, 110 Toai BoHO Oyae NPABUILHHM AJA
n=~k+ 1, Tobro ynucno 2 (£ + 1) + 1 rakoxk Oyae mapHAM.

Maemo: 2(k+ 1)+ 1 =2k + 1)+ 2.

3a ppunyuieHHAM yuesao 2k + 1 € napanm, CyMa ABOX NapHHX
qucen — uncno napHe. Otike, yncno (2k + 1) + 2 Takox € napHAM.

Mu KOpeKTHO AoBeH TeopeMy «iHayKTHBHU nepexins. Aje mpu
IBOMY He BHABUJH, L0 TeopeMa «Dasa iHAYKLiI» € HeIpaBHJIBHOIO
(mpu o = 1 uneno 2n + 1 € HenapHuM). ¥V 1boMy i1 MoJaArae IMpUYKUHa
TOrO, II[0 HAM Y/JAJI0CH «[J0BECTU» HACTiNbBKM Oearnys/ie TBepAKeHHA.,

NPUKNAA 1 BuseaiTs (opMyny As obYMCIeHNs 3HAUEHHS CYyMU
1 T J1 2n” -1

e 5 e ey PN
R =k — 1 =-]l
Poze’asanns. Onan = 1: S, Ti s

A 3 1B
Hag o= @ = 3*3 575:7 19 9°
Baunmo, o Tenep mMo3Ha 3pobUTH TaKe NPUNYILIEHHSA:
2
_n
" 2n+1" (2)

Hoeegemo 110 rinotesy METOAOM MATEMATHYHOI iHAYKIILL.
Buue Mmu nepesipuau cupapegnugicts gopmysan (2) ans n =1,
THM CAMHM MM JOBeJH TeopeMy «6asa iHZyKIiie.
Tenep posesemMo TeopeMy «iHIVKTHBHME nepexife».
kz
2k+1°

Hexaii ¢opmyna (2) € NpaBHJIBHOKW Npu n = k, Tobto S, =
Maemo:

B . P . Shvapel o
5 5.7 U @k-1)2k+1)  (2k+1)(2k+3)

1
Spa= 13"
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24. Metof MaTeMaTUHHO! iHAYKLT

_g 4 2+’ -1 k' 2% +dke) 267 +6k%+dk+1
TP T @R+ 1)(2k+3) 2k+1 E+D@2k+3)  (2k+D(2k+3)

_ 26"+ 2k" 4 3k* + 3k +k+1 _2k°(R+ 1)+ Bk(k+ 1)+ k+1 _

2k + 1) (2k + 3) (2k + 1)(2k + 3)
_ e+ 1)K +8k+1) _ (k+D(R+DRk+1) _ (k+1)
T @R+1)(2k+3) 0 (2k+1(2k+3)  2k+3°

Omsxe, NpunycTuBIIM, o (hopmysa (2) € npaBUIBHOW NpU n = k,
M1 JOBEJIH, 1110 BOHA € IPABMJIBHOI i npu n =k + 1. A 3 ypaxyBaHHsaM
reopeMn «0asa IHEYKUil» MOMHAE 3pofuTH BHCHOBOK, W0 riforesa €
11PABHIILHOO,
nin+1)

2

Kopueryouucs MeTofiloM mMareMaTH4HOI imgykiil, AoBeniTe Iio
piBHiCTH camocTiifHo.

O=w 3apnaua 1, HoBeniTs, Mo 1+2+8+...+n = ,eneN.

NPUKNAA 2 Busexits gopmyny ans oGuucnenns cymu 1° + 28 + 8% +
t..+n® geneN.
Pose’asamms. Inan=1: S =1°=1,
Oann=2:8=1"+2"=0=8"=(1 + 2)".
Mnan=3:8,=1"+2"+38"=36=6"=(1 + 2 + 3)".
Onan=4:8=1"+2"+3"+4"=100=10"=(1 + 2 + 8 + 4)°.
Temep MoxHa 3poGUTH TAKe MPHITYIEHH:
8 =(L+2+3+..+n)
YpaxoByouu KAKOYOBY 3aaa4dy 1, rimoTeay MOKHA 3aNMCATH B Ta-
ki dopmi:
[n@+1)
5, =(2ED) ®)
CrpapegyiusicTs miel gopmysn npu n = 1 6yJ10 BCTAHOBJIEHO BHIIE.
Hexaii dropmyna (3) € npaBuiIbHO0 Opu n = k, T006TO

s, =(k(k2+ 1))”.

Maemo:
2
Sy =T+ 2248 4+ K+ e+ 1 = (AELD) gy -

_k+ )R+ 4k+4) _ (k+ 1) (R+2)° _
4 i 4 B

- ((k+ 1}2(k+2})2.

=(k+1)“(£;-+k+l)

Metogom MaTemaTnuHOl iHAYKHIil dhopmyny (3) noBeseHo.
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§ 5. ENEMEHTW NMPUKNAQHOI MATEMATUKI

NPUKNAL 3 Hosenite, wo ans 6yas-axoro n € N sEauesHsa BUpasy
5" — 3" + 2n kparHe 4.

Pose’azannus. Tipu n = 1 orpumyemo 5' — 3' + 2.1 = 4 : 4, o610
_ TeopeMy <6aza iHAykmil» AOBeAeHO.

Hexaii npu n = k e IpaBMJIBHHUM TBED/UKEHHS

(5" - 3" + 2k) : 4.

JloBenemMo, M0 TOAI Lie TBEPAKEHHA € NpaBuIbEAM npu n=k + 1,

TobOTO
G-+ 2(k+ 1)) 4.

Jina noBeAeHHs AOCTATHBLO MOKAa3aTH, 1o pisauus (5" ' — 8! +
+ 2k + 2) — (5* — 3" + 2k) xparna 4.

Tlepenumemo 110 piSHHIIO TAK:

5*65-1)-8@B-1)+2=4-5"-2(3"-1).

Ockinbxn (3* — 1) ! 2, To 3HAYEHHA OTPMMAHOIO BHPA3Yy KpaTHe 4.

OTsxe, TBEDAKEHHHA, L0 JOBOAHTLCS, € NPABUILHUM, ¥ JOMY MU
NEePEeKOHAJMCA 38 JOINOMOrOl MeTOAY MATeMaTHYHOL IHAYKIIii.

O=w 3apxawua 2. Joseaits HepisnicTs (mepiBricTs Beprynni'):

A+x)">1+nx,pene N, x>-1.

Pose’sazanns. Ilpu n = 1 Maemo npaBuaBHY HepiBHicTE 1 +x 2 1 + x.

Hexait (1 +x)*>1+kx, ke N.Ockimekrn 1+ x>0, To(1 + x)* "' 2
21 +Ekx)(1 + x).

Maemo: (1 +kx) (1 +x)=1+(k+ D)x+Ekx*21+(k+1)x.
Bpigecn (1 +x)*"'21+(k+1)x.

Omaxe, Teopemn «bas3a iHAYKLIT» i «iHAYKTHBHMIL NepeXig» AoBeaeHO.

TakuM YAHOM, HepiBHICTH, 1110 NOBOAUTHCH, € NPABUIBLHOIO,

Metozom MATeMaTHYHOI IHAVKIIT MOXKHA CKOPDUCTATHCH i B THX
BHIAJKAX, KOJXH NOTpi6HO NOBECTH TBepAKeHHs, MPABUJIbLHE AJIsI BCix
HATYPaJdbHMX N TAKUX, MO N # N, Ae n € N, n, > 1. ¥V upomy pasi
Teopemy «Oasa imaykuii» A0BOAATE (HepeBipAlOTE) AAA 1 = R,

NPUKNAL 4 HorexnitTs, wo gis 6yas-sakoro n € Nin > 4 pukonyersea
gepiericTs 2" > n®,

Posé’azanns. lpu n = 5 maemo npasuabHy HepisricTs 2° > 52,

Hexait 2* > k%, k € N, k > 4. Maemo:

2.2 > 2%

2& +1 > Zk'&- 1

Jlerko mokazatu (mepekoHaitTecs B MLOMY caMOCTiifHO), mo npu
k >1++2, a Tum Bineure npu k > 4, BUKOHyeThCA HepiBHiCTH 2k >
> (k + 1)*. 3sigcu

' > (k+ 1)

' Worann Beprynni (1667-1748) — wseilnapcekait MATEMATHK.
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24. Metop matematuaHol iRaykuii

Mu nokasaim, Lo HpU 17 = 5 BUKOHYEThCA TeopeMa «6asa ingykuiis,
i noBesn TeopeMy «iHAYKTUBHMII mepexif». OTxxe, HepiBHiCTB, IO
pO3rAsifacTECH, € NPABUABHOI NPH O6YyAb-AKWX HATYDPAJIBHHX NI TA-
KUX, o n > 4.

IInpoxi MOKIHBOCTI MeTOAY MaTeMATUYHOL iHAYKUil AeMOHCTPYE
raKa sajaya.

NMPUKNAA 5 ILromunry noaineno Ha obnacti Kizekoma npaMumiu. JIsi
obnacTi Ha3KBAIOTL CYCiTHIMU, KO iX Mexew e abo Bifpisok, abo
npomins, abo npaMa. Jloeeairts, o uni obaacti MmoxkHa posdapbyeatu
B BA KOJBOPH TaK, mob cyciani obnacri mann pisamit komip.
Pozé’szannsa. Hexaii Ha riomuHi nposegeno n npaAMux. lHAyKTHBHL
MipKyBaHHS NPOBOJHTHMEMO 3a KinbKicTio npaMuX.
OueBu THO, 1110 NP 1 = 1 TBepKeHHN 38/4a4i € NTpaBHIbLHUM (puc. 24.1).
Hpnnycmno, {0 TBEPAYKEHHA € NPABHJIBHHM Ipu n = k, TobTO
acTi, yreopeni k npaMuMK, MoycHA po3dapOyBaTh HANEHUM YHHOM.

4 <

Puc. 24.1 Puc. 24.2

Hexait va naomuri npoeeaeHo k + 1 npamy. IlogymMxu Bumyan-
MO OAHY 3 UuX NPpAMHX (Ha pucyHKY 24.2 ne yepBoHa npsama). Toxi
HA IUIOIHWHI 3aJHIIATECA k NpAMMX, 1 3a DpunymeHHEAM BOHH 3a/a-
10TB 06218CTi, AKi MOXKHa poadapbyeaTu noTpi6EMM YuHOM (pHrc. 24.3).

Konsopu Becix obnacreit, ski sexars y HMMKHIA miBminomuHi
BiJHOCHO 4YepBOHOI MpAMOIL, NOMiHAEMO Ha NPOTHJIEKHL, a8 KOJBOPH
obGnacteil, Aki JeXarh y BepxHiil nisnnommHi, sanrumumo Ges aMin
(puc. 24.4). OrpuMaHAi PUCYHOK 3aJ0BOJILHAE YMOBY 3aaadi.

Puc. 24.3 Puc. 24.4
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§ 5. ENEMEHTM NPUKNAQHO! MATEMATUKIA

24.1.° Yucna 24, 44, 64, 84 gpatHi 4. Yu moxxua 3BijcH 3pobuTn
BHCHOBOK, III0 YHCIIO, AKe 3aKiHuyeThca uudpowo 4, xpatae 47

24.2.° PosrnsiHpTe 3Ha4eHHs MHoOroweHa f(n)=n"+n+ 17npun =1,
n=2,n=38,n=4, n=>5. 3pobiTs NnpUNyILIEHHS. Yc-rauom'rh, Li74
€ BHCYHYTA TiloTe3a NpaBUIBHOIO.

24.3." NoseaiTs, 110 npu 0yab-AKOMY HATYDaNBEHOMY N1 BUKOHYETHCH
PiBHICTB:

1) 1P 248y, snt = BB IERLY,

as 6 »

n(n® -1

2) 12+3%2+5%+...+(2n-12 = 5

3)1:3+ n{n+1)(4n + 5)

2:5+3-T+...+n(2n+1)= 6
gy 14 1-4 2 5 3 6 nn +3) n(n+1}_
2. 3 3-4 4-5 (n+l)(n+2) n+2 °

0 (1_—)(1 4)[1_“) ( (2::1)3]::3:'

24.4." NoseaiTe, 1m0 IpH GYAL-TKOMY HATYPAIBHOMY 12 BUKOHYETHCS

PpiBHiCTB:
1) 1-2+2-3+3-4+...+n(n+1)=%31;
2)1-4+2-7T+3:-10+...+n@Bn+1)=n@+1)5
3N1*P+3+52+...+2n—-1)P°=n*2n%*-1)

1 1 1 1 T
Nig 5 58 "D el

24.5." lloexniTs, mo npu 6yAb-AKOMY HATYPAJIRHOMY It 2 2 BUKOHY-

€ThCs PiBHICTH

(1“}(1“](1— = (1—%) = "2’;‘.

24.6." Bugenits Gopmyay Ansa 00YMCIEHHA 3HAYEHHA CYMH
1 1 1 1
—te——t———t i, G
AR et Y ey AN
24.7." BusegiTh GopMyIy A1A 0GUNCIEHHSA 3HAYEHHS CYMM
-1+483-5+7-9+...+(-1)+-(2n~-1),ne n € N,
24.8." Busegzits dopmyny ansa ofuncaeHHA 3HAYEHHA CYMH

1 1 +—l——+ +—1-—,neneN.

127283732 " Tame)
24.9." oeexitey BepiBnicTs 2" > 2n + 1, ae n € N, n 2 3.
24.10." loseniTe mepiBricTs 3" >4n+ 1, nene N, n 2 3.
24.11.' JlosexniTs HepiBuicts 4" > 3n> + 1, nene N, n > 2.
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24, Metog MateMaTU4HOI iHAYKLUIT

O~w 24.12.° JloBeniTh HepiBHiCTH
£+£§+..' Jaa s @t rx)
¥y Y ¥ Yty +...tly,
J€ Yys Yy s Y, — ROAATHI UMCIA. '

2 4

24.13." [loseziTs HepiBHicTs
g, +a,* o+ .o +a |€|e | +]a| +]a|l+..+]|a_l

24.14," Hoseaits, o Ansg 6yAb-AKOI0 HATYPAJLHOTO 1

HE** '+ T 3)(4"+15n-1):9;

2)(6™ +19"-2**YHY: 17; 4) (5" - 8"+ 2n) ! 4.
24.15." osexirs, mo ans 6yAb-AKOro HATYPAJILHOTO I}

) +8" Y :19; 3)(3**2-8n-9): 64.

2)(7-24"-5-13"-2"* Y : 11; ;
24.16." Hoseaits, mo konm a 20, b >0, n e N,

a+b)" . a®+d"
i ( 2 ) =3
R+l "

O=w 24.17." Hoseaits, 1o ab" 2(n+1)a-nb, pea>0,b>0,

ne N.

24.18." JloseniTs nepiBHicTsh \’2 + \12 + Y8+ ... +¥2 <2,

n w; wanis

24.19." HoseniTh HepiBHiCTH JG + \/6 +6+ ..+ J6 <3.

n paguxanls

24.20." (4.21) Hoseaits HepiBHicThL

Lot ot 4 BRL~% ae R e N,
R Jn

24.21.” (4.20) HOosenite HepiBHiCTB 71; + 715 - :}; TCR 71- <2n,
n

aene N,
. - ¢ : i 4 1 ¢ P
24.22.” IoeexniTe vepiBuicTh Sl 4 reT o >34 RENE N,
n=22,
" - ; bt g) 1% G 2n -1 1
. . _'_‘_"oan'_"<. M .
24.23." HoseaiTs HepiBHICTE e = m pene N

' V n. 2 ma gosens Ginbin cnabry sepisuicrs (Aus. npmknag 7).
' ¥ n. 2 mu gosenn Ginpm caabky mepismicts (aus. sagauy 2.66).
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§ 5. ENEMEHTU NPUKNAAHOI MATEMATUKK

24.24." JloseniTh, 10 PO3KJIAJK HA MPOCTI MHOMHUKH YUCJIA
a=(n+1)(n+2)-...-2n
MiCTHTBH PiBHO I MHOXMXHMKIB, KOKHMII 3 AKUX NopiBHIOE 2.

24.25." [loseniTh, MO KiNBKICTE YCiX MiAMHOKHE AaHOL n-eneMeHTHOL
MHOMHMEHM JopiBHIOE 27,

24.26.* JlosepitTs, mo Ansa Oyab-AKOro HATYPANLHOTO 1, n # 4, icHye
ONyKAuii n-KyTHUK, SKWUH Mac piBHO TPH rocTpi KyTH.

24,27.* Ha nnonmui npoBejeHo n NPAMUX, }OAHL ABl 3 AKUX He na-
pasiesbHi i 3OAHI TPU He IPOXOAATE Yepes ofHy Toyky. Ha ckinbku
YacTUH Po3OUBAIOTE IUIOMIHHY Ui npaMi?

24.28.* Y maxosoMy TypHipi Basjau yyacTh n maxicris., Kosxnuit
3ycTpiBCA 3 KOMHMM IHIDMM OOUH pas, NPHYOMY KOJHA MApPTiA
He 3axkigumnnaca pHiumio. [osegiTk, 10 38 peaynbTaTAMH TYPHIpY
BCix waxicTiB MOXHA NPOHYMEPYBATH B TAKOMY IOPAAKY, W00
KOXHHI momnepenHiit OyB nmepeMokKiieM HACTYIIHOTO.

Pi3Hi cxemn 3acTocyBaHHA MeTomy —
MaTemMaTu4HOT IHayKLiT i;a

NPUKNAA 1 3maiigites yci HaTypanbHi 3HAYEHHA N, OPH AKHX
Q+2"+4M: 1.

Pose’asanns. BeegeMo nosHavensa a, = 1 + 2" + 4", ¥ nomykax
rinoTeau NpUpORHO 3HANTH 3HAYEHHA a, JJIA KiIBKOX 3HAUCHD M.

Maemo:

opun=1: a =17

mpu h=2: a =21:7;

npu n = 3: a,,:'i'3f7:

mpu n=4: a, =273:7T;

npu n=>5: a =1057:7;

npu n=6: a, =4161 I1.

Tenep MoxHA 3po0HTH TAKE NPUIYINEHHA:

an§7npnn=3k—2iu=3k-1,ke N;

a,,f? upu n = 3k, k€ N.

MeTroaoM MaTeMATHYHOI iHAYVKIII HeCKIAAHO AOBECTH TakKi Tpu
TBEDAKEHHS!

1+2%°"244%"2:7 ke N;

1+2% 1 4+4* 17, ke N;

1428 48 T 7 BEN.
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Konw 3pobnero ypokwu

IlpoTe pa posB’A3yBaHHA Miel 3aga4i MOXKHA 3aCTOCYBATH i iHmy
¢XeMY IHIYKTHBHUX MipKYBaHb.

MeTton MaTeMaTHaHOI iHAYKUIL, sKkuit posragayTo B n1. 24, o6pasHo
MOIKHA DOPIBHATH 3 PYXOM CXO0JaM#: AKINO BM CTANHU HA IEPLIY CXO-
AMUKY i BeBHeHi, 1110, cTaBluIM HA k-TY CXOAUHKY, 3MOiKeTe nepeiiTu
un (k + 1)-my CXOQMHKY, TO BHM 3MOXeTe HOTPanuTU HA Oyab-AKy
U XOAHUHKY.

Ane pocartu 6yab-aAKol CXOAHHKH MOYHa i iHmuM cnocobom. Ha-
NPUKAA], AKIIO0 BH CTAJIM HA [OeplLIy CXOAMHKY, a8 NOTIM pyxacTecs
1 KpokoMm 2, ToOTO nepecTynaoyu yepes CXOAMHKY, TO BH nobyBaeTe
na BCiX CXOAMHKAX 3 HeNADHHMMH HOMepaMH. 3po3yMino, IO KOJH
1IOYATH PyX 3 Apyroi cXOAUHKHM, TO BM TAKHMM YHHOM Ipoiigere Bci
CXOAMHKH 3 IaPHMMHK HOMEpaMH, a OT:e, 3a ABa npoxoau nobysaete
ik BCiX CXOAHMHKAX,

Ieit npuknajg noxkasye, 0 MOKJIMBA TAKA cXeMa iHAYKTHBHHMX
mipkyBaHb. ¥ TeopeMmi «0asa iHaykuii» nosoauTtbes (mepeBipaeTheA)
clIpaBe/THBICTS TBepKeHHs NpU n=11i n = 2. Teopema «IHAYKTHBHMI
nepexizi» Mae TaKY CTPYKTYDPY: POOJATE HPUNYINEHHA, IO TBEPAMKeH-
us € OIPABMJIBHUM JUIA n = k, a fajli JoBOAATh, [0 BOHO € NPaBAJILHUM
aan=k+ 2.

Taxky cxemy MipKYBAHb HA3MBAIOTH IHAVKIi€I 3 KPoKOM 2.

3poayMiso, W0 iHAYKTHBHI MipKYBaHHA MOXXHA TPOBOAUTH 3 KPO-
KoM BYABL-AKOI JOBMKHHH.

Hanpuknag, poss’sixkeMo 3a1a4y 3 NpUKAagy 1, BUKOPHCTOBYIOUH
IHAYKDio 3 Kpokom 3.

Teopema ¢6asa imayknii»: a, : 7,a,: 7, a4 1} 7.

Teopema «imgyxTUBHWMIL mepexXij»: Hexall @, ALIATLCA (He ALTATLCH)
Hauiso va 7, gosenemo, 1o a TaK caMO AiAUThCHA (He AiNHThCA)
Haniio Ha 7.

Ona poBefleHHs JOCTATHLO MOKasaTH, o (a
MY BH MOMKeTe IIePpeKOHATHCH caMocTiftHO.

k+3

ses — @) ¢ 1.V wpo-

1_
a

MNPUMKNAL 2 Yucao a Take, M0 YHCAO 4 + uize. MoseniTs, mo

1
and Oyab-AAKOro HATYPaNAbHOIO N YHCIO a”+ — — TaxKox mire.
a

Poszé’azanns. Ilpn n = 1 TBepaxeHnsa € npasuabauM. IIpunycru-

1
MO, mo upx n = k uncyo a® + i i,

CnpaBesIHMBOIO € TAKA PiBHiCTB:
k+l 1 —{a* i ( _l_)_( B-1 1 )
a +—a,”1 (a +a') (2 a +a—“—*_1 A (1)
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§ 5. ENIEMEHTU NPUKNAOHO! MATEMATUKI

1

. + 1
3 nel Bunuusae, wo yucao @'+ 5 € ulauM, gxkmoe wiaam e
a

He TiMBLKK uymncio a® +-1-, ane i uncio a* '+ _1_ Are s Teopemd
a" ar: P

«iHAYKTHBHUII mepexif» Takol YMOBH HeMae.

Bauyumo, mio ana poss’AsaHHsA Uiel sanadvi cxeMy JoBelleHHSA Me-
TOAOM MaTeMaTHYHOl iHAYKIII caifi BiAKOPUryBaTH TAKHMM YHHOM:
y TeopeMi «iHAYKTUBHUI Nepexig» 3po6UTH NPUIYINEHHSA, IO TBep-
JI’KeHHSA, AKe JOBOAUTHCH, cpaseaause npu n=k—11in =k, a nani
JI0BECTH, L0 BOHO crpaBeaause uaa n =k + 1.

115 3miHa, y cBoIO Yepry, norpedye, mob B Teopeml «basa iugyrmiis
TBepAXeHHA OyJI0 NepepipeHe He TiNBKK AnA n = 1, ane & ana n = 2.

2
Maemo: a® + la = (a + %) - 2. Orxe, yncao a®+ lz € uinum,
a a

OCKIILKH LIIMM € YHCao a + %.

3 pieHocTi (1) BUNNIMBAE CIpaBelIMBICTL «OHOBJIEHOI» TEOPEMH
«lHAYKTUBHUN Tepexin», 110 3aBepIIye PO3B’A3yBaHHA 3a4a4i.

HOna poss’AsyBaHHA wiei 3agayi HAM JOBenOCH HOCHIHTH YMOBY
TeoOpeMH «iHAYKTHBHMI nepexigs, Npu NEOMY KPOK iHAyKuii sanu-
maBcA piBHUM 1.

SAxmo noCHUAMTH YMOBY TeopeMH «iHAVKTHBHMII mepexixs, To
MOKHA KOPHCTYBATHCA i TAKOIO CXEMOI0 iHAYKTUBHOrO JOBeJeHHA:

1) ycTaHOBHTH CcHpaBeAMBicTh rimoTeau npu n = 1;

2) 3 npunyuieHHs, 1o rinoresa € NpaBHJILHOI ANs Beix n < k,

nosectH 11 enpaBenanuBiets A n =k + 1.

NPUKNAA 3 Hosenits, mo Gyab-ike HATYpaJbHE YHCJIO N MOXMHA
TMORATH ¥ BUIJIAAL CYMH KinbKOX PiSHUX cTeneHiB yncna 2, MOKJIUBO,
BHJIIOYAKOYN HYJIBOBUI (AKINO HaTypaJbHE YHCJIO € CTeNeHeM 4Yueya
2, To 6yneMo BBAXKATH, 10 BOHO NOJAHE Y BHAIIAAL CYMH, AKA& CKJa-
JAEThCA 3 OOHOIO AOAAHKA).

Pose’sasanna. lpu n = 1 maemo 1 = 2°

Hexaii TBepi)xeHHS € CIpaBeIIMBHM JJsl BCiX HATypaJlbHHX
n Takux, mo n < k, k € N, Posrnasemo HaTypansHe quciao k + 1.

SAxino me YHCHIO € CTeTIeHeM 4YMcia 2, TO TeopeMy «iHAYKTUBHHH
nepexin» gosemeno. Ko uncio £ + 1 He € cTenedeM umucaa 2, TO
icHye HaTypasnbHe WMcio m Take, mo 2" < k + 1 < 2™*', 3sigcu
k+1=2"+p, nepe N.

SIKWo npunycTaTH, wo p > 2™, ok +1 2 2™ 4+ 2™ =2"*! mpo
cynmepeuuTs HepiBrocTi K + 1 < 2™ "', Orxe, p< 2™ Ane 2" <k +1,
otrke, p < 2" < k.
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Konu 3pobneHo ypoku

Maemo: £+ 1=2"+ p, nep e N, p < 2" < k. Togi sa iHAyKTHB-
HilM NPANYINEEHAM YHCJO P MOYKHA OJATH Y BHIVIAAL CYMH PisHHX
creneHiB umesna 2, OpHYOMY cepef OMX AoAAaHKIB HeMae umucaa 27.
Jlogasmum mo miel cymu yncso 2™, OTPHMMAEMO HIYKaHe MOAAHHS YHCIa
k+ 1.

HapeseHi BuIIe IPUKJIAAM AAJIEKO He BUUEDPNYIOTS YCiX pisHOBUAIB
JIOBEIeHb MEeTOJAOM MaTeMaTHuHoi iHaykuii. BiguyTtm GaraTomanir-
HICTh CXeM IHAYKTHBEMX MipKYyBAHbL MOXHA, AKIUO 3HOB 3BEPHYTUCH
Ji0 HAOYHOI Mogesi.

Onucyroun pisHi cnocobyu pyxy cXOAMHKAMM, MH THM CAMHM KOH-
CTPYIOEMO pisHI cxeMH JOBefleHHA METOAOM MaTeMaTH4HOI iHAYKIii.

IlpunycTumo, 10 MH MOEMO CTABATU HA CXOAMHKH, HOMEDH It
JIKMX BUSHAYAIOTHCH 38 3a3/anerigb BUsHaYeHuM npasmiom. Hanpu-
kaan, n= 2" ke N. IIpn neoMy € MOKIMBICTH 3 6yab-AKOro AOCAT-
HYTOrO MiCIfi COYCTHTHCA HA OJHY CXOAMHKY BHH3. 3posymino, 110
OMNHUCcaHa cXeMa pyxy mo3BoJifie nobyeaTu Ha Oyab-AKiH cXOAMHII.

ITokaxkeMo0, fK 3a JOTMOMOroOK Ki€l CXeMH MOXKHa HOPOBOAHATH
[IPOAYKTHBHI IHAVKTHBHI JOBEJIeHHA.

NPUKNAL & Jns meBin'eMEMX X, X,, ..., X,, fie n € N, n > 2, jo-
BeJliTh HepiBHiCTH'

n
X4+ X4 e + X
s Ll Vadalohe el 'S —
( = ) P L (*)
Posé’'szanni. fAxmo x, = x, = ... = x_=0, To mepisuicTs (*) € npa-

punbHo0. Ilogansmi MipkyBaHHA MPOBOJAUTHUMYTHLCHA JIIA BHNALKY,
kKomx, +x,+..+x >0,
2
X, +X N s 4
IIpu n = 2 Maemo: (-?1) ‘2 x,x,. CnpapegnusicTs 11iei HepiBHO-
cri sunyausae 3 Hepisnocti Kol gns grox uuces.
Hexaii nepipricTs (*) € npapuasHOW0 Npy n = k, to6To
X Xy ¥ saa + X » >
—L—Z——-————lk Xk rivit X
Josenemo, 0 BOHA € MPABHABHOIO npu n = 2k.
2k
P ("1 FXyF Xy b X F Xy xn) .
) 2k

i By Xy Lt x
ik npasmio, wio HepiBuicTs sanmcyoTe v Taxi# dopmi —L——2 " >

n
2 ""xlxz ...+ X, i nasnsaoTs HepisnicTio Komi ana n uncen. Mu Gynemo skopn-

CTOBYBATH TAKHI 3a04c Nicaa BUBYEHHA [OHATTA «XoplHk n-ro crenenss.
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§ 5. ENEMEHTW NPUKNALHOI MATEMATUKU

2 2 2
k

>[(‘/;1_x;+\/§:;...+m}k]ﬂ :

2
> (Jxlx, 3 e N TN W R T

Mn nokasanu, oo HepiBHicTh (*) € npasuasHolO 1is n = 2. Omxe,
BOHA € NMPABUNLHOK AN n = 2+ 2 = 4, & TOAi BOHA € IPABUIILHOIO IIPH
n=2-4=8, npun=2-8=16, upu n = 2-16 = 32 i Baarani, npu
BCiX HATYPAJIbHMX SHAYEHHAX n Takux, mo n = 2°, k€ N.

TaxkuM 9HHOM, «XBUJIA JOBEJEHUX TBEPIKeHb» PO3IOBCIOMKYETBCA
38 TAKOK CXEMOI0:

25458516532 ....

Barumuioch NOKa3aTH, IO I «XBUJIA» MOXKE PO3NOBCIOJYKYBA-

THCBH Y 3BOPOTHOMY NOPAAKY 3 KpoKom 1:
268456 T8H¢e....

JAna uporo caif npulYCTHTH, 110 HepiBHicTh (¥*) € NpaBUABLHOIO
man=p,pe N, p>1,1nosecru, mo BoHA € NPABHJILHOI ANA
n=p-1.

Konn HepiBHiCTE € NpaBHILHOKO 1A 6yAb-aKuX HeBia eMHuX Xys eees
X +X+ ... +%,

p-1

2%
[x] tx Xghx . Tag +xza;}
b

X, TO BOHA € IPABHIBHOW 1 4718 BULIAAKY, KO X, =

3anumeMo neil BUOANOK:

(xl +XgH e X
P

P
+x
l P - -
] 2 X Xp 0 et Xy X e

P
R T

X4 Xt X, + -7 £
Maenmo: 5 gt 2

X+ X+ .42
p-1

p-1.

>xlx2-...°xp_1- ’

P
Lttt tpsl won . .o R R B
ol 1% "o " dpa —1
p i

Hogimuemu o6uaei ywacTuHu miei HepiBHOCTI Ha JOAATHe YHCJIO
-1
X tXpt.aatx X+ X+ +X, £ s
= T i e
p-1 =l
Tium saBepiieno aosefileEHA HepiBHOCTI (*).

E-l  oTpuMAEMO [
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25. OcHosHi Npasuna kombiHaTopuku. MNepecraHoBkm

I

OcHOBHi nNpaBuna KOMGiIHaTOPUKM.
MepecraHOBKU

CrinbxomMa crmocofaMm y4yHI BAmoro Kjacy MOMXKYTh CTATH OAWH
3a ofHHUM Yy 4epsi no 6ydery? Crinskoma criocobaMu MoxHaA oBparTu
y BamoMy KJaci crapocry Ta Horo sacrynamka? Ckinbkoma crioco-
OamMu MOXKyTH GyTH posnogiseni aono'n, cpibri Ta 6ponsoBi memaui
Ha 9eMnioHarTi cBiTy 3 QyTGony?

Bignosiganouw Ha i 3anmUTARHA, NOTPIORO NMigpaxyBaTH, CKUMEKH
pisHHX KOMOiHali#l, YTBOPEHMX 38 IIEBHUM IPABWJIOM, MOYKHA CKJIACTH
3 eeMeHTiB 3afaHol cKimyenHOol MHOMuHH. O6JacTh MaTeMaTHKH,
AKa 3aliMaeTbCA PO3B’A3YBAHHAM HOZIOHHMX 3a]a4, HA3UBAIOTH KOM-
GimaTopnKolo.

B ocHoBi posp’asyBanas GiabmocTti KOMOiHATOPHUX 3a/1a4 JIEKATh
[ABa IpaBUJA: MPABWIO CYMH i npaBuiIo no0yTKY.

Posrnanemo taxyil npukiaag. Typucera sanmikaBuiam 5 MapmupyTiB
y Kpumy i 7 mapuipyTrie y Kapnarax. 3’sacyemo, cKinbkoma cnocobaMu
BiH MOXe OpPraHi3yBATH CBOK BiAIYCTKY, MalO4YH Yac JHIOEe HA OJWH
MapmpyT.

Ockineku Beporo € 5 + 7 = 12 pisHux MapmIpyTiB, TO OQUH 3 HUX
moxxHA BubpaTr 12 cnocobamu.

VaaragpHeHHAM LIBOTO IPUKJAAY € TAKEe IPABHJIO.

lpasuno cymu Axmo mroxuan A i B raki, mo n (A) = m,
n(B)=%k, AN B=(, 1o Bub6ip «a a6o b», ne a € A, b € B, moxna
aniicanT m + k enmocobamu.

1lle npaBHjI0 MOXKHA IPOINIOCTPYBATH 3a AOIIOMOroKw Bimomol
BJIACTHBOCTI': AKINO MHOXWMEY A i B € cKinueHEAMH, TpudYomy A N B =
=@, 0on(AVU B)=n(A) + n (B).

[Ipasuno cymMu MOMKHA y3aranbERTA. HKmo MEOKUEU A, A,

A, TONapHO He nepeTHHaXOTHCA i Taki, mo n (A) =k, n (4,) =k,

- n(A) =k, o BuGIp «a,, abo a,, a6o ..., abo a_», ne a, € A,
a,€ A, ...,a €A, MOXHa 3filicauTu &, + k, + ... + k_ crocoba-
MH. BUKOpHCTOBYIOUH METOJ MaTeMaTH4yHOI iHAyKHii, ZOBeAiTH Lek
tdakT camocriiino.

3HOBY 3BepHeMOCA A0 NpPHUKIaAy 3 BubGopoM mMapmpyTtiB. flkmio
TYPHCT Ma€ Yac Ha ABa MapmpyTH i xoue mobysaty conouaTky B Kpu-
My, a oorim y KapnaTtax, To BiH MoxKe opramisyBaTH cBilt Bigmouu-
HOK 35 cnocobamm. Copaspai, saxuio ofpatn ofguH MapmpyTt v Kpu-

! Haragaemo, mo aia cKiFYeHHAOl MEOKHEEN A uepes 71 (4) MOSHAYAIOTH KLIBKiCTh
ii enemenTin. -
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§ 5. ENEMEHTW NPUKNAJHO! MATEMATUKM

My, TO HAPOI0 A0 HBLOro MOXKe OyTH Oyan-AKuit i3 7 KapmaTChKHX
mapmpyTiB. Ockinbkn mapmpytis v Kpumy 5, To KinekicTe map
(Mapmupyt y Kpumy; mapmpyt y Kapnarax) aopisuwe 7 + 7+ 7 +
+T+T=7-5=288.

IIi mipxkyBaHHA LiiocTpye Taka Tabauna:

Kapnateski Mapmipy s
1 2 3 4 5 6 ;

11 LGHLIGLGDIOLGHIGHI GGG

21 (@2:1)|(2:2)| 2:3)[(2:4) | (2:5) | (2:8) | (2:7)

G:1[B:2)[B:3)|B:4)[B:5)(@B:6) 3B:7)

R A Rt R C S RV R R CI RO R RGO R R CHD)

KpumceKi mapluipyTa
-~

51 G;1) | (B;2) | 5;3) | B4 (B;8) | B;6) | BT

VsaraabHEHHAM [bOI'0 NPHUKJAAY € TaKke IIPABHJIO.

INpasuao podbyrry. fAxmo eneMeHT a MoxkHa 00paTH m cno-
cobamu i micas xoKHOro TaKoro Bubopy enement b moxua BHOGpaTH
k cnoco6amu’, To BuGip «a i b» B ykazanomy nopsaky, To6To BuGip
ynopagkoBaHoi napu (a; b), moxkua 3po6uru mk cnocobamu.

IIpaano xobyTKY Taxok MOXHA Y3ATaNLHATH. SIKMIIO eleMeHT a,
MoxxHa BUOpatn k, cnocobamu, eeMeHT a, — kz crmocobamm i T. 1.,
eJemeHT @, — k_cnocoGaMu 3a yMOBH JOTPHMAHHA NPUHIUNY Hesa-
JeskHoCTi KlabkocTi Bubopis, To Bubip «a, ia,i...ia_», 70610 BUGIp
ynopsakoBaHoro Habopy (a,, @,, ..., @, ), MOHa 3pobutu k.k,+... &
cnocobaMu. BukopueToByoun MeTof MareMaTHYHOI iHAYKuUii, foBe-
ZiTe meit haxT caMocTiiiHo,

NPUKNAA 1 Cxinbku HaTypasbHUX ATBHUKIB Mae upcao 2° - 5° - 7°2

Pozg’'a3anna. Byas-AKHH ZiILEUK JAHOTO YHCJIA MAa€ BHIVIAL
2% 5% .7%, ne k,, k,, k, — nini uncna, Axi 3810BONBHAIOTE YMOBH
O0<Ek <4,0<Ek,<30< ka < 6. KiumkicTs ziannukis panoro

! HasuBaTuUMeMo WX BIACTHBICTh «NPEHIMNOM HeJAMeKHOCTI KiapKOCTI
suGopias,
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25. OcHogHi npaBuna kombBiHaTopuk. MNepecTaHoBKn

unCsIa AOPIBHIOE KIIBKOCTI HAOODIB, AKI MOXCHA CKJIACTH 3 Yucen k,
k, a'z3 (upu nsomy HabopH, AKi BiAPIBHAIOTHECA OAWH BiJ OJHOIO TO-
PALKOM €JIeMEeHTiB, BBAXKAIOThCA pisHHMH). ucno k, MoxHa Bubpa-
TH 5 cnocobamu, 9ucio k, — 4 cuocobamu, yncio k, — 7 cmocobamu.
O1ixe, 34 y3araJpHEHUM npaBusioM A00YTKY 3a3HadYeHHH Habip MOXK-
Ha pubpatu 5:4-7 = 140 cnocobamu. Tomy mase 4uucno mae
140 pinpauxis.

KinekicTs HaTypanesHUX ALMBHUKIB wyucna n, n € N, npufiuaro
noaHayaTy Tak: 1 (n).

flkmo n = plpy ... pi — xaHOHiuHMI PO3KJIAX HATYDANBHOIO
YypCaa n Ha DpocTi MHOMKHHKH, TO, MIPKYIOYH aHaMOridHO, MOXXHA
BCTAHOBMTH, Mo T (n) = (k, + 1) (ks + 1)re.c(k, + 1),

O-w 3anaua. Hoeegits, mo KinbkicTs migMHOMKUH AaHOI
n-enemMeHTHoI Muoxkunu M popisaioe 27,

Poae'azannn. IlporymepyeMo BCi ereMeHTH MHOMHHM M,
Maewmo:

M={a,a, .., a).

PoarnsHeMo cKingenni mocnigosmocti!, AKi MicTATe n unenim
i CKJIAAIOTHECA 3 HYJIB 1 OJUHUI,

Koxniit nigmaosxuni A MEOXuEH M nocraBuMo y BignmosigHicTs
OJHY 3 TAKMX IOCJIAOBHOCTEH, 1110 00MPAETHECA 38 IPABHJIOM:

e AKIO a, € A, TO Ha k-My micni B nocnifoBHOCTI CTOITH YncHo 1;

e sAKmoa, € A, To Ha k-My Michi B mocnizosHoCTi ¢TOITH YnCino 0.

Hanpuxaan,

A={a,a}—0,1010,0,..,0

B={a}—-0,01,000,..,0

C={a}—0,00000,..01

M= 10,8, sl

g —-000,..0

3poaymMino, mo KoxkHil nigmuoyxuHEI MHOMuHM M Biznosinae
€AMHA MOCJHiINOBHICTDL, 1 HABNAKH, KOMKHA NMOCAIIOBHICTL € BiANOBiA-
HOW0 eauHil migMaoxuni MEOKEEE M. OTXe, KinbKicTh NiAMHEOMKUEH
MHOXMHM M gopiBHIOE KiNBKOCTI DocnigoBHOCTeH, MO po3raAfa-
IOThCA.

Ilpu KoHCTDPYIOBAHHI MocaifoBHOCTeH Oyab-AKMIl 4JIeH MOXHA BH-
opaTy TinbKK gBoMa crniocobamm: sanucatu 0 abo sanmcatu 1. OTixe,
38 ysaraJIbHEHHM TIpaBHJIOM Z0OYTKY MOYKHA CKOHCTPYIOBATH
2:2-...-2=2" pisHHX nocainoBHOCTEH.

A MpomEnRin

! Biaum SOKABAEO 3 MOHATTAM «OOCAiA0BHICTE» BU O3uafiomurecs y n. 32.
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§ 5. ENEMEHTU I'IPMKI'IA.EIHOI' MATEMATMKH

Ozwmauennna Muaoxuny M, Aka cknajgaerscd 3 n enemenris (n € N),
HA3HBAKOTE YHOPAAKOBANOI0, AKIE Mik HEX i MHOKMHOIO, AKA
CHIIANACTHCH 3 NePIIMX n HaTYPaJbHHX YHCe, YCTaHOBJIEHO B3AEMHO
OHO3HAYHY BiINoBixAHiCTS,

OyeBMAHO, LI0 KOJAM CKiHYEHHA MHOMHHA CKJIAJAETHCA 6Ginblme
Hi3K 3 0ZJHOrO eJIeMeHTa, TO BCTAHOBHTH NOPAJOK ii eeMenTiB, TO6TO
NPOHYMepYBATH il eleMeHTH, MOXKHA He OLHHM CIOCOGoOM.

Ozmavennn Hepeeranonnow ckimvennol MEoxuEN M Ha3HBa-
10Th Oyab-AKY YNOPANKOBAHY MHOMKHHY, YTBOPEHY 3 ycix einemeHTIB
MHOXHHEH M.

Hanpurnaj, icaye 6 nepecranoBoxk Muoxuau M = {a, b, c}. Bu-
numemMo ix':

(a, b, ), (a, ¢, }), (b, a, ¢), (b, ¢, a), (c, a, b), (c, b, a).

IlepecTaHoBKH 3aaHOl CKiHYEeHHOI MHOMUHHM pisHATHCA JIHIIE
HOPAAKOM CJALIYBAHHSA €JIeMeHTiB.

Tenep sagady npo KUIbKicTh cnocobiB, AKMMH YYHI BAIIOro Kjacy
MOXYTh CTATH OfAVH 38 OAHUM ¥ 4depai fo 6ydery, MoxHa chopMyIOBATH
rak: «CKigpKH iCHYE mepecTAHOBOK MHOMKUHM YYHIB Baimoro xjaacy?»

KinpKicTh NepecTaHOBOK N-eJeMEeHTHOI MHOMUHK M mo3HayaloTh
CHMBOJIOM PH, BHKOPHCTOBYIOUYM Nepiny JiTepy GpanHiy3sKoro cjaosa
permutation — nepecraHoBka. Hanpukaayn, posriagalyi MHOMKHHY
M = {a, b, ¢}, mn BcTaHOBUAHM, WO P, = 6.

fArmo M = {a}, To icHye nuiue oauH crnoci ynopaAaKyBaHHA Li€l
MHOXKMHHU: @ — ue nepmuit esemenr. Tomy P, = 1.

HoseneMo, mo gas 6yab-AKOro HATYPANIBHOIO 71 CIpPABEAJIHBA
dopmya®

P“-n!

1Ijo dopmMysTy MOMCHA ROBECTH 34 [AONMOMOroK METORY MATEMATHY-
HOl iEayknil (nepekoHaiiTecHd B bOMY camocTiiiHO). Mu posrasHeMoO
kombiHaTopHE [OBeJleHHs.

Hexaii MHOKHHA M cKJaJa€Thes 3 n egeMeHTiB. 3anucatn OyAb-
AKY mepecTAHOBKY MHOXKHUHHM M — ue GakTHYHO HAJATH KOMKHOMY
eJeMeHTy nie€l MHOXKMHM nesHH Homep Bix 1 fo n. Tomy KinekicTs

! Tyt sanuc (a, b, ¢) 03HAuAE, 10 €IEMEHTY @ DPUCBOEHO HoMep 1, enemenTy b —
HOMep 2, elemMeHTY ¢ — HoMep 3.
! HarasaeMo, mo A00YTOK MepIIMX N HATYPAJbHHX GMCEN NOIHAYAKOTH TAK!
nl (amraTs: «n daxTopians), Tobro nl = 1-2-3-...+(n — 1)-n. Ba osuauennaM Bpa-
MMATE, mo 1! =1,
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25. OcHoBHI NnpaBuna kombiHaTopuku. MNepecraHoeku

NepecTAHOBOK MHOXKHHM M jopiBHIOE Kinwkocti cmocobiB mymepy-
BaHHA i1 eslemMeHTIiB.

Bubepemo neBHuii enemenT a 3 wiel MHOkuHKM. IcHYe n criocobiB
NPHCBOITH oMY eJieMeHTy Homep. Jlani BuGepemo neBHuii elemenT b
3 MEHOKHEN M. OCKiNBKH e/leMeHTY @ HOMEp Bike NPUCBOEHO, TO iCHYE
n — 1 cnocib npucBoiTi HOMep enemenTy b. 3posymijo, mo HacTyn-
Huil eeMeRT MOYKHa mpoRyMepyBaty n — 2 cunocobamu i 1. x. Ina
OCTAHHKOrO HeBHOPAHOrO ejleMeHTA MHOXHHH M icHye Jume oausa
crocié npucsoiTH oMy HOMED, OCKiJBKH J0 LLOro MOMeHTY n — 1
eJieMeHT YiKe OTPHMAaJy cBOl HOMEpH.

OTxe, 38 y3araJibHEHHM NPABUJIOM J00YTKY MOYCHA 3aAIIHCATH:

P =n-(n—1)(n-2)-...-2.1, T0bT0

P =n!
NPUKNAL 2 CkinbkoMa cnocofaMy MOXKHA POSTALIYBATH HA IIAXOBii
pomni 8 Typ Tak, mo6 BoHH He GMJIM ogHA omHY?

Pozé’'azanna. Ins Toro mob Typm He moram OMTH omHa oAHY,
Ha KOXHIM rOpH3OHTANI 1 HA KOMHIH BepTHUKANI MAE CTOATH TiNBKH
ozHa Typa (puc. 25.1).

Puc. 25.1
Hexa#t a, — Womep BepTukauni, Ha sikili croitek Typa 3 mepmoi
ropusoHTali, @, — HOMEP BePTHKANT, Ha AKil cToiTE Typa 38 Apyroi
TOPU30HT&I, ..., @, — HOMEp BepTUKAaJ, Ha AKiil cTOITh Typa 3 BOCh-

MO ropu3oHTANI.
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§ 5. ENEMEHTU NPUKNAOQHOI MATEMATUKU

3poaymino, wo (a,, a,, ..., @,) — AKACH NEPECTAHOBKA MHOMUHH
{1, 2, ..., B}. KoxHiil Taki#t nepecranoBlli BiAnOBifae gesxe poara-
IyBAHHSA TYP, AKe 38/I0BOJILHAE YMOBY 3a/1adi, | HABNAKH, KOKHOMY
NpHOYCTHMOMY POSTALIYBAHHIO TYP BiINOBiZlae neBHA MmepecTaHOBKa
iel MHOMHWHH.

Otxe, mykana Kinekiers cnocobis gopisuioe Py, ToGro 8l

25.1." 3 micra A no micta B BeayTh B
4 joporn, a 3 micta B go micta ¢ 4 C
BeayTk 3 poporu (puc. 25.2). :
Crinexoma cnocofamMm MOMHA

mpoixatu 3 micta A a0 micra C? Puc. 25.2

25.2.° Kade npononye B meHo 3 mepuii crpasu, 6 apyrux cTpas
i b Tperix cTpaB. CkiznbkH icHye cnocobiB BubpaTu 06ig 3 TpLOX
cTpaB (o ofHi# cTpaBi KoxHOrO BUAY)?

25.3." CrinbkoMa crioco6aMH MOKHA POSCTABUTH Ha MOAMI T pisHAX
KHHT?

25.4." CxinbkoMa crocobaMu MOKYTh CICTH B aBTOMODLIBL 5 4os0BiK,
SAKIO KOKHUH 3 HUX Moxe 6yTu BojieM?

25.5." ¥ mkom 20 wnacis i 20 knacHux KepiBuuKiB. Cxinpxoma
cnocobaMy MOMKHA POSMNOAINUTH KJIACHE KePiBHHUITBO Mim y4u-
TeaaMu’

25.6." PosrasigaTiMeMo CKJIAaAM 3 ABoX OYKB, mepiua 3 SIKAX € TIPH-
TOJIOCHOIO, 4 APYyra — roJiocHow. CKLIBKH TAKHX PiBHMX CKJIALIB
MOYKHA YTBOPHUTH 3 OYKB cjoBa:

1) mabns; 2) waposapu?

25.7." V xopausi nexars 10 s6nyk i 7 rpywt. AnTor BuGupae sGny-
ko0 abo rpymy. Ilicaa uporo MaxcuMm Bubupae sabayko i rpyury.
¥ sxomy Bunaaky MakcenM Mae GLIbIIE MOMKJIMBOCTEH 1A BUGODY:
KoJM AHTOH y3aB A0/IyKO 4¥ Konyd AHTOH y38B Ipymy?

25.8." Ha pucyuxy 25.3 mokasaua cxema Jopir, siki BefyTs 3 micra
A no micra B. Ckinskoma cnoco- M
famMu MOXKHa mpoixaTH 3 micta A
no micra B? V. B

25.9." Kade nponouye B Menio 3 pisai
casnaTy, 6 pisEnx M'ACHAX cTpaB
i 5 pisEux gecepriB. Ckinsxn
icaEye cnocoliB BubGpaTu o06in N
3 ABOX CTPAB PisHOro Buay? Puc. 25.3
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25. OcHOBHI Npasuna komBiHaTopukw. MepecTaHoBKK

25.10.° Ha pepmuny ropu sege 9 Mmapuipyrie, CkinbroMa cnocobaMu
anpliHieT MOMe nigHATHCA HA ropy i coycrtuTHcA 3 Hei? JlaiTe
BIATIOBiAL HA Ile MATAHHA TAKOMK 38 YMOBM, KOJM IigHoM i cnyek
MalOTE Bi0yBaTUCs 3a pisdiMH MapIIPyTaMH.

25.11.° Crineku n’aTHOUGPOBUX UHCEJ MOXHA ckiactd 3 nudp 1,
2, 3, 4, 5, npuyomy Tak, mob y KoxHOMY 4yHeai Bei mudpr Gyau
pisHuMu?

25.12.° Ckinekn m’sTuunugpoBUX uuces, yci nudpu B Akux pissi,
MOXKHA ckiaacTu 3 uudp 1, 2, 3, 4, 5, axmo ui unena mMaroTe DO-
YUHATHCH:

1) 3 uadpu 1; 2) i3 sanucy «34»7

25.13.° Cxinexn yoTHpHUM(PPOBUX YHCE] MOXKHA 3alACATH 3a JOM0-
morowo mudp 1, 2, 3, 4, 5, 62

95.14." Crineku icuye TprUMGPOBHX uucen, yci mudpu AKHX
HenapHi?

25.15.° CKinbKH 4OoTHPHIIMPPOBHX UHCEI MOYKHA 3aIMCATH 3a A0TI0-
moromwo uudp 0, 1, 2, 3, 4, 57

25.16." Crinbku icuye tpuuudpoBux umces, yci nudpe AKHAX
napHi?

25.17.° Ckinbpxu icnye cemuuudposBux TenedoHHHX HOMepiB, AKi
He mounHAaThed 3 nudpu 07

25.18." AsromoGinbHMII HOMEP MAa€ TaKky CTPYKTYpY: ABi OyxBH
ykpaiucexoro andasity, wotupu uudpu, a8i 6yxkeu (6yxeu 1. L
W, III, b se BuKOpUCTOBYIOTH), Hanpukaag AA9T80BT. Cxinbkn
MOJKHA YTBOPDMTH TAKHX HOMepin?

25.19.° Morery kunaiors 4 pasu. Ckineku pisEEHX nocnioBHOCTeH
repbiB i qudp MOKHA OTPUMATH?

25.20." Fpanpauil ky6ux xkugaots 3 pasH. CKinekky pisEHX moci-
JOBHOCTEH OYOK MOXKHA oTpuMaTH?

25.21." Cxinern TpUnU@POBHX NAPHHX YHCEJl MOXHA 3alHCATH 34 A0-
momorozo nudp 0, 1, 2, 3, 4, 5, 6?

25.22.° Ckineku TpuunudpOBHMX HENAPHWX YMCEJ MOYKHA 3ammucaTH
3a gomomorow nudp 0, 1, 2, 3, 4, 5, 67

25.23." CkinbKH 0’ aTHIMGPOBAX YACeN, yei Nugpy AKUX MaoTL 6y TH
pisEmMH, MoXkHa ckractu 3 mudp 0, 1, 2, 3, 47

15.24. CrinskE napEAX N'ATHIHGPOBMX YHceJ MOMKHA CKJIACTH
3 uudp 1, 2, 3, 4, 5 rak, mob y KoxHOMY 4nchai mudpu Synn
pisHEMHI?
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§ 5. ENEMEHTU NPUKNAOHOI MATEMATUKUN

25.25." Crinnku icuye m’aTunmdpoBuxX uucesn, AKi AiaaTeed HA 57
25.26." Crinekw icHye cemuuudporux uucen, axi ginarsca ma 25?7

25.27." ¥V ceni memkae 1100 :xutenis. JoBeaiTs, Mo OpMHAAMHL JBOE
3 HUX MAKThL OAHAKOBI iRinianu.

25.28." Crinprkoma criocofaMB MOJKHA IIOCTABHTH HA MIAXOBY JOMIKY
ABi TypHu Tak, mob BoEn He 6unm oaHa oaHY?

25.29." V kunxkkoBoMy MarasuHi € 4 pisui spganaa noemu « Eneigas,
3 pisni Buaanaa n’ecH «Haranka IonTaBkas i 2 pisHi BHOan-
HA mecH «Mockanb-uapipuuks. KpiMm Toro, € 5 pisHux kHHATr,
YV AKHUX MicTaTheda nmoeMa « EHeifnas i n’eca «Hartanka IlonraBkas,

i 6 pisaux KHUTr, y AKuUX MicTaTteea n'ecu «Hartanka Ilonrasxas
i «Mockans-uapiBHHK». CkinnhkoMa cnocofaMu MozKHa 3pobHTH
OOKYTIKY, AKa 6 MicTH/Ia IO ONHOMY €K3eMIIApY KOXKHOI0 3 ITHX
TBODPiB?

25.30." Ckinpkn icHye cemunmdpoBux yncen, yei mubpyu AKUX MAIOTH
ONHAKOBY NAapHIiCTH?

25.31." [Ina mudpyBaHHA NOBiIOMJIeHs BUKOPHCTOBYIOTE nHbpH 0, 1,
2, 3. Cnoro B noBigomnenHi Mictuts Bix 1 1o 5 mudp. Axy Haltbineury
KinekicTe pisrux caiB moke MicTHTH moBioMIeHHA?

25.32." Crinpkoma cnocob6aMH MOYKHA POSHOLINIUTH 3aMOBJIEHHSA
Ha npyKyBaHHA 10 pi3HUX NiZPYYHHMKIB MiX ZBOMA KHMKKOBHMM
dabpuxkamu? :

25.33." B yunsa € 7 KHUr 3 MaTeMaTUKH, 4 KHUrK 3 disuku i 2 KEUrn
3 acrponomii. CkinskomMa cmocoGaMu BiH MOKe DOSCTABUTH i
KHHIM'M HA TOJHMI Tak, Mol KHUTM 3 OfJHOrO NpefMeTa CTOANM
nopy4?

25.34." II’ate xyonuis i n’ATk AiB4aT cigawTe y paj Ha 10 cTimsnax.
CrinskomMa cmocof6aMHM BOHM MOXMYTH PO3SMICTHTHCH Tak, mob
XJonni CHALIM HA CTi/NBIAX 3 NADHUMH HOMepaMmu, a Aisuara —
Ha CTiNBIAX 3 HEMADHMUMM HOoMepaMu?

25.35." CkinekH icHye I’ ATHONDPOBHUX YHCe, Y 3anHCi AKMX € Xoua b
oaHa HenapHa uudpa?

25.36." Cxinbku icHye m’ aTHOHGPOBMX YHCeN, y 3aIIHCI AKHKX € Xoda 6
oaua napHa nudpa?

25.37." CkinepkH icHye m'arunnrdpoBrX umces, AKi MicTaTs xoya 6
aei ogHaKOBI nEGPU?

25.38." I'paneEnit xy6buk KuAawTb, Tpu pasu. CKiNBKHM DisHMX
TOCHiIOBHOCTEMH OYOK, cepel AsKHX € xo4da O ofgHA micTKa, MOMCHA
oTpuMaTi?
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26. Po3MilLeHHRA

25.39." Cepez 10 mogeit € aBoe 3Haitfomux. Ckinbkoma crmocobamu
MOKHA mocaluTH mux mozelt na 10 crineuis tak, mob s3saitomi
cugiim nopy4d?

25.40." Ckinbku n’aTHnu@pPOBUX YHCe] MOMKHA 3AIHCATH 3a AONO-
moroio oudp 1, 2, 3, 4, 5 tak, mo6 nudpH B yKucli He MOBTOPIO-
BanucH i mapHi uudgpu He croAnyu nopy4?

25.41." ByzeMo BBa)XaTH CJI0BOM 6YAb-AKY CKiHUEHHY IOCIiIOBHICTE
OykB yKpaiEcekoro andaeity. Ckinbku piaHHX caiB MOXXHA yTBO-
puTH, nepecTaBafiodn GykBu caoBa: 1) Mosoko; 2) maremMaTHKa;
3) kombinaTopuka?

25.42.* 3 mepmoro mosepxy 9-moBepxoBoro GyIMHKY BianpaBuBCH
Bropy Jaidpr 3 5 macaxkupamu. Ckinskoma cnocobamu mi moam
MOXKYThH BHIiTH 3 nidTy?

B PoamiweHHn

Ba mpasunamu FIFA' y dinansrift uacruni wemniomary ceity
3 ¢yT6ony GepyTk y4acTs 32 KomaHaM. 3’ACYEMO, CKiNTBKOMA CIIOCO-
G6amu MoxyTh OyTH posnozineni sonori, cpibui Ta 6ponsosi meaasi
(Tpu npusoBi Micng) MixK KoOMaHAAMM.

Ha nepre Micue Moxe norpanuti 6yab-sika 3 32 KoMaH/, Ha ApPY-
re micue — Oyab-siKa 3 pemuTH 31 komasau, Ha Tpere — OyAb-sAKka
3 30 xomaHz, MO SAJHIOHIMCA. 38 y3aralbHEHHM IIPABHJIOM JO-
OyTKY KinbkicTh MOMIMBHX BapiadTiB POSHOAINY MicHb AOPiBHIOE
32-31-30 = 29 760.

Posp’sisaBmm mo 3agady, MM 3'fACyBaJH, CKIJbKH icHye 3-eite-
MEHTHHX YIOPAAKOBAHMX NIAMHOMXMH 3a/laHOI 32-eJIeMEHTHOI MHO-
xuHA. KoskHY 3 TAKHX YOOPAAKOBAHMX MNiIMHOMHH HASHBAIOTH
posMimenHAM 3 32 eleMeHTIB no 3 eleMeHTH.

Osmauennn Byap-aky k-eleMeHTHY ynopsaKoBamy nigmMBOXEH-
HY fnaHOl n-eJeMeHTHOI MHOXKHMHM HA3WBAKTH PO3IMiMEeHHAM
3 n exeMeHTiB no k exemeHTiB.

KinpkicTs ycix MoIuBUX poaMilllens 3 n elnemeHTis no k ene-
MEHTIB II03HAYAIOTh CHMBOJIOM A', BUKOPHCTOBYIOYM nepmy JiTepy

dpaHOy3BKOro Cj0Ba arrangement — posMiIeHHA.
PesynsTaT, OTPHMAaHHI y 3aaui Ipo po3noijl HPHU30BHX Micllb,
AO3BOJIAE 3POOMTH BHCHOBOK, mo AJ, = 32-31-30 = 29 760.

! Mixxuapoana denepauia ¢yréonsumux aconianiii.
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§ 5. ENEMEHTU NPUKNALHOI MATEMATUKA

Hosexemo, 1110 Ipu OyAb-AKHX HATYPAJBHUX N i k Takux, wo k < n,
cropasegnuBol0 € (hopmysa

AA=n@m-D(n-2)-...-(n—-k+1) (1)

PosriasineMo n-eJleMeHTHY MHOXKHHY i chopMyemo ii k-eeMeHTHY
YIOPSAKOBAHY MAMHOMXKUHY.

Icurye n crocodiB BHOGOPY NEPLIOro eNeMeHTa TiAMHOKUER. [l pyrui
eJleMeHT MiAMHOMXKHHE MOXXHa BUOpaTy Bixe Tinsku 1 — 1 cnocobamu.
Ilicnsa BubGopy IePIIOTO i APYroro eneMeHTiB 3aTHINAETHCA 11 — 2 CIo-
cobu gys BUOOPY TPETHOIO eJleMeHTa MiIMHOMKWHI. ¥a3arani, BuGip
k-To eeMeHTA MOMKHA 3hOilicHuTn n — k + 1 cnocobGamu.

Orixe, 3a ysaraJbHEHUM IIPABHUJIOM NOOYTKY MOKHA 3alllcaTH:

Al=n(n-DY(n-2)-...-(n—k+1).

OckinpKkH iCHYE Jullle OfHA N-€Jl€MEeHTHa IIiAMHOMKHHA AaHol

n-eJleMeHTHOI MHOMKHUHN, TO uncno Al — 1e KiJbKicTe TepecTaHOBOK

n-eIeMeHTHOI MHOMKHHHK, ToOTO
no_
An i Pn

Heit gaxr nigrsepmxye dopmyna (1). Cnpaszi, npu & = n orpu-
Maemo:

Al=n(n-Dn-2)-...-(n—n+1)=n!
3a o3HaueHHAM NPHHAHATO BBaXkaTH, mo 0! = 1. Iia nomosaenicTe
nossosse GopMyny (1) sanucarn 6inpm KOMIAKTHO.
IlomMHOXHMO i mOAIMMMO BHUpas, SKMIl CTOITE y UpaBiit yacTuni
dopmynu (1), Ba (n — k) (ne moxxnuso, ockireku (n — k) # 0). Ma-

. p_nn-1)(n-2)...-(n—-k+)(n-k)!  n!
emMo: A = =8l ~ G Orpumyemo
opmyay
ko n!
- (n — k)

NMPUKNAL = Cxinbku icHye npasuneEuUX Apo6iB, YHCesNbHUK i SHA-
MEeHHHMX AKHUX — IIpocTi uucna, axki menmi Big 307

Poze’szanna. Muoxuna {2, 3, 5, 7, 11, 13, 17, 19, 23, 29} ckaa-
JaeThbed 3 yeix nmpocTux umces, ski menon Big 30. Kinekicte 2-ene-
MEHTHHUX YIOPHAIKOBAHUX MiIMHOMWH Iiei MHOXHWHM JODIBHIOE K1JIb-
kKocTi 3BuyaiiHuX ApobiB, BiAMIHHMX BiJ OAWMHUWIIL, YHCENBHUK
i 3BHAMEHHHUK SKHX — 3asHadveHi npocti uncna. Ilororuna 3 nux Jpo-

6is € npasuapEnMu, OTKe, NIYKAHEe YHCIO JOPiBHIOE %Afo =45.
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26. PoamiuieHHn

26.1.° Y dyrboneriii komauai (11 gonosik) norpi6bao ofpare Kanitana
i itoro sactynauka. Ckinbkoma cniocofamu e MoKHA 3poduri?

26.2." Kowmicia, aka craagaetnesa 3 15 ocib, mMae BubpaTu ronosy,
fioro sacTynHMKa i cexperapsa. Ckinbkoma crnocobaMu e MOMKHA
apobuTu?

26.3." ¥V 9 knaci suBuanoTe 12 npegmeris. Jlennuii poskaas micrurs
6 ypokis. CxinbkoMa cniocobaMy MOJKHA CKIACTU NeHHWI PO3KJIaj
Tak, mob yei 6 ypokie 6ynu pisuumn?

26.4." ¥V @pinansuiii yacTuHi vemnionaty €pponn 3 Qyréony GepyTsb
yuacTh 16 komaug. CkilbKoma criocofaMi MOMXYTE POSIOALINTHCS
30Ji0Ti Ta cpiGui Haropoau?

L]

26.5." HaykoBa rpyna, fika cKiaagaetecs 3 9 oci6, mae aenerypatu
Ha KoH(pepeHLil Tprox NpeacTaBHUKIB: ofHOro no Beauxkoi Bpu-
Tauii, apyroro no ®pasiuii, Tpetboro a0 HiMeuyunn. Cxinbxkoma
crocobaMu MOYKHA He 3pobuTH?

26.6." Yepes sanisHMURY CTAHLiO MOBMHHI OAHOYACHO NMPOMTH TPH
noisan. CxkinbkoMa cnocobaMy AHcneTdYep MOe oprarisysaTH
NPOXO/XKEHHA MOTHArIB, AKII0 B HOro pO3NOpPA/KEHHI € n'ATh
BiAbHMX KoOMii?

26.7." Crinexu icHye TprUM(ppoBux yuces, yei nupu AKHX Henapsi
i pismi?

26.8." CkinpKE icHye TPHIH(MPOBHX umncel, yci nudpu AxuxX napsi
i pigui? :

26.9.° BuaiifiTe 3HAUEHHA BUDAIY:

AL a2 ALl
1) =& 1. 3) =l ma nemeN,neN,n<m.

Ag-Ay Py

26.10.° Nosexity, mo A '=P, gene N,n> 1,
26.11.° Po3B'soKiTE y HATYpPaNbHHAX YMCHAX DIBHAHHA:

1) A2, =156; 3) I;?f:”f:t = 720;
8 A =P o 4) —f?;'— = 210.
B Ry
26.12." Posp’sKiTh Y HATYPAJNBHIX YHCIAX DIBHAHHIN:
2 6 & A} +3A7 1
1) A% = 20; 2) Al=18-al; ) Aptfol,
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§ 5. ENEMEHTU NPUKNALHOI MATEMATUKI

26.13." ¥V me’atomy Knaci 32 yuni. Koxui apoe yunie oOMiHsAAHCE
oguH 3 onHuM dororapTkammu. CkinbkH BChOro OGyJio poszaHo
tpoToKapTOK?

26.14." CrinpKH pisHUX MIECTHIW(POBHX YHCEJN MOXHA CKJIACTH
suudp 1, 2, 3, 4, 5, 6, 7, mo6 uyndpH He TOBTOPIOBAIHACH 1 Kpaiini
mudpu 6yau napauMu?

26.15." B oxoponnii ¢ipmi npaumionors 15 yonosik. Ilorpibuo
OpraHisyBaTy 4epryBaHHA B ABOX OyaiBAsix Ha TPROX 1 YOTHPROX
nopepxax BianosigHO (10 0aHOMY Yeprosomy Ha nosepei). Ckinbkn
icHye cmocobiB 34iHCHNTH TaKe YepryBaHHsa?

26.16.” Ckinbkm pi3HAX TpMUHGPOBHX YHCEJ MOKHA 3aNHACATH

3a gomomoroo uudp 0, 1, 2, 3, 4, 5, 6 Tak, mWoEb yei nudpu Gyau
pisHUMY i cepes HUX micTuaaca uudpa 62

b4y Cnonyku (kombiHauii)

PosrisHemo taki asl sagaui. Ckinekoma cmocofamMm B Kiaci,
y sikomy 30 yumnis, moxxHa BMOpatH crTapocty i Horo sacrynHuka?
CkinpkoMa crmocofaMM B IBOMY KJaci MOXXHA NPHU3HAYHTH JBOX
yeprosux?

BiznoBiges Ha mepire NMTAHHA BAM BifioMa: He KinbkicTe 2-ene-
MEHTHHMX VIOPAAKOBAHMX HigMHOMXHUH 30-eneMeHTHOI MHOXHHH,
TO6TO A.fo 11106 pigmoBicTH HA Apyre MUTAHHSA, NOTPiGHO BCTAHOBH-
TH KilbKicTh 2-eeMeHTHUX NiAMHOMUH 30-eleMeHTHOI MHOMKHHM
(came MiIMHOMHH, & He YIOPAAKOBAHMX nigMHoxuH). KoyxxHY 3 Taknx
MiIMHOXKUH Ha3WBaOTh CcHoaykow (kombimaniew) 3 30 enemeHTin
0 2 emeMeHTH.

Ozsavuenna. Byaes-fKy k-esemeHTHY NiIMHOXHHY 3aXaHoi
n-elleMEHTHOI MHOKMHM HA3MBAIOThL CNONYKOK (kKomObGimamicio)
3 n exeMeHTIB o k eJeMeHTiB.

KinexkiceTs veix Mowaueux kombimanift 3 n enementis mno k
€JIeMeHTIiB [I03HAYANOTH CHMBOJIOM C:. BHKODHUCTOBYIOUH IEpIIY

aitepy ¢dpaHnyssxoro caosa combinaison — wombimanis.

Taxk, 3afgadyy npo KiIbKicTE cnocofiB npusHaYeHHHA YEPrOBHX MOXK-
Ha chOpMYyIIOBATH TAK: YOMY JOPIBHIOE C§°?

O6uuCINMO 3HAYEHHSA C: ANA KinbKox oyeBHAHUX Bunagkis. Ha-

NpUKIAN, C,’, =n, C! =1. Cupasgi, icaye n l-eJeMeBTHHX TigMHO-
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27. Cnonykwv (xomBiHauii)

JHH i OffHA n-elleMEeHTHA NiAMHOXXHMHA 38JaHOl N-eleMeHTHOI MHO-
KHHH.
OckinbKU 3aaHA N-eJIeMEHTHA NiIMHOKMHA MAE JMINe OfHY Nij-
MHOXHHY, K8 He MiCTHTH KOAHOTO eJIeMeHTa, TO
o =1.
Taxo:x 3po3ymiio, mo
C: =1.
Cupappai, TOPOMXKHA MHOMKHHA MICTHTE JIHIE OgHY NIAMHOMXHUHY —
e .
Hosenemo, 1110 npu OyAb-AKUX HATYPAIBHUX n i k Takux, mo k < n,
crnpasegsauBa dopmyia

A:=C:‘Pk 1)

Posrnanemo fesky n-eneMednTHY MHOXKHHY. KinbkicTs il k-enemen-
THUX MiAMHOMXKHH JOPiBHIOE C:. 3 Ko HOI TaKol MIAMHOKHHEN MOMKHA
yrROpuTH k! ynopsakoparux k-eneMeHTHHX nigmuoxun. Orike, Kinb-
KicTh yCiX k-eléeMEHTHHX YNOPAJKOBAHMX NiAMHOXXHH 38J8HOIL
n-eneMeHTHOI MHOKMHE AopiBuioe C! - k!, Tobro A} =C)-P,.

k
3 dopmyau (1) orpumyemo, mo C! = &,

K, k
3Bimgcu

k _ n!
= wm (2)

3a3Hauumo, 110 1us (opMyaa 3aJMNIAETHCA CNPABEAJINBOK i OIA
BHIAaAKiB, Konu k = 0 abo n = 0. Copagai,
0 _ n! B
C,, = m = a =1,
o @ .4
¢ (0-0)0! i
~w 3AA0AYA 1 [osexits, 110

a=c"* 3)

Poze'asanna. 110 dpopMyny mMoxHA [OBECTH 32 Jonomorow $op-
myau (2). IlepekoHaliTecs B HLOMY CAMOCTIHHO.

dopmyna (3) mae i inme, xoMmbinaTopHe, goseneHHA. Bubuparwoun
k-eneMeHTHY MiIMHOMHHY A n-eneMeHTHOI MHOMMHN M, Mu TAMm
caMUM OZHO3HAYHO 3a78€MO (n — k)-eneMeHTHY nigMuOXUHY M \ A.
Orsxe, KinbkicTs cmocobie BuGopy k-enleMeHTHOI MigMHOMHMHH JO-
piBHIOE KinbKOCTi criocobie Bubopy (n — k)-esieMeHTHOL MiAMHOMMHN,
To6GTO0 cpaBeanusa dopmyna (3).
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§5. ENEMEHTV NPY KNAOHOI MATEMATUKUN

®opmyny (3) npu n > k > 0 MoxHa poBectH reoMerpuyHo. Poa-
rasHeMo NpAMOKYTHHUK poamipom m X k, m € N, k € N, poaburnil
Ha mk ognakoBuX KBazpariB. Hexaili me cxema ByJIUIE AeAKOI0
micera (puc. 27.1). 3’scyemo, AKA KiNBKicThL pisHHX HANKODOTIINX
MapuIpyTiB Beje 3 NYHKTY A A0 NVHKTY B.

B T B

]
i

|
|
A
. z —ilm: -

Puc. 27.1 Puc. 27.2

OckineKH MaplupyTH MaoTh OyTH HallKopoTILHMH, TO Tpeba py-
xaTHcd no citui TiiekkK Brpaso abo sropy.

Bynb-akuii MapumipyT crjaaaeTrbes 3 m + k Bigpiskie (TyT
BiIpisoK — Ime CTOpPOHA KBajpata po3bHTTH), 3 AKUX E BEPTHKAIE-
HiX i m ropusoHTanbHUX. PisHi Mapmpyru sinpisHAOTHCH JNUIIE
NOPAAKOM YepryBaHHA BEPTHMKANBHUX i MOPHM3OHTATBHHX BiApiakis.
Tomy Bubip, HAMPHKJaJ, BEPTHKAJIbHUX BiApiaKiB NMOBHICTIO BU3HAYAE
MapupyT (prec. 27.2).

Om:xe, 3aranbHa KiJbKiCTh MapLIpYTIiB AOPiBHIOE KLIBKOCTI CIO-
cobiB, AKUMHE 3 m + k BigpiskisB mMoua smnbGpatu k Bixpiswis, TobTO
ct .. -

Ockinekn BHOIp ropmsOHTANBHUX BipisKiB TAK caMO BH3HAYAE
MAapLIPYT, TO 3araibHa KiTbKicTh MappyTiB Takoxi aopisuioe C. .

b
Takum umaOM, C,,, =C], ..
fAxuto mosuaunTy m + k = n, 10 orpumaemo hopmyay (3).
O-w 3A0AYA 2 Joeenits, mo
o 1 2 =
Co+C,+Cl +...+C} =2" (4)

Pose’aszannsa. JliBa yacTHHA AaHOI piBHOCTI — We KiabkicTs mig-
MHOKHH N-eJeMEeHTHOI MHOKMHM. ¥ NYHKTI 25 MU HOKAa3aIH, Lo U#
KinmwricTe mopiBHOE 2",

O—w 3ANAYA 3 [oBexits, mo
Ck

n+l

=0 (5)
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27. Cnonyku (kombixauii)

Po3e’azanna. 130 dopMyry MOXKHA AOBECTH 3a AOIOMOrow ¢op-
mynu (2). 3pobiTe ne caMocTiitHO.

Hasegemo KombinaTopHe zoBeeHHsA (opMyan (5).

Posrnsanemo (n + 1)-enementHy MHoxuHY. 3adikcyemo B Hiil
neakuil eementT a. Yei k-efeMeHTHI miaMHOMHEN po3i6’emo Ha nBa
TUNK: AKL MiCTATH eneMeRT a i AKi ioro He MicTaTek. IlinMHOKEEYN
nepioro Tuny GopMyIOThECA B peayibTaTti Budopy B — 1 eremenTa
3 n ejeMeHTIB (aj)Ke OAHH eJeMeHT IM 000B’A3KOBO HANEKHTh —
ue a). Tomy kinbkicTs MiAMHOMME Nepioro Tuny gopisuioe CF',

IliaMHOMMHN Apyroro THny (opMyoOTLCA B pesyasTaTti Bubopy
3 n eleMeHTIB (a/)Ke eJeMeHT a iM He HaNeXuTsh) k enemenrti. Ix
KinbkicTs gopisnioe C).

OrpumMany, Mo KUILKICTh k-e/IeMEHTHHX MiAMHOMKHH safaHol (n + 1)-
enementHol MHOMuEK fopisHwoe C) '+ CL Tomy C,, =C}' +C).

Dopmyny (5) upn n 5> k > 0 MOMXHA JOBECTH I'€OMETPUYHO, BUKO-
PHCTOBYIOUH CX€MY MAPILPYTIB, ; Ay
3obpakeHy Ha pucyHKy 27.1. T i i |
¥ei uaiikopormii mMapmpyTH, bt Ao
AKi BeyTh 3 MyHKTY A JI0 MyH-
KTy B, ninsaTecA HA ABA THITH: J -
SAKi MpOXOOATL 4Yepes TOY- ; '
Ky A i sKi mpoxopsTh 4Yepes ‘ -
Touky A, (puec. 27.3). Kinp- A
KiCTh MApLIPYTiB NEPIIOTro THITY
nopisutoe C! | . a npyroro —

k-1 k .k k-1
C Orixe, C,.,=C,_,.,+C

m+k-1° mth-1*

m
Puc. 27.3

Aruro 3pobutu samivy m + k = n + 1, To oTpuMaemMo
. =Cre 27,
27.1." O6uucaire:

1) C: 2 Cl; R - 4) CY +Cl +C),.
27.2." O6umncnits:

1) ¢ 2) C4% 3 O 4) C+CL+CL,.
27.3.° CnipocriTs Bupas: ‘

2 fn-1, 8 on-

1) =Cis 2) —Cyp
27.4." Copocrits Bupas:

1) n—%c:_z; .



§ 5. ENEMEHTW NPUKNAQHOT MATEMATUKK

27.5.° Pos3p’AxiTh Yy HATYPAJBLHHUX YHMCNAX PiBHAHHA:
1) C: =153; 8) C: 2 =45; 8 17CE =90 .
2) C3,,=8(x+1); 4) 3CI" = 20 )
27.6." Posp’sxiTh YV HATYPANBHMX YHCIAX PiBHAHHA:
1) C? =120; 3) CI% = 66;
2) C,=T(x+2) 4) 11CL =8CL %
27.7.° ¥ rnaci 29 yunis. Ckinekoma cnocobamMy MoxkHa chopMyBaTH
KomaHAy 3 5 Y4HIB A1 y4acTi B MareMaTH4Hii onimmiani?

27.8.° Ha nnomuHi nosnayeHo 10 Toyok Tak, IMO 3KOZHI TPH 3 HHUX
He Jie;KaTh Ha OAHi# npawmiii. CkinbknA icHye TPHKYTHHKIB 3 Bep-
IIMHAMH V IHX Toukax?

27.9.° ano onykKauili n-KyTHHK. CKinekn icHye YOTHPUKYTHHKIB
3 BepUIMHAMH, AKi MICTAThCA cepej BepLUMH A8HOTO N-KyTHHKa?

27.10." BycrpiBmINCh, 7 3HAHOMHMX NOTHUCHYJH OAMH OZHOMY DYKH.
CRiTLKM pyKOCTHCKaHb Oyn0 3pobiaeno?

27.11.° ¥V knaci 25 yunis. IIns BUBYeHHA iHO3eMHOI MOBH IX moTpiGHO
posbury Ha aBi rpynu o 13 i 12 oci6. Cxineroma cmocobamu me
MOKHA 3pobuTu?

27.12.° ¥V maxosiif ceriii saitmaiorbes 5 agiBuar i 12 xjgomumkis.
Crinskoma crniocobaMu moXcHa copMyBaTH KomaHAy 3 2 miBuar
i 5 xyomunkie ANA yyacTi B sMaraHHax?

27.13." B oguoro xnaonuuka € 11 mapok, a B inmoro — 20 mapox (yci
Mapkwn pisui). Crinbkoma crnocofaMy BOHH MOXKYTH OOMiHATH TPH
MapKH OZHOrO HA TDH Mapku Apyroro?

27.14.° Ha nuiom#Hi 381880 n napajieapHux NPAMHEX. X mepeTnHEAIOTH
m napajeilbHHX npamux. Aka kinbkicrs nmapanenorpamis npu
OBOMY YTBOPHJIACH?

27.15." Ha npsmiit nosHayedo 12 Touok, a Ha napanennHiit i
npamiit — 7 rouok. CKiIbKH iCHYE YOTMDHKYTHHKIB 3 BePIIXHAMH
y mux TouKax?

27.16." Cepen 20 pobiteukis € 7 mynsapiB. Ckinpkoma cmocobamm
MOKHA cKJaacTy Opuraay 3 & pobirEnkis Tax, mod go Hei Bxoauno
piero 2 mynapu?

27.17.° Ina mkinsHOI notepel migrorosneno 100 Gineris, 3 axkux 12
€ purpanrauny. [lepmunii yyeHs HaBmMaHHA BHOupae 10 6Ginmeris.
Crinskn icuye BapiauTiB Bubopy, nmpu AKUX Bin Bubepe piBHO
3 purpamni 6iern?
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27. Cionyku (kombixalii)

27.18." ¥ kaaci suatsca 35 yuniB. Iaa yuacri B Typripi MaTemaTHy-
HUX GoiB hOpMYETECH KOMaH/A, AKA CKJIANAETLCA 38 KaniTaHa, fforo
3aCTyNHHUKA 1 4oTUPHOX uNeHiB komaHau. Ckinnkoma crnocobamu
MOXKHa cOPMYBATH TAKY KOMAHAY?

27.19.° Ha npsawmiit nosnaveno 12 Touok, a Ha napanenbmiil i
npamiit — 7 toyok. Ckinbkn icHye TPMKYTHHMKIB 3 BepIIMHAMH
Y IIMX TOYKax?

27.20." Ckinern icHye crioco6iB 3 8 pisEnx kBiTiB ckaacTH Oyker
3 HeNAapHOK KinbKicTiO KBiTiB?

27.21," Komicis, sika ckinagaerses 3 15 ocib, Moxke posmouaTn pobo-
Ty, AKIIO HA 3aCiIaHHI € KBOPYM, ToOTO npucyTHi ne Menme 10 if
yneniB. CkinbkH icHye cnocobiB JOCAITH KBOpPyMy?

27.22.° Cepen 20 pobitaukis € 7 myusapis. Cxkinskoma crmocobamu
MoOJKHA cKjacT Opuraay 3 & pobiTHHKIB Tak, wob no Hei Bxoaune
He mMeHme 2 Myaspis?

27.28.° Ona mxkineroi norepei migroroBneno 100 GineriB, 3 AKHMX
12 purpamuux. [lepmuit yuess Hasmanusa Bubupae 10 Gineris.
Ckinbku icHye BapianTiB Bubopy, Npu AKHX BiH BuOepe He MeHIIe
2 purpamnux 6ineris?

27.24." 3 20 oci6 norpibuo cchopmysaTn Komicito i3 7 ocif, npuyomy
Iletpo IsanoBuy i Isan IlerpoBnyu He MOBMHHI BXOAWUTH A0 KoMmicii
oauouacHo. CkinbkoMa criocobamu ne MoxHa apoburtu?

27.25." V pepwi Tpu Baromm potaAra cifaiors 12 macayxkmpis, mo 4
B KOXHHH BaroH. Ckinskoma crocobaMu e mosxHa apoburu?
27.26." Crinexoma cnocobamu MoxxkHa po3butu 12 cmopreMeHiB Ha

3 KomaHAM MO 4 COOPTCMEHH B KOXKHIH?

27.27." V marepi € 9 pisuux uyxepox. Cxinskoma crocobaMu BoHA
MO2Ke IIPUTOCTHTH CBOIX TPbOX AiTeil Tak, 11106 KoHOMY JiCTAN0CH
no 3 uykepku?

27.28." Ha mkinsEOMY Beuopi npucyTHi 12 aisuar i 15 romakis. Cxine-
KOMA crocobaMy 3 HUX MOKHA BMOpATH YOTHDH mapu AJIA TAHLo?

27.29.” Ckinpxkoma cmocofaMy MoKHA m OGiIHX i n 9OopPHHUX Kynb
(m # n) posknacTu B psax Tak, 1mob koaui aBi wopHi KyJi He Je-
IKAJIH mopyu?

27.30." IT’aTe amukis nponymeposani yncnamu sig 1 go 5. Crinbkoma
cnocofamMy MOMCHA POSKJIACTH IO OUX Alupkax 17 oAHaKOBHX KY/Ib
TaK, 100 KoAHMI ANMK He BUSABHBCH MOPOKHIM?

27.31." CxinsromMa cnocobfaMmu HATYpaNbHE YHUCJO N MOMHA MOJATH
y BUTASAL cyMH k HaTypanesHHAX AOfAaHKIB (cyMm, Axi BigpisHsa-
HOTHCHA NOPAIKOM AOAAHKIB, BBAXKATHMEeMO pisEAMH)?
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§ 5. ENEMEHTU NPUKNALHOI MATEMATUKW

W&ﬂom Ta WMOBIPHICTL BMNagKkosol noaii

Ham HEPiAKO MOBOAMTHCA IIPOBOAWUTH CIOCTEPEIXeHHHA, AOCIiNH,
6paTn yuacTh B eKcnepuMmentax abo sanpobysanusax. Yacro nozibxi
IOCIiI3KeHHs1 3aBePIIYIOTECH TeAKUM Pe3yIbTaToM, SKHil 3azgaieriib
nepenbaunuTH HEMOMKJIHUBO.

PoarnsiHeMo KLJIbKa XapaKTePHUX IPUKJIALiB,

* Hxuio BiAKPHUTH KHUIY HABMAHHA, TO HEMOJKJHBO 3HATH

3aszaseriipb, AKHIE HOMEp CTOPiHKH BU nobavuTe.

* HemO0MAMBO 10 modaTKy (yTOONBHOr0 MATYY BHIHAYHMTH,

3 AKHMM PaXVHKOM BaKiHUYMThCH r'pa.
« Bu "e Mo)keTe OyTH BIeBHEHHM, IO KOJIN HATUCHETE Ha KHONKY
BMMMKAaya, TO 34CBITHTLCH HACTLNILHA JaMIAa.

¢ Hemae rapaHTii, mo 3 KypA4Yoro aAiusd, MNOKJIAAeHOTO 0

inmky0aTopy, BUBEIeTbCA KypUa.

flx mpaBMO, crnocTepe)<eHHA a00 eKCHepHMEHT BHU3HAYAETBHCSH
AKAMOCH KoMILIekcoM ymoB. Hanpuknazn, ¢yrbonbHuHA MATY NOBH-
HeH IPOXOAUTH 38 NpaBHMIaAMH; Kypsadi Siins MalTh 3HAXOAUTHCH
B imxyGaropi He meHule Hixx 21 JeHB 3 ZOTPUMAHHAM BH3HAYEHOI
MeTOAMKH 3MiHM TeMIepaTypH i BoJorocrti mosiTps.

PesynnTaT CIIOCTEPE}XEHHA, AOCHILY, eKCIEPHMEHTY HasNBATHMEMO
MO0,

BHnagxoBol0 MOXi€10 HABHBAKThL TAKHI Pe3yJILTAT CHOCTeperKeHHHA
abo eKciepMMeHTY, AKMH NIPY NOTPMMAHHI IeBHOrO KOMILJIEKCY YMOB
MOe BigOyTHCH, a MOYKe ii He BigbyTHCH.

Hanpugnaa, sKNio KHJATH OZHOPLIHY MOHETY, TO BHIIAIKOBOI
nofie0 € BuNaAinHA Uudpu. BuapreHHA JMHCTA NpH HepeBipii mo-
mITOBOI CKPUHBKH TAKOMXK € BHOAJKOBOIO NOZIEI0.

Vagimo, mo sunyieso 1 000 000 norepeitnux 6Ginetis i posirpy-
e€Thesi OZNH AaBTOMOGLIL. Yn MoxxHA, npuaGaBmIM OAMH JoTepeiHMI
6iner, Burpatu nei npua? 3BicHo, MOXHA, X04a LA TIOALIA MANOUMOGID-
ma. A sxmo posirpyearumyrtsca 10 aBromobinis? 3posymino, mo iimo-
BipHicTE BATPALTY 36iMBIMThCA. SIKIIO 3 YABUTH, 110 PO3irpyoThCs
999 999 apTomobinie, To IMOBipHicTE BUrpalny crae HabaraTo GLIBIIONI0.

Or:xe, HMOBIpHOCTI BUNIAKOBMX MoAil MoX<Ha nopisrosaru. Of-
HAK [JI€ [[pOT'0 CHiJg ZJOMOBHUTHMCSH, AKNM YMHOM KiJIbKICHO OIiHIOBATH
MOKJIMBicTh MOABH Tiel uM iHmol nmoxii,

ITizcTaBoio ANA TAKOI YHCIOBOI ONIHKK MOMXYTE GyTH pesyibTaTH
qHCcaeHHUX CIoCTepe:KeHs a60 excoepuMeHTiB. Tak, J0au gaBHO 1O-
miTiom, mo 6araTo nofi# BigdysacThca 3 Ti€l un iHIIOHO, HA HOAMB
nocTiitHoo, YaCTOTOk0.
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28. YacTtora Ta MMOBIPHICTL BUNaAKoBai nogii

Iemorpadam’ nobpe simome umcno 0,514, Cratucruuni gami,
orpuMaHi B pisHi yacH i B pisHMX KpaiHax, cBiyaTe mpo Te, IO
Ha 1000 HOBOHAPOMMEHNX NPUMALAE B cepeHBOMY 514 XJIOMYEKiB.
Yucno 0,514 vaznBaoTh MacTOTON BUNAAKOBOI moail «HAPOMKeHHA
XJonuYuKa». BOHO BH3HayaeThes (popMynolo
KiJIbKiCTE HOBOHAPOMMKEHUX XJIOMYMKIB

KineKicTs YCiX HOBOHADPOIIKEHMX

Haromocrmo, mo me 4yMc/jI0 OTPHMAHO B pe3yabTaTi aHanisy Oa-
FATHOX CIOCTEpesKeHb. ¥ TAKHX BHIAAKAX KaXXyTh, IO HMOBipHicTH
nogii «HApPOmXeHHsA XJonymKas npubausHo gopisxioe 0,514.

HacToTa =

Bu 3Haere, 10 KypiHHs mxiianmee ana sgopop’s. 3a AaHUMU
BceecsiTuboi opranisauii oxoponu 3gopos’s (BOO3) Kyplli CTaHOBIATE
npubausno 97 % eig yeix xsopux Ha pax nerenis. Ymeno 0,97 — ne
YACTOTA BHMALKOBOI MOAIl «TOil, XTO 32aXBOPiB HA paK JereHis, — Ky-
PHB», KA BASHAYAETHCA TAKHUM BiJHOIEHHAM:

KiJIBKiCTB KYPLiB cepea 3aXBOpiiIMX Ha pak Jererin
KinbkicTs yeix mogeil, Aki saxBopinm Ha pak nereHis

1le spaskatoue uncyao 97 % MOIe Yy KOroch BUKJAMKATH CYyMHiBH.
IIpore MM X04YeMO TMiAKPECIHTH, LU0 HACTOTA BUOAAKOBOI moaii Tum
Kpame xapakrepuaye asuue, uuM Oinbliie cnocTepeskeHsb MPOBeaeHO.
A sucrosoxk BOO3 6Gasyerbca HAa aHajisi 6araTe0X CIOCTEPEXKEHB,
[OPOBEJEHUX ¥ PiBHHX KpaiHax, OTKe, CTOCYEThCHA BCiX JIIOMEH.

V Takux BHIaAKaxX KaXXyTh, 10 MOBIpHIiCTh HATPANIKTH HA KYPLA
cepef THX, XTO 3aXBopis Ha pak JiereHis, npubausno aopisaioe 0,97
(abo 97 %).

Il1o6 geranpHilIe o3HAHOMMTHCA 3 NMOHATTAM iMoBipHOCTL BH-
nagroBol moxii, 3BepHeMocH 40 KJIACHYHOIO IPUKAALY 3 KUIAHHAM
MOHETH.

JqacTora =

! Iemorpadis — HAYKA MPO HAPOAOHACEIEHHA.
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§ 5. ENEMEHTU NPUKITAQHOI MATEMATUKW

Posrnauemo BUnpobyBaHHA, AKe IOJATAE B TOMY, IO KHJAKOTH
MOHETY.

TlpunycTHMO, IO B peayJabTATi ABOX KHAKiB MOHeTH JABiui BHDaB
repd. Toai v namiii cepii, sKa CKJajaeTbCA 3 ABOX BHIpoOyBaHb,
yacToTa BHNaAiHHA repba AopiBHIOE:

KilbKicTs BHOANIHB repba _ 2 _ 1.
KLIBKICTH KHIKIB 2

Yu ue ozuavae, 10 iMoBipHicTE BHmaninusa repba popisHiOE 17
3eicHo, Hi. )

Hna mozo w0l 3a wacmomol eunadkoaoi nodii mowmna Oyno
oyinweamu it imosipricms, kinvkicmv eunpobyseanb mae 6ymu 0o-
CMAMHLO BEAUKOND,

Tlounnaoun a3 XVIII cr. Gararo pocninaukis nposoaunm cepii su-
npobyBaHb 3 KHIAHHAM MOHETH.

V Tabnuni HABeEHO Pe3yALTATH JAeAKMX TAKMX BHNPOOYBaHE.

YACTOTA =

B KinbkicTe I KinsxicTp Hacrora
Hocmiguuk KHAKiB MO- | BunagiEb | BUnagiHHA
HeTH repba repba

| :iﬁ;*g;*_t_ f,‘{g%’;b"“ 4040 2048 0,5069

asos-gryy il ol Whiiois:

| 313;2_1“1-38’29)50“" 20 480 10 379 0,5068

e panopctil | 80640 | 39699 | 04923

| fclaBIg; Pllg;g;* 24 000 12 012 0,5005
—

3a HaBeJeHHMH JaHHMH IIPOCTEXKYETHCA YiTKa 3AKOHOMIipHiCTEH:
npu 6araTopa3oBOMY KMIAHHI MOHETH YacTOTa HOABM repba He3HAYHO
Bigxuasersca Big uuciaa 0,5.

Oraxe, MOHA BBAXKATH, 10 HMOBIPHICTE noAil ¢« BUNagiHHA repbas
npubnusno pgopisuwe 0,5.
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28. YacToTa Ta MMOBIpHICTL BMNaakosoi noaii

V KOXHOMY 3 POSIJIAHYTHX NPHKIAAIB BUKOPHCTOBYBAJIOCH NO-
HATTA vacrora Bunaakosol momii. [0 Benwuuny Mu obuncnioBann

3a (hopMyJI0H:

inpKicTe nosAe noaii, Axa OiKaBUTE
— _ KL all, jat}

KinbkicTh BUnpobysaEs (CHOCTEDeXKeHn)

Jlani 3a 4ACTOTOK MM OLIHIOBAJM HMOBIpHICTHL mozil, a came:

izmogipHicmb sunadxosoi nodii nabauxcero dopienioe wacmomi yiel
nodii, auaildeniii npu npodedeHHi 6enuxol Kilbkocmi eunpobysars
( enocmepedceHts ).

Taky oniEky #MoBipuoCTI BHNAAKOBOI mofii HA3HBAIOTH CTATHC-
THYHOI0. 11 BUKOPHMCTOBYIOTH Y PISHHX rany3saX AifabHOCTI JIOQMHU:
tdiznunmi, ximii, 6iosorii, crpaxosoMy bBisHeci, couiosorii, ekoHoMmiIi,
OXOpPOHi 3A0POB’#, CNOPTL TOIMIO.

ImoBipHicTs mogil nosnavaoTs 6yKeoio P (nepmoro 6yKBoO paH-
Iy3bKOTro ciaoBa probabilité — imoBipHicT).

Axmo y nepuioMy NpuKIAni 1nogio «HAPOMKEeHHA XJIOmYnKa» I0-
3HaYUTH OYKBOIO A, TO OTPHMAHWIT Pe3yALTAT 3AIIHCYIOTH TAK:

P (A) = 0,514,

dxmmo nogino «Bunaninsa repdas» nosuauuTH Gykeoo B, To

P (B) = 0,5.

28.1.° HameniTe npHKJagH BHIIPODYBAHB,

pe3yasrTaTOM AKHX, HA Ballly AVMKY, €:

1) manoiimoBipHa mofgis; 2) gyxe HMo- ‘ \
BiprAa moxiA.

28.2.° EXCOHepMMEHT NOJIATae y KHMAaHH1 Puc. 28.1
kHonkK#. KHONKa MoOXe BNACTH AK Bi-
CTpAM ZOHHU3Y, Tak 1 Ha mAnky (puc. 28.1). IlizkuesTe KHOOKY:
1) 10 pasis; 2) 20 paszis; 3) 50 paais; 4) 100 pasis; 5) 200 pasis.
PeaynbTaTH, OTPUMAaHI B I'AATH cepifAX eKCIEePHMMEHTIB, 3aHeCiTh
v Tabaumio.

' Hownmep cepii 1
}-Ri.?l'bl{i(fl‘b eKCIeEpAMERTiB (Knj-
kiB) y cepii [

]

'KinpkicTh BHNAAiHE KHOMKH Bi- ‘
,CTpSM YHH3 : |
| == ! —_
| KinekicTs BUDAAiHE KHONKH Bi- '

| CTPAM AOTOPH
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§ 5. ENEMEHTW NPUKNAQHOI MATEMATUKA

¥ kouii 3 n'ATH cepiil eKcrepuMeHTIiE miagpaxyiTe 4acTOTY BH-
NagiHHA KHOMKHM BiCTPSAM Aioropy ii ouiHiTH iIMOBIpHICTH HACTAHHSA
miel moaii. fixa nmoxmis Ginbml iMOBIPHA: ¢KHONMKA BIage BiCcTpsiM
yHU3» ab0 «KHONKa Brnaje BicTpaAM Aoropus?

28.3." Ilposexirs cepiiwo, sika ckaagaerses 3i 100 ekc-
IepUMEeHTIB, v AKHX HiKHAAIOTE IYA3UK 3 NeTNIel0
(puc. 28.2). 3gaiiniTe yacToTy nogii «r'yasmnk ymajge
netiero saus». OuiHiTh iMoBipHicTs moAll «r'yasuk

voajge mneTJjelo HOropHs y lposeaexiii cepii ekc- Puc. 28.2
TIEpHMEHTIiB.

28.4.° ¥V Tabnuili HaBeeHO AaHi npo HapoaXKeHHA aitei y micti Kuesi
sa 2007 pik.

] & 2 T A A4 A o =5 2

. g| B 8| 5| §| §) 8| €| &) E| Ef &

wens | 21 5 E| E1 2| | E| B E| 2| E| 3

SlIR|I &I =2|&|F|S| S| K| 8] &) &
Kinexicrh

Hapofiens | 1198] 10563| 1220|1151 1151{ 1279] 1338 1347|1329 1287|1196 1243

XJONYHEIB

Kineriers
Hapomenn | 1193/ 1065 1137 1063| 1163|1228 1258|1335/ 1218] 1239{ 1066 1120

AiBuaATOR

ITigpaxyfiTe yaCTOTY HApOJXMeHb XJIONYMKIB y KOHOMY Micsani
i 3a Becs 2007 pik. OuiniTe imMosipHicTe HapoAsKeHHS MIBUMHKHU
y 2007 pomi.

28.5.° ¥V meaxomy Micti N sapeectposano m asToM00isiB, 3 HUX aBTO-
MoGiiiB « Taspifi» 6yno n. Ouivite imoBipHiCTE 3yeTpiTH Ha ByIAIll
aBTOMOOLTL «TaBpise.

28.6.° Omepatop noBiakosol cayxOd mMpoTAroM pobouoro AHA
(9:00-17:00) y cepenasomy poaMoBasi€ 1o teaedony 6 rog. Ouinite
iMoBipHicTE TOro, WO KOAK 3aTened)OHYBATH 40 AoBigKoBOi y neit
nepiof, TenedoH BUABUTHCH BiMbHIM.

28.7." 3a craTucTUKOIO y micti Ogeca mpoTAroM JiTa KiTbKicTe COHAY-
HHX JAHIB y cepeansomy popisaioe T70. OniniTs iMmosipuicTs Toro,
mo, npuixasmn BiaiTky B Opecy Ha OAMH JeHb, TiCTeE HATPAIUTE
HA TOXMYpY HOTORY.
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28B. MacToTa ra MMOBIPHICTL BUNAAKOBO| NoBh

28.8.° 3 penmkoi maprii mamnoyox sBubpanu 1000, cepex Axkux BHU-
spunoca 5 GpaxosaHux. OnidiTe iMosipHicTE KynuTH GpakoBany
JIAMIIOYKY.

28.9," Tlig yac enigemii rpuny cepen oberexxenux 40 000 xurenis
puasHaIM 7900 xpopux. Ouinits imMoBipHicTs monii ¢HaBMaHHA
obpasa JIOAWHA XBOPA Ha PHIIs.

28.10.° IMosipuicTs kyuuTa OpakoBany Garapeiiky mopisaioe 0,02.
Yu npasuibHO, mo B Gyas-akift naprii 3i 100 Garapeiiox € aBi
OpaxoBani?

28.11.° Hasegeny Tabauiio HasuBawTh « HaBuansuwuii naan 9 xaacy
3araJIbHOOCBITHBOI IIKOJIM #:

IIpenmer KinpkiCTh TOAUH HAa THXIEHB

VkpaiHchKa MOBA

VYKpainchka JiTepaTypa

IHo3eMHa MOBa

Sapybixna nirepaTypa

IcTopin Vrpaiun

BeecgiTHa icTopia

IlpaBo3naBcTBO

XymowxHA KYIbTYpa
Aunretpa

T'eomerpis

Bionoria

T'eorpadis

dizuka

Ximia

TpyaoBe HaBYUAHHH

IndopmaTnka

OcroBu 310poB'a

Ol | = = D N Do W DO DS | e | N NN N

diskynabTypa
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§ 5. EIEMEHTUA NPUKNAQHOI MATEMATUKMA

OniniTe iMoBipHicTE TOrO, 1110 00paHKil HABMAHHA YPOK Y THHE-
BOMY poskiafi 9 kaacy susBuTecs: 1) anrebpom; 2) reomerpieio;
3) maTemaTHKOI0; 4) QiskyabTypOO; 3) iHO3eMHOK MOBOIO.

28.12." OGepits HaBMaHHA OAHY cTOpiHKY 3 nosicri Mapxa Bosu-
Ka elmcTHTYTKas. IligpaxyiiTe, ckinpkm pasie wa mi#i cropimmi
3YCTPIHYTECH OYKBH ¢H», «0%, «fi», «I0%, & TAKOMK CKiJIBKH BCHOT0
Ha Hifi 6ykB. OniHiTh iMoBipHicTL NoABM nux GykB y BHOpaHoMy
Texceri. Ils omiHKa [03BOJIHTH 3p0O3yMiTH, 9OMY HA KJiaBiaTypax
JPYKApPCHKOI MAUIHHKH Ta KoM ioTepa (puc. 28.3) 6ykBu ¢H#» 1 409
poamimieHo O6muak4Ye N0 LEHTPY, a OYKBH «s» i «i0o» — Oimakge
0 Kpaio.

E m_ FFEEE [ N ]Ejﬂ
== -

‘“t...

Puc. 28.3

' Knacnune osnaveHHs imosipHocri

Jinsa 3HAXOMKeHHA MOBIipHOCTI JeAKMX nmoAii He 000B’ A3KOBO NPO-
BOAUTH BHOpoOyBaHHA 860 cnocTepexkeHHA. JJocTaTHBO KEpPyBaTHCH
KUTTEBMM JOCBiZIOM i 3J0POBUM IJIY3/IOM.

NPUKNAA 1 Hexaii y kopobui sexxats 10 9epBoHMX KyJaboK. SIKa
HMORIpHICTE TOroO, IO B3ATA HABMAHHA KYJIbKa Oyle YepBOHOTO KO-
JABOPY? IOBTOTO KOJAbLOPY?

OueBnaRO, 0 NpH BUNpobyBauui 3a Jasux YMOB OyaL-AKa B3ATA
HABMAHHA KyJbKa Oyje 4epBOHOr0 KOJLOPY.

Ioxiro, AKAa 3a MEBHUM KOMILIEKCOM YMOB 000B'1I3K0OBO BiaGyaeTscs
vy Oyap-AKOMY BHNIPOOYBAHHI, HA3HBAIOTH NOCTOBIPHOIO (BiporinEoI0).
ImoBipHicTE Takol nogii BBaXKawTs piBHOKO 1, TOOTO:

AKImMo A — gocToBipHA nogifa, To

P(A)Y=1.

Taxoxk oueBHAHO, 1m0 npu Oyab-AKOMYy BHIPOOYBAHHI KyJabKa

He MOKe OYTH JKOBTOT'O KOJBOPY, 8Ke B Kopobui ix memae. °
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29. KnacuHxe 03Ha4eHHs MMOBIPHOCTI

Ilogiro, AKa 3a NeBHUM KOMILJIEKCOM YMOB Hé MO¥ke Biabyrucs
B JKOOHOMY BHNpoOyBaHHI, HA3WBAIOTH HEMOMKJIHEOX. IMORBipHicTh
raxol mogil BeakaoTs pisHOIO 0, TOGTO:
AKINO A — HEeMOMJIHBa OHid, TO
PA=0
3ayBarKuMO, O AaA OyAb-sKol nmojil A BUKOHYeThLCH HepiBHICTH
0<P(4)<1.

NPUKNAJL 2 PosrnsHeMo eKCIEPHMEHT, AKUY IOJATAE B TOMY, IO
ONHOPiIHY MOHETY IiAKMAAIOTH OJUH pas.

3posymino, 1Mo MOXKHA OTPUMATH TLIBKH OIUH 3 IBOX Pe3yJIbTATIB:
punaginega nudpH abo BunajgiHHs repba. IIpumyuomy xojeH 3 HHX
ne mae nepesar. Taxi pesy/bTaTH HASHBAIOTE PiBHOMOMKJIMBHMH,
a pigmoBimHi BumaakoBi mopil piBmoiimoBipuumu. Toxi mpupomHo
BBAXKATH, IO AMOBipHiCTE KOXKHOI 8 mofiil «Bunaxinug repba» i «Bu-
nagieHea oudpu» JOPiBHIOE -% i

Ilizxpecnumo: e 30BCiM He O3Ha4ae, Mo B Byas-akiil cepil exc-
NEpUMEHTIB 3 KNZAHHAM MOHETH IIOJIOBHHOIO pesyJsbTaTiB Oyne BH-
nagiassa repba. Mu MoKeMo JiMIIe IPOrHO3YBATH, IO IPH BeJHKiH
KinepkoceTi BUNpoOyBaHE YACTOTA BHIA/IHHA repba npubIusHO AOpiB-

HIOBaTHMeE % .

PosragueMo 1e KiJbKa NPUKAAJIB, ¥ AKUX KIOYOBY DOJb Bifgi-
rpaBaTUMYThH PiBHOMOMKJINBI peaynIkTaTH.

NPUKNAL 3 Ilpu xmaasHi rpajsHOro Kybmka (pme. 29. 1) MOYKHA
OTPUMATH ONHMH i3 mecTu pesyJabTATiB: Bunazge 1, 2,
3, 4, 5 a6o 6 ouok. ¥ci 1i pesyabTaTH DiBHOMOMKIIH-
Bi. Tomy mpupoaHo BBRajsKaTH, 1110, HANPAKIaZA, iMo-

pipmicTs moail «Bunmagiaas 5 o4OK» AOPIBHIOE %.

NMPUKNAL 4 Hexait sunymero 1 000 000 noTepeit- ”. o

HuX 6ireris, 10 3 axux € surpanHuMu. Bunpobysan- .

HfA TIONSTAE B TOMY, IO KYILIATL oaul Olner. Ilei

excnepumMeHT npussoguThk Ao 1 000 000 pie-

HOMOKJIUBMX Pe3yJBTATIB: KYIMJIM rmepmui 6iser, Kynuim gpyrui

finer i r. x. Toxi iimoBipHiCTE BUrpamny npm Kyniemi ogHoro Ginera
10 1

AOPIBRIOC 17660 000 ~ 100 000

NMPUKNAL 5§ Hexait v Kopobui nexxaTts 15 GiNbApAHAX KYNB, TPOHY-
MepoBaHHX unciaamu Bif 1 go 15. fka ifiMoBipHicTSH TOro, 10 BUHHATA
HABMAaHHA KyJs MaTuMe HOMep, KpaTHu# 3?
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§ 5. ENEMEHTU NPUKNALHO!T MATEMATUKHN

3posymino, wio B usoMy Bunpobysanui € 15 piBEOMOMKINBUX pe-
3YJBLTATIB. 3 HUX € 5, AKi HAC 3aJJ0BOJIBHAIOTE: KOJIH BUTATYIOTE KYJIi
3 momepamu 3, 6, 9, 12, 15. Tomy npHpoOIHO BBAXKATH, M0 AMOBIp-
HicTE TIOAIl «BHTHACHYIM KYJIK0 3 HOMEPOM, KPATHHM 3» IODiBHIOE
5 1
15 3°

ITompu Te uo B npukJaaxax 1-5 posraaganucs pismsi curyamnii,
pa3oM 3 THMM iX OOKMCYE OJHA MaTeMaTHuHa Mojenb. IToscHumo me.
+ ¥ KOXKHOMY NpUKJIAAL NpH BunpobyBaHHI MOXKHA OTPHMAaTH OJUH
3 N piGHOMOXNCAUBUX PE3YIILTATIB.

Ilpuknax 1: n = 10.

Ilpuknag 2: n = 2.

ITpuknan 3: n = 6.

Ilpuxkaag 4: n = 1 000 000.

Tpuxnazx 5: n = 15.
o ¥V KOXHOMY NPHKJI8l posrnsjacThed Jeska moaia A, AKY cnopu-
YUHAKTE M pesyabTariB. HagnsatuMeMo IX COPHATINBUMH.

Ipugnazg 1: A — BATATIN 4epBOHY KyAbry, m = 10, abo A — Bu-
TACJHA HOBTY KYJIbKY, m = 0.

Tlpuxknag 2: A — sunas repb, m = 1.

Ilpurnan 3: A — Bunana Hanepej, 38JjJaHa KiJbKiCTh 0YOK HA rpaHi
rybuxa, m = 1.

Ilpuraan 4: A — surpaw npuay, m = 10,

Ilpuknag 5: A — BUTADAU KyJ10, HOMEpP AKOI KpaTHMi 3, m = 5,

V xoxHOMY npuMEAami iiMoBipHicTh mofii A MoxkEHA 00uUMCINTH
2a hopMyn0I0:

L
P(A) =7

Oasmavennn Axmo BunpobGysanus 3aKiHYYETHCA OXHMM 3 n
PIBHOMOKJIHBHX pe3yJbTaTiB, 3 AKMX M NPU3BOAATH N0 HACTAHHA

san " . 5 > * m
noaii A, To imonipricTio moail A HA3MBAKTH BiAHOIIEHHA 5

Take ozHavyeHHA HMOBIpHOCTI HA3UBAKTH KJIACHYHEMM.

IMigxpecnanmMo, L0 KOAU Pe3yabmamu 6unpobyeaHHA HE € PIGHO-
MONCAUBUMU, MO KAGCUYHE 03HAYEHHA UMosipnocmi do makoi cu-
myayii sacmocyeamu He MOXHA. .

Hanpyukiaja, Ko MOHETY 3aMiHUTH
Ha ryasuk (puc. 29.2), To momii «r'vasuk

ynaje meTielo JOHU3Y» i «I'YA3HK yma-

‘ e IeTJielo Aoropm» HepiBHOMMOBipHIi.
" ' OuiHuT AMOBIpHICTL KOMKHOI 3 HHX

Puec. 29.2 MOKHa B Pe3yJbTATI eKCIepHMEeHTY
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29. KnacuyHe 03Ha4eHHs MMOBIPHOCTI

.t JIOIIOMOTOI0 YACTOT IMX MOZAIN, 3HANIEHUX NPH NPOBeicHH] BEHKOL
1K 1JIBKOCTI BUIPOOYBaHE.

NPUKMAL 6 Kuznaorh 0HOYACHO ABA rpaJibHi KyOuKN: cUHif i XKOB-
ruit. flka fiMoBipHicTs TOro, M0 BENAAYTH ABI micTKU?

3a momomorow Tabanui, s3o6pakenol Ha pucyHky 29.3, mu Moxxe-
MO BCTRHOBWTH, 1[0 B LILOMY eKCIePHMEHTI MoXKHa oTpumary 36 pis-
HOMOMKJIMBUX Pe3yJbTaTiB, 3 AKHX COPUATIUBUM € TiIBKM OAMH.

e 3
36"

K.mb}dcn. 04YOK HA m_on'muy Ryﬁm{y
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|
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Ve ©009900

‘YPOW @ @“0%0@

Tomy mykaHa WMOBIpHiCTE JOpiBHIOE ——

Rl.ﬂ‘hxlc’rh OYOK HA CHHLOMY Ryﬁmcy
+ z
@

= Puc. 29.3

NMPUKIAL 7 (3apaua JI’Anambepa) Knpaors 0HOYACHO /1Bl 0HAKOBI
voreTu. flka HmMoBipHicTh TOro, mo xoua 6 oanH pas Bumage rep6?

Iz sanaua cxoxa Ha 3ajaqy 3 npukaazny 6. Pianunsa nuuie B ToMY,
0 KyOuKY BiIpiSHAIHCSA 38 KOJIBOPOM, & MOHETH € HeDO3PI3HUMMMH.
o6 y nhoMy eKcepHMeHTI BUSHAYHTH BCi PIBHOMOMKIIMBI peayJIbTaTH,
fyzneMo po3pidHATH MOHETH, NolepeaHbo ix nponymepysasuid. Toxi
MOKHA OTPMMATH YOTHPU PiBHOMOMKJIWBI pesynwratn (puc. 29.4).

V mepmiux TPLOX 3 IIMX Pe3yJIbTATIB X04a 6 OfMH pa3 BUNAB repb.
[1i pesynpraru € cnpusaTauBuMy. ToMmy HMORIpHiICTE TOrO, IO OPH
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§ 5. ENEMEHTW NPUKNALHOI MATEMATUKW

Ilepma moneTta Hpyra monera

Pue, 29.4
OIHOYACHOMY KMAaHHI ABOX mMower xoua 6 ozun pas sunaje repb,
HOPiBHIOE %

NPUKNAL 8 KupamorTes OZHOYACHO ABA OAHAKOBI rpanbHi KyOMKM.
flka fimoBipHiCTH TOrO, IO BUMAAYTHL YWCJA, CYMa SKHMX JOPiBHIO-
patume 117

Hauuii gocnig mae 11 pesynawraris. Cyma uncen, sKi BUNAIH, MOXKE
nopisafoeatu 2, 3,4, 5,6, 7,8, 9, 10, 11, 12. Tyr nomunxoio 6yuo 6
BBAaXKATH, IO jiMoBipHicTh noOAil ecyMa uMces, AKi BHOAnM, AOPiB-

nioe 11» cranoBuTh 11—1

TATiB AOCHAIAY He € piBHOMOKANBMMU. Haopuknan, peaynsTar «cyma
uncen aopieeioc 2» Moxke 6yTH OTpHMaHMN TUIBKH OZHHEM crocoboM,
4 pesyJILTAT «cyMa 4Yuces AopiBHe 6» — 11’ATeEMa conocobamu (mepe-
KoHaiiTecA B EOMY caMoCTiiiHO).
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29. KnacuyHe 03Ha4eHHA MMOBIPHOCTI

11106 maTu 3MOTY CKOPHCTATHCH KIACHYHUM O3HAUYEHHAM iMOBip-
1HOCTi, CHig iHTepnpeTyBaTH A0CAi TaK, mobu Oyab-iKe BUIpoOyRaH-
13 3aKiHUyBAJNOCA OJHUM 3 DiBHOMOXXJIMBHX Deay/ILTATIB.

Jdaa usoro GyaeM0 YMOBHO pPO3pisHATH kyOMKH, Hanpukgam
aa KoasopoM. Togi MokHa orpumaTn 36 piBHOMOMXIMBHX peayIbTaTiB
(puc. 29.3). 3 HUX TiNLKY /1Ba € cnpuAaTAuBUME, ToMy mykana iMo-

= 5 2 1
BIPDHICTB JJOP1BHIOE '3*"‘ — I‘g‘.

HacTynHuil npuKAaj me pas OiAKPecsioe, HACKINBKM BAaXKJIHBO

B JOCNiJli BUSHAYMTH BCi PiBHOMOXKJIMBI Pe3yJILTaATH.

MPAKNAL 9 PoarnamawThes Bei cim’i 3 ABoMa AITEMH, ¥V AKHX
oHafiMeHIe offHA AUTHHA — XJomuuk. flka fimosipHicTs TOroO, IO
B 00paHii nasvMaHBEAa TAKi# ciM’i € gBa xJomuuku? (BeaxkaTumeMo, 1o
HAPOJYKEHHA XJIOMYMKA i HapojxeHHs NiBYMHKH piBHOMMOBipHI.)

3paBanoca 6, y Lii 3anaui BiAIOBLAA € yHCaO -;— Amxre oguH

XJIOIMIHK y ciM’i Bake €, a OTke, IPYrol0 AUTHHOK 3 PiBHOIO HMOBIp-
HieTiO Oyae abo xJonuuk, ato AiBUHHKA.

Hacnpasai HaBejeHi MipKyBaHHA — 1@ PO3B'AsaHHA 1HIIOI 3aAayi:
pOo3raAfaoTHCA BCi €iM’l 3 gROMA ZITEMH, Y SAKHX CTApma JUTHHA —
xonunk. flxa #MoBipHicTs TOro, mo y Bufipaniii HaBMaHHA Takif
cimM’l € npa xaomunkKu?

KomMnuexc yMOB HAIIOr0 eKCOEPHMEHTY A€ TaKi Tpu PiBHOMOMK-
JIHBi PE3YNBTATH:

cTapiia IUTHHA — XJIOIYHK, MOJIOAINA AHTHHA — XJIOMYHK;

cTaplila JUTHMHA — XJIONYHK, MOJIOAINA AMTHHA — AiBIMHKA;

crapuia AUTHHA — AiBUMHKA, MOJOAILA AHTHHA — XJIOOYHUK.

Orxe, mykana fiMOBipHiCTE JOpiBHIOE %

Ha 3aBepiueHHA LbOr0 IIYHKTY 383HAYHMMO TaKe.

Ha nepmmuii norasaj spaerhed, o daraTbma fABMIaMU, AKI Big-
fyBarwThca HABKOJIO HAC, Kepye «foro BeaHuHicTh Bunagok». Ilpore
npu GiIsm rpyHTOBHOMY aHaJisi 3’ACOBYETBCH, 1[0 Yepe3 XAoC BH-
nagKoBOCcTel NpPOKJAaAae cobi mopory 3aKOHOMIpHICTB, AKY MOMHAa
Kinekiceo ouimmTn. Hayky, Axka saifiMacTeCa TAKMMH ONiHKamwu,
HaSHBAalOTh Teopiclo fiMoBipHocTeii.

29.1." HagegiTe NpHKIaAM JOCTOBIpHUX HOAiit.
20.2. HaBeziTe OpMKJIAAN HeMOXJIMBHX IOAIMN.

20,4 ¥V romuky newmatres 10 yepBoEuX i 15 zenenux abnyx. fxa
HAMOBipRicTE B3ATH HABMAHHSA 3 KOIMMKA rpymy? sbnyko?
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§ 5. ENNEMEHTW NPUKNALHOI MA;FEMATMKH

29.4." HaBmanua suGupaloTs Tpu OapHi uudpu.
fka iiMoBipHiCTH TOro, U0 YHCJIO, 3ATHCAHE
uuMu udpamu, 6yaze HenapauM?

29.5." Hapmanus subupaloTs Tpu HenapHi nudpu.
fAxa iiMoBipHicTH TOTO, IO 4HCJO, 3alMcaHe
uumu nudpamu, 6yae Henapaum?

29.6." flka iiMoBipHiCTb TOTO, 110, NEPECTABUBIIH
OyKBH B cloBi «anrebpas, My OTPHMAEMO CJIO-
BO «reoMeTpiss?

29.7." HapeziTh OpHKJIAAN MOALM 3 pIBHOMOMIIN-
BHUMH De3yJIbTATaAMH,

29.8." HaseniTe npuKiaaau moxiit 3 HEPiBHOMOMK-
NUBAMU PE3VALTATAMMU.

29.9." Yu pisnoiimopipHi noxaii A i B:

1) nogia A: 3 15 6inbApAHMX KYJb 3 HOMe-
pamu Big 1 o 15 B3sTh HaBMAHHA KYJIO
3 HoMepom 1;
noxia B: 3 15 GinkApAHUX KyJIb 3 HOMEpPAa-
mu Big 1 o 15 B3aTy HABMaHHSA Ky 3 HOMEPOM T;

2) nopis A: 3 15 6inpapgHux Kyne 3 HoMepamu Big 1 mo 15 BaaTu
HABMAaHHA KYJI0 3 [IApDHHM HOMEPOM;
noagisa B: 3 15 6ineapaaux Kynk 3 HoMepamu Bin 1 go 15 Baatu
HABMaHHSA KYJIIO 3 HENAPHUM HOMepoM?

29.10.° flka iiMoBipHiCcTE TOrO, L10 IPH OZHOMY KHAAHHI IpajbHOro
KyOuKa BHIIaJe KiJIBKiCTh OUOK, 1110 JOPiBHIOE:
1) ogHOMY;
2) TproM;
3) napHOMY 4uCay;
4) yncny, AKe KpaTHe 5;
5) uneny, AKe He AiIMTHLCA HanNino Ha 3;
6) uucay, sixe xparue 77

29.11.° Yasu cobi, 1m0 B Kiaci, y AKOMY TH HABYAELICH, PO3irpyeTscs
onHa GesKoluToBHA TypucTHuHA noizaka fo JlorgoHa. flka jimo-
BipHieTs Toro, mo Ao Jlogxona noigem Tu?

29.12.° 11106 cknacTy icuuT 3 MaTeMaTHKH, IoTpi6Ho BuBUMTH 35 6i-
nerie. Yuenr BuBuuB Oesgoranuo 30 Ginerie. fira #imMosipHicTb
TOro, IO, BiANOBiZAIOYH HA OAMH HABMAHHA BHTATHYTHH 6iner,
BiH oTpuMac oninky 12 6aris?
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29, KnacuyHe 03HaYeHHs MMOBIPHOCTI

20,13, 1106 cknacTH icIHT 3 MaTeMaTHKHA, Tpeda susuntn 30 Ginertis.
VYyeHp He BUBYMB TiNbKH oAuH Oiner. SIka iiMoBipHicTH TOrO, LIO
BiH He craage icnur, BigmoBigalouyy Ha oAMH Oinet?

29.14." fIga #iMoBipHicTh TOro, 10 YYEHHII0 BAIIOro Kjacy, fAKY
BUKJMYYTH A0 AONIKM HA YpOLi MaTeMaTHKH, 3BaTuMyTh Kare-
puHOKWO?

2915, ¥V xknaci Bunthesa 12 gisyatox i 17 xnonuukis. OguH y4yeHb
cnisHMBCA A0 WKoau. fIka iiMoBipuicTe Toro, wpo ne: 1) 6ys xaomn-
yuK; 2) Oyna giBunHka?

29.16." ¥ norepei 20 Burpamnux 6ineris i 280 6inerie Ges purpamry.
Axa #iMoOBipHiCTL BUrpaTH, KYNHBIIM oguH OineT?

29.17." ¥V xopobui ngexxatb 7 cuHix i 5 xoBTHX Kyabok. dAka iMoBip-
HicTe TOTO, 1110 BUOpPaHa HABMAHHA KYJIBKA BUABUTLCA: 1) 2KOBTOIO;
2) cunbo0?

29.18." ¥V xopobui 6ysno 23 xaprku, npoayMmepoBaHux Big 1 go 23.
3 KopoOKH HABMaHHSA B3ANH OAHY KapTKy. SIka iiMoBipHicTs TOTO,
1[0 Ha Hi#l sanucaHo YHCJIO:
1y12;

2) 24;

3) napue;

4) nenapse;

5) xpatue 3;

6) xpaTtme T;

7) aBouugpose;

8) npocre;

9) y samuci sikoro € nudpa 9;

10) y samuci axoro € uudpa 1;

11) y samuci axoro siacyrHaA uudpa 5;

12) cyma nudp Axoro ZiauThcA Hauizo Ha 5;
13) npu gineHHi Aaxoro Ha 7 OTPUMYIOTE OCTAYY J;
14) y sanuci sxoro eigcyTua uudpa 1 ?

20.19. 3 narypansrux unces Big 1 g0 30 HapManus BUOHPAIOTE OJHE
ypeno. fxa fimosipricTe TOro, 10 e wWucio Oyge:
1) npocTaMm;
2) ninpEHKOM uMcaa 18;
3) KBagpaTOM HATYPAIBHOrO YKMCIa?

29.20." Habupaloun HoMep TesedoHy cBoro Topapuura, Mukona 3abys:
1) ocrarH0O UNGpPY; 2) nepmy uudpy. Axka fimoBipHicTe TOrO, 110
BiH 3 mepmoi cupobu Habepe npaBmasERI HOMeD?
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§ 5. ENEMEHTU NPUKNALHOI MATEMATKKN

29.21." AborenT 3abys asi ocTanni uudpu Homepa Tenedony i Habupae
ix HaBMaHHA. flka iiMOBipHicTE NpaBuaLHO HAOPATH HOMED, AKIO
aboHeHT TiNbKU nam’srTae, Mo A8l ocrannl uudpn: 1) nenapni;
2) piani i mapni?

29.22.° fIka iiMoBipHicTHs TOTO, HIO0 TBiM HallacauBinmmit neHs
y HacTynHomy poui npumage mHa: 1) 7 umcno; 2) 31 umuchuo;
3) 29 uucno?

29.23." I'pani kybukra nodapbosaHo B uepsonHMil abo 6inmit Koxip
(x0KHY rpaHb B OJHH KoJip). IMoBipHicTB nuna,ni_nua YyepBOHOI

%. a imMoBipHicTe Bunaginesg 6inol rpani — %
CriNbKY YepBOHHX i cKinbkH 6inux rpaneit y kyOGuka?

29.24." I'pani rybuxa nodap6osaHo B /jBa KOJEOPU — CHHII i 2xoBTHI
(Ko<HY r'paHb B OIHH Koaip). IMoBipHicTs: TOTO, 0 BANAAE CHHA

rpaHi popisHIOE

rpaHb, IOPiBHIOE g, a I10 KOBTa — % CkiJIbKM CHHIX i CKiNIBKHN

JKOBTHUX rpaHeil y kyOuka?

29.25." ¥V xopobui sexaTs 2 cuHi KyJbKH i Kinpka YepBoHHX. CKitbkn
YyepBOHUX KYNAbOK ¥ KOpPoOui, AKNO HMOBIpHICTE TOrO, Mo Bubpana
HABMAHHA KyJIbKa:

1) BHABUTLCHA CHUHBOIO, OPiBHIOE %;
~ 4
2) BUABHTECH Y€PBOHOW, JOPiBHIOE E?

29.26." Cepen apouH(POBAX YKUCES] HABMAHHA BHOMPAIOTE OfHE YHCJIO.
fIka JimoBipHiCcTL TOrO, MO:

1) iforo nudpa pecarkip Ginpua, HiK UHOpPa OAMHHLB;
2) itoro gudpu RecATKIB i oanHUNL piBHIi;
3) 1e 9McIO AiiMThCA Hanino Ha 9?

29.27." Kaprku 3 HomepaM® 1, 2, 3 foBinIbHMM YHHOM MOKJIANH
B paA. fka #MoBipHicTE TOro, 110 KAPTKH 3 HENAPHHMH HOMEPAMH
ONMMHATHCA Nopyu?

20.28." Ha 1aBOYKY AOBiIBLHAM YHHOM CigaloTh JBA XJIOIMYHKHY i OAHA
pipunHKa. fIka fiMoBipHiCTE TOTO, 10 XJIOMUMKN OMMHATHCA HOpY4?

29,29, V wopobui nemarts § senenux i 7 cunix onisnis. Axy nafimMen-
my KinbkicTs oniBLiB Tpe6a BHiiHATY HaBMaHHA, 11100 iMoBipHicTE
TOro, 10 cepel BHHHATHX oJiBLiB xoua 6 oiuH Oyze s3eneHOro
KOJABOPY, AOpiBHIOBana 17

20.30." ¥ kopobui nexxats 3 uepsonux, 7 xosTux i 11 cunix onisnis.
SAxy HaliMenmy kinekicTs oniBuiB Tpe6a BHITHATH HABMAHHEA, 106
imMoBipHiCTH TOrO, 110 cepea BHAHATHAX onisuiB xo4a 6 ogun Gyae
YepBOHOI'0 KOJbODY, AopiBHIOBana 17
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29. KnacuyHe 03Ha4eHH: MMOBIPHOCTI
29.31." KupamoTh OIHOYACHO ABA rpaibHi KyGHKHM. 3a ROIOMOTOO
pucyHKa 29.3 yeraHoBiTh, AKA AMOBipHiCTH TOrO, 1110 BUNAXYTE:
1) nsi opunnNi;
2) nBa OIHAKOBMX YMCJIA;
3) uMcaa, cyMa AKHX JopiBHIOE T;
4) yucna, cyma Akux 6inema sa 10;
5) yucna, nobyTork AKHX AOpiBHIOE 6.

29.32." I'panbHuit KYOMK KuAaoTh 2 pasu. fika fimoBipHicTs TOTO, 10!
1) mepmoro pasy BHnNasio MeHue 4 040K, a gpyroro — 6ingsme 4;
2) mepiuioro pasy BHNAJNO MeHIe OYOK, Him apyroro;
3) y cyMi 3a IBa KMJKH BHOATO 5 OYOK?

29.33." fAxa imMoBipHicTs TOro, IMo IPH ABOX KMAKAX TDPAJIbBHOrO
KyOuKa:
1) mepmioro pasy BUnaje 4uciao, MeHe Big 5, a Apyroro — Giibme
3a 4;
2) micTKa BUNaje TibKU APYTroro pasy;
3) mepuroro pasy sunage 6inbire ouok, Hix apyroro?

29.34.” OmuTtpo i Ilerpo ogHOYACHO KHAAIOTE 10 OAHOMY rpPajJbHOMY
Ky6uky. flkmo cyma ouok, mo Bunanu, gopiBHioe 6, To BUTpae
JImuTpo, a AKIIO B cyMi Bunagae 7 odok, To Burpae Ilerpo. ¥ xoro
3 rpaBHiB Oineme masnciB Burpatn y uiit rpi?

20.35." [piui kupaoTs Monery. fIka liMoBipHiCTE TOTO, IO BUNAYTE:
1) nsa repbu; 2) repb i undpa?

29.36. 3 n’aTu NPOHYMepOBaHUX KAPTOK 06MpalOTh HABMaHHA OJHY,
sanaM’ATOBYIOTSH Ii HOMep i noBepraioTs o iHuINX KapToK. [ToTiM
3HOBY BHOMpAaIOTh HABMAHHS 3 OMX II'STH KapTok ozuy. fIka
HMOBipHICTE TOrO, N0 OOMIBA PA3H BUTHATIYBAJH KAPTKY 3 OSHUM
i THM caMuM HOMepoMm?

29.37." fixa HMoBipHiCTL TOro, II0 NPH TPLOX KUAKAX MOHETH:
1) Tpuui Bunage rep6; 2) asiui Bunaze repd; 3) oAuH pa3 BUIaje
repb; 4) xoua 6 oauH paz Bunaje rep6?

29.38." 3a Kpyrinii cTiJl BUDAJKOBHEM YHHOM cinu n Jogeit (n > 2).
3 HEX TUILKH ABOE 3HANHOMI oguH 3 oguuM. fAxa HEMoBipHiCTE TOTO,
1o ABOE 3HAHOMHX CAAYTH HOPY4Y?

29.39.” V yepry BMNafKoOBHM YMHOM CTAIOTH YeTBepo Jojei: A, B,
C, D. Bakaouu BCi BapianTu Ix poamiuieHHs PiBHOMOXIMBUMH,
BHU3HAYTE HMOBipHicTs TOrO, M0 A 6yae croaTH monepeny B.
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§ 5. ENEMEHTW NPUKITAQHOI MATEMATUKU

Cnovarxy Gyna rpa E

Bn 3HaeTe 6araTto irop, y AKHX pe3yJbTAT 3aNMeXUTh Bij MaiicTep-
HocTi yyacHukis. IIpore € i Taki irpM, y AKHX Bif yMIHHA rpasnis
HIiYOTO0 He 3a1eXXuTh. ¥Yce Bupimye sunagok. o ocTaHEIX HANEIKHUTH
rpa B ®octi. BeaXkaloTh, 1o came 3 HEl poanovyanacd HayKa npo BH-
najgroBe.

Tipuasopuuit dpasuyssxkoro kopons Jlwposika XIV, azapruui
rpaseus, ¢inocod i nireparop kaBanep ae Mepe 3pepHYBCA 0 BHAAT-
Horo BueHoro Biesa [Nackans (1623-1662) 3 npoxaHHAM pO3’AICHUTH
Takuii mapajoxc. 3 ogHoro Gory, GaraTuil irpoemil goceig ne Mepe
CBiguuB, INO DpPHM KMAAHHI TPHOX rPAJIBHUX KocTeil cyma B 11 oyok
BUMAafa€ yactime, HiX y 12 ovok.

3 immoro Goky, ne#t GAKT BCTyNaB y cynepeqHICTH 3 TAKHMH
mipkysanuamMu. Cymy B 11 o4oK MosKHAE OTPUMATH i3 IIECTH PiSHHX
koMmbGinaniit ky6uKiB:

$000000060
6-4-1 6-3-2 _ 5-5-1 —

960060006066
5-4-2 5-3-3 4-4-3

Axne # 12 ouok Tek MOXKHA OTpUMATH 3 miecTn xoMOGinanii:

OOV E

- 6—5.-L —1— 6-4-2 - 6-3-3
& & 9O YOO
5-5-2 5-4-3 4-4-4

Orxe, 1o nosBu B cyMi 11 i 12 0oyoK MPUBBOAUTE OXHAKOBA Kijlb-
KicTes copuaTnuBux peayabTarie. Taxkum umnom, ni moaii marorh
OZHAKOBL IIAHCH, IIO CYNepPeYHTh NPAKTHI,

TlacKams 3posyMiB: NOMUIKA NONATANA B TOMY, MO NOail, sxi pos-
raazxas ge Mepe, ue € piBHolimoBipuumu. Hanpukaag, cymy B 11 ouok
3a gonoMoro Kombinarii 6-4-1 mokHa OTPHMATH OPH LIECTH Pi3HAX
pesysibTaTax KMaanusa Kybukis: (6; 4; 1); (6; 1; 4); (4; 6; 1); (4; 1; 6);
(1; 6; 4); (1; 4; 6).
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Konw 3pabneHo ypoku

MpaHysbKuil peairifiuui dino- _
cod), NHCEMEHHHUK, MATEeMATHK i
i disnk. ¥ pasHbOMY Billi BUABUB 1
MaTeMaTH4Hl 3mibHocTi, ysifmios :
B icTOpilo HAYKH AK KJaCHYHHIH
npuKaIaa migaiTkoBoi reHiann-
Hocti. Kojlo iforo mMaTeMaTWYHHX
inTepecis Gyno HAAIBUYAKHO M-
poxkuM. 30xpeMa, BiH BUHAMNIIOB
BATANBHHI ANTOPUTM AJNA 3HAXO-
JMeHHsA o3HaK moginwHocTi 6yaB-
Baes ITackaaw SAKMX Linux yuces, cpopMyniOBaB
(1623-1662) pPAJL OCHOBHHUX IIOJIOXeHBL Teopii
iMoBipHOCTeil, MeTOaAM ofuuCIeH-
Hsa o piryp, mrony noBepxons i 06’emis Tin. Croucrpy-
I0OBaB meplly oOYMCHIBAJIBHY MAIIMHY — CYMAaTOp.

|

Hrmo migpaxysati Ans KoxHOI koMOinanii kinekicTs cmoco6is ii
BUHUKHeHH#A, To OyaeMo MmaTu: And cymu 11 Kinbkicts cnpuATIMBHAX
peayJabTaTiB Aepisuioe 27, a ana cymu 12 — 25. Ilpuyomy Bei Taki
pesyabTATH € PiBHOMOMXKJIMBUMH,

Ilio Ta immi sagaui, nos’ssani 3 asaprunmy irpamu, B.Ilackann
obroeopiosas y aucrysanni 3 [I'epom Pepma (1601-1665). Bparka-
0Thb, U0 B HBOMY JHeTyBauHi Oya0 3akiageHo ocHOBH TeOpil fimMo-
BipHocTeit.

Ilikaeo, 1m0 NOMUAKY, noxibHy mo Tiel, sxol npunycruecs ae Mepe,
apobus uaaTHUI! pparnysekit maTemaTux Hau Jlepou I’ Anambep
(1717-1783), posp'ssyroun Taky sagauy: «MoHeTy KmuaawTh IBiui.
fxa ¥iMoBipHicTe TOTO, 10 X04a § pa3 punafe rep6?+» Bin MipkyBas
npubnnsHo TaK.

Moskausi Tpu peayabraTi: repd sBunas nepuioro pasy, repb sunas
apyroro pasy, rep6 ssarani ge Bunas. Tozi 8 Tpeox imMoBipHHX pe-
3YJABTATIB COPHATIMBUMU € TLILKM zBa, ToOTO HimoBipmicTh mopis-
2
§ .

Crauosnensa 1 possuTor Teopii itmosiprocreit mos’ ssani 3 mpanga-
MU TAKHX BUAATHHUX BueHux, AK fAxob Bepuynni (1654—-1705), I’ep
Jlannac (1749-1827), Pixapx Misec (1883-1953). ¥V XX cr. ocobuu-
BOro sHaueHHs Habynu npani BHAATHOro palsfiHCBKOTO MaTE€MATHKA
Anjpia Mukonaitopuya Konmoroposa (1903—-1987).
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§ 5. ENEMEHTU NPUKNAOQHOT MATEMATUKMN

A. M. Koamozopos M. H. Adpenxo
VikpaiHcbEKa MaTeMaTHYHAa HayKa
nogapyeaia CBiTOBL miaesany BHAATHHX
¢axisniB y ramysi teopil fimosipHocTeil.
Imena M.I.Tixmanma, B.B.THezeHka,
A.B.Cxopoxoga, M. M. finpenka Bimomi
MaTeMATHKAM Y BCbOMY CBiTi.

Muxaiino Hocunmosnu fAppenko sHAUHY YACTHHY CBOIX TBOPYMX
cuJ BifiaBAB TAKOMK MejaroriuHiil fisassocti. Bin 6araro npauosas
3 o6gapoBaHoIo MosIoAg0, OyB pyHaaTopom BeeykpaincsKux oiMmiazn
JoHNX MaremaTukis., Muxaiino Mocunoswd mpoBOAMB 3HAa4HY MpO-
CBITHHNIBKY AisansHicTh. 30Kpema, 3a ioro iminiatusomw B 1968 p.
6yJI0 CTBOPEHO nepmy B YKpaiHi HayKoBO-IonynapHY 30ipKy «V criri
MaTeMATHKH ».

OBuncneHHa MmosipHocTen
3a AONOMOrolo npasun kombiHaTopukun

V nonepegasoMy NYHKTI A5 o6uucaeHHA HMoBipHOCTI noail Ham
ZOBOAMJIOCH PAXYBATH KiNbKicTh PiBHOMOMKIHMBUX Pe3yJIbTATIB Y 3a-
JAaHOMY €KCIEepPHUMEHTI i KiNbKicTh CHPUATIANBUY PE3yJbTaTiB.

YacTo i migpaxyHKH NoB’sigaHi 8 BUSHAYEHHAM KiTbkocTi pisaux
roM6inaniit, Aki 3a NeBHUM NPABHIOM MOYHA CKJACTH 3 €JIeMEeHTIB
aaganol ckinuennol MHOXKHHEK. ToMy 3acTocyBanHa npaBua koMmBina-
TOpuKH — edEeKTUBHUN npuiloM Ala po3s’a3yBaHHA GaraTeox 3anay
3 Teopil iimMoBipHOCcTeii. HacTKOBO BH B I[bOMY MOTJIH NEPEeKOHATHCH,
poaB’asyiouu 3anaqi 29,20, 29.21, 29.27, 29.28, 29.31.

PoarnsHeMo NPUKJIALH,

NPUKNIAL 1 ¥V aBox ypeax nexaTs Kyhai, AKi Bigpismalorbcs
TiNBEKHM KOJABOpOM. V¥ mepuiift ypHi Jexars ABi O6i1l i Tpu vopHi Ky,
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30. O6uMCNeHHA MMOBIPHOCTEN 33 AOMOMOIOI0 NPaB KOMBIHATOPWKK

a B Apyriit — Tpu 6ini i gBi yopni kysi. 3 KoxkHOI YPHH HABMAHHSA
micTaoTh 1o opHil kyni. fAxa iimoBipHicTH TOrO, IO Xoua 6 oxHAa
3 ABOX KYJb BUABHUThCA Binoio?

Poss’aszarnna. 1eit gocnig mae TpH pe3yibTaTH: Kyai, aki Burarma,
obuasi 6ini, abo obuaei uopHi, abo ogHa Ky 6ina, a Apyra — YOpHA.
IIpore 11l pe3yaAsTaTH HE € PIBHOMOKJIUBUMY (noagymaiite womy). s
Toro, mob MaTH 3MOry B IAHOMY JOCJifii POSriasafaTH PiBHOMOMKINBL
pesyasTatH, npoEyMepyemo Bei 10 Kynb.

OckinbKH B KOMKHIN ypHI JeXuUTh 110 5 Kynb, TO 3 HUX MOXMHA
yreopuTH 5 -5 = 25 TAKMX map, 1[0 KyJai B mapax B3ATi 3 pisHUX YpH.
OCKiNBEKH KYJI IIPOHYMEPOBaHI, TO MM MOMeMO BBa)KaTH, IO BCi
25 map Kyab pisHi. Kyui 3 ypH Gepyrs Hasmanua. Tomy B maHoMy
excnepyMenTi € 25 piBHOMOMINBUX Pe3yJIBTATIB.

OcCKiZTBKH B MEpIIiil ypHi JexuTs 3 4YopHi KYJi, a B Apyrikh —
2 uopHi, To icHye 3+ 2 = 6 nap KyJsb yopHOTO KOoNbopy. ToMy KiNkKicT
TIap KYJIb, CEpell AKUX € moHaiMenue ogHa Oina, gopismioe 256 — 6 = 19.
Omixe, KITBKiCTh pesynbTaTiB, COPUATINBUAX AJA NOAil «xo4a 6 onHa
3 KyJIb BHABUTECA Ginoro» (noaia A), mopisuioe 19.

Orxe, P(A) =%.

NPUKJIAL 2 Mocnix monsarae B OAHOYACHOMY KMJAHHI 4YOTHUDPLOX
rpaisEMX KyOMKiB. 3HaigiTe iMOBipHiCTE TOrO, 110X

1) sunage piBHO ofHa miicTKa (mozid A);

2) BunanyThs YOTHPH pisHi mudpwu (moxia B);

3) re BHnage kool uricrku (noxisa C);

4) punane xoua 6 oaHa mwictka (moaia D).

Posé’asanna. llpornymepyemo Kyouky yncnamu Big 1 no 4. Byas-
AKUI pe3yJIBTAT eKCIEPHMEHTY 3anucysaTumMemo y Buraaai (a, b, c,
d), ne a, b, ¢ i d — KinpkicTh OUOK, sKi BUnanu BifinosigHo Ha nep-
oMy, APYroMy, TPETHOMY i YeTBepTOMy KyOHMKax.

Pasom Mose yTsopuTucs 6:6-6-6 = 6* Takux uersipok. Moa-
HUl 3 pesyabTaTiB He mae nepesaru., ToMmy B AaHOMY JHOcHini e
6* DIBHOMOMXKIIMBUX PE3YALTATIE.

1) €xquna mricTKa, SKa BUOANA, MOKe CTOSATH Ha GYAb-sIKOMY

3 YOoTUPLOX Micubk. Hexail, Hanpukaj, BoHA CTOITE HA MepINO-
my Mici. Ha inmux Tpeox mMicusx croaTts 6yAb-fAKi mudpu Bijg
1 mo 5. Toai kinekicts ueTsipok BuUay (6, b, ¢, d) mopiBHIOE
5.5-5 = 5°. BaranpHa KiABKiCTh CIPHATIMBUX BapiaHTis

o - 3
xopismioe 4+ 5°. Omxe, P(A) = 46f
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§ 5. ENEMEHTW NPUKNAOHOI MATEMATUKN

2) V npomy BUNagKy Oyab-aKi goTHPH pisHi nudpH, o BUOaATIH, —
e 4-eneMeHTHA YNOPAAKOBAHA NIAMHOMHHAa MHOMUEHM {1, 2,
3, 4, 5, 6}. Omxe, KineKicTe pes3yJabTATiB, COPHATIHBHX JIA
HacTaHHA noaii B, gopisHIOE A; . 3Biacu

A _6-5-4-3

e 6

3) Ha xoxHOMY 38 YOTHPBOX MicIb MOXKe CTOATH OyAb-fiKa 38 uudp
Big 1 no 5. 3sBiacu Kinepkicrs pe3yAbLTATIB, COPHATIUBMX JJIA
HacTanHA nozii C, mopiBHwE 5:5:5:5 = 5'. Orpumyemo

4
P(C =§T.

P(B) =

4) Kinekicts ycix pesynwratis gopisaioe 6'. Kinskicrs yeix
pesyneTaTiB, Jle HeMae koxmol WicTKu, xopieuioe 5'. Topi
6' — 5 — ue kinbkicTe ycix pesysbTaTiB, AKi MiCTATH X04a 6

6'-5*

&

NPUKNAL 3 Kourposep y naprii a 20 meraneit HaBmanus suGHpae

5 pgeraneit ansa nepesipku. AKio cepen snGpaHHX Jeraneil HEMAae

ozHol 6pakosaHoi, TO BiH npuiimae Bcwo naprio. fika iMoBipHiCTH

TOro, IO KOHTpOJep npuiiMe naprimo geraneil, Aka mictute 7 Gpa-

KOBaHUX?

Posé’azanns. OckinbKku KoHTposep BuOHpae 3 20 nerasneii 5 xe-
taneil RaBMaHMHA, TO AaHUll excriepuMeHT Mae Cjp) DPIBHOMOMKJIMBHX

oany wicrky. 3eigen P(D) =

pesyJIbTaTiB.

Hexaii vy naprii 3 20 geraneii € 7 6pakoBanux. Toal akicuux Bu-
pobie € 13. Kourposnep nponyckae napriio 3 20 pneraneil (monisn A),
AKmo 5 geranein 6yayTes BubpaHi 3 13 axkicaux geraneii. Orxe, Kinb-
KicTh pes3yneTaTiB, CIPHATIMBHX ANA HacTaHHA noxii A, xpopis-

5
mioe C,. Baigen P(A)= ggﬁ ~8%.
20

NMPUKNAL 4 V smaranusax 3 6acker6oay GepyTb yuacts 18 komang,
3 AKKHX D KoMaHg BBaxKaioThes asopuramu. [lnaxom xepebryBanHsa
KOMaHAM nlxaTe Ha ABL rpynu A i B, no 9 koMaHj y koxwii. fIka
HMOBipHIiCTE NOTPANJAHHAA A0 OAHiel rpymu:
1) o’stu komauja-aBoputis (mogia M);
2) pisuo aBox KomaH[-(asopuTis (moxnia K)?
Poszg’azanna. KodKHY 3 rpyn MOXHA YTBOPHTH Cfn crnocobaMu.
1) Hexaii 5 xomara-thaBopuTis norpanman jo rpynu A. Toai gna
pothopmyBanusa 1iel rpynu xo 9 xkoman] norpibuo subpaTh
4 xomauau 3 13 Komang, o sannmunucs. 1le MoxxHa 3pobuTH
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30. OB41CNeHHs MMOBIPHOCTERN 38 AONOMOTOI0 NPaBKi KOMBIHATOPKKK

Cy; cmocofamu. OcKinbKmM WATH KOMAHA-GABOPUTIE MOKYTH

TOTPADMTH SK y rpyny A, tak i B rpyny B, To KiibkicTs

pe3yAbTATIiB, COPpHATIMUBHX Ais mopii M, mopiBHIOE Z-Cfs.
Orae, P(M)= 200 =L
Cp, 34

2) 3posymino, mo KOMXKHY 3 Irpyn, SKa MICTHUTL ABi KOMaHIH-

¢aBopuTH, MOXHA YTBOPUTH cg-c{* criocobamu. 3BiAcH

2.-¢c2.cT, 12
P(K) =_i§_l.a=ﬁ,
CIH

30.1." Hapmanus subupaoTs 4 OyKBH 3i cioea «3AKOH». fka iimo-
BipHiCcTE TOro, mo 3 BUOpPAaHMX YOTUPLOX OYKB MOM(HA CKJIACTH
ciaoBo «KO3A»?

30.2." Hasmanus submpaiors 4 6yxsu 8i cioea «JIACOINI». fxa
HWMOBRipHIiCTE TOro, 110 3 BUOpAHNX YOTHPLOX GYKE MOKHA CKJIACTH
caoBo «CAJIO»?

30.3." Haemanusa Bubupaiors yotupu 6yksH 31 cnoea «OKVIIAPH».
Hxa fiMoBipHiCTE TOrO, O BHOpaHi OYKBHY B nocaigoBHOCTi BUGODY
yTBOPATE cioBo «KVJIIH»?

30.4." Hasmauna pubupalors 6 G6yks si cimosa «IIIBJJEHDb». flka
#MoEBipHicTE TOro, mo BubOpaHi OykBM B mocaigoerHOCTL BHUOOpY
yreopaTs ciaoBo «BIJIEHDb»?

30.5.° ¥ amuky nexats 10 Kya6oK, 4 8 Akux 6ini. Axa iimoBipHicTh
TOro, e BubpaHi HABMAHHA 2 KyJNbKH OyAyTH Oinmmu?

30.6.° Ons mxinsaoi morepel nigrorosneno 50 6ineris, 3 axux 10
IPKU30BUX, YueHb pubpas HasManua 3 Olneru. fira limosipricTs
TOro, mo Bei ui 6inern 6yAyTh npu3oBUMU?

30.7.° V naprii s8i 100 nammouok € 7 6pakoBanux. fAxa itmopipHicTE
subpaTy HaBMaHHA 3 i€l napril 4 Hebpakosani maMnouxku?

30.8." Ha exsaMeH 3 MaTeMATHKH BHHOCATH 50 nurtans., Y4YE€Hb
nigroryeas Tinekn 30 nuramb. Biner cknagaernca 3 5 MHUTAaHB,
BubpannX BUDAAKOBuUM YHHOM. fIKa fiMoBipHicTE TOrO, 10 YUEHB
sEATHME BCl muTaHus Ginera?

30.9.° lecsaTs KApTOK [IPOHYMEPOBAHO HATYPATFHUMHU uncaamy Big 1
no 10. Hasmanss BubGupaioTs ABi 3 HuX. fIKa iimoBipmicTe TOTO,
o Ao6yToK HOoMepiB BubpaHuX KapTok 6yje HemapHuUM YHUCIOM?

30.10." ecaTe KaPTOK MPOHYMEPOBAHO HATYPAJIbHUMH YHCIAMH BiJ
1 no 10. HasManHA BUOUparOTE ABL 3 HUX. fIka EMOBipHicTE TOrO,
1[0 cyMa HOMepiB BUOPAHMX KapTOK Oyae HEMADHUM YHCIOM?
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§ 5. EIEMEHTI NPUKNAOHOT MATEMATUKMN

30.11." ¥V naprii ai 100 geraneit € 7 OpakoBanux. 3 miel maprii Ha-
BMaHHA BuOupalots 6 geraneii. fIxa iiMoBipHicTHL TOrO, IO cepen
Bubpauux 6 neraneit 2 gerani susBAATHCA GpaKoBaHHMHU?

30.12.° ¥V amuky aexxkats 10 6imux i 7 yopERX KynboK. Sika iiMoBipHICTE
TOTO, I1[0 3 I"ATH BHOPAHUX HABMAHHA KYJIbOK TpH OyayTs 6LmumMu?

30.13." 3uaiiaiTe iiMOBipHICTS TOTO, IO AHI HAPOAYKEHHA 7 HABMAHHA
BHOPAHMX Jl0jeil BUNAJalOTh Ha pisHi AHI THIKHA.

30.14." [Mocnig nonsirae B 0AHOYACHOMY KUaHA] YOTHMPBOX MPAIBHEX
Ky6ukis. 3HaiiaiTs iMmoBipHicTh TOrO, 1[0 BUNAMYTH:

1) Tpu mwicTKY it ogHAa I’ ATIpKA;
2) dorupu ogHaxkoBi nubpH;
3) woHalbinkIIe ogHA MIICTKA;
4) aBi wicTrn.

30.15." ¥V yepry sunajikoBuM UWHOM CTAIOTHL YeTsepo mwoaeit: A, B, C, D.
Bea)kaloum Bci BapiaHTM iX posTaluyBaHHA PiBHOMOMJIMBAMH,
BHBHAYTE IIMOBipHicTE TAKHX mopmii:

1) A 6yae nepmiuM y yepai;
2) B ue byae octanHiM y 4epsi.

80.16." ¥V smuky nexxars 15 cumix, 6 xortux i 4 seneni xyni. Ha-
BMaHHA BHOupalors 7 kysae. flka fimoeipricTs TOro, mo cepep
BHOpaHuX Kyab € 3 cuui, 2 sxoBri i 2 3eneHi kymni?

30.17." V awurky nexares 10 6inux i 7 wopHux Kynsok. fra
WMOBipHICTH TOrO, IO 3 II'ATH BHOPAHMX HABMaHHA KyJhok Oyne
He Ginsme apox Ginmx?

30.18." Ha exsameH 3 maTeMaTHMKH BHHocATh 50 nuraHb. YueHs
niarorysas Tiipku 40 murans. Biner ckiaanaerscs 3 6 nuraus,
BubOpauux Bunaakosum umHOM. 111006 cKmacTH eksaMeH, NOCHTH
BigmIOBiCTH Ha 4 muTauda Oinera. fka iMOBipHICTH TOrO, IO YYEHb
CKJIafie eK3aMeH?

30.19.” ¥V maprii 3i 100 geraneit € 7 Gpaxkosanux. 3 wiel naprii Ha-
BMaHHEA BUbHpawTe 6 geraneii. fxka #MoBipHicTH TOrO, 110 cepex
BUOpaHMX meraneil Oyae He 6insine ABOx GpakoBaHuUX?

30.20." ¥V xidT mes’sTunoBepxoBoro OGYAMHKY Ha IlepuioMy moBepci
BifinuTH 5 nacasxkupis. Koxxuuit 3 HUX 3 0HAKOBOIO iMOBipHiCTIO
MOKe BHHTH Ha Oyab-AKOMY MOBEepCi, MOYMHAKYU 3 APYroro.
BuaiigiTe iMoBipHicTs noAil:

1) yci macaxkupu BHitgyTh Ha 9 noBepci;

2) yci nmacaxupu BHIAYTH HA OHOMY NOBepci;
3) yeci nacaxkupu BHHAYTH HA Pi3HMX NMOBEPXax;
4) yci macaxupu BHHAYTH A0 I’ ATOTO IIOBEPXY.
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31. MNo4aTKoBi BIROMOCTI NPO CTaTUCTUKY

30.21." ¥V xomoai xapr 4 macTi o 9 xaptTy KoxHill. Aka fmMoBipHicTE
TOro, IO Npy 3nadi 36 KApT NOPiBHY YOTHPHOM IpaBUAM KOMHMI
rpaBenk OTPHMAE BCi KAPTH oAHiel macTi?

m MNovarkoBi BiAOMOCTI Npo CTaTUCTUKY

HAxum THUpakeM caig BMUNYCTHTH NIAPYYHMK 3 anrebpw ana 9
kaacy?

Yu BAPTO HEBHOMY NOJITHKY BUCYBATH CBOIO KAHAUAATYDY Ha 4ep-
rosux BuGopax mepa?

Ckinpxn kisiorpamis pubM i MOPENpPOAYKTIB BXXHUBAE B CEPEHBOMY
3a pik oamE XuTeab Ykpainu?

Yy BHrifiHO AJIA KOHIEPTY NEBHOrO aPTHCTA OPEHAYBATH CTaAioH?

Ha ui Ta Garato iHmux 3aNUTAHL AOMOMArAE BiDOBinaTH cTaTUC-
THKA.

Oawmavenns. CrarueTuka (BiX JATHHCHKOTO Sfafus — CTaH) —
e HayKa Npo oTpHManud, o6po6irenHs i aHanis kKinexkicanx nanux,
AIKi XapaKTepH3yIOTh MACOBi ABMIIA, :

CrarucTruHe HOCTIMKEHHA CKIAJAETHCH 3 KITBKOX eTamis:

36upanHa Japux

Y

O6pobsienns gaHuX

Ta iX noAaHHA
y 3py4Hii dopmi

 J

Anania pauux

Y

BucHoBKH
¥ pexomenganii

BYyNUHUMOCA OKPEeMO Ha KOMHOMY erami.
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§ 5. ENEMEHTU NPUKNAJHOI MATEMATUKA

36MpaHEA TAaHMX

Bu sHaere, mo IKIAINBI 3BUYKHM, HeNpPaBHJIbHE XapuyyBaHHHA,
MAaJIOPYXOMHH crocib KUTTA TpU3BOASTE [0 CEpPIEeBO-CYAHHHUX 38-
XBopioBaHb., Takoro BUCHOBKY Jdikapi miiuiM, pociaigmeinu, sBicHO,
HE BCiX Jiojeil IiaHeTH.

3po3yMino, mo AOCHIJKeHHs HOCHJIOo sufipikosuil, are Macosuil
XapakTep.

¥V craructuni cyKynHicTh 06’€KTiB, Ha OCHOBL AKHX HPOBOAATH
AOCHIIKeHHA, HASHBAIOTH BHOIPKOIO. v

Y pmanoMy npuxnanai Bubipka cxkiaganacd 3 Kinbkox Minbitonis
JoAe.

Cunijt 3a3HaUNTH, IO CTATHCTHYHHI BUCHOBOK, 38CHOBAHHI JrHIIe
Ha yHceJbHOCTI BuOIPKH, He 3aBXau € aocroBipHum. Hanpuknan,
AKIO MH, ZOCHiAKYIOUN MOMYJASAPHICT: apTHCTA, 0OMEXHMOCH ONMH-
TYBAHHAM Jmofeif, AKi npuiimam Ha foro KOHIEPT, TO OTPUMAaHI
BUCHOBKHU He OyayTnr 0B0’€KTHBHMMM, ajsKe BOHU OPMHINIIM HA KOH-
1LepT caMe TOMY, IO Lei apTHcT iM nomobaeTbes. CTaTUCTUKH Ka-
HYTh, 1[0 Bubipka mae 6yTH penpeseHTATHBHOIO (Bil (QpaHIy3HKOTO
représentatif — noxasopuii).

Taw, gikapi, BuBYaouy (HPAKTOPH PUSHMKY BHHUKHEHHH CepleBO-
CYIUHHIX 38XBODIOBAHB, JOCHLIMKYBANK JTOAEH pisHOro BiKy, mpo-
teci#i, HanioransHOCTEH TOIILO.

Orixe, 36upanna OaHux Mae rpywmyseamucs Ha macosocmi ma
penpeszenmamueHocmi subipxu. [uxonu subipra mome zbBiraTucs
3 MHOXHMHOI0 BCix 006’€KTiB, L1010 AIKHX MPOBOAUTECH HOCILAMKEHHA.
IIpuknagoM Taxoro SOCHIPKEHHA € NPOBEeEHHA AepKaBHOI migcyM-
KOBOI aTectamii 3 maremMaTuky B 9 Kaaci.

Cniocofu moparmg JAHHX

3i6pany iHdopmManiio (CYKyNnHicTL JAHUX) 3PYYHO MOAABATH Y BH-
raaxi rabaune, rpadgikis, giarpaM.
Poarnsamemo kinbKa npukjaanis.

NPUKNAL 1 ¥V tabnuii nozano pesyJbTATH BUCTYNIB YKpaiHCLKHX
mKoAAPiB Ha MiKHAPOAHUX MaTeMaTHYHHX oJiMmiagax nmpoTsaroM
1993-2008 pp. (Komauaa yyacHUKIB HA MiKHAPOAHUX MaTeMaTHd-
HHX oNiMmiazax cKIAZaETbesA He Oiybine Hix i3 6 ocib.)
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31. MNovaTtkoBi BIAOMOCTI NPO CTATUCTUKY

Kinskicte meganeii

Micne ' Bre

Pix CII B])DH- PasomMm Mefia-
NPOBEAEHHA | 3450mi | Cpibui | mena- | en

30B1 neii
1993 | TypeuunHa 0 2 3 5 1
1994 lorxonr 1 1 2 4 2
1995 Kaunana 1 1 1 3 3
1996 Ingin 1 0 5 6 0
1997 | AprenTuna 5 3 0 6 0
1998 | Taitsams 1 8 2 6 0
1999 | Pymynis 2 2 1 5 1
2000 H‘MR P 2 2 0 4 2
oped
2001 CIIIA 1 5 0 6 0
2002 BB"‘“““‘.‘ 1 3 0 4 2
PUTAHIA

12003 |  SAmouis 1 2 3 6 0
2004 'penis 1 5 0 6 0
2005 Mexkcrka 2 2 2 6 0
2006 | Cnosenis 1 2 2 5 1
2007 B’eTHam 3 1 2 6 0
2008 Icnanis 2 2 2 6 0

¥V 6GaraThbOX BHIAAKAaX AAHI BPYYHO MOJABATH Yy BHIVIAAI CTOBI-
uacrol JiarpamMu, fKy Ie HasHBalOTh ricrorpamoro (Bif rpenbkmux
histos — cToBO i gramma — HanucaHHsA). Taka ingopMania nerko
cnpuitmMaeTees i o6pe 3anam’ATOBYETECA.
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§ 5. ENEMEHTW NPUKNAOHOI MATEMATUKIN

NPUKNAL 2 Ha pucynky 31.1 noaaso indopmanito npo npupojHo-
samoBigHuit GoHa VKpaiHu.
36+

321

:

g

E Kareropin of'exrin
Puc. 31.1

EE 14 4
134
12
114
10
9-
84
7
5% a-.
iy
3 E=== =
0 T T - v T T T T T T T 1
[Tr] 1= o g - o g [T g - ot
& o [=]
s 8883888888828
Puc. 31.2 .

MPUKNAA 3 Indopmanito TAKOXK MOMHA NOAABATH Y BUrAAAi rpadi-
kiB. Tak, na pucysky 31.2 3o6pameno rpadik mopiyaoro BiacoTKo-
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31. MNoyvarkosi BiAOMOCTI NPO CTATUCTUKY

1Oro 3pOCTAHHSA KinbkocTi xopucTyeauis InTepuery y cpiti mpoTsirom
1995-2008 pp.

CrosnyacTi giarpamu i rpadiku 3a3BHyail BHUKOPHCTOBYIOTh TOAI,
KOJMH X0YYTh NPOAEMOHCTPYBATH, SIK 3 [JIMHOM Yacy 3MiHIOETbCH
JlefIKa BeJIUYMHA.

NPUKNAL 4 Ha pucynxy 31.3 nasesieHo posmofin mezaneil, oTpu-
MAHMX YKPATHCBKMMH IIKONAPAMY HA MLXHAPOOHMX ojimIiamax
y 2008 p. Ins 1soro BUKOPHCTAHO KPYTOBy Hmiarpamy: xpyr 3o6pa-
JKYE BArajJbHy KiNbKicTh Megajieil, a KOXKHOMY NpeaMeTy BiAnoBinae
[eBHUIL cCeKTOD Kpyra.

B Marematnka

[ dianka

[ Xiwmia ‘
| I Bionorisa

| IHd)OpM&THKaJ

B Exoxorin

Puc. 31.3
Amania faEux, BHCHOBKH i peKomMenaamii

CraTrcTMdYHI BiZoOMOCTI HAAXOAATE 3 PidHHUX rajyseil 3HaHL i Ai-
ATLHOCTL NIOAMHU: eKOHOMIKH, MEIUITUHH, coliiosorii, meMorpadii,
ciILCBKOro rocnojapcTea, MereopoJorii, cnopry tomo. Ilpore cra-
TUCTHYHI MeToau oOpobnennsa (ananiay) ganux 6araTo B 9oMy CXO¥ki.
OsHalioMuMOCsa 3 AeAKMMH 3 HHX.

3eepuemocd no npuxkaaxy 1. Hasenena rabnuis nosponse nisHa-
THCH, CKIJIBKH B cepefHEbOMY Megasel 3a pik BubopioBajau mMKONApi
VYxpaian na MikHapogaux MaTeMaTHYHMX odimmiagax. Jas neoro
noTPifHO KiJBKiCTE yeix Mepanmell, OTPUMAHKMX IPOTArOM nepioay, mo
POSIIIAA&ETECA, NOALTATH Ha KinbkicTs pokis. Hanpuknaz, sa nepioa
1993-2008 pp. maemo: s

5+4+3+6+6+6+5+4+6+4+6+6+6+5+6+6 _84 g 5

16 o

Ockinbku 3a pik MoxxHa BuOOpoTH He Ginbmre 6 menaned, To ce-
penHe 3maueHHsA 5,25 cBifuuTh PO Te, IO KOMAHMAA YKPaiHM rifiHo
BHCTYTIAE HA IIOMY IPECTHKHOMY (opymi.

V¥ cratucTryHii indopmarii cepeHi 3HAYEHHSA OTPHMAHHX CYKYITHOC-
Tell JAHUX TPAILIAITECA JOocUTh YacTo. Hanpukiaan, HasegeMo TabIHIEO
peanisanii OCHOBHHUX IIPOAYKTIB XapUYBAHHA Yepe3 Mepesii BeNMKHUX
MAarasHHiB y geAkux Kpainax (y KinorpaMax Ha JOAuHY 34 pik).
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§ 5. ENEMEHTU NPUKNALHOI MATEMATUKIA

Puba
Kpaira M’sco i mope- | BepHosi OBoui DpykTH
| IPORYKTH

Apcrpania | 118,1 22,1 86,6 93,8 103,5
Hauia 111,9 24,3 139,5 102,2 146,5
Icnanis 122,0 27,4 98,9 143,3 105,4
Yrania 91,0 26,2 162,6 178,3 131,0
Kanazna 99,0 25,6 119,3 120,3 119,2
CIIA 123,4 21,1 110,8 123,5 113,5

Yxpaina 33,9 15,6 158,4 116,0 36,4
Ppanuis 98,3 31,2 117,2 142,9 95,5

Taxy Tabauio MOKYTE BHKOPHCTOBYBATH, HANPHKJIA/(, EKOHOMICTH
Y AOCHiIKeHHSX, BACHOBKAX | peKOMenaanifx, BIACHUKH MarasuHis
i BupobHUKY mpOAYKILII NPH [LNIAHYBAHHI CBOEl AiAJBHOCTI,

IlpoTe cepenne sHaueHHs He 3aBXAH TOYHO (ageKBaTHO) BinoGpa-
xae curyanilo. Hanpuknag, sSIKINo B KpaiHi ZoxOan pPiBHMX BepcTB
HaceJIEHHHA JyKe PI3HATHCH, TO CePeAHil JoXiq Ha OAHY MOAMHY ANA
OinbloocTi sxuTENiB MOXKe He BifoGpaxcaTH,iX MaTepiaJbHOro cTaHy.

Hanpuxnan, y skifice kpaini 100 »xurtenis — mysxe Garari, a pe-
mrra 5 MinsioRiB — ay:xe 6iaHi. Toal MOKASHUK CepPeNHLOrO AOXOAY
MO2Ke BUABHTHCSH He HH3bKHM, a 0Ti3Ke, HeaJJeKBaTHO BinoGpaxkaTume
sarajbHy GigmEicTs HaceseHHA,

¥ nozibuux Bunaaxkax ANA aHAJIIZY AHKX BUKOPHCTOBYIOTH iHiui
XapaKTepHCTHKH.

3a aonomoroo npukaany 1 cknagemo Tabnuiio, AKa BigoOparkae
KiZNBKiCTh Meianeit KoKHOro BUAY:

Bonori menani | Cpibui mexani \Bpousosi meaaini| Bes meaaneit

23 36 25 12

Taky 1461110 HA3MBAIOTH YACTOTHOIO, A YHCJIA, SANMCAH] B IPYTO-
MY PAAKRY, — QYACTOTAMM.

Yacrora 36 nokasye, W0 YKpaiHCBKi InKoJsApl HaifgacTinre sa-
BoitoBYyRaH cpibri Megani. IlokasEuK «cpibui menanis HASHBAIOTH
MO0} OTPHMAHUX JaHUX.

278




31. MNoyaTKoBI BIAOMOCTI MPO CTaTUCTHKY

Ile cnopo BciM mobpe suajiome. Mu 4acTro KaskeMo «yBiiiTH
B MOAY?, ¢BUHTH 3 MOAM#*, ¢TaHWUHA MOAi*, ¥ NOBCAKACHHOMY KUTTL
MO8 O3HAYAE CYKYIHICTH morasais i ymogoGaHb, AkUM OlabuiicTe
Bigac mepesary B [IeBHHII MOMEHT yacy.

Cane moja € HallBaXXJIMBilIOI XapaKTePHCTHKOI TOAi, KOJH
OTPHMAaHA CYKYIHICTh JAHHX He € YHCJI0B0I0 MHOXKHHOI0. [Ipogemon-
CTPYEMO [i¢ HA TaKOMY IPHKJaII.

Oana pizoma pipma, KA NIAHYE NOCTAYATH JUKHHCH B YKpainy,
IpoBeJa ONMTYBAHHA pelpe3eHTaTHBHOI BUOIpKM, AKa CKJIagasacsd
3 500 oci6. ¥ peaynbsraTti Oyna orprMaHa TAKA YACTOTHA TADAMILA:

Poamip mxuucis XS | S M L | XL | XXL | XXXL

Yacrora 52 | 71 | 145 | 126 | 59 | 40 7

BignocrHa yacToTa

10,4(14,2| 29 (25,2|11,8| 8 1,4
(y %)

VY Tpersomy panxy miel Tabnuni sanucano BIIHOIIEHHR BignOBiR-
HOI yacToT¥ J0 esudunn Bubipkn. Ile pigHomenns, sanucane y Bij-
COTKAX, HABUBAIOTE BigHOCHOIO Yacroror. Hanpukian, ana poamipy

. 52 400=
XS maemo: 500 100=10,4 (%).

Mopa mamoi ubipku — me posmip M, i il Bignosinae BizHOCHA
uacrora 29 %.

Tum camum ipma orprmasna ingopmaiite, Mo Halbinenry yacTuny
obcaris nmocrauasHa (npubausuo 29 %) MAOTh CTAHOBHTU JUKMHCH
poamipy M.

Baysaxxumo, 10 AKOKM B Tabuuni gsi yacrorn O6ynu 6 pieHi i Ha-
OyBanu HaiibiIbIIUX 3HAYEHB, TO Moo Oyau 6 ABa BignoBigui pos-
Mipu.

Bume My HapeJH NPHKJIaA, KOJMM CepeAHE 3HAYEHHS HE TOYHO
BizmoOpaxcae marepiajbHHIl cTaH Jiofeit B Kpaini. Binsin nmosHy xa-
PAKTEePUCTUKY MOXKHA OTPUMATHU, AKIIO CepeHE 3HAUEHHS JOTOBHUTH
Pe3yALTATOM TAKOTO AOCiMMeHHS.

VTBOPIOIOTH peNIPpe3eHTATHBHY BUOIpKY, AKA CKJIANAETRCA 3 Jiogei
NneBHOI KpaiHH, i OTPHUMYIOTE CyKYOHIiCTE JAHHX, AKA CKIANAETHCHA
3 poxoxie. Mani signosifHo go mkanu, AxA BUIHAYAE PiBeHb T0XOHiB

" (HuabKwMii, cepenHiit, BUCOKHIl), po3dUBAIOTH OTPUMAHUIT DA JAHUX
Ha Tpu rpymu. CKnagaroTs Tabnuuio, A0 AKOI BHOCATH 3HAYEHHA
YACTOT i BLAHOCHHX YACTOT:
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§ 5. ENEMEHTU NPUKNAOQHOI MATEMATUKIA

PiBeHb foxoiis Husepxuit Cepegniit 1 Bucoxuit
Yacrora m n k
BignocHa uacrora Pp% q % r%

Mozaa Takol CYKYNHOCTI JaHHX MOXXe XapaKTepH3yBaTH piBeHb
poxonie y Kpaisi.

JocnimxeHHA CYKYNHOCTI ZaHMX MOXXHA NOPiBHATH 3 poboToio
nikapsa, SKuit cTaBUTh AlarHos. 3aJeKHO BiA ckapr namienTta a6o
CHMIITOMIB, IO cliocTepiralThes, Jikap ofupae I[EBHY MeTOIMKY
MOIIYKY OPMUYMHM XBOopo6u. 3posyMino, mio usf MEeTOTUKA BH3IHAYAE
TogHicTs Aiarnosy. Tak camo i y cTAaTHCTHIN: 3aexHO Bij 3i6panoi
imdopmanii i crnocoby 1i oTpuManHS 3aCTOCOBYIOTH pisHI meromm 1i
obpobnenns. 1li MeToau MOXYThH JONOBHIOBATH OAMH OJHOIO, AKUHCH
3 HUX MOKe TOoYHime (ajexsaTrHime), Hix igmi, Bigo6paxkaTH KOH-
KpeTEY cutyamnilo. Tak, ananisyoyd BUCTYIIH YKPAIHCBKHUX IIKOJIADIB
Ha MixHapoJHUX MaTeMaTHYHHMX ONiMmiazax, MoMHA BCTAHOBHTH,
IO CTATHCTHYHI XapakTepHCTHUKH CepeJHE 3Ha4YeHHA i Mozga BAaNO
YaromxywoTecda. A B NpukJaji, SKUH BH3HAYAE XOJOBUH PpO3MIp
JUKMHCIB, HANOIIBII NPUHHATHUM € MOIIYK MOJH.

Ypm 6iabIuMM € apceHan mMeTOAHK oOpobGnenHsa NaHHX, THM
06’EKTHBHIIINIT BHCHOBOK MOXHa OTPHMAaTH.

OzHaitoMuMoOCH e 3 OAHIEH BAa’KJIHBOI CTATHMCTHYHONIO XapaxTe-
PHCTHKOIO.

Cim’sa npuiiana pinleHHs 3poGHTH PEeMOHT KyxXHi i mikamurThed,
CKIJIBKH KOIITYE MMOKJACTH OfNH KBAJAPATHUN MeTp KaXJAHOI IIHTKH.
BuBuuBmu npeiickypanT 11 6yziBeabHNX ¢ipM, BOHH OTPHMAJIH TaKy
indopmaniro (LiHKH 3anNUCaHO B IPHUBHAX Y NOPAJIKY 3POCTAHHA):

40, 40, 45, 45, 50, 65, 90, 100, 150, 225, 250.

Cim’s xoue subpaTu Qipmy i3 cepeaniMm niramu.

CepenHe 3HAYEHHA OTPHMAaHOI CYKYITHOCTI JaHMX jopisHIOE 100.

Ilpote orpumani gauni mokasyioTh, 1o Hiny 100 rpH. ckopime
MOKHA BilHECTH [0 BHCOKHX, HiX JO cepegHiX.

3azHauumMo, 1o yHesao 65 croiTk MocepeIUHi ynmopsagKoBaHoI cy-
KynHOCcTi nanux. Moro masupaioTs mMexianolo wmiei Bubipku. ¥V miid
curyanii came Meziana gonomarae Bubpatu ¢ipmy i3 cepegniMm mi-
pamu. Copasji, y nocaiioproceri 3 11 uncen € n’ats MeHmux Big 65
i m’are 6iaemux 3a 65.

Tenep posrnsiEeMO yNopAAKOBAaHY CYKYIHICTE JaHHX, AKA CKJA-
JAETHCA 3 MapHOI KiNbLKOCTi Yucesn, HANPHAKJIAL 3 BOCBMH:

1,4,4,7, 8,15, 24, 24.
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31. Mouarkoei BIKOMOCTI NPO CTATMCTHKY

Tyt «cepenunoios BUOIPKU € onpasy aea uucna: 7 i 8. BeaxawTs,
1110 MegiaHa Taxoi BHOIpKH HOpiBHIOE IX cepeHLOMY apUMMEeTHYHOMY

T+8 _
) = 7,5.

Cepenne 3HayeHHA, MOAY i MEAiaAHY HABMBAIOTH MiPpAMH LEHTPAJIL-
1ol TeHAeHUil OTPUMAHOL CYKYIIHOCTI AaHUX.

31.1." Kopuctylouucek Tabauuero cepeiHix piyHHX TeMmepaTyp no-
BITPA B OkpeMuX MicTax YKpainu, nobyayiire BignoBiJHY CTOBIYACTY
jgiarpamy.

Micro TemnepaTtypa, C Micto Temnepatypa, C
JIbBiB 7.5 Yepracu 7.3
Yaxropoxn 9,3 IonTasa 6,8
Knis 6,9 JloHEenpx 7,5
. Cymmu 6,0 JIyraucek 9,2
| Oneca 9,4 sinra 13,1

31.2." Kopucryrouuck Tabannero possutky Kuipcproro merponoutirte-
HY, nobyayite rpadik spoCTAHHA JOBXKHHM HOrO JIiHIM.

p Kinpkicrs | JoexkuHa Kinekicts JIc;nmnHa
iK ; T Pix : 25
cTaHmii JiHilA, KM cTaHIii Jigif, KM
1960 5 5,2 1987 28 32,8
1965 10 12.7 1992 35 43,3
1971 14 18,2 2000 39 3 By
1976 17 20,5 2004 42 56,6
1981 23 28,2 2008 46 59,7

31.3." Kopucryouncs tabanueo possutky KuisceKoro meTponosire-
"y, nobyayiire rpadik sbinbmenns KinskocTi fioro craHuii.

31.4." Buanaure, WM € penpeseHTATHBHOI BHGipKa:

1) mob aismaruchk, AK YacTo KuTeni micra y Buxigmi awi 6y-
BalOTh HA OpHpPoAi, 6yaM onMTaHI YiIeHH TPHOX CAZOBHMX
KOOLEePaTHB1B;

2) 3 MeTOl0 BHHABJIEHHS 3HAHHA B ATHKJACHUKAMH HanaM' fiTh
pipmis Jleci ¥kpainku, Bumagxosum umHEOM OyJIO OonuMTaHO
4 Tucsgi feB’ATHEJIACHUKIB y pisuux perioHax kpainmu;
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§ 5. ENEMEHTM NPUKNTALHOT MATEMATUKM

3) ansi BUBHAYeHHsA BiJcoTKa kopucrysadiB IHTepHery B Ykpaini
BHIaZKOBUM YuHOM onutanu 500 xkuaH;

4) nna 3’AcyBaHHS PeHTHHIY MOMOAIMKHOL TeJleIPOrpaMH BHIAJ-
KOBHM unHOM Oysim onuTani 10 rmeAd OHaKiB i gisuar vy Bini
Biz 15 go 20 poxis.

31.5.° BuaiifgiTe MipH IEeHTPANbHOL TeHAEHIII CYKYIIHOCTI JaHUX:
1):3, 3,44, %% 778, 8,10;

2) 12, 13, 14, 16, 18, 18, 19, 19, 19.

31.6. Hisuata 9 xnacy Ha ypoui (isKyJABTYpPH 3AaBanM saykik 3i
cTprOKIB y BUCOTY. YUHTENIL 3anucaB TAKY HoCHiZOBHiCTH pe-
3YJIBTATIB:

105 cm, 65 em, 115 cm, 100 em, 105 cm, 110 cm, 110 em, 115 cm,
110 cm, 100 cm, 115 cMm.
SHalifiTe cepeAHe 3HAYEHHA 1 MefiaHy OTPHMAaHUX AaHHX.

31.7." Knacuuii kepiBHuk 9 Kiacy Beje o6nik BigBizyBanusa yunsmu
sauaTs. HanpuyiHni THIXHA HOro sanvucyu Maau TAaKHH BUIVIALS

" e Ce.
Henp THIKHA Lerem Bieeo ) Yetsep | I’ atanna
JIOK POK pena
K_ln];}:lc"lm 3 2 5 i 8
BifcyTHIX .

1) 3raiiniTe, ckinbKH yIHiB Oyau BiZCYTHIME Yy CepeaHBOMY B IeHb
TNPOTATOM LBOTO THXKHSA.
2) 3uaigiTe MOLY OTPUMMAHUX JAHUX.

318" ¥ 9 knaci, y #KOMY HABYAETHCA 23 y4Hi, IPOBEIU ONMUTYBAHAA:
CKiNBKM OpuOGAU3HO IOAHMH HA NeHb BHUTDada€ JeB'ATHKIACHHK
HAa BHKOHAHHS AOMAIIHIX 3aBiaHb. Bixmosizgi yunis mogano y BH-
rusagi ricrorpamu (puc. 31.4).

1) Banosuits 9acTOTHY TAbNMULIO!

Yac, BuTpaueHuil Ha BUKOHAHHA
JoMAaIlHiX 3aBAAHB, IOJ

HactoTa

Biguocna dacroTa

2) CrinbpKu yacy Ha HeHb Y CepeAHBOMY BUTPA4YaE YUeHb 1LOT0 KJa-
Cy HA BUKOHAHHA JOMAIUHLOro 3asgaHHA? (SHaiiziTh cepegHe
3HAYEHHA PARY AAHUX.)

3) Ckinekm wacy BHTpauyae OinpuricTs J€B’ATHKIACHHUKIB LBOTO
Knacy? (3uaiiaiTe MOLY pAAY AaHHMX.)
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31. Mo4aTkoBi BIROMOCTI PO CTATUCTUKY

KinbkieTs geB ATHKIACHHKIB

L

! el fin A L " aw v =¥
0 roa 1 rox 2 rop 3 roag 4 rog
Yac, suTpaueHnii Ha BHKOHAHHA JOMAIIHIX 3aBAaHb

Puc. 31.4

31.9.° Ha pucyuky 31.5 306pasxeHO CTOBYACTY AlarpaMy pesyJbTATiB
nHchMOBOL poboTu 3 anrebpy y TPHOX AeB ATHX KJIACAX.
1) 3anoBHiTE YACTOTHY TAGAMIO:

lRinbuim
seni 112|814 |5|6|7|8198 [10]|11 |12

YacroTa

i' Bignocua

 4acToTa

Kinsxkicrs yunis

14 -

—
™

=
o o
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§ 5. ENEMEHTU NPUKNAQHOT MATEMATUKI

2) Buaiinite cepepnili 6an, orprManuii yunAMMA 38 IO NWCHEMOBY
pobory.
3) 3HaliziTh MOLY OTPHMABHUX NaHUX.

31.10." 3a pesyssTaTAMH OCTAHHROI KOHTPONLHOI poGoTu 3 aarebpH,
sAka Oyna nmpopegeHa y BaloMy KJAaci, 3amoBHITE 9acTOTHY TabaH-
10, HaBeleHy B 3agaui 31.9.

1) 3maiigiTe cepenHii 6as, oTpMMaHMil YYIHAME 32 LI0 KOHTPOJBHY
pobory.
2) 3gaiigiTe MOAY OTPHMAHHUX KAHHX.

31.11.° Y4niB onmiel XepcoHchKOI MKOJM ONMTANH: CKLIBKHM pasiB
¥V JKHTTI BOHH JiTanu Ha jitaky. OrpumMani gaHi HaBeneHo B Tab-
Janis

Kinsricre 3pificrernx noasoris| 0 1 2 3 4 53

KinexicTs yuHiB 530| 92 | 46 | 30 | 8 4

Bignocua uacrora (%)

1) S3anoerits Tperiii pagox Tabaui.
2) IlopaiiTe OTpUMAHIL A8HI Yy BUIVIALL CTOBNYACTOL Alarpamu.
3) 3HaiiaiTe Moy i cepeflHE 3HAYEHHS OTPUMAHMX JAHHX.
4) IloscHiTE, Y91 MOYKHA BBAXKATH BUOIPKY, 1[0 PO3IVIANAETLCH, perpe-
B€HTATHEHOIO /i1 BUCHOBKIB INO0 BCiX mMKoMApPiB M. XepcoHa.
31.12.° Bunumits yei samri oninku 3 anrebpu, orpuMani mpoTAroM
POKy. 3HaiifliTh cepeflHE 3HAUYEHHHA, MOAY i MefiaHy OTpPHMAHOIO
PALY AAHNX.
31.13.° Tupexrop dipmu orpumye 20 000 rpr. na micans, gea foro
sactynHuky mo 10 000 rpu., a pemrra 17 pobiteukis dipmm —
mo 1500 rpa. Ha micanb. 3HANAITE cepefHe 3HAYEHHHA, MOAY,
Mexiamy 3apobiTEHEX nuaT y mifl dipmi.
31.14.° TIpounrafite onud 3 Haisigomimmx Bipmis T. I'. Illesuenka:
Cafox BUINHEBHHA KOJIO XaTH,
Xpymi Hag BUIIHAMH I'yAVTh,
Ilnyratapi 3 naIyraMy UgyTh,
CoiBarots igyum giBuyara,
A naTepi Be4E€PATH KIAYTh.

CeM’ss Beuepsl KOJIO XaTH,
Beuipasa aiponbka BCTAE.
Jlouka BeyepATH IIOJAE,
A MaTH xoue HAY4YaTH,
Tak conoseiiko He jae.
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31. MNo4YaTkoBi BIGOMOCTI NPO CTATUCTUKY

IToxkyiana MATH KOJO XaTn
ManeHBEKHUX AiTOUOK CBOIX;
Cama sacHyna Koo ix.
3aTHXJ0 BCe, TiNBKO jiBuUaTa
Ta conoBeiiko He 3aTux.'

HOns 6ykB <as, «e», «is, «is, «H», «O», «p», «y», «D», «dA»
CKJIAAITh YACTOTHY Tabmui0 ix HAABHOCTI y NOJAHOMY Biprmiri.
BussauTe MOJY OTPUMAHMX JAHHUX.

31.15.° IIporaroM Tpasua 2007 p. paHKOBa TeMIepaTypa IOBITpsA

B Kuesi cranosma:

Temie- Temne- Temne-
HaTa paTtypa, Hara parypa, JHara parypa,
°C °C °C
01.05.2007 5 11.05.2007 20 21.05.2007 30
I 02.05.2007 4 12.05.2007 21 22.05.2007 29
I
]' 03.05.2007 6 13.05.2007 19 23.05.2007 31
t
I' 04.05.2007 11 14.05.2007 20 24.05.2007 29
: 05.05.2007 19 15.05.2007 26 25.05.2007 28
106.05.2007 15 16.05.2007 25 26.05.2007 29
07.05.2007 16 17.05.2007 26 27.05.2007 30
08.05.2007 19 18.05.2007 26 28.05.2007 27
09.05.2007 14 19.05.2007 28 29.05.2007 26
10.05.2007 10 20.05.2007 28 30.05.2007 26
31.05.2007 25

SHaligiTe MipH LeHTPaIbHOI TeHAeHIlil OTPHMAHNX NAaHHX.
31.18." Ilo6ynyitre paa: 1) 3 o’ atu uncen; 2) 3 mecT Yuces, y AKOIo:

a) cepegHE 3HAYEHHSA NOpiBHIOE MeaiaHi;
6) cepesne sHadeHHA Oinblne 3a Meniany.

! T.T. llepuenxo. Teopu y 12 1. / In-1 nireparypu im. T. I'. llepuenka Axagemii

Bayk Yipaigm.— K.:

sHaykosa aymkas, 2003.— T. 2.— C. 17.
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, HYUCTIOBI
NOCJHAOBHOCTI

Wmcnoai nocnigoBHOCTI

YacTo y NOBCAKAEHHOMY XHMTTI HaM TpanasoTbea 06'€xTH,
3 AKUMH 3PYYHO MATH CIIPABY, AKIIO IX NONepeHbO NPOEyMepyBaTH.
Hanpuriaz, HOMEpH MAIOThL MicfUi i KBapTalm pPoOKy, AHI THIKHS,
nig’isgy i KBapTHpH OVAWHKY, BAarOHH II0i34a, i HABITH KOKEeH ydeHb
BAIIOTO KJACYy Mae€ CBiit MOpAAKOBHH HOMED YV KJACHOMY M YpHAJL.

06’eKTH, AKi IPOHYMEpPOBAHO IIOCILIb HATYPANEHUMY YHCIaMHy 1,
2,3, ..., n, ..., YTBOPIIOTE MOCIIZOBHOCTI.

Tak, MOHA KA3aTHW OPO IIOCJIiJOBHICTH CTODIiHOK y KHH3i, OYKB
y CJIOBi, TOBepXiB Y 6YAMHKY TOLIO.

06’exTH, AKi YTROPIOIOTE TOCIAOBHICTE, HA3UBAIOTH YICHAMH 110~
caigoBHocTi. 3po3yMizio, Mo KOKHHMK YJeH MOCHiAOBHOCTL Mae cBif
nomep. Hanpuknan, ciuens — me NepImMii WieH y MOCAIZOBHOCTI Mi-
CAIIB POKY, YHCJIO 3 — APYrHM WIeH MMOCHiZOBHOCTI TPOCTUX YUCEL.
Vszaraii, AKINO YWieH HOCHiLOBHOCTI MaE HOMED 7, TO HOro Ha3HBAKWTh
n-M YWIeHOM MOCHiZOBHOCTI.

Hxmo uneHaMM NOCHiAOBHOCTL € YucCJa, TO TAKY IOCHiAOBHICTHL
HA3WBAKTL YHCIOBOK.

HaseneMo IpUKJIAAY YUCIOBHX HOCHiZOBHOCTEH.

1, 2, 8, 4, 5, ... — ToCHiOBHICTE HATYPANBHUX YUCEJ;

2,4, 6, 8, 10, .., — mocaigoBHICTE MAPHHUX YMCe;

0,3; 0,33; 0,333; ... — MOCTINOBHICTL AECATKOBMX HaONMMKeHb
Apoby %;

19, 38, 57, 76, 95 — nocnifoBHiCTE ABOIHGPOBUX YHCENJ, KPAT-
Hux 19;

-1, -2, -3, -4, -5, ... — nocninosnicTs BiAg’eMEUX TiINX yucen.

Hapani Mu posrasgjaTHMeMo TiILKH 9MCJIOBI MOCJIZOBHOCTI.

HageneHi Buie NPUKJIAINA MOKASYIOTh, IO MOCHIKOBHOCTL OyBaloTH
CKiHYeHHHMH i HecKiAueREuMH. Hanpuenan, NocailoBHICTE NapHEUX
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32. Yol NOCNiAOBHOCTI

UATYPANLHUX ancell — lie HeCKIHUeHHa NOCHIJOBHICTS, & TOCHOBRICTS
ABonudpOBHUX UMces, kKpaTHuX 19, — e cKiHUeHHA NOCHIZOBHICTH.

s mogHadyeHHA YJIEHIB MOCHiLOBHOCTLI BHKODHCTOBYIOTE OYKBH
3 iHgexcaMu:

By By By 5evs By wovs

Iugexc ykasye HOPANKOBHMN HOMED WieHa mociaimoBHOcTi. [lns
1103HAYeHHA caMol HOCHiIOBHOCTI BUKOPMCTOBYIOTH 3anuc (g ). Ha-
UPHUKTAL, HeXau (pu) — mocaioBHiCTE npoeTux uucen. Toai P = 2,
p,=3,p,=5,p, =7, p,=11i1 A

ITocniGogricme 66aXA0Mb 3G0AHOI0, AKWL0 KONCHUIL [T Y€H MONHA
GU3HAYUMU 3a 020 HOMEPOM.

OsuaiioMmuMocs 3 OCHOBHMMHE criocof0aMM 3afJaHHA HOCIiOBHOCTI.

Posrinsemo moclifioBHicTs, y AKol nepmimnii yiaeH popisaioe 1,
a KOYKHUH HACTYIHUN uneH Ha 3 GLiemmii 3a nonepexsiil, Taxnii croci6
3a/[@HHA IOCHIIOBHOCTI HABMBAIOTH OMMCOBUM. Moro MOKHA IpOLTio-
CTPYBATH 3a JONOMOTOIO BAIMCY 3 TPhOMA KpankKamy, BUIIMCABIIHN KiTb-
KA NEepIIRX YWIeHiB MOCaiOBHOCT] ¥ IIOPAAKY 3POCTAHHA HOMEpiB:

1, 4,7, 10, 18, 16, 19, ....

Ileit zamme AOIINBHO BACTOCOBYBATH TOAl, KOAM 3po3yMijo, ski
yHesa MapoTh 6yTH 8anucaHi 3aMicTh TPHOX KpamnokK.

Hanpuknag, y ODOCAifOBHOCTI, AKY MM PO3risgaEMo, 3posymino,
mo miciis yuena 19 mae 6yTH 3anucaHe uncsio 22,

SAKImo mocaigoBHiCTE € CKiHY€HHBO0, TO il MOHA 3aJaTH 3a AOTO-
moroio Tabnuni. Hanpukiaax, HapeneHa Tabanna 3aa€ NOCAIJ0BHICTD
Ky0iB omHOIUGMPOBMX HATYDPAIbHUX YMCEN:

' n 1 2 3 4 5 6 7 8 9
a 1 8 27 | 64 | 125 | 216 | 343 | 512 | 729

ITocnigoeHOCTI MOMKHA& 38JaBaTH 3a jgonomorow dqopmyn. Ha-
TIPUKJ&J, PiBHICTE X, = 2", ne smiHHa n wabysBae BCiX HATYDATBHUX
3HAYeHb, 33/1a€ MOCTIZOBHICTS (X,) HATYPANBHUX CTEIEHIB YKca JBa:
2, 4, 8, 16, 32, ... . ¥V TAKMX BUIAAKAX KAXKYTh, IO NOCIiAOBHICTD
38/1aHO 33 AONOMOIOI0 (POPMYJIH n-ro "LIEeHA MOCIifOBHOCTI.

Posrasmemo KiJbKA OIPUKIALIB.

@opmyna a, = 2n — 1 sajae NoCNiNOBHICTE HATYPANRPHUX Hemap-
HHUX 4YHCeJI:

1,3,6,7 9 ..+

@opmyna y, = (—1)" sagae nocaigoswicTs (y,), Vv AKil yci unenn
3 HemApHWUMM HOMEPAMM AOpiBHIOIOTE —1, a 3 MAapHUMH HOMEPAMH
AopisHOOTE 1:
=1 Ao—1; By =15 s
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§ 6. HACNICBI NOCNIAOBHOCTI

dopmyna ¢, = 7 3agae MOCHiOBHICTH (cﬂ), yci uneHH SAKOI
BOPIBHIOIOTH YHCAY T:
T T T T T

IMocnigosHicTs, yei unenu sikoi piBni, HASUBAIOTH CTALIOHAPHOLO.

Hagegeni coocobu 3ajanHsa OCAi{OBHOCTEH JONIOMArAIOTH POCTE-
MKUTH 3B’ A30K MIX DOHATTAMM «(PYHKLifA» i ¢nocaigoBHICTHS.

Poarnauemo ¢ynrknino y = f (x), obnactio BH3HAYEeHHA AKOI €
MHOXMHMHA HATYpaJbHUX yncen afo MHOXKHMHA N HepIIMX HATYpaib-
aux yucen. Toai pyuxuia f sagae neckinuenny nocaigosricTs f (1),
f(2), ..., f (n), ... abo ckinuenny nocaigoericts [ (1), f (2), ...,
f (n). InmuMn cnoBaMm, HeCKiIHYEHHA MOCiIOBHiCcTH sBase coboio
¢yEKLio, ofracTi0 BH3HaueHHs AKol € mHOxxkuHA N, a ckiHvenna
NOCHiIOBHICTE — Iie PyHKIiA, 00JacTs BUBHAYEHHSA AKOI — MHOMXUHA
nepHinx N HATYPAJTbLHHX YHCe.

Hanpuknan, GpyHKOi0 y = x°, D (y) = N, MoxHa poarnsaaTi ik
MOCJiZOBHICTE KBaAPATIB HATYPAJBHUX YHCEN:

14, 9,16, 2b; ... :
Tako:x MOMXHA CKA3aTH, 1[0, HANPHUKJIAJ, CTAUIOHADHA OCIiA0B-
Hiers 7,7, 7, 7, ... — 1e Biobpaxenns muoxunu N na muoxuny {7}

Hepigko nocnifosHicTs 3a1a10Th IPABIIOM, AKE JO3BOJAE 3HANTH
HACTYIHHWH 4JeH, 3HAIOYH momnepegHiii,
Posrnsauemo mocaifosHicTs (a, ), Hepinuii 9wieH AKol xopisBHIOE 1,
a KOHUN HACTYIHMI WwieH nocaizosHocTi y 8 pasu Oinpmunii 3a no-
nepepniit. Maemo:
1, 3,9, 2%, 81,.... -

{10 mocnigoBRicTs, 38KAHY ONMCOM, TAKOM BH3IHAYAIOTH TaKi
VYMOBH.
a,=1,a ,, =3a.
Ili piBHOCTI BKA3YyIOTH MEpLIMi 4YIeH NOCJAIAOBHOCTL i mpasuio,
KOPHCTYIOUNCH HAKHM, 38 KOMHHM YICHOM NOCJIiJOBHOCTI MOXKHA

3HaWTH HACTYIHUHN YJeH:

Popmysny, AKa BHPAXKAE YJeH MMOCHifjoBHOCTI uepez omuH abo
KiJIBKa TNOIepefHiX 4YIeHiB, HABUBAIOTE PeKYPeHTHOW dopmymoio
(Big nATHH. recurro — IOBepTATHUCH). ¥ HaABeJeHOMY IPHKIaji Ie
tbopmyna a, , | = 3a,. YMoBH, AKi BU3HAYalOTh mepinuit abo Kineka
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32. Yucnosi NnocnigoBHOCTI

[ePIIHX YIEeHIB, HA3HBAIOTh NOYATKOBHMH YMOBAMM. ¥ DO3TIALYBa-
1HOMY OPUKJIAZi moYaTKoBa yMoBa — Ie @, = 1.

BayBajkHMO, 1110 3HAHHA JIMe ofHiel pekypeHTHOI dopmynn He H0-
3BoJifie 3a7aTH NocaifoBHicTh. Maiors OyTH e BKasaHi IOYaTKOBi
YMOBM.

Ilpu pexypenTHOMY cnocoli 3alaHEA MOCHiZOBHOCTI mepmuit abo
KiJibKa MEepPIIHX YiIeHIB TOCIiZOBHOCTI € 3aJ8aHMMH, & BeCi immi 06-
YHCJIOITHL OJMH 3a OAHMM. 3 miel TOUKHM 30py crocid safaHHA IOCHTi-
JOBHOCTI OPMYJIO 71-TO UJNeHd BHAAETHECH OiibIn 3pyYHHM: 38 MOro
JAOTIOMOTOI0 MOKHA 3HANWTH MOTPiIOHMI YJeH IOoCTi/IOBHOCTI, 3HAIOYH
JIAIe $i0ro HOMED.

NPUKNAR 1 IlocrinosuicTe (¢,) 3aana GopmMysIow n-ro WieHa ¢, =
= 37 — 3n. YUm € unenom uiel mocaigoBHocTi umeyo: 1) 19; 2) =77
V pasi nosUTHBHOIL BigmoBiAi BKaXiTL HOMED OBOTO 4YIeHA.
Poze’asanns
1) fAxmo yrcsao 19 e yireHoM AaHOI NOCTiIAOBHOCTI, TO iCHYE Take
HaTypaJbHe 3HaueHHA 1, mo 37 — 38n = 19. 3sigcu 3n = 18; n = 6.
OTxe, ancio 19 e mocTHM wWieHoM mocaigoBrocTi (c,).

2) Maemo: 37 — 3n=—7; 3n=44; n = 14-3. OcKiMBKY YBCHO 14%
He € HATYPAJIBLHUM, TO YHCJO —7 He € WIeHOM JAaHOI IOCJTiZOBHOCTI.

MPUKNAA 2 TlocninosuicTs (a,) 3anana pekypenTro: a, = 15,a | =
=Ta + 1. Yu moxke uueno 2009 6yru unesom uiei mocnigoBHOCTi?

Poss’asanns. OueBuzHO, 0 KOXKHMIT YleH nociifosHOCTI (@) €
IiTUM YHUCJIOM i npH aiseHHi Ha 7 gae B octaui 1. Ockinbku umcio
2009 pismTheA Hauto Ha 7, TO BOHO He Moxe OyTH uyneHOM 1iel mo-

¢aiToBHOCTI.

MPUKNAA 3 TlocninosmicTs (@) saxana (GopmMysow n-ro uieHa

a, = ”; L 3apaiiTe ii peKypeHTHO.

Pose’azanns. Maemo: a, = 2. V dopmyi n-ro 4ieHa BUPasuMo n
yepes a,. Maemo: na, = n + 1; n (a, — 1) = 1. Ockineku a, > 1 npu

1
6yab-aKoMy n € N, To MOXHA 3anHCATH 1L = e
n

1
+2
-1 -1
Maemo: a,,, = ::?: a"l %,

Bidnoside: a, = 2, a,,, = 2a"1,
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§ 6. HACNOBI NOCNIAOBHOCTI

NPUKNAL & TlocnigosnicTs (a,) 3aaana pekypenTso: a, = 5, a, = 13,
a  ,=5a , —6a. JlosexiTs, 1Mo WO NOCHIAOBHICT MOXKHA 3a4aTH
topmynow n-ro ynena a, = 2" + 3".

Posg’azannsa. [oBeleHHA [POBeJEeMO METOAOM MaTeMaTHUYHOIL
iHOyKIii.

Mpun=1a,=5=2"+3', mpun=2a,=13=2* + 3 ro6ro
TeopeMma «0Oasa imaykuii» € npaBAABHOW.

Hexait @, = 2" + 3*ia,,  =2"""+ 38""". Maemo:

a,, =5, —6a=52"""4+53""-6.2"-6-3"=5.2".2 +
+5-83-8-6:2"-6-8"=4-2"+9-3"=2""% 4+ 3**2 Tum camum
JOBEJIEHO TEOpeMy «iHAYKTHBHMI mepexif».

Orxe, a, = 2" + 3" ans Gyab-AKOro HATYPAJIBHOIO .

NPUKNAL 5 IMocaigoBuicTs (a,) sapana pexkypeurHo: a, = 1, a, = 2,

A, 1 .
niz = — . BHARKITE a,, .
n

ia

Posé’szanns. 3anuineMo KinbKa MeplLidxX 4ieHiB nocniloBHOCTI:

a=1a,=2,a,=3,a,=2,a,=1,a,=1,a,=2.

Y npaHiil DOCHTIAOBHOCTI KOMHUNA 4YJeH, MOYUHAKOYU 3 TPETHOro,
OJHO3HAYHO BU3HAYAETLCH ABOMA nonepeaHiMu wieHamu. Mu 6auyumo,
mo a, = a, i a, = a,. OTKe, He OPOBOAAYN NOAANBIINX OOUNCIIEHE,
MOXHA 3pOo6HMTH BHCHOBOK, II0 a, = 4, @, = a,, a,, = a, i B3arani,
a,,,=a, xia 6yap-sikoro Hatypansuoro n. IIpo Taky mocaizoBHiCTE
Ka)yTh, IO BOHA € NMepioguuHo 3 nepiogoMm, AKHI AopiBHIOE 5.
¥ wiif mocnijoBHOCTI uJeHH, HOMEPH AKUX KOHTPYEHTHI 3a Mony-

nem 5, pieui. 3sincu a,, =a, = 1.

32.1.° BanuuiTe v ODOPAZKY 3POCTAHHA N'AThH IepminX 4YieHIB mo-
caigoBHOCTI:
1) asoudpoBHX yuces, KPATHHX Yucay 4;
2) HenpaBUJIBHUX 3BMYaliHUX ApobiB 3 wucensHMKOM 11;
3) HaTypaJBbHHX 4HCeJ, 100 AAlOTh NpU AineHHl Ha 8 ocrauy 5.
YramiTe, cKiHYeHHHMH Y HECKiHYEHHHUMH € i NOoCHAiJOBHOCTI.

32.2." 3ualiziTe YoTHPH nepnli uieHu noemigosHOCTi (a ), 3anaHol
(dopMyIOK n-ro 4neHa:

i e nlle o 2 ol ot
1)a, =4n - 3; 2)an—n2+ 5 3)a"_n' 4)&,,—{::-!»2}.

32.3." BuaiiaiTe apyruit, chomuit i coruit wrenn mocaigossocti (b ),
3ajanol GopMys0l0 N-ro wieHa:

1)b =n*+2n; 2) b,='~*—(§~1-’1; 3) bn=[n+%:|.
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32. Yucnosi NocnifoBHOCTI
32.4.° IlocnipoBHicTk (c,) 3asaHa HOPMYNOIO 1-TO WiIeHA €, = (-1)"-5.
Braiigite: 1) ¢; 2) ¢,; 3) ¢, 3 4) ¢y, -

32.5.° 3maiifiTh N’ ATH MepUINX 4WIEHiB NOCAIAOBHOCTI (@,), AKINO:
a,.
e, =4a =0 +8 3)a,=1,a,=-2, g, , =221,

11 ¥ a
n

2)a,=-2,a,=6,a,,,=3a +a

n+ 1;
32.6.° BmaiijiTe nN'ATH NepmMX YIeHiB nocnifosHocTi (b)), AKINO:

b 1
1)6,=18, b, =-2; 8) b, =1, b,,, =4

2)b,=-1.b,=2, b,,,=b]+2

n+1;

32.7." TlocninosnicTs (a,) 3afana Gpopmynoio n-ro uieHa a = 7n + 2.
Un ¢ unenoMm uiei nocmigosrocti umeno: 1) 149; 2) 47?7 ¥V pasi
O3UTHBHOI BiANOBiAlI BKAMXKITE HOMeED LLOrO YJeHa.

32.8." Tocnizosnicts (b ) sasana dopMysiow n-ro urena b =n’ — 4.
Yu € unenomM 1iei nocraigoBHocTi yueno: 1) 16; 2) 77? ¥V pasi no-
SWTHBHOI BiANoOBiAl BKaXITh HOMED IBOI0 4JeHa.

32.9." IlocninosnicTs (a,) 3ajana pekypentno: ¢, =1, a, =a, + 3.
Yu € ynenom el nocnigosHocti uncno 20107

32.10." Iocnixosnicre (b ) sagana pekypentso: b, = 2, b, = 2b,.
Yn € yneHoMm wiel nmoexigosHOCTi ynenao 10247

32.11.° Ckinpku Biag'emHMX uneHiB MicTHTe nocaigoswicTs (x,), sa-
naHa (opmysoo n-ro urena x = 6n — 50?7

32.12.° 3naiiziTh HOMep mepmIOro BiJi'€MHOrO 4ieHa MOCIiAOBHOCTI
(y,), 3ananol popmysioio n-ro wnena y, = 38 — 3n.

32.13." IlocnigosHicTs (a,) sanana GopMyIO0 N-TO 4JeHa a, = n? -
— 3n — 8. 3uaiiaiTs HoMepn 4JyeHiB uiel nmocnigoBHoOCTi, AKI MeHIIi
Big 10.

32.14." Tocinosricrs (b ) sagana GopMyI0i0 n-ro uiena b = -n* +
+ 15n — 20. Ckinpxu uaeHiB 1iel nocaigosHocTi 6inkii 3a 167

32.15.° I1igbepiTs OnHY 3 MOXJIUBHX (GOPMYJT n-ro YJIeHA MOCIiJI0B-
HOCTI, MEPIIHMH WieHaAMHM KOl € YHca:

1)1,4,9, 25, ...; 430, 2,0, 2, 0,3
. Lol 1
2Y5; 8 1L 14 1T, i 5)0,1,0, 5" 0, 3° 0, P
i 244", TR YE
3) 0! E! §| Zr ‘5"‘" sasy 6} 2, 0. 3, 0. 5, 0, 7, 0, ses s
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§ 6. HACNIOBI NOCNIAOBHOCTI

32.16." ITigbepiTe ogHY 3 MOMIMBHUX (PODMYJ N-ro YWieHa HOCJHif0B-
HOCTi, MEepIUMH WieHaMH AKOI € YncJia:

1) 2, 9, 28, 65, 126, ...; 41,2,

4,

{ & & 0. 4., y
2) E! _6! EI E: %, - 5) 1, 1, 3, 3,
% .1 4 & 8 3
3) 2, 2, 3' 4' 5, 6’
32.17." HocaigoswicTs (a,) 3a5ana peKypeHTHO: @, = 4, a,,, = [J&:]
3HalaiTs a

6,

.
» L = |

ol
Qe

1
g’
= S

avey

2010°
32.18." ITocnigopricTs (@) sanana GopMynOI0 n-ro wWieHa. 3ajaiite
il peKypeHTHO:

— —— - — _n_.
1)a, =2n - 3; 2) a, =1
32.19." Tocninosuicts (a,) 3apana Gopmynow n-ro 4iexa. 3agaire
ii peKypeHTHO:
3) a, = Jn.

1) a =n; 2) a
32.20." Yu icHymoTh Taki 3HAYEHHA 4, OPU AKMUX TOCIIIOBHICTHL €
CTALlOHAPHOIO:
Dz =a, 2, ,=2-4x,+6; 2 x,=a,2 =x~8x +87
32.21.” 3maiiaite cro nepmuit wieH nocaigosHocti (@), akwo a, = 1,

arnl

3)a, =n’

= -—-1——'
" n+1’

agz 2' n+2 =
n
32.22.” BuaiigiTe cTo nmepmuit uien nocxinosHocti (@), axuo a, = 0,

aﬂ= 1' an+2=an+l-an° :

32.23." INocninoBHicTs 3a7aua pekypeHTHo: ¢, = 7, a, =25, a,,,=
=Ta,, , - 12a . loseznirs, wo Bci wieHH Iiel nocaioBHOCTI Mpu
ninenni Ha 3 paTh B ocTaui 1.

32.24." TlocninoenicTs 3amana peKkypeHTHO: a, = 5, @, = 4a_— 3.
JloBeziTh, 110 BCi yineHH miel mocailOBHOCTI 3 HEOADHHMH HOMe-

paMHu AinaTeCcA HaIijao Ha 5.

32.25.” MocninosnicTs sagana pexypedTso: a, =8, a, , = 7a_— 6.
JoBemiTh, mpo Bci wieHH Iiel nocaifoBHocTi npu gineHHi Ha 3
naloTh B octadi 2.

32.26." IlocninosnicTs 3asana pexypenTtHo: @, =7, a,=29,a ,,=
=Ta,,, — 10a,. Nosexits, mo a, = 2" + 5".

32.27." MocnixosricTs 3ajana peKypeHTHO: a, = 4, a_
Hosenits, wo a, = 2" ' + 3.
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Konu 3pobrieHo ypoku

32.28." 3uailigite GopMyny n-ro 4ieHa mnocaifoBHOCTI, 3a/laHOI pe-
KYPEHTHO:
1)a1=1,0“1=2an+1;

1 1
D =g b= g
3)a, =0,a,,=a,+2a, +1+1.

32.29.” TocnigoenicTs 3ajaHa peKypedTHo: @, =1, a, ., =a, + 8n.
Joseaits, mo Oyab-aKMil WIeH Iiel DOoCJAiZOBHOCTL € KBAJApPATOM
HaATYpaJBbHOTO YKCJIA.

32.30.* ITocxizoBHicTs 3anaHa peKypenTHO: @, = 1, a,,, =a; +a; +
+ o+ af + n. JoBeaiTs, o B Oiil NoCcaiZ0BHOCTI Bei WieHH, KpiMm
[epIIoro, He € KBAJpATAMH HATYDAJILHHX YHCEJ.

32.31.* Jins nocnigosrocTi (x ) cnpasenuea Taka peKkypeHTHA QOp-

Myna: x,,, =x>—2x +2. Buaiinits yci sHaueHHs x,, IpH AKHX

BUKOHYETHCA PiBHICTE X, = X, .

Mpo kponiB, COHALIHUKYU, COCHOBI LUMLLKW
i 3onoTun nepepis

Posrasnemo nocnifoBHicTs (1, ), AKa 3agaHa PeKYPEHTHO TAKHMH

CIIIBB1AHOIIEeHHAMH
u=u,=lu ,=u,  tu.

Banumemo KinbKa ii mepmux 4YjieHis:

1. 1,2,.8,5,8,13, 21, 34, 55, 89, ... .

Ynenu niei mocaifoBHOCTI Ha3HMBAWOTL YHcaavu PiGomauwi. e
OB’ S34HO 3 TUM, o iTanilicexuil MaremaTuk i Kyneus JleoHapao
Iizauceruii (Piboravyi) yeraHOBME 3B’ A30K MK [i€0 mocnifoBHicTIO
i sazayero Opo po3MWICAXKEHHA KPoJiB. ¥V 1iit sazadi gocaigxyeTbesa
YpceJbHICTh TIOTOMCTBA OJHIEl mapM KpOJIiB, AKA MIOMICHIA BHBO-
JUTHh NAPY KPOJIEHAT, & Ti Yepe3d MiCALL TAKOMK AAITh IIOTOMCTBO.
Ha pucynxy 32.1 xinekicTh map KpoJis, BiimoBifae nociifoBHOCTI
yucen Pibonayvui.

Yucna PiGonauyi TpanaaoThed B pisuux curyaniax. Hanpuxaan,
AKINI0 BH iigere AOPiXKOK0, BHMOUIEHOK KBaJPATHUMH IJIHTKAMH
B O[JUH P, CTYIAIOYH KOMHOrO pa3y Ha HACTYIHY IIUTKY 860 uepea
OfIHY, TO KiJIbKiCTh crioco6iB mpoiiTH AOPIKKY 3 n IIMTOK JOPiBHIOE
n-my uneHy nocuigoeaocti ®ibonayui (nepesipre ne camocriitno, Ha-
OpUKJAA, A4S BUOaaKy n = 8).
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§ 6. HACNOBI NOCIAOBHOCTI

Itaniiiceknin marematur. [lo-
aopoxyioun kpaimamu Cxony,
O3HAIOMHBCH 3 JOCATHEHHAMMN
apabCcbKHX MaTeMaTHKIB i cnpu-
fiB MOMMPEHHI0 IIMX 3HaHb
y €spomni. Moro ocuosni mpami:
«Liber Abaci» (1202) — Tpax-
TaT npo apudmeTHKy i anredpy,
«Practica Geometriaes» (1220)

Jleonapdo Ilisancoruil 3aI0YATKYBAJM 3aCTOCYBAHHA
(DPiborauui) anarebpaiyHMX METOAIB y reo-
(1170-1228) MeTpii.

1 mic.



Konw spobneHo ypoku

PosrnameMo Ije OAWH OPUKIAJ, 3anuiieMo PiBHOCTI:

1+= 1+

1 l+-l

1

1+———-—1 =§; TR A =l§i'r..r.(.

1 5 1 8
1.+~—1 1+— =
1+ 1+ -
1 1
1+i 1+'—'—1
1+-]:

3po3yMiso, 10 3HAYEHHA HACTYIHOrO BHPAa3y A0OPiBHIOE

1 8 8+13_21
Xouji R BN R

el T e TRt
8

Mu Gauumo, o NpaBi YaCTHHM BUOMCAHUX PiBHOCTEH ABJIAITDH
cob010 BiJHOMIEHHA HACTYNHOIO 10 NONepefHBOr0 4YieHiB nocsaifos-
HocTl Pibonauui.

Ockinbky crpaBeJIMBUMHU € piBHOCTI

Yt L T s
= = »
& ty Uy Uy
Uyq

TO MM (PAKTHYHO METOAOM MaTeMaTH4HOI iHAyKIil JoBeau Take:

1+___1_._=M.

1 u,
b 1+...
® 1
«YepPBOHHUX » = i
ONMHMIE 1+3

- - - - . u
fAxmo B nocaigoBrocTi @iboHayui 06UNCINTH BLIHOIIEHHA —-&ﬂ 5
TO OTpHMaeMo nociaigosnicts 1; 2; 1,5; 1,666...; 1,6; 1,625; 1,615;
e 0 PO B T
I1iii mocnitoBHEOCTI IpUTAMAHHA TAKA BIACTUBICTb: 31 3POCTAHHAM
Homepis ii 4ynenm Bce MeHIe i meHmre BifpisHAOTECA BiJ YHcna

-‘--/--g-;—1 =1,618. Ille B faBHMHY 3 MM YHMCJIOM JIOOH TMOB'A3YBAIH

CBO€ YABJIEHHHA Ipo Kpacy i rapmonilo. I'peupki ckyasnTopu gobpe
3HAJM MPO BiANOBiAHICTE MPABMILHUX MPOIOPLiN JMOACEKOro Tijia
usoMy MariyHomy uyucay. I HegapemMso aHTHYHI 3044i BUKOPUCTOBY-
Bany itoro y cBoix GeacMepTHMX TBOpiHHAX. Tak, BigHOIIEHHA KO-
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§ 6. HKACNOBI NOCNIAOBHOCTI

pskunn Iapdenona' fo itoro Bucorn npubausHo popisaioe 1,618.
Teniii enmoxu Bigpomxenns JleoHapno na Binui BRaXxkas, 1o 3 6araTbeox
Bigsowens, sKi BuUKopucTosye TBopels, icHye OflHe, €AuHe i HellOB-
TopHe. Came fioro BiH Ha3BaB «30JIOTHM NepepizoM».

Busasuiocd, mo uncna Pibonauui ayerpivaroThes it y GaraThox
ABHUIAX TIpUPOAN.

Axmo noZMBMTHCA Ha HACIHHA B rosiBui coHamHuka abo po-
MalllK¥, TO MOXHA NMoGAYUTH, 110 BOHH PO3MillleRi y BUTASAL ABOX
cimelicTs crmiparneil, siKi 3aKpy4YyOTHCA B NPOTHJIEKHAX HanpAMKax.
KinekocTi coipazneii y nux ciMeicTBax € cycifHiMu dieHamMu mocii-
AosHocTi PiGoHauyi. 3azpuuaiil JUIS COHAIIHUKA Il 9HCaAa AOPiBHIOIOTE
34 i 55, npote TpanasioTsea ¥ TiranTH 3 89 1 144 coipanamu. Io-
ni6Hy BIACTHBICTE® MOKHA BUABUTH B CTPYKTYPi COCHOBMX IIMIIOK.
Te came cnocTepiraeTbesi i HA ILIOJAX AHAaHAaca, Je choipasnei, AK
npasuJio, 6ysae 8 i 13.

Yuenam PiGouauyi mpuTaMaHHA Iijla HU3KA OIKaBAX BAACTHBO-
creil. Hapegemo geaki 8 Hux:

Du, +u,+..tuy=u ,-1
Qu, tu tu+..tu, ,=u,;
u, +tu fu+.+tuy, =u, -1

) ul+ul+.+uli=u,u,
5) up =ty gy, +(1", 0> 2

6) Byan-aKe HaTypaJbHe 4HuCJI0 MOXe OyTH NoJaHe Y BUDJIANL cyMu
Kinepkox pisaux umcen PiGoxHayui.
BukopxeroByOUM MeTOn MaTeMaTWuyHol imgykuii, gosexpits mi
BJIACTHBOCTI caMocTiitHo,

! Tlapdbenors — xpamd B Adinax, nobysosannit y V cT. 1o H. e.
® V Goramimi Take cnonybeHHA ABOX ciMefieTs cnipaseil HasEBaloTE GiNOTAK-
CHCOM.
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33. ApucdmeTuHa nporpecis

dparnysskuit yuennii Hlax Bine (1786-1856) snaitmos dopmyny
n-ro wiena nocaigosaocTi PiGonaydi:

T
a, = 2 2 3
J5
Basxko nosipuTH, 1o ug dopmyna 3agae HatypasbHi ducna. ITpo-
Te e TaK.

gApuqmequa nporpecis

PosrnarneMo Taki nocnigoBuoCTi:

2.7, 12,17, 82, 2T, «}

1; 1,5; 2; 2,5; 8; 3,65 ..;

3: 1, =1; =8, =B, U i

ImM npuramanna Taka xapakTepHa BIACTHMBICTb: KOMHUIL Hacmyn-
HUll 4neH nocaidosnocmi ompumaro 8 pesyabmami dodasanusn do
nonepednvoz0 00Hozo it mozo camozo ucna. Jina nepiroi mocaigos-
HOCTi e ymeno gopiBHIOE 5, ana apyroi aopisxroe 0,5, Ana TpeTsol
nopisaioe —2.

3 moaibHMMH MOCAIAOBHOCTAMMY JIOZAM JOBOAKJIOCA MATH CIIpa-
BY IOe B AABHI YacH, KOJM BOHHM PaxyBaJH NpeiMeTH IapaMH,
' ATipKaMH, AecATKAMM, AwxuHaM# Towo. Taki mocaimoBHOCTL
Ha3UBAKTE apudMeTHYRMMH nporpeciaMu (Big natuH. progressio —
pyx yuepen).

Osmavennn ApHudMeTHUYHOW NpPOrpecicw Ha3HBaIOTH MO-
CAIIOBHICTH, KOXHMI WIeH AKOI, NOYMHAKYM 3 [pyroro, TopiBHIOE
rnonepeJHLOMY 4JIeHy, 10 AKOro JONAHO OJlHE W Te caMe YMCIO.

3posymino, 1[0 YMCa0, Npo sfKe HAeThCA B O3HAYEHHI, JOpiBHIOE
PISHHIII HACTYIHOIO | MONEepPeAHEOrD YJ€HIB NOCNi AOBHOCTI. Woro na-
SHBAIOTH PisHuneI0 apudmernunol nporpecii i noanayaiors Sykeoio d
(mepuio 6yKBo0 JaTHHCLKOTO caoBa differentia — pisuuns).
Omxe, axmo (a,) — apudmeTHyHa Nporpecis 3 pisEuneso d, To
d=a,-a,=a,—-a,=a,—6,=...,
TOOTO AnA GyAb-AKOro HATYPAJNBHOIO N BUKOHYETHCA pPiBHIiCTH
@ . ,—a =d.3siacu

n
an P an +d.
106 samaTu apudMeTnuny nporpeciio, norpibuo BKasaTu ii mep-
wruit wied i pisauuio. TakuM ynHOM, apH(MeTHYHY nporpecio MoxHA

34aTN PEKYPeHTHO:
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§ 6. H1OBI NOTUNLOBHOCTI

a =a,a l=an+d

n+

HapenemMo KiJIbKa IPHUKJIAAIB.

Hxmo a, = 2 i d = 5, To oTpumaemo apudmMeTnuHy mporpecito,
TOaHy Ha NOYUATKY NYHKTY:

2. 7.12,17, 22, 237, ...

flkmo a, =11id = 2, To orpuMaeMo apndMeTHUHY NpOrpecio —
NOCHiNOBHICTL HeNApPHHUX YHCes:

1,8; 8. 0,9,1%, .

Mu pasend NpuKIaay apuMeTHYHUX Iporpeciit, v AKUX pisHUIA
€ nopaTEUM uynciaom. IIpore pisHuusa moxke 6yTH Bif'€eMHUM YHCIOM
i HaBiTe mysnem. Tak, cranioHapHa nociigoBHicTs 5, 5, 5, 5, ... €
apudiMeTnuHO nporpecieo, y sxoia, =5,d=0.

ITokaxkemo, AK MOYKHA 384aTH apu(pMeTHUYHY nporpecito 3a J0mo-
Morow GopMyJaH n-ro 4JjeHa.

3 osnaveHHA apudmeTuunoi nporpecii (a,) BuninABae:

=q +d;

a,=a +d=(al+d)+d=al+d-2;

a=a +d=(al+d-2)+d=al+d-3;

a,=a,+d=(a, +d3)+d=a, +d-4.

Hagepnednli TpUrIafy JONOMaraloTs spodbutu rakuil ingykrusani
BHCHORBOK.:

Lo
B o e

un=a1+d(n—1)

Lo rinoTesy serko AoBecTH METOAOM MATEMATHYHOI imgykmii
(3pobiTe e caMocTiiiHO).

Banucady piBHicTh HA3HBaWTh (GOPMYJIOK n-ro WwieHa apudme-
THYHOL nporpecii.

Apudpmernysa nporpecid, sk i byap-Aka iHmMa DOCIiOBHICTB,
ABasge coboro dyHKII0. SKmo nepenucaTy GopmMyay n-ro WieHA TAK:
a,=dn+a, -~ d, TO CTAE 3pO3yMiIHM, IO apH(MeTHYHA NIporpecia —
ue minifina dpyakuia f (n) =dn + b, ne b = a, - d, obnacTio BA3HATEHHS
Kol € mEOkHHA N abo MHOXMHA (1, 2, ..., ).

IlpasunpHEM € il TAKE TBeDAXKEHHA: JdiniitHa pyukoia f(x)=kx + b,
y aroi D (f) =N a6o D (f) = {1, 2, ..., n}, € apucdMeTHYHOIO TPOrpecico
3 pisEHNe0, AKa AopiBHIOE k. Cnpasai, f(n + 1)—f(n)=k(n+ 1) +
+ b — (kn + b) = k. 1le oanauae, mo mocxigosHicTs f (1), f (2), ...,
f (n), ... — apudmerHyHa mporpecisn 3 pisHHIEI, sKa NOpiBHIOE k.

Hanpuxaaj, KokHA 3 nocnigosHocTell, AKi sagamoTbes dopmytaMu
a,=Tn—-2,b =-3n+4, ¢, = V2n +1, € apudmMeTnuHOH HIpPO-
rpecieio.
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33. ApuchmernyHa nporpecis

PoarnfgHEyTi BHNACTHBOCTI MalOTh NPoO- 4'
¢Ty TeOMeTpHMYHY iHTepHnpeTaniio: SAKIO
roYyKH KOODJAHHATHOI NJOIGHHH JIeXAaTb
I1a HEeBEPTHUKANLHIA npamii i ix abemucn
¢ TIOCJIJIOBHMMM HATYpajibHUM¥ YWciamu, @2
ro IX opAMHATH € YieHAMH apuPMeTHYHOIL
nporpecii (puc. 33.1).

¥YeraHOBMMO BaXKJIMBY BJIACTHBICT uleHis  dg]
apupMeTnunol nporpecii (a,). 3 osHAUEHHS
apudmMeTHuynOl Nporpecii BUILINBAE, 10 PN
n>la -a ,=dia, , —a =d. 3sigcu
a -a _,=a_ , 6 —a,oTiKe,

ap|-

ast

Pue. 33.1

Bydv-axui waen apudmemuniol npozpecii, Kpim nepwozo, dopisHioe
cepednvomy apupmemunromy 060x cycidnix 3 Hum unenie.'

IIpasuasunM € il ofepHeHe TBePIYKEHHA: AKWO 8 nocridogHocmi
KKoXCHUl wnen, kpim nepuiozo (i 0cmMannbozo, AKW,0 npozpecia
ckindeHHa), JopieHioe cepeduboMy apumemuuHomy deox cyciduix
3 HUM Yaenis, mo ya nocaidoenicmb € apugmemuinow npozpecicro,

C ; . ; _ 8t o 25 = g .
npasii, 3 pisrHocTi @, = 3 oTpumyemo 2a, =@, ,+a_, ;
a —a, _,=a_ , ,—a,6 TOOTO PiSHANA MiK HACTYIHUM i Nonepexsin

yIeHAMH JaHOol IIOCAiI0BHOCTI € cTanolo. Lle osraydae, 1o NOCTIZOBHICTD
(a,) — apupmeTHYHa nporpecis.

JoBiBmu aBa B3aeMHO oOepHeHi TBepAMeHHA, TUM CAMHM MH J0-
BEJIA TaKe:

nocaidoenicms € apupmemuwnolo npozpeciewo modi i minsxku
modi, konu xoMcHuL T waen, kpim nepwozo (i ocmannboz0, AKWO
nocnidosrnicme crinienna), 0OpieHIoE cepednvOMY ApudMemuLnomy
deox cycidnix 3 num wnenie’.

NPUKNALR 1 Ynenn apudmernunoi nporpecii (@) € uinumu yuciamu.
Bigomo, wo a,-a, = 406 i npu pineHsi il neB’ATOro 4JieHa Ha 4YeT-
BePTHI 4JIeH y 4acTui orpumyenmo 2, a B ocradi 6. 3uaiifliTe mepmmuit
wred 1 pisHUNIO nporpecii.

! flkino apudMeTHYHa Nporpecia € CKiHYeHHOK0 nocniaoBHicTIO, TO 3pPOsyMiNo, MO
il oCcTAHHIR wien TAKOL BJACTHBOCTI HE Mae.

* 3posymizo, 1110 1A BAACTHBICT CTOCYETHCA THX HOCAiA0BHOCTeH, ¥ AKHX Giasme
NBOX 4ieHin,
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§ 6. YACNOBI NOCNILOBHOCTI

Posé’szanna. 3anuwmeno: a, = a, + 2d, a,=a, + 3d, a,=a, +
+ 6d, a,=a, + 8d. Toai 3 ypaxyBaHHAM YMOBM MOXHA CKJIACTH TaKy

CHCTeMYy PiBHAHL:
{(01 + 2d) (a, + 5d) = 406,

a, +8d = 2(a, +3d) + 6.
1o cucTeMy MO HA PO3B’A3aTH METOAOM MiJicTaHOBKU. OTpuMy€eMO:

[ [a; =4,
d=25,
79
Cll:‘"?,
- B7
| =5

OcKiNBKH Yyeny NocAiJOBHOCTI — IiJIi Y¥esa, TO 38J0BOJNbHAKTE
a,=4,d=35.

NPUKNAL 2 3’acyiiTe, uun MOXKYTE uncna 1, \fé, Jg 6yTi uIeHaMHu
opHiei apudmMeTHuHOl mporpecii.

Posé’sazanna. llpunyctnmo, mwo uwnciaa 1, JE. V3 € wrenamn
apudmeruunoi nporpecii (a ) 3 pisannew d (d # 0) i sianosigno
aopiBH0OLOTE @, a_, a,. ToAl MoxHa 3anucaTu:

l=a,+d(n-1),
J2 =a,+d(m-1),

V3=ga,+d(k-1).
3sigen ~.@—1=d(m—n),
J3-1=d(k-n).
V2-1_m-n

Oexkineku k # n, TO 7—— ;
3-1 k-n

ITpasa yacTuHa wi€i piBHOCTI € panionanpaum uuciaom. Hecknagno
nokasaTt (3pobiTe 1e caMocTiiiHO), 1110 JiBa YacTHHA PiBHOCTI — YHC-
Jno ippauionansue. OTie, OTPUMAHA PiBHICThL € HEIPABHJILHOIO.

Takum uusom, uncna 1, V2, J3 ne MOXyTh OYTH wiIeHaMu of-
Hiel apundmMerHuHnoi nporpecii.

NPUKNAJL 3 Heckinuenna nocaifosricTs (x,) 3ajaHa peKypeHTHO:

x,=a, x,=b, x, =%, —, Ilpu akux suaveHHsx a i b ux

nocJaiIoBHiCTE € apuhMETHYHOKI NTporpecieio?

Pose’asanns. ko nocmifiosuicts (x ) — apudmeTuasa nporpecis,
xmz + xu . i
st 3siacn x,  , = 2x, _,
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33, ApucdmetiiuHa nporpecis

peKypeHTHOI GOpMYyJM MOXHA 3anucaTtu 2x,, , —X, =X. 6 —ZX,.

Orpumyemo x_, , = 0 abo x_ , = 2. Ili pisnocTi 03HauaiTs, 1O, MO-
YHWHAIOYH 3 APYTOro, KOMXHMM wjieH mociifopHOCTi (x ) mopiemioe
Hymo, abo KoxkeH uneH aopisHwoe 2. Omxe, sxkmo (x ) — apugme-
THYHA Imporpecis, To il pisaauusa gopiskioe Hymo. Ilpu b = 0 otpumyemo
a=0, mpu b = 2 orpEmyemMO a = 2.
Bionogidv: a =b=0aboa=05b=2.

43.1." Cepen nomanux nocaigosrocTeil ykaxiTh apudmerwuni mpo-

Tpecii:
1) 3, -6, 12, —24; 3) 5, 10, 5, 10; 8)=h =8, =1 12
2) 4, 8, 12, 16; 4) 42, 39, 36, 33; 6) 1,2; 1,3; 1,5; 1,6.

33.2." 4y e apudmMeTHYHOI IIporpecien mnocaigoeBricTes (y pasi
MO3UTUEBHOIL BiAnoBiAi BKaXiThH pisHuno nporpecii):
1)y 24, 22, 20, 18; 2) 16, 17, 19, 23; 3)-3,2,17 12?

33.3." Ilepunii unen apudmernunoi nporpecii a, = 4, a pisuunsa d =0,4.
Bmaiizits: 1) a;; 2) a,,; 3) a,,.

33.4.° Iepmmit wren apugmernynoi nporpecii ¢, = 17, a pisauna

= —2. 3maitnire: 1) a; 2) a,,; 3) a,.

33.5.° BraiigiTe pisauio i ABicTi nepmuit yreH apudMeTHYHOI IpO-
rpecii 2,6; 2,9; 3,2; ... .

33.6." 3naiiziTe pisnnnio apudmernyroi nporpecii (x ), Axmo x, = 2,
x, = —41.

23.7.° Buaitnite nepuinil wieHn apugmernynoi nporpecii (¥ ), AKmo
Yy, = 22, a pisauns nporpecii d = 0,5.

33.8." 3naiigiTs popMyay n-ro unena apudmerdiHol nporpecii:
1) -5, -7, -9, ~11, ...; 8) a®, 24°, 3a®, 44", ...;
2)2,2%, 2%, 2%. Dt B er L~ La~8 ...

33.9.” Yu e unenom apupmernunol nporpecii (c,):
1) ancno 20,4, axmo ¢, = 11,4, a pisunus nporpecii d = 0,6;
2) wueno 38, akmpo ¢, = 8, a pisuunua nporpecii d = 1,4?
V pasi no3uTHBHOI BiAMOBi/Ii BKAMXiTE HOMep IHOTO WJIEHA.

33.10." Bmaitznits HOMeP 4JeHa apudnMernuHOI nporpecii 8,1; 8,5; 8,9;
9,3; ..., Aku# gopisHoe 13,7,

33.11.° 3raiaiTe Apyruil unen apudmeTrnunol nporpecii, AKmE mep-
mu|iA 1 TpeTiit wieHd XOPiBHIOWTL Bignosigro —6 1 12.

33.12." Bocemuii i gecatuit wienu apudmernusoi mporpecii mopis-
HIOIOTH Bignosizuo 3,5 i 2,7. Yomy mopiBHIOE AeB’aTHH dieH
mporpecii?
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§ 6. YAUJIOBI NOCNIAOBHOCTI

33.13.° 3uaiinite nmepiumit wien apudmerudrol nporpecii (b)), Axwo
b,=11, b, =-T.

33.14.° Yomy nopisHIOE pisunua apudMeTHYHOL nporpecii (x,), AKIO
x, = 58, x . = 162

33.15." Yu € nocaizgosnicts (a,) apuMeTHUHOI NMpPOTpeci€io, AKI0
BOHa 3aj/laHa (hopmyJioio n-ro 4jena:

Da, = —6n + 3; 3) a = -2,8n;
= 2 -_— =) = fl 2
2)a_=2n n; 4) a, s

¥V pasi mosuTHBHOI BifmoBiAi BKaKiTe Nepliuil uireH i pisEANIO
nporpecii. i

33.16." Yu e mocnigosuicTs (@) apudMeTHUHOIO Nporpecieio, AKINO
BOHA 3ajaHa (OPMYIOI0 N-ro YaeHa:

1)a =6+ Tn; 2) a,,=2"5_1;
V¥V pasi mosuTHBHOI BiAnomijgi BrakiTe Nepmuil 4ied i pizEmMOIO
nporpecii.

83.17.° flk samiEMTHCH PISHULA CKiHUeHHOI apA(MeTHYHOI Dporpecii,
SKIN0 NepecTaBUTH 11 YJIeHU Yy 3BOPOTHOMY NOPSAKY?

33.18." CrinbKH AOAATHUX uNeHiB MicTUTh apudmeTHyHa Iporpecis
L B Lo 1N R

33.19. Aruil HoMep Mae meplINil ZOgATHHI uNeH apudMeTHYHOI
nporpecii —-10,2; -9,5; -8,8; ...?

33.20." 3naiigiTe mepmuii Bix'eMHUN wien apudMeTHUHOI nporpecii
7.2; 6,6; 6; ... .

33.21." Mix uncnamu —6 i 3 BecTaeTe n’ATE TAKKUX YHCce, 11100 BOHA pa-
30M 3 JAaHWMH YHCJIaMH YTBOPIOBAIHM apudMeTuuHy mporpeciio.

33.22." Axi yoTupu umcna tpeba BeTaBUTH Mixk umcaamu 4 i —5,
100 BOHM pasoM 3 AAHMMM YMUCJaMH YTBOPIOBAJIH apH(pMeTHUHY
nporpecio?

33.23." 3naiiaiTe mepIMy yiaeH i pisuumio apudmeruurol nporpecii
(a)), AxIo:
1)03+a?=30106+a“:60;

2)a, +a,=36ia,a, = 340.

33.24.° 3uaiiaiTe mepuMi uiaeH 1 pisHuL0 apudMerwyHOI mporpecii
(a,), saxmo:
a,+a,=41 iaw ta,= 62;

2)a, +a,=-1041ia,-a, = -240.

33.25." ¥V sxux sunmajgkax AJf useHis apudmeruuHoi mporpecii

BHKOHYEThLCH PiBHiCTb a,a, = @, ?
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33. ApubMeTyHa nporpecis

33.26." JloBeniTs, 10 3HaveHHs Bupasis (a + b)%, a® + b%, (@ - b)’ e
IOCJHiIOBHUMH WiieHAMH apumMeTHYHOI mporpecii.

U=wr 33.27." lano ckinvenny apudmeTdIHy Iporpeciio @, @,, ..., @, .
Hosenirs, moa, +a, ., ,=a +a, k < n.

33.28." NoseaiTsb, mo ans apudmeTrnusol nporpecii (a,) cnpaseanusa
piBrictb @, + @, =a, _ +a, ,n>m. b

33.29." Yu € mpaBUIBHUM TBEPAMKEHHA: AKIO JOBKU-

HH CTOpiH onykjoro 4otupukyrumka (puc. 33.2), a
ya3aTi B nocaimosHocTi a, b, d i ¢, yTBOPWIOTE
apudMeTUUHY nporpeciio, TO B Lel YOTUPUKYTHHK
MOKHA BOMCATH KOJO?

33.30." Yu MOKyTH YTBOPIOBATH apH(dMETHUYHY IIPOrpecilo MOBMHUHHU
CTOPIiH i mepHMeTp TPHKYTHHEKA?

33.31.° JlosepiTh, 1IN0 KONM CTOPOHM NPAMOKYTHOrO TPHKYTHHKA
YTBOPIOIOTH apu@dMeTHyHy nporpeciio, To ii pisHuns nopiBHIOE
pajiiycy BIMCAHOrO KONa.

33.32." BermuuHEM KyTiB TPMKYTHHKa YTBOPIOIOTH apH(pMETHUYHY
nporpecio. fika rpagycsa mipa cepeHBOTO 38 BEJIMUYHHOK KyTa
TPUKYTHHUKAT?

33.33." 3 apudmernyHoi mporpecii BHJIYYEHO YIEHU 3 HENAPHHUMH
HoMepaMH. Yu OyAyTh YJeHW, 10 3ATHUIININCH, YTBOPIOBATH
apudmMeTHYHY nporpecio?

33.34." lano aBi Heckinuenni apudmernuHi nporpecii. ko Big Koxk-
HOT0 YJIeHa OfHicl mporpecii BigHATH BIANOBIAHMH YieH APYyroi, TO
up Oylie YTBOpPEHA NOCHiZOBHICTL apr(MeTHYHOIO nporpeciein?

33.35.° flxmo B apudmerHyHiil nporpecii, pisHuns axol He HOPiBHIOE
HYJIIO, BUJIYYHTH i YWiIeHH, HoMepu SIKMX KpaTHi 3, TO uu Oyzge
VTBOpeHa NOCJi0BHiCTh apu(MeTHyHOIO nporpecie?

33.36." Koaxuauii uien apudmernynoi nporpecii noMuoxuay Ha 4. UYn
Syzae yTBOPEHA NOCHIJOBHICTh APUPMETHUHOIO nporpecieio?

33.37.° loBeaiTk, 110 4ucaa, AKi AOPIBHIOTE BiAIMOBIAHO CyMaM KYyTiB
TPUKYTHUKA, YOTUPHKYTHHKA, I’ ATAKYTHUKA i T. 1., YTBOPIOIOTH
apuMeTHUHy Iporpecio.

33.38." IIpu sikoMy 3HaueHHI X SHAa4YeHHs BUpasiB x° — 4; 5x + 3
i3x + 2 6yayTs NOCNINOBHEMHE YieHaMH apudMeTHYHOI nporpecii?
3HaigiTs YJIeHH miel mporpecii.

33.39." IIpn sxomy sHaueHHi y smavenns Bumpasis y°* + 1; y° + y
i 8y — 10 6yayTh NOCHIAOBHUMH YeHaMH apudMeTHyHOol mporpecii?
SHaHAITH YiIeHN i€l nporpecii.
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§ 6. HACNOBI NOCIAOBHOCTI

33.40.° Ilpu axomy 3HaueHHi y sHaueHHA BHpasis y° — 2y; 8y + 5;
4y + 13 i 2% — y + 25 GyayTs NoCHiNOBHUME uieHamu apudMe-
TH4YHOI nporpecii? 3HaNAITh YNeHH Hiel nporpecii.

33.41.° IIpu sikxomy 3Ha4YeHHI x 3HayeHHs Bupasie 3x + 4; 2x + 3;
x? i 2x® + x GyAyTh DOCHIIOBHMMY UIEHAMY apUPMETHYHOIL Ipo-
rpecii? 3HaAiTH YJeHH Iiei mporpecii.

33.42." Nlamo apudmeruunmy nporpecio (a,), y ukiit a, = m,
a =k (m#k). 3naiifite @, _ .

33.43." loeeniTe, 110 KON A0AATHI yHchaa @, b 1 ¢ — Tpu mocainos-

Hiq.nefmapmbmefrmpinporpecﬁ,m£1J5+J51J_:J_2f.

1 ] e I |
bec’ are " a+b
TOCHiIOBHEMM YJeHaMu apu(pMeTHyHOoI Iporpecii, To sHadyeHHA
Bupasis a’, b® i ¢® Texx € moCNiTOBEUMYU uneHAME apubMETHIHOI
nporpecii.

33.45.” osexnits, Mo Koau 4yucaa a, b, ¢ — Tpu NOCHiZOBHI YIeHH
apnqme-mqﬁoi' nporpecii, TO 3HAYEeHHs BuUpasiB a° + ab + b°,
a® + ac + 2, b + be + ¢® rakox € nocm,nonﬂnmn qyileHaMu apud-
meTHuHOI mporpecii.

33.46." 3nangits yci apudmernuni mporpecii 3 pisHuuero 10, saxi
CKJIAAIOThCA 3 NMPOCTHX YMCeN 1 MalTh He MEHIIe TPhOX YJIEeHIB.

33.47.” BuaitniTe yci apudmMeTwuHi mporpecii 3 pisHuneo 2, aki ckia-
JalThesA 3 NPOCTUX YHCEeJ i MAaIOTh He MeHlle TPHOX 4JIEHiB.

33.48.* Bigomo, mo HeCKiHYeHHA apu({MeTHYHA Dporpecisa, 4ieHaMu
AKol € HaTypanbHi YHCaa, MICTUTh KBaJIpaT HATYPAJNBHOTO YHCJIA.
JlosefiTs, 1o s Oporpeciss MicTuTs G6eaniv unenis, AKi € KBaApa-
TaMM HATYPAILHHX THCE.

33.49.* Yucna a, b, a® € unenamu veckiHueHHOI apudMeTHYHOI mIPO-
rpecii, IKa cKNaJaeThCH 3 HATYPAJBHHUX qncels. Binomo, mpo a < b.
TloexiTs, mo yucno b® € urenom miei mporpecii.

33.50.* Iosexirs, 1110 B HeCKiH4YeHHi apudmernuniil nporpecii, Axa
CKJIAZAETHECH 3 HATYPAJbHHUX YHCEJ, SBHAHAYTHCA OBA WIEeHH, AKi
MalTE OJHAKOBY CYMy IHQp.

33.51.* llosenite, w0 apudpmernana nporpecis (a,), ne a, = 3n + 2,
MicTuTh Geaniu npoeTux umcesn’,

33.52.* Yy icHye HecTanioHapHa HeCKiHYeHHa apudMeTruuHa IPO-
rpecis, siKka CKIAXAETHCA 3 MIPOCTHX yHcen?

33.44." loBeniTs, 1[0 KOJIU 3HAYEHHA BUpAS3iB

' Ila sagaua ¢ okpeMumM Bunagkom TeopeMu Jipixne npo apudbmermu-
HY Oporpeciio: apudpmemusina npozpecir, y axii népwuii wnen i pisnuys €
63XE€MHO NPOCMUMIL HAMYPAAGHUMY HUCAGMU, Micmumb 6eaniy npocmux wucen.
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34. Cyma n neplumnx 4neHis apudmMeTu4Hoi nporpecii

Cyma n nepuwmx uneuis a;ﬁcpmemqﬂo'f
- nporpecii

PosrisEeMo CKiHYeHHY apudMeTHUHY mporpeciio
a,a,08, ...48,,8, ,,a,.
Cymy unenis niei nporpecii nosrayumo S .
OTxe,
= *

S =a+a,+a,+..+a ,+a_, ta. (*)
Busenemo ¢qopMyay Ans 3HAXOMKEHHHA MIEL cyMHu.
CnouaTKy pOSIVIAHEMO 38484y, PO3B’'ABaHHA AKOL HmigKake, AK

3HAUTH ilelo A8 BHBeJeHHS IIYKaHOI dhopMyJIn.

PosrnsaHemo apugMeTHYHRY IIporpeciio

1, 2, 3, ..., 98, 99, 100
i suaiigeMo cymy il wieHiB.

3anHineMo WIYKaHY cyMy JBoMa cnocobaMmHu i mojiaMo oTpuMaHi
piBHocTi:

S0 = 1 + 2 4+ 8 + .. + 98 + 99 + 100
& Ho= W0+ 08 + 88 & o + @ + B + 1
25,= 101 + 101 + 101 + 101 + 101 + 101 + 101
= 100 fonaskin ’

Maewno: 28, = 101-100, S, = 5050.

PoanoBijaoTs, 1110 BUAATHHHA HiMelbKUH
maremaTik K, T'ayce (1777—1855) suaiinmos
TaKe posB’sA3aHHA y Bini 5 pokis.

CKOPHCTAEMOCH ONWUCAHHM IPHIOMOM
AN 3HAXOMMKEeHHA cyMHu (¥).

BamuieMo cymy S, fBoMa crnocobamm.
CnouaTky sanuIeMo cyMmy, epmuii fozaa-
HOK SIKO1 JIOPIBHIOE &, & KOXHHI HACTYI-
HUM JOJAHOK OTPHMMAHO 3 MONEpPefHLOTO
nopasadHAM pisHuni d. ITorim sanumemo
cyMy, Nepmmuii JOAaHOK AKOI OpiBHIOE @ ,
a KOMKHHHA HACTYOHHH JOAAHOK OTPHUMAHO 3
3 NomepeAHBOro BigHiMaHHAM pisEuni d. Kapa Fayce

Maemo:

Su=“;+(a;+d)+(“1 + 2d) + ...+(a1+(n—2}d)+(al+(n—1)d),
S =a t(@-d+@ -2d+..+(@,-(n-2)d)+(a,-(n-1)d).
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§ 6. YACNIOBI NOCNIAOBHOCTI

Hopasimu 1i piBHoCTi, OTPHMAEMO:

28 =(a,+a)+t(a +ta)+..+(a +a)+(a +a).

Bupas, Akuil sanucaHo B mpasiif 94acTHHI ocTaHHLOI piBHOCTI, €
CYMOI0 N AOAAHKIB, KOXHMII 3 IKMX AOpiBHIOE 4, + @ .

Toxi 2§, = (a, + a,) n,

a, +a
S, =_12_!Lon

OTpuMaHy piBHiCTH HA3MBAIOTE (POPMYJIOI0 CYMM N MEPIIHX LIeHIB
apudmMeTHuHOT nporpecii. i

o dopmyny Takok' MOMKHA OTPHMATH, CKODMUCTABIUHCH 3aja-
qeio 33.27 (apobiTe e camocTiitHo).

Tlizcrasusimm xo uiel opmynun samicrs a, supas a, + d (n — 1),

OTPHMAEMO: Sn = wl:;u -n,

s, =2a|+d2(n—l)_n

OcrarHBoI0 (HOPMYJIOK 3PYYHO KOPUCTYBATHCA TOJ1, KOJIH 3818HO
[eplInii 4yeH i pisuuio nporpecii.

NMPUKNAL 1 BHaiigiTe cyMy Beix TpuumppoBUX uuces, AKi kpaTHi 6.
Pozg’azanna. [ani yucia yTBOPIOOTE apH(OMETHUHY IPOTrpeciio,
nepmnii uiren axoi a, = 102, a pisuuua d=6. Togia, =102+ 6 (n—-1)=
= 6n + 96. BualigemMo KinebKicTe 4neHiB niei mporpecii. OckinbKH
a_ < 1000, To maemo:
6n + 96 < 1000;
6n < 904;

2
n <150§.

‘ Orxe, n = 150. Toai wykana cyma

o 2:102+6-(150-1)
150 — 9

Bidnosids: 82 350.

-150 = 82 350.

NPUKNAL 2 Cyma ciMaecaTH I'STH Mepimmux wieHisB apupMeTHyHol
nporpecii gopieuroe 450. 3HaHAITH TPHALATE BOCEMHI WieH nporpecii.
Pose’sazanna. Hexaii nepmmit wied mporpecii Ta ii pisEnng no-
pisHIOIOTE @, i d BignosizHo. Tozi cyma cimaecsaTu n’SATH OepIux
wienis S, = %;7_4“ -75 = 75(a, + 37d) = 450. Bsincu a, = a, + 37d =
=450 : 76 =6.
Bidnosids: 6.
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34. Cyma n neplumx YneHis apumMeTnyHol nporpecii

NPUKNAL 3 Hosenitp, 1o MOCHIIOBHICTE, CYyMy I HEPIUIUX WIeHIB
AKOI MOMKHA 06UMCAUTH 38 (hopmynow S = an®*+bn,neac R,be R,
¢ apu(pMEeTHYHOIO IIPOrPECIEI0.

Posg'azanns. Maemo: a, =S, —S =a(n+ 1+b(n+1)-
—an®+~bn=2an+a+b.

Orpumana piBHicTh a, , , = 2an + a + b nossonse apobutn BU-
CHOBOK, II[0 NOCJiIOBHICTH a, a, ..., A, ... € apu(MeTUYHOI IpPOo-
rpeciero 3 pisHMuel0, AKa AopiBHOE 24, fxme mu noxaskemo, 10
HOCTIOBHICTE @, @,y @y ey G, ... — ApUpMeTHYHA TPOrpECisl, TO

3azauy 6y/ae poss’As3aHo.
Maemo: a, =S, =a +b;a,= 2a+a+b=3a+b. Togia,-a, =2a.
Taxum YUHOM, MU BCTAHOBUWIIH, IO @, , , — @, = 2a Ans Gyab-a1Koro
HATYypajabHOI'o M.

34.1.° YoMy HOpiBHIOE CyMa CE€MH MEPIIHX YieHiB apupmeTuyHOl
uporpecii (a,), axmo a, =9 i a, = 157

34.2." YoMy AOpiBHIOE CyMa IIECTH TEPUINX leHiB apudMeTHdHoi
nporpecii (b)), axuio b, = 191 b, = 14?7

34.3.° 3maiifiTes cymMy ABaHAAUATH NEPLUINX 4YiIeHIB apudmMerndHol
nporpecii, nepmuit wien skoi a, = —6, a pisauua d = 4.

34.4." O64UUCHiTE CYMY ABAALATH IIePIINX YIEeHIB apudMeTHdHol 11po-
rpecii -8; —-6; —4; ... .

34.5.° Micus B HUpKy POSTAIIOBAHO TAK, 1110 B MEPITOMY PAAY KOMKHOIO
cexropa 6 micup, a B KOMHOMY HacTynHOMY Ha 3 micua Ginbiue
Hix y nonepeanboMy. CKiNbKHA Miclb ¥ CEKTOPi, AKIIO Y HEOMY
16 paais?

34.6.° Ilignimar4yuch HA ropy, TYPHCT 38 NEPIIy XBUJIWHY ITPOMITIOB
50 M, a 3a KOXKHY HACTYIIHY — Ha 2 M MeHIIe, HiK 3a I0nepeHIO,
Ha sixy Bucory niguascsa Typuct 3a 10 xB?

34.7," Imutpo BaaAB y 6ibaioTeni KHMIKKY, 3a nepminii AeHb BiH Ipo-
yuTas 40 cTOpiHOK, & KOYKHOI'O HACTYNHOTO AHA uuTaB Ha 10 cro-
piHox 6Ginbuie, HiK nonepefHLOro. CKiNMbKYM CTOPIHOK y KHMMKIL,
akuo JAmurpo opounras ii 3a 7 auiB?

34.8.° Apudmernuny nporpeciio (a,) 8azaHo (HOpMYJIOI0 1-TO <LIeHA
a, = —4n + 1. 3uaiziTe cyMy TPHALSATH ABOX IEpPIUIHX dYJeHIB
nporpecii.

34.9." Apudmernuny nporpeciio (c,) sanano GopMysIon0 n-ro 4ireHa
¢, = 5n — 2. BHaiiAiTe CyMy ABaANATH INECTH NEPIIMX 4YIEHiB
nporpecii.
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§ 6. HUCIOBI I'IOCI'IILIOBHOCTI

34.10.° 3raiijiTe cyMy ABAHAALATH NepPIINX 4YieBiB aprdMeTHuHOL
nporpecii (a,), Ako:
1) a, = 6; a, = 22; 2)a, =19 a, ="T7.

34.11." YoMy nopiBHIOE cyMa COPOKA Nepmnx 4ieHiB apudpMeTHaHOI
nporpecii (x,), sKkmo x, = 14, x,, = -37

34.12.° Ckinbku yaapis 3poOHTE FOAUHHKK MPOTATOM J00H, AKIO BiH
BigbuBae TiNbKHM KinbkicTs minux rogux Bix 1 go 127

34.13.° BuaiiniTe cyMy ABAALATH II'ATH NEPIIMX YIeHiB apudmMernunol
nporpecii (a,), axmo a, = 44, a pisEuua nporpecii d = 4.

34.14.° 3naiigiTe cyMy ABAALATH EPIINX YIeHIB apuMeTHYHOI I1po-
rpecii (a)), axmo a, + a, —a,, =-17ia, + a,, = 101.

34.15." 3maiiniTe CYMY TPHALATH TPHOX NEPIINX uileHiB apudpMeTHIHOL
nporpecii (a ), axmo a, +a, +a,,=33 i a, - a,—a,= -1,
34.16." Yomy nopiBHIOE CyMa n MepIINX:

1) HaTypanbHUX YUCEN;
2) venapHux uucen?

34.17." Yomy fopiBHIOE CyMa R MepIIHX NapHux yucen?

34.18." Ilpu Gyab-AKoMy n CyMy n NepIIMX 4ieHiB AeAKol apupme-
THYHOI mporpecii MoxHa 00uMcaAuTH 3a GopMyTow S = 3n® + 5n.
3ualiniTe TpU nepiui 4WieHH wiel nporpecii.

34.19.° Ilpu 6yab-AKOMY N CyMy N MepHIMX 4ieHiB aesAkol apudgme-
THYHOI mporpecii MoxHa ofuucauTH 3a popmyno S = 9n - 2n®.
3uaigiTe chboMHI YieH miel nporpecii.

34.20." (Cmapodaena ezunemcwvra 3adava.) Cro mip xniba tpeba pos-
ALTHATH MiX I’ATHMA JIOABMH TAK, {00 APYruii OTPMMARB HA CTiJib-
Kd x Oinplnie 3a meplioro, Ha CKinbKM Tperilt orpuMas Ginsmie
3a Apyroro, YetTseptuii 6inbiue 3a TpeTsoro i ' aTuii 6iabine 3a yer-
Beptoro. Okpim Toro, ABOE MepIIMX NOBHHHI oTpuMaTH B 7 pasis
MeHIIe Hik Tpoe ocrauHiX. CKinbku Tpeba naTH KoxkHOMY?

34.21." fixe maTypanpHe YHCIO AOPIBHIOE CyMi BCiX nonepeaHix iomy
HATYPANBHHX Yncen?

34.22." 3naiigiTe cymy Beix Bia'eMHUX wieHIB apumeTHYHOI HpO-
rpecii -6,2; -5,9; =5,6; ... .

34.23." 3uaiiniTs cyMy Beix moaTEnx wieHis apudmMerHunoi mporpecii
8.,4; 7,8; 7,2; .

34.24.° 3Hanm'rb cymMy BeCix Ha-rypmmux yucen, AKiL KpaTHi 5
i He 6L1emi 3a 240.
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~ 34.Cyma nnepiumx unetie apupMeT4HOI Nporpecii

34.25." 3HaiifiTe CyMy BCiX HATYpaJbHHUX 4Hces, fKi kpaTHi 4 i meH-
wi eig 130.

34.26," 3uaiigiTh cymy BCiX HaTypajabHMX Yuces, AKi kpatHi 12
i menmi Big 200.

34.27." Buaitgite cymy Beix TpunudpoBUX uuces, Axki kpaTHi 8.

34.28." BuailgiTe cymMy Beix TpHIHGppPOBMX uKces, fKi kpaTHi 7.

34.29." 3naiigiTe pisHuuio apudmerwyHoi nporpecii, mepmuit WieH
aAxol jgopiBHoE 8,5, 8 cyMa miCTHAQUATH NMEepIIMX YJEHIB CTaHO-
BuThH 172.

34.30." BnaiiaitTe nepiunii yineH apugmernuHol nporpecii, pisHHDA
fAKol gopiBHIOE —4, a cyMa ieB’ATH nepuUINX YJeHiB CTAHOBUTL —94,

34.31." Tlepmmit wien apudMeTnuHOl Iporpecii gopisHioe —9, a pisuu-
usn gopisnioe 6. Crinbky TpeGa B3ATH Neplunx 4dieHiB nporpecii,
o6 ix cyma gopieBHioana 9607

34.32.° flky vHajfiMeHINY KiNbKicTh DOCHLIOBRNX HeNAPDHHX HATYPAJIb-
HHUX 4YHCeJ, NIOYMHAKYM 3 yucaa 7, Tpeba gonath, mob oxepiaT
cymy, Ginbmy aa 3157

34.33." Yu moxke cyma sSiKMX-HeOyAb II'ATH MOCHIZOBHMUX HJEHIB
apudmernunoi nporpecii 3, 7, 11, ... gopisHoBaTn 1357 ¥ pasi
IMO3UTHUBHOI BiANOBiAl sHAUAITE 1Ii YaeHU.

34.34.° Un Moke cyma SKUX-HeOyab YOTHPbOX IOCHiJOBHUX YJIEHiB
apudMeTnyHoi nporpecii 2, 8, 14, ... nopisropatu 176? V pasi
TO3MTHBHOI BignmoBigi suHaigiTe ni 4ieHu.

34.35." IIpu BinesHOMY NaZiHHI TiNO 3a Nepuy CeKYHAY NPOXOAUTH
4,9 M, a 3a KOXXKHY HacTynHy — Ha 9,8 m Ginbile, HisK 3a nonepe-
JHIO, AKINO He BPAXOBYBATH OMip NoBiTpA. 3HANAITE Yac magiHus
Tiszia 3 BucoTH 490 M (He Bpaxosywouu onip nosiTpsa).

34.36." Cyma HenmapHHX HOMEPiB CTOPDiHOK KHMIKKH € HeIapHHUM
yueaoM, ake 6inbie 3a 400 i menme Big 500. CxinbkH cTOpiHOK
v KHMKIT?

34.37." BuaiiaiTe cymy dieHis apudmernuHoi nporpecii 3 BocbMOro
M0 ABAALATH IIOCTHH BKJIIOYHO, AKILO OeplIHi 4jieH mporpecii
HmopisHioe 24, a pisHuuA nporpecii gopisHioe —8,

34.38." BuaiiniTe cymy unenis apupmernuHol nporpecii (x,) 3 zecaToro
1o ABAJNATH I'ATHIl BKIOYHO, AKmoO X, = -3 i x, =12,

34.39.° Cyma pmepmux mecTH 4ieHiB apudmeruuHoi mporpecii no-
pisuioe 39, a cyma nepuIMX YOTHPHANLATH YJeHiB gopiBHioe —T77.
BualiziTe mepmmit yiex i pisuunio nporpecii.
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§ 6. YMCNOBI NOCMAOBHOCTI

34.40.° Ilepmunit wien apudmernyHOl porpecii gopisuare 100, a cyma
LIECTH NEPIIUX WieHIiB y 5 pagis GLiblia 3a CyMy HACTYITHUX MIECTH
wieHiB. YoMy AopiBHIOE pisHMUsA mporpecii?

34.41." Pisannga apudMeruynoi nporpecii AopiBHioe 28, a cyma 0’aTu
[epIIXNX YIeHiB ¥ 4 pasu MeHIIa Bl CyMH HAaCTYNHHX IIeCTH uJie-
miB. YoMy nopiBHIOE nepumnii wieH nporpecii?

34.42." [IpananusaTuii yieH apudgMeTHuyHol nporpecii aopisuroe 30.
SHalAITh cyMy JBagUATH TPLOX NEPIIMX WIeHiB nporpecii.

34.43." 3uaiifiTe cyMy ABAJALATH MEPIINX YIEHIB apudhMeTHYHOI IIpo-
rpecii (a,), akwo a, +'a,, +a, +a,= 50.

34.44." Posp’saxiTh piBHAHHA:
1)7+13+ 19+ ... +(6n + 1) =480, ge n — HaTypaJabHe YHCJIO;
2)5+ 8+ 11+ ... + x =124, ge x — HaATypaJbHe YHCJO.

34.45." Poap’aKiThL PIBHAHHS:
1)11:+ 19+ 27 + ... +(8n + 3) =470, ge n — HaTypaJbHe YHCJO0;
2)1+5+9+ ...+ x =630, ge x — HaTypaJlbHe YHUCJIO.

34.46.° 3uaiiniTh nepmuii uneH i pisaumio apudmMernaHol nporpecii,
y sKol cepeaHe apu)MeTHYHEe N NEePIINX 9JIeHiB npH Oyae-AKOMY
n AOpPiBHIOE iX KiJbKoCTi.

34.47." (3adaua incuxaa A.aexcandpiﬂcaxoeol.) HosexitTsb, 1110 B apud-
MeTuUHi# nporpecii 3 mapHOIO KiNbKICTIO YieHiB, AKa CKIaJaEThCH
3 miaMX 4uces, cyma Apyrol nojgosuHn Oinpma sa cymy Hepinoi
DOJIOBHHHU HA YHCJI0, AKe KpPATHEe KBagpaTy HNOJOBHHH KinbroeTi
LIeHiB.

34.48." [loeaniTh, L0 KOJHM CyMy R NEPIIMX 4JIeHiB nocjaifoBHOCTI
MOKHa obumcnuTH 3a Gopmynow S = n’ — 3n + 4, To ua mocxi-
JOBHICTE He € apH(PMEeTHYHOK Mporpecieo.

34.49." 3uaiiziTe cyMy BCiX ABOonMu(POBHX 4YHcen, AKi He MiNIATHCA
Hamnino Hi Ha 3, Hi Ha 5.

34.50," B apudmeruuniit nporpecii S_= S _, m # n. 3uaiigite S

m+n®

34.51." B apudmeTuuniit nporpecii S, =m, S_ = n, m # n. 3HaiAiTH
. —_—

34.52." V crinvenniii apudmeTnuriil nporpecii KineKicTe uJeHIB €
senapHoio. Cyma wieHis, fKi ¢TOATH HA MicIfX 3 NapHUMI HOMe-
paMH, JOPiBHIOE CYMi WwieHiB, AKi CTOATH Ha MiclAX 3 HENADHAMM
HOMepaMu. 3HANJITE cyMy Beix uieHiB wiel nporpecii.

' Tinewrxn Anexcanapificernii (I er. 1o H. e.) — craporpeuskuii yuenuii, asTop
XIV gnurn eHauans Esxmina.
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35. MeomeTpuyHa nporpecis

34.53.* ¥V bdackerbonpHOMY TYPHIipi, AKHI nNpoxoaus B OfHE KOJO,
6panm yuacte n xomauf. Ilicna sakindeHHsA TypHipY BHABHJIOCAH,
o OYKH, HabpaHi KOMaHAaMi, YTBOPIOIOTh HECTALliOHADHY apH(-
MeTHYHY nporpeciio. Ckiaskn odok Hafpasia KoMaHjaa, AKa mociaa
OCTAaHHE Micme, AKIO 34 IepeMory B KO HiiH aycTpiui komanzaa
OoTpEMYBaja 2 OYKH, 3a IOPA3KY OYKH He HAPaXOBYBAJHCH, A Hi-
unix y Gackerbosi Hemae?

a FeomeTpunyHa nporpecis

PoarisinemMo nocaigoBHOCTI:
1,3, 9, 27, 81, 248. ...,
L T R

2! 1! Ev Zt '8_! _1”6, ey

5; -0,5; 0,05; —0,005; 0,0005; ... .

i npuTaManHa Taxa xapakTepHa BJACTHBICTL: KOMHUL Hacmyn-
HUll waen nocaidosnocmi ompumMano 6 pe3ynvmami MHONEHHA No-
nepedrvozo unena Ha odwne it me came yucao. nsa nepmoi nocaigos-

HOCTI 1le Yuea0 JopiBHIOE 3, AJIA APYroi AOpPiBHIOE -;-, OIS TPeTsoi
mopiexmoe —0,1.

3 nozaiGHUMHK TOCAIIOBHOCTAMHA MOMKHA 3ycTpiTHCHA, MiApaxoByloun
[IOPIYHO KLILKICTE TBAPMH IIEBHOTO BHAY B 3ATIOBIAHMKY, IIPH IIOMicAY-
Hill omiHmi cymu rpoieii Ha paxyHKY, 00 MDOKJaxeni B 6aHk mij Bing-
coTkH. Taki nocaiI0BHOCTI HA3MBAIOTH F€OMETPHYHMMH IIPOTPECciaMH.
OzuavenHn. NeoMeTpHNYHOW Nporpecicw HAIUBANOTH HO-
CAiIOBHICTB 3 BigMiHHMM Big HY/Ifl HepIIHM WiIeHOM, KOKHHIE WieH
AKOl, MOYMHAKYH 3 [APYroro, JOPiBHIOE NONepeAHBOMY UIeHY, MO-
MHOXKEHOMY Ha ojHe i Te came BigMiuHe Bij HyJd uMciIoO.

3posymMino, 10 YKCJI0, MPO AKe HaeThCHd B O3HA4YeHHi, nopieHioE
Bi/[HOIIIEHHIO HACTYINHOTO i MOTepPeHbOro YJeHiB nocizossuocti. Moro
HA3UWBAIOThL 3HAMEHHMKOM reoMeTpuuyHol mporpecii i nosHavamoTb
6ykBoI0 ¢ (nepio OYKBOKO (paHIy3BKOro CioBa quotient — 9acTKa).
Oraxe, saxmo (b)) — reomMeTpuiHa nporpecis 3i 3SHAMEHHUKOM ¢, TO
g=tibi b

bl bz bs

ToOTO 1A GYAB-AKONO HATYPAILHOTO /1 BHKOHYETECH PiBHICTE —;’)—‘l =q.

n
1106 3azaTH reoMeTpUYHY Iporpecio, noTpiéHo BKkasatu 11 nepruit
uneH i 3HamMmeHHHK. TakuM YMHOM, reOMeTPHYHY Iporpeciio MoKHa
3alaTH PEKYPEHTHO:
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§ 6. HMCNoBI NCCNIAOBHOCTI

b,=bb, ,,=bg

1 n+1

Hagpegemo Kilbka npuKIagiB.

Sikmo b, = 1 i ¢ = 3, To oTpuMaEMO reoMeTpuyHy nporpecio, mo-
FAHy HA MOYATKY NMYHKTY:

1, 8, 9, 27; 81, 248, ... .

fikmo b, = 2 i ¢ = 2, TO OTPUMAEMO PeOMETPHYHY [IPOrpecito, AKa
€ NOCIiAOBHICTIO HATYPAJNBLHMX cTeNeHiB uucaa 2:

2, 4, 8, 16, 32, 64, 128, 256, 512, 1024,

BayBaxxuMo0, II0 reOMeTPHYHA NMpOrpecis 3i 3HaMEHHUKOM, AKHIi
mopisHioe 1, € cranioHapuow mnochaijosnicrio. Tak, mocnifgoBHiCTH
5, 5, 5, 5, ... € TEOMETPUYHOIO NIPOTPECiew, y akoi b, =5, ¢ = 1. Pa-
30M 3 MM L0 NOCHiJIOBHICTE MOKHA PO3rasjaTH AK apudmMeTHdHY
nporpeciiwo, y akoi a, =5, d = 0.

Vaarajni, 6yAb-AKa CTALiOHAPHA NOCHAIAOBHiCTH, YCi WieHH AKOl
BifiMiHHI Bif HYJH, € oAHOUYACHO i ApudMEeTHYHOI0, i NEOMETPHYHOI)
nporpecierw. Cranionapua nocraigosuicts 0, 0, 0, 0, ... € Muue apud-
MEeTHYHOIO Nporpecieo.

Iloxamemo, SK MOKHY 38ATH TeOMETPUYHY Oporpeciio sa mono-
Morow (opMysIH 12-ro 4jeHa.

VpaxoBywoun 03HAYEHHA reoMeTpPUYHOI mporpecii, Maemo:

b,=b g

bs—b Q—(blti')q bq;

b, =b, q—(blq) q= blq-

ba_b '?—(blq}q blq

HaBeneni npukjJIagyu AONOMAralOTh 3pobUTH Take NPUITYNIEHHA:
v

=bqg "

Ilro rinoresy MOXKHA AOBECTH METOJOM MATeMATHIHO! IHAYKIil
(3pobiTs me camocTiitHo).

3anucany piBHICTH HA3MBAKOTH (POPMYJIOK N-r0 WiIEHA reoMeTpHY-
Hol mporpecii.

VeranoBUMO BAXXAMBY BJAACTUBICTE 4eHIB NeOMETPHYHOI MpPO-
rpecii (b).

3 o3HauYeHHA reoMeTpu4HOI mporpecii BumiaMsae, 1o npu n > 1

b
maemo b =b _,qib, , =b g.3sincu b—bﬂ-— = ;—*1 Toainpu n > 1

n-1 n

b>=b, .b,.,

312



35. leomerpuyiHa nporpecia

Keadpam 6ydv-arcozo waena 2eomempuynoi npozpecii, Kpim nepulo-
20, dopienioe dobymry deox cycidnix 3 num waenis'.

ITpaBuAbHUM € i OOepHeHe TBepPAKeHHA: AKU0 nocaidosnicms (b))
GIOMIHRUX 8i0 HYAR yucen Mae maxy eaacmusicmy, wo b’ = b, b

n+l

npu 6ydv-axkomy n 2 2, mo Y/ nOCAiQOEHICMb € 2EOMEMPULHOI NPO-

2peciero.

. - 2
Cnpasai, 3 pismocri by = b, \b,,, 3 ypaxysauuam roro, mo b, #0,

b 3

60,0 .,%# 0, MOKHa 3alHCATH b—ﬂ— i --;-‘J—. TOGTO BiAHOIMIEeHHSA
-1 n

HACTYNHOI'O 4YJieHa AaHoi mOCNioBHOCTI A0 monepeaHBoro € mocTiii-

num. Ile o3Havae, MO HOCAINOBHICTE (b..) — reoMeTpHYHa IIporpe-

cis.

Josipmu aBa B3aeMHO olepHeHi TBepIKeHHA, THM CAMHM MU J0-
BesH Take’: nocnidosnicme (b,), yci wnenu sxoi 6iOMinKi 6i0 nyan,
€ 2eoMemPULHOIO npozpeci€ro modi i minvku modi, konu dasn 6yde-
K020 n > 2 6ukonyemoca pienicme b2 =b, b, .

flxngo Bei unenu reomerpuuHoi nporpecii (b)) € popaTHEmMu, TO
pismicts b2 =b, b, MOxHA mepenucaTH Tak:

b, = VO, b+

OTsxe, KOXKHUI YieH Takol NocaijoBHoCTi, KpiM neprmoro (i ocras-
HBOro, AKINO NOCJHIAOBHICTL CKiHYEHHA), € cepeiHiM reoMeTpHYHHAM
ABOX cycigHix 3 HEM uneHiB.

PoarnareMo ABL mocaigoBHOCTI.

Apugpmernyna nporpecid (a,), y akoi a, =1, d = 2:

1.8. 5.9, 9. 11, 13, 56, 15. 19, s ;

I'eomeTpuuHa mporpecis (bu), y AKoi b1 =1,¢g=2:

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, ....

V nmx nporpeciit pisni nepui wienn. Ili nocaiioBEOCTI KOHCTPYIO-
I0TBCA 34 AONOMOTOK OAHOrO it Toro camoro uuciaa 2 (d = g = 2).
Paszom 3 THM, mopiBHIOOun Bianopigni unenm, MM 6auumo, mo reo-
MeTpH4YHA TIporpecis «spocraes HabaraTo BHAIe, HiX apupme-
tuuna. Hanpuknaz, y nepwiit nocaigossocri a,, = 1 + 2-19 = 39,
y Apyriit b, = 1-2'" = 524 288.

Bupuatouu Giosoriio, By AisHanucs, o 6axkrepii poaMHEOMKYIOTECA
moainmoM: oaHa Gaxrepisa gimuThes Ha aBi. Temep crae sposyMinnM,

! flxmo reoMeTpHuHA NpOrpecia € CKIHYeHHOIO MOCALAOBEICTIO, TO 3pOayMiio, Wo
i ocTanHil 4iaeH Takol paactueoctl He mae.

2 BpoaymMiJo, mIO If BIACTHBICTS CTOCYETLCA THX MOCAIA0BHOCTE, ¥ AKHX Ginbie
JIBOX YJeHiB.
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§ 6. HUCHOBI NOCHIZOBHOCT

YOMY TAK LIBUAKO 3POCTAE YHCEAbHICTh faKTepiii, AKIIO 1X MOMiCTHTH
B CIPHMATNKBE cePelOBHIIE.

Hepigxo B DOBCAKAEHHOMY MHTTi, KOIH XOUYYyTh MmIAKPECIHTH
LUBHKEe 3POCTAHHSA HKOICH BENMYMHHU, KAXKYTh: «3POCTAE B I'€OMET-
pu4Hii nporpeciis.

MPUKNAJL | 3gaitnite uersBepruit 4ieH 1 3HAMEHHUK I'eOMETDPHYHOI
nporpecii (b)), axmo b, = 36; b, = 49.
Posze’szanns. 3a BJIB.CTHBlCT!O reoMeTpuunoi nporpecii b} = byb,,

sifen b, = \[bby =V36:49 =67 =42 abo b, = —bb, =—42.

fxmpo b, = 42, 10 3HaMeHHuK mporpecii g = b,:b, = % g} AKmo
=—42, 10 ¢ = —%

o | - i
Bidnoside: b, = 42, q = 6 abo b, = —42, ¢ = ~5

MNPUKNAJL 2 3saigiTes nepmumii yjneH i BHAMEHHUK reOMeTPHYHOL
nporpecii (b)), sxmo b, + b, =504ib, - b, + b, = 378.

Poze’snzannn. Hexait ¢ — spameHHUK aaHol nporpecii. Maemo
cucTeMy ABOX DiBHAHbL 3 ABOMAa 3MiHHHMMH b, i q:

bq® +bq° = 504,

{blq’ -bg* +bg° =378.
IToginumo nmousnenHo niBi i nmpasi 4aCTUHM PiBHAHL CUCTEMH:
_bg"(+q") _ 504 '
bg'(l-g+q") 378

Haxni maemo:

bg* (1+q)(1 g+q") _4
bg® 1 — g+ ¢ 3

IligcTapueiny 3HAYEHHA ¢ Y Oepire PiBHAHHA CUCTEMH, OTPHMYE-
MoO: ‘.'-}Z;l1 + 243b, = 504; 252b1 = 504; b, = 2.
Bidnoeidv: b, = 2;,qg=38.

NPMKNAA 3 ¥ reomerpuumiii nporpecii (b,) Bigomo, mo b,, = 2. 3na-
#aite go6yToK AeB'ATHAALATH NEPIIMX 4YNeHiB 1iel npor'pecu
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35. leomeTpu4Ha Nporpecis

Pose'ssanns. Maemo: bbb, «...-bg =b bg-bg®+...bg"* =

= bllgqhh...-ls = bllg -q“_'l?_@ = bl"" 'qlg-ﬂ = (blq”“ = (bm)lﬂ - 219.
NPUKJIALA 4 Bmaiigite yei Tpifikm yucesn, siKi yTBOPIOKOTE IeoMe-
TPHUYHY Nporpeci® Ta MalOTh Taki BJACTHBOCTI: cyMa nuX dHceN
aopieaEe 63, a KoM Zo LMX ymces aofAaTH Bianosigzo 7, 18 1 2, To
byne orpuMaHo apM(pMeTHYHY IpOrpecio.

Poszg’azannn. lllykani uucna samuimemMo Tak: a, ag, aq’. Toni
yuciaa a + 7, ag + 18, aq* + 2 ywnoproms apuhMeTHYHy mporpecilo.
3eigcnm 2 (ag + 18) =a + 7 + a¢® + 2. 3 ypaxysaHHAM yMOBH OTDH-
MYEMO CHCTEMY

{a+aq+aq" =68, {a+aq+aq= =63,

a+7+aq®+2=2(ag+18); |(a-2aq+aq® =27.

3eigcu H;ﬁ— 7. q=4abo g=

Axmo g = 4, To a = 3; AKIIO q=-4—, TO a = 48.
Bidnoside: 3, 12, 48 a6o 48, 12, 3.

35.1.° Cepen maBedeHHX MOCHAiZOBHOCTEH yKaskiTh reomerpuyHi
nporpecii, nepmMil 4neH i sHaMeHHHK KOXHOI 3 HMX:

1) 2, 6, 18, 36; 4) 81, 27, 9, 3; 7 -9,-9, -9, -9
2) 4, 8, 16, 32; 5) 2, -2, 2, -2; 8)1,23,5;

3) 10, 20, 30, 40;  6) -}, % -1,2; 9 V2, 2, 22 4.

35.2." IllocTuit yneH reoMeTpuuHOl mporpecii b, = 8, a sHaMeHHHK
g = —4. 3HailiziTs cboMHil YneH nporpecii.

35.3." Buaiigite croMuii wien reomerpmyHoi mporpecii (b ), AKMmO
b, = 16, a snameHHux nporpecii ¢ = -3- i

35.4." INocnixosricTs (b)) Taka, mo b, = 8,b,,,=-b,.Yu € ua no-
CNiJOBHiCTH reOMETPHYHOIO Nporpecieo?

35.5." ¥ reomerpuuHii nporpecii (y,) nepunit unen y, = 64, a sna-
MEHHHK ¢ = —%: SualgiTe: 1) y.; 2) Y,

35.6." ¥ reomerpuuniit nporpecii (¢,) nepiuuii wien ¢, = 9, a 3Ha-
MeHHMK q = —1. 3uaiigite: 1) ¢, ; 2) ¢

35.7.° BgaiiaiTe 3HAMEHHHK i n’aTHHE wieH reomeTrpudHol nporpecii
1 1 1
216’ 36’ 6’
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§ 6. HACNOBI NOCNIAOBHOCTI

35.8.° 3maliliTh 3HAMEHHEK 1 1ocTHIl 9IeH reoMeTpuyHOI nporpecii
8128 .u

35.9.° JloseniTh, 110 KOJIM DOCHiAOBHICTE (X ) — reoMeTpH4Ha HPO-
rpecis, TO X X, = X X, .

35.10." losexiTs, 10 KOMM NOCHINOBHICTS (Y,) — reoMeTpHYHA IPO-
rpecis, TO Y Y, = Yg¥,,

35.11." Bupagite unenu by, b, i b, reomerpuunoi nmporpecii (b ) uepes
b, i sBHaMeHHUK ¢.

35.12." BupasiTb ulesH ¢, €, i Ceo reoMeTpuuHol nporpecii (¢ ) uepes
Cl?. 1 3BHaMeHHHK (.

35.13.° 3uaiiaiTe 3HAMEHHUK reoMeTpPHYHOI nporpecii (b)), Axmo:
1 4 =
1) b‘ZE: b, = 64; 2) by = T5; b, = 217.
35.14.° 3maiiziTe nepnit unen reoMeTPHYHOI Nporpecii (c,), AKIO:

1) ¢, = -, a 3HaMeHHHK ¢ = %; 2) ¢, = 100; ¢, = 100 000.

1

98

35.15.° Yncno 486 € unesom reomerpHuHOl nporpecii 2, 6, 18, ... .
SHAHAITE HOMED MBOrO YIeHa.

35.16." Yucao 96 € ureHom reomMmeTpHYHOL nporpecii

oo|ee
| o
oo

SHAHUAITE HOMeD LBOr0 UJIeHA.

35.17.° fki asa yucsa TpeGa BcTaBUTH Mik yuciaamu 6 i 750, wob
BOHM DPa3oM 3 JaHUMM YHMCJAAMH YTBOPIOBAJW IeOMETPHUUHY IIPO-
rpecio?

35.18." fki yotnpn uncna rpeba BcraBuTH Mixk yucnamu 0,5 i 16,
mo0 BOHH pPa3soM 3 JAHHMH YHCJAMH YTBOPIOBANHM reOMeTpHYHY
oporpeciio?

35.19." Iocainosnicrs (b, ) 3ajana bopMyIoio n-ro wiena b, = 5-4" %,
Yu € 1A mOCHiZOBHICTH TeoMeTPHUYHOIO nporpeciew? ¥ pasi
IO3MTHBHOIL BiAmoBiZi BKa)iTe 11 mepmnil yieH i 3SHaMEeHHHK.

35.20." Hoseaite, mo mocaigosnicts (X)), fKa 3anana GopMyIo0
n-ro 4ieHa x, = 7" * !, € reoMeTpMYHOIO IpOrpecieo, Ta BRKaXKiTHL
ii mepmumil wieH i 3HAMEHHHK.

35.21." IlocnigosuicTs (b)) € reoMeTpHYHOIO IpOrpeci€io. 3HaiAITE:
1) b, axmo b, = 9; b, = 25; 3) b,,, axmo b = 2; b, = 10.
2) b,,, axmo b, = -3; b, = —12;

35.22." Ipyruii uren reomerpuunol nporpecii popisuioe 6. 3raiigiTe
A0OYTOK TPHLOX NepiIux wieHiB uiei nporpecii.
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35. leoMeTpuyHa nporpecia

$5.23." Tperi#i uwien reomerpuyHoi rporpecii gopisHioe 3. 3HAWAITE
AobyToK o' ATH MepIIMX YaeHiB 1iieil nporpecii.

w 35.24." [Towepits, 110 B CKiHYeHHil reomerpmyHiil mporpecii
JOoOyTOK uieHiB, piBHOBiAAAeHUX Bix I KiHLiB, JopiBHIOE HODYTKY
KpaiHix 4iIeHiB,

35.25." Hosenirn, mo Ana reoMeTpudHOl nporpecii (b,) cipaBeanABa
pPiBHIiCTB:

bb=b -b

s m,k>m.

35.26." V npaBuIbHHIl TPUKYTHHK 3i
CTODOHOIKO @ MOCALIOBHO BIIMCAHO TPH-
KYTHHKH TaK, 1[0 BEPIITHHH KOXKHOTO
HBCTYNHOIO TPMKYTHHKA € cepelHHa-
MU CTOpiH nonepenuboro (puc. 35.1).
JloBeniTe, {0 ODEepHMETPH IHX TpH-
KYTHHKIB YTBOPIOIOTh NeOMeTPHUYHY
nporpeciio, i sanumite opMyny n-ro

wieHa uiei nporpecii. Puc. 35.1

35.27." Yn e reomeTpuuHoIo nporpecieio nocaigosnicts (n € N):
1) 2—11’ 2—-2::, 2-3n, 2--111; 3) 201' 2!: + ]' zﬂ +2’ 211' + 3?
ay2%, 2%, 2, 2

¥V pasi mosuTHBHOI BiIIOBiAI BKAXKITh 8HAMEHHMK nporpecii.
35.28." ITocninosuicTs (b ) € reoMeTpHYHOIO ITporpeciero 3i aHAMEHHH-
KOM ¢. UM € reoMeTpHYHOIO TIPOTPecielo MocaiioBHICTE:

17 % e 8)b, + b, b, + b, ... b,_, +b;
2) 2b,, 2b,, ..., 2b ; 1) 3 o0 e 32
1 2 n

Y pasi mosuTHBHOIL BiagnoBiZi BKaxiTh 3HaMeHHHK mporpecii.

35.29." ITocaizosHicTL (b,) € reoMeTPUYIHOIO NPOTPECi€lo 31 3HAMEHHH-
KOM ¢. Yu € reoMeTpuYHOIO IIporpecielo nocaigosHicTs:
1) b, by oaes b3 2)bb, bb, bb, ....b b7
¥V pasi nmosuTHBHOI BiANOBiAl BKa)XiTh 3HaAMeHHWK mporpecii.
35.30." Mix uncnamu 80 i 5 Berasre Tpu Taki yucna, mob BoHH
pasoM 3 JaHHMH YMCJIAMH YTBODIOBAJIH M€OMETPHYHY Hmporpeciio.
3anumiTe OTPUMAaHy nporpeciio.

35.31." Misk umcnamun 6 i 486 BecTaBTe TpHM Taki umcaa, mo0 BOHH
Pa3oM 3 AAHMMM YHMCIaMHM YTBOPIOBAIW reOMeTPHYHY [IPOrpeciio.
SanuIIiTh OTPUMAHY ITPOTrpecilo.
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§ 6. HACNIOBI NOCNIAOBHOCTI

35.32.° BuaiifiTe mepmuii yNeH i 3HAMEHHHK IeOMeTpHUYHOI mporpe-
cii (b)), axmo:
1)b,=3b,ib, — b, = 48;
56 . 14
2) b, +b, = b, —bs + b, =g
3)b,—b,=168ib, + b, =-28.
35.33 ° 3malifiTh NepmIuii uieH 1 3HaMeHHHK reoMeTpHYHOI nporpecii
(b)), axmo:
l)b'—b2:30ib‘—b3=24:
2)b,-b,=78ib, +b, + b, = -117.
35.34.° Tlpu sKoMy aHaueHH1 X 3HAYEeHHs BupasiB 2x + 1, x + 5

ix + 11 6yayTe NOCAIOBHMMH WIEHAMM reoMeTpHYHOIL Iporpecii?
BuaiiniTe wnenu uiel nporpecii.

35.85." Ilpu saxomy 3mayeHHI x 3HA4YeHHA BHpazis x + 6, x + 2
i 3x — 4 6yayTe NOCAIAOBHMMH WIeHAMY reoMeTpHUHOl mporpecii?
3uaiipite ey miel nporpecii.

35.36." 3maiigiTe reomeTpuuHy nporpecito, ska micrutrs 6 unenis,
SAKI0 CyMa TPEOX mepmux ii uiienis nopiexioe 168, a cyma TpHOX
ocTaHHIX AopisHIOE 21.

35.37." Cyma TPBLOX gogaTHHMX HCEJ, AKi YTBOPIOIOTL apudMEeTHUYHY
uporpeciio, nopiexioe 21, Ko 1o MUX yucen ronatu BigMOBIHO
2, 319, To oTpuMaHi 4HCJIa YTBOPATE Te€OMETPUUYHY HpOrpecii.
SHalgiTL Ol Yucna.

35.38." Cyma TpLOX umcel, AK1 YTBOPIOIOTH apudMeTHUYHy nporpeciio,
nopisuroe 30. fIlkmo Bij nepioro uMcna sigaaTu 5, Big ApPyroro
BigaaTu 4, a Tpere 3anMIMNTH Ge3 aMiHM, TO OoTpHMAHI uHcna
YTBOPATH MeOMEeTPUYHY nporpecio. 3uaiaite nauni yucna.

35.39." Cyma TpsoX uncen, AKi YTBOPIOIOTE reOMETPHYHY mporpeciio,
mopieHioe 65. SIko Big nmeploro 3 uMxX umcen BiguaTd 1, a Bix
TPeTHOro BRifiHaATH 19, TO OTPUMAaHI YHCIIA YTBOPATH ApH(METHYHY
oporpecio., 3uaigiTe gani Ydesa.

35.40." CyMa TpeOX unces, AKi YTBOPIOKTE reOMeTPHYHY Hporpeciso,
nmopieewe 26. AKIno Ao uMX uMcesa goaaTH eigmosigHo 1, 6 i 3,
TO OTPUMAHI YUCIA YTBOPATH apUMETHYHY Nporpeciro. 3HaARAITE
JaHi yucaa.

35.41." 3HaliiTe TPM YKCIA, AKi YTBOPIOIOTH reoMeTPUYHY nporpeciio,
AKIIO BifoMo, IMo cyMa iX Jopismioe 26, a cyma KBagpaTiB mUX
yncen popieHoe 364.
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0.4007 3HaliniTe YOTHPH YHCHA, 3 AKUX Nepuli TPH CKJIafaloTh reoMe-
TPHYHY nporpeciio, a OCTaHHI TPH — apA(GMEeTHYHY, IPUYOMY CYyMA
kpalifix umcen gopisHioe 14, a cyMa cepensix jgopisaioe 12.

35,43.” 3HalgiTe 4OTHpPH umcja, AKL YTBOPIOIOTHE apHPMETHUUHY
nporpeciio i MawTL TaKy BJACTHBICThL: AKIIO Bif Apyroro wyucaa
pigaaTA 2, a go derBeproro goaatH 14, To Oyne oTpHMaHO reo-
MeTpHYHY nporpeciio.

Cyma n nepumnx uneHis reomeTpuyHoi
nporpecif

PosriifiEeMo CKiHYeHHY reoMeTpmuHy nporpecio b, b, b, ...,
b b
Cymy unenis miei nporpecii nosnayumo S, .
Orire,
S, =b+b,+b,+..+b _ +0b. *)
Bupesemo dopmyny Ans 3HAXONXKeHHA Hiel cymu.
CnioyaTKy posrJIfHeMo 3afiauy, posB’HA3aHHA AKOI migxame, SK
JHANUTH ijIer0 J/IA BUBENEHHA IIyKaHol dopMynu,
PoarssnemMo reomerpuuny mporpeciio 1, 2, 27, ..., 2%, 29§ gma-
fizeMo cymy Ii unenis S :
S, =1+2+2%+..+29+2°,
IToMuOKHAMO 00MABI YAaCTHHM 3anMCAHOL piBHOCTI Ha 3HAMEHHUK
nporpecii — unciao 2:
28, =2+ 2"+ .+ 2+ P+ 2,
BuaiigeMo pisHuUIIO 23« =B

28, = 2+ B 4+ 2 4+ . Wy
= s&=1+2+2’+.2‘+...+2”
26 ~B =-14 08+ 0 4+ 0 %+ +0 + &

3sigeu S, = 2% -1,

V Bac MOKe BHHMKHYTH IPUPOAHE SATIUTAHHA: HOMY AK NPUKIAK
Mu obpasu came mporpeciio 1, 2, 2%, ..., 2%, 2%?

3 i€ NOCHiIOBHICTIO OB’ A3aHA cTAPOBHHHA Jerena. Inaiiicbruit
MyjApelub, AKHA NpuayMaB rpy B 1axH, TONPOCHB 3a CBill BUHA-
xixg v pagki, HA nepuwni OOMIAA, CKPOMHY BUHATOPOAY: 3a Teplly
KJITUHKY IDaxoBol nomkH 1 nmineHuude 3epHATKO, 3a npyry — 2,
3a TpeTio — 4 i T. A. — 3a KOXKHY HaCTYIHY KIITHHKY BABiui Ginbure,
Hi¥K 3a mouepeaHIo.
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§ 6. YMCJIOBI NOC/IAOCBHOCTI

3poayMmisno, mo 3arajbHa KiNbKiCcTh 3epeH, iKYy NONpPOCHB BHHA-
xigEuK, sopismioe S, = 2% - 1.

Baratuit pajgka 6y NpHronoMIneHR#, Konu jisHaBcs, Mo BiH
He B 3M03i 327I0BOJIbHUTH Lie «cKpomHes» Gakanua. CnipaBa B TOMY, 10
auauennda supasy 2™ — 1 xopiemioe 18 446 744 073 709 551 615.

IIna Ttoro mob 3po3yMiTH, HACKIJIEKM BeJuye3HHM € Ie YHCJIOo,
YABUMO, o 3epHo 36epiraloTs y xomopi miomero 12 ra. Ii Bucora
6yna 6 6inema 3a BigcTaub Big Semai no Conua,

CropHcTacMOCH ONUCAHUM TIPHITOMOM JJIS BHAXOJIKEHHA CYyMU (*).

ITepenumemo piBHiCTB (*) Tak:

S =b+bg+d+bg+...+bg *+00" "

Ilomuorxkumo ob6uaBi YacTuuH i€l piBHOCT] Ha q!

Sqg=bg+ b,qz +bq" + blq’ Figom T blq"“’ +b,q".

3naiigemo pisaumio S g - S:

an= btq +b1q2+b|qa+ Eies +b|qa‘_‘+blqJI
S = b+bgt blgz + blq’ + ip, bx‘?"_l
S”q—S"=—bl+ 0+ 0 4+ 0 + ... + 0 +b1q“

Omxe, S g— S, =bq" —b,.3Bigcu S, (g~ 1) =5, (¢" - 1).
Ilpu g # 1 orpuMyemo:

g b -1
] q—l

IIi0 piBHicTs HA3MBAIOTE (hOPMYJIOI0 CYMH N MEPIIHX 4NeHiB reo-
MeTpH9HOL nporpecii 3i 3HaMeHHEWKOM, BiAMiHENM Big 1.

BayBa’XuMo, 0 OTPUMAaHy GOpMYyAy MOXKHA N0BECTH iHAKIIe, CKO-
pucTaBIIKCh (GOPMYIOK PO3KJIAZY Ha MHOMHHKH JBO4YleHa a" — b",
n € N. 3pobiTs ne camoctiiino.

frmo g = 1, To Bci uneHn nporpecii JOPiBHIOIOTH NEPHIOMY YJIEHY.
Toni S, = nb,.

MPUKNAL = TIIpu 6yas-sikoMy HaTypaabHOMY N cyMa N IepUIMX
wieHiB reomerpuynoi nporpecii S, = 10 (2" — 1). 3uaiiaits nepmnii
ujeH 1 3HAMEeHHUK nporpecii.

Posé’ssanna. Hexait b, — nepmuil uien pawoi nporpecii, ¢ —
ii suamennnk. Togi b, = S, =10 (2 - 1) = 10; b, + b, = S, =

=10 (2* - 1) = 30. Bsizcn b, = 30 - b, = 20; q=%ﬂ=2.

1

Bicnosidv: b, = 10; ¢ = 2.
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36. Cyma 12 NepLuMX YNeHIB reoMeTpu4HOI Nporpecii

36.1.° 3HalAITHL CyMy N MEpIIMX YWieHiB reomeTpuvnoi nporpecil (b))
31 3HaMEeHHHMKOM ¢, AKIIO:
1)b,=06;9g=2;n=25; 3)b1:-9;q=\/§;n=6
2)b =—4;¢=-1; n=10; 4)b1=8:q=-%;n=4.

36.2." 3gaiiaite cyMmy n nepmux unenis reomerpuusnoi nporpecii (b))
8i 3BHAMEHHHMKOM ¢, AKIIO:

1)b,=1;g=2;n=9; 3)bl=18:q=~—%;n=5:
2)b1=l5;q=§;n=3; 4)b|=4:q=~\/§;n=4

36.3.° BnaligiTe cymy n’ATH nepliux uieHiB reoMeTpuuHOI mporpecii:
1) 12, 72, 432, ) —%. L

36.4.° BHalmiTE cyMy YOTHPBOX [EpPIIHX YJEeHIB reoMeTpudHOl Mpo-
rpeecii:
1) -0,6; 3; —15; ...; 2) 56; 42; 31,5;

36.5." 3aanaiTe cyMy mecTH Nepunx 4ieHis reoMmerprusHoi nporpecil
(c,), Axmo:
1) ¢, = 216, a snameHHMK nporpecii ¢ = -3;
2) e = 5\/5 C = 1255, a sHamMennuk nporpecii g > 0.

36.6." 3uaiiaiTe cyMy ceMH NepHIMx 4YjieH1B MreoMeTpudHoi nporpecil
(x,), sxmo x, = 24; x, = 768.

36.7." T'eomerpuuna nporpecif (b)) sagana (opMyJon n-ro WieHa
b, =10-3"" !, BuaiiaiTe cymMy I’aTH NepmiMX Wienis mporpecii.

36.8." I'eomerpuuna nporpecisi (y ) 3agana QOPMYJO0 n-ro 4JieHa
= (_2}u+l
Y = 20

. 3HalAITh CYMY [lecATH MEPIINX WieHiB mporpecii.

36.9." 3HaMeHHUK reoMeTpHYHOI ITporpecii opiBHIOE %. a cyMa 4o0-

THPHOX MEPLIMX WIeHiB Aopieuioe 65. 3naixiTs neprmwii wien
nporpecii.

36.10." Cyma Tphox nepmux 4ieHIE reomerpu4Hol mporpecii gopis-
Hioe 516, a nepmmii uineH jpopieuwe 12. 3HalifiTh 3HAMEHHMK
nporpecii.
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§ 6. HACCBI NOCNIAOBHOCTI

36.11.° (3adaua 3 «Teopemuin020 i NPAKMULHOZO KYDPCY “UCMOL Ma-
memamuru» 0. Boiimaxoscvicozo'.) BosikoBi 1aHo BHHATOPOAY:
3a nepmy pany — 1 komiiika, 3a gpyry — 2 Koniiku, 3a TpeTio —
4 komni#iku i 7. n. Ilicns obpaxyHKY BHABHIIOCH, IO BOSK OTPHMAB
BuHAropoay B cymi 655 pybaie 35 xomiliok. Ilutanusa: goMy Ho-
piBHIOE KinbkicTe itoro pan? :

36.12.° Cyma 4ieHiB CKiHueHHOI reomMeTpHM4YHOI nporpecii AopieaIOE
605. 3HalAITH KINBKICTE YIeHiB nporpecii, Akmo 1i nepniunii yjieH
b, = 5, a sHaMeHHUK nporpecii ¢ = 3.

36.13." Ilpu Gyab-axOMy 7 CyMa HEpPIINX 7 YIEHIB reoMeTpHUYHOI
nporpecii S =4 (3" — 1). 3uaiiniTe Tperiil unen uiei nporpecii.

36.14.° Ilpu 6yan-aKoMy 7 cyma IepIIHX 1 YJIEHIiB reoMeTpHIYHOL

L s
mporpecii S, =6{|-=| —1 /. 3HalgiTe YeTBepTHI UJeH i€l mpo-
n 2

rpecii.

36.15." BualigiTe cyMy KBaJpaTiB II€CTH NEePITHX WIeHIB reoMeTpUUHOT
nporpecii, nepirnit 4jJeH SAKOI AOPiBHIOE 2\/5, 4 3HAMEHHUK
JTOPiBHIOE \/5

36.16." BuailigiTe cyMy Ky0iB YOTHPBOX MEPIIUX YUIEHIB reOMEeTPHYHOI
nporpecii (b,), axuio b,=8ib,=-6.

36.17." TeomeTpuysa mporpecis MicTuTh 2n unenie. Cyma uneHie,

AKi MaioTh mapHi HOMEPH, JIOpiBHIOE A, a cyMma 4ieHiB, AKi MawoTh
wenapui HoMepH, AOPiBHIOE B. 3HaliliTs 3HAMEHHUK mporpecii.

36.18." Mosexirs, mo AJNA 4ieHiB reomeTpuunoi mporpecii (b))

fored e E
BHKOHYETHCA PiBHICTE b, + b, + by +...+ b,, = msz,,.

(e 1\’ 'y

36.19." 3uaigiTh cymy (2 + 5) -+ (4 + Z) + et (2"I + 2_") "
36.20." 3HalifiTh KiNBKiCTE YMeHIB CKiHYeHHOI reOMeTpHYHOI mpo-
rpecii, sHaMeHHUK AKOL ¢ = —%, nepunii wren b, = 256, a cyma

Bcix wrenie S = 170.

36.21." 3BmaiifniTe KiJbKICTH WieHiB CKiHUeHHOI reoMeTpPHYHOIL [PO-
rpecii, 3HaMeHHUK HAKOL ¢ = 3, ocraHHill 4ieH ¢, = 162, a cyma
BCixX uyeHiB S, = 242.

! Bofitaxosepxuit IOxuM (mom. 6auabko 1812) — pocifickkuit MaTeMaTHK-
neparor. Horo «Teoperndsnit i NpakTHYHMl Kype 4HCTOI MATEMATHKH» BHTDHMAB
GaraTo suaansn i nporaroM 40 pokis Gys oaumMM 3 HalinOwMpeRIMX NOCICHHEKIB I8
1Kin Toro yacy.
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37. YaBneHHs Npo rpaHuLio NocNifoBHOCTI

36.22.”" Hexait a, a,, ..., @ — NOCAiAOBHI WIeHN reOMETPUIHOL IPO-
rpecii, S, — cyma ii n nepmnx unexis. HosexniTs, mo
S, = .:zla,,(i T i]
= a, n
36.23.*% 3naitniTe gobyror 100 meprumx lmeuin reOMeTPUYHOL 1po-
1

rpecii (b)), akmo b, + b, + ... + b, = b_,+b_+ +bL=B.
. 2 100

-

L YABNEeHHA NPO rpaHULIO NOCNIAOBHOCTI.
Cyma HecKiHYeHHOT reomeTpuyHoi
nporpecii, y sxoi |g| < 1

Poarassemo nociigosuicTe (¢ ), 3ajaHy (hopMyJson n-ro 4ieHa
n
n+l’
BunnueMo Kinbka nepmux 9ieHiB 1iel mociigoBHoCTi:
I & 3 % B 8 T 8
g rPey
Mo:xkHa TOMITHTH, 1110 3i 36iNEIIeHHAM HOMepa n 4JIeHH IOCJIigoB-
HOCTI MPAMYIOTH A0 uncia 1.
Axio unesy miel nocaifoBHocTi 306pa)kaTH TOYKAMH Ha KOOP-
auHATHIR npsaMii, To ui rouxku 6yayTe posmimyearuca Bee GiaHIKde
i 6amrxde a0 TOuKM 3 KoopaunaTowo 1 (puc. 37.1).

a. =

n

| a, a, ai, a
1 * . & 9000 1 =
1 2 3 45678
0 2 3 4 56789 i
Puc, 37.1

Inakiie Kaxyuu, pisuun | g ~1 | 3i 36inbinennAM HOMepa n cTae
Bce MenmIow i menmoro. Hanpukaaz, |a, — 1| < 0,1 npu n > 10,
| g —1 | < 0,0001 mpu n > 10 000 i 'r A. ¥Yaarani, noYHHAWOYH
3 ;(eauoro HoMepa n pisHuud | @, — 1| crae menwomw 6i0 6ydv-sarozo
naneped 3adanozo dodammozo wucaa.

Y mpoMy pasi roBOpPATSH, W10 YHCAO 1 € rPAHKIIEIO MOCTIAOBHOCTI a ,
i 3BanuCy0TE zim a, =1 (ryr lim — e nouarkosi Jitepy GpaHIy3EKO-

=1,

1o cyoBa limite — rpaunus). Taxox MoxHa sanucaTH, mo lim o |
n—rx

A n
IHKOMH BUKOPHCTOBYIOTE i TaKe NO3HAYEHHH: T —1.
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§ 6. HACJIOBI NOCIIAOBHOCTI

IMocnioBHICTE, AKA Ma€ I'PAHHULIO, HasuBalTh 36imkuor0. ITocmi-

JIOBHICTB 3 n-M WIEHOM @, = :—} € Ime OJHHUM IpHKIagoM 36ixHOI

[OCHALZOBHOCTI: 31 36ibITeHHAM HOMEPA N YJIEHHU IIOCJIiIOBHOCTI mMp#-
myloTh Ao gucaa 0, To6ro lim El; =

R »o

He 6yap-aka nocaigoenicts € 36ixuow. Hanpukiag, nocnigossicTs
HATYPAJIbHUX YHcel He € 36ixkno10. Takoxk He € 30i:kHOIO MOCIi0B-
micrs (a), ze a, = (-1)".

Hoci My po3rasfiann cymMH, AKi CKAaAaloThCA 3i CKiHYEeHHO] Kinb-
kocti gopankis. Ilpore npy poss’A3yBaHHI eAKHX 38189 JOBOANUTLCH
pO3rIAfaTH CYMHM HeCKiHYeHHOI KiJIBKOCTI JoJaHKIiB.

Ik HasBiTh came CJIOBOCIOJIYYEHHS «CyMa He-

CKiHYeHHOI KiJNbKOCTL AOJAHKiB» MOXKe BH-
KJIHMKATH 3/INBYBAHHA: AJl’Ke He MOXKHA JOJATH
HecKiHueHHO 6araTo yMcesn — TakKuil mponec
HiKONM He 3aBepLIMTHLCAH.

IlpoiniocTpyeMo Ha MPUKIaAi, AK Yy MaTe-
MAaTHIl po3B’A3yI0Th TaKy npobremy.

Posrasnemo kBaapar ai croporHow 1 i no-

Puc. 37.2 Rismmo fioro Ha 2 pieHi yacTurM (puc. 37.2).

Onuy 3 yacTuH 3adapbyemMo, a HezadapboBaHy

3HOBY NOZAIJIMMO HA ABL piBHI 4acTMHM. 3HOBY K TAKH OAHY 3 HMX
sagapbyemo, a Apyry noAinumo HA ABi piBHI wacTuuM i T. 4.

Ilicns mepinoro Kpoky mioina sagapbosasoi (hirypm aopieHioBa-

THMe Sl=-%.

ITicnia Apyroro Kpoky: S. =%+%.

ITicns TpeTLOro Kpoky: S,:%+%+%.

Ilicns n-ro Kpory: S =~+1+1+...+—1—.
LA 2"

OTpumMyemMO NOCHIAOBHICTD S|, Sy, ooty Sy oo o

BuxopucTtopyoun dopMysry CyMH /i IEPOINX WIEHIB reOMeTPHYHOL
nporpecii, MOHA BCTAHOBHMTH, LUO MiCJAA N-ro KPoKy maoma sacbap-
6osanoi iryps AopiBHIOBATHME

s,,:ii%LJ. B 12
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37. YABNEHHS# Npo rpaHuLio NocnigoBHOCTI

Ocrinexkn mnoma keagpata gopiseioe 1, To 3 miei gopmyan Bu-
i i 1

niuBae, o IJloma HesadapboBaHoi YaCTHHH IOpPiBHIOE >

3po3ymMino, mo, Ailoun 38 3a3HAYEHHMM AJTrOPUTMOM, MH HiKOJH
He 3MOKEMO NOBHicTIO 3adapbysaTy KBagpar. Ase uuM OinbIre TAKHX
KpokiB Oyze 3apobrieno, THM MeHIIe ILIoma 3adapboBaHOl YACTHHH Bij-
pisHATHMETBCA Bij mJIOLLl faHOre KBaaparTa, a mJoina HeaadapboBaHoi
YaCTHHH BCE MeHIue BiApisHATHMEThCA BiJ Hyad.

Ileli hakT NiaTBEPAMKYETHCA THM, L0 AJIA HOC/ AOBHOCTI (S"), AKa

sapaeTbea Gopmynaow S, =1—-217, CIIPABIMYETHCH BJIACTHUBICTE

lim S, = 1.

n—so

Hificuo, lim l; =0.

n+w 2
i i 1) wafd 2,1 Lo
3sifcu inﬂ 1-—2—;)—1, TobTO llﬂn} g +8+"'+2") 1.

Ile osHa4ae, Mo cymMa 7 NepiIux 4ieHiB reomerputuHol mporpecii

L L4 - upu HeoOMerxkeHoMYy 30iibIIeHH] n npamye xo yncaa 1.

& §
Tomy OpUPOAHO AOMOBUTHCH BBaxaTu yucio 1 eymoro HeckimyeHHOT
reoMeTpHYHOI nporpecii %. i. %, ... . SANIMCYIOTH

1.1 1 1

—4 =t =F.t—+...=1.

) + 1 e 3 - 2" + 1

Y3aralbHUMO POSTIAAHYTHH DPUKIAL.

PosrnaaeMo JoBiJibHY HeCKiHYeHHY reOMeTPHYHY mporpeciio bl,
By By vonn By oy i) @] < 1.

CyMa n mepmux ii uieHiB o0uncaOETHCA 3a TAKOK GopMysI010:

b(g" -1

8 = 9 -1 3anumiemo:

qg—1

S 54 -0 h- g” L

" g-1 l-g 1-¢ 1-g¢

. q"‘_
Bpoaymino, uo upu | ¢ | < 1 limg" = 0. Lleit daxr Gyzne aoBeneHo
n—sx

B Kypci matemaTtnkH 11 kaacy. Toai po6yror LW -g" — 0. 3sigcu

| B
" g & & ,,J o
1%8"_11-{2(1~—q 1-¢7 1-¢°
Yucno l—bl— Ha3HBAIOTh CYMOI0 HeCKiHueHHOI reoMeTpHUIHOI NpPo-
-q

rpecii (b)), y Akoi | g | < 1, i sanmcyrors:
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§ 6. YUCJI0BI NOCNIAOBHOCTI

bi+bz+b3+...+bn+...=-£La.

Armo cyMy HecKiHueHHOI reoMeTpuM4HOI nporpecii mo3HaAYUTH
OyKBOIO S, TO MO’KHA 3alTMCATH TaKy GopMyJy:

S = by
l-¢q
PoarsiHeMO reoMeTpHYHY nporpecimo 1, 2, 22, 2%, .., 27, ..., y sikol

qg=2,T106T0 | Q| > 1.

¥ nomepeZHbOMY NYHKTI MU NePEKOHANNCH, 10 BXKe cyMa 1i mep-
mux 64 ymeHiB — BeJMYesHe TUCIO0. 3po3yMino, mo npu HeobMesxe-
HOMYy 30ijbIIenHi n cyMa n nepluux 4iaeHis wiel nporpecii BHe npaMye
A0 xogHOro yucna. Baarani, mpo cyMy HecKiHYeHHOI reoMeTpHYHOI
nporpecii MOJXKHA rOBOpMTH JHiue Toxi, komu | g | < 1.

Bu zHaeTe, mio KOXHe pallioHANLHe uucso, Tobro apid Buny %,
Je m — nine yMciio, 4 N1 — HATYPAJbLHEe, MOMHA NOJATH Y BHIJIALL

crinuenHOro AecATKOBOTO Apoly a60 y BUIVIAAI HecKiHYeHHOrO nepi-
OJMYHOI0 JeCATKOBOro apoby.

Hanpuxaan, %=0,625; b = (,454545..., TobTO b 0,(45).

11 n
Bu BmMmieTe ckinyeHHHil JecaTKOBMiT Api0 mojmaBaTm y BHIJAAL
sBuvaiinoro apoby. Hanpuknan, 0,625 = 1%2(% CxkoporuBmin Lei
api6 Ha 125, oTpuMaeMo %

IlpoTe BH Imie He BMieTe moAgaBaTH HeCKiHYeHHHIl nepiogudyHHi
JecsaTKOBHE Api6 y Burnaai ssuuaitvoro apody. [lokaskemo Ha mpu-
KJaji, AK MOMHA PO3B’A3YBATH II0 38Ja4y 3a JOIOMOICI0 CYMH He-
CKiHYEeHHOI reoMeTPHUYHOI nporpecii.

Posrnanemo HecKiHYeHHHIH nepioguyuHmnil aecaTropuii apib 0,(45).

HoaaMo 1e YuCaI0 y BArIAAL CyMu:

0,(45) = 0,45 + 0,0045 + 0,000045 + ... .

Honasxku 0,45; 0,0045; 0,000045; ... € wienamMyn HecKiHueHHOI
reomeTpuyHoi nporpecii (b)), v axiift b, = 0,45, ¢ = 0,01. Ockintbku
| g | <1, To moxxemo 3HaiiTi cymy uiei nporpecii:

G- 045 _045_45_5

1-0,01 0,890 99 11°
Tomy 0,(45) = i5‘1‘

NMPUKNAL 1 Ilogaiite neckinuennuii gecsarkoBuii api6 0,2(54) y su-
ragaai sBUyaitHoro apoby.
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37. YaBneHHA Npo rpaHuLLIc NoCNiAcBHOCTI

Pose’ssanna. Maemo: 0,2(54) = 0,2545454... = 0,2 + 0,0545454... =
=0,2 + 0,054 + 0,00054 + 0,0000054 + ... .

HeckinueHHuit gecaTkoBuit aApi6 0,0545454... MoscHa poasrnsagaTu
5K cyMY HeCKiHYeHHOI reoMeTpMYHOL mporpecii, nmepiunii ygeH AKOL
nopiere b, = 0,054, a snamennux ¢ = 0,01. Toai

0,054 0,054 54 3
e 0,01 0,99 990 55°
<5 3

3Biacu 0?2{54] 0, 242 55 -5 55 55"

; . 14
Bidnosidb: 55"
MPUKNAL 2 Jlano npaBuiBHUE TPUKYTHHK 31 CTOPOHOIO 4. 3 BUCOT
OBOro TPHKYTHHKA nobyaoBaHO APYruil NpaBHMAbHMH TPUMKYTHUK,
3 BHCOT APYroro nofyJoBaHO TpeTiii TPUKYTHHK i T. 4. 3HalOITE cyMy
mepEMeTPiB i cymMy miouy ycix TPUKYTHUKIB.
Posg’azanna. Bucora nMpaBHIBbHONO TPHUKYTHHUKA 31 CTOPOHOK @

AOPiBHIOE Ta' BHCOTA NPABHJILHOI'O TPMKYTHHKA 31 CTOPOHOIO %

JOpPiBHIOE — — Lo L Y z. Toxi nepuMeTpH HAHMX TPUKYTHUKIB

323 9a

3 7§

YTEOPIOIOTE NOCHiToBHicTh 34, ..y 10 € reOMETPHUYHOIO

--2§~, axni menwnil Big 1. OTke, cyma

v e 6a 6a(2+/3)
nepuMeTpiB S—l_ 2 J_ . f)(2+J_)_6a(2+J§)'

2 , ; a’3
4 ]

Tlroma NpaBMILHOrO TPHKYTHHKA 31 CTOPOHOIO @ JIOPiBHIOE

nporpecieio 3i SHAMEHHHKOM

IJIoma OPABHMJABHOIO TPHKYTHHKA 31 CTOPOHOK ———

(28] o e s, :

ZOPiBHIOE

. IIJIOLI{Aa MPaBHUJIBHOIO TPHKYTHHEKA 3i cTopo-

(o] 8-

2 4

HO0 g AOpiBHIOE iT. a. Orxe, ol AaHMUX

4 4 4
TPUKYTHUKIB YTBOPIOIOTH IIOCJAiZOBHICTE, AKA € NéOMETPUYHOIO IIPO-
; a®V3 3

rpeciero 3 NepIIMM YJIEHOM 2 i smamernuromM —. Tozi cyma mmomg

a*\/3
IOpiBHIOE —4? = ang.

1-

4

Bidnosids: 6a(2+3); a’V3
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§ 6. HACNOBI NOCIAOBHOCTI

NPUKNAL 3 BraiigiTe sHaMEHHHK ¢ HeCKiHueHHO! reoMeTpH4YHOL
mporpecii (| g | < 1), y sikoi koxunit wieH y 4 pasu 6inbmuit sa cymy
Beix 11 HACTYNHHX 4JIEHIB.

Poszé’nzanns. Hexail a, — nosinpuuil uieH nporpecii, @ , — Ha-
CTYynHHMH 3a HUM wieH. PosriasgHeM0 HECKiIHYEHHY IeOMeTPHYHY
mporpeciio 3 nepmnM wieHoM a, ., i samensukom ¢ (|¢| < 1). Toxi

a 4a
ii cymMa fopiBHIOBaTHME --"-2'-% 3a ymoBoI0 @, = 1+:; abo a, = :—a—’%.
OcCKiJBKY KOHHUI YJIeH reOMeTPUYHOI Iporpecii He AOPiBHIOE HY.TIO,
10 sanuemo 1= 1—4_%. Bsigcn ¢ = %

Bidnogids: % !
37.1.° O6uuncuiTe cymy HeckiHueHHOI reomeTpuunoi mporpecii (b)) si

JHAMEHHUKOM ¢, AKIO0:

=94 g =3, = B ol
1)b1—24,q-2, 3)b1—63,q-——§.
= g e Ly < gpskies 2

2)b1— 84; q——g, 4)b1-- 81; q——?.
37.2," ObuucaiTs cymy HeckimuerHol reoMeTpudHOI nporpecii (b)) ai

AHAMEHHUKOM (, AKL{O!

i e = 1By ga—d
1)b1=15,q—§, 2)b,=18; g= 3
37.3.° BuaiigiTe cyMy HECKiHYEeHHOI reoMeTpHYHOL mporpecii:

1)10; 1; 0,15 .. 3) 6; -8; 1,5; ... .
2) 0,3; 0,03; 0,003; ...;
37.4.° BraiiniTe cyMy HecKiHUeHHOI reoMeTpUYHOI mporpecii:
1) 64, 24, 9, ...; 2) —-396, 330, —275, ... .
37.5.° NMopaiite HeckinvyeHuMi AecaTKoBME neploguunwnii apid v sr-
rnAai ssuyaiiHoro Apoby:

1) 0,1111...; 4) 0,416416416...; 7) 1,181818...;
2) 0,(5); 5) 0,2666...; 8) 2,3(36).
3) 0,(24); 6) 0,6252525...;

37.6.° IlopaiiTe HeCKIHYEHHMIT JeCATKOBHI NepiofudyHuit 1pib y Bu-
ARl 3BMUAiiHOTO APO6Y:

1) 0,222...; 3) 0,(28); 5) 3,454545...;
2) 0,666...; 4) 0,1777...; 6) 1,4(12).
37.7. 3Haiinite cymy HecKiH4eHHOI rec‘)[ngeTquHoi;/gporpecii:
1 3+1 3-1
1 \/E, _1| » uo; 3 ’ 1, 3 eem »
) N Y et

2) 343, 3, 8, ..
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37. YABneHHs Npo rpaHvuo NOCNifoBHOCTI

37.8.° 3HaliiTe cyMy HecKindYeHHOI reoMeTpuuHOI mporpecii:
1)\/51\/E ; gutis 2. 1
¥ W {4 a-1" 8 T
37.9.° BuaiiziTs mepmnii Wien HeCKiHYeHHOI reoMeTpHyHoi nporpecii,
cyMa fAKOoi AopiBHIoe 63, a 3HAMEHHUK JOpPiBHIOE i;—

37.10." Cyma HecKiH4YeHHOI reoMeTpHYHOI uporpecii popisaoe —60, a il
nepmmii 4ieH gopieHioce ~65. 3HalAITE 3HaMeHHBK nporpecii.
37.11.° 3maiiziTe cymMy HeckiH4YeHHOi reomerpuusoi mporpecii (b)),

AKINO:

20
1)b,=4;b,=2; 2) b, + b, = 20; b2+b4=43—.
37.12.° 3maiigiTe cyMy HeCcKiHYeHHOI reoMeTpu4Hoi mporpecii (b“).

AKIIO:

1)b,=54; b, = 2; 2)bz—b4=48',b1—b3:240.
37.13.° (3adaua Pepma'.) IokaxiTs, Mo Koau S € CyMOK HecKiH-
YeHHOI reoMerpu4Hoi nporpecii (b ), To g 2‘-
a S-b b,

37.14." Cyma HeckiHueHHOI reometTpudHoi mporpecii mopisaioe 2,
a cymMa YOTHPBOX Ii mepuiux 4ieHiB gopisHioe 1 % SHaliTL oep-
mruit wied i suaMeHHuK i€l mporpecii.

37.15." Cyma HeckinueHHOI reoMeTpu4YHOI nporpecii gopisuioe 256,
a cyma Tpsox il nepimux 4ieHiB gopisHwe 252. 3HaiigiTe nepmuit
ujeH i a3HaMeHHUK wiei nporpecii.

37.16." 3uaiiniTe cymy HeckiHueHHOI reomerpuuHoi mporpecii (b)),
axmo b,b, =361 b, + b_,‘ =8.

37.17." 3maiiniTe cymy HeckiHYeHHOi reomerpuunoi mporpecii (c,),
AKmMO ¢,c, =201 ¢, +¢, = 12V5.

37.18." Posp’sikiTh piBHSAHHSA:

D1+x+x°+...=4,akmo | x| < 1;
By ity
x .

< =..=L5, akmo | x | > 1.
X

il
=, akmo | x| < 1.

37.20." 3ualigiTe 3HAMEHHHK HecKiHYeHHOI reomerpuurOl mporpecii,
mepmwnii ujex AKoi B 1,5 pasa 6Ginebmruit 3a cymy pemTH ii
yiaerin.

37.19." Posp’skite pisuapas 1-x" +x* —...

! M"ep Depma (1601-1665) — sugarmit hpannyscknil maTeMaTik.
329



§ 6. HACIOBI NOCNIAOBHOCTI

37.21." 3uaitngiTe 3HAMEHHUK HeCKiH4YeHHOI reomeTpu4HOI nporpecii,
cymMa ABOX IeplIMX 4ieHiB sikol y 8 pagsis 6inblua 3a cymMy pelrTa
ii uneHis.

37.22," CyMa mneplunx 4OTHPLOX YJEHIiB HeCKiHUYEHHOI reoMeTpUYHOI
nporpecii 3i 3HaMeHHUKOM ¢, | ¢ | < 1, craHoBHTE —2% cyMu BCix Ii

ynenis. SHAMIITE nepmwuii WieH i 3HAMeHHUK Ni€l mporpecii, AKIIO
Apyruii 4ieH nporpecii gopisHioe 8, a mepuuuii € goaaTHUM.

37.23." ¥V meckinuenniit reomerpuuniit mporpecii 3i sHAMeRHUKOM ¢,
| g | <1, cyma unenis 3 HenaprEMH HOMepaMu AopiBHIOE 36, a cyma
ynenis 8 MAPHMMHM HOMepaMH AopiBHI0E 12, 3HaligiTh neprumii
4ieH i 3GHAMeHHHK nporpecii.

37.24." V xpagpart 3i CTOPOHOIO @ BIINCAHO KBa-
JApAaT, BePIIHHAMM SKOTO € cepeluHNA CTOPiH
nepmoro KBaJpaTa, YV APyruil KeaJpar
BIIMCAHO TPeTill, BepIIUHAMH FAKOTO € ce-
peauHn CTOPiH Apyroro, i T. 4. (puc. 37.3).
SHalAiTE CYMY ILIOLL YCiX KBAApPATIB.

37.25, TeomeTpHuny @irypy cKaageHo 3 He-
ckinuenHOI mociiIOBHOCTI PIBHOCTOPOHHIX
TPUMKYTHHKIB, poaMillleHux TakK, AK IOKa-
3ano Ha pucyHky 37.4. Ilnoma wkoxHOro
HACTYNHOrO TPUMKYTHUKA BABIYLI MeHIIa Bij NJOMIi NONepexHLOro.
CropoHa nepuioro TpUKYTHHKA aopiBHIOE 4 cM. Yu momicTuThCH
TaKa reoMeTpuyHa ¢irypa Ha apkymi Bamoro somura?

Puc. 37.3

Puc. 37.4

37.26." ¥V xoso pajiyca R Bnucano NpaBHIBHUIT TPHKYTHHK, Y TPH-
KYTHHAK BIHCAHO KOJIO, V 1ie KOJIO BIINCAHO NMPABKABHUN TPHKYTHIK
irT. g, 3ualigiTe cymy: 1) nepumMeTpiB ycix TpMKYTHHKIB; 2) 1101
TPHKYTHHMKIB; 3) AOBMXHEH Kix; 4) mmomg kpyris, obMerxeHuX Ja-
HHMMH KOJIaMH.
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38. CymyBaHHA

37.27.° V kBagpaT 3i CTOPOHOI0 @ BIHCAHO KOJO, ¥ KOJO BIMCAHO
KBaJpaT, y el KBaJpaT BIHCAHO KOJO, Y AKE 3HOBY BIILCAHO
KBagpat, i T. A. 3Haiigite cymy: 1) mepumeTpis ycix kBaaparis;
2) wiowy Keagpartie; 3) goexue Kix; 4) nuony KpyriB, obMeKeHUX
AAHHEMH KOJIAMH.

2 x2
37.28." Ilo6yayiite rpadix dynxuii y = x* + To =+ m e
Jx Vx
37.29." Ilobyayiite rpadik pyrxnil y = JVx + Fenn
1+ ‘/— (1+ J_)

EE: N CymyBaHHSA

Pasom 3 KOXKHOIO NIOCTIAOBHICTIO @, @,, G, ...y @, ... MOIKHA PO3-
CAAfaTH i Taky nocaioBHicTs S :

8 =a,8,=a t+a,S;=¢a t+a,+a, ..
S,=a, +a,+..+ta,...

3HaxomKeHHA GOPMYJIHA 11-T0 YJeHA IOCHiAOBHOCTI (S, ) HA3MBAIOTH
CyMyBaHHAM IePIIMX N WIeHis mocaixoBHoCTi (a ).

OckinpKH BU 3HAETe opmynu A1A 0OYMCIeHHA CYMH 71 NIEepPIINX
uieHie apudmeTuuHol i reomerpuuyHol nporpeciii, To THM CaMHM
yMieTe cyMyBaTH HepIli n 4ieHiB LUX MOCHiZOBHOCTEH.

3a monomoroko rpenskoi girepu X (curma) cymy a, +a,+ ... +a,

n
3AIICYIOTH TAK: P @,.
k=1

Hanpukiaz, 12+22+82+...+n% =) k%

n
1P+2°+8%+..+n¥ =) K,
k=1
¥V n. 24 6ys0 BCTaHOBJEHO, IO
2
ik:z: n(n +1)(@2n +1) ika =(n(n+1)] d
k=1 6 ; k=1 2
Ile osHauae, 0 BU BMieTe cyMyBaTH [eplli n 4ieHIB Biamosiz-
HO MOCHiIOBHOCTI KBagpaTiB i mociifopHOCTI KyGiB HaTypambHHUX
gucesn. =
3agaua «3HAWTH CYMY Zak» o3HAYAaE, 10 NoTpibHO 3HANTH CyMYy
k=1
n nepmux WieHiB mocaifoBHOCTI (€,).
OpuuM 3 e)eKTHBHMX cnocobif CYMyBAHHA € BUKOPHCTAHHSA pa-
Hime moBeaeHMX (OPMYJI.
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§ 6. HCIIOBI NOCNIAOBHOCTI

NPUKNAA 1 Bmaitaits cymy §+% %++%
Poas’szannsa. MaeMo: 2——'-‘3:—1- + -1—
2* g"

Toxi sagany cyMy MOKHA HepenucaTi Tak:

(e e ) 3o -

i 1.4 .1 a4 n(n+1] 1
=(1+2+3+.. +;v1]+(2 22+23+. +2n) 3 +1-— o
228 k+1 _nm(n+l) 1
OTtxe, = ) I
; 2’4’ 2 * 2n

NPUKNAA 2 Buaiigite cymy 1 + 12 + 45 + ... + n* (2n — 1).
Pose’azanns. Banmmenmo k° (2k — 1) = 2&° — k°, Bsigcu
1+12+45+ ... +n*@n-1)=(2-1°-1)+(2-2°-2) +

+(2:3%-8)+ ..+ @2-n*-n?)=

=21+ 28 +...+n%) -2+ 22 +...4+n?)=2) K*-) k=

2°(n(n+l} P n@+h@n+l) _nP(r+l)’ nm+D@n+l) _
6 & 2 6 -

m n(n+1)Bn+n-1)

. A

NPUKNAL 2 Buaiinite cymy 7T+ 77+ TT7+77...17.
n
Poag’sazanus. Ockinpkn 77 ...7=7-11...1, To nna poss’ssanHA
— \._._;_a
3a7a4l JOCTATHEO 3HANHTH TAKY CYMY:
S =1+11+111+...+11...1.
s

=1 . I -1 10" -1 1 s
9 + 9 + 9 +aant+ 9 =

=%(10+102+...+10")-%Q+1+...+1):

_1,1010"-1) = 10(10"-1) n

—_— —— e e e T e T

) 10-1 9 81 9’

70(10"-1) Tn
81 9"
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38. CymyBaHHSA

Axmo ana aasol mocnizosHoCTi (@) BAAETHCA 3HAHTH TaKy HO-
CJiOBHICTEL (bn), upo a, = bn I bﬂ, TOAl cCymMy Za* 3BafTH JEerko.
k=1 -
Copaseni, @, + a, + ... ta =(b,~ b))+ (b, = b)) + (b, = b) + ... +
* (bn+1 - bn)= bn+1 ¥ b‘l'

NPUKNAL 4 3naigite cymy 1-11 + 2-21 + 3-3!1+ ... + n-nl
Poszg’sazanna. Maemo: n - nl = (n + 1)l — nl. Tenep mMo3kHa 3a0H-
CATH

Dkekl=@2-1)+@!-2D+@-3D+...+((n+DI-n) =(r+ 1! -1.
k=1
MNPUKNAL S HosexiTs, MO KOJH NOCHIAOBHICTE (@) — apudmMeTHIHA
nporpecida 3 HeHYJLOBUMH YIeHAMH, TO

L @ G e
0,8y 850, 6,0, &8,

Posz6’azanna. Maemo: L . [-l—m-l—]-l. ne d — pisHuusa

a.a, .4 a, @) ¢

mnporpecii. Toai
L+L+_"+H_1___=(,1___L).1+(.1___1.).1+,_,+(L_L v -
al"z “z“x ananﬂ a’l "z d aZ a? d a a’n+l d

n
:l[L_L+L_L+_._+L_._L_)=l(L_ 1 J=
dia, a, a, a a, a,, dia, a,,

_ au+1_al _EL+dn_a1 [k, n
—dal'an‘l“_ da,-a,,, 31“;“1'
& ox 5 18 . 25 2nt+2n+1
NPUKNALA 6 Braiiaits cymy TR R R e
Po3a’azanna. Maemo:
2
2n+2n+1=2n(n+1]+1$2+ 1 :2+l_ 1 .
nin+1) nin+1) nn+1) n n+l

Topai Mo3HaA 3anucaTH
2

sz +2k+1_( +1—l)+(2+-1-~1)+(2+-l-—1)+...+(2+l— L )=
E(k+1) 1 2 2 3 8 4 n n+l

1 =n(2n+3)
+1 n+1 °

=2n+1-
38.1." BuaiigiTe cymy:
1)1+6+158+...+nr(2n-1)
2)2+10+ 30+ ... + n(n® + 1);
3)1:-2-3+2-34+...+n(n+1)(n+2).
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§ 6. HVCIIOBI NOCTIAOBHOCTI

38.2 Buaiigite cymy 1-2+ 23+ ... +n(n + 1).

3 i

- i 5" k-1

38.3." Buaitgite cyMm E = - =
yMy P 5F

8 ok+l 18 oh
38.4." Bmaigite cymy 23 L e 1
k=

3k
38.5." 3naiiziTe cymy:
1) 9+99+999+...+99...9; 2) 5+55+555+...+565...5.
—

S —
n % n
38.6." osexiTh, mo woaum HOCAILOBHICTH (@) — apudMeTHuHA

TIporpecif 3 ZONATHUMH YJIeHAMH, TO

g il g L = £
JGT-FJ—O.: \/a_2+\/£ \/‘Z_F\/an-r‘l \/‘I'_I-"‘\/a:.&l

38.7." 3uaiigiTh cyMmy:

Vit e e
2

2 1?2+2_T§+31~34+"' Emtz—W‘

3’”2%*%*4%* n+ D!

9 st iEt et ey

38.8." BuaiigiTs cymy:

Yar v mn e

8 2

38.9.* 3HaliniTe cymy Z

i (k+ l)
38.10.* 3maiigiTe cymy S 1 + et L P
e 1+.2:3 2-3:4 7 nr+)(n+2

38.11.* Bmaiizite cymy S, = 1 + 2a + 3a® + 4a® + ... + n-a"" ', ne
a#l.
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-Bip,noaip,i Ta BKasiBKY [0 Brnpas

1.10. 6. 1.12. Binsme THX, y AKUX 1 UppHU 3alUCAHO B MOPAAKY
cnanagad. 1.15. 3) a’ —a + 5; 4) x** + 2™ + 1. 1.16. 1) 2; 2) 1.

4 20-3y) . rxy+y°. |
W seem ME D Gaament T -8 P D @

: 2
4) (“;—;b:"l- 1.19. 3) i—:ﬁ; 4) 1. 1.20. 1) 2; 2) (4; +2). 1.21. 2) Sxcmo

a=2, o x — Gyap-AKe; akmo a > 2, T0 x 2 —a — 2; axmo a < 2,
To x < —a — 2. 1.22. 1) [2; +e0) U {~1}; 2) (-1; 2) U (2; +=o);
3) [1; +eo) U {=2}; 4) (o005 —3) L (=35 -2). 1.28. 1) fAxmo a < 1,
Tox>2a;akop 1 <a<3,Tox 2agabox=1; axumoa >3, T0Xx > 0,

abo x =1, abo x = 3. 1.24. 4) [-1; 4]; 6) 2; —2. 1.25. 4) ['—g; +co).

1.28. 1) 1; 2) 2; 3; 3) 1; 4. 1.29. 1) (0; 2), (4; 2); 2) (1; -1), (1; 2),
(5; -1), (55 2); 3) (1; -1), (-1; 1). 1.30. 1) AAxkmo a = 1, 70 x > 3;
axmoa# 1, To x =3; 2) axmo a < 1, 7o x = a, abo x = 1, abo x = 3;
akmo 1 < a < 3, To x =a abo x = 3; AW a 2 3, To X = a@; 3) AKMO

a<0afoa=1,10x=1;axkmoa>0ia#1, 10x=1a60ox=a’.

1.31. 1) 6; 2) 6+2; 3) V2+1; 4) -@-—;—J—E. 1.32. 1) Va-3+1;

2) Vx+2-Vx2; 3) Ya—3; 4 1. 1.33. 1) 1; 2) 2ab; 3) 1ﬁx)zf_ .. »
X

4) —3"; .136.a=1.137.a=2.1.38.1)9; 2) 0; 3) —-3; —1; 2: 6.
1.39. 1) 2; 3; 5*J— 2) ilE‘ 3) -2; 3; -712\/7—3; " % "

5) —liﬁ: %; 6) 15:=1; 2++/3; 7)—4;8) 1:!:;/1_3_ 1.42. He ic-

HyloTh. Brasiéxa. CkopucTaiiTecs THM, L0 3HaYeHHs BHpasy 5° + 1
He kpaTtHe 4. 1.45. m = 4, n = 6. Brasiexa. Ilpu m > 5 ocraHHA
nudpa gecATKOBOrO 3anucy uueaa m! + 12 gopisaioe 2. 1.46. 25; 76.
Bxasisxa. llykane uncao n Take, 1Mo YHCI0 (n2 — n) xpatae 100.
Iani ckopucrairecs Tam, wo HCI (n; n — 1) = 1. 1.47. Brasiska.
2n?+5n+3 _(n+1)(2n +3)
BT T T, e . Hoseaite, mo HCA (n + 1;n+2)=1,
HCHO (n + 1; 3n + 4) = 1, HCJI(2n+3,n+2) 1, HCH (2n + 3;
3n + 4) = 1. 1.48. Brasiexa. Moxua sanucatn x° + ax + b= (x — x,) x
x(x-x),nex,x,€N,x >2x,>2.8igenl+a+b=(1-x)x
x(1 - x,). 1.49. 8. Bragsiska. CkopucTaiiTeca TUM, mo ABi ocraHHl
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nuhpy sanmey unciaa n° + 8n + 16 — myni. 2.10. 1) Brasiekxa.
a®+ b* + 6a — 4b + 13 = (a® + 6a + 9) + (b® — 4b + 4). 2.16. Bra-
3igka. PosrnsaHbTe cymy AaHuX Bupasis. 2.17. 1) Brasziexwa. Ckopuc-
Tatiteca MeTosoM pisHuni. 2.19. Bragsiexa. Ckopucraittecsa MeToI0M
pisanmi. 2.23. Brasisia. CkopucraiiTecs merogom pisanni. 2.24. Bra-
siexa. CropucraiiTeca MetogoMm pisuuni. 2.25. Brasiexa. Cropuc-
TaiTeca MerogoM pisHuni. 2.26. Bragsiexa. Jlisy wacTuny HepiBHoCTI
MoxkHa sanucatu tak: (a® — 2a' + 1) + (a°® - 2a* + a%). 2.28. Brasis-
xa. CKopucTaiiTecs MeTo0M JIOBEIEHHA BiJ cynporusHoro. 2.29. Bra-
siexa. CropucraiiTecsa, MeTOAOM JlOBeleHHA BiJl CYIpPOTHBHOIO.

2.31. Braszieka. Ockinbkn 0 < x < 1i0<uv <1, 10 T
= 1+y x+y

7 f e ——%; . 2.34. Brasiexa. CxopucraiiTech KJII0UOBOI 3a7aUei0
Yy

2.15(1). 2.37. Brasiexa. Ckopucrafitecs tTum, mo 1 + x* > 2x. 2.38.
Brasiexa. Cropucraiiteca M, o x' + 4 > 4x% i 45 + 1 > 4%
2.39. Braasiexa. osexits, mo 4y° + y > 4y° opu y > 0. 2.42. Bxa-
siexa. 3acrocyiite HepiBHiCTb X° + yz + 28 2 xy + yz + zx gna x = 2a,
y=0>b, z=1. 2.48. Brasierxa. 3anuiliTs HEPiBHICTb, [0 JOBOAHTELCH,
y surnsagi 2 (@® + b* + ¢®) — 2 (ab + be + ac) < 3 (a® + b* + Y.
2.49. Brasiexa. Maemo: (x — 2)° + (y + 20 -8 = (x -y -4 (x—y) +
+ 2xy. 2.50. Brasiekxa. Ilokaxits, moa® + b* + ab-3 (@ +b—-1)=
=(@-17+@®-1)°+(a-1)(b- 1). 2.51. Brasiexa. Hexait TBep-
JoXeHHdA, 110 JoBoauThed, XxuOGHe. Toai € npasuwisHUMU HepiBHOCTL

i

a—bz—i:»ﬂ, b—cz-%zvﬂ, c—az--i—>0. Honaiite ni zepirnoCTi

i orpuMaiiTe cynepeuHicTh. 2.52. Brasisrxa. 3aysaxumMo, 1[0 KOIHU €

NIpaBHJIBHOIO OfHa 3 HepiBHocTell a 2 1, b » 1, ¢ 2 1, TO TBepAKeHHS,

mo noBoguTheA, ouesuaHe, Hexait a < 1, b < 1, ¢ < 1 i € npaBuis-

sumME HepiBHoeti a(l - b) > %. b(l-¢)> %, c(l—a)> % 3Bigcu

a(l-a)b(l-b)e(l-c)> Eli' Hosenite, mo npu 0 < x < 1 BUKOHY-

eTnea HepiBHicTs 0 < x(1-x) < % 2.53. Brasiexa. Cropucraiiteca
1

i 1 :
> b>0 ——=<-—. 2.54. B . C .
THM, mo mpu a > 0 i T 2.54. Brasiexa. Cropuc

Taiirecss Tum, mwo 2ab < a® + b®. 2.56. Brasisxa. losenits, mo (a +
+b+c¢) >3 (ab + be + ac). 2.58. Brasierxa. Ockineku npu safaHiil
ymoei ¥* € x i 3 < y, To mocTaTHBO AomecTn HepimmicTs (x + y + 1)° >
1
n+k n+1

> 4 (x + y). 2.59. Brasisxa. Cropucraiiteca THM, IO

r
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nene N, ke N. 2.60. Beasziexa. JliBa yacTUHA HEPIBHOCTI TOTOMHO

xys . yza " 252 o yz ¥ 22 "
x4+ 2xyz  y® 4 2xy2 2+ 2xyz P 2yz y:i +2zx

JOP1BHIOE BHPA3Y

x2
2% + 2xy
a’+b’+c’+d*+e"'-(a += e) (b2 ) (c +ie2) (d3+-i-e"’).
2.62. Brasiexa. Cxopucrafitecs Tum, mo 1-n 2 n; 2-(n—-1) =2 n; ...;
k(n—-k+1)2n,nene N, ke N, 1< k< n. 2.63. Brasisxa.
IlepeTBOpiTh JiBY YACTHHY HEPIBHOCTI, L0 JOBOAMTLCH, 32 JOMOMOIOK
. : k1 1 ;
piBHOCTI CES I TS Tk ne k € N. 2.64. Brasiexa. Cxopuc-
raifreca tum, mo k-kl = (k + 1) - k' k € N. 2.65. Bkasisxa.

+

. Hani pus. posp’sizanusa 3agaqi 2.54. 2.61. Brasiska.

1 1 1 1 1

gt ey ‘12723 n(n+l) R e
13,5 2n-1 5 _2 46 2n

2.66. Brasisexa. HexaﬁA-— LU e .B—3 5 T " el

Maemo: A < B. 3sigcn A® < = 2n1+1' 2.67. Brasiexa. Hexait

A=lu§-§u.._o-2-n——:l' C=l.gni..”.M. Maemo: A > C‘

2 3 & 2n -1

A? > AC = -1, 2.68. Brasiexa. Hexaii S = > 1
> in Ka3lexa exa. m + m +

1 1 ] 1
* » 8, = + + et . Ouesnn-
N 1+\/_ J§+\/_ ;4+J ;2n+;2n+
HO, mo S > 8,. Topi 28 > § + S,. 3.10. Brasiexa. a* + 4 =
= (a® + 3) + 1 3.16. Braslera. Bac'mcyn-re HepiBuicTe Kommi—

Bynaxoecskoro ao ualopis (a; —b) i (¢; d). 3.22. 12. 3.23. 20.
3.24. 3. 3.25. 12. 3.26. 8. 3.27. 18. 3.28. %. 3.29. % 3.30. Brasie-

a’+2 Ja+1 1 .
Ka. =vJa*+1+ . 3.38. Bkasiexa. J(1-a)(1-b) <
aF &1 Ja’ +1
< %. 3.40. Brasisxa. I cnoci6. Cxopucraitrecas Tum, mo
2
2+t > 9—’-%-"-)* . II cnoci6. 3acrocyiite HepiBaicTh Komi—Byrakos-
ceroro go Habopie (1; 1) i (a; b). 3.43. Brasiexa. Cxopucraiitecs

TUM, IO CEPefHE rapMoHiyHe 4yncesa a i b He Ginpme 3a ix cepegse
apudpmernune. 3.44. Brasiexa. 3acrocyiiTe HepiBHicTs Komi—

ByHAKOBCHLKOIO 0 HabopiB (a; v1- az) i (\1'1 -b% b]. 3.45. Brasiexa.
3acrocyitte HepiBHicTs Kowmi—Byusakoscekoro ao mabopis (1; 1; 1)
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i(x; y; 2). 3.48. 5, —5. Brusiexa. 3acrocyiire mepiBHicTE Kowui—
Bynaxoscbkoro ao sabopis (3; 4) i (x; y). 3.49. 1. 3.51. Brasiska.
Bacrocyiite Hepisnicrs Komi—ByHakoBebkoro xo mabopis (@ b°; ¢%)
i (% %; i) 3.54. Bragiexa. (a + ¢) (b + d) = ab + ad + cb + cd =
= (ad + be) + (ed + ba). 3.55. Brasiera. 3acrocyiite HepiBHicTs Kommi—
Byusaxoecekoro go HaGopis (J3a +1; V36 +1; V3e + 1) (s 1 1)

3.57. 5. Brasisra. 3acrocyiire HepiBHicTs Komi—ByRAKOBCbKOro 10

Habopis (2; x) i (\fx -1; 5). Hamni ckopucraiiTecss YMOBOIO JOCATHEH-
ua pisHocTi B HepiBHocri Komi—Bynsakosewkoro. 3.58. Brasieka.
SacrocyiiTe HepiBuicts Komri—Bynsakoecskoro go sabopis (x; y; 2)

i (3; =1; 1). 3.59. Brasiexa. |2x+y_z|g,/x2+3yz+22x

2
x \122 - (ﬁ] +(~1)>. 3.60. Brasisxa. I cioci6. Vb—1=(b-1)-1<

b—1+1 & . a b a b
< =—. II cmocib. + =2 . >4
2 2 ot Aad Vel b1

3.61. Brasiexo. Maemo: a + b2 2+ eb. Taxom, nopisHIOIOuN CEPEIHE

KBagpaTudHe i cepeane apu@MeTH4YHe Yucen Va i Vb , MOXKHa 3a-

2 2
npcaTu a;b }“'G;‘/E. 3.62. Bxaasisxa. (a+%) +(b+;11-) 2

2
(a +lips -1)
>h—-b—2—-‘£-—. Hagi cxopucraiitecs Tum, mo 3 ymoBu a > 0,

b>0, a+ b=1 sunausae HepisHicTs ab Qi.

2
sieka. Ja®+1 =J§-1‘a 2+l >J§‘a—;1. 3.64. Brkasziexa. Maemo:
Ja—-a-by+et+e?+J1l-b-c) +a®+a? +Jd—c—a) +b* +b* =
=‘l:,:[J(l—u—a";a};+.:°2+.f:2 +J(l—b—c);+a2+a2+\/(1—c—a};+b2+b2)-
Jani nopisasaiiTe cepefHe KBaJpaTHUHe TPBOX 4UHcel 3 IX cepemHim

apubmernurum. 3.65. Brasierxa. Hexait cTopora KBajapaTta AOpPiB-
uioe 1. CroprcTaeMoch NO3HAYEHHAMM, IMOKA3AHHMH HA DHCYHKY.

3.63. Bra-

BaJMINUIOCH AOBECTH HEPIBHICTSH J?+(1—y)2 +\(yz+(1-—z)2 +

+\/zz+{l—t)2 +\ft2~|-(1—.ac)2 > 22, Hani nuB. npuxaag 1 m. 3.

3.66. Brasiexa. 1l+a=2-b-c=(1-b)+(1-¢c)>2{0-b)(1-¢).
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3.67. Brasissa. [ cuoci6. 3acrocyiire B 1-yN ¥ &
uepisricTs Komi—BynsxoBenkoro go

- . . 2 &
Hadopis ;U-L: i x 1-z
(;;y+2 xX+2 ;ix+y]

(Jy+2;Vx+2; Jx+y). 11 cnocib. M P
Y cuny HepiBHocti Komi

2 1"-1-'\ ’
X _+¥*2 > x ir. n 3.68. Brasies- D

A

y+z 4 ’ t @ 1-t
ka. Ockimexw opu a > 01 b > 0 Puc. a0 sanavi 3.65
8 ewih . 3.1 4
1.1 2 a b a+b’
b
- M
3.69.Bn:a31mca.\{ _ =J 8 yylte . B 43 Beasis
b+c b+c @ L4 a+b+c
bie

xa. I enoci6. Ckopucraiitecs Hepisuicrio (*) 3 n. 4. II cnoci6. Cko-

pucraiitTech HepiBHicTiO (***) . 4. 4.3. Brcaaisa:a Cxopnc'raﬂ'recﬂ
2,2 2,2

HepieaicTio (¥*) 3. 4., 4.4. Bragsiexa. '—~+J!L (x Y L) L EY
v 2z  x yx 2y xz

4.5, Brasiexa. 1 cnocib. Cropucraiitrecs mepisuicTio (¥%%) 3 m. 4.

2 2 2 2

- a b ¢ =l((3a) @b~ , 1 ) =

. Eeah b+% Tc+2a " a+% 9\b+2% c+2a Yt Heai

cKopucraiiTecs HepiBuictio (*) 3 n. 4. 4.6. Brasiexa. 1 cnocib.
as b3 'ca - '(02)2 . (bz}ﬁ M (ez)z

b+c c+a a+b ab+ac be+ba ca+chb’

Hdani cxopucTaii-

a® b o?

b+c c+a a+b

Tecsas HepiBHicTio (**%) 3 n. 4. IT cnoocib.

- ( @a%? | @% ()

: e e 3
P s e bu S cb) Hani ckopucraiiteca HepiBHicTIO (¥)

3 0. 4. 4.8. Brasiskxa L st o b . 1’ * 1 % 1 3
"1+ab 14bc l+ae 1+ab 1l+bec 1+ac

Hani ckopucraiitecs uepiBuictio (**%) 3 n. 4. 4.9. Brasiexa. JliBy
2 2
= + J +

YACTHHY HEepiBHOCTI MojaiiTe y BUI ;
e . ¥ m.r"+2y:r+3zx y® + 22y + 3xy

22

+ 2—

2° +2xz + 3yz
piBricTio @® + b + ¢* > ab + bc + ac. 4.11. Brasisxa. Ckopucrasmuch
KJI0490B0I0 3afadero 2.17(1), mosxua sanucaru, mpo (x + 1) (y + 1) =
=xy+1+x+y>2(x+y) 4.12. Brasisxa. 3a JOIOMOr0H0 KO-
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goBoi sagmaui 2.17(1) i ymoen x € [0; 1] moxHa 3anucartu,
X = X < X X
2+yz l1+yz+1 1+y+z x+Yy+2
TABIIMCHE KJIOYOBOI 3ajavero 2.13, moxHa sanucartu, L0
1 1 1 c
= v B s e “abla+b+c) abc(@+b+c) i
siexa. CxopuctaiiTeca KI04oBow 3anauero 2.13. 4.16. Braasiska.
CxopnrcraiiTeca kmovuosowo sanaqeo 2.13. 4.17. Brasiexa. Cropuc-
TaitTeca saxaueo 2.19. 4.18. Brasiéra. CKopHCcTAlTECS KIIOYOBOIO
sagauero 2.22. 4.19. Brasziexa. CKoOpHeTaliTecs KJIOYOBOIO 38890
2.25. 4.20. Braasisxa. ChopucraBmuce sanaveio 2.29 (1), moxna 3a-

nMCATH: 711-<2Ji~2\/6; 712-<2J§-2Ji; 7‘;<2J§'—2J§; sy

1o . 4.14. Brasziexa. Ckopuc-

71- <2Jn-2Jn-1. 4.21. Brasiexa. CrkopucraiiTecss 3anaveio
n

2.29 (2). 5.10. 2) (-3 =7) U (=7; T) U (T; +e);
4) [4; 6) U (6; +e=). 5.21. 3) {1} VU [2; +e); 4) {-1} U [3; +e=);
5) (-2; 0) U (0; +w); 6) [0; +e<). 5.22. 8) (-3; —1) U (=1; +eo);

4) {~4} U [3; +o0); 5) {—5} U [~2; +); 6) (0; +e0). 5.23. 1)[ +m)

3’
2) (o5~ 28 |; ) (o5 2) U (25 + 00)s ) (oo ook ) (o5 61 U 63 ).
5.24. 1) [— +m) 2) (~m, ] 3) ( %) U (%‘ +00); 4) (003 +o0);
5) (—==; —-4] U [4; +e=). 5. 25. Ous. pucysok. 5.26. 1) [-4; 1];

2 [-Li2]: 8)0-8: 2 0 [-2: 21 5) [-4: 43 6) (<3 -1]U[ L5+ ).
5.27. 1) [10; 0F; 2) [-27; 3%; 3) [-1; 1] 4) [-1; 1) 5) [0; L]
6) (i~ 2 JU[L 4 ). 5.28. 1) @ 2) (- 0) U [1; 4+l B R\ Z;

4) R\ Q; 5) Q. 5.29. 1) {1}; 2) {0; 1}; 3) Q. 5.30. 1) {0; 1); 2) {0}.
5.31. 3) Jlue. pucynok. Brasiexa. D (y) = [-1; 2), E (y) = {0; 1}.
5.32. 2) lus. pucyHok. Bxasiexa. D (y) = Z, E (y) = {0}. 5.33. 1) [lus.
pucyHoK; 2) 1uB. pucyHOK. 5.34. 1) [lus. pucyHOK; 2) AMB. PHCYHOK.
5.35. Nus. pucynok. Brasiexa. Ckopucraitrecs THM, 110 KO x € Z,
1o x* = r (mod 5) Tinbku npu r € {0 1; 4}. 5.37. f(x) =——x+%
5.38. g (x) = 13 — 3x. 5.39. f(x) =~ —x. Brasierxa. OCKilIbKH piB-

HicTh, 3a/1aHa B YMOBI, nnxouye'n.cn Nnpu BCiX X, TO 3aMicTh X Mij-
crapre -x. Orpumaemo f (—x) + 2f(x) = —x + 1. Is cucremu

fx)+2f(-x)=x+1, i ,
{f Gk BT amaxoammo f(x) = g - x. Bammunocs nepe
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uh | -
1 |

— e ——
1 2x 30| '3 |z

Puc. no sagaui 5.31 (3) Puc. po sazaui 5.32 (2)

: y& uh

-1 0 x

; 1 | = -10
_.‘_ _8 ——0 ---—-Cl_l O
e il e

Puc. go sagagi 5.25 Puc. po sagaui 5.33 (1) Puc. go sagaui 5.33 (2)

g

s

yh Iz
1 =l | [R— ] 1 [o
10 1 x T=10| 1 | =
P, S — Dbt )

Puc. no sagaui 5.34 (1) Puc. po sazaul 5.34 (2)

s . . . v+ . . ¢
i -5-4-3-2-100 1234 5
Prc. go sagaui 5.35
BipuTH, mo 3HaiAeHa (PyHKUiA 3aA0BOJBHAE YMOBY 3ajadi.
5.40. f(x)= s —]—. Brasiexa. ¥ 3ajaHy pieBaicTbL 3aMicTh X min-

*
e

2 2x
1 x+10 X o g
cTaBTe . 5.41. f(x) = = Braaziexa. Y 3anaHy piBHiICTB 3aMicTh

x migcrasre 1 — x. 5.42. 0; —2. Brasisxa. Ilogaitte fany dyHKIi0
y surasagi f (x) = (x + 1)®> — 1. Toai nerko BCTAHOBUTH, INO
F(f(f (2) = (x + 1)* — 1. 5.43. -5; -4, Brasiexa. f (x) = (x + 5)* — 5.
5.44. 1. Brasiexa. Ouesupnno, mo x° — x + 1 > x. Toai f (f (x)) >
Zf(x)>x.68.5)1; 6)1; 7)[0; +=<); 8) Z; 9) R \ Q. 6.9. 4) (—==; 0];

5) 8; 6) [0; 1); 7) {0} U (R \ Q); 8) 1. 6.10. 4) (= ~1), (=1; +oo);
341
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6) (k; B+ 1); k € Z. 6.11. 6) (1; 3), (3; +eo); T) (=05 0), [1; +o0).
6.12. 2. 6.13. m < -2, 6.14. 3pocTac Ha KOMHOMY 3 IPOMiXKKIB BHLY
[k; B + 1), k € Z. 6.25. 3pocTae Ha (—; 0], cnagae wa [0; +o0). Bka-
siexa. Cxopucraiiteca Teopemow 6.4. 6.27. 3pocrae Ha [a; +),
cnagae Ha (—e; a]. 6.28. Braasisxa. CkopucraiiTeca Teopemamu 6.2
i 6.3. 6.31. 1) m&nf(x): 1, Haitbinplloro 3HaYeHHA He iCHYE;

2) m&nf (x¥) = 2, mafibinpmoro 3HaueHHs He icHye; 3) fﬂ-iﬂf{x) =1}

e 0 : = . i
r&gﬁf(x)—‘i, 4) n}‘}nf(x) =0, n::‘xxf(x) i Bkasiexa. x" + 4 2
> 4x°. 6.32. 1) mgxf(i)z 13, HaliMeHIIOro 3HAYEHHS HE icHYE;
2) mgx f(x) = -2, maiimeHUIOro 3Ha4YeHHA He icHye; 3) "‘,ﬁiz?f(x) =0,
%ﬁ’,‘f(x) =1. 6.33. 1) 2; 2) 2; 3) 1. 6.34. 1) 3pocraioua; 2) apocra-

oua. 6.35. 1) Cnaagua; 2) cniaaua. 6.36. a = 0. Brasiska. 3 Teope-
Mpa 6.5 BUILINBAE, 1o AaHa DYHKIiA noBUHHA MaTH He OilblIe ogHO-
ro uyasa. 6.37.a=1.6.38.a < 2. 6.39. a < 1. 6.40. 1) -1. Bragsiaxa.
HoseaiTe, 110 JiBa yacTHHA PiBHSHHSA 3aKa€ 3pocTapvy (QYHKILiO;

2) 3; 3) 2. 6.41. 1) 1; 2) 9; 3) % 6.42. 1) 9. Brasiexa. JloBexiTs,

110 JiBa i IpaBa YacTHHM PIBHSAHHS 3a1a0Th QPYHKLII, OAHA 3 AKUX €

3pocTaiouoio, a Apyra — cuaanoio; 2) 1. 6.43. 1) 4; 2) 4, 6.44. (2; 2),

(-2; —2). Bxagsiexa. Ileplie piBHAHHA CHCTEMH NEPENHINEMO TaK:

X +x= y"' + y. Poarnauemo ¢yuxuilo [ (1) = t" + t. Bona € apocta-

wyow. Toai x = y. 6.45. (1; 1). 6.46. (1; 0), (0; 1). Brasisxa. Poa-
1

raaebTe yHEKUiO [ (t)=2\ﬁ +t*. Boua € spocrawouon. 6.47. 3

Bkasiexa. Oosenite, mo | x |+ |x-1|>1,a 4:‘? s <1. 6.48. 0.
+
Bxasisxa. Ius. npuxknan 7 . 6. 6.49. 1. Brasiexa. [laHe piBHAEHA

2
piBHOCHIBHE TakoMy: v2x-x' =% +1.6.50. 0. Bxkasiexa. [lane

2x
= 2
PiBHAHHA PiBHOCH/IBHE TAKOMY: \M —Ix[ == ;2 . 6.51. Brasiska.
x°+1

HOus. npuxaaz 8 n. 6. 6.52. Brasiexa. JIiBy uacTuny HepiBHOCTI mo-
naiire y purnami (B-A) x, + A+ B, e A=(1-x)(1 - x) ...
we(1-x),B=(1+x,)( +x,)...(1+ x). Posrnansre QpynKuino
f(x)=(B-A)x+A+ B, D(f) =(0; 1]. Insa 6yae-axoro x € [0; 1]

f(¥) < £(1). 6.54. 3. Brasiexa. llun. npuxaaz 5 n. 6. 6.55. 1, —L ‘2‘/5,
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J_ (53 1 1]3 +1
< ; S | Brasiexa. [MepenumiTs faHe PiBHAREA TAK: -—Lz-—— =x.

3
Poarasiubre (ynkuino f(x) = x_;_l_ 6.56. He moxxe. Brasisra. Jlo-

seaits, mo f(0)=7(1)= % 7.6. 6) Ilapua; 7) Henapua; 8) HenapHa.

7.7. Ilapua. 7.8. I1apHa. 7.9. Henapua. 7.11. 0. 7.13. 0. 7.14. 0. 7.15.
Ilapsa. 7.16. HenapHa. 7.17. Cnagsa. 7.18. 3pocrawua. 7.19. 2; 5.
7.20. —3; —1. 7.21. 0. Brasieka. JloBeniTs, 1o (pyHKENinA [ € cTaja0i0
Ha [-5; 5]. 7.22. 1) a = 1. Braasiexa. IToxkaxirs, mo npu Beix x € R
piBgicTb (x — 1)' + a (x + 1)' = (x + 1)' + a (x ~ 1)" BukonyeTHCA
nuuie npu a = 1; 2) a = —1. 7.23. Brasiexa. Jlanuii Bupas 3aaac
napHy QyHukuiro. JloBeaiTh, {0 MHONOYWIEH, KUt 3afac napay QyHK-
1io, He MiCTHUTL OfHOUJIEHIB HenapHoro crenens. 7.24. a = 1. Bra-
siewa. Jus, npurnag 3 n. 7. 9.17. a) y = 2 + 3; 6) y = —2x* - 1.
9.18.a)y=2x"-6;0)0y=4-2x.919.a)y=(x - 2, 6) y = ~3(x +

+38).920.a) y = .;-(x +4) 0)y=-2(x-10.921l.a)y=(x+ 2 -

—4;0)y=—(x-2"+56) y= %[x—3)2+1. 9.22. a) y = (x - 4)° -
- 5; 6) y = -2 {x + 6)° + 7. 9.27. OOuABa TEEPI>KEHHA € TTPABUILHN-

mu. 9.80. 3) Brasisxa. y= —2;:_21— E il x?-l; 4) Brasiera.
y= % x*i . 9.32. 2) Tus. pucyHok. Brasiexa. y = Jx - y=vJl+x -
X+
2

== \!1—%. 9.34. 5) Oue. pucyHok. Brasziexa. y = [x] - v =
=[x-1] > y = [2x - 1]. 9.35. 8) Ins. pucyHok. Brasigra.

y={x}>y= {x+-;—} Spy= {~;—+%} 9.36. ko a < 0, To KopeHiB
y
- —1——'—
L i -1 ‘_*m |
T = of h| | %
l‘l { J' T ) :_': y= 'J‘;
L] | 10 1 | |3 % |

Puc. no zapgaui 9.32 (2) Puc. no sagaui 9.34 (5)
! 343



Binnosigj Ta BKazieky 40 BNPaB

8y

Prc. go aanaui 9.35 (8) Puc. no sanaui 9.38

HeMae; akno a = 0, To oguH KOpPiHb; AKmO a > 0, To 2 ;copeai. Bixa-
siexa. Posrnauste rpadiku dynkuii f (x) =a - | x|i g (x) = 2%
9.37. a < 0. 9.38. fikmo'a < 1, To oauH KopiHs; AKmoO a > 1, TO
KOpediB semae (nus. pucynok). 9.39. Hxmp a > -2, To ofME KOPiHb;
AKmMo a < —2, 1o KopeHiB Hemae. 9.40. Axmwo a < 1, ToO
i = =5 * =|8- N :as
I[!;l':la.l]'lf(x) [1-a] r[r}:zgr.f(x) |8-a|; sxkmo 1 < a < TO
minf(x) =0, =|(3-al|; 8K = 2, mi =)
min £ (x) maxf(x) =|3-af; axmo a To minf(x)
=1 2 < a < 3, To min =0, =|1-al;
maxf(x) =1; axmo 2 <a To minf(x) =0, maxf(x) |[1-a|
#AKIo a > 8, To llliiaﬁlf(x) =|3-al, r:};as}:f(x) =|1-a| (auB. pECyHOK).

T Y

2 "
.__\

. Y

1

y=|x-a]J 3 x 2 s 1 2 S5

N \

3 x i x
Puc. no sapaui 9.40

9.42. filxmo a # 0, To 2 kopeni; nxmwo a = 0, To oaun kopink (AHB.
pﬂcyﬁox). 9.43. filxmo | a | > 2. TO KOpeHiB HeMae; /x| a | = 2, 70

aaiu KopeHis; Axmio | a | - 10 2 wopeni. Brasiska, lepenumits
plBH:mH.ﬂ Tak: 2 — | x| = I x - a | i ckopucraiitecs pucyHKOM.

-
9,44, Sxuo a]> O 2 ropewni; sxuwo |a|==, To oauR KOpiHE;
: |

AKIIO |a|< 3 TO Kopenin memac. Bragiexa. JluB. puCYHOK. 3na-

YeHHA NapaMeTpa d, Npd AKWX [OpAMa JOTHKAEThCH Ao napabonu,
MOMKHAa 3HAWTH 3 YMOBHM, IIl0 KBAJAPATHI piBHAHHA x — a = 2+1
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‘\\/ N " ‘.. :
5 8L

. ;0| 1
. | R |

Puc. go 3agaqi 9.42

=Yy

Puc. go sagavi 9.44

ia-x=x"+1 noBunHi MaTH onuH KOPiHE. 9.45. fikmo |a| > %, TO

KOpeHiB HEMAE; AKIIO0 ]a|=%, TO OMH KOPiHb; AKINO |a|<%, TO 2 KO-
peni. 108. 1)[-7; T); 2)[-3; 7}, [0; 6). 109. 1) -2; 2; y > Ompu x € (—<5-2) U
U(2;+o); y<O0mpuxe (-2;2); 2)-3; 2, y>0npu x € (—oo; —3) U
U (=3; 2) U (2; +e2). 10.11. Brasisxa. 1) CropucraiiTecd CXeMO0:
y=f@—>y=f(x—-1)—>y=7r(|x|-1); 2) ckopucraiireca cxe-
moro: y =f(@) > y=f(lx|)->y=7(]x-1]).10.13. 4) Jius.
pucyHOK, Brasisra. CropucTaiiTecs CxeMOI0: ¥ = Vx - y=~Nl+x -5 y=

1-2 i= \,4{1_-—_m. 10.15. 3) Hus. pucyHok. Brasisrxa. Cko-
pucrajitecs cxemow: y=vxr > y=Jr+2 >y VI x]+§ -2 y=
=|x-1|+ 2. 10.17. 1) Axmo a < 0, 70 KoperiB Hemae; aknpo a = 0

a6o a > 1, To 2 Kopeni; axuo a = 1, 7o 3 KopeHi; axmo 0 <a <1, 10
4 xopeni; 2) akmo a < 0, To Kopenis HeMae; axkmo a = 0 abo a > 1,
To 2 KopeEi; Aakmo a = 1, To 3 Koperi; AkmMo 0 < a < 1, To 4 KopeHi;
3) sxmo a < 0, To KopeHiB Hemae; AKIO @ = 0, To 3 KopeHi; AKMO
0 < a < 1, To 6 xopenis; sxmo a = 1, To 4 Koperi; axmo a > 1, T0
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e EEEEEET T
i -
’-:;-;i!.'" . = + + - > b : ‘i ]
TR R e
lof 1 T 11164 [ EECEERENE
Pue. po sagaugi 10.13 (4) Puc. no sagaqi 10.15 (3)

2 xopeni; 4) axmo a < 0, To Kopenip Hemae; sk a =0 aboa > 2,
to 1 Kopiun; axumo 0 < g < 2, To 2 wopeni. 10.18. 3) Axmo a < 0,
TO KopeHie HeMae; axmro a = 0 abo a = 3, T0 4 KopeHi; AKImoO
0 <a <1, ro 8 KopeHis; Axmo a = 1, 7o 7 KopeHis; axmo 1 <a < 3,
1o 6 xopemip; Axkmo a > 3, To 2 kopeni. 10.23. 1) [lus. pucy-

HoK. Braaiexa. CxopucTtaiiTecn cxemowo: Y= Vx - y=Nx-1-
sy=x[-1sy=Jxl-1-15p=[flx[-1-1} 10.25.a =0

a6o a = 2. 10.26. a = 1 abo a = —5. 10.27. a = -2 abo a:—%.

10.28.a=1a60a=- . 10.29. a-w— 10.30. a-'—. 11.10.-1; 1; 3.

C CINo W] | |=
\T [ Ena.
Puc. o sagaui 10.23 (1)

11.11. 4. 11.12, 1) 2 xopeni; 2) 1 xopins. 11.13. 3 kopeni. 11.14.
1) (-1; -1), (9; 9): 2) (2; 23), (8; 17). 11.15. (3; 15), (-1; 11).
11.18. 1) -25; 2) -13; 3) -22. 11.19. 1) 26; 2) 17; 3) -10. 11.20.p =1,

7 7

q = 4. 11.21. S~y b= g 11.22. a = 3, b= 5. 11.25.a = 9.

11.26. b= -16. 11.27. b= 18. 11.28.a < -1. 11.29.a > 3. 11.30. a =
0,860a=1,a00a=4.1131.c¢=-8. 11.32. ¢ = 14, 11.33. ¢ > 14,

11.34. a =g abo a = —g . Brasiexa. Caix suMarart, 106 piBHSHES

x* - 2ax + 3 = x - 1 mano exumuit poss’sa3ok. 11.35. a = -5. 11.36.
a)a>0,b<0,¢<0;6)a<0,b<0,c>0.11.38. Hi. Brasiska.
HopeniTe, 1o Yuchaa a i ¢ pisuux snakie. 11.39. Yaus, 11.40. ¢ > 0.
Brasiexa. 3 ymosu BuILIuBae, upo f (1) > 0. 11.41. 1; 3. 11.42. a = *1
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Puc. go 3agaui 11.54 (3) Pue. mo sagaqi 11.55 (2)

abo a = £38, Brasiexa. Moznyni kxoopAuHar epiinHu napabonu piexi.
1143, -2<a<0.1144.p=-4,¢=9.1145.a=1, b= -8, ¢ = 6.
11.46. a) —4; 6) 4. 11.47. 1. 11.54. 3) Jlus. pucynok. 11.55. 2) Jus.

pucysok. 11.58. a=-1. 1159, 2 xopemi. 11.60. Hi. Brasiexa.

T'padiky MaTL mepeTHHATHCA B Toumi, afcruueca Axol gopisHioe 1.
11.61. Hi. Braaiera. Ilokaxirs, o a = ¢. Topi yueno ~1 — vHyns
JiHiiinol ¢pynrnii. 11.63. —1. Bradiexa. f (1) 2 0. 11.64. Brasisxa.
Koopaunatu Bepiuius napabos mawoTh Burasag (a; a + 1). 11.66. Bxa-

x* -~ 2x, axmo x <1,
gigra. g(x)=1<-1, aemo 1 < x <2, 11.68. % Brasisxa.
x* -4x+38, axmo x > 2.

PosrnsmsTe QyHKLiD f (1) = £ + 2t + 2, D(f) = [mi; +w). 1169.a=3

abo a =-1:i§. Brasiexa, [JuB. puACyHOK.

A

.

mpuknan 8 w. 11. 11.71. a = 1. Brasis- N
xa. Tokasire, o x7 + x; = 2(a® +a-1), \

ne x, i x, — xopeni piBHanHdA. Jlane
piBHAHHSA Ma€ KopeHi, AKIIO Moro jAmc- 0 3 J
xpumMinanT D =4a -4 > 0, Tobro a > 1. S “‘\
Tomy noTpibHo ZocniguTy Ha HaltMeHINe ] } l \
snaveHHsA (yukmiio f (@) = 2 (a®* +a— 1), Puc. no sagayi 11.69
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Bignosigj Ta BkasiBkM 0 BNpas

D () = [1; +==). 11.72. a = 2. 11.73. Vci ToukH, AKi gexkaTh HUHKUE

Bii napabom y = —x° — 3. Brasiéxa. Maemo: 2a° — dax + x* —y - 3=0.

PosrasiHbTe 1IO PiBHICTh AK KBajpaTHe piBHAHHA BifHocHO a. Horo

auckpuminaat D = 8x° + 8y + 24 mae 6yty Big’emuum. 11.74. Axmo
3 1

a <-§-, TO 4 KOpeHi; AKII —Z€a< 1 TO 2 KOpeHi; AKI0 a = i,

TO OJMH KOPiHB; AKIIO 4 > %. TO KOpeHiB Hemae. Brasiexa. Pos-

rAAHYBIIY aHe PIBHAHHA AK KBaJpaTHe BLIHOCHO @, OTPHMYEMO TAKy

" a=-x*+x, - .
CYKYIHICTS: L . -—x'—l Ha xoopauHaTHii IUTomuni xa moby-
Ayiite rpadik panoro piBHammsa. 11.75. Brasziexa. CropucraiiTecsa
Tum, mo f (0) f (1) = f (¢). 11.76. Brasisrxa. Hexait napaboxna nepe-
TuHae oci koopauHaT y Toukax A (0; y), B (x;; 0) i C (x,; 0), ne x,

i X — HyJi kBagpatnyHol QyHKUil (1uB.

y pucyHok). Koo, sike npoxonuTs Hepes T04-

Ku A, B i C, nepeTHHaE BiCh OPAMHAT Y TOY-

A ui D. Maemo: OB+-0OC = OA-OD. Hani,
CKOPHCTABIINCE TeopeMolo Biera, mokasiTs,

IIo KOJI0O HpPOXOZUTH 4depe3d Toukry (0; 1).

D 11.78. Bxasiexa. Iosrauuno a = x i pos-
ol B e = rasinemo dyHknio f (¥) =2 + b + & — b -
- b% - ¢®x — 1. Maemo: f (x) = (1 — b) x* -
~cx+b +cf -be— 1. Axmo b # 1, TO
rpacdikom uiei ¢pyHruii e nmapabona, BiTKH
AKOl HAaNPAMJIEHI Bropy, a oTke, Hanbinblloro 3Ha4YeHHA HA BiApi3Ky
[0; 1] dyuxuis Habyeae B opuiit 3 Toyok x = 0 abo x = 1. Topai po-
cTaTHLO fgoBecTH ABL Hepismocri: f (0) < 0 i f (1) < 0. Bunagox
b = 1 posrinsneTe okpemo. 12.9. 1) (-2; 1); 2) (—==; —5] U [2; +=o);

8) [8-1] 0 (= -21) U (15 4o 5) (o5 -3) U (45 +oo)

Puc. po saga=i 11.76

6) [-12:1]. 12.10. 1) (s 11U (45 +x 2) 53 3% B (3 1)

4) (—oo; —10) U (1; +e0). 12.11. Tpu —5 < x < 4. 12,12, TTpu 1 < x < 2,5.
12.13. 1) -6; 2) -2. 12.14. 1) 1; 2) -3. 12.19. 1) 4 < a < 4;

2) -8 < a < 12; 3) %4(1«:'—3—. 12.20. 1) b<—1]—6 a6o b > 1; 2) b < 4
a6o b > 10. 12.21. 1) (0; 3]; 2) [ 4; ~0,5] U [6; +<=); 3) [1; 0) U (6; 10];
2(-5:-3). 1222.1) (s 1|u [2:3): 22010159 1223 1) 43 -3
~2; -1; 0; 1; 2) -3; -2; 1; 2. 12.24. 1) (6; +==); 2) (~3; 5) U (5; 6);
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3) (—e0; ~9) U (—9; 2] U [7; 9) U (9; +=); 4) (—1: g) 12.25. 1) [-2; 2);

2) (-5; 6) U (6; 7). 12.26. 1) (-11; 11); 2) (W,_%]u[%ﬁm);

3)[-5; ~3] U [3; 5k 4) (~oc5 1’”(‘2 1) U 1 +o0). 12:27. 1) (o3 ~1] U

U [-0.4; 0,4] U [1; +e); 2) [-2; 2 3) (-3:-2)u(L:l).

1228, 1) (-3; 4 2) (1545 3) (-2 1); 9) (o3 U G5 4 5) [-1; 0] U

0115 61 6) (o5 2 [U[ 1 4 o) 7) (oot 10:8) [ 2] U [B+ VIT; 4:0).
12.29. 1) (-6; -3) U (-2; 1); 2) (-1-v5;-2)u(-2-1+5);

3) (-5:3+2V2); 4) (~=; ~1] U [55 +=%: 5) (i~ 2); 6) (-2: 3.

12.30. 1) a > 4; 2) -1<a<3. 3) 0<a<l ;4) a>g. 5) a > 6.
1231.1)a > 9;2)3<a<T;3)a>1; 4 a > 4. 12.32. a>9.

12.33. a < —16. 12.34. 8*2‘/_

aﬁoxb4;smmo1<a<4.Tox>4:m~:moa>4,mx>a: 2) axo

12385, 1) Axkmoa<1l,Toa<x <1

a(—%. TO pO3B’A3KiB HeMae; AKIO —%<a€1, TO —%<x<a;

T —i—éxél. 12.36. 1) fixmo a < —8, 10 -8 < x < 9;

Akmo -8 <a <9, t0a < x < 9; AaKkwo a > 9, To po3B’A3KIB HEMAE;
2)akmpoa<l,Tox <a;axkmo 1 € a< 8, Tox <1; axmo a > 8, To
x<1abo8 <x<a.1237.1< a < 2, Brasisxa. Ymosa 3anaui 6yze
BUKOHYBATHCH, AKII0 MHOMUHA po3B’dA3KiB nepmoi mepiBmocTi
MicTHTHMe MHOYHHY po3B sskiB agpyroi HepiBHocti. Illykani

Bl i<a<s,

3H €HHA I[apaMeTpa d 3B A3KAMHM CHCTeMH

i s e 1<2-1<83.
1238, -1<a<Z 1239, a € [-2; 0] 1240. a € [0; 1). 1241,

—%}. Brasiexa. Maemo f (x) = ax® + bx + ¢. 3 ymoBu Bunausae,

mo f (1) < 0. ¥Ymosi 3agadi BignoBizae KAiTHHKA @ Tabauni

na c. 117, 12.42. @. 12.43. l)a——aﬁo ——Sai— 2)0<a<—;—
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12.44.1) a :-g abo-1<a<1;2) 0<a< g 12.45. Brasiexa. Pos-

razusTe GyHKLiL f (¥) = ax’ + bx + c. 12.46. Brasiexa. Poarians-
re pyrrnio f (x) = cx’ + bx + a. 12.47. 1; J.?E: J:l_l; 7. Brasisxa.
Moskna 3anucatd x° — 8 (x — {x}) + 7= 0. 3piacu ¥* - 8x + 7 = —8 {x}.
Po3p’a30K DiBHAHHA CHiJi lWuykaTH cepel po3B’s3KiB cHcTeMH
{xﬂ —8x+7<0,

x> -8x+T>-8.
mazgkie: 1) x € [1; 2); 2) x € [2; 3); B) x € (5; 6); 4) x € [6; T);
5) x = 7. Ilna nuux sunankis [x] gopiBHioe Bignosiguo 1, 2, 5, 6, 7.

12.48. 1; J7; i8; Ji9; 5. 138.1. 4) (—1;%)U(3;+a:‘).

13.2. 4) (~oc5 — 5)u(_E o) (32) 13.3. 2) (=005 ~1) U (3; 4) U (4; +oo);

3) (—oc-;—ﬁ)u[—g i) (4 ) 13.4. 3) (-—oo;—d)U(%;Z)U(2;3).
135. 2) (-3 2); 1) (o3 -8) U @ +=). 186. 2) (- 2:3) U@ +eor;

4) (“‘ Va1, } (“"_ ) 137. 9 (50 u(L; )uu 8);

7) (=2; 1) U (3; 4). 13.8. 4) (- -T) U (=1; 1) U (2; +eo);
6)( )u(z 3) U (T; +); 8) (~0; —2) U (V35 —1) U (1; V3B) U (2 +0).

Maemo x € [1; 3) U (5; 7). Hauni posrnsusTte 5 BU-

13.9. 5) (—w;ml)U(.E)U(l;+w); 1) =6z =1) U (25 3).

13.10. 5) (—o=; —4) U (~3; 3) U (6; +<); 8) (—/2; 0) U (1; V2) U (2; +0).
13.11. 2) (—=; 1] U [2; +o0); 4) (—e; —8] U [0; 2). 13.12. 3) (—oo; —6] U
U [4; 6]. 13.13. 1) (—o=; —4] U [5; +e) U {-3}; 5) (-3; —1] U {0}.
13.14. 2) (=eo; 5] U [-4; 0] U {2}; 3) (~3; —2) U (-2; —1] U (2; 3] U {7}
13.15. [-1; 0) U (0; 5] U {-2}. 13.16. [-3; 0) U (0; 4] U {5}.
1317.1) 4 <x<-3a6ox>5;2)-4sx<-3abox 2 5; 3) x <—4;
4)x < —-4,a60x =-8,a60 x =5.13.18.1)3 < x < 7;2)3<x< 7
abox=-2;38)-2<x<3;4)-2<x<3abox=17.13.19.(-3; 0] U
U (3; +e0). 18.20. (—4; 1] U (4; +==). 13.21. 1) (—o=; —8] U [-3; 3] U
U [8; +o); 2) (—o0; 0) U (15 +eo); 3) (—o; 8); 4) (-2 1-V7) U (242; +0).
13.22. 1) [-7; -5) U [5; T} 2) (-5; —2) U (-1; +o0); 3) (-5; —2) U

U(2;8) U (3;5); 4)[-1: 0). 13.23. 1) I:%; 1) U(L; +); 2) (—eo; —4] U
U [-1; 1] U [4; +<); 3) [(}; g] U [g, +a0). 13.24. 1) [4; 5) U (5; +==);
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2) (—o0; —3]; 3) (0; +e0). 13.25. 1) [3; +<). Bradsiexa. Iloguaunpimu
2 — 1 =aix*—- x— 6 =), MOXKHA TOMITHTH, LI0 AaHe PIBHAHHA
mae urnan |a | + | b | = a + b. Tenep ckopucraiiteca ThM, MO
|a|+|b|=a+ b roai it Tinekr Toxi, ko @ » 01 b > 0 (mo Oyno

nposezero y 8 knaci); 2) (—ee; —2] U [—1; +e=). 13.26. 1) [g. 2] U [3; +0);
2) (~e; —2] U [1; +w). 13.27. 1) fAxmpo a(—% a6o a > 1, To
X E (—%i 1); AKILO —% <a<l T x€ (—%; a) U(a;1); 2) armo

a<—§ abo a > 1, 10 xe[—g;l]U{a}; AKLLO —%Qaél, TO

xe[—g; 1]. 13.28. 1) flkmpo a é—% aboa > 1, T0 xe(mg; 1); AKII0

-%<a<1, TO xe(“g-;a)u(a; 1); 2) axmo ¢Jt<—E aboa > 1, T0

T
x e[—g; 1] U{al; axmo —g <a<l, 10 x€ [,g; 1]. 13.29. 1) Axmo

a<l,Toxe (a; 1) U (1; 8); saxmo 1 < a < 3, 10 x € (a; 3); axmo
a = 3, To po3B’ABKIB HeMae; AKIIO a > 3, T0 X € (3; a); 2) akmo
a<1l,10x€[a;3)axwo 1 <a<3, Tox € [a; 3] U {1); axmo
a=3,roxe {1,3}; akmo a > 3, to x € [3; a] U {1}. 13.30. 1) Axmo
a<-2,toxe (a;-2)U (-2;1); sxmo -2 =<a <1, tox e (a; 1);
Axkmo a = 1, 710 posB’sskis HeMmae; akmo 4 > 1, To x € (1; a);
2) agkmo a < -2, 10 x € [a; 1]; axmo -2 <a < 1, 10 x € [a; 1] U
U{-2}; armoa=1,T0x€ {-2, 1}; axmo a > 1, ro x € [1; a] U {-2}.

13.31. 4 %; 5. Braslarxa. Moxxua samucata 2 {x} — {x} [x] = [x] + {x} - 5.

3eigcn {x} (1 = [x]) = [x] — 5. OcTanHE piBHAHHA PiBHOCHJIbHE TAKOMY!

{x} = (IEEE—; Tenep 3poayMiyio. o MOTPi6HI 3HAYEHHA COig ITYKATH
L{]—_5 <1

cepeji po3B’ABKiB CHUCTEMH L=fil 13.32. 5%: 6. 14.1. a < -1

x1-5 5 9
1-[x]
a6o a>%. 14.2.a < -13 a60 0 < a < 1. 14.3. %'éa<1 a6o a > 3.

14.4. —§<a<—% 266 a > 1. 145, a >§. 14.6. a < -3 a6o

-1€ac< —%. 14.7.1<a < g Brkasisra. Poar/iaHbTe BUNIAAOK a = 1,

a norim 3pobiTe 3agaHe piBHAHHA 3BeaeHmMM. 14.8, a < -2 ao
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--;-<a<2. 14.9. a < -2 a6o a > 5. 14.10. 2 < a < 5.

14.11. —%Qac—%. a6o a > 12, a6o a = 1. 14.12. —§<a< 2.
14.18. a<-1-vJ3 a6o a>+v3-1. 14.14. ac-'-:;- abo a > 3.

14.15. a < - % Brasiska. Ilpu a 2 0 ymoBa He BuKoRyeTheA. Jlaui,

NO3HAYMBINH JBY YacTHHY HepiBHocTi f (x), nmcamn, mo myKaHe

a<0,
erpa € ’H3KOM CYKVYIHOCTI B4
3HAYeHHA IIapamM B 1 C TeM
Cm e i wore 1w <o,
. x, 21
a<0,
i {Dw 14.16. a <§ 6o a > 7*‘/_3. 14.17. a > 1. Brasisxa.

Ilepexonaiitecsa, mo a = 0 ymoBy 3afavi He 3afioBosbHAE. Jlani 3a-
OHINiTH YMOBH, SAKi BiANOBiAAIOTE KOXXHOMY 3 NON0XKeHs nmapabonu

Ha pHcyHKy. 14.18. a >-1~9§. 14.19. a <-l§§. Bxkasigrxa. Ockinbku

MOPOXKHA MHOMHHA € NiAMHOMXHHOI0 OyAL-AKOI MHOMWHH, TO 3HA-
YyeHHHA NMapaMeTpa, IPH HKHMX Ieplla HepiBHICTh He mae po3B’sA3Kis,
38/0BOJILHAIOTH YMOBY 3anaui. 14.20. 0 <a < V2. 15.1. 1) (4; -2);
2) (%,%}, 3) (0; 1), (15 1); 4) (0; 0). 15.2. 1) (3; -2); 2) ( g g
3) (1; 0), (1; —-1); 4) (0; 0). 15.9. 11) Brasziexa. x = ly
sx-1=Jyox-1=fy|ox-1=Jy+1| > |x-1=fp+1]
(nus. pucynok); 12) Brasiexa. x =y »x-1=Jy+1 —>|x|-1=
=Jy+1 —->| x[-1= y|+1 (auB. pucysok). 15.11. 4) Braasiska.

oy Wy
?2_;%1 /2 é \*

Puc. go sagaqi 14.17
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+

Prc. po samaui 15.9 (11)

Puc. no zagaswi 15.9 (12)

x=yPosx=@-10>|x|=(lyl-D->|x+2[=(|ly|- 1)
(zus. pucyHok). 15.15. 4) Brasiexa. x + y =2 - | x|+ y=2 >
>|x|+|lyl=2-lx-1]|+|y+2|=2-5|2x~1|+|y+2|=2
(nuB. pucynok). 15.16. 5) Brasiexa. x ~y =2 > |x |-y =2 —
Ss|x|-|lyl=2-=x+1|-|y-1|=2>|x+1|-|2y-1]|=2
(nuB. pucyHok). 15.17. 8) Brasisxa. Jlane piBHAHHA piBHOCHJIBLHE

NS ((EIES VIS 8 :
cucremi 15.18. 8) Bkasiexa. Ilare piBEAHHA

y=0.
I;\"“
"--..._.____' :/,
11
o] 1 x
et .
// [l

Puc. 7o sagawi 15.11 (4)

v

| j?‘{

R |

~~

Puc. no sanaui 15.15 (4)

f 14
BRE
NE<E
o1y

i

.

Puc. go sapaqi 15.16 (5)
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2 e
piBHOCHNBEHE cucTeMi {x +(vl-2) =4, 15.21. kmo | a | > 1, 10
x20.

1 xopius; sxmo | a | = 1 abo |a|=§. T0 2 KopeHi; axmo |a | <1

ila]= %. 10 3 Kopeni. Brasiexa. IlobyayitTe B cucTemi KoopauHAT

xa rpadik saganoro pisuanuA (AUB. pucyHok). 15.22. fikmo a < -2,

TO po3B’A3KiB HeMae; AKmo ¢ = —2, To 1 Kopiue; arkmo -2 < a < 0,

ao a =1, abo a > 2, T0.2 Koperi; axmo a = 0 abo a = 2, To 3 Ko-
1 1

E <ac< 3 abo

a= % Brasisxa. Maemo: ax = V8x—x* —15 +1. I'padikom pynK-

peni; axkmo 0 < a < 2ia # 1, To 4 kKopeni. 15.23.

oii ¥y = ax € npaMa, AKa OPOXOJHTHL Yepe3 MOYATOK KOODIHHAT.
T'padikom pyErnii y = 8x - x*-15+1 e niskomo kona (x — 4)2 -
+ (y — 1)* = 1, axe nexurh BUILe Bix npamoi y = 1. Ykasani rpadi-
KU TIOBMHHI MaTH ofHy cniapHy Touky. Liif yMoBi BiznosigaoTe (ouB.
pucyHoK) qorwuna OM i 6yap-fiKa OIpAMa, AKa MIPOXOAUTHL depes Io-
4aTOK KOOpPAUHAT, KYTOBUil KoedilieHT Axoi He MeHIIuH, Hix KyTO-
Buil Koedinient npamoi OB, i Menwmuii, HiK KyToBuil KoetimieHnT
npsamoi OA. 15.24. -% < a < 0. 15.25. I'pahik CKIAAAETHCH 3 YOTH-

peox Touok: (1; 1), (1; —-1), (-1; 1), (—1; —1). Brasiexa. [losenits,
mo (x* + 1) (y* + 1) > 4x%’, i 3’scyitTe ymoBy foCsrHEHHA PiBHOCTI.
15.26. I'padik cknagaerben 3 opuiel Touku (1; —2). 15.27. I'padik
cknagaeTees 3 9 Touok: (1; 1), (0; 1), (15 1), (1; 0), (0; 0), (—1; 0),
(1; -1), (0; —1), (-1; —1). Brasiexa. Cxopucraittecs THM, IO IPH
0 < ¢ € 1 BUKOHY€ETBCH HEPiBHICTD Jt >t 15.28. I'padik craagaeTsb-

CA 3 JIBOX TOYOK: (2—\/§; 0) i (2+\/§; 0). Brasziexa. 3actocyiiTe

al r +
‘M
0 3 5 x
Puc. no sagaui 15.21 Puc. go sagaqi 15.23



Bignosiai T2 Bka3siBku [o BNpas

uepiBaicts Komi—Byuskoeeskoro a0 vHabopis (15 1; 2) i (\Ix-} :

Jx-y;vxt +1 ) Hani ckopucraiiTecs yMOBOK PIBHOCTI B HepiBHOCTI

Komi—Bynsaxoscekoro. 15.29. [lyra kona x° + y* = 1, aka aexuTs
y nepmiii useprti. Brkasziexa. 3actocyiiTe Hepisricte Komi—By-

HAKOBCBKOTO /10 HabopiB (x; V1 —x’) i Ul -y%; y). 15.30. MuoxH-

Ha OpAMHX BUAY Yy = x + ¢, e ¢ € Z. 15.31. Vei Toukn KOOpAMHATHOL
NJIOIMHY, AKi MawTh uiai koopausatu. 15.32. 3. Brasierxa. Hexaii
|x|+|y|=a, ne a > 0. Tpeba snaiitn '
HaliMeHIle 3HAYEHHS napamerpa @, IpH
sixomy xsagpart | x |+ |y | =a i xono x* +
+ (y — 4)* = 1 maioTs CHiNBHY TOYKY (AMB.
pucyHok). 15.33. 4. 16.2. 4) (0; 0), (1; 1);
5) (0; 4), (5; —-1). 16.3. 1) 2 po3p’sA3KH;
2) 3 poss’saku; 3) OAMH pPO3B’ABOK;
4) 2 posB’aAskH; 5) pos3B’aA3KiB HeMae;
6) 3 posg’sizku; 7) 4 poss’ssku; 8) 2 poa-
B’siskn; 9) 3 pose’sizku. 16.4. 1) 2 pos-
B’'A3KHK; 2) posp’sskie Hemae; 3) 2 pos-
B’s3KM; 4) 4 poss’askH; 5) 2 po3B’AKH,; Puc, zio saxasi 15,82
6) 2 poss’saku. 16.6. 1) fAxmo a > 0, 10

2 posp’askmu; skumo a = 0, To oAMH po3B’A30K; AKImO a < 0, To
po3B’sskiB Hemae; 2) saxmo a < 1 abo a > V2, 10 Ppo3B’sI3KiB HeMaE;

AKmo a = 1 abo a=J§, TO 4 PO3B’A3KHM; AKILO 1<a<J§, TO
8 posp’askiB; 3) AKWO a < —% abo a > 2, To po3B’A3KiB HeMae;

AKIIO a=—% abo —2 < @ < 2, To 2 po3B’ABKY; AKIIO —-zl<a<—2,

TO 4 pPO3B’A3KH; AKINO @ = —2, TO 3 PO3B’A3KY; AKIIO @ = 2, TO OAUH
posB’A30K; 4) AKIO a > —-}, TO 2 PO3B’A3KHM; AKIO a = —%, TO OfUH

PO3B’A30K; AKIO a < —%, To po3B’AskiB Hemae. 16.7. 1) Skuo
a < 1, To pose’szkis Hemae; axkwo & = 1, To 2 poap’Asky; Axmo a > 1,
T0 4 po3B’sasKkH; 2) AKIIO 4 > 32 abo a < -3, ro pO3B’A3KIB HEeMae;
AKINO @ =3J2 a6o-8<a< 3, To 2 po3B’ABKH; KO 3 <a < 3~J§,
TO 4 PO3B’A3KH; AKINO @ = 3, To 3 PO3B’A3KH; AKIIO @ = —3, TO ONHUH

po3B’A30K; 3) AKLIO a <% abo a >1, To po3B’aA3KiB HeMae; AKINO
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a= % abo a = 1, To 4 po3B'A3KH; AKIMO % <a <1, To 8 po3p’askKiB;

4) axmo 22 <a <22, 1o pO3B’A3KiB HEMAE; AKI0 a = -2+/2 abo
a=2J2, 10 2 PO3B’A3KH; AKMO Q< -2V2 abo a>2v2, 10

4 poss'ssku. 16.8.a # -1 a+ 2. 16.10. a——%. 16.11. @ = -7.

16.12. a = -2, b = —-T. Bxaazena. HOpyra cuctema npu 6yab-siKHX
3HAaYeHHAX napaMetpis a i b Mae egunnii poss’ssok. 1o BracrusicTs
NoBUHHA MaTH i nepma cucrema. Tomy npami x + y=3ix + 3y =3
NepeTHHAIOTLCH B TO4I, KOOPAHHATH SAKOL € PO3SB'A3KOM KOMHOL
ia cucrem. 16.13. b = 3. Brasisxa. Axmo a # —3, To cucreMa Mae
pose’sizku npu Gyab-axomy b. Posrnauesre oupemo BUIAA0K, KOJH
a=-3.16.14. a =g. 16.15. a ~ 1. 16.16. ¢ = —- . 16.17. ¢ =3

16.18.a < -3 abo a > —31 16.19. Bxasiexa. CkopucraiiTecs THM, 10
KOJIM napa yucen (x,; y,) € PO3B’3KOM KOXKHOro 3 pisHaAHS F (x; y) =
=01 G (x; y) = 0, To BOHA TAKOXK € po3B’AsKoM piBEsEHEA F (x; y) +
+ G (x; y) = 0. 17.1. 1) (-1; 1), (=3; —1); 2) (6; 1), (-6; —2); 3) (5; 3),
(-1,5; —-10); 4) (2; -2); 5) (4; 3); 6) (0; 0),
(-2,4; 4,8); 7) (2; 2,5), (-4.,4; —2,3); 8) (4; -1), (0; 3). 17.2. 1) (-1; 4),
(-0,5; 2,5); 2) (4; 2), (20; —-14); 3) (6; 9), (-9; —6); 4) (1; 0),

(-0,5; 0,75); 5) (2; 4), (3; 3); 6) (1; 1), ” 38) 17.3. 1) (3; 4),
:6:2) -2 1), (-6 2): 3G 0z ) s 8, (352 5) -1; -2).

174. 1) (2; 1), (5:—5); 2) (1; 5), (?;—2); 3) (19; 8), ( ;—%):
4) (-15; -5), (3; 4). 17.5. 1) (1; 1), (1; —1); 2) (2; 1), (2; 1), (-2 V5),

(-2;5); 3) (-3; ¥7), (-3;-v7). 17.6. 1) (1; 1), (2; 0); 2) (1; 0),

0; 1), (-1; 2); 8) (2; 1), (-2; 1). 17.9. 1) (2;— %). [2: %]-
2) (g;t)). (—% ] (-1; -3), (%, 2); 3) (—4; 6), (-4; —6), (%;2%);

4) (-1; 4), (4 -1), (5 2), (& -5). 17.10. 1) (% 8), (0; 1), (15; 1);
2) (1; 1), [1,‘3—*2-‘/2—_1) et 21, (0 2), (65 20 ) (15-2),
(-1:-3) 9@ -1 12,2 D, (1:-2. 1701 D 2:0), -2 -D),
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(1; 0), (1; -1); 2) (3; 2), (-3; -2); 3) (3; 1), (-3; -1), (12;_%),
(-12; %), 4) (-1; —1). Brasisxa. BiguiMiTe Big nepmoro piBHAHHA
CHCTEMH JApyre PiBHAHHA; 5) (——' - —) 17.12. 1) (2; 1), (-1; 1), me

t — 6yab-axe uucno; 2) (2; -1), (-2; 1) 3) (1; 1), (-1; -1), (3:5 ’

(——,—3) 4) (2; 2); 5) (l -:1;] 17.13. 1) (3; 1), (1; 2). Bxasiska.
ITomMuOxTe O6MABI YACTHHH APYToro pimmnnn cucTeMH Ha 3 i Bia-

= 13) 3) (-1++2;-2),

(—1—J§; —2); 4) (1; 1). Brasiexa. [lonaiiTe piBHAHHA CHCTEMH

Ta orpuamaiire (x + y)° = 8; 5) (1; 1). Brasieéxa. [lona¥ire piBHAHEA
cucremu; 6) (1; 0). 17.14. 1) (2; -5), (3; 2); 2) (-1; 1), (-2; 0);

3 1).["5 L), [—"5”;—‘/"—'2“]; 4) (-1;-1); 5) (-1 0).

2 2
1715. ) L 10: 2 5 1, (35-1) 3y 5 ), 1 -25 9.3 -0),

HiMiTe Big mepmoro; 2) (2; 1), (

(-—6 %; -4 %) . Brasiexa. PosknajiTs J1iBi YACTHHM KOMHOIO 38 PiBHAHB
Ha MHOXXHHEKMN; b) (2; 2), (—ﬁ' - E)' 6) (4; 2), (-4; -2). 17.16. 1) (1; 2),

1 -2, (5 -2), 1 25 2) (3-2) By @ -, 2 D, @ -2,

(-1; 2); 4) (1; 1), (7; —2). Brasziexa. Ilounerno noxinite aisi i mpa-
Bi WacTHMHM piBHAHB CHCTEMH, HONEPeAHLO TNEepPeTBOPHBIUHK Iep-
me pisaaEHEA Ao Buraaay (x + 3y) (x + 1) = 8, a apyre — A0 BH-
enazy (= + 39) (v~ 2) = 4 5) (1; 3), (-1 -3); 6)(3; -1, (—L- 1).
17.17. (1; 0), (-1; 0). Bkaasiexa. IlepemHOXuUBIIK BianosigHO niBi
i mpaBi 4acTHHH pPiBHAHB CUCTEMH, OTPUMAEMO PiBHAHHA x® =1, ake
€ HacnmizkoM panoi cueremu. 17.18. (1; 0). 17.19. 1) (4; 2), (—4; —2).
Brasiexa. IlepeMHOKHBIN PiBHAHHA CHCTEMH, OTPHMAEMO PiBHAH-

HA, niniite BigHOCHO xY; 2) (35 1), (-32; %) 17.20. 1) (1; 2), (—1; 2);

2)(1; 1), (-1:-1), (15 -1), (=13 1). 1721. (1; -8), (-2 1), (-1; 2),
(2; —=1). Brasiera. Ilepiie piBHAHHA CUCTEMM POSKJIALITH HA MHOMXK-

muku. 17.22. (1; 1), (-1; -1), [ﬁ; sz_‘i] [-J" = J“) 17.23. (3; 1),
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(%: ~1 ) Braasiara. IlomHoTe Iepille piBHAHHA cUCTeMH HA X, JpPY-
re — Ha —y i gopaiite orpuMani pisaanusa. 17.24, (0; 2), (0; -2),
(1; =3), (-1; 3). Brasiexa. 3 xpyroro piBHAHHSA BHPa3iTs y° uepes x°.
VYV nepmoMy piBEaHEHI sammmiTts y® = y'-y. 17.25. (1; 1),
(-1; 1). Brasiexa. 3 nepiioro piBHAHHA CHCTEMH BMpasiTs x* depes y.
IligcTaBTe OTPUMAHMIA BHPas y Apyre piBHsaHHA cucTemu, [ToxaxiTs,
L0 OTPUMAHE DIBHAHHA Ma€ €IUHHI KOpiHb, AKHI 3a70BOJILHAE

YMOBY y?-;w. 17.26. (3; 1), (3; -1). 18.1. 1) (3; 2), (-3; —2);

2) (%;-?-5‘1); 3) (14; -11), (11; -14); 4) (6%;5—;), (%-‘2?%;11%).

18.2. 1) (2; 3), (3; 2), (-2; =3), (-3; -2); 2) (-3v2; -v2), (-8v2; V2),
(3v2;-v2), (3vZ2); 3) (—%:-«‘-ﬁ]. (2; 1); 4) (-4; 0),

8
w0, 32 o s =43 8 T B s
(49,22} 183 1) (6 2), (-6; -2 2) @ 1), (-3 D),

(14%, 4@). (_14 106, 4106

53 * 53 53 '’ 53

J; 3) (9; 12), (-12; -9).

Brasiexa. Buxonaiire saMiny x — y = u, xy = v; 4) (8; %), (_4; %)
184. 1) (-1; 2), (-2; 1); 2) (2; 3), (-2; —3); 3) (11; 1); 4) (2; 1),
(6;-3), (6+23; -2-243), {6-23;-2+2V3). 185.1) (§;~2).

Brasiexa. Bukonaiire saminy \/9x% + 2y + 1 = t; 2)(2; -2). 18.6.(2; 3),
(-%‘-; %) 18.7. (2; 1), (-2; —1). Brasiexa. Bukonaiite saminy 5 =t
18.8. 1) (-2; 3), (12; 24). Brasiexa. Buxonaiite saminy m =y,

9-2x+y =v; 2)(2; 3), (-2; -3), (=2; 3), (2; -3). 18.9. 1) (~10; 26),
4; 5); 2) (2 1), (=2; -1). 18.10. 1) (3; 1), (-3; -1), (~V2:2+2),
(V2; - 242); 2)(2; 1), (-2 -1), (1; 2), (-1; ~2). 18.11. 1) (0; 0), (2; 2),

©.5:-0.1: 2) (-3: 1), (=5: 2. 18.12. 1) (13 2), (15 -2); 2) (4: 2),

ST te -2 ~ __ 25 1 25 | 1].
(43 -2); 3) (1; 1), (-1 1),( P 149.7—149} [7—3 5o ):
e ¢ - 5 . s {
4)( mo Uﬁ)' (71—1, m). (3; 4), (-3; —4). 18.13. 1) (2, 2),

1.1

(-5:1), @ -0, 2 10; 2 @ 2, (1 -2 3 @ D), (2 -1)
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1) (2 -1), (-2 1),( 75_72.3.) (75_ T) 18.14. 1) (3; 1), (1; 3);
2) (2; 1). 18.15. (2; 1), (-1; -2). 18.16. 1) (1; 2), (2; 1); 2) (1; 1);
3) (2; 3), (35 2), (-5; 2), (2; -5). 18.17. 1) (4; 1), (15 4); 2) (3; 4),
(4; 8), (-2-3; -2+ v3), (-2+3; —2-+3). 18.18.1) (3; 4), (4; 3),
(11+2431;11-231), (11-2V31;11+2V31); 2) (4; 1), (1; 4);
3)(2; 1), (1; 2), (-2; 1), (1; —2), (0; =3), (-3; 0). 18.19. 1) (2; 2),
(-2-2V2;-2+2V2), (-2+2V2;-2-2V2). Brasiexa. Poskpuii-
Te AYKKH B mepuioMy piBHAHEHI cmcremu; 2) (—2; 3), (3; —-2).

) . -5+Jﬁ,—5—~/ﬁ) (—5—@_—5”\/3 Y
18.20. 1) (4; 1), (1; 4), ( g =], 5§ )
§) 6 8), (3(Ji~1);_3(\/5_2.+1)), (_3(Ji+1);3(\§-1));
3) (1+v3;1-43), (1-v3:1++3). 18.21. 1) (4; 8), (8; 4); 2) (1; 1),
(1; -2), (-2; 1). 18.22. 1) (2; 1), (1; 2), (-2; 1), (1; —2), (2; 1), (-1; 2),
(-2; -1), (=15 —2); 2) (2; 1), (1; 2), (=2; -1), (-1; —2), (0; 2), (2; 0),
(0; -2), (-2; 0); 3) (2; 1), (-1; 2), (-2; 1), (1; —2). 18.23. 1) (1; 3),
3; 1) (-1; -3), (-3; -1); &) (-8; -2), (-2; -8), (2; 8), (3; 2%
B @ 1, (4 2, -1 -2), 5 -1), (B;5), (8,5)

52104 \1G" 8§

( J_' J_) (-£ _,\/__) 1824.1)(5; 4), (—5; ~4), (15; ~12), (-15; 12);
2) (5; 3), (5; -3), ( J- J_J (—@:—@J. Braszisxa. Iepenn-
ImeMo Iepie DiBHAHHS CHCTEMH TAK: X° —y2+(x+y)1’£—:_—§ = 20.

Hexaii (x+y)1{x—‘5‘- =¢. Toni t*+ ¢t — 20 = 0. 3izcu t = —5 abo ¢ = 4.

"‘* ~Jx +y)(x - y) = -5,
(x”") 5 x+y<0,
(x+y)’ { (x+y(x-y) =4,

x+y>0;

(2; 1), (2; 3). Brasiexa. Buxouaitre saminy x° — x = u, y* - 2y = v;
4) (1; 1). Braaziexa. IloginiTe oOMABI 4acTHHM APYroro piBHAHHA

()

3)(-1;-1),(-1;3),

cuctemMu Ha xy. 18.25. 1) (5; 4), (5; —-4),

359



Bignosiaj Ta Bka3iBku N0 BNpas

R R

2
(_"E--”;z-\lﬁ]. 18.26. 1) (V6; -2v6), (—/6;2V6). Brasisxa.

PosrnsekTe mepie PiBHAHHA CHCTEeMH SK KBaJpaTHe BiJHOCHO X
i gosenits, mo y* > 24; 2) (1; —1). Brasiexa. PoarafanyBIIM KOMXKHE
PiBHAHHA CHCTEMH AK KBaJpaTHe BiJHOCHO X, MOJKHA MMOKA3aTH, IO

4
S 3) (2; 2). 18.27. 1) (JE; %)

Y 3a0BOJLHAE YMOBY {y

y H
(—Je‘;—%); 2) (-2; -1); 3) (2; —1). 18.28. 1) (2; 1), (2; —1).
Brasiexa. 3anumiTe nepme piBHAHHA cucTeMu Tak: = (x — 2)° + 1.
Toxi aposymino, mo y* > 1; 2) (8; —1). Brasiexa. 3 nepmoro piBHAHEA
CHCTEMHM BHILIMBAE, 10 X — Y < 9, a 3 Apyroro piBHAHHA X — Yy 2 9.
18.29. 1) (2; 3), (-2; 3); 2) (3; 2). 18.30. (0; 1), (1; 0). Brasisxa.
3 nmepmoro piBHAHHA CHcTeMH BHMnJMBae, mo | x | < 1,
| y| < 1. Toai x° < 2%, p° < 3/, amimem x* + p* < 2* + 2 = 1.
18.31. (0; 1), (1; 0). Bxasiera. losemith, mo 0 € x < 1,0< y < 1.
18.32. (0; 0), (1; 1). Brasisxa. Bignimemo Bix neprroro piBHAHHA
cucremu apyre, orpumaeno (y° — y® + y) — (x° — ' + x) = ¥ - A
Bpigen x* + x = y® + y. Jdani ckopucraiiteca THM, IO QYHKUiA
f (t) =t + t € apocraouocio. 18.33. (0; 0), (3; 3), (-3; —3). 18.34. (0; 0),
(1; 1), (=1; —1). Bxraazisxa. I cnoci6. Cniag sayeakuTm, mo Bci
pPO3B’A3KH CHCTEMH 38J0BOJBHAITL yMOBY | x | < 1i|y| <1
(auB. npuknax 2 n. 5). 3posymino, wo napa (0; 0) — poss’asok cHc-
Temu. Jlani, nmepeMHOXKHMBIIM DIiBHAHHA CHCTEMH, OTPHMAEMO

4xy g . y 4 .
PP I xy. Ilpn x # 0 iy # 0 maemo _(1+x’)(1+y2) 1,
1
OcTaHHSA PiBHICTH MOXKJIHBA JIMINE 38 YMOBH {xz _:' I1 cnoci6. Pos-
¥ =1

rafaebTe QyHKOiL f(t) = I_%f,;? Hoeexnits, 10 BOHA 3pOCTAE HA IPO-
+

f(x) =Y
f(y==x.
f (f (x)) = x. Ockinsku pyskuin f apocrae Ha npomixkky [—1; 1], To
3a Teopemoio 6.6 maemo f (x) = x. 18.35. (0; 0), (1; 1). 18.36. a = -2,
Bxasiera. Axmo napa (x;; y,) € po3s’A3KOM cHCTeMH, TO napa (y,; x,)

MERKY [—1; 1]. 3anana cucrema HabyBae BUTIARY { 3eigcu

TakoK € ii poss’askoMm. 18.37. a = -1 abo a =§. 18.38. a = 2.
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19.4. 2x + 3y » —-1. 19.5. 3x - y > 2. 19.14. [lus. PUCYHOK.
19.15. Ous. pucynok. 19.16. 1) I'padikom € 06’ eqHAHAA NiBILIOIMHY
i mpamoi (ouB.pucyHOK); 2) rpadikom € BiiKpUTA NiBOIOMMHA, 3 AKOI
«BHpizaHo» OpoMiHb (auB.pucyHok). 19.18. 3 < a < 5. Brasiska.
V cucremi KoopauHaT xa rpadikom ganHol HepiBHOCTI € pomb, 300pa-
sxeHmnit Ha pucyHKy. 19.19. a € 0 abo a » 12. 19.20. —~J6<a<0,

a6o 0 < a < 1, abo 1<a<+12. Brasiexa. [Nepenumire KaBy

Ry

Puc. go sanaui 19.14 (6) Pue. no sapaui 19.14 (7)
ya A
R 7
\\ 1__ ” -.2
~ s " ]
A 4 ' '
hY £ - 3 . -
1 o Lg% =2 0 2 x
> S
rl .
Puc. go sazaui 19.14 (11) Puc. no aagaqi 19.15 (5)
vi vh
1.
1..
0 -2 1 2 x
Puc. no sagaqi 19.15 (6) Prc. no sagaui 19.15 (7)
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7 v A

N
\ ’/ 5
/’ .

Pue, go sapaui 19.16 (1) Puc. no sagaui 19.16 (2)

|| fx
ra} A2

A
=y
. Vi
b T
v
B o
AN
Ry

1 : 6
I o4 1
1 [ r =
l_t =, A | -
NEE W[N] /—JG o[t yiz a
Puc. go sazaui 19.18 Puc. no aanaui 19.20

HepiBRicTL Tak: (x — a’) (x — a — 4) < 0. Ha pucysky 3o6paxeHo
rpadik niei HepiBHocTi B cHcTemi kKoopaunat ax. IlpoBegemo
rOpH30HTaJBHI Npami x = k, ae k € L. IlorpibHo sHaliTu Ti 3HayeHHA
mapaMeTpa @, NPy SKHX BePTHKAMIBHI OPAMi NepeTUHAITh Y 3agap-
BosaHux obnacTaAx He Oinplie YOTMPLOX NPAMMX BUAY X = R, k € Z.
20.10. 4) Qus.pucynok. 20.12. 2) us. pucyuok. 20.13. 3) I'padirom
€ o6’ eauanua miBmromuHK i Koaa (fuB. pucyHox). 20.14. Ksagpar
(nuB. pucyHox). Brasiexa. flxkmo napa (x,; y,) € po3s’asxkom
HepiBHOCT, TO mapm (—x; ¥,), (X —Y)» (—x, —¥,) Takox €
posB’siskaMu HepiBHocTti. ToMy focuts nobyaysaru rpadik Hepisaocri
x+y+|x—-y|<23aymosu x> 0iy >0, a norim ckopucraTucs
cuMeTpierd BifiHocHO oceit koopauHar. 20.15. Ilapanenorpam (zus.
pncyaox) 20.18. 1) Brasziexa. 3agaHa ymMoBa BH3HAYAETHCH
2x 21, . [ <],
2x = x*+ y? ! {I:x A

rpadik — o6’eAHAHHA AYr ABOX Kix (auB. pucyHok). 20.19. 1) Hus.
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i
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\
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Puc. po sapaqi 20.10 (4) Puc. no sagaui 20.12 (2)
yh 1 !
1| |
—1 0 1 L
=l 1
Puc. go zagaui 20.13 (3) Puc. go sapaui 20.14
/ M
- 7]
2
" B =
S 2 T N
0 ( B i
- LX)
-1 | of | 0| J2 =
N [NV
|
Puc. po sanaui 20.15 Puc. no sagaqi 20.18 (1)

pucynok. 20.20. a = -3 abo a = 1, Brasiexa. Ha xoopaunaruii
naomuHi xa nobyayitre 3o0paxedsHs MEOXKMHN PO3B’ A3KIiB CHCTEMHM.
20.21. a = 0 abo a = 4. 20.22. -2 < g < 0. Brasziexa. Posknaaits
HA MHOYXHHKH JIiBy YacTUHY HepisHocTi cucremMn. IloGyayiite 300pa-
JeHHA MHOKHHHK PO3B’A3KiB cHCcTeMu HA KOOPAMHATHILN IIOIMHI ax.
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T e =0
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Pne. po zapaui 26.19 (1) Puec. no samaui 20.25

20.23. /2 <a < --}g a6o 0 < a < V2. 20.24. -39 <a<2. Brasisra.

HOus, opuxknag 3 n. 20. 20.25. 1) -4 <a < 4; 2)a =-4aboa=4;
3)-4<a<-3;4)2<a<4;5)a<-3,5a60a>0,5;6)-4<a<-35
abo 2 < a < 4. Brasierxa. Cropucraiirecss rpadikom gasoi cucremu,
306pakesuM Ha pucyHKy. 21.1. 5 cm, 12 cm. 21.2. 15 cm, 17 em.
21.3. 15 cm i 12 cm abo 18 cv i 10 cm. 21.4. 15 cm, 6 cM. 21.5.
80 km/rox, 60 km/rox. 21.6. 60 km/rox, 30 km/rox. 21.7.
80 kM/rog, 60 xm/rog abo 120 km/rog, 80 km/roa. 21.8. 2 km/roa.

21.9. % xm/rox. 21.10. 18 xm/rog. 21.11. 27 kM/ro&, 3 KM/ToA.

21.12. 24 xm/rog, 16 xm/roxg. 21.13. 50 xm/rog, 40 xm/rox.
21.14. 12 xmM/rog, 18 km/roa. 21.15. 60 km/roa. 21.16. 2 xM/rop,
12 km/rox. 21.17. 8,4 r/cM’, 6,4 r/en®. 21.18. 12 auis, 24 gui a6o
40 gmis, 10 amis. 21.19. 16 roxg, 48 roa. 21.20. 10 roa, 15 rog.
21.21. 10 roa 25 xB. 21.22. 12 roa, 9 roa. 21.23. 500 M. 21.24. 1 M/c.
21.25. 30 km/Tox. 21.26. 48 x». 21.27. 4 rox. 21.28. 90 n°, 60 M°,
21.29. 10 nun i 4 Gepesu abo 11 nun i 5 Gepis. 21.30. 6 mamwnu
i 11 mamun. 21.31. 4 km/rog, 3 kM/rog. 21.32. 12 geraneii,
21.33. 5 meraneir. 21.34. 44 xomnnextu. 21.35. 144 conpatu.
21.36. o 2 mexm koxuHoro Tuny. 22.1. 3) 20 kr, 40 xr; 4) 18 cmM,
12 em; 5) 5 em. 22.2. 2) 1200 rpH., 800 rpy.; 3) 40 km/roz, 30 km/rog.
22.3.1) 15 o, 20 u; 2) 12 km/rox, 4 km/rog; 3) 10 roa, 15 roa a6o
12 rom, 12 roa; 4) He 6inpme Hix 15 mammsu; 5) 60 Om, 90 Om;
6) 60 M, 80 m; T) 24 rog; 8) 15 : 2; 9) 6 xm/ron, 4 kM/rog; 10) 30 xs,
45 xp; 11) 3 rog, 6 rox; 12) 12 x® 13) 9 TpakTopucris; 14) 7 xr,
21 kr; 15) y 2 pasu. 22.4. 1) 55 km/roa, 75 km/roa; 2) 7 H, 24 H;
3) me 6inbme mHix 6 npomaxis; 4) 4 Om, 6 Om; 5) 60 kM/rog,
50 km/roxn; 6) 4 nacocu; 7) 1,2 kr; 2,4 xr. 22.5. 1) 10 xs; 2) 3 rog 40 xs,
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2 rog 12 xB; 3) 150 m x 150 m; 4) uepes 1 rog 30 x8; 5) 30 xm;
6) 51 xims i 9 6ukis, abo 30 koneii i 40 6ukis, abo 9 xomeit i 71 Ouk,
22.6. 1) 2,9 m; 2) 6 ropobuip, 20 ropauns, 14 ronybie abo
15 ropo6uis, 10 ropauus, 15 roay6ie. 23.1. 20 % . 23.2. 6298,56 rpa.>
23.3. 20 736 oaununp. 23.4. 2400 rpu. 23.5. 600 rpu. 23.6. 5 %.
23.7. Ha 15 %. 23.8. 7,2 %. 23.9. 20 %. 23.10. 60 xr. 23.11. 200 kr.
23.12, 13,5 kr. 23.13. 300 nepes. 23.14. 1100 M. 23.15. 400 cTopinoK.
23.16. 300 xr. 23.17. 40 oicronis a6o 60 micronis. 23.18. 10 rp=s.
23.19. 150 %. 23.20. 120 %. 23.21. 2 roa. 23.22. 50 %. 23.23. 200 r,
600 r. 23.24. 4 kr, 6 kr. 23.25. 12 n, 6 1. 23.26. Ha 10 % nepmoro
paay i ma 20 % apyroro. 23.27. 20 %. 23.28. 5 %. 23.29. 2000 rps.
23.30. 6 %. 23.31. 10 %. 23.32. 6 kr, 18 kr a6o 9 xr, 21 kr.
23.33. 160 r, 20 %. 23.34. 3 xr. 23.35. 11 %, 5 %. 23.36. 20 n.

23.37. 20 T a6o 2% . 23.38. 33 Kr. Brasiexa. Hexaii 6yi0 oTpn-

MaHO X KrI' coJisiHol kucsioTH. Toal MATeMaTHYHOI0O MOZEJII0 3anadi
€ piBEAHHSA %-—ng =%. KOpeHAMM fKoro ¢ umena 33 i 12.
Ayre ¥opins 12 He 3a/J0BONEHAE YMOBY 3aJa4i, BUXOOAYH 3 Ximid-
HMX BAIACTHBOCTeH congHol Kmcmoru. 23.39. 6 n. 23.40. 2 .
246. — 2. 24.7. (-1)"-n. 24.8. %, 24.14. 1) Brasiexa. 3% "* +
2n+1 n+l
+ 283 = (3™ 4 2¥'%.9 - 7.2" "2 2) Brasiexa. [locuts noka-
saTy, mo pismauz (6™ %% + 19**1 - 28*%) — 19 (6* + 19* - 2** 1)
kpatHa 17. 24.15, 1) Brasiexa. T'**+ 8** ' =7 (T""*' + 8% 1) +

+57-8%"1. 24,22, Brasiexa. —— + — 1 E 1

k+2 k+3 T2k T2kl 2ke2
B 1 1) 1 1 i : .
= + + e — = . j
(k+1 k+2 BT Rl el Bel PA Homexivs, o

1 1 1

1 s Al > 0. 24.24. Bkasiexa. a, , = (k + 2) (k + 3)x

e 2R+ 1) (2R + 2)=(k+ 2) (R + 3)+... - 2k-(2k+ 1)-2(k+ 1) =
=(k+1)((E+2)(k+3)...-2k-(2k + 1)-2 = qa,-2 (2k + 1).
24.26. Brasisxa. Teopema «6asa iHAyKI1ii» BUKOHyeTBCA: icCHYE 10-
THPDHKYTHMK 3 TphoMa rocTpuMu kKyramu. OdeBujHo, mo B 6yasn-
AKOMY N-KyTHHKY (n 2 4) icuye KyT, fiKHil He € rocrpuM. «Biapi-
sxkemMo» Horo (amB. pucyHok). Orpumaemo

(n + 1)-KyTHHK, AKHI Ma€ CTINIBKH ¥ rocT- //\ .

PHX KyTiB, CKinbkM B gaEuil N-KYTHUK.

24.27. 1+§(_r121_11. 24.28. Brasiexa. IOns ;

n = 2 reepmiKenna € odesuaHum. HexaillT  Puc. go sagaui 24.26
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TBepAKeHHA € HPABUJIBHUM IpH n = k i 3a pesynsraTaMu TypHIpY
Mixk B maxicraMu ix ynopsAKyBaJu Tak: a,, a,, ..., d,. Temnep y Typ-
Hipi mixk k + 1 maxicramu poarnsgHeMo IIe OfHOro maxicra, AKHH
3irpas 3 KOXHHM 3 DUX k maxicTis no ogfHOMY pagy. Pyxawouncs y 3a-
nuecaHiil mocaiZoBHOCTI 3J7iBA HANMPaBO, BU3HAYNMO MEPIIOro maxic-
Ta, Y AKOro BUIPaB PO3rNAAyBaHM maxicr, i mocTaBrMoO fioro nepea
Hum. 25.1. 4-3. 25.2. 3-6-5. 25.3. T!. 25.4. 51. 25.5. 20!
25.6. 1) 3-2; 2) 3-3. 25.7. Koau AntoH y3aB abayko.
25.8. 3-2 + 4-3. 25.9. 3-6 + 3-5 + 6-5. 25.10. 5-5, 5-4.
25.11. 5. 25.12. 1) 41; 2) 3. 25.13. 6*. 25.14. 5°. 25.15. 5-6°.
25.16. 4-5%. 25.17. 9-10°% 25.18. 28*.10'. 25.19. 2*. 25.20. 6°
25.21.6-7-4. 25,22, 6-7- 3. 25.23. 1 criocib. 4 - 4!; IT cioci6. 5! — 41.
25.24. 4!1-2. 25.25. 9-10°.2. 25.26. 9-10*-4. 25.28. 64-49.
25.29. 4-3:2+ 5-2 + 6-4. 25.30. 5" + 4.5°% 25.31. 4 + 4 + 4° +
+ 4* + 4°, 25.32. 2'°. 25.33. (71-41-21)- 31, 25.34. (5!)°. 25.35. 9-10" —
— 4 . 5. Brasiexa. KinpkicTs yeix n’aTuundposux yucen KopiBHIOE
9.10"'. KinpkicTh n’aATHIM(MPOBUX UMCe, Yei NudPH AKUX € napHU-
mu, gopisnoe 4-5° 25.36. 9-10* — 5°. 25.37. 9-10* - 9-9-8-7-6.
Brasisxa. Kinpkicte n’arunudpoBux yuces, yei nudpn akux pissi,
nopisrmoe 9-9-8-7+6. 25.38. 6° — 5°, 25.39. 2 - 9. Brasisxa. Tpu-
nyeTumo, nio sHaftoMmi cinm Ha omuH crTiNenk. 9 Jozel MOXHA PO3-
micTuru Ha 9 crinenax 9! cnocobamu. Ockinbku 3HaOMI MOKYTH cic-
T crpaBa abo 3niBa oAuMH BiJ OAHOro, To BChOro BapiaHTtis 2-9l

25.40. 5! — 2-41. 25.41, 1) %.

IIHOTO CJIOBA PI3HUMH (1ie YMOBHO MOYKHA 3AMIMCATH TaK: MOIJIO,KOS).

Brasieka. flxmo BeazkaTu Bei OYKBR

o orpumaemo 6! piaunx cuis. Ilpore cioBa, sAKi BigpisEAIOTECA JMILIE

nepecranoskoio 6yks O,, O,, O,, nacnpaszi e oaHakosumis; 2) __3!120!!2' :
% 2!123!!2! . 25.42. 8". Brasiexa. Ilacaxcup Bubupae nosepx. Taxui Bu-

6ip 2151 KOAKHOIO IACAXKMPA MOXKHA 3aificHuTy 8 cnocobamu. 26.1. A[,.

26.2. A}. 26.3. A% 26.4. AL. 265. A). 266. A]. 26.7. A].

26.8. 447. 26.9. 1) 10; 2) 3; 3) 1. 26.11. 1) 12; 2) 7; 3) 7; 4) 14.
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26.12. 1) 5; 2) 9, 10; 3) 4. 26.13. A). 26.14, AZ-AL
26.15. A - Al = Al - A}, 26.16. 6:A{ -5- A%, 27.5. 1) 18; 2) 6;
3) 10; 4) 4; 5) 17. 27.6. 1) 16; 2) 6; 3) 12; 4) 5. 27.7. C5,. 27.8. C3.
27.9. C!. 21.10. CI. 27.11.CL =C}- 27.12 C} - C,. 2113, C}, » C§,..
27.14: Cl-C:. #7138 O, 2118 O CL. 2TAT. ¢.-0L.
27.18. C};-C}, - C3,. 27.19. 7-CH +12-CF. 27.20. C; +C; + C3 + C;.
27.21. Cl2+Cl +Cli +Clf +Clt +C}5. 27.22. I cmoci6: C?-CH+
+OCL¥ 0> CL+#C+Ch: 11 enocil: O —CICL-CICS,
27.23. C3, - CY, Ca2 - C), CS.. 27.24. 1 cniocib. Cj, + Cfy + CYy; 11 enocib6:

Cd .Cd .C‘i
3!

Brasiexa. PosmicTumo B psg m 6i-

Ci; —Ciy. 27.28. C},+C} -C}. 27.26. . BTRT. O 05

27.28. CL +CL+P,. 21.28. C:

m+l*
JHUX Kyab. YopHa KyJaIa Moyke 3ailHATH oJiHe 3 m + 1 nonoxeHs: Kpaii-
HA 371iBa, M OyIb-AKAMH gBoMa OlimMM KyJAMM, KpaliHA cupasa
(auB. pucyHok). 27.30. Cfs. Brasisxa. Poamicrumo xyni B psg. Yo-
THPH «IIePETOPOAKK» AiaATh Ui KyJi Ha II’ATe rpyn (AUB. PUCYHOK).
Omxe, RinbRiCTE cnocoblB POSKAUAHAA KYJb 110 AIMWKAX AOPIBHIOE
KiseKOCTi cnocobiB posmiumenus 4 neperopomox Ha 16 micusax.

27.31. C!_ . Brasiexa. Banumemo n = 1+ 1+ 1+ ... + 1. Jlani exo-

1

pucraiitecs imeew poa3p’saysanmds 3ajgaqi 27.30. 29.21, 1) 25;

1 . 1, 9y1.41
2) %" 29.25. 1) 3 kyabku; 2) 8 kynsok. 29.26. 1) 2 2) L 3) s

29.27. g 29.28. g 29.29. 8 onisuis. 29.30. 19 oxisuis. 29.32. 1) %;

2) %; 3) % Brasieka. Cnpuarausi nojil nossaueni Ha PUCYHKY

CLR LR, PIOOJO!"_'O}OQ
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2-hpas | 2-i paa 2-1 pag
B§ 41516 1[2[3]4]5]6
; P
o2 ™
g als 3
% [4 =: x
=15 5 Ll §:Y
6 ] 6
1) 2) 3)

Puc. go sagaqi 29.32

3eJleHMM Kosbopom. 29.33. 1) g; 2) 8

36
Kybux asivi — me Te caMe, MmO HE3AJNEIKHO OJWH BiJ OHOrO KUHYTH

: 3) 1—52- Brasiexa. Kurytu

ABa kyburu. [lani ckopucTaiitecs pucyrxom 29.3. 29.34. V Ilerpa.
1,91 1 Lomlanl of oo
29.35. 1) e 2) 3 29.36. 5 29.37. 1) 3 2) g 3) 3 4) g Bra

3iexa. KHHYTH MOHETY TPH pasH — Te caMe, IO He3aJIeXKHO OJIHY Bij
oarO! KMHYTH TpHM MOHEeTH. SIKIIO IpOHYyMepyBaTH MOHETH, TO Mae-
MO 8 piBHOMOJKJIMBHUX Pe3yJBLTATIB, K MOKASAHO Ha PUCYHKY.

Iepma Hpyra Tpers
MOHeTa MOHETa MOHETA
r T I
r I IT
r IT i
r 1} 0
I T r
0 r 1
i} 1§ r
I 0 1
Puc. go sazavi 29.37
29.38. % Brasiexa. Slkmo ofvH i3 3HANOMMUX CHAUTH, TO ADPY-

TH} MOXKe 3 OAHAKOBOIO MMOBIpHICTIO cicTu Ha oane 3 n — 1 micus,
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aumHaEca. 29.39. % Brasiexa. KoxHOMYy BapiaHTy po3MillleHHSA,

y #xomy A croiTk monepeny B, Bignosizae sapiaHT, Ae ix momiHaau
micusamu i A croite nicnst B. Tomy kiiekicTs cnpnamunnx aapian-ria
CTAHOBHTE NOJOBHRY BCix Bapiantis. 30.1. —, 30.2. 30.3.

C; c‘ A"
02 8 C" Cﬁ Cz

30.4. . 30.5. —1. 30.6. *. 30.7. . 30.8. . 30.9. =%,
A1 CIO Cﬂ) C:OO Ca Cfo

30.10. . 80.14. 1)
10 100 17

2) %; 3) E—“‘s—‘i-"’— 4) -1—?— 3015, 1) 3; 2 3‘. 30.16.
¢t C3 + 0o~ c,+cm 54 c“ +c’ -Cly +C8
—lﬂ—c,i—i. 30.17. . .30.18. —*D—lﬂ-—i-m—ﬂcgo .

Coy+Cy+Coa +C7 - Cop

30.19. .

L]
L3020 1) ki 2 %4 9) = v 3.

30.21, 49 '3%‘!’9"9’. 32.11. 8 urenis, 32.12. 13. 32.13. 1; 2: 3;

4; 5. 32.14. 8. 32.15. 1) o, = n% 2) a, = 3n + 2; 3) a, = "1
n n+l
4)a = (-1)"+1; 5) a, =3ﬂ'—1L; 6) a, =L+L“’—. 32.16. 1) a_=

=n'+1;2) a,= 3)a——L—""‘ 4) a,=n"; 5) a_=

n(n +1)

=n-|n-3].3217.1.32.18.1)a,=~1,a,,,~a, +2; 2) al=%'
=3 e, = 1 a,=(Ja,+1). 32.19. 3) o, = 1
=\fa:+1. 32.20. l) a = 2 abo a = 3; 2) He iCHYIOTH.

32.21. a,, = % Brasiexa. Ilokaxits, mo a_, . = a_xna 6yas-akoro

HaTypansHoro n. 32.22. a,, = -1. 32.23. Brasisxa. Cxopucraii-
TecA MeTOAOM MareMaTHuHO!I iHAayknii. 32.24. Brasziexwa. Jlose-
ACHHH NpOBERiTE METOAOM MATeMATHYHOI iHAYKUil 3 Kpoxom 2,

32.28. 1) a = 2" - 1. Brasiexa. Bumumits KilbKa Nepmux 4aeHis
nocnigosHocTi i 3pobiTe IHAYKTUBHE NpuUnymeHHs; 2) a, = n—':—l;
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3) n® — 1. 32.29. Brasiexa. Jlosexits, mo a, = (2n — 1)°

32.30. Brasiexa. a,,, = a; + a, +... +a’ +a’,, + n+1. Tokaxirs, mo

a,,=a,+a,,, +1. Bsigen af,, <a,,, <(@,,, +1? 3231 x, =1

abo x, - 2. Braszieka. BukoHaBumin saMiny X, = 1= Y, OTPHMaEMO
Yper = Yp- Tomi ylooo:yggs:---:yfm- 3siacn y, = 0 abo y, = 1.
33.9. 1) Tak, n = 16; 2) ui. 33.10. 15. 33.13. 23. 33.14. -6.
33.15. 1) Tax, a, = -8, d = -6; 2) ni; 3) Tak, @, = -2.,8, d = -2,8;
4) ui. 33.16. 1) Tax, a, = 13, d = 7; 2) max, q, =2, d=%; 3 ui.
33.18. 18. 33.19. 16. 33.20. -0,6. 33.21. -6; —4,5; —-3; —1,5; 0; 1,5;
3. 33.22. 2,2; 0,4; -1,4; -3,2. 33.23. 1) a, = 5; d = 2,5; 2) a, = —6;

d-4aoa, =15 d=7. 33.24. ) a, = -2 d = 3; 2) a, = 20;

d = -8 abo a, = 51,5; d = —11,5. 33.25. fixmo mepmuii 4ieH npo-
rpecii mopiBrIoe ii pisnuni abo pisHuuA mporpecii gopiBHIOE HYJIO.
33.32. 60°. 33.38. Ilpu x = ~1:a, = -3;a,~ -2;a,=-1; npu x = 8:
a, = 60; a, = 43; a, = 26. 33.39. y = 3; a, = 10; a, = 12; a, = 14.
3340. y = 1; 4, = -1; a, = B; a, = 17; a, = 26. 3341. x = -1;
a,=a,=a,=a, = 1. 33.42. 0. 33.46. 3, 13, 23. Brasierxa. Tucna
PoipF 10, p + 20, e p — mpocTe YHCIO, MAIOTH PisHi ocTaui npm Ai-
nerwi ma 3. 33.47. 3, 5, 7. 33.48. Brasiexa. Hexaii a, = m*, m € N.

]

Toxi ans n = k maemo @, = m* + d(n = 1). INokaxiTe, 0O YJIeH 3 HO-
MepoM n = 2m + d + 1 TakoX € KBaJpaTOM HATYDAJNLHOIO YHCIA.
33.49. Bkasiexa. Maemo @’ = a + kd, k€ N, b = a + dm, m € N.
Toxi b = a* + 2adm + d*m® = a + d (k + 2ma + dm?). 33.50. Bxa-
siexa. Hexalta =a, +d(n—1),a =a, +d(m—1)ia, — k-uudppose
HaTypaibHe ducio. Obepemo m i n tak, moé n — 1= 10", m — 1 =10,
ne s > k. 33.51. Brasziexa. Hexail MHOMKHHA NPOCTHX YHUCEJ BHAY
3n + 2 e ckinuennomw. [losnauumo ii unenn p, p,, ..., p,. Posrasane-
Te uncao 3+p,-p,*...p, + 2. 33.52. He icnye. Brasierxa. Cropuc-
rafiTecd THM, IO MOXKHA BKASATH OPOMIKKNM HaTypanabHOTO DALY
Oyae-axkol AOBKUHHM, AKI He MICTATH OAHOrO0 HPOCTOrO YHCTA.
34.10. 1) 204; 2) 570. 34.11, —-310. 34,12, 156 yaapis. 34.13. 1400.
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34.14. 710. 34.15, 1188. 34.16. 1) ""'2" V. 9)n%. 3417 n (n + 1).

34.18. 8; 14; 20. 34.19. —17. 34.20. 1%; 10%; 20; 29%; 33%.

34.21. 3. 34.22. -67,2. 34.23. 63. 34.24. 5880. 34.25. 2112.
84.26. 1632. 34.27. 61 376. 34.28. 70 336. 34.29. 0,3. 34.30. 10.
34.31. 20. 34.32. 16. 34.33. Tax; 19, 23, 27, 31, 35. 34.34. Hi.
34.35. 10 c. 34.36. 42 cropinkmn. 34.37. —1976. 34.38. 348. 34.39. - i
= 14, d = —3. 34.40. -10. 34.41. 10. 34.42. 690. 34.43. 250.
34.44. 1) 12; 2) 26. 34.45. 1) 10; 2) 69. 34.46. a, = 1; d = 2.
34.49. 2610. 34.50. 0. 34.51. =(m + n). 34.52. 0. Brasiexa. Hexai

nporpecis mictuts (2n + 1) uneHis. 3 ymoBM BHOJAHMBAE, IO
2a, +2d(n - 1) 2a, + 2dn
2 S

34.53. 0. Brasisxa. 3aransua KinwkicTs irop gopiszioe 0,5n (n — 1).

*(n +1). 3sixcy BurwTHBaE, MmO @, + dn = 0.

Toxi kinbkicTs ovok, AKi Habpanu Bei komauay, nopisuoe n (n — 1).
Hexait ocranasa komanaa Habpana x ouok. Akuio d — pisHUUA npo-
rpecii, Tomi KinbkicTe O4OK, Halpana BciMa KOMaHAaMH, JOpPiBHIOE
0,5 (2x + d (n — 1)) n. Orpumyemo piBHAHHA n (n — 1) =
= 0,5 (2x + d (n - 1)) n. 354. Tax. 35.13. 1) 2; 2) 2 aco -2.

35.14. 1) %; 2) 0,001. 35.15. 6. 35.16. 9. 35.17. 30 i 150. 35.18. 1,
2,4,8.35.19. Tax, b, =3; ¢ = 4.35.20.x, = 49; ¢ = 7. 35.21. ) 15
a6o —15; 2) 6 a6o —6; 3) 25 abo -2v5. 35.22. 216. 35.23. 243.
35.26. P, = % 35.28. 3) IMocninosHicTE € reoMeTPUYHOK Hporpe-

ciero, akmo ¢ # —1. 35.30. 80, 40, 20, 10, 5 a6o 80, —40, 20,
-10, 5. 35.31. 6, 18, 54, 162, 486 abo 6, —18, 54, —162, 486.
35.32. 1) b, =23, ¢=+3 abo b, =-2V3, ¢=—3; 2) b = 162,

q=%; 3) b, =17, q = -2 abo q:%, g = -3. 35.33. 1) bl=%,
g=4;2)b =-1, ¢ = 3. 35.34. Ilpu x = 1 maemo 3, 6, 12; npu
x = —14 maemo -27, -9, —3. 35.35. IIpn x = 2 maemo 8, 4, 2; opu
x = —7 maemo -1, -5, —25. 35.36. 96, 48, 24, 12, 6, 3. 35.37. 3, T,
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Prc. go zagaqi 37.29
11. 35.38. 8, 10, 12 a6o 17, 10, 3. 35.39. 5, 15, 45 a6o 45, 15, 5.

35.40. 2, 6, 18 aco 18, 6, 2. 35.41. 18, 6, 2 abo 2, 6, 18. 35.42. 2,
4, 8, 12 abo %, %, -g., g. 35.43. 1, 5, 9, 13. 36.5. 1) 1456;
2) 155(5+v5). 36.6. 762. 36.7. 1210. 36.8. —68,2. 36.9. 27.
36.10. -7 a6o 6. 36.11. 16 pam. 36.12. 5. 36.13. 72. 36.14. 2.

n+l
36.15. 4368. 36.16. —12 285. 36.17. %. 36.19. 2n + %ﬂ

50
36.20.8.36.21.5.36.23. (4] . Brasiexa. Jovenizs, mo b, by, =
9(\/_ 3+

4
B
paii ckoprcTraiTecs safauero 35.24. 37.7. 1) 2(J§ -1]; 2) ———— 1

3) 3J§é+5- 378, 1) 36 +2) 3(J_+2)

: 2) 8v2 +4. 37.9. 85. 37.10. 12

37.11. 1) 16 +8V2 a6o 16—8J'; 2) 27. 37.12. 1) 243; 2) 312,5.
1
37.14.5, =1, =3 a60b1-3,q=— 37.15. b, = 192, q——

25(52+J') st 25(J25_—5)'

37.16. 27+9+/3 abo 27-93. 37.17.
3, 0y . 1 2 S 1

37.18.1) 3; 2)-3.37.19. -1 abo 1. 37.20. 2. 37.21. - a6o 1.
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Bagza ingyxknii 221

Bubipka 274
— penpesesraTusHa 274
Bizkpura nisnnomura 180
Bigo6paskenns MaoKHHHN 38
— — B3AEMHO OfHO3HauHe 38
Bicwk napaGonmm 143
Baactusocti yuknii
55, 56
Baytpimnsa obracte napabonn
144

40, 53,

Ticrorpama 274

I'pasunsa nocnigopHocTi 323

I'padix HepiBHOCTI 3 ABOMA
aminHumu 180

— piBusEHA 147

— uypcnooi ¢pyuruii 40

I'padiunnii meTon pos3s'a3yBaH-
HA HepiBHocTenr 116

JlupexTpuca napabonn 143
Hiarpama xpyrosa 277

— croenyacra 274
Hosenenns vepiBHOCTEN 11
HpoGoea uactuna yuciaa 39

EseMeHTapHI cCHMeTPHYHI MHO-
rounesn 172

JHaAMEHHUK reOMeTPHYHOI Mmpo-
rpecii 311
3uauenHa ¢yakmii 37

IHAYKTUBHUIA BUCHOBOK 219
— nepexig 221
Inpgykuia 219

HmoBipHicTs BunagKoBoi mopil
253

nacuuHe O3HAYEHHA HMOBip-
HocTi 258
Kombinania 244

MaTtemaTiuitia Mojens 206

MarematuuHe Mojemosanus 206

Megiana Bubipku 280 ;

MeTon 3acTOCYBAHHA OYEBHIHOL
HepiBHOCcTi 12

— 3aCTOCYBAHHA paHime goBe-
penoi HepiBHocTi 14

— ingykTuBHMi 219

— iurepBanis 127

— maTeMaTuusol impyknii 221

Mipu neHTpanbHOI TeHgeHNilT 281

Muorousiex ogHopiguuit 171

— cumeTpuuHnii 172

MHoxuHa, CHMEeTpHYHA BigHOC-
HO MOYaTKy Koopauseat 65

— ymopAakoBaHa 235

Mopa subipkn 279

Hacnigok cHCTeMH DiBHAHBL

160
HepisricTs Bepaynni 224
— Ko ana asox umcen 19
— Komi—Bynakoscsxkoro 23
— niniftHa 3 ABoMA amiEEME 182
— paunioHaneHa 125
HepisuocTi kBagpatei 117
Hyas ¢pysxnii 52
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(6nacTh BUSHAYeHHA pyHKIii 37
— gHaueHb GyHKOil 38

ITapabona 74, 143

IlapanencHe repeHeceHHs rpa-
dixa 82

ITepecranoBka 236

Iloaii piBrOliMOBipHI

IMogia 250

— punagkosa 250

— piporiana 256

— noctroBipEa 256

— HeMmoxnuea 257

IlocnipmoBricTe 286

— 36ixxna 324

— Heckinuenna 286

— cxinvenna 286

— cranioHapra 288

— ypcnoBa 286

IIpasuno pobyrry 234

— cymu 233

Ilpuknagua sagaua 206

Ilporpecis apudmernuna 297

— reomerpuuna 311

IlpomiskoK 3HAKOCTANOCTI QYHK-
uii 53

— gpocTaHHA QyHKOII 54

— cnagased QyHroii 54

257

PeagyapraTu piBHOMOXKAMBL 257

— copuarnuei 258

PiBHOCHJIBHI cHCTeMH DiBHAHB
160

Pisusasausa nepmoro crenens 147

Pisunnga apudmeruynol nporpe-
cii 297 :

Poss’s30k HepiBHOCTI 3 ABOMA
amigauME 180

— piBEAHEA 147

— cHCTeMH HepiBHocTedr 187

Posmimenas 241

Poarar rpadira 72

Cepegne apupmeruyne 19

— rapmoHiure 19

— reomerpuyre 19

— gHa4venHA BuOiprkm 277

— KBagpatuuyre 19

Cumerpis BignocHO oci abenuc
73

— — — opaumaTr 77

Cnonyka 244

Cnocif sagarus NOCJILIOBHOCTI
onucosmit 287

— — — peKypeHTHHI1 289

Craructuka 273

CraTucTuyna ofniHKa HMOBip-
HocTi BunaaKoBol momii 253

Cruck rpadixa 72

Cyma HecKiH4YeHHOI reomerpuy-
Hol nporpecii 325

Teopis fimopipHocTeit 261

axTtopian 236

(Poxyc napabonu 143

hopmysa pexypeHrHa 288

— CKJaAHMX BificoTkiB 215

— CYMM HECKiHYeHHOI reome-
Tpuuroi nporpecii 325

— — n nepumux YieHiB apud-
meTuuHol nporpecii 306

————— reoMeTpHYHOI
nporpecii 320

— n-ro uneHa apudmeruyHoi
nporpecii 298

— — — reoMeTpHM4HOI mporpe-
cii 312 -

— — — nocaigoBrOCTi 287

P@yskuionaabHa 3aNexHicTe 37

Dyukuia 37

— [Hipixne 39

—, sagaHa Kyckoso 40

— apocraroya 93

— — Ha MHOXXHHI 53

— kBagparuyna 104

— HenapHa 65
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— napaa 65 lacToTAa BHNAAKOBOL mofil

— ckaajgena 40 — BigHocHa 279

— cnagHa 53 YacrorHa Tabaunsa 278

— — Ha MHO:uHI 53 Yucna Pibonavui 293
Yucnosa pyHKuia 38

Ilina yacruna yucna 39 Ynen nocrigosrocri 286
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®opsay 4 )
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